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New Societal Equations (IV) 

Wolf Eafele 

A. The expression "societal equations" shall be considered only 

as a terminus technicus and not be given any philosophical meaning. 

What is meant is a set of equations for the description of the 

embedding of technological. strategies, mostly into an economy 

in a broad sense. Yet the format of the equations is conceived 

in such a way that generalizations for their embedding into the 

environment and the sociosphere can be considered as well. This 

paper is a step in a series geared at the fuller understanding. 

of embedding. The steps taken so far were the following: 

1. "Objective Functions" by W. Hafele, WP-75-25. 

This paper is a first conceptual attempt to link the 

topological evaluation of a phase portrait with a crude 

macro-economic model that allows for an interface with 

certain assumed behaviors of a society. Particular 

attention is given to the notion of resilience as 

conceived by C.S. Holling and previous members of the 

IIASA Ecology Group. 

2. "New Societal Equations" by R. Avenhaus, D. Bell, 

H.R. Grumm, W. ~afele, L. Schrattenholzer and C. Winkler, 

WP-75-67. 

This paper is a generalization of l.,mostly designed to 

study the phenomena of separatrix interfaces in three 

dimensions, as in this way the richness of the phenomenon 

can be seen more clearly than in only two dimensions (as 

is the case in 1. ) . 

3. "An Attempt of Long-Range Macroeconomic Modeling in 

View of Structural and Technological Change" by R. ~ u r k  

and W. Hafele, RM-76- in preparation. 



This paper concentrates on the conception of a model that 

starts to have some economic meaning. Again it considers 

energy, capital and labor as the principal variables. But 

it introduces a distinction between two types of energy: 

cheap energy with limited fuel supply (oil, gas) and 

capital-intensive energy with virtually unlimited supply 

of fuel (breeder, solar power). Attention is being given 

to the distinction of various strata, in particular the 

stratum of fast variables and that of slow variables. 

- . "Collected Aide-Memoires of the Workshop on Resilience", 

notes of the resilience workshop of the IIASA Energy and 

Ecology groups held at Baden, January, 1976. 

These are only notes, but they are extremely helpful in 

drawing the distinction between a descriptive and a pre- 

scriptive (policy) part of an overall model. They also give 

some hints as to how to do the modelling so as to allow 

for the application of differential-topology methods. 

As mentioned above, the present paper is the fourth step 

in this sequence. Other steps will follow. From now on we will 

always use the title "New Societal Equations" and enumerate them. 

B. The starting point is always the equation that balances 

production of a gross national product (GNP) and its spending 

by consumption and investment. Consistently with paper 3. (~urk, 

Hafele), we start with the following simple observat-ion: 

E: energy, K: capital, L: labor, P: total population, 

I: total investments 
A A n A, 8 ,  6, y, em, C are all constants, or to be more precise: 

slow variables. 



For t h e  moment, l e t  u s  assume t h a t  P is  g iven  a s  a  f unc t i on  

o f  t i m e .  W e  w i l l  l a t e r  d rop  t h i s  assumpt idn.  

I n  a l l  s t e p s  t aken  s o  f a r  we have i m p l i c i t l y  assumed t h a t  

i nves tments  a r e  o n l y  c o n s t r a i n e d  ( o r  c h a r a c t e r i z e d )  by t h e  

amount o f  money, I ,  t h a t  can be pu t  i n t o  it. I n  t h i s  paper w e  

now r e f l e c t  on t h e  f a c t  t h a t  i nves tments  a l s o  r e q u i r e  t h e  en- 

gagement o f  p roduc t ion  f a c t o r s :  t h e  c o n s t r u c t i o n  of  a  power 

p l a n t  (J?)  r e q u i r e s  a n  investment  o f  energy ,  c a p i t a l  and l a b o r  

and s o  do t h e  inves tments  i n  t h e  c a p i t a l  s t o c k  K and t h e  l a b o r  

f o r c e  L. W e  t h e r e f o r e  have t o  i n t r oduce  a  p a r t i t i o n .  I f  Etot 
i s  t h e  t o t a l  p roduc t ion  f a c t o r  energy ,  aEEtot s h a l l  be t h e  

s h a r e  t h a t  goes i n t o  t h e  p roduc t ion  o f  added va lue  ( l e f t  p a r t  

o f  (1) and (1-aE)Etot s h a l l  be t h e  s h a r e  t h a t  goes i n t o  t h e  

inves tments  f o r  a l l  p roduc t ion  f a c t o r s  E ,  K and L. S i m i l a r l y ,  

p a r t i t i o n s  a  (1-aK) and aL,  (1-aL) s h a l l  ho ld f o r  K and L 
K t  

r e s p e c t i v e l y .  For t h e  moment w e  assume 

La te r  w e  w i l l  d rop  t h a t  assumption. 

W e  t h e n  g e t  t h e  fo l l ow ing  r e l a t i o n s  i n s t e a d  of (1) and ( 2 ) :  

The s h a r e  (1-a)Etot is t h e  energy Ein t h a t  goes i n t o  investment .  

W e  t h e r e f o r e  have: 

( 3  
and acco rd ing l y :  



-> 
W e  have a n  i n p u t / o u t p u t  m a t r i x  t h a t  re lates i n p u t  (1-a)  X ,  
+ 1-) 
X = L and o u t p u t  X. I t s  c o e f f i c i e n t s ,  e .g .  

E t o t '  K t o t r  t o t  
E i n  Kin ( 1  , ) . . . a r e  c o n s t a n t s  (or s l o w  v a r i a b l e s )  t h a t  c a n  b e  

E L 
p r o v i d e d ,  p r o b a b l y  b e s t ,  by more d i s a g g r e g a t e d  submodels.  I n  

E i n  E i n  "in f a c t ,  t h e  m a t r i x  e l e m e n t s  (7-) , (-) , ) are what "energy  
E K L 

a n a l y s i s "  i s  a l l  a b o u t .  I t  shou ld  be  e q u a l l y  n o t e d  t h a t  t h i s  

f o rma l i sm a l l o w s  f o r  t h e  a n a l y s i s  o f  e n e r g y  c o n s e r v a t i o n  s t r a t e -  

g i e s .  Such s t r a t e g i e s  s a v e  ene rgy  b u t  r e q u i r e  i n v e s t m e n t s  i n  

c a p i t a l ,  l a b o r  and e n e r g y ,  t o o .  Such c o n s e r v a t i o n  s t r a t e g i e s  

are on t h e  s t r a t u m  o f  s l o w  v a r i a b l e s .  

E L e t  u s  a l s o  c o n s i d e r  costs. The t e r m  el Etot is. t h e  

t o ta l  c o s t  f o r  e n e r g y  i n v e s t m e n t s  and i s  s p e n t  a s  f o l l o w s :  

eE i E E 
1 t o t  + t; KYn + tL Lin . = tE E i n  

E 
tL, f o r  i n s t a n c e ,  i s ' t h e  cost p e r  l a b o r  u n i t  t h a t  g o e s  i n t o  

t h e  c o n s t r u c t i o n  o f  power p l a n t s ,  and t h i s  i s  a l s o  t h e  i n t e r p r e t a t i o n  o f  

t h e  o t h e r  m a t r i x  e l e m e n t s  ti. They t o o  a r e  c o n s t a n t s  ( o r  s low  

v a r i a b l e s )  t h a t  c a n  be  p r o v i d e d ,  p r o b a b l y  best,  by more d i s -  

a g g r e g a t e d  submodels . 

W e  have o f  c o u r s e :  



W e  t h e r e f o r e  f i n d  from ( 6 )  - ( 9 )  t h e  fo l l ow ing  r e l a t i o n :  

and acco rd ing l y  w e  have: 

A f t e r  i n s e r t i n g  (2a)  i n  ( l a )  and t hen  making use  o f  e q u a t i o n s  

( l a ) ,  ( 3 ) ,  ( 4 )  and ( 5 ) ,  w e  have f o u r  equa t i ons  f o r  t h e  fo l l ow ing  

f o u r  unknowns: 

E t o t  ( t ) ,  K t o t ( t ) ,  L t o t ( t ) ,  a ( t )  

W e  t h e r e b y  can  e x p l i c i t l y  s t udy  t h e  e v o l u t i o n  o f  t e c h n o l o g i c a l  

s t r a t e g i e s  Etot i n  con junc t i on  w i t h  t h e  s t r a t e g i e s  f o r  Ktot 

and L t o t  . That  i s  what i s  meant by t h e  embedding o f  techno- 

l o g i c a l  s t r a t e g i e s  i n t o  t h e  here-provided c o n t e x t .  ( l - a ( t ) )  

e x p l i c i t l y  d e s c r i b e s  t h e  investment  s h a r e ,  t h a t  i s  t h a t  s h a r e  

of  an  economy a c t i v i t y  t h a t  can  go i n t o  a  t r a n s i t i o n  from a  

c u r r e n t  s t a t e  i n t o  a  d e s i r e d  s t a t e .  

C. W e  now d r o p  t h e  c o n d i t i o n  

and t h e r e f o r e  have two f r e e  v a r i a b l e s .  I n s t e a d  o f  ( l a )  and 

(31,  ( 4 1 ,  ( 5 )  w e  have: 



For I see  equat ion ( 2 a ) .  

1: 
- - i n  . 

( l - aK)  Ktot Kin = (7) E 
K i n  'in ' 

+ ( y - 1  Ktot+ Ltot t o t  ( 4 ' )  
K L 

W e  have an a l l o c a t i o n  problem. I f  w e  employ f o r  i ns tance  t h e  

observa t ion  Max (GNP),we would probably desc r ibe  a  market 

economy (see  t h e  above quoted no tes  of t h e  IIASA r e s i l i e n c e  

workshop, January 1976) .  We can then eva lua te  t h e  evo lu t ion  

of a l l  s i x  v a r i a b l e s :  

A s  one of t h e  next  s t e p s ,  we w i l l  pay a t t e n t i o n  t o  t h e  kind of  

programming t h a t  can do t h i s  job. Cons t ra in t s  have t o  be ob- 

served.  For ins tance :  

minimum i n f r a s t r u c t u r e  

( f i n i t e  resources)  

( f i n i t e  maximum share  of labor  
a  g iven populat ion P) 

f i n i t e  speed of t r a n s i t i o n ,  
G market penet ra t ion .  

f o r  



D. W e  now a d d r e s s  t h e  prob lem of  t r a n s i t i o n  f rom one e n e r g y  

sys tem ( i n f r a s t r u c t u r e )  t o  a n o t h e r  ene rgy  sys tem.  A s  ment ioned 

i n  t h e  i n t r o d u c t i o n ,  t h e  m o s t  s a l i e n t  p o i n t  t h e r e  i s  t h e  f a c t  

t h a t  t h e  p r e s e n t  e n e r g y  sys tems  p r o v i d e  f o r  c h e a p  b u t  f i n i t e  

ene rgy  Ef ( o i l ,  g a s ) , w h i l e  i n  t h e  f u t u r e  w e  p r o b a b l y  have t o  

f a c e  c a p i t a l - e x t e n s i v e  ene rgy  E t h a t  i s  e s s e n t i a l l y  i n f i n i t e  i 
i n  f u e l  s u p p l y  ( b r e e d e r ,  s o l a r  power ) .  W e  t h e r e f o r e  p u t :  

W e  t h e n  have  t h e  f o l l o w i n g  r e l a t i o n  i n s t e a d  o f  (1') :  

For  I see e q u a t i o n  ( 2 ) .  

I n s t e a d  o f  ( 3 ,  4 ( 5 ' )  w e  have:  

Again w e  have f o u r  e q u a t i o n s ,  b u t  t h i s  t i m e  seven  v a r i a b l e s  t o  

b e  de te rm ined  by a n  a l l o c a t i o n  programming t e c h n i q u e :  

( t)  r E tot ( t)  , Ktot (t) , Ltot ( t )  I aE ( t)  . aK  (t) .aL ( t )  
Ef t o t  

i 

C o n s t r a i n t s  o f  t h e  k i n d  ment ioned i n  (13 )  have  t o  b e  t a k e n  i n t o  

a c c o u n t .  



E. Besides env isag ing  an a l l o c a t i o n  programming techn ique  w e  

e q u a l l y  env i sage  t h e  d i f f e r e n t i a l  topology t echn iques  t h a t  con- 

s i d e r  phase p o r t r a i t s .  Both should a t  l e a s t  be c o n s i s t e n t .  A 

c o n d i t i o n  f o r  t h a t  techn ique  i s  t o  have on l y  s t a t e  v a r i a b l e s  

(and no t i m e  l a g s ,  i n t e g r a l s  o r  v a r i a b l e s  t h a t  e x p l i c i t l y  depend 

on t h e  t i m e ) .  

H.-R.Grf lmm h a s  t h e r e f o r e  proposed t h e  fo l l ow ing  submodel. 

I t  indeed engages on l y  s t a t e  v a r i a b l e s  and f o r c e s  t h e  t r a n s i t i o n  

from Ef t o  Ei  a s  t h e  r e s o u r c e s  f o r  E d e c l i n e .  f  

K i s  a  c o n s t a n t ,  a  slow v a r i a b l e .  

Equ iva len t  t o  (16)  and (17)  is: 

Var ious t r a n s i t i o n  p o l i c i e s  may o r  may n o t  be s u f f i c i e n t l y  re- 

f l e c t e d  by a  p roper  cho i ce  o f , K  and i t s  e v o l u t i o n  a s  a  slow v a r i a b l e .  

E a r l i e r  w e  assumed t h a t  P  = P ( t )  would be g iven a s  a  f u n c t i o n  

of t i m e .  We can  i n t e r n a l i z e  t h a t  and make P a  s t a t e  v a r i a b l e  

by assuming, f o r  i ns tance :  

P ,  a be ing  c o n s t a n t s  (s low v a r i a b l e s )  a s  it has  been done e a r l i e r .  



Obviously t h e r e  i s  room f o r  t h e  improvement of ( 2 0 ) .  We 

should c a r e f u l l y  examine t h e  e x i s t i n g  populat ion models such a s  

t h e  Pestel-Mesarovic popula t ion model o r  o t h e r s .  But t h e  po in t  

i n  t h e  p resen t l y  cons idered con tex t  is t h a t  by v i r t u e  of ( 2 ) ,  

P becomes a  s t a t e  v a r i a b l e  and t h e r e f o r e  a l lows f o r  t h e  app l i -  

c a t i o n  of t h e  d i f f e r e n t i a l - t o p o l o g y  techniques mentioned above. 

F i n a l l y ,  it i s  o f t e n  assumed t h a t  t h e  cons tan t  A of 

equat ion (1) (and s i m i l a r  equat ion (1') and ( 1 " ) )  i s  a func t ion  

of t ime too ,  t hus  r e f l e c t i n g  techno log ica l  progress.  For 

i ns tance ,  one o f t e n  f i n d s :  

( 2 1 )  could be expressed by t h e  d i f f e r e n t i a l  equat ion 

and thereby becomes a  s t a t e  v a r i a b l e  a l s o .  Again, t h e r e  i s  

room f o r  t h e  improvement of (22) much i n  t h e  same sense a s  t h e r e  

was room f o r  t h e  improvement of ( 2 0 ) .  I n  t h e  con tex t  of IIASA's 

d i f f e ren t i a l - t opo logy  model l ing exe rc i se ,  w e  would t h e r e f o r e  

have t h e  fo l lowing v a r i a b l e s  

E ( t )  , Ei ( t)  I E ( t )  ,K to t  ( t)  ,L tot  (t) , R ( t )  . a E ( t )  . a K ( t )  
t o t  t o t  £ t o t  

and P ( t )  and poss ib ly  A ( t ) ,  a l t o g e t h e r  e leven v a r i a b l e s  and t h e  

n i n e  equat ions ( 1 1 ,  ( 3 1 ,  ( 4 1 ,  (51, (201, (22) a s  we l l  a s  (151, 

(16) and (17 ) .  

I t  remains t o  be seen whether t h e  e x i s t i n g  f i xed  po in t  

a lgor i thms can handle t h i s  problem. 

F. The ou tpu ts  Ei ( t )  , E ( t ) ,  K i n ( t )  e t c .  should be used 
t o t  £ t o t  

a s  i n p u t s  f o r  more d isaggregated technology models of t h e  

HAfele/Manne type.  Such models would e s s e n t i a l l y  d isaggregate ,  

f o r  i ns tance  Ei (t) , i n t o  more d e t a i l e d  techno log ica l  compo- 
t o t  

nen ts  i n  some opt imal  f ash ion .  


