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Probability Theory in Geological Exploration 

Gregory Baecher 

Introduction 

The purpose of this review is to summarize briefly 

certain applications of probability theory and statistics 

to geological exploration and inference, and in particular 

to problems of economic geology. The hope is that this 

summary will be of use in planning the IIASA conference on 

resource estimation scheduled for May, 1975, and will provide 

a reference within which to review certain contributions to 

that conference. For this purpose the discussion is 

organized under the following general headings: 

1) General statistical applications 
2) Spatial modelling 
3) Regional mineral potential 
4) Search theory in exploration 
5) Subjective probability 

1. General Statistical Applications 

General statistical applications to geology have been 

made with increasing regularity since the time of Sir Ronald 

Fisher. Yajor contributions have been made by a relatively 

small but prolific group of geologists since the middle 

1950ts, among whom are Krumbein, Griffiths, and others. 

Much of this work is summarized in a series of basic texts 

on statistical methods in geology which include Krumbein 

and Graybill (1965), Miller and Kahn (1962) t Griffiths (1967) 1 

and more recently Koch and Link (1971). In general, this 

work is directed more toward scientific inference than 



operations management or exploration strategies and is 

founded in frequentist probability theory. 

Classical sampling theory, which appears in this 

literature, has been applied to problems of mineral 

exploration in a research program undertaken by the US 

Bureau of Mines and reported in the papers of Hazen, Becker, 

Berkenkotter, and others. This program has produced 

several reports on inference and sampling schemes for 

establishing ore grade and total ore content, but primarily 

represents a new application (i.e., a geological one) of 

already well-developed classical sampling theory rather 

than a unique analysis of exploration problems. 

2. Spatial Modelling 

A problem which has received considerable attention 

in the literature is the modelling of spatially distributed 

geological properties such as ore grade, magnetic 

potential, sediment composition, etc. Abstractly, 

let some physical property Q(X,Y,Z) be associated with each 

point in the space (x,y,z). The problem is to model this 

distribution of Q with some set of mathematical relationships. 

Once such models are developed, they can be used to address 

problems of optimal sampling of the spatially distributed 

property and to predict the property at unobserved points. 

It is often convenient to divide spatial distributions 

into large-scale trends and local randomness; this 

approach has led to what in the literature is called trend 

analysis (certainly, what constitutes a trend depends on 



the scale of interest). Trend analysis is in essence just 

a multivariate regression of Q on x, y and z, using common 

regression models of which the linear (i.e., simplest) case 

would be 

where e is an error term called the "residual". In this 

case the trend component is a deterministic function with 

all randomness attributed to the residual term. 

Trend analysis has been widely applied, and reviews are 

to be found in Krurnbein and Graybill (1965), Harbaugh and 

Merriam (1968), and Agterberg (1974). Problems associated 

with applying trend analysis to geological data are similar 

to those of other regression problems, e.g., proper distri- 

bution families for residuals, heteroscedasticity, and auto- 

correlation of residuals; but as methods of multiple 

regression are well known, this methodology will not be 

further reviewed here. Applications to economic geology are 

found in Agterberg (1968), Forgotson (1963), Harbaugh (1964), 

and Hewlett (1964), among many others. 

A second approach to spatial modelling is to assume 

that the property of interest can be represented by a 

stationary random function. Methods within this approach go 

under several names in the geological literature, but in 

essence are all extrapolations of Wienerian time-series 



analysis. In aggregate they might be referred to as stochas- 

tic spatial models, and they have counterparts in other 

disciplines treating spatial processes, e.g., geography and 

hydrology. 

Stochastic spatial models assume stationarity, that 

is, they employ a random process model with mean, moments, 

and autocorrelation function constant over space. 

Matheron (1971, 1963) has developed models which only assume 

stationarity in differences of Q over space and thus are 

applicable to linearly varying means; however, real geolog- 

ical data usually exhibit both higher order deterministic 

variations and stochastic fluctuations, and only recently 

are combined models being developed (e.g., "Universal 

Kriging", Huijbregts and Matheron, 1970). These combined 

models typically proceed in three steps: 

1. A deterministic trend surface is fitted by multiple 
regression. 

2. The residuals from this trend surface are assumed 
to be manifestations of a stationary, zero-mean 
stochastic process, and the variance and auto- 
correlation functions are estimated. 

3. Estimates of aggregate properties or predictions 
are made on the residuals, and the trend component 
is reintroduced. 

Theoretical problems are associated with this procedure 

(Watson, 1971, Agterberg, 1974), but at present it is a sub- 

stantial although pragmatic tool for treating spatial problems. 

Trend analysis and stochastic spatial models have been 

used primarily for drawing inferences from sample data 



r a t h e r  t h a n  f o r  op t imiz ing  sampling p l a n s  o r  p r e d i c t i n g  

v a l u e s  a t  unobserved l o c a t i o n s ;  .however, some a p p l i c a t i o n s  

t o  p r e d i c t i n g  s p a r s e l y  sampled r e g i o n s  w i t h i n  i n t e n s i v e l y  

sampled a r e a s  have been made by Krige  (1966) .  The main 

a p p l i c a t i o n  t h u s  f a r  ha s  been e s t i m a t i n g  i n t e g r a l s  o f  t h e  

s p a t i a l  s u r f a c e  (e .g . ,  t o t a l  o r e  d e p o s i t  v a l u e ) .  

S t o c h a s t i c  s p a t i a l  p roces s  models have been used i n  

f i e l d s  o u t s i d e  geology t o  op t imize  sampling s t r a t e g i e s ,  

among which i s  t h e  c l a s s i c  work of  Matern (1960) i n  f o r e s t r y  

and t h e  r e c e n t  e x t e n s i o n s  of  h i s  work t o  r a i n f a l l  measure- 

ment by Rodr iquez- I tu rbe  and M e j  i a  (1973) . 
One i s  h a r d  p r e s sed  t o  see how s t o c h a s t i c  s p a t i a l  

models cou ld  be  a p p l i e d  t o  " r e sou rce"  (as opposed t o  

" r e s e r v e " )  e s t i m a t e s ,  a s  t h e y  a r e  based on t h e  concept  of  

a  homogeneous, con t inuous  f u n c t i o n  of t h e  v a r i a b l e .  Of 

cou r se  many fo rma t ions  o f  i n t e r e s t  ( e . g . ,  c o a l  beds )  ex tend  

ove r  l a r g e  a r e a s ,  and model l ing t h e i r  p r o p e r t i e s  w i th  s p a t i a l  

p roces s  models may y i e l d  b e t t e r  e s t i m a t e s  of  t h e i r  t o t a l  

c o n t e n t .  Work h a s  a l s o  been done on a s s o c i a t i n g  r e s i d u a l  

maps from t r e n d  a n a l y s i s  w i t h  m i n e r a l i z a t i o n ,  t h e r e  be ing  

some ev idence  of a  c o r r e l a t i o n  between a r e a s  o f  h igh  au to-  

c o r r e l a t i o n  i n  r e s i d u a l s  and o r e  bod ies .  

3 .  Regional  Minera l  P o t e n t i a l  

Of g r e a t  i n t e r e s t  f o r  t h e  q u e s t i o n  o f  r e sou rce  

e s t i n a t i o n  i s  t h e  bodv of work on e s t i m a t i n g  s o - c a l l e d  

" r e g i o n a l  m i n e r a l  p o t e n t i a l . "  Resource p o t e n t i a l  is  



usually defined as some monetary measure of the mineral 

deposits which are predicted to exist within given regions; 

sometimes this is broken down into particular resource 

types, but often potential is an aggregate through the 

common index of monetary value. 

A straightforward way of making potential estimates 

is that initially undertaken by Harris (1965), in which 

a multivariate regression of regional mineral value is 

made on several geological variables using an extensively 

explored region as control. That regression is then used 

predictively to estimate mineral potential for non-inten- 

sively explored regions of approximately similar geology. 

Problems of using this empirical approach and of extending 

findings to new areas are clear. Singer (1972) made the 

interesting finding in his application of factor analysis 

that regional economic value based on known reserves is 

most heavily dependent on intensity of development and is 

almost independent of geology. Other applications of this 

approach have been made by Agterberg (1971), Agterberg, 

et al. (1972), Sinclair and W~odsworth (1970), and 

DeGeof froy and Wignall (1970) . 
Similar to the regression, factor analysis approach, 

but simpler, are methods in vJ:lich the density of mineral 

deposits in known portions of geological formations is 

extended to unexplored portions; these have been developed 

by DeGeoffroy and Wu (1370) who computed the known 



v a l u a t i o n  o f  m i n e r a l  d e p o s i t s  i n  c e r t a i n  u n i t s  of  t h e  

Canadian S h i e l d  and extended t h i s  v a l u a t i o n  t o  undeveloped 

p o r t i o n s .  S e v e r a l  a p p l i c a t i o n s  s i m i l a r  i n  i n t e n t  t o  t h i s  

have been p r e s e n t e d  i n  t h e  S t a n f o r d  Conference ( C r a n d a l l  

and Harbaugh, 1974) f o r  making o i l  r e s o u r c e  e s t i m a t e s .  

A t o t a l l y  d i f f e r e n t  approach from t h e  r e g r e s s i o n ,  

f a c t o r  a n a l y s i s  one  is  t h a t  o f  A l l a i s  (1957) and Kaufman 

(1963) .  There  i s  s u b s t a n t i a l  ev idence  t o  sugges t  t h a t  a 

log-normal d i s t r i b u t i o n  i s  wide ly  a p p l i c a b l e  t o  g e o l o g i c a l  

d a t a .  Among o t h e r  t h i n g s ,  t h e  s i z e  d i s t r i b u t i o n  o f  m i n e r a l  

d e p o s i t s  and p a r t i c u l a r l y  o i l  r e s e r v o i r s  i s  w e l l  modelled 

by t h i s  f a m i l y  o f  d i s t r i b u t i o n s .  There  have been s e v e r a l  

zonf i r x i~a t i o n s  of t h e  l a t t e r  conc lu s ion  (Icaufman, 1963,  1965 ; 

Uhler  and Brad ley ,  1970; Arps and R obe r t s ,  1958) .  I f  one 

assumes t h a t  d e p o s i t s  a r e  randomly l o c a t e d  i n  two-dimensional  

space ,  t h e  number o f  o ccu r r ences  w i t h i n  e l emen ta l  u n i t s  o f  

e q u a l  s i z e  can be modelled by t h e  Po i s son  d i s t r i b u t i o n .  

T h e r e f o r e ,  i f  e s t i m a t e s  o f  d i s t r i b u t i o n  pa ramete r s  can be 

made on t h e  b a s i s  o f  c u r r e n t l y  known r e s e r v e s ,  an e s t i m a t e  

o f  t h e  t o t a l  r e s o u r c e  w i t h i n  a g e o l o g i c a l  u n i t  can  be made. 

T h i s  approach h a s  been used by s e v e r a l  a u t h o r s  and r e s u l t s  

i n  t h e  most  r i g o r o u s l y  d e r i v e d  e s t i m a t e s  o f  r e s o u r c e s  

(Kaufman, 1974) .  Assumption o f  t h e s e  d i s t r i b u t i o n  t y p e s  

can a l s o  s e r v e  a s  t h e  b a s i s  f o r  deve lop ing  op t ima l  s t r a t e g i e s  

o f  s e a r c h  f o r  new d e p o s i t s  ( e . g . ,  A l l a i s ,  1957) .  



Work by Griffiths (1966) and DeGeoffroy and VJu (1970) 

seems to indicate that a negative binomial distribution for 

location may be more appropriate than a Poisson distribution, 

as deposits are not random but tend to cluster; however, 

this does not change the methodological approach. 

4. Search Theory in Mineral Exploration 

.Stochastic process models are primarily aimed at 

mapping and pattern recognition of geological variables. 

A second problem of even greater concern in exploration is 

the search for as yet undiscovered geological bodies or 

mineral resources. The operational problem is how to 

optimally allocate exploration effort over time, space, 

and exploration tools either to maximize the probabizity 

of finding a new body or to minimize the degree of uncer- 

tainty about the location of undiscovered bodies (these 

two objectives do not necessarily lead to identical optimal 

allocations) . 
In the English literature, rigorous approaches to 

spatial search began to appear with the publication of the 

U. S. Office of Naval Research study under the direction of 

B. 0. Koopman (1956a, 1956b, 1957). Koopman search, as most 

search theories, is based on Bayesian probability theory. 

In this theory, a prior probability density function of 

target location is generated either on the basis of sub- 

jective information, historical data, or mineral potential 

studies, and then given a detection function for the search 



tool being used. A continuous spatial allocation is derived 

which maximizes the integral 

P (find) = j pdf (xo) P ind/xo, ox ) dxo 

Xo 0 

in which pdf(xo) is the probability density function of 

target location, and P find/xo, V ( ) , the detection function, 
Xo 

is the conditional probability of finding a target at 

location xo given that Vx amount of exploration effort is 
0 

allocated to xo and that a target exists there. In Koopman 

search, the detection function is assumed to have the form 

DeGuenin (1961) extended this theory to any detection 

function having diminishing returns. 

Search theory has been applied to a variety of problems 

from police reconnaissance to library browsing, as well as 

to geological exploration (DeGuenin, 1961, Brown, 1960). 

Morse (1974) has recently written a state-of-the-art of 

search theory. 

In application, one may use comparatively simple 

graphical procedures for optimizing search allocations with 

both the Koopman theory and DeGuenin's extension. However, 

as far as I know, nomographs and charts which might make 

this procedure even easier have yet to appear, unless they 



exist as proprietary information within exploration 

companies. This means that optimization must be done on 

a case-by-case basis. 

A special case of the search allocation problem which 

finds application in geological exploration is that of 

using a relatively inexpensive search tool (e.g., geo- 

physical surveys) as a first stage before committing 

expensive tools (e.g., borings). The first stage serves 

to "concentrate" the prior probability distribution so that 

second stage effort may be allocated more judiciously. 

Classic applications of this are Allais' (1957) work on 

exploration of the Sahara, and Englels (1957) and Slichterls 

(1955) work on geophysics in exploration. Stone et al. 

(1972) have developed mathematical aspects of the false 

target problem in two stage search. 

A subclass of search problem which has received more 

attention than most is that of drilling patterns. Grid 

drilling allocates exploration effort uniformly over the re- 

gion searched; it grades into optimal search when the region 

is decomposed into elements, and grid spacing within each 

element is determined on the a priori probability (or 

mineral potential) of a deposit existing in that element 

(i.e., more probable elements have smaller grid spacings). 

Charts and nomograms for grid drilling for a number of 

target shapes and grid geometries are to be found in 



Singer and Wickman (1969), Savinskii (1965), and Slichter 

(1955) . Drew (1966) has analyzed the proposal of large- 

scale (i.e., sub-continental) grid drilling for national 

mineral resources. 

An interesting problem arising out of.search theory 

and estimating mineral potential is the contact between 

exploration and economic policy; hence the prospect 

both of making large-scale national investments in explor- 

ation and of optimally allocating that investment within 

exploration. A typical example is ocean floor exploration: 

How much are we justified in investing in exploration of 

the ocean floor in order to improve economic decision- 

making, and how do we allocate it? Clearly the decision 

depends on what we might expect to learn from investments 

of given sizes, which in turn can be estimated from search 

theory and mineral potential studies. An approach in this 

direction has been made by MacAvoy and Pindyck (1974) who 

have included Kaufman's predictions of the returns from 

large-scale exploration strategies in their econometric 

modelling. 

5. Subjective Probability 

Geological exploration is fundamentally an inductive 

process which depends heavily on experience, intuition, 

and familiarity with geological processes--despite what the 

literature of "geomathematics" would have one believe. In 



my opinion the models and operational procedures applied 

to this process serve only to combine the "feelings" of 

geologists logically with subsequent empirical data 

in ways which lead to justifiable and sound inferences; and 

to indicate how, by starting from those "feelings", future 

effort might be optimally allocated. If this is the case, 

then the theories of subjective probability and Bayesian 

induction ought to have major applicability to exploration. 

However, the geomathematical literature has been remarkably 

slow, given the state of subjectivist theory, to make use 

of the so-called Bayesian approach and the resulting 

statistical decision theory. 

Grayson's (1960) early and well-known application of 

subjectivist theory to wild-catting decisions in the oil 

industry clearly indicate the applicability of statistical 

decision analysis not only to economic geology, but to 

industrial decisions generally. Kaufman (1962) extended 

this approach and refined the mathematical basis of esti- 

mation and decision on oil exploration. But beyond these 

initial attempts the Bayesian approach has seen less effort 

allocated to it than, again in my opinion, less promising 

classical statistical applications. With subsequent devel- 

opment, of both subjectivist theory (and practice) and 

utility theory, we now have a refined set of methodologies 

with which to look again at subjectivist techniques in 



exploration. These methods are further strengthened by 

intervening work in the reliability and accuracy of 

subjective assessments by Edwards (1954) and many others. 

Although there have been some shoddy attempts to apply 

subjectivist theory to exploration, two recent applications 

may lead to further work. The first is that of Folayan 

et al. (1970) in engineering exploration of soil deposits, 

and the second that of Harris et al. (1971) and Barry 

and Freyman (1970) on mineral estimates of the Canadian 

Shield. Both are straightforward uncomplicated applications 

to estimating geological conditions on the basis of "expert" 

opinion and both indicate promising avenues for further 

work. 
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