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On t h e  Dynamics o f  t h e  I g n i t i o n  o f  Paper  

and C a t a s t r o ~ h e  Theory* 

R . K .  Mehra** 
E.B. Blun*** 

Abs t rac t  

The purpose o f  t h i s  n o t e  i s  t o  s tudy  t h e  phenomenon of  
i g n i t i o n  o f  paper  cons ide red  by Shivadev and Emrnons [11 from 
t h e  v iewpoin t  of  s t a b i l i t y  t h e o r y  and c a t a s t r o p h e  t h e o r y  [ 2 ] .  
I t  i s  shown t h a t  i g n i t i o n  r e s u l t s  from a sudden o r  c a t a -  
s t r o p h i c  change of t h e  k i n e t i c s  govern ing tempera tu re  from 
a l o c a l l y  s t a b l e  t o  a l o c a l l y  u n s t a b l e  e q u a t i o n .  Using t h e  
model o f  Shivadev and Ewons  [l] and t h e  above c r i t e r i o n ,  
equa t i ons  f o r  t h e  i g n i t i o n  tempera tu re  and t h e  co r respond ing  
h e a t  f l u x  a r e  d e r i v e d .  These equa t i ons  a r e  shown t o  rov i de  
a good match t o  t h e  exper imen ta l  d a t a  of  Reference [ l p .  
F u r t h e r  e x t e n s i o n s  of  t h i s  work t o  combust ion and t h e  
appearance of cusp  c a t a s t r o p h e s  a r e  a l s o  d i s c u s s e d .  

1. I n t r o d u c t i o n  

Nonl inear  p h y s i c a l ,  s o c i o l o g i c a l  and eng inee r i ng  systems 

may e x h i b i t  l a r g e  sudden changes i n  t h e i r  behav io r  w i t h  r e l a -  

t i v e l y  sma l l  changes i n  t h e i r  pa ramete rs .  I n  t h e  t h e o r y  of 

n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s ,  t h i s  phenomenon has  been 

s t u d i e d  under S t r u c t u r a l  S t a b i l i t y  and B i f u r c a t i o n  Theory 121. 

More r e c e n t l y ,  Thom [2] has  developed a g e n e r a l  t h e o r y  of  
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elementary ca tas t rophes  ( i n  t h e  sense of d i s c o n t i n u i t i e s  o r  

b i f u r c a t i o n s )  f o r  such systems. 

I n  t h i s  n o t e ,  we cons ider  t h e  phenomenon of i g n i t i o n  of 

paper s tud ied  by Shivadev and Emmons [I-] and show t h a t  i g n i t i o n  

has t h e  q u a l i t a t i v e  p r o p e r t i e s  of an elementary ca tas t rophe .  

Based on t h e  l o c a l  s t a b i l i t y  p r o p e r t i e s  of t h e  non l inear  d i f -  

f e r e n t i a l  equat ions  of t h e  r e a c t i o n  e n e r g e t i c s ,  we develop a 

c r i t e r i o n  f o r  i g n i t i o n  and show i t s  use fu lness  i n  exp la in ing  

t h e  exper imenta l  d a t a .  Some proposals  f o r  t h e  ex tens ion  of 

t hese  concepts t o  t h e  combustion phase and f o r  t h e  des ign of new 

experiments t o  v a l i d a t e  f u r t h e r  t h e o r e t i c a l  r e s u l t s  a r e  a l s o  

d iscussed.  

2 .  S t a b i l i t y  P r o p e r t i e s  of Chemical K ine t i cs  Equat ions 

Shivadev and Emmons [l] have given t h e  fo l lowing equat ions  

f o r  t h e  second phase r e a c t i o n s  occur r ing  dur ing  t h e  thermal  

degradat ion and spontaneous i g n i t i o n  of paper s h e e t s  i n  a i r  

by i r r a d i a t i o n .  

where h = h, (T - Ta)  1/3 , K = 2 o ~ f  and a l l  t h e  o t h e r  q u a n t i t i e s  



* 
a r e  a s  d e f i n e d  i n  Reference [l] . (For  e a s y  r e f e r e n c e ,  w e  

have i nc l uded  a  nomenc la ture  s e c t i o n  w i t h  numer i ca l  v a l u e s  

used a t  t h e  end of t h e  p a p e r . )  The exper imen ts  g i v e  t h e  

c r i t i c a l  t empe ra tu re  and h e a t  f l u x  v a l u e s  a t  i g n i t i o n  t o  be 
h A 2  
T = 680 - + 1 5 O ~  and q  = 0.58 - + 0 .03  cal /cm s e c  r e s p e c t i v e l y .  

I t  i s  e a s i l y  seen  by numer i ca l  c a l c u l a t i o n s  t h a t  up t o  

t h e  c r i t i c a l  t e m p e r a t u r e ,  t h e  r e a c t i o n  r a t e s  a r e  f a i r l y  s m a l l ,  

b u t  a r e  i n c r e a s i n g  r a p i d l y  around t h e  c r i t i c a l  t empe ra tu re .  

m 
Thus t h e  change i n  mass m up t o  i g n i t i o n  i s  q u i t e  sma l l  (- 1 . 8 ) r  

mO 
and f o r  s t a b i l i t y  a n a l y s i s  o f  e q u a t i o n  ( 2 ) ,  one may r e g a r d  

m t o  be  a  c o n s t a n t .  

Now, l e t  us c o n s i d e r  e q u a t i o n  ( 2 )  f o r  t empe ra tu re .  When 

a  p a r t i c u l a r  h e a t  f l u x  q  i s  a p p l i e d ,  t h e  co r respond ing  equ i -  

dT l i b r i u m  tempe ra tu re  i s  o b t a i n e d  by s e t t i n g  - = 0 i n  
d t  

e q u a t i o n  ( 2 ) .  No t i ce  t h a t  t h e  e q u i l i b r i u m  i n  t empe ra tu re  i s  

ach ieved  ve ry  r a p i d l y  compared t o  t h e  changes i n  mass m s i n c e  

below c r i t i c a l  t e m p e r a t u r e s ,  t h e  t i m e  c o n s t a n t  o f  e q u a t i o n  ( 2 )  
0 

(approx imate ly  mz) i s  much s m a l l e r  t h a n  t h e  t i m e  c o n s t a n t  o f  h  
3  

e q u a t i o n  (1). (The r a t i o  i s  t y p i c a l l y  of  t h e  o r d e r  10 . )  

Le t  t h e  e q u i l i b r i u m  tempe ra tu re  be T . Then s e t t i n g  e 

* 
I n  e q u a t i o n  ( 2 )  , w e  have n e g l e c t e d  t h e  t e r m  [ fa  ( T ~  ) OT;? s i n c e  

dT - 
d t  

i.t i s  of  t h e  o r d e r  o f  .00563, b u t  have r e t a i n e d  t h e  r a d i a t i o n  

= 0 i n  e q u a t i o n  ( 2 )  , w e  o b t a i n  

Te 

4 t e r m  KT s i n c e  a t  T - 6 8 C " ~  ( zxper imen ta l  i g n i t i o n  t e m p e r a t u r e ) ,  

t h i s  t e r m  i s  . 4 9  compared t o  h ( T  - T a ) ,  
2  

which i s  .258 cal /cm s e c .  



Equat ion  ( 3 )  can be so l ved  f o r  Te a s  a  f u n c t i o n  of  q  
* 

us ing  known v a l u e s  o f  a l l  t h e  o t h e r  pa ramete rs  . ( m  may be 

0 
assumed t o  be m o r  equa t i on  ( 3 )  may be so l ved  f o r  d i f f e r e n t  

0 
va lues  of t h e  r a t i o  m = m/m . )  F igu re  1 shows a  p l o t  of  Te 

v e r s u s  q  which i s  found t o  c o n t a i n  a  s h a r p  bend o r  f o l d  a t  

q = q c .  

I CATASTROPHIC JUMP 
I 

\ I IN TEMPERATURE 
' &-!?!!14 6 iL I -- -- I 

- -. I /  1 

F igu re  1. P l o t  of Equ i l i b r i um Temperature Te v e r s u s  I npu t  

H e a t  F l u x  q .  

aq  - 0 and immediate ly  t h e r e a f t e r ,  C l e a r l y  a t  t h i s  p o i n t  - - 
aTe 

t h e  s l o p e  changes s i g n .  I n  o t h e r  words, t h e  r a t e  of i n c r e a s e  

* 
Numer ica l ly ,  i t is much e a s i e r  t o  assume Te and c a l c u l a t e  t h e  
cor respond ing va lue  of  q .  



of t h e  h e a t  o f  r e a c t i o n  w i t h  tempera tu re  o v e r t a k e s  t h e  r a t e  of 

i n c r e a s e  of h e a t  l o s s  w i t h  tempera tu re .  Th i s  a l s o  i m p l i e s  t h a t  t h e  

tempera tu re  e q u a t i o n  ( 2 )  i s  changing from a  l o c a l l y  s t a b l e  

t o  a l o c a l l y  u n s t a b l e  e q u a t i o n ,  s i n c e  f o r  q  < q  ( o r  Te < T c ) ,  c 

any sma l l  i n c r e a s e  i n  t empe ra tu re  r e s u l t s  i n  a n e t  h e a t  l o s s  

and any sma l l  d e c r e a s e  i n  t empe ra tu re  r e s u l t s  i n  a  h e a t  g a i n  

s o  t h a t  t h e  t empe ra tu re  r e t u r n s  t o  t h e  e q u i l i b r i u m  p o i n t .  

But f o r  q  > qc ( o r  T  > T c ) ,  any d e v i a t i o n  r e s u l t s  i n  a  

movement away from t h e  e q u i l i b r i u m .  I n  p r a c t i c e ,  one would 

observe  a  sudden i n c r e a s e  i n  tempera tu re  (F i gu re  1) a s  t h e  

h e a t  f l u x  c r o s s e s  t h e  c r i t i c a l  v a l u e  q  . The t empe ra tu re  
C 

e s s e n t i a l l y  jumps t o  a  new e q u i l i b r i u m  p o i n t  de te rm ined  by 

t h e  p r o p e r t i e s  of t h e  combust ion phase.  I n  F i g u r e  1, t h e  

l o c u s  of combust ion phase e q u i l i b r i a  i s  shown by a t h i n  s o l i d  

l i n e .  No t i ce  t h a t  t h i s  l o c u s  cannot  be  computed from 

e q u a t i o n s  (1) and ( 2 )  s i n c e  t h e  e q u a t i o n s  f o r  t h e  combust ion 

phase must i nvo l ve  o t h e r  v a r i a b l e s  such a s  oxygen f e e d  r a t e ,  

volume of combust ion p r o d u c t s ,  e t c .  The d o t t e d  l i n e  i n  

F i gu re  1 i s  t h e  l o c u s  o f  u n s t a b l e  e q u i l i b r i a .  The S-shaped 

cu rve  of F i g u r e  1 i s  one of t h e  s i m p l e s t  c a t a s t r o p h e s  and has  

been c a l l e d  a  f o l d  c a t a s t r o p h e  by Thom [2]. We w i l l  d i s c u s s  

f u r t h e r  p r o p e r t i e s  of  t h i s  cu rve  l a t e r  on a f t e r  d e r i v i n g  t h e  

e q u a t i o n s  f o r  i g n i t i o n  tempera tu re  and f o r  c r i t i c a l  h e a t  f l u x .  

3. C r i t e r i a  f o r  I ~ n i t i o n  

Le t  u s  l i n e a r i z e  e q u a t i o n s  (1) and ( 2 )  around t h e  p o i n t  

(m,Te) and deno te  t h e  d e v i a t i o n s  by 6m and 6T. A lso  l e t  



The e igenva lues  o f  t h e  l i n e a r i z e d  system ( 4 ) - ( 5 )  a r e  

g iven  by t h e  A-roots of  t h e  determine.n ta1 e q u a t i o n  

Equat ion  ( 6 )  may b e  w r i t t e n  a s  

where 



s i n c e  t h e  rest of t h e  t e r m s  d rop  o u t  due t o  equa t i on  ( 3 ) .  

The s t a b i l i t y  c o n d i t i o n s  may be expressed  d i r e c t l y  i n  

t e r m s  of  8 and y s i n c e  t hey  a r e  r e s p e c t i v e l y  t h e  sum and t h e  

p roduc t  of t h e  r o o t s  of equa t i on  ( 7 ) .  When e q u a t i o n s  ( 4 ) - ( 5 )  

become u n s t a b l e ,  a t  l e a s t  one r o o t  moves from t h e  l e f t  h a l f  p l a n e  

t o  t h e  r i g h t  h a l f  p l ane  and i t s  r e a l  p a r t  goes th rough  ze ro .  

I f  t h e  r o o t s  o f  e q u a t i o n  ( 7 )  w e r e  r e a l ,  t h i s  would imply t h a t  

y would go through z e r o ,  b u t  t h i s  i s  imposs ib le  s i n c e  from 

equa t i on  ( 9 ) ,  y > 0. Thus t h e  r o o t s  a r e  complex and a t  t h e  

c r i t i c a l  p o i n t ,  8 = 0. T h i s  g i v e s  us  t h e  f o l l ow ing  c o n d i t i o n  

f o r  t h e  i g n i t i o n  tempera tu re  T * c 

Equat ion ( l o b )  i s  a  t r a n s c e n d e n t a l  equa t i on  i n  Tc and 

may be  so l ved  by t r i a l  and e r r o r .  However, c e r t a i n  s i m p l i f i -  

c a t i o n s  a r e  p o s s i b l e  by n e g l e c t i n g  s m a l l e r  terms and by us ing  

d imens ion less  v a r i a b l e s .  Le t  y '  = Tc/Ta. From equa t i on  ( l o b )  



e 
2 

r 
2 m c  a KT 

where E2 = - - - 
R 2 - -  t A 2 -  O h and B2 = a r e  

RT a oTa mOc a  M 
0 2 

a l l  d imens ion less v a r i a b l e s .  

S ince R2E2/yI2 > >  1, and A ~ B ~ Y '  > >  1, Equat ion (11) may 

be w r i t t e n  a s  

I n  Equation ( 1 2 ) ,  l o g  y '  t e r m  i s  much sma l l e r  t han  t h e  

o t h e r  t e r m s  i n  t h e  denominator s o  t h a t  a  f i r s t  guess  f o r  y '  

may be ob ta ined  by neg lec t i ng  t h i s  t e r m .  Using t h e  numbers 

g iven by Shivadev and Emrnons [l] and assuming M = 0 . 8 ,  a  t r i a l  

and e r r o r  hand c a l c u l a t i o n  w i th  equa t ion  (10)  g i v e s  T z 657OK. 
C 

The cor responding h e a t  f l u x  ob ta ined  from Equat ion (3 )  i s  

2 
9, = .54 cal/cm sec. 

These r e s u l t s  compare favo rab l y  w i th  exper imenta l  va lues  

2 of 680 - + 15OK and 0.58 - + 0.03 cal/cm sec. I t  should  be no t i ced ,  

however, t h a t  Tc o r  y '  is ve ry  s e n s i t i v e  t o  e and a  change 
2 

2 of e2 from 54 t o  56 would g i v e  Tc 670°K and qc = . 6 1  cal/cm s e c .  

A s l i g h t l y  h ighe r  va lue  of e2 would a l s o  g i v e  a  b e t t e r  f i t  t o  

t h e  t r a n s i e n t  d a t a  of Reference [l], F igu re  3. It i s  p o s s i b l e  

t o  determine e2 us ing  non l i nea r  l e a s t  squares  o r  maximum 



l i k e l i h o o d  techn iques  t o  o b t a i n  i n  some sense  a " b e s t "  match 

t o  t h e  d a t a  131. 

Remark : 

change of  mass m i s  neg lec ted  around Tc. Using Equat ion ( 3 )  , 

w e  g e t  an equa t ion  f o r  Tc,  

r e m  2 2 4 3 
k (Tc ) - ?;h (Tc)  - 4KTc = 0 (13 

R T ~  

Equation (13)  i s  i d e n t i c a l  t o  Equat ion (10a)  excep t  f o r  

t h e  term k (Tc)  which i s  n e g l i g i b l e  i n  comparison w i th  

; . 'rnus l n  t n e  pre: 

p rov ides  a s imple  c r i t e r i o n  of i g n i t i o n .  Th i s  method w i l l  

be e l a b o r a t e d  f u r t h e r  i n  Sec t i on  4 under d i s c u s s i o n  of 

Ca tas t rophe  Theory. 

2. I n  t h e  paper  by Shivadev and Emmons [l], t h e  c r i t e r i o n  
7 

f o r  i g n i t i o n  is g iven  a s  7 - dT dT dLT - 0 ,  wh i le  - > 0 .  S ince  - 
d t  d t  d t  

i s  a f u n c t i o n  of bo th  T and t ,  

dT a y) = 0 and # 0 ,  then  Now i f  it is  assumed t h a t  - - a t  d t  



Equat ion ( 1 4 )  w i l l  g i v e  t h e  same r e s u l t  a s  Equat ion ( 1 3 ) .  

dT However t h e  above assumpt ions regard ing  - may n o t  ho ld  i n  d t  
dT every  c a s e  s i n c e ,  by d e f i n i t i o n ,  a t  an e q u i l i b r i u m  p o i n t  - d t  

and i t s  h ighe r  t i m e  d e r i v a t i v e s  a r e  ze ro .  I t  i s  a l s o  very  

d i f f i c u l t  t o  g i v e  any p h y s i c a l  i n t e r p r e t a t i o n  t o  t h e  van ish ing  
2 

a t  t h e  i g n i t i o n  p o i n t .  The d i f f e r e n c e s  i n  numer ica l  of  - 
d t 2  

2 
va lues  of Tc and qc r e p o r t e d  i n  [l] ( 7 1 5 O ~  and 0 . 6 8  cal/cm s e c )  

a r e  p r i m a r i l y  due t o  n e g l e c t i n g  t h e  r a d i a t i o n  and a  few o t h e r  

t e r m s  which,as  i s  shown h e r e ,  cannot  r e a l l y  be neg lec ted .  

4 .  Catas t rophe  Theory 

The Catas t rophe  Theory of ~ e n 6  Thom [ ? ]  i s  b a s i c a l l y  a  s tudy 

of t h e  s t r u c t u r a l  s t a b i l i t y  p r o p e r t i e s  of d i s s i p a t i v e  systems 

whose s t a t e  t r a j e c t o r i e s  o r  f low f i e l d s  l o c a l l y  minimize a  

p o t e n t i a l  f u n c t i o n .  Le t  f ( x , c )  be such a  p o t e n t i a l  f u n c t i o n  

where x  deno tes  t h e  s t a t e  of t h e  system and c  i s  t h e  v e c t o r  

of  c o n t r o l  parameters .  For a  f i x e d  va lue  of c ,  t h e  s t a t e  x  

f lows a long n e g a t i v e  g r a d i e n t  t r a j e c t o r i e ~ ~ v i z .  

where f x  = - a f  i s  t h e  g r a d i e n t  f u n c t i o n  and i s  z e r o  a t  
ax 

equ i l i b r i um p o i n t s .  Thom [2] s t u d i e s  t h e  p r o p e r t i e s  of 

Equat ion (15)  a s  c  i s  v a r i e d  s lowly  and shows t h a t  sudden 

changes i n  t h e  l o c a l  s t a b i l i t y  p r o p e r t i e s  of Equat ion (15)  

can occur  a s  c  c r o s s e s  c e r t a i n  boundar ies  i n  t h e  c o n t r o l  space.  



These sudden changes o r  d i s c o n t i n u i t i e s  a r e  c a l l e d  c a t a s -  

t ro?hes  and t h e  co r respond ing  s u r f a c e s  i n  t h e  ( x , c )  space  

a r e  c a l l e d  c a t a s t r o p h e  s u r f a c e s .  

The t r u l y  remarkab le  r e s u l t  t h a t  Thom 121 d e r i v e s  from 

t o p o l o g i c a l  c o n s i d e r a t i o n s  i s  t h a t  f o r  c  of d imension less 

t han  6 and x  of any dimension whatsoever ,  t h e r e  a r e  on ly  a  

f i n i t e  number o f  c a t a s t r o p h e s  t h a t  can occu r .  For  example, 

i f  c  i s  a  s c a l a r ,  o n l y  t h e  f o l d  c a t a s t r o p h e  of F i g u r e  1 can 

occur .  Other  c a t a s t r o p h e s  a r e  l i s t e d  i n  Tab le  1 and f o r  each 

c a t a s t r o p h e ,  a  g e n e r i c  p o t e n t i a l  f u n c t i o n  f ( x , c )  i s  a l s o  g iven .  

Th is  p o t e n t i a l  f u n c t i o n  has  t h e  p r o p e r t y  t h a t  it i s  t h e  s i m p l e s t  

p o t e n t i a l  f u n c t i o n  t h a t  e x h i b i t s  a l l  t h e  c a t a s t r o p h i c  prop- 

ert ies of more comp l i ca ted  p o t e n t i a l  f u n c t i o n s  r e l a t e d  t o  it 

by a  d i f feomorphism ( i . e .  d i f f e r e n t i a b l e ,  one-to-one and 

i n v e r s e  d i f f e r e n t i a b l e  t r a n s f o r m a t i o n  o f  ( x , c ) ) .  An e x a c t  

s t a temen t  of  Thom's Theorem [l, 4) can b e  g iven  a s  f o l l ows  : 

Le t  X E R ~  and c&Rm. Then f x  ( x , c )  = 0 i s  an m-dimensional 

mani fo ld  M i n  R"'~,  cor respond ing  t o  a  s h e e t  o f  e q u i l i b r i u m  
* 

p o i n t s  (see F igu re  2  f o r  t h e  c a s e  n  =. 1, m = 2 )  . The 

equa t i on  f x ( x , c )  = 0 can have m u l t i p l e  r o o t s  f o r  a  g i ven  c  

and t h i s  is  what g i v e s  r ise t o  s i n g u l a r i t i e s  of t h e  p r o j e c t i o n  

m a p y :  M -t C where C i s  t h e  space  of c o n t r o l  v a r i a b l e s .  

* 
I n  F igu re  2 ,  x co r responds  t o  T  and C cor responds  t o  Po2 

and Q. 



FIGURE 2 .  QUALITATIVE REPRESENTATION O F  COMBUSTION 

CATASTROPHE. 





For i l l u s t r a t i o n ,  cons ide r  t h e  c a s e  n  = 1, m = 2  f o r  

which t h e  g e n e r i c  p o t e n t i a l  f u n c t i o n  i s  

The e q u a t i o n  f x ( x , c )  = 0 can ,  i n  g e n e r a l ,  p o s s e s s  t h r e e  

r e a l  r o o t s *  and t h e  l o c a t i o n  of t h e s e  r o o t s  w i l l  change a s  

c  and c 2  a r e  v a r i e d .  F i gu re  3  shows t h e  v a r i a t i o n  o f  t h e  
1 

s t a t i o n a r y  p o i n t s  of f ( x , c )  w i t h  c2  f o r  a  f i x e d  c l  = - 3 .  I t  i s  

seen c l e a r l y  t h a t  f o r  c2  < -2 ,  t h e r e  i s  on l y  one s t a t i o n a r y  p o i n t ,  

f o r  -2 2 c 2  < 2 ,  t h e r e  a r e  t h r e e  s t a t i o n a r y  p o i n t s  and ?o r  c  > 2,  2 

t h e r e  i s  aga in  one s t a t i o n a r y  p o i n t ,  bu t  co r respond ing  t o  a  d i f -  

f e r e n t  minimum t h a n  f o r  c 2  < -2.  Thus i n  go ing from c  = -3 t o  2  

c  = 3 ,  t h e r e  w i l l  be a sudden jump i n  t h e  e q u i l i b r i u m  p o i n t  2  

a t  c2  = 2  where a  maximum and a  minimum c o a l e s c e  r e s u l t i n g  i n  

an i n f l e c t i o n  p o i n t .  I f  c 2  i s  v a r i e d  i n  t h e  o p p o s i t e  d i r e c t i o n ,  

t h e  jump w i l l  occur  a t  c2  = -2,  caus ing  h y s t e r e s i s .  

The s i n g u l a r i t y  s u r f a c e s  a r e  c h a r a c t e r i z e d  by t h e  

i n f l e c t i o n  p o i n t  f x x  = 0 o r  

2  Equat ions  fx(x,c) = 0 and (18)  g i v e  e q u a t i o n s  c l  = -3x , 

c  = 2x3 f o r  t h e  s i n g u l a r i t y  boundar ies  i n  t h e  c o n t r o l  space.  
2 

Since  x i s  r e a l ,  w e  are on l y  i n t e r e s t e d  i n  r e a l  r o o t s  of 
f x ( x , c )  = 0. 



FIGURE 3. POTENTIAL FUNCTION f ( x ,  c )FOR DIFFERENT 
VALUES OF ~2 AND C ,  = - 3 .  



The equation of the singularity or catastrophe curve is 

1 c3 + l c 2  = 0 which is a cusp as shown in Figure 2. 
2 7 1  4 2  

Now, following Zeeman [4] we can state the more general 

theorem of Thom [2]. 

m+n with the Let .,Tdenote the spa%e of cm-functions on R 

Whitney cm-topology (*may be regarded as the space of potential 

functions). 

Theorem: If m - < 5,  there is an open dense set .%c Fwhich 

is the set of generic functions. If f is generic then 

1) The manifold Mf is an m-manifold, 

2) Any singularity of the projection map % is equivalent 

to one of a finite number of types called elementary 

catastrophes, 

3) Xf is stable under small perturbations of f. 

The number of elementary catastrophes depends only upon 

m, the dimension of control space, as follows: 

Here equivalence implies: two maps 9- : Mf + Cf and f a 

3 : M + c are equivalent if there exist diffeomorphisms h 
9 9 9 

and k such that the following diagram is commutative. 

m 

Elementary 
Catastrophes 

1 

1 

6 

cu 

2 

2 

5 

11 

3 

5 

4 

7 



I f Z f  a n d 3  have s i n g u l a r i t i e s  a t  xfcM and x  E M  re- 
g g  

s p e c t i v e l y ,  t hen  t h e  s i n g u l a r i t i e s  a r e  e q u i v a l e n t  i f  t h e  above 

d e f i n i t i o n  h o l d s  l o c a l l y  w i t h  hxf = x  . S t a b l e  means t h a t  

,Tf i s  e q u i v a l e n t  t o  f o r  a l l  g  i n  a  neighborhood of f  i n  Z 

5.  App l i ca t i ons  of Ca tas t rophe  Theory t o  F i r e  Model l inq 

I n  Sec t i ons  2  and 3 ,  w e  analyzed p y r o l y s i s  and i g n i t i o n  

of paper  w i t h  h e a t  f l u x  a s  t h e  c o n t r o l  v a r i a b l e .  I n  a c t u a l  

f i r e  model l ing  i nc lud ing  combust ion, t h e r e  a r e  many more 

c o n t r o l  v a r i a b l e s , e . g .  oxygen p a r t i a l  p r e s s u r e ,  f u e l  feed  

r a t e ,  e x t e r n a l  c o o l i n g ,  f u e l  f eed  t empera tu re ,e t c .  Not a l l  

of t h e s e  c o n t r o l  v a r i a b l e s  can be manipulated s o  t h a t  from an 

o p e r a t i o n a l  v iewpo in t ,  p robab ly  oxygen p a r t i a l  p r e s s u r e  and n e t  

e x t e r n a l  h e a t  f l u x  (which may be nega t i ve  due t o  c o o l i n g )  a r e  t h e  

two impor tant  c o n t r o l  v a r i a b l e s .  W e  a r e  c u r r e n t l y  ana lyz ing  

s t a b i l i t y  p r o p e r t i e s  of some s imple  models of combustion based 

on chemical  r e a c t o r  a n a l o g i e s  and t h e  d e t a i l e d  r e s u l t s  w i l l  be 

r e p o r t e d  i n  t h e  near  f u t u r e  151. H e r e ,  based on c a t a s t r o p h e  

t h e o r y ,  w e  d e s c r i b e  q u a l i t a t i v e l y  t h e  behav io r  of tempera tu re  

w i t h  oxygen p a r t i a l  p r e s s u r e  and e x t e r n a l  coo l i ng  du r i ng  t h e  

combustion phase.  The behav ior  i s  shown p i c t o r i a l l y  i n  

F igure  2 and t h e  e f f e c t s  of changing oxygen p a r t i a l  p r e s s u r e ,  

pO2 and n e t  e x t e r n a l  h e a t  f l u x  Q a r e  e a s i l y  observed.  The 

b a s i c  hypo thes i s  used i n  c o n s t r u c t i n g  F igu re  2  i s  t h a t  Po2 

i s  t h e  s p l i t t i n g  f a c t o r  [4]; i . e .  f o r  ex t remely  sma l l  v a l u e s  

o f  pO2 (e .g .  i n  vacuum), t h e  e f f e c t  of  i n c r e a s i n g  Q i s  simply 

a  tempera tu re  r ise wi thou t  i g n i t i o n  and f o r  l a r g e  v a l u e s  of 

Po2 ' t h e  e f f e c t  o f  Q i s  i g n i t i o n  a s  shown i n  F igu re  1. 

I n  t h e  c a s e  where t h e  above hypo thes i s  is c o r r e c t ,  t h e  



behavior  shown i n  F igure  2 fo l lows from Thom's Theorem. 

The r i g h t  hand arm of t h e  cusp rep resen ts  t h e  i g n i t i o n  

boundary and t h e  l e f t  hand arm t h e  "quenching" boundary. A 

h y s t e r e s i s  ef fec t  i s  seen i n  t h a t  t h e  "quenc i~ i i ~g "  occurs  a t  a  

lower n e t  h e a t  f l u x  inpu t  compared wi th i g n i t i o n .  This i s  a  

genera l  f e a t u r e  of t h e  cusp ca tas t rophe  and it w i l l  be i n t e r -  

e s t i n g  t o  v e r i f y  it exper imenta l ly .  Another genera l  f e a t u r e  

i s  divergence o r  extreme s e n s i t i v i t y  which was observed by 

Shivadev and Emrnons [l] i n  i g n i t i o n  wi th  r e s p e c t  t o  hea t  f l u x .  

I n  more genera l  s i t u a t i o n s  where s p a t i a l  e f f e c t s  a r e  a l s o  

p resen t  and t h e r e  a r e  more c o n t r o l  v a r i a b l e s ,  one may observe 

ca tas t rophes  i n  t ime and i n  space,  r e s u l t i n g  i n  ' h o t  p o i n t s '  

s i m i l a r  t o  those  i n  chemical t u b u l a r  r e a c t o r s  [ 6 ] .  Mult iphase 

reac t i ons  may g i ve  r i s e  t o  more cusps and t o  more than t h r e e  

s h e e t s  of equ i l ib r ium p o i n t s t a n d  jumps between t h e s e  p o i n t s  

may occur a s  i n  B u t t e r f l y  Catast rophes [2,4].  One of t h e  

ph i l osoph ica l  imp l i ca t i ons  of ca tas t rophe  theory  i s  t h a t  

ca tas t ropnesoccu r  more a s  a  r u l e  than a s  except ions  

i n  most phys i ca l ,  b i o l o g i c a l  and s o c i a l  systems. Therefore,  

i t  i s  important  i n  t h e  des ign and opera t ion  of eng ineer ing  

systems t o  map ou t  t h e  ca tas t rophe  su r faces  over t h e  s e t  of 

ach ievable  parameter va lues .  

6 .  Conclusions 

It i s  shown how t h e  genera l  r e s u l t s  of ca tas t rophe  theory  

may be app l ied  t o  t h e  phenomenon of t h e  i g n i t i o n  of paper due 

t o  thermal  i r r a d i a t i o n .  Based on s t a b i l i t y  cons ide ra t i ons ,  



equations for ignition temperature and critical heat flux are 

derived. These equations are shown to provide a good match 
- 

to the experimental data of Shivadev and Emmons [I]. Further 

implications of catastrophe theory are discussed for the 

combustion phase when oxygen partial pressure and external 

cooling are used as control variables. 



Nomenclature and Experimental Quantities 

preexponential factor, 1. g x l ~ ~ ~ s e c - ~  

0 0 dimensionless preexponential factor m c a2/h 

KT: 
dimensional radiation factor, 

mcoa2 

specific heat, 0.32 cal/goc (T > 500°K) 

activation energy, 54 kcal/g-mole 

e 2 dimensionless activation energy, - 
RT - 

opacity of the paper sheet [-I 
sum of heat transfer coefficients at top and 

bottom, ho (T - Ta) 1/3 cal 
2 0 

cm sec c 

temperature independent term in h, .0000941 

reaction rate constant [sec-l] 

- 12 
radj ation factor (2o~f)  , 2.06~10 

2 cal/cm sec (OK) 4 

surface density, .0085 g/cm 
2 

normalized surf ace-density , (m/mo) 

heat rate [cal/cm2 sec] 

2 critical heat rate [cal/cm sec] 

dimensionless heat rate, 
hTa 

heat of reaction, 444 caL/g 
r 

2 dimensionless heat of reaction, - - 



0 
universal gas constant, 1.987~10-~ kcal/g-mole c 

time [sec] 
? - 

temperature 
LOKJ 

ambient temperature, 3 0 0 ~ ~  

0 equilibrium temperature, K 

0 critical temperature, K 

T dimensionless temperature, - 
Ta 

radiative emissivity [-] 

Stefan Boltzmann ConstanL, 1.3545~10 2 0 4  
-I2 cal/cm sec K 
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