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THE OUT-OF-KILTER ALGORITHM

AND SOME OF ITS APPLICATIONS IN WATER RESOURCES

INTRODUCTION

It has been mentionedon many occasionsthat the

conventional techniquesare inadequateto plan and formulate

complex water resourcessystems. Unfortunately it may

never be possible to take all the many variables, inputs

and outputs fully into account in a wholly systematic

manner. Assumptionsand simplifications will continue to

be necessary. Nonetheless,application of the "system

approach" provides water resourcesplannerswith a much

better set of tools than were available 10 to 15 years ago.

The purpose of this paper is to presenta simple

water resourcesallocation model basedon the Fulkerson's

out-of-ki1ter algorithm [4]. This algorithm is a special

purpose linear programmingmethod which has been efficiently

used for the solution of a number of water resourcesproblems,

just to mention the Texas Water Plan in the USA [9], the

Vistu1a River Project in Poland [10], and the Trent River

System in Canada [8]. The model is presentedin form of a

complete computer program OKAY written in the Fortran

language. Potential applicationsof the model are

illustrated by few computationalexamples. Although in

principle this is an allocation model for a single time

period, the possibilities of its extensionto mu1tiperiod
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analysis are also briefly discussed. For complete

descriptionof some of the large scale simulation-optimiza-

tion packages"driven" by the out-of-kilter algorithm, the

interestedreadermay refer to references[9, 10] given at

the end of this paper. The model presentedherein is of a

general nature and can be consideredas a base for development

of more complex computer programs designedaccording to

the specific characterof a problem subject to analysis.

Its original feature is iterative use of the out-of-kilter

algorithm to take care of the so-calledconsumptive losses

which as a rule occur in all water resourcessystems.

The out-of-kilter computer code used in the OKAY

program (KILT and PACKUP subroutines),has been developed

by the Texas Water DevelopmentBoard in cooperationwith

the Water ResourcesEngineers, Inc., Walnut Creek,

California, USA. Although at presentthere is a number of

other codes available (e.g. developedby Boeing, General

Motors, Share and most recent very efficient versions by

R.S. Barr, F. Glover and D. Klingman), they are not

discussedin this paper and the interestedreader should

refer especially to [1]. The out-of-kilter code presented

in this paper was successfullyapplied for studying water

resourcesdevelopmentalternativesin the Vistula River

Basin, within the framework of the UN sponsoredfirst

phaseof the "Vistula River Project".

Description of the algorithm is basedespecially

on [1], [3] and [4].



- 3 -

THE OUT-OF-KILTER ALGORITHM

An abstractdefinition of a network is a collection of

nodes and a collection of arcs which connect these nodes.

Following [1], the problem which is solved by the

out-of-kilter algorithm is that of finding the optimal flow

in a circulatory network, and is defined as follows:

minimize L c .. x ..
(i,j)EM 1J 1J

subject to:

L x .. - L x .. = 0 i = 1 , ... ,m
j 1J j J1

( 1 )

(2)

1.. < x .. < k ..
1J 1J - 1J

(i,j)EM (3)

where x .. is the flow from node i to node j, c .. is the
1J 1J

cost associatedwith sending one unit flow from node i

to node j, 1 .. and k .. are, respectively, the lower and
1J 1J

upper bounds on the amount of flow in arc (i,j), rn is the

number of nodes and M is the set of all arcs in the network.

The arcs are identified by naming the nodes they connect,

for example arc (i,j). It is further assumedthat all costs,

flows and bounds are integers. In addition flows and bounds

are nonnegativevalues.

For such a network, a feasible circulation is defined

as a set of flows'satisfying relationships (2) and (3). An

optimal circulation satisfies (1), (2) and (3).
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Associatedwith this problem is a dual problem which

may be statedas:

maximize

subject to:

I (1 .. u ..
(i,j)EM 1J 1J

"k .. u .. )
1J 1J

(4 )

, "
u. - u. + (u .. - u .. ) < c ..

1 J 1J 1J 1J

"
U .. , U .. > 0

1J 1J-

u. unrestricted
1

(i,j) e: M

(i,j)E:M

i = 1, ... ,m

(5)

(6)

The dual variablesu. are called "node prices", and
1

the expressionc .. = c .. + u. - u. is called "marginal cost"
1J 1J 1 J

or "net cost" associatedwith arc (i,j).

Assuming the readerhas no knowledge of duality theory,

Durbin and Kroenke [3] have describedthe nature of "node

prices" by means of a simple economic example. Let us

assumethat the total transportationcost of certain

commodity in the network dependsnot only on the distribution

chargesc .. on each arc (i,j), but also on the prices which
1J

consumerslocated at some or all nodes must pay for a unit

of flow commodity. Therefore u. denotesthe price of a unit
1

of flow commodity at node i. The above defined net cost

c.. , representsthe total cost to the system (consumerand
1J

distributor), of transportingone unit of flow from node i

to node j. If (c .. + u.) is greater than u
J
" the c .. will

1J 1 1J
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be positive and the flow from node i to node j should be kept

as low as possible. For example, let us assumethat

c .. = 3, u. = 4 and u. = 6,(c.. = 1). If we can sell one
1) 1 ) 1)

ｵ ｾ ｩ ｴ ｯ ｾ ｾ ｬ ｯ ｾ at node i for u. = 4, it does not ｾ ｡ Ｇ ｬ to ahip
1

a unit from i to j for c .. = 3 and to sell it at node j
1)

for u. = 6. In caseone unit of flow is sold at node i,
)

the system'sprofit is equal to 4; moving it and selling

at node j means the system'sprofit is only 3. On the

other hand, if (c .. + u .. ) is smaller than u., the c ..
1) 1) ) 1)

will be negativeand the shipment from i to j is profitable.

If the value of c.. = 0, the system is indifferent to an
1)

additional unit flowing from i to j.

It can be proved on the basis of the linear programming

theory, that feasible circulation is optimal if and only if

one of the following conditions is satisfied by each arc

(i,j)E:M:

If c .. < 0 then x .. = k .. (7 )
1) 1) 1)

If c .. = 0 then 1 .. < x .. < k .. (8)
1) 1) - 1) - 1)

If c .. > 0 then x .. = 1.. (9 )
1) 1) 1J

Condition (7) statesthat when net arc cost is negative,

flow on the arc ought to be as large as possible. Condition

(8) statesthat when net arc cost is zero, the flow level

is unimportant as long as it meets upper and lower bounds.

Finally, condition (9) statesthat when net arc cost is

positive, flow on the arc ought to be at the minimum level
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possible. The algorithm is designedto constructa

circulation meeting these conditions.

Any arc that meets the optimality conditions

(J), (8) or (9) is said to be Ｂ ｩ ｮ Ｍ ｫ ｩ ｬ ｴ ･ ｲ Ｂ ｾ otherwise,

the arc is said to be "out-of-kilter". An "out-of-kilter"

arc must then satisfy one of the following conditions:

I. c .. < 0 and x .. < k ..
1J 1J 1J

II. c .. > 0 and x .. > 1..
1J 1J 1J

III. c .. > 0 and x .. < 1..
1J 1J 1J

IV. c .. ::: 0 and x .. < 1..
1J 1J 1J

V. C .. ::: 0 and x .. > k ..
1J 1J 1J

VI. c .. < 0 and x .. > k ..
1J 1J 1J

The'generalthrust of the algorithm is to bring each

out-of-kilter arc in-kilter by adjusting its flow or by

changing appropriately the node prices. In order to change

the flow of an out-of-kilter arc (s,t), a suitable path must

be found from note t to node s which, in conjuction with

(s,t), forms a cycle. Flow is then adjustedon each arc of

the cycle by amounts which maintain node conservationand

contribute towards bringing (s,t) in kilter. A path is being

searchedby alternativeuse of labelling rules and a

node price changing rules. ｾ ｅ ｸ ｣ ･ ｬ ｬ ･ ｮ ｴ descriptionof these

rules may be found in [3] and [7]. It should be noted that

the algorithm arbitrarily selectsan
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out-of-kilter arc, and tries to bring that arc into kilter

while not forcing any other arc farther out-of-kilter. If

the selectedarc can be brought into kilter, the algorithm

selectsanotherout-of-kilter arc and repeatsthe procedure.

The procedureterminateswhen all arcs are found to be in kilter.

If any arc cannot be brought into kilter, the problem

cannot be solved.

THE NETWORK MODEL OF WATER RESOURCES SYSTEM

The network representationis one of the most natural

ways of describing a water resourcessystem. Nodes represent

all fixed points in the system, such as reservoir, water with-

drawal and waste dischargepoints, water use points,

control and balanceprofiles, gauging profiles, etc. Arcs

are inserted for all river reaches,pipelines and other water

transfer facilities, demands,supplies, storagequantitites,

etc. It should be noted that all arcs must have compatible

units (m3/sec or m3).

In principle the attachedprogram can be used for optimi-

zation of the water resourcesallocation problem in a single

time period. It is well known, however, that in reservoir

systemsit is normally desirable to optimize allocation (and

at the same time operationof the reservoirs), taking into

account more than one time period. Otherwise, the final

storagewill always be depletedto meet the demandsof the

period at hand, with no hedging against future requirements.

For multiperiod analysis the final storage from one period

becomesthe initial storagefor the secondperiod and so on.
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Although such analysis can also be made with the help of the

attachedprogram (by proper formulation of the network), in

such case the usual way is to implement a special program for

multiperiod analysis (e.g. the Water ResourcesManagementModel

developedfor the Vistula Project study which uses KILT and

PACKUP as its basic subroutines). The one period network may be

thoughtthen as being expandedinto the third dimensionwith

interconnectionof time-periodplanesby the storagearcs.

In all casesthe objective is to minimize the penalties

associatedwith not meeting the water user target demandsor

in-streamtarget flows, or to minimize the sum of thesepenal-

ties and the systemoperatingcosts (e.g. pumping costs).

Determinationof these penaltiesor in other words, development

of loss functions associatedwith water shortages,which is one

of the fundamentalproblems in most of the water resources

studies, is outside of the scope of this paper.

Referring to the secondparagraphof this paper, it should

be noted that if arc cost cij expressesunit operatingcosts

of one of the system'selements, it must be a positive value.

Otherwise, if arc cost c .. expressesunit penaltiesassociated
1J

with not meeting the target value on this arc (upper bound), it

must be taken with a negative sign.

An additional advantageof the networks solved by the

out-of-kilter algorithm is the possibility of considering

linearizednonlinear loss (penalty) or cost functions, providing

these functions are convex. As far as the loss functions are

concerned,this restriction is met in most of the real problems.

Unfortunately, this in not always the casewith the cost functions.
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Target demands and flows, as well as dischargeand

storagecapacitiesmake upper bounds on the appropriatearcs.

The supply arcs have lower and upper bounds equal to the

actual supply rate.

Adequate representationof a water resourcessystem requires

also insertion of the consumptive loss arcs. The consumptive

lossesare assumed here to be proportional to water use, in

other words they are expressedas a certain percentageof the

amount actually delivered to the water user.

DESCRIPTION OF THE PROGRAM OKAY

The attachedprogram OKAY uses the out-of-kilter algorithm

to allocate flows in a network to minimize the total cost of

flow in the network. Subroutine PACKUP constructsa packed

list of arcs entering each node. Multiple arcs between any

pair of nodes are allowed, however, the total number of arcs

entering and leaving any single node should be less than 14

(see TEMP in PACKUP). DIMENSION must also be changedin case

of networks containing more than 800 arcs or 250 nodes. Sub-

routine KILT is the proper out-of-kilter algorithm. Subroutine

CONSOL is provided to check if the consumptive loss percentages

are satisfied.

As an input, the program requires the follwoing information:

A. TITLE CARDS (13A6) 3 cards

Col.l - 78 TITL

B. CONTROL CARD (4110)

Col. 1 10 ARCS No. of arcs in the network

11 - 20 NODES No. of nodes in the network



21 - 30

31 - 40

61 - 70

Col. 1 - 10

11 - 20

21 - 30

31 - 40

41 - 50

51 - 60

61 - 70

21 - 30

11 - 20

Col. 1 - 10

- 10 -

CONS No. of consumptive loss arcs

ITER Max. number of iterations on

the subroutineKILT (at least 1)

C. NETWORK CARDS (7110) 1 card for each arc

N Arc number

NF(N) Source node for arc N

NT(N) Sink node for arc N

LO (N) N Lower bound of :flow in arc N

HI(N) Upper bound of flow in arc N

COST(N) Cost per unit flow in arc N

(if positive) or penalty for

deficit (if negative)

FLOW(N) Initial flow in arc N

(usually zero)

D. CONSUMPTIVE LOSS CARDS (3110) 1 card for each consump-

tive loss card

MAR(I) No. of arc entering the

consumptive loss node

(supply arc)

NAR(I) No. of consumptive loss arc

LAR(I) Consumptive loss expressed

as precentageof water supply

rate

In application to water resourcesallocation problems

usually an extra node must be created. This is the so-called

balancenode to and from which all demandsand suppliesare

routed (see the main program).
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Referring to the FLOW variable, at the start of solution all

flows in the network must satisfy continuity either by a

consistentinitialization or setting them equal to zero.

The program requires also that initially the consumptive

loss arcs have lower and upper bounds equal to the consumptive

loss associatedwith delivery of the target water demand.

Output from the program consistsof a set of optimal

flows in the network, value of the objective function corre-

sponding to the optimal solution, final values of

node prices and the actual number of iterations performed

(iterative use of SubroutineKILT).

The iterative application of the out-of-kilter algorithm

convergesvery quickly and producesthe optimum solution,

what has been computationally testedby the parallel application

of the standardlinear programmingcode.

Although some experienceis called for in formulating

the network to describea given problem, it is hoped that

the enclosedexampleswill give the reader a "feel" for the

operationof the out-of-kilter algorithm and the OKAY program.



Example 1

Example 2

- i: -



EXAMPLE 1
NETWORK ｅｘａｾｐｌｅ

PLANE D.R•• AND
ARCS = B

- 13 -

TAKEN ｆｒｏｾ ﾰｏｉｓｃｾｴｔｅ ｕｐｔＱｾｉｚａｔｉｏｎＪ BY
"",,C MILLA"J C.JR.
NODES = ｾ ｃｏｾｓＮ LOSS DEMANDS = o

NETWORK ,)AT A

N NFCN) ｾｈ U·j) Lu (I'd riI(N) COSTIN) FLOW(N)

1 1 2 b 6 -0 -0
2 C 4 0 6 1 -0
3 4 1 j 10 -0 -0
4 C 5 -u 6 ·2 -0
5 1 £to -0 4 4 -0
6 ] 5 -u 4 j -0
7 1 ) 4 4 -0 -0
8 , 1 7 10 -0 -0

EXAMPLE 1
NETWORK EXAMPLE TAKEN FROM ＪｉＩｉｓｃｾｅｔｅ UPTIMIZATION* BY
PLANE ｄＮｒＮｾ AND MC MILLAN C.JR.

NUMAER OF ｉｔｴｫａｔｉｏｾｓ = 1

OPTIMAL FLOwS IN ｎｾｔｷｏｒｋ

1 6
2 3
3 3
4 3
5 -0
6 4
7 4
A 7

TOTAL ｐｾｎａｌｔｙ ｃｏｾｔ =

NODE PRICES

21

1
'2
3
4
5

4
3
2
4
5
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PROBLEM ｆｏｒｾｕｌａｔｅｄ 8Y ERIC w000 fRuM IIASA

ARCS = 13 NODES = 6 ｣ｵｾｳＮ LOSS UEMANDS = o
ｎｅｨｩｏｾＡ＼ ｬＮｩｾ TA

N NF(N) NT(\l) LO(N) HI (N) COST(N) FLOw(N)

1 1 ? 0 260 -0 -0
2 1 2. 460 460 -0 -0
3 ] ｾ 0 260 715 -0
4 2 3 coO 260 -0 -0
5 2 6 0 720 27 -0
0 ) 4 0 260 -0 -0
7 1 4 1100 1100 -0 -0
8 4 6 0 1500 642 -0
9 4 5 1200 1200 -0 -0

10 'j 4 0 1200 1300 -0
11 5 6 0 1200 -0 -0
12 (, 1 ｬｾ｢ｶ 1560 -0 -0
13 4 6 () 260 -0 -0

, -

EXAMPLE 2
PROBLEM FORMULATf.D I1Y ERIC I'/OO() F to( Oi'l I ｉｉｾｓａ

NUMBER OF I TER/\TIOI\jS = 1

OPTIMAL FLOWS IN NETwORio(

1 -0
2 460
3 -0
4 2nO
5 200
6 260
7 1100
8 -0
9 1200

10 -0
11 1200
12 1560
13 160

TOTAL PENALTy COST = 5400

NODE PRICES

1
2
3
4
5

"

27
o

27
27
27
27
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./
(
,
I
I

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

\.

""""""-
"-
1
I
I

j
/

/"
/"

/"

Season2

33

21

18
ｾ

I,

'4

/"
./

/.....-
./

("
I
I
I

I
I
I
I
I
I
I
I
I
I

\
"-

"-

"""-
"."

13 '1
I,
J

/

Season1

5

LO...-

1

I

'\
"-

"-
""""')

I
I
I

)...
/

/
./

( ...
I
I
I

Input Data
c:::.::; - .- -- --77"

-Rooervolr ｣ ｮ ｰ ｾ ｣ ｩ ｴ ｾ
-Diucha.l"fl;O capncii;y of ｾ ｬ ｑ Ｎ ｴ ｯ Ｚ ｲ transfer
-Damillld I looa.oon 1 I II 30+40+50
-Iboand I IOOnOG3 2/ 0 ｾｏｶＵＰＫＶＰ
-Dvoun<1 II ICOo.00-:l 1111 80+100-"300
-fumund II 1000.0G3 21" 200+120+340
Ｍ ｃ ｯ ｮ ｯ ｷ ｾ ｰ ｴ ｩ ｶ ｯ 10C3 aacoCQ ｷｩｴｾ ｄＰｾｭｬ､ I
-CoTIButaptivo lona ooooeQ 'Vii til D0m:md II
Ｍ ｾ ｩ ｬ Ｑ ｩ ｲ ｊ ｴ Ｎ Ｚ Ｎ Ｎ Ｂ Ｂ ｊ Ｎ UCC01Yt;oblo ｦＧｬｯＧｾＷ ｉＰＰ｡Ｎｇｬｊｾ i I
Ｍｾｩｮｩｾｵｭ accoptabloflow loeason21
-Reao:i"voir inflo\7 loonoou 1 I
-Rooo:i.'voir inflo\1 1000.00:1 21
.Initial stOl"n.gO loouocu 1I

NO'(;\70:i:'i.t lbn::'vccntnticZl lare nos.1 Doaoonc::=. -- Ｌ ｟ Ｎ Ｚ Ｌ Ｎ Ｎ Ｎ Ｍ Ｎ ｾ ...Ｍｾ .._-...- - ｾ -.. ＮｾＮ ｟ｐｾＭＭＺｔＧｩｔＧ

1000
300
120
150
480
660

5%
8%

50
40
50

150
200

1 ｯ｣｡ｯｯｾ 2

- Roaorvoir inflo\7 3 18
- Iuitiol otOI'ugo 1 4
- li'iual otorugo 4 20
- ｾ｡ｴｯｲ truusfor lpumpingl 2 19
- ｒｩｶｯｾＢ cl1QIl.;101 50 "'6 ,1? 21,32,33
- fumo.u1 I 6, 7 f) 0 22,,23,24
- U:)tilaad II 9,,10 911 25,26,2?
- .Auxiliary arco 12 28
- Connunptivo 1000 1; 29
- ｕ｡ｳｴｯｷ｡ｴｯｾ d10charge 14 ｾ ｏ
- ｾｩｮｩｷｵｭ ucooptublo ｦ ｬ ｯ ｾ 15 31

Note: Pumping and ponalty oosta indicated Cll tho noxt
page and on tho oomputor printout / page 16/.
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Penalty functions assoc. with Demand I

(orcs no 6,7,8 ¢22,23,24)

Loss

I
I
I
I
I

Season21
I
I
I
I
I
I

Season 1

BOO

2400

1200

1800

3000

9000 I
I
I

7000 Season 1 I
I
I

5000 Season 2 I
I .
I

3000 I
I
I

1000 Ｕｾ
I
I

0
0 50 100 150 200 250 300 350 400 450 500 550 600 650 700 Deficit

01ollll:::=--..L._---L.-_....l...-_.L.-------l_----'--_---l...._....L..-_J...----J._----'-_--'--_-'--_'------'"_-P-

o 1020 30 -40 50. 60 70 80 90 100 110 120 130 140 150Deficit

Penalty functions assoc. with Demand II

(orcs no 9,10,11¢ 25,28,27)

Loss

11000

Pumping costs function (arcs no 2¢ 19)

300 Pumpinq rate200100
OIl<O--------.J....- ....L..- --l...-__--e:>_
o

2000

3000

1000

Cost
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AN EXAMPLE HOW OKAY PROGRAM ｃａｩＧｾ ik USt.u FOR SOLUTION OF
SIMPLE MULTIPERIOD PROBLEMS /2 TIMt Pt.KIOOS/
ARCS ;: 33 NODES = 10 CONS. LOSS DEMANDS = 2

NETwORt< DATA

N l\lFIN) NT(N) LDIN) HI IN) COSTIN) FLOW IN)

1 11 1 2uO 200 -0 -0
2 1 1 1 -0 300 12 -0
3 11 1 SO 50 -0 -0
4 1 b -0 1000 -0 -0
C; 1 2 -0 99999 -0 -0
h 2 11 -u 30 -10 -0
7 2 11 -0 40 -20 -0
B 2 11 -0 50 -30 -0
9 2 3 -u 80 -5 -0

10 2 3 -0 100 -25 -0
11 2 3 -0 300 -35 -0
12 3 4 -0 480 -0 -0
13 4 11 24 24 -0 -0
14 4 :> -0 456 -0 -0
15 2 :> -0 50 -40 -0
16 2 :i -0 99999 -0 -0
1 7 5 11 -0 99999 -0 -0
18 11 6 l::JO 150 -0 -0
19 11 h -0 300 12 -0
20 6 11 -u 1000 -0 -0
21 6 7 -0 99999 -0 -0
22 7 11 -0 40 -10 -0
23 7 11 -0 50 -20 -0
24 7 11 -0 60 -30 -0
25 7 8 -0 200 -5 -0
26 7 8 -u 120 -25 -0
?7 7 d -0 340 -35 -0
28 8 '-} -I] 660 -0 -0
29 y 11 ':J] 53 -0 -0
30 9 10 -0 607 -0 -0
31 7 10 -0 40 -40 -0
32 7 10 -0 99999 -0 -0
33 10 11 -0 99999 -0 -0

CONS. LOSS DATA

12 13 5
28 29 !1



EXAMPLE 3 -18
AN EXAMPLE HOw ｏｾａｙ PROGRAM CAN ｈｾ ｕｓｾｕ FOR SOLUTION OF
SIMPLE MULTIPERIOD PR03LEMS /2 ｔ ｉ ｍ ｾ ｐ ｾ ｫ ｉ ｏ ｄ Ｕ Ｏ

NUMBER OF ITERATIONS = 2

OPTIMAL FLOWS IN ｎｅｔｷｏｾｋ

1 200
2 300
3 SO
4 go
5 Ｔｾｏ

n 0
7 0
8 50
9 0

10 60
11 300
12 360
13 It1
14 342
15 50
In 0
17 392
18 ISO
19 300
20 0
21 540
22 0
23 0
24 ;:'0
25 -0
26 100
27 340
28 440
29 35
30 405
31 40
32 -0
33 445

TOTAL PENALTY COST =

NODE PRICES

12600

1
2
3
4
5
6
7
R
9

10
11

Ｒ ｾ

25
o
o
o

2'::>
25
o
o
o
o
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ｐｒｏｇｋｾｍ UKAy(lNPUT,OUTPUT,TAPE5=INPUT,TAPEo=OUTPUT)
ｉ ｎ ｔ ｅ ｇ ｾ ｾ FlUw,HI,COST,ARCS,PI,DEFCIT,CONS,PER
lOGICAL UIJFE::>
COMMON /AOATA/ NF(dUO),NI(80U) ,FLOW(800),HI(800),LO(800)
Ｑ Ｌ ｃ ｏ ｓ ｔ Ｈ ｾ ｏ ｏ Ｉ Ｌ ｐ ｉ Ｈ Ｒ ｾ ｕ Ｉ Ｌ ａ ｾ ｃ ｓ Ｌ ｎ ｏ ｏ ｅ ｓ Ｌ ｉ ｎ ｆ ｅ ｓ

?,"'Ii-IR(SU) ,lArdjU) ,NJ.iR(SO)

DI !v'! ｴＺｬＧｾ S I LJ 1\1 TIT l ( J q )

REi\D(:Hl) TIll
ｷ ｒ ｉ ｔ ｦ Ｈ ｾ Ｌ ｬ ｵ ｕ Ｉ TITl
PEAO(5,2) ａ ｱ ｃ ｓ Ｌ ｾ ｏ ｏ ｅ ｓ Ｌ ｃ ｏ ｎ ｓ Ｌ ｉ ｔ ｅ ｈ

WkITE(o,lOlJ AJ{CS,f'JOOES,CONS
ｒｦａｕＨｾＬＳｊ ＨｾＧｎｾＨｎｊＬｎｔＨｎｊＬｬｏＨｎＩＹｈｉＨｎＩＬｃｏｓｔＨｎＩＬｆｌｏｗＨｎＩＬ L=l,ARCS)
WR I Tf_ ( 6 , 1 02. J
NUDE S=rJO[JtS + 1
KEY = 1
DO 200 ｬ ｜ ｪ ］ ｬ Ｌ ａ ｲ ＼ ｃ ｾ

ｉ ｆ Ｈ Ｇ ｜ ｬ ｆ Ｈ ｾ ｊ ｊ ot.\:J.UJ NF(NJ="iODE:.S
rF ( N T ( N J • E:.. Ｈｾ 0 0) N r (N ) =N() L) E S
ｉｆＨｾｆＨｎＩＮｅｑＮｎｕｏｅｓＮｕｒｯｎｔＨｎＩｯｅｕＮｎｏｄｅｓＩ KEY=2

2 0 0 CONT I i'J UE
IF(KEY.EU.l) NODES=NOUES-l
v.iI·nH= (1;:1, 112)
ｗ ｾ ｉ ｔ ｅ Ｈ ｢ Ｌ ｬ ｕ Ｓ Ｉ (N,NF(N).NT(N),lO(N),HI(N),COST(N),FLOW(N),N=l,ARCS)
IF Ｈ ｃ ｏ ｦ ｜ ｬ ｾ Ｎ ｴ Ｈ ｊ Ｎ ｏ ｊ GO TO 800
｜ ｯ ｊ ｫ ｬ ｈ ｾ Ｈ Ｖ Ｌ ｬ ｏ ｣ Ｌ ｊ

DO 300 l=l.CONS
RfAD(5,2) ｍ ａ ｾ Ｈ ｉ ｊ ,NAR(I) ,LAK(I)

300 wRITE(t,llO) MJ1;..{(I),NAR(I),lAR(I)
HOD ｾｏ 400 NITER=l,ITER

CALL K.ILT
ｉｆＨｃｏｎｾＮｅｑＮｏＩ GO TO 500
IFLAG=O
DO ｾｏｕ IK=l,CONS
I :: ,..1.0 i-< ( 1K)
J = NAqUr<)
PER = LAR(IK)
CALL ｃｏｎｾｵｌ (I,J,PER,JCOR)
IFLAG=IFlAG + JCQR

900 CONTI"luE
IF(IFlAG.Et,l.O) GO TO 500

4 00 C0 r\J TIN Ui.
500 CONTINUE

WRITE(6,lOO) TITL
WRITE(o,lll) NITER
WkITE(6,lu4)
WRITE(6,lOS) (N,FLOW(N), N=I,ARCS)
ITOT = 0
DO 202 N=l,AHCS
IF (COST (N» b-TS,680,oAS

675DEFCIT=FlOW(N)-HI(N)
GO TO b/:W

680 DEFCIT=O
GO TO oB8

685 ｄ ｅ ｆ ｃ ｉ ｔ ］ ｆ ｌ ｏ ｾ Ｈ ｎ Ｉ

688 ITOT=ITOT+COST(N)*UEFCIT
202 CONTINUE

WRITE(6,lOo) ITOT
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WRITEI6.107)
00 203 N=l.NODES

203 wRITEI6.108) N.PICN)
1 FORMAT(13Ab)
2 FORMAT(4110)
3 ｆｏｒｲｾａｔｉＷｉｉｏＩ

100 FORMATClrll/ClX,13A6»
101 FORMATIIX,bHARCS =,I5,12H NODES =,15,26H CONS. LOSS DEMAN

IDS =dS)
102 ｆ ｏ ｒ ｾ ａ ｔ ｉ ｉ ｈ ｏ Ｌ ｬ ｏ ｘ Ｌ Ｑ Ｒ ｈ ｎ ｅ ｔ ｷ ｏ ｒ ｋ DATA/)
103 ｆ ｏ ｒ ｾ ａ ｔ ｉ ｉ ａ Ｎ Ｗ ｉ ｉ ｏ Ｉ

104 ｦ ｏ ｒ ｾ ａ ｔ ｉ ｉ ｈ ｏ Ｌ ｬ ｘ Ｌ Ｒ Ｔ ｈ ｏ ｐ ｔ ｉ ｍ ｾ ｌ FLOWS IN NETWORK//)
105 ｆ ｏ ｒ ｾ ａ ｔ ｉ ｉ ａ Ｙ Ｑ Ｕ Ｌ ｉ ｣ ｩ Ｉ

106 FOHMATI///21X,20HTOTAL PENALTY COST =,110)
107 ｆ ｏ ｱ ｍ ａ ｔ Ｈ Ｏ Ｏ Ｏ Ｒ Ｑ ｘ Ｎ ｬ ｬ ｾ ｎ ｕ ｄ ｅ PRICES/I)
108 ｆ ｏ ｒ ｾ ａ ｔ ｉ Ｒ Ｑ ｘ Ｎ Ｑ Ｕ Ｎ ｓ ｸ Ｌ ｉ ｬ ｵ Ｉ

109 FOkMATI//IOx.15HCONSo LOSS DATAl)
110 ｆ ｏ ｫ ｾ ｉ Ｍ ｜ ｔ ｉ Ｓ ｉ ｉ Ｐ Ｉ

III FORMATIIHO,lX,22HNUMBER UF ITERATIONS =,15)
1 12 FOR ｾ｜ AT I 9 X , 1HN• ｾ X • 5 HNFl N) , 5)( , 5 HNT ( N) • 5 X , 5 HL 0 ( N) ,s.x,5 HHI (N) , 3)( ,

17HCOST<N),3X,7HFLOwCN)/)
STOP
END
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SUBROUTINE KILT
INTEGER FLOw,HI,COST.ARCS,PI,DEFCIT,CONS,P£R
INTEGEK ａｉｋＮｃＮｅＬａｉｎＮｃｏｾＮｅｐｓＬｓｎｋＬａｌＬｓｒｃＬａｏｋＧｃｕｔＬｄｅｌＬａ

LOG I CAL ltllF E5
COMMON /ADATA/ NF(800) ,NT(SOO),FLOW(800),HI(800),LO(800)

1.COST(600),Pl(250),ARCS,NODES,INFES
Ｒ Ｎ ｍ ａ ｒ Ｈ ｾ Ｐ Ｉ Ｎ ｌ ａ ｒ Ｈ Ｕ Ｐ Ｉ Ｎ ｎ ａ ｒ Ｈ ｾ ｏ ｬ

ｃ ｏ ｍ ｾ ｏ ｎ IPT(250) .LARCS(250),LLN,NARCS,LIST(1600),LN(250),CUT(800)
Ｑ Ｙ ｾ ａ Ｈ Ｒ Ｕ Ｐ Ｉ Ｌ ｎ ､ ｃ Ｒ ｾ ｏ Ｉ

CALL PACKUP
JKL = 0
HJFE S= 0 TKUE Q

DO 200 4=1,ARCS
IF ( HI (A) - LU(A) ) 340,200,200

cOO COI\JTINUE
INFES = .FALSf..
I ｾｊｆ］ＹｙＹＹＧｪＹ
ACK = 0
AIK = 0

220 AII\J=AIK + 1
00 320 ａ ］ ａ ｉ ｾ Ｌ ａ ｒ ｃ ｓ

IA = NF(A)
JA = NT(A)
AIK =.c, - 1
IF( LO(Al - FLOW(A) 240,240,360

240 IF( riIlA) - FLOW(A) ) 380,260,260
260 IF( COST(A) + PI(IA) - PI(JA) ) 280,320,300
280 IF( HI(Al - FLOwCA) ) 320,320,360
300 IF( LO(Al - FLOw(A) ) 380,320,320
320 CONTINUE
340 CONTINUE

ｒｅｔｕｒｾｾ

360 SRC = NT(A)
SNK = I\JF(A)
F.: =+1
GO TO 400

380 SRC = NF(Al
SNK = NT(A)
E =-1

400 IF( A - AOK ). ＴＴＰＬｾＲＰＬＴＴＰ

420 IF( NA(SRC) ) 480.440.480
440 AOK = A

DO 460 N=I,NOOES
NA(N) = 0

460 CONTINUE
t'IlA(SRC) = SNK*E
NBCSRC) = AOK*E.
K = 0
LU = 1
LN(LU) = SHC

480 COK = COST (A) + PUlA) - PI (JA)
500 LLN = LNCLU)

LNCLU) = [)
LU = LU - 1
IADD = LARCS(LLN)
MAX = IPTCLLN)
DO 740 AL = lAUD, MAX
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JKL = JKL + 1
A = LI:::iT{ALl
If>. :: ·'.F (A)
.jA = \JT(A)

If ('.j tl ( I A» :, 2 (19 h 2 0 , ｾ c0
':>20 IF ｕ ｪ ｩ ｾ (JIl» (4U.S40.740
:'40 CO:H I 'JUt.

IF( HI(t.) - I-LUw(A) ) 720.720,560
':l60 IF( LO(A) - FLUW(lI) ) :;80,580,600
5BO If( COS!U\J + ｾｉＨｉａｊ - PI(JA) ) 000,600.720
liOO ｃｏｾｊｔｉＡ｜ｪｕｴＮ

I\JA(JA) = IA
NP,(JA) = A
LU = LlJ+l
L!\J(LU) = JA
(,0 TO "j 00

620 IF( LO(Al - t-Luw(A) ) 640.720,120
640 IF( rlI(AJ - FLOw(A) ) 1'-80,660,660
060 F( CU'-lT(A) + PIOA) - PI(JA) ) 120.680,680
｢ ｾ ｏ CONTINUE.

I\jA(IA) = -,-Ill.
NB(IA) = -A
UJ = LU+l
L t- I ( L LJ ) = I f\

7 0 0 1 F (ru\ ( '-,;\i K;» 1 bU. 7 '+ U• 7 ;, 0
720 ｾ = K + 1

Cln (...-;) = A
74.0 ｲ ｏ ｾ ､ Uil.Jt

IF( LU ) ｬｕ｢ｕＹＱＰ｢ｏＮｾｏｏ

760 FPC:; = ｉＡ｜ｪｾ

ｾｊｉ = ｾｾｃ

Ｗｾｏ NJ = ｉａ｢ｓＨｾａＨｎｉﾻ

A = ｉａｾｾＨｎｈＨｎｉﾻ

I A=!\JF UU
J/\ ］ ｾ Ｚ T ( A )
C=COST(A) +PI (IA) -PI (JIl)
IF( N6{NI) ) ｾｏｏＬＸＰＰＬＸＰＰ

AOO IF( C ) e.60.800,M20
H2u IF( LO(A) - ｾｌｏｷＨａＩ ) ｬｏｏｏＬｬｏｏｏＬｾＴＰ

H40 ｾｐｓ = ｍｉｾｏＨ E.PS. LO(A) - FLOW{A) )
GO TO 1000

860 IF( HI (A) - ｉＭｌｏﾷａｉＨｉｾＮﾻ lOOOdOOO,880
8 8 () EPS = r>.1 I hj I) ( EPS • HI ( A) - FLOW( A ) )

GO TO 1000
900 IF ( C ) ＧｩＶＰＬｾ｣ｏＬＹｾｏ

920 IF( LO(A) - fLOw(A) ) 440,1000,1000
940 EPS = ｾｬｉｲＭＮ［ｏＨ ｴＺＺｐｾＬ FLOw(A) - LO(A) )

GO TO 1000
960 IF{ HI(A) - FLOw{A) ) -J80,lOOO,1000
ｾ ａ ｏ EPS = MINO( EPS, FLOw(A) - HI(A) )

1000 ｾ ｉ = NJ
IF( NI - ｓｾｃ ) 180,1020,780

10?0 NJ = IABS(NA(NI».
A = ｉｩ｜ｅｩｾＨｎｯＨｎｉﾻ

FLOW(A) = FLOW(AJ + ISIGN(EP5,N8(NI»
NI = I\lJ
IF( NI - 5KC ) 1020,104u,1020
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lU40 /lOK=u
GO TU 220

10hO PEL:: I\lF
IC :: (;
DO 1200 I=1.K
A = CUT(I>
I A :: NF (jj )

JA :: ｾｈ (A)
C :: COST IA) + PI (lA) - PI (JA)

IF Ｈ Ｚ ｾ ａ (JA» 114u, 10tj l.l ,114\)
10HO COJ\jTI"JUf.

IF( HIlA) - rllh;(il) ) 11409114091100
1100 IFI Oll - C ) 1200,1200,1120
1120 iJFL = C

Ie :: I
NSN :: lA
GO TO 1200

1140 IF(NA(IA» 1iOU.1160,1200
11-:'0 CONTINUt.

IF I LOU'l) - I-Llhv(A) ) 11609120091200
1180 IF (-CoGr:.ouELl (,0 TO 1200

DtL = -C
Ie :: I
ｎｓｲｾ :: JA

120() CO·... T ｈｾｩｊｴＮ

I_LJ :: 1
L!\i ( L U ) :: ih f-J

IFI ｏ ｾ ｌ - ｉｎｾ l 13UO.1220,1300
1;.: cOL F I l-iI I A I) K) - fLO LIi ( A0 Kl ) 1 I:' '+ 0 , 126091240
1240 IFI LO(AOK) - FLOw(AOKl ) 12809126091280
1260 OFL ::IABS(CUK)

"Jsr... :: S"<:C
L r-J ( L U ) :: ''JS "J
GO TO 13uO

1280 ｉ ｾ ｆ ｅ ｓ :: ｯ ｔ ｾ ｵ ｴ Ｎ

WRITE(6,;OOO) AUK,NF (AOK),NT(AOK)9LO(AOK)9HI(AOK),FLOW(AOK)
1,COST(AOK)

2000 FOHMAT(SHO ａｾｃＬｉＵＹｓｾｈ CANNOT 8E BROUGHT INTO KILTER. DATA FOR ARC
1 LISTED dELUw/6I10l
ｒ ｅ ｔ ｕ ｒ ｦ ｾ

1300 DO 1340 N=1,NOUES
IF(NA(N» 1340,1320,1340

1320 CONTINLJt
PI Ｈ ｾ ｊ Ｉ = PI (N) + DEL

1340 CONTINut
IF( Ie .EIJ. U ) GO TO 220
CUT(IC) :: CUT(K)
K :: K - 1
GO TO 220
END
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ｓｕｩＱｾｏｵｔ 1, .. 1::: PI\CKUP

ｉ ｎ ｔ ｾ ｾ ｾ ｾ ｆ ｌ ｕ ｷ Ｙ ｲ ｩ ｬ Ｌ ｃ ｊ ｾ ｔ Ｌ ａ ｾ ｃ ｓ Ｌ ｾ ｉ Ｌ ｏ ｅ ｆ ｃ ｉ ｔ Ｌ ｃ ｏ ｎ ｓ Ｌ ｐ ｅ ｒ

ｉ ｾ ｔ ｅ Ｐ ｴ ｐ ｕ ｖ ｾ ｒ ａ Ｎ ｏ ｶ ｅ ｾ ｎ Ｌ Ｐ ｖ ｅ ｱ ｓ ｚ Ｌ ｔ ｴ ｾ ｐ Ｌ ｄ ｉ ｍ ｅ ｎ

L0 ;3 I CAL I N f f_ ｾ
ｄｉｾｅｎｓｉｏｾ ＱｾｍｾＨＱｾＬＲｾｏＩ

COW"O"i IALlA.TAI NF (/jOO) ,NT (800) ,fLOW (BOO) ,rll (800) ,LO(800)
Ｑ Ｎ ｃ ｏ ｓ ｔ Ｈ ｾ ｏ ｏ Ｉ Ｌ ＿ ｉ Ｈ ｾ ｾ ｏ Ｉ Ｌ ａ ｾ ｃ ｓ Ｌ ｎ ｏ ｄ ｅ ｓ Ｌ ｉ ｎ ｆ ｅ ｓ

? , ｾｩ Af.J ( 5 0 ) 9 Ln, R ( ':J 0 ) , NA I'( ( ':J 0 )
ｃｏｍｾｏｾ ｉｐｔＨＲｓＰＩＮｌａｾｃｓＨＲＵＰＩＬｌｌｎＬｎａｒｃｓＬｌｉｓｔＨＳＶＰＰＩ

ｬＬｏｖｴＮｾａ (:'00) ,OvtkN(:,O(l)
EQ lJ I v ALE Net-: ( Tｾ (Vi;;; ( 1 ) •LIS T ( I 01 ) )
DIMt:N=Iil.
OVtf.<SZ=c;OO
LGC=O
/ViA X = \l

no ?OO J=I,i\JOiJES
IPT(J)=O

200 CUr'i TI ｾ ｵ ｅ
DO 360 ｌ ］ ｉ Ｌ ｩ Ｑ ｒ ｃ ｾ

1 F (H 1 (Ll • t:>:J • L0 (Ll • A i\J D• H1 (Ll • t: Q • FLOW(U) GOT0 360
J=l\jf (L)

00 34U 1=1,2
IPT (J) =IPT (J) + 1
M=H)T(J)
IF<M-uI r4EN) 310.310.300

300 (OI\lT ｉ Ｂ ｾ ｬ ｊ ｴ

LOC=LOC+I
ｉｆＨｌｏｃＮｇｔＮｯｶｅｾｓｬＩ GO TO 700
OVt;;Jj'J (LOC) =,J
OVE.h:A(LUC)=L
GO T0 320

310 COi'H ｈ ｾ ｕ ｬ Ｚ

TEMP(:v1.J)=L
320 COl'll ｕｾｕｴＺ

J=i\JT (L)

340 CONT ｕｾｵｴＺ

3hO COI\,JTINUE
IAI.JU=O
GO 420 J=I,NUUES
LARCS(J)=IAlJO+l
ｌ ｉ ｍ ｉ ｔ ］ ｉ ｾ ｔ (J)

IF(LIMIT-DIMlN)376,376,362
362 L I M=D 1ｍｴＮｉｾＫ 1

L=1
DO 370 M=LIM,LIMIT

364 ｉ ｆ Ｈ ｏ ｖ ｾ ｾ ｎ Ｈ ｌ Ｉ Ｍ ｊ Ｉ 368,366,368
366 I ADO= 1iI.DD+ 1

LIST(IAOO)=QVERA(L)
L=L+l
GO TOHO

368 L=L+I
IF (L-LOC) 364,304,370

370 COiH INUE
L1M=U l/vIEN
GO TO 37d

j71i Ll.'·l=LIMIT
378 DO 380 M=I,LIM
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I A[)C!= I .1 iJl.) + 1
ｌｬｾｔＨｬｾｵｄＩ］ｔｴｍｾＨｍＮｊＩ

380 ｃ ｏ ｎ ｔ ｉ Ａ ｾ ｕ ｌ Ｍ

400 IPT(J)=lADu
420 CONT I:\luE.

RE TURi\j
700 ｷ ｒ ｉ ｔ ｅ Ｈ ａ Ｎ ｾ ｏ ｕ ｬ Ｉ

9001 ｆ ｏ ｈ ｾ ａ ｔ Ｈ Ｕ ｾ ｲ ｬ ｬ SIZE LIMIT OF OVERSZ ｅ ｘ ｃ ｅ ｅ ｄ ｾ ｕ EXECUTION TERMINATED)
STOP
ｅｾｗ

ｓｕｈｒｕｕｔｉｾｾ ｃｏｾｓｏｌ ＨｉＮｊＮｐｅｒＬｊｃｏｾＩ

IN TEGt.r, r L!.i I'J • t11 • COS T • AKCS • PI,DEFCIT, CON S , PER
ｃ ｏ ｍ ｾ ｏ ｎ /ADATA/ ｎ ｦ Ｈ ｾ ｏ ｏ Ｉ Ｇ ｎ ｔ Ｈ Ｘ ｕ ｏ Ｉ Ｎ ｆ ｌ ｏ ｗ Ｈ Ｘ Ｐ Ｐ Ｉ Ｌ ｈ ｉ Ｈ Ｘ Ｐ Ｐ Ｉ Ｌ ｌ ｏ Ｈ Ｘ Ｐ Ｐ Ｉ

Ｑ Ｎ ｃ ｊ Ｕ ｔ Ｈ ｾ ｏ ｏ Ｉ Ｎ ｐ ｉ Ｈ ｾ ｾ ｏ Ｉ Ｌ ａ ｒ ｃ ｓ Ｎ ｎ ｏ ｄ ｴ ｓ Ｌ ｉ ｎ ｆ ｅ ｓ

? • MiI f:( ･ｾＩ It ) • L AIi ( :> U) • i'll AH ( ｾ 0 )
ｊｆ］ＨｆｌｏｗＨｉＩｾｾｴｫＩＯｬｏｏ

ｊｃｏｾ］ｦｌｬｬｾｻｊＩＭｊｲ

IF (JCOR.EQ.O) Rb:TURr-.J
HI(J)=JF
LOeJ)=Jf-
RtTURl'j
ｅｲｾｬＩ


