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Abstract

The self-purification processin rivers is describedqualitatively. Dif-

ferent ways of representingthis processby systemsof differential
equationsare discussed.The parametersof the differential equationscan-
not be measureddirectly. but must be estimatedfrom experimental values
of the dependentvariables. For this problem, called model identification,
the quasilinearizationtechnique is recommendedand explained. The technique
is applied to self-purification models of some simple laboratory studies.

A model is given of rivers whose benthosmay be neglected. Its dependentva-
riables are: concentrationof easily degradablewastes,concentrationof
slowly degradablewastes,bacterial mass concentration,protozoanmass con-
centration, and oxygen concentration.Keeping the measurementefforts within
reasonablelimits, the conditions under which this model can be identified
are investigated.Finally, a self-purification model of the Rhine river
betweenMannheim/Ludwigshafenand the Dutch-German-borderis proposed. It is

shown that the model is consistentwith the measureddata. The model is used
to estimatethe consequencesof activities such as waste heat disposal or
sewagetreatment.
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1. Introduct-ion

In view of the enormous pollution of our rivers it is
today imperative that greaterefforts toward water pollution
control must be made /18/. Uncertaintiesexist in the se-
lection of measuresto be applied to concrete situations.
An important factor is the ability of the river to clean it-
self. This should be used on the one hand, but on the other
hand it should not be abused. This optimization problem
can only be solved if one can quantitatively describethe
self-purification processes;but today one is far away from
it. Most of the sanitationprograms for rivers are based
on the so-calledStreeter-Phelps-Equation(e.g., /53/),
although one knows today that this equation is only a very
crude model of the self-purification process/32/ (see also
Section 4.2).

The following thoughts are to be a contribution to a
more realistic theoreticalmodel of the self-purification
process in rivers. The initial question was how waste heat
fed into rivers interactswith organic pollution /50/.
To start with, the biochemical, physical and mathematical
facts were compiled for the laying down of a mathematical
model of the self-purification process. Then, several self-
purification models, their possibilities and limits, are
discussed.

2. Qualitative descriptionof the self-purification processes

2.1 Degradationof the pollutants by bacteria

In the complex process,which is termed self-purification,
the first and most important step is the degradationof the
pollutants by bacteria (and lower order fungi). Degradation
consistsof a chemical change, which releaseselectro-chemical
energy. The releasedenergy is used for building up energy
rich organic phosphates(especiallyadenosinetriphosphate
(ATP) ), which in turn deliver energy for the biomass synthesis
(reproduction, growth) and for the maintenanceof life functions
(movement; replenishmentof spontaneouslydegeneratedprotein
moleculesetc.). The energy consumptionfor the maintenanceof
life functions is describedas endogenousrespiration. In the
creation of new biomass, the pollutants or by-productsof their
degradationpossibly can be used as building materials (assimi-
lation); but normally also other building materials, which can
not be derived from the energy donor, must be available in
the water (e.g., nitrates, phosphates,and calcium). If an
energy donor, or some essentialnutrient is not available, the
endogenousrespirationcontinuesthrough the degradationof
cellular matter (especially that of the reserve substance
glycogen /10/). That way the biomass is slowly reduced, because
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the degradationprorlucts ｩ ｬ ｬ Ｚ Ｎ Ｇ Ｐ ｾ Ｈ Ｚ ｾ Ｚ Ｚ Ｎ ﾷ Ｎ ［ ｲ ｬ Ｚ ｏ ｴ Ｈ Ｎ Ｚ ｲ ｊ Ｎ Ｎ The u,:'qrGldation of a
pollutant normally consistsof d lJng ｣ ｨ ｾ ｩ ｮ uf enzyme catalysed
reactions (see for example /! U/). 'i'h:,:> ener9Y ｲ Ｉ ｉ ｾ ｯ ､ ｵ ｣ ｩ ｮ ｧ reactions
are exclusively u:!.ydutluns, dlld ･ ｳ ｰ ･ ｾ ｾ Ｚ Ｚ Ｑ Ｎ ｡ ｬ ｬ V oxydations through
dehydrogenation. As the last (ex-tracellular) hydroaen
acceptor, oxygen is the most important one (aerobic degradation),
but under certain circumsr>1nc;:'s aIso other substances(e.g. ,
sulphur, CO2 or fragments uf degraJedmolecules) can be re-
duced (anaerobicdegradation). organic pollutants are broken
up in the course of degradation. Ideally, the end products are
purely inorganic (e.g., CO2 , H20, NO -, 5°4--), The metabolic
pathways of the many different degraJablepollutants are so
arrangedthat with progressingdegradationmore and more path-
ways coincide. Thus, for those metabolic pathways which end up
with CO2 and H20, only two possiblecoursesare known: the
Krebs cycle ana the pentosephosphatecycle /61/.

The enzymes, which catalyze the single steps of degradation
(and synthesis) are proteins or proteids, which are highly
specific to the chemical reaction catalyzed. The ability to
synthesizean enzyme is genetically determined, that is why
only those compoundswhich have been present for a long time
in nature are biologically degradable. Many compounds,which
have appearedin the last decadeswith the developmentof chemi-
cal technology, can not be degraded,or only partially degraded;
among those are, for example, the chlorinatedcarbohydrates
/28,58/. Only a part of the enzymes, the so-calledconstituent
enzymes, is synthesizedby the microorganismsindependently
of the available nutrients. The other enzymesare inducable,
that is, the genetically fixed ability to synthesizethem is
only realized when the specific substrate (or sometimesothers,
mostly structurally related compounds) are present.

The transportof the nutrient molecules through the cell
walls and the cytoplasmicmembranesis also achievedby en-
zymes; these are called permeases. Ordinary diffusion plays
a minor role in nutrient uptake, becausethe transporthas to
be accomplishedagainsta concentrationgradient.

If the nutrient moleculesare very large (e.g., starch,
cellulose, protein), a direct transport into the cell is im-
possible. In this case, the nutrient molecules are degraded
outside the cell into fragments which are small enough.
These reactionsare catalizedby exoenzymes,that is enzymes
which act outside the cytoplasmic membrance. They can be
attachedto the cellwalls as well as be releasedinto the
surroundingmedium. They differ4from She endoenzymesbyS
their small molecular weight (10 - 10 as opposedto 10 -
of the endoenzymes) and by their extremely low cystin and
cystein content /7G/.
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There are large differences in the degradation abilities
of different speciesof bacteria. Some bacteriagrow in purely
inorganic media (autotrophic bacteria), while others are
dependentupon organic compounds (sometimesvery complicated)
(heterotrophicorganisms). Another classificationrests on
ｴ ｾ ･ differences in energy gains through dehydrogenation:
the strictly aerobic bacteriaare ､ ･ ｾ ･ ｮ ､ ･ ｮ ｴ on oxygen as an
hydrogen acceptor, the facultatively aerobic bacteriacan do
either with or without oxygen, the anaerobicbacteriacannot
use oxygen as a hydrogen acceptor, and the strictly anaerobic
bacteriawill die in the presenceof oxygen. Within those
opposedgroups of - aerobic - anaerobicand autotrophic -
heterotrophic, there are to be found many other differentiations.
For example, the bacteriaof the family nitro-bacteriaceae
(autotrophic, strictly aerobic) derive their energy solely
through nitrification (that is oxydation of ammonia to nitrite,
and of nitrite to nitrate), while the also autotrophic and strictly
aerobic bacteriaof the family beggiatoaceaederive their
energy solely through the oxydization of sulphur and hydrogen
sulphide /31/.

If in a heterogeneousbacterial community all species
have the ability to decomposea certain nutrient, in most
casesthe degradationof that nutrient follows the same meta-
bolic pathway. That is, while the nutrient is decomposed,the
heterogeneouspopulation acts like a homogeneouspopulation
(see for example /35,93/).

Those bacteria found in rivers show great flexibility in
their use of the pollutants /31,43/, that is, in the analysis
of the self-purification processesone can be quite certain
that the bacteriawill react like a homogenouspopulation in
regard to most pollutants. These assumptionscan be realized
even when just a few speciesare able to degradea substance,
becauseoften metabolic intermediatescan be used by all
bacteria. This is especiallypossiblewith the end products
of reactionscatalyzedby exoenzymes. The bacteria found in
rivers are mainly of genus bacillus, aerobacter,pseudomonas,
flavobacterium, escherichia,achromobacter,alcaligenes,micro-
coccus, sphaerotilus,or chromabacterium/31,43,44,65/.

The most important exception regarding the collective de-
gradation behaviour are the above-mentionednitrifying bacteria
which oxidize the ammonium or nitrite excretedby other bacteria.
Becauseof their low growth rate, the nitrifying bacteriaonly
play an important part in slowly flowing (e.g. impounded) or
overgrown bodies of water /38,65,92,96/. (In overgrown bodies
of water the nitrifiers settle on the waterplants). Besides
that, their growth is inhibited by numerouspollutants /15/,
so that their influence on the self-purification processis
often negligible.

The kinetics of the degradationprocessare dependentupon
numerous chemical and physical factors. The rate of degradation
changesrapidly with temperature,that is, it increaseswith
temperatureas long as those enzymes concernedwith degradationare
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lll.:)t denature(L ',,- ｾ Ａ Ｂ Ｌ ｾ Ｇ Ｚ Ｚ Ｂ ,i- _;_i.l;«J::i.:.'litC'_c di-(:; ｢ ｬ Ｚ Ｚ ｾ 1)-;:-: 1/::-'"['.1e, the 02 content
of the water, the Slze of ｾ ｴ ｲ ･ available s01ic1 ｾ［ｵＺｲｦ｡｣･ｳＬ and the tur-
bulence. The latter two play an especiallygreat part when exozymes
are involved in degradation.

The kinetics of the degradationof a certain nutrient is
often specifically influenced by other nutrients or by non-
degradablecompounds. This influerlce can consist of the re-
pressionof the production of an ･ ｮ ｾ ｹ ｭ ･ Ｎ Thus, numerous in-
ducable enzymes, expecially exoenzymes,are only formed when
other, more easily degradablenutrients have been used up
/76,87/. Also, the activity of enzymes already presentcan be
regulated. This kind of regulation can be achieved through
the binding of the regulator molecule to the active site
of the enzyme molecule which is then not longer available for
the substrate (competitive inhibition /63/); in this case the
regulator molecule and the nutrient molecule are normally
structually similar. (The special case of the competitive
inhibition in which the regulator molecule and the substrate
molecule are identical occurs if the metabolic pathways of
two substratesmerge and the slowest (i.e., rate determining)
reaction is in the common part of the pathways /93/.J In many
cases, the regulator molecules are bound to some other part of
the enzyme molecule and activate or inhibit it by changing
the form of the molecule (allosteric regulation /63/); in
these casesthere is, in general, no structural similarity
between substrateand regulatormolecule. In competitive in-
hibition, the enzyme activity dependsupon the ratio of
the concentrationof the substrateto the concentrationof the
regulator; if there is sufficient concentrationof the sub-
strate the inhibition can be overcome. On the other hand, in
allosteric regulation the enzyme activity dependsonly on the
concentrationof the regulator. Allosteric inhibitions and
activations also play an important part in the endogenicregu-
lation of the metabolism: the end product of a metabolic path-
way acts as an allosteric regulator of the first reaction
(feedback) /67/. Many componentsof sewage influence the
metabolismof the bacteria so seriously that they are damaged
or die. Such toxic materials are, for example, heavy metals
/40,41/.

In the realm of bacteria there exist great differences in
regard to mobility. There are attachedtypes as well as various
types of flagella. The former can also be carried away by
flowing water (as can the motile types); be it that they are
attachedto suspendedparticles, or be it, that they have been
ripped off from the river bed.

2.2 Continuation of the self-purification by higher order
links of the food chain, and the influence of the photo-
trophic organisms

After the total elimination of the pollutants from
the river water, the self-purification processcannot be
consideredfinished, becausea large amount of energy produced
by the degradationhas been used to produce new bacterial
mass; part of the pollutants even have been directly inte-
grated into the biomass. Should the bacteriadie for any



reason, they becume new pol:l 1.1 tall CS, VJill·';! l, can resul t in a new
growth of bacteria Ｏ Ｓ ｬ ｾ Ｏ Ｎ ｉ Ａ Ｌ ｟ Ｌ Ｌ ｾ Ｇ Ｍ Ｍ Ｇ ｃ ｪ Ｒ ｲ Ｌ UHe: pollutants, after
their conversion into ｢ Ｓ ｣ ｾ ｴ ｴ ｾ ｌ ｩ ｣ ｬ Ｑ Hlass, are no longer in the
dissolved state, so that ｴ ｩ Ｒ ｴ Ｇ ｾ ｬ :"::<.J11 be f .il tererl off or sedimented
out. The effectivenessuf ｴ ［ ｊ ｾ ｃ Ｐ ｾ ｬ ｶ ･ Ｚ ［ Ｚ si."n, Eieasuredas the
ratio of the chemical oxygen delnd!l.J uEt-he producedbiomass
(see Section 4.2) to the clwmical oxygen demand of the elimi-
nated material usually lies betw2en 10 and 60% /19,66,81/.
The biomasswould decreasevery sloWly in the followinq due
to endoqeneousrespiration; the death rate would become
significant only relatively late /85/. Normally, the self-
purification processdevelops considerablyfaster, because
the bacteriaare consumedby proT.ozoaj this already occurs
during the bacterial degradationof the pollutants.

'rhe role of the protozoa in tlle self-purification pro-
cess was greatly disputed until recent times (see for example
/65/), however, recent investigationsverified their great
importance /12,13,22,51,70,86,95/. Figure 2.1 shows, as
an example, the growth over time of the bacterial density
and the biological oxygen consumption in a laboratory ex-
periment with river water, in one casewith, and the other
without, the addition of protozoa /51/. One can see that
the oxygen consumption, which can be used as a measurefor
the physiologically no longer useful freed dissimilation
energy, is much larger in the first case. The bacterial
density is thereby clearly smaller. (After the first day
bacterial and protozoandensitiesare of the order of
magnitude as that measuredin nature. The small amount of
bacterial density at the beginning resulted from the fact
that in the elimination of the natural protozoa many of the
bacteriawere eliminated as well). Whether the additional
consumptionof oxygen is due solely to the digestion of the
bacteriaby protozoa, has not yet been totally explained.
For example in /86/, as a result of the measurements,the
opinion is statedthat the protozoa createa substancewhich
enhancesthe decompositionactivity of the bacteria. How-
ever, he importanceof the protozoa rests mainly on its
Ｇ ･ ｡ ｴ ｩ ｮ ｾ capacity', and only this will be consideredin the
following. For example, protozoan feeding should be the
reason for the reduction of the bacterial concentrationin
the Rhine River betweenMainz and Cologne which is observed
during the summer. Figure 2.2a shows the bacterial concen-
trations along the Rhine River during the summer, calculated
as the geometricmean of the measurementstaken by the Rhine
Water Works during the six sommer months of 1967 /3/.
Figure 2.2b gives the correspondingfigures for the six winter
months. The opposite behaviour Letween Mainz and Cologne
in the winter (when the ｳ ･ ｬ ｦ Ｍ ｾ ｵ ｾ ｪ ｦ ｩ ｣ ｡ ｴ ｩ ｯ ｮ process is slowed
down) shows that the surl111lex:Ｂｌ｣Ｚｵｵ［［［ｌＺＺＢＭＧ［ｪｾ ;:';ul1 1.0'C sulel} Le caused
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by differences in the measuringtechnique (plate count).
The curves have very similar shapesfor other years, see
for example /2/.

Among the protozoa feeding on bacteriathe ciliates are
the most common /13,70/. The flagellates are also frequently
found during the self-purification process,but most of them
live osmotrophicallyand use by-productsof the bacterial
metabolism. Thus, their population dynamics are closely
linked to that of the bacteria, and therefore they are not
treatedseparatelyin the following. While the growth rate
of a homogeneousbacteriapopulation can vary greatly according
to the differences in degradabilityof the nutrients, this
is not the casewith ciliate populations, becausetheir food
has in any case approximately the same composition. The
differencesbetweenthe various speciesof ciliates seem to
be greater than among the various speciesof bacteriawhich
can live on a specific substrate. However, the growth rates
of those ciliates which are most important for the self-puri-
fication of rivers are close enough to considerall ciliates
to act homogeneously/13,70,88/ (see Section 4.2). The
feeding activity of the ciliates is influenced, just as with
the bacteria, by many chemical and physical factors (pH-value,
temperatureetc.). By and large, the adaptability of ciliates
is weaker than that of bacteria; for example, very few ciliates
can exist under anaerobicconditions.

The organismswhich eat bacteria in turn serve as food for
higher organisms,whereby the chemical energy originally brought
in by the pollutants is further reduced. These secondorder
consumersare largely raptorial ciliates, rotatoria and phyllopods.
Higher order consumersfollow, so that one can speak of a food
chain (though the structure is not strictly like a chain in the
sensethat consumersof the n-th order feed only on consumers
of the n-1st order).

As with the bacteria, there exist benthic consumersand
consumerswhich are carried downstreamby the water; again many
of the latter are sessileorganismsattachedto suspended
particles. Among the higher consumersthere are motile species
which move independentlyof the water current (e.g. fish).

The higher the order within the food chain, the lower the
part of the original chemical energy which the organismscon-
vert. (Assuming the same efficiency for the conversionof
consumedbiomass to new biomass and a strict chain structure
[see above], the chemical energy is reduced from link to link
in a geometric progression). Nevertheless,the influence of
the higher order consumersupon the dynamics of the self-
purliication processcould be considerable,becausethey reduce
the consumersof the lower order. This, however, is normally
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not the case, for two reasons: first, the growth rates de-
creasetoward the upper end of the chain. Therefore those
higher consumerswhich are curried away by the current do
not have enough time to reach that high density which could
be supportedby the nutritional base - the pollutants.
Second, with a higher order the consumersbecome, in general,
more and more exacting,so that many of them cannot survive
or breed in heavily polluted waters (in single casesthe
opposite may well occur /16/) .

The chemical energy, UpOD which the food chain is built,
stems not solely from the pollutants, but also in part from
phototrophic organisms, that is, organismswhich are able to
use sunlight as an energy source in building new biomass.
This organismgroup contains, beside a few bacteriaand
many flagellates, algae and higher aquatic plants. Consumers
of phototrophsare, among others, herbivorous protozoa,
phyllopods, and fish at the upper end of the food chain. In
the case of death (often causedby seasonalchangesof phy-
sical conditions) prototrophsare, of course, decomposed
by bacteria.

Although the phototrophscan use sunlight as an energy
source, they often use, indispensablyor facultatively,
organic substances,in some caseseven growth is possible
in the dark /26,79/. The inorganic or organic substances
which the phototrophic organismstake up are in polluted
rivers to a large extent by-productsof bacterial metabolism
(CO, nitrate [or amonium], phosphates,etc.). Thus, the
poltutantsact as fertilizers for aquatic flora (eutrophi-
cation). In addition to the already mentioned factors which
influence the growth rates, light intensity is a most important
factor in the growth of phototrophic organisms. Within naturel
variations of light intensity, the photosyntheticactivity is
nearly proportional to light intensity. It does not noticeably
increasewith temperature,as can be expectedfor a photo-
chemical reaction. On the other hand, endogenousrespiration
dependson temperaturesimilarly to chemotrophicorganisms,
so that the ratio betweenassimilation and respiration in-
creasesas temperaturedecreases/79/.

As with chemotrophs,the phototrophsare either benthic
or suspendedin the body of water. The higher plants are
without exception stationary. Since the growth rate of most
phototrophsis quite small, the planctonic speciesare of
importanceonly in very slowly flowing (impounded!) rivers.

Thus the phototrophscounteractthe self-purification
processin that they produce new organic matter, whose
energy comes from sunlight. On the other hand, they also
have a beneficial influence on the bacterial degradation:
the oxygen formed by photosynthesiscan prevent the undesirable
anaerobicdecomposition (see Section 2.1). Also, the photo-
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trophs provide surfacesfor bacteria to attach to, so that,
as already explained in Section 2.1, in the case of densewater
weeds, the bacterial activity can be very intensive directly
below a waste water inflow. This effect can be observedes-
pecially with slowly growing nitrifiers /38,65/. However,
the phototrophsare more exacting about their environment, and
if pollution is too great, they can not grow.

2.3 Oxygen balance

All aquatic organisms,with the exceptionof a few bac-
teria, fungi, and protozoa, are dependentupon a certain
oxygen concentrationin the surroundingwaters. Thus the
oxygen concentrationis an important criterion for the quality
of river water, and it has to be the aim of all model theory
of the self-purification process, to know about the changesof
the oxygen concentrationover time and space.

Oxygen is consumed, on the one hand, during the aerobic
degradationby bacteriaand other consumers;on the other hand,
oxygen is releasedby the phototrophicorganismsduring CO

2reduction. At the same time, oxygen concentrationis in-
fluenced by the physical processof diffusion: in abiotic
water, diffusive exchangeof oxygen between air and water
establishesa certain saturationconcentrationof oxygen in
the water. If the activity of organismscausea deviation from
that concentration,diffusion tends to diminish the deviation
for rivers. The diffusion stream in the boundery layer between
air and water is of greatestinterestbecauseit determines
the rate at which deviations from the saturationconcentration
decay. Within the media water and air, the concentration
differencesare normally quickly equalizedby turbulence.

If the decompositionactivity of chemotrophicorganisms
is high, the oxygen consumption, over a longer period of
time, can be greater than the biological and physical reaeration
through photosynthesisand diffusion. Then anaerobicconditions
can result, which are undesirablenot only becauseof the
death of many organisms, but also becauseof the harmful by-
product of the anaerobicmetabolism (methane, H2S etc.).
(Several organismssuffocateat oxygen concentrationswhich are
considerablygreater than zero). During intensive photosynthetic
activity, there is a possibility of oversaturation,but this
phenomenonrelatively seldomoccurs in rivers.

The saturationconcentrationof oxygen increaseswith the
lowering of temperature (see Figure 4.13); apart from that it
is little influenced by realistic changesof all other physical
or chemical factors. The rate at which deviations from the
oxygen saturationlevel decay is the smaller, the lower the
temperature. It also dependsupon the substancescontained
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In the water (see for example /60/) and upon hydrological
factors. Also the wind speed and the amount of shipping
traffic have an influence, but the importanceof this in-
fluence is still under discussion.

3. Mathematical basis for model construction

3.1 Description of the self-purification processby means
of differential equations

In order to model mathematicallythe processesdescribed
in Section 2, one must first quantify the variables such as
bacteria, pollutants etc. It has proved to be useful to
characterizethem all by mass-concentration;that is by
stating the mass of pollutants, bacteria, oxygen etc. wich
is containedin the unit volume. With the organismsthe dry
weight will always be given. (The appropriateunit of measure-
ment for all variableswill be, as shown in Section ｾ Ｌ [mg/I].)

In order to give an exact descriptionof the influence
of the organisms, one should actually state their number and
size per unit volume. (The same holds for the insoluble
pollutants.) However, it can be seen immediately, that with
the product of both, which is proportional to the mass con-
centration, the eating act.ivity as well as the catchability
is essentiallycharacterized. A more detailed description,
in view of other unavoidable inaccuracies (see Section 4J, would
not be worthwhile. In any case, mass concentrationbetter
describesthe effects of the organisms than organism concen-
tration (number per unit volume), which is often used /13/.

The mass concentrationsare in general functions of
time t and location (x,y,z). In the following, to indicate
location, an orthogonal cartesiancoordinate system is used,
whose x-axis lies in the direction of the flow, and whose
y-axis lies horizontally. The dependenceof the concentration
upon time and space cannot be given explicitely in an easy
manner, one can only determine how the changesin concentration
depend upon the concentrations. In other words: one can only
formulate differential equations. Normally the concentration
changesat a specific time and place depend upon the concen-
tration values at the same place and time. In modelling delays,
as they occur for example with degradationby induced enzymes
or with the dying of bacteria, differential-differenceequations
can occur, but each of them can be approximatedas precisely
as one wants by a differential-equationsystem. (If one builds
a detailed model of all processes,which result in delays,
differential equationsoccur from the beginning.)
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In the constructionof the differential equationsit is
useful to differentiate betweenmatter and organismswhich
are stationary (benthosvariables) and those which are flowing
in the stream (plancton variables). (This differentiation is
an idealization. For example, the heavier suspendedparticles,
which near the bottom of the river are slowly dragged along,
are hard to classify.) Benthos variables change solely through
degradationor synthesisprocesses,whereby the transition into
plancton(e.g., tearing off) is interpretedas degradation,and
sedimentationas synthesis. In opposition, concentration
changesof plancton also can be causedby physical transport.
Transportationmechanismswhich must be consideredare the
downstreamflow of water and the mixing in all three dimensions

-+
by turbulenceand diffusion. Therefore, the current jk' defined

as the amount of pollutants, bacteriaetc., (k identifies the
variable) which per unit time crossesthe unit area whose normal
lies in the direction of the current, is composedof a flow

component jkF and a turbulence-and diffusion componentJkV :
-.oo{:> ---::a ..... ｾ ......

( 3. 1) jk :: j f-r. 1- j k'l!
" " .

'rhe flow component is
.._.:;--.:1' ........ .;.0

( :;.2) jkF :: c1, • v,
1\

-,
whereby c

k
is the concentrationand v the velocity vector.

For the turbulence-and diffusion componentone can use the
approximation

( 3.3)
-'.?''-

,i kV '-"'1"I.;', 'Ok
, I

which means, that the current is proportional to the con-
-+ 333

centrationgradient. V denotesthe nabla (a-x' 3y' 3Z) i

D is in the simplest case a constant, but in general a 2nd
order tensor. ((3.3) is the classicaldiffusion ansatz.
Diffusion itself does not playa large part in rivers,
that is why D does not have the index k. The possibility
to use a diffusion ansatz to describethe turbulent mixing is
also used to describethe transportof matter in the atmos9herE
see for exao91e Ｏ ｾ Ｙ Ｌ Ｙ Ｙ Ｏ Ｎ Ｉ

Based on the law of conservationof mass

｟ ｾ Ｇ Ｚ ｊ ｾ Ｚ Ｎ
oi

-+ -+
and on the relationship V v = 0, which llolds for incompressible
fluids, we get for the plancton variables c

k
equationsof the
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form (see also /77/)

(3.:)) OCk
0t

._.:, ..
.- ij (U \J Ck ) \. f!< ( c1 I C7- J •• . • • Ct'--l I X. YI Z,t ).

The functions f k comprehenddegradationand synthesispro-

cesses;c 1 ,c2 ' ....cN is the total of the model variables

including the benthosvariables. Such complicatedequations
however are virtually impossible to solve with reasonableeffort. In
most casesthose equationswhich one derives from (3.5) by
averagingover the river cross section Q are sufficient.
Assuming

....., ._"-
( 'I ,:)
.....0. 'J

this averaging, which is indicated by bars, yields

I ') . \
,oJ,l i "J , .

.ｾ

becauseof

(
, . > \

,) . " ) Iff ( J
. J ' () Y Jk'/ Y
o

o
Uz

L(",/,) clydz :: f j/.\I.,) ds - O.
• . 1- .,\. .., j

f<O

The indices x,y,z,n indicate the projectionsof the vector

3
kV

on the coordinateaxes and the normal direction of R
Q

,

respectively. R
Q

is

ment is called ds.
a

J' _. D
x

"Ix c
k

one
kVx :J

the border of Q, of which the line ele-

Under the further simplifying assumption

obtains the equation

(3.9)
aC!{

l.'h:

whose transport term can be found for example in /82/.
(Similarly, one could simplify equation (3.5) so that the
diffusion in x- and y-direction is eliminated. One can find
also analoguesto this in meteorology/89/. See also /74/.)

Equation (3.9) can only be manipulatedmore easily than
(3.5) if one can assume

(3.10) -f (c C[\J X Y z t) - fk ( c1 I C2 I ..... cN I X ,t)I< 1 J ••••• I I , •

This assumptionholds if lateral mixing is much faster than
degradationand synthesis. Occasionally the structureof the
function f

k
is such, that the assumption (3.10) is approximately
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fulfilled (see also Section 4.3).

ｏ ｾ ｴ ｾ ｮ one can ignore the longitudinal mixing accountedfor
) Ck

by 0 --2' then this equat-ien results:
x ax

>: It: .
oCI, (J ck

•.•.- _!.'. \. \' ,'-, ,- -.;- 'X '.,' -: "'/1d t () >: r\

Solely by simple equations like (3.11) in the following the
dynamics of the plancton variableswill be described. They
are correct if the river is completely homogeneousin y- and
z-directions, and no longitudinal mixing occurs.

(3.11)

If one also considersonly mean values over river cross
sections for benthosvariables, one obtains approximately

Ｈ Ｓ Ｎ ｊ ｻ ｾ Ｉ
()c
Ｍ Ｍ Ｍ Ｍ ［ Ｍ Ｍ ｾ = f i (c1 ' c2 I ' , , eN I x, t ) .
at

Thus the model equationsfor the self-purification processes
in rivers are coupled partial differential equationsof the
first order. Their solutions are determineduniquely, if
the values of all C. are given at time t = 0 for all x and

1

for all t at x = O. In the following, if there is no danger
of confusion, c. will be written insteadof c..

1 1

If in a river the benthosvariables for the self-puri-
fication processare unimportant, the model which now con-
sists of equationsof forms (3.11) only, is equivalent to the
following systemof ordinary differential equations/20/:

(3.13)
cl Ck
----- ｾ - f I (C 1 c2cJt' - '1<' ,_ .. , cN I t') .

This can be easily understood, if t' is interpretedas being
the flow time: in a benthosfreeriver (following simplifying
assumptionsreferred to above), the concentrationsat a certain
point x 1 are determineduniquely by the concentrationsat an-
other point x and the travelling time between both points.
Equation (3.1g) describesthe self-purification dynamics of
a benthos free river in the same way as an observer,who is
moving along with the current,wouldsee it. (One also arrives
at it, ｩ ｾ ｣ ｯ ｮ ･ is looking for the stationarysolutions of (3.11),

that is ｾ = 0.) In order to simplify the notation,in the
d t

following for flow time t' the symbol t will be used as well.

Generally model equations (3.11), (3.12) and (3.13) can
only be solved numerically. In the following for systems like
(3.13) the Runge-Kuttamethod /98/ is used to solve them;
for the models like (3.11), (3.12), which are not dealt with
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in this paper, the simple techniaueof finite differences /1/
has proved to be quite useful.

3.2 Model identification oy 4uasilinearization

The functions f
k

in equations (:3. 11 ), (3. 12) and (3. 13)
contain numerous parameters,whose numerical values have to be
determinedbefore one can use the model to solve practical
problems. Their number be H. For example, those parameters
would be the (nutrient ､ ･ ｰ ･ ｮ ､ ｾ ｮ ｴ Ｉ maximal growth rate
of bacteria, ｴ ｬ Ｑ ｾ rate at which the bacterial mass reducesas
a result of endogenousrespiration, or the physical reaeration
rate (see Section 4). Their evaluation is called model iden-
tification.

Normally one cannot measurethese parametersseparately
without changing the conditions which are relevant for the
parametervalue. One could, for instance, measurethe in-
tensity of endogenousrespiration separately,if one removes
the bacteria from the nutrient solution and observesthem
in a non-nourishing ｭ ･ ､ ｩ ｾ ｭ Ｌ it is, however, questionable
if the parametervalue thus found will hold for the original
milieu /37/.

Thus it is desirableto determine the parametervalues
from measurementswhich have been carried out under natural
circumstancesand in which therefore the influences of all
of the parametersare reflected. This problem represents
a general non-linear boundary value problem, which can be
solved by quasilinearization/8/. (For further solution
techniquessee /90/.) In the following, this method as
applied to systemsof the type (3.13) is describedbriefly.
The application to partial differential equation is not
much more difficult, but in the framework of this work not
necessary.

In order to arrive at a lucid notation the M parameters
which are not shown in (3.13) are included as additional
variables by adding to the original differential equations
M equationsof the form:

dCk
ｾＺＺｏ , k=NT1, N+2, ..... / N-l't·lI.

If in the functions f k time t explicitely appears,a further

dependentvariable cN+M+
1

= t is introduced, and the system

is enlargedby

de N+M+l _
---------

dt
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After all dependentvariables have been gatheredinto the
-+

vector c, the system can be written in the form of

/ ') 1" '\
\ -'. L l..t J

··f ｾＺＮＢｾ
(J '._

(j t
: 'r (t),

(3.1:»)

-+
whereby f is a N+M+1 dimensionalvector.
Now the problem of parameterestimation can be formulated as
a boundary value problem in the following way: the measured
values Xki of some dependentvariables c k of (3.14) at the

instants t , be given. The number of the measuredvalues of
c be J . kJThe initial values of all dependentvariables
｡ ｾ ･ to ｾ ･ determined. If more values Xk ' are given than are
indispensable(that is, in yeueL'al, moreJ than N+M+ 1), the
initial values shall be determined in such a manner that the
sum of the squareddeviations is minimal. In this formulation
there is no longer any difference between the original vari-
ables and the parameters,that is to say, among the given
values Xkj could also be the values of certain parameters.

The method of quasilinearizationconsists in calculating
iteratively better and better approximations ｾ to ｾ from the
differential equationssystem n

ｾｬｾｬ :: r (c;, .-1 ) + J (c·n ._ 11 (-en -"Cn --1 l,

-+.
J(c.) denotes

1

(.3 .16) : (c'>
- " I

where the k - te componentof
• -+

square Solut1on c of (3.15)
easily, since onenis dealing

-+
c. is

1

can be
with a

called c, k. The least
1,

determinedrelatively
linear system: It is

(3.17)
•••Q>o •. ｾ

'en (t 1 Ｚｾ )(n ( t 1 • Cn (0) Ｎ ｾ Pn ( t 1,

where X is the matrix solution of the system
n

- J I -; 1) X with XI') (0) :: I.. \ .. j) . n

-+
(I is the unit matrix) and p is that solution of the system

n
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-+
(3.15) which satisfiesp (0) = O. (In (3.17) the general

n
solution of (3.15) is representedby the sum of a particular
solution, and the general solution of the accompanyinghomo-
geneoussystem (3.18).) If one inserts the expression (3.17)
into the necessaryconditions for the minimum of the sum of
the squareddeviations,

Ｈ ｾ Ｎ i-I \J •. , )

1ｾ ,

,,'_: ｻＨＢｉｬＬｾｾ I. \ ＡｾＬｪＩ ., ;::.:,jl2 L: () I I:.: i, 2,
j:: 'I

one obtains a systemof linear equations for the unknowns Cn,i(O),
which can be solved using a standardmethod /98/ (see Appendix B).
(If the boundary value problem is not overdeterminedone obtains
a linear systemwith a unique solution by equatingexpression
(3.17) with the boundary values.)

Whether the seriesof the thus determined ｾ (t) converges
n

for a boundary value problem at hand,normallycannot be de-
termined from the onset, but has to be decided through numer-
ical trials. The same holds for the question,how sensitive the
solution is to changesin the boundary values. Thus the method
of quasilinearizationbecomesan important tool for planning
experiments/9/: by simulating several boundary value problems
one can find out which variables have to be measuredwith what
accuracyat which places in order to determine the parameters
of the model. Besidesthe convergenceof the recursion, the
confidence interval for ｾ Ｈ ｏ Ｉ is an important criterion; if
one gets ｶ ｾ ｲ ｹ similar sums of squareddeviations for rather
different c(O), one has to impose more restrictive boundary
conditions.

(3.20)

The deviations c
n

], (t" .) -Xl.' can be weighted according to the•• ,.... ,'.J .•J
accuracyof measurementof X

kj
, thus the least squarecondition will

be:
JI,

f,

L (9k"(C k(t
l
,· )-X

k
,))2) Ｚ ｾ ｏ Ｎ

j=1 'J n.. ,j 'J

One uses such a weighting, for instance, if the variables,
of which measurementswere made, have very different values
but the maximum relative errors in measurementare about the
same for all variables. In this caseone could use the
weights

p. 21) G· . ::: (tl:ux fl XkJ'
-' I(J

-1 .. 2.. J k } )-1
, .

(The weighting of course could also be effected implicitely
by a suitable transformationof variables in (3.14). This
weighting is applied in the following, unless otherwise
noted.)
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When determining ｾ (t) from equation Ｈ Ｓ Ｎ Ｑ Ｕ ｾ the pre-
-+ n

ceding approximation c 1 (t) has to be known for the entiren-
-+

range of t. This can be achievedby storing c 1 (t) as an-
sufficiently dense table function, however with large systems
the computationaleffort becomesprohibitive. One can also
newly evaluateat each iteration step the ｾ Ｎ ,i=0,1,...n-1,

1

simultaneouslywith ｾ Ｎ This technique is used in salving
n

the boundary value problems of the following sections.

If the solution of the system (3.18) has components
of very different orders of magnitude Qne can get into
numerical difficulties in determining c (0) from (3.19).

n
This can be avoided by using other initial values for X

n
(see /8/). In the caseswhich are dealt with in the following,
this did not occur.

-+
It should also be mentioned, that insteadof c

n
_1 (t)

in equation (3.15) one can also use solution of equation
(3.14) with the initial vector ｾ 1 (0). This showed similar con-n-
vergencecharacteristicsbut was not explored further.

4. MathematicalModels of the Self-purification Process

4.1 Models of a few simple laboratory experiments

For setting up a mathematicalmodel of the self-purification
processon the basis of measuredvalues, the functions
f

i
(c1 , ...cn ,t) in (3.11), (3.12), and (3.13) still have to

be specified. These functions have to reflect the processes
which are describedqualitatively in Section 2. Whether
one has used adequatefunctions, can best be testedwith
simple laboratory experiments, in which the discussedmecha-
nisms are isolated. Therefore a few of them are discussed
in the following. Based on these experiments,the quasi-
linearization techniquecould be tested, too.

The simplest self-purification systemconsistsof a
homogeneousbacterial population in a completely mixed so-
lution which contains a single energy supplying substrate,
as well as those inorganic substancesnecessaryfor bacterial
growth. The correspondingmodel is a differential equation
systemof the type (3.13) for the three variables: substrate
concentration ｾ Ｌ bacterial concentrationB, and oxygen
concentration0 :
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( ' "\':'. ｾ Ｉ J
dO
<Jt

[3 _. uf."\ C '; ,}1 .
........ ｌｾ｟

Here a'k are the parameters,and 0 is the oxygen saturation
1 s

concentration. The right side of equation (4.1) is the well-
known Michaelis-Menten-expression/63,93/: for a single
enzyme catalyzedreaction it can be derived from the law of
mass action, provided that the enzyme-substratecomplex dis--
integratesslowly into the reaction products and the enzyme.
Thus there first appears, insteadof bacterial mass density,
the concentrationof the enzyme. For a sequenceof enzyme
catalyzedreactions, under certain assumptionsthere appears
the same expressionfor the rate with which the original sub-
strate is degraded; the reaction parameterand the enzyme con-
centration in it are those of the slowest reaction of the
sequence/14,93/. Thus equation (4.1) results, assuming
that the substrateis degradedalong a single metabolic path-
way, and that the bacterial concentrationis proportional
to the enzyme concentration.

The Michaelis-Menten-expressionis used in the following
also for cases in which the suppositionswhich led to it are
not fulfilled with certainty. Then it representsa two para-
meter approximation to an expression,about which one knows
only that it will behave like S·B for low substrateconcen-
trations (probability of enzyme-substratemolecular collision) ,
and in the case of greater substrateconcentrationit is pro-
portional to B and independentof S (maximum rate for meta-
bolic reactions).

The first term on the right hand side of equation (4.2) is

dSthe same as a21 .
dt

, that is, it is assumedthat the ratio

between the amount of substratedegradedand the amount of
newly formed biomass is constant/39,66/. The second term
on the right hand side of equation (4.2) takes into account
the decreaseof the bacterialmass through endogenousrespi-
ration (see Section 2.1) /24/.
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measuredvalues from Gates et al./34/

nutrient curve calculatedby Gates et al./34/

solution of the model equationsusing optinal para-
meter values

Figure 4.1 Hodel identification for the degradation
of glucose by a heterogeneouspopulation
in a laboratory experiment.
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On the right hand side of equation (4.3) are listed
all processeswhich affect oxygen balance: first the phy-
sical reaeration,which is proportional to the oxygen
deficit /94/; the oxygen consumptionin nutrient degradation,
which is supposedto be proportional to dS; and finally the

dt
oxygen consumption in endogenousrespiration, which is
assumedto be constantper bacterial mass unit /11/.

Equations (4.1) - (4.3) are basedon the assumption
that the changesin oxygen concentrationare not so great
that they would influence the degradationkinetics. This
especiallyexcludes the occurenceof anaerobicconditions.

The next more complex self-purification system results,
if insteadof homogeneousbacterial population a hetero-
geneousone is used. In many casesno complicationsarise
becausethe nutrient is degradedin the same manner (see
Section 2). One can use the same model equations (4.1)-
(4.3) .

Such a systemwas investigatedexperimentally in /34/,
where glucose was used as the nutrient. Figure 4.1 gives
the measuredvalues of one of the experiments. (In fact, oxygen
concentrationwas measuredcontinuously, but the chosen
points of Figure 4.1 representthe curve sufficiently.)
The dashed line gives the function set) calculatedby Gates
et ale /33/ from equations Ｈ Ｑ ｾ Ｎ Ｑ Ｉ and (4.2), whereby a22 = 0

and the other ｰ ｡ ｲ ｡ ｾ ･ ｴ ･ ｲ ｳ were fitted by a graphical ｂ ･ ｴ ｨ ｯ ｾ /33/.
The followinry ::>arametervalues were given in Ｏ Ｓ Ｑ ｾ Ｏ Ｚ

[ mL] i3c::ct. /WJ Sub', i:('. ]

Also, the values for a31 and a32 were given, the former

resulted from a control run in destilled water:

a32 = 0.273 [mol O/me] Substr. ]

If one tries to evaluateall the parametersof the
model (4.1) - (4.3) through the quasilinearizationtechnique
(see Section 3.2) from the given measurements,it may happen
that unreasonableparametervalues result (e.g. negative
values for a12, a22 , or a 31 ), unless the initial approxi-

mation is very good. That is to say, if all parameters
are completely free for optimization, the given measure-
ments are not sufficient for a unique solution of the
boundary value problem.
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The difficulty cannot be overcome by increasingthe
number of measurementsof Sand O. If, however, the parameter
a11 is fixed at the value 0.23 given in /34/, the quasilineari-
zcttion method yields, for a large range of initial approxi-
mations,thefollowing parametervalues aik :

32lＧｾＮＬ "i

*-_.- ｾ - --_.- -- - - - -- - -- - ｾ - - -- -- . - --- - ---

1.
?....

3

G.Lfe 2.3

i).7J 0, l4

O.?J ＨＩＮＲｾ O. 10

The units used are as above, mg/l and h. The initial values
of the parametersmay differ by more than a factor of 2 from

-;.

the optimal values, without the c.'s (see 3.15) converging
into other values. In Figure 4.1 1 the solutions of equations
(4.1) - (4.3), which resulted from model identification, are
given as solid curves. One can see that they fit the measured
data very well.

Most remarkableis the sharp decline of the bacterial
mass density after glucose depletion; this hardly could be
attributed to endogenousrespiration, especially since
oxygen consumption is low at the same time. This fast de-
cline is also reported in /34/, even though values for the
bacterial mass were given as functions of time for one run
only. It is ascribedto bacterial death, although the chosen
method of biomassdeterminationallows for other interpre-
tations as well.

If one, in addition to a31 , also fixes the value for

a33 , then for a33 = 0.67 the model identification yields

the following parametervalues aik

ｾ 1 2 3

------ ------------ ---_.-----
1

2

3

a.tt7·'
0.51

0.23

2.3

0.013

0.26 0.67
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and the curves in Figure 4.2. The curves fit the measured
values practically as well as the curves of Figure 4.1,
although some of the parametervalues differ considerably.
That is, the parameterestimationbasedon measurementsof
S, 0, and the initial value of B is quite uncertain, even
if a31 is fixed. The parametervalues given in /34/ must

thus be similarly inaccurate,because with the last discussed
model (a33 = 0.67) approximatly the same parametervalues

as in /34/ should result, since a22 is so low (a22 = a in

/34/!). The uncertaintiesof the parametersgiven in /34/
(especially k

m
= a 11 ·a21 and K = a12) are therefore con-

siderably larger than expectedfrom the variations of the
given values. (However, for another experimentalrun given
in /34/ the parametervalues were not as different.)

In order to obtain more accurateestimatesof the model
parametersmeasuredvalues of bacterial mass density as a
function of time have to be used,too. If these values really
drop as quickly after glucose depletion as reported in /34/,
the model (4.1 - 4.3) is inadequate,becauseit seems
unlikely that at the outset of the experimentthe proportion
of the bacteriadying per time unit is the same as after glu-
cose depletion. One should examine the causesof the dying,
and put them into the model. Lack of food cannot be con-
sideredas the cause for such rapid decline of the bacterial
mass /84/, even though a model, into which this processwas
included tentatively, simulated the laboratory systemvery
well, and showed the reincreaseof the bacterial mass den-
sity, which is mentioned in /34/.

The next higher order of complexity in the self-cleaning
system is achievedby adding anothernutrient, or by adding
bacteriaconsumers.

If a further nutrient is added, which also is degraded
in the same way by all speciesof the heterogeneousbacterial
population, severalpossibilitiesexist for degradation
kinetics, dependingupon the nutrient combinations. It is
possible that both nutrients are independentlydegraded
according to the Michaelis-Mentenkinetics. This has
frequently been observed/93/, especially if the degradation
processesare quite dissimilar, as for instance in a nutrient
combination of carbohydrateand protein. The equivalent
model can be derived from equations (4.1) - (4.3), if one
adds an equation like Ｈ ｌ ｾ Ｎ Ｑ Ｉ ｦ ｯ ｲ the secondnutrient and the
appropriateterms to equations (4.2) and Ｈ ｌ ｾ Ｎ Ｓ Ｉ Ｎ

In other casesthe nutrients inhibit each other, where-
by, as describedin Section 2.1, there exist two possibilities:
the competitive and the allosteric inhibition. Analogous to
the Michaelis-Menten-expressionused for the simple enzyme
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catalyzedreaction, one also can derive easily expressions
which describethe reaction kinetics of these inhibited re-
actions /63/. For the competitive inhibition the espression
reads:

(4Ji)
dS

dt
C1 S______._.__.. .._.. __ c

while the allosteric inhibition has the expression

dS

dt
- _ _.__ o __ • __ ＿ Ｍ ｌ ｾ Ｉ ... _·0 _._.• _ r:

....
ＨＰＲｾｓＩＨＱＭＺｵＳＱＩ

In both casesE is the enzyme concentrationand I the
concentrationof the inhibitor, which in this case is
another nutrient or one of its degradationproducts. Ex-
pression (4.5) is only valid if the affinity of the enzyme
to the inhibitor is exactly as strong as to the nutrient.
(For a more general expressionsee /63/.) Formulae (4.4)
and (4.5) can be used, like the Michaelis-Menten-expression,
for enzyme catalyzedreaction chains and thus for the bacterial
degradationof a nutrient /14,40,41,93/.

A laboratory experiment, in which the degradationof
one nutrient is inhibited by another, was examined in /36/.
The nutrients were sorbitol and glucose. with bacteria
acclimatizedto glucose, the sorbitol was only degradated
when the glucose had completely disappeared. Figure 4.3
shows the results of this experiment. Glucose values are
given also for t > 5 h in /36/ - they are about 10 mg/l.
It is, however, most likely that these appearnot as a re-
sult of the glucose, but come from a metabolic by-product,
becausein a control run, using a sorbitol-free medium,
the 'glucosevalues' at large t-values stayed also well
over 30 mg/l. (The glucose concentrationwas measured
using the anthrone test /68/.)

To model mathematicallythe laboratory experiment, an
allosteric inhibition was assumed. The model thus has the
following form:

(4.6)
d Sl
dt

.- - ｟ｾｾｊｌｾ｟ｌ u
a 12 ｾ S 1

(4.l) dS7 .,
dt

(17.1 3 2.- -.-----...-._..._--.--_._..-...._- B
( (] .) 0) 1" S·., ) ( 1 .:- a -) 3S1 )

L,- L L
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( 4.9)

d8
dt

dV
dt
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dS\ _ dS2 °33 8-
- -- °31 dt °32 -ciT- -

S1 is the glucose and 52 the sorbitol concentrRtion;V is the

accumulatedoxygen consumption. S1 and S2 are (as in the

experimentsof /36/) measuredby the chemical oxygen demand
(COD). The biochemical reactionsunderlying the process
cannot be consideredcompletely known, thus the use of the
kinetic expressionfor the allosteric inhibition in Model
(4.6) - (4.9) is not imperative. It is certain, however,
that the degradationprocessof sorbitol leads at first
through dehydrogenationand phosphorylationto fructose-6-
phosphate/52,72/. (The order of the two reactionsdepends
upon the bacterial species. Both possibilities should be
realized in the heterogeneouspopulation used in /35/ and
/36/.) Fructose-6-phosphateis in a "fast" equilibrium
with glucose-6-phosphate,the first intermediateproduct
of glucose degradation/10/. Becauseof this early amal-
gamation of the metabolic pathways of glucose and sorbitol,
the number of the possible inhibition mechanismsis rela-
tively small. (That one is dealing with an inhibition rather
than a repression (see Section 2.1), can be recognizedby
the fact that the population adaptedto glucose can utilize
sorbitol at a high rate immediately after the glucose has
been used up, whereas in a pure sorbitol medium the degra-
dation only begins very slowly, becausethe corresponding
enzymes have to be formed first.) The simplest explanation
of the kind of inhibition included in model (4.6) - (4.9)
is that besidesglucose-6-phosphatealso free glucose enters
the cells and there allosterically inhibits the sorbitol
degradingenzymes. The nOn-occuranceof the inhibition in
'old' sorbitol adaptedpopulations/36/ can be the result
of the changedpermeability of the cellwalls for free glucose.
However, the inhibition of the sorbitol degradationcould
also be the result of a too high glucose- and fructose-6-
phosphate-level. Then in the degradationof sorbitol one
of the first two reactionswould determine the rate so that
the glucose- and fructose-6-phosphate-Ievelwould be quite
low /72/.

As in the previous example,it is here not possible to
determineall the parametersof the model (4.6) - (4.9)
uniquely on the basis of measurementsof the dependentvari-
ables alone. However, the parameterdeterminationis possible
if one assignsestimatesto parametersa12, a22 , a

23
, a33,and
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a
43

, which in the processof model-identificationare

treated in the same manner as the l::easuredvalues of the
dependentvariables (see ｓ ･ ｣ ｴ ｩ ｾ ｮ 3.2) If the followinq
estimatesare used

a
12 = S. ')

°22 = 1'). J

aZ3 = 1.0

a
33 = 0.1

a<i3 = 1).35

and their weight (3.21) is multiplied by 0.02 then, using
the quasilinearizationtechnique,the curves of Figure 4.3
result, and the parametervalues a ik are:

1.04

D.OJG8

0.3670.210) .lJ4

ｾ ｉ 1 2 3
_________L --- --- --- ---------

1 I J.SS/ 5.47

2 0.260 ｾ Ｎ Ｔ Ｐ

3 a.SIS 0.631

The given estimateswere taken, as far as they are
related to endogenousrespiration, from the control runs
with sorbitol-free medium as describedin /36/. (In these
control runs the degradationof the biomass after the glu-
cose depletion has been observed.) The remaining estimates
are basedon many different experimentalresults. which all
lie in the order of mg/l (see for example /10/), The factor
of 0.02 mentioned above was enteredbecauseof the rela-
tively high uncertaintyof the estimates. It is apparent
that model (4.6) - (4.9) reproducesthe measuredvalues
quite well. However, also here the sensitivity of the
sum of squareddeviations to changesof some parametersis
quite small, this holds especially for a

23
. (This low

sensitivity is already indicated by the fact that the ini-
tial parameterestimatesare only slightly changed in the
model identification despite the very small weights.)

In determining the parametersbasedupon the values
given in /36/, it was assumedthat the concentrationof
the suspendedsolids is equal to the concentrationof
the viable bio-mass, i.e., that the proportion of dead bacteria
in the suspensionis negligible. Little is known about the
extent, causes,and kinetics of the dying of bacteria. In
the literature one can find, dependingupon the experimental
conditions, values for the ratio of suspendedsolids to
viable biomass, which are close to 1, as well as much greater
values /11,25,37,85/. Becauseof the low value of a43 one
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can suspectthat the term a33D 'in equation (4.8) comprises

not only endogenousrespiration, but also cell lysis; thus
a remarkableproportion of the suspendedsolids could be
dead biomass.

If one does not enlarge the system given by equations
(4.1) - (4.3) by a further nutrient, but by protozoa feeding
on bacteria, one gets the model equations

dS
(4.1'))

'. .,)
ｾ .... 1 ｾ

(' "»)
ｾ I. 1{.

dB
dt

dP

dO dS (1'-');] ,:
- (1 {(1 t') \ " " -, II-, r. (J C'1 r" [)"1 J P

,"j 4l '. /,'1 Ｎｎｾ - ,''If..,'/ '''(''/'-',: - ,. 1....1"- ---. ','." f .< -f /, "'2 ( ) -l i r- "32 I
L.. u"'.1-t-t-3 •• _. ".),-

t. "

where P is the concentrationof the protozoamass, becausp.t:he
population dynamics of the protozoa can be describedin
a similar way as those of the bacteria/21,22,23/. How-
ever, this model was not tested Ｌ ｾ ｩ ｴ ｨ measuredvalues. In
that (as well as for more complex models) the results given
in /12,13,51,70,86/could be used. It would also be de-
sirable to validate self-purification models for the case
where toxicants are present. The essentialkinetic ex-
pressionsfor thesemodels should be equations (4.4) and
Ｈ Ｔ Ｎ Ｕ ｾ dependingupon the inhibition mechanisms/40,41/.

4.2 Model for benthos-freerivers

Models for rivers are especially simple if one can
ignore the benthosvariables, becausethen the equations
are ordinary differential equations (see equation (3.13)).
According to Section 3.1 benthosdenotesthe total of the
river organismsand materialswhich are stationary. In this
sense, those rivers can be consideredbenthos-free,which
flow fast and which are deep; also the quality of the river-
bed plays a major role. To ignore benthosvariable c

k
' c

k
need not be very small comparedwith the corresponding
plancton variable. If, for example, the bacterial density
on the river bottom is so high that the ck values (ck is the

mean value over the river cross-section(see Section 3.1!))
is of the same order of magnitude as the concentrationof
the plancton bacterialmass, ck can, under certain circum-
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stances,be ignored, becausethe water layer immediately
next to the river bottom, comparedto the major portion of
water, moves only slowly, so that material exchangebetween
the benthosbacteriaand the free-flowing water is relatively
small. Furthermore, in thick bacterial colonies the lower
parts are poorly supplied with nutrients /97/.

Up to now the self-purification of benthos-freerivers
has been usually describedusing the Streeter-Phelpsmodel
(see Section 1), in which it is simply assumedthat the
oxygen demand for biological oxydation (BOD) of the organic
waste decreases according to a first order reaction (see
also equation (4.3)).

Ｈ Ｔ Ｎ ｽ ｾ Ｉ

cit
I... ',1

dO
cJt

It is obvious, however, that this simple model, in which,
for example, bacteriaconcentrationis not present, des-
cribes the self-purification only incompletely. Figure 4.4
illustrates this /32/: even though k

2
was measuredseparately,

and k
1

was determinedfor each of the three purification

stagessuch that the sum of the squareddeviations is mini-
mal, the solution of (4.14) and (4.15) does not fit the
experiment results. If the measurementsused for the para-
meter estimation are so poorly reproduced, it is only natural
that an extrapolation to different experimantalconditions
(e.g., different temperature)becomesdoubly problematic.
There have been some attempts to improve upon the Streeter-
Phelps model by adding empirical corrections (which in some
casesare intended to account for benthic variables) to the
analytical solutions of (4.14) and (4.15) /73,96/. Since,
however, the dynamic characterof the self-purification
processwas not taken into account, it is doubtful if more
than data reproducingmodels have resulted.

While on one hand the Streeter-Phelpsmodel is too
crude, it is, on the other hand, in general impossible to
take into account every pollutant in detail (as in model
(4.6) - (4.9)), becauseof the large number of pollutants.
The aggregationlevel of the model has to be such that the
data basis for the model identification can be supplied with
a reasonablemeasurementeffort.
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The organic pollution, as the basis for the growth of
heterotrophicbacteria, practically can only be measuredin
total. One measurecould be the oxygen demand for the com-
plete chemical oxidation of organic materials (COD), another
one is the amount of organically bound carbon (TOC). (For
techniquesof measurementsee /27,64/. Measuring of COD with
potassiumpermanganateshould, however, not be used because
only a small part of the organic substanceis oxidized /7/.>
COD is more useful as a measureof organic pollution for
modelling self-purification processesthan is TOC, because
COD reflects the stepwisedegradationof the substance,while
TOC could, for instance, only change in the last step of
oxidation. Thus in the following the term "organic pollution"
means COD. (However, by and large the ratio of COD to TOC
remains nearly constant in the course of the self-purification
process/58/.)

Possibly, apart from the total COD, one also could
determinewith reasonableeffort the amount of biologically
non-degradablesubstances. One would have to have water
samplesundergo intensive bacterial degradationfor a time
which is considerablylonger than the flow time of the river,
and after that again determine the COD. (The COD of the
non-degradablepollutants could also be determinedapproxi-
mately as the difference between the total COD and the long-
term BOD, but one has to consider, that those pollutants
which are at first integratedinto the bacterial biomass
are oxidized very slowly /95/.) However, the model identi-
fication describedin the following, is also possible, if
one does not have any, or inaccuratevalues of the COD of
the non-degradablesubstances.

In the determinationof the bacterialmass density a
taxonomic differentiation is not tolerable as well, so that
for model identification only values for the total bacterial
mass are available. As pointed out in Section 2.1, it is
not a bad approximation if one considersall bacteria to
be acting collectively. As a measuringmethod neither the
direct counting (becauseof the high expenditure),nor the
plate count /15/ (becauseof the large errors) can be used.
The measurementthrough the ATP content, using luciferin
and luciferase, or similar methods, seem to be appropriate.
(It appeared,however, that ATP measurementcan be disrupted
by the presenceof certain compoundscontained in industrial
waste water /59/.) Perhapsthe bacterial mass could also
be determinedby measuringthe oxygen consumptionafter the
addition of a relatively large amount of bacteriaconsumers.

If part of the pollutants are present in an undissolved,
suspendedform, then in determining the COD the living bio-
mass is inevitably encompassed. Thus the COD values have to
be corrected for the resultsof the biomassdeterminations.
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Also higher organisms, if they have to be considered
at all, have to be almagamatedinto larger groups. Counting
seems to be the only practical way to measurethem. In the
following, only the protozoa are incorporatedin addition
into the model, because,as explained in Section 2.2, the
higher order links of the food chain are not of great im-
portance. The phototrophicsare also left out, because
their planctonic forms do not play a large role in rivers
(see Sections 2.2 and 4.3).

Finally, for model identification, the values of
oxygen concentrationare usually available, they can be
obtained easily in various ways /15,17/.

A model, which is to be identified on the basis of
measurementsof COD, bacterialmass density, protozoan
mass density, and oxygen concentrationmay well contain
more than these variables. Likewise no measuredbacteria
curve was used in the identification of model (4.1) - (4.3)
which contains the bacterialmass. (Only the initial value
of B was used. This would not have been necessaryif one
had acceptedan unknown, constant factor in the function
B (t).) Becauseof the various degradationkinetics of
the numerouspollutants it would be desirableto differ-
entiate betweeneasily and slowly degradablematerials
in the river model. In the following they are denotedby
N1 (t) and N2 (t), respectively. Thus COD valuesare values of
N

1
+N

2
. TheP1ichaelis-Menten-expressionshould describe the de-

gradation kinetic of N1 well (see Section 4.1). One of

the expressions(4.4), (4.5) should be more realistic for
the degradationkinetic of N2 , where N1 acts as inhibitor;

it is well known that those enzymeswhich catalyze the de-
gradationof slowly degradablepollutants are only formed
after the more easily degradablematerials have been used
up /76/. (For a large part those materialswhich are
difficult to degrade (e.g., humic acids /42/ ) only come
into existenceduring the degradationprocessof easily
degradablematerials.) To describethe degradationprocess
of N2 expression (4.4) is used, becauseit gives a better

fit. In other casesexpression (4.5) may be more appropriate;
the commentsmade in the following about the model are also
then valid. In any case, the kinetic expressionsfor inhi-
bition should be consideredonly as approximationswith
three parameters,which reproducethe essentialcharacter-
istics of the inhibition: for small N

1
the result for

N
2

is the ｍ ｩ ｣ ｨ ｡ ･ ｬ ｩ ｳ ｾ ｍ ･ ｮ ｴ ･ ｮ Ｍ ｋ ｩ ｮ ･ ｴ ｩ ｣ ［ for high N1 the de-

gradationof N2 is blocked. The difference between (4.4)

and (4.5) consists in the following: in the first instance
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the maximum degradationrate of N
2

is independentof N
1

;

in the second instancethis is not the case.

All the assumptionsdiscussedabove lead to a model
of the benthos-freeriver which is shown in Figure 4.5, and
which is to be identified on the basis of measuredvalues of
N

1
+N

2
,B,P, and O.

It is assumedthus far that water inflows into the river
during the time of interest do not change the concentrations
considerably. Otherwise one has to add the corresponding
source terms on the right hand sides of the model equations.
For instance, in case of an increaseof COD through a single
sewageeffluent at flow time to the following terms have to
be added to the first two equations,respectively:

(4.21.)

( i' 2'»)t. L

where z is the given COD concentrationincreaseand o(t-t )
is the impulse function. Parametera denotesthe ratio 0

under which the dischargedpollutants are apportionedto N1
and N2 . If we can look upon many effluents on a river

reach as a single distributed source with constantdensity
one can use these terms also but with rectangularshaped
functions insteadof o(t-t ).o

A complete set of measuredvalues for the aforementioned
variables seems not to exist thus far for larger river reaches.
Thus in order to test the usefulnessof model (4.16) - (4.20),
and in order to clarify the questionsof planning measure-
ments raised in Section 3.2, a river was simulatedon a
computer which delivered the necessarymeasuredvalues. This
simulated river is discussedin more detail in Appendix A.
It contains 30 different pollutants, all of them having
different degradationkinetics (mutual inhibitions according
to expressions(4.4) and (4.5), purely additive degradation,
formation of exoenzymes),as well as two protozoa types with
different metabolic dynamics. The kinetic parameterswere
generatedwithin realistic ranges by a random number generator.
In Figure 4.6a the values obtained from this "river" are
reproduced. The values of the total organic pollution were
correctedfor the non-degradablepollutants by subtracting
the pollution values at t = 145 h (see above).
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d N1
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Figure 4.5 Model equationsfor the benthos-freeriver
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As could be expectedfrom Section 4.1, the parameters
of models (4.16) - (4.20) can only pe uniquely determined
if estimatesfor some parametersare given. Model identi-
fication, for example, is possible, if the primed parameters
in equations (4.16) - (4.20) are given the values from the
second following table, and if these valuesare weighted by
0.003·go ' where go is again the weight according to (3.21).

The solid curves in Figure 4. 6a show the solution of Model
(4.16) - (4.20) using the optimal parameterestimates. The
parametervalues aik are:

ｾ
1 2 3 4 5 6 7

-------_._---- ----- -------
1 4.12

2 5.41

3 0.543 19.5 0.0769 21.0 0.996 2.52 0.0479

4 0.179 8.21 0.0331

5 1.05 3.08 3.27 1.04 1.03 1.01

while the initial guesseswere

ｾ ｾ
1 2 3 4 5 6 7

ｾＭＭＭＭ ------------ ---
I 2.0

2 2.0

3 0.5 2.0 0.07 20.0 1.0 2.0 0.04

4 0.135 15.0 0.04

5 1.0 4.0 1.0 1.0 1.0 1.0

(the dashedcurves show the initial approximationsc (t)o
(see Section 3.2).) It is apparentthat the simple model
reproducesthe "measuredvalues" well. Model identification
is possible in the same manner if the "measuredvalues" have
considerableerrors; Figure 4.6b gives an example. The
solution functions have not been changedtoo much from
Figure 4.6a, the same holds true for the parametervalues.
The PL/I computer program, which in the caseof Figure 4.60
solved the model identification problem, can be found in
Appendix B along with a program description.
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In selecting the parameters,for which approximate
values are to be prescribed,one ｨ ｾ ｳ to questionwhether
reasonableguessesfor the concernedparametersare avail-
able. For instance, it is better to use an approximate
value for a31 than for a

32
, becauseone knows that a31

is of the same order of magnitude, but below the largest
known growth rate of bacteriaat the given temperature,
while for a complex nutrient mix very little can be pre-
dicted about a

32
. (If one gives an approximatevalue for

a32 rather than for a31 a model identification would also

be possible if all other circumstancesremain unchanged.)
Also one can use the kinetic parametersfor the inter-
action betweenbacteriaand protozoa, which have been
found in laboratory experiments,as measuredvalues for
the model identification; but it is desirableto leave
parametera43 totally free, becausethe term a43.P is to

account approximately for the influence of higher order
links of the food chain. ParametersaS1 and a37 cannot

be left completely free, although it would be desirable
(see below and Section 4.3, respectively),becauseun-
reasonableparametervalues can result if the measured
values are subject to errors as in Figure 4.6b. However,
since the weight of the guessesis very small (see above),
the coupling of the parametervalues to the measured
values is not very restricting. Summing up, it can be
statedthat on the basis of measurementsof total COD,
bacteria, protozoa, and oxygen, model (4.16) - (4.20)
can be identified, although this model distinguishes
betweeneasily and slowly degradableCOD. (This also
holds in the casewhere the non-degradablesubstances
were not eliminated. However, the fit of the measured
values is not as good.)

The purposeof a model is not only to reproduce
measuredvalues, but also to predict the systembehaviour
under circumstancesfor which no measurementshave been
made. Figures 4.7 and 4.8 give two examples for the
application of the identified model to changedconditions.
In one case the initial values were changed, in the other
case the solution is extrapolatedbeyond the time up to
which values were used for model identification. (Of
course, the secondcase can be looked upon as one with
changedinitial conditions.) In both cases (which have
quite different kinetics) the simple model (4.16) - (4.20)
fits the simulated river quite well even under changed
conditions. Several further numerical experimentsof this
kind have given similar results. However, the quality of
the fit certainly dependsupon the structureof the complex
river model used (see Appendix A). Opposedto that, the
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optimized m::x:1eJ_ for change..1initial values
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conditions formulated above for the model identification
should not be affected by any realistic changeof the com-
plex river model.

One can also use severalsets of measuredvalues which
have been obtained from the same systemunder different
circumstancesfor model identification (for instancethe
"measuredvalues" of Figure 4.7a and b). Then one has to
state the equationsfor the variableswhich have changed
as many times in system (3.14). The uncertaintyof the
parameterestimation is thus smaller, it may be even possible
to dispensewith prescribingapproximateparametervalues.
Such caseshave, however, not been worked out. The model
identification procedurealso has not yet been applied to
situationswith severalwaste water affluents on the river
reach under investigation. (The reach must not be too
short, becauseotherwise the dividing of the pollutants into
N

1
and N2 is too uncertain.) If one wants to considermany

affluents with various values of a (see (4.21) and (4.22))
a unique model identification basedon measuredvalues from
the river will probably be impossible. One then has to
observethe self-purification in river samples,and based
on the values thus gained one can determine the parameters.
These in turn can be enteredas estimates (perhapswith a
higher weight) into the model identification processwhich
uses the "in-situ" values.

One can use the same proceedingif one wants to deter-
mine the physical .reaerationrate a51 without prescribing an.

approximatevalue for it. (This correspondsto the method usually
applied in the determinationof k

2
in equation (4.15) /32/.)

Great uncertainty about the size of this parameterexists,
especially for large rivers, which cannot be simulated in
laboratories/71/.

Another open problem is the inclusion of nitrification
into the model and the determinationof the conditions under
which the identification of such a model is possible. Es-
pecially interesting is the question if one can dispense
with measuredvalues of nitrifying bacteriamass density, if
values for NH

4
+, N0

2
-, N0

3
-, and organic nitrogen are given.

Also the question how a degradationinhibition by toxi-
cants can be recognizedand taken into consideration has
to be clearedup (see Section 4.1). In these casesseveral
sets of measurementsfor different dilution ratios (i.e.,
different river discharges)will have to be used (see /55/).
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In closing, it is worth mentioning that the separation
of the total pollution into easily and slowly degradable
materials also can be used to characterizethe degradation
characteristicsof a specific waste water.

4.3 Model for the self-purification processof the Rhine
River betweenMannheim-Ludwigshafenand the Dutch-
German border

The Rhine River with its large dischargeand its great
flow velocity can be looked upon as a benthos-freeriver.
The statement made in Section 4.2 can be applied to it,
that self-purification data measuredso far are not sufficient
for model identification. There are many measuredvalues
available, but most of them give only very indirect infor-
mation about the self-purification process. For example,
measurementsfor additional consumption/56/ are hard to
interpret, becauseof the unknown preferenceof the bacteria
to the nutrients added as comparedto the nutrients already
present. The same applies to the measurementsof the bio-
logical oxygen demand, even solely becauseof the difference
in temperaturebetween the river and the sample. The many
values of KMn04 - and K2Cr207- demand, which have been mea-

sured so far, encompassusually only the COD of the dissolved
substances,in addition, with the KMn04 test only a small part

of the organic substancesis oxidized. Similarly the plate
count results are hardly suitable as a measureof bacterial
mass in the river, as a comparisonof the plate counts with
various nutrient media shows /91/. At most, some conclusions
can be drawn by comparing values which were obtainedunder
the same stipulations.

In order to identify a model correspondingto equations
(4.16) - (4.20) one must have, as explained in Section 4.2,
measuredvalues for N1+N2 , B, P and 0, which were taken

from the very same water body as it flows downstream, and
which allow for a fairly accurateaveragingover the river
cross-section. Furthermore, if there are sewageeffluents
or other inflows, measuredvalues of those variables for the
inflows must be given. If necessary,parameterestimates
have to be determinedin the laboratory (see Section 4.2).

Before collecting these data some exploratory examinations
concerningthe applicability of model (4.16) - (4.20) would
be useful. It must be examinedwhether those organisms
higher than the bacteriaconsumersplay an important part;
this could be observedbest on the Lower Rhine. Even the
role of the bacteriaconsumersthemselvesneeds to be veri-
fied. It would be worthwhile to examine nitrification more
carefully, although it is most likely that it can be neglected
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+in the Rhine River. The NH4 - concentrationreachessuch

values that a complete oxidation wopld greatly influence
the 02 content /5,57/; but becausethe nitrifiers are in-

hibited by some pollutants /15/ and also grow fairly slowly
/38/ nitrification will not become very intensive. In
working out a model one has to face also the possibility
that the toxic influence of some sewage effluents has to
be consideredseparately (see Section 4.1), or that
dealing with mean values across the river section (see
Section 3.1) turns out to be too inaccurate. The
conditions for dealing with mean values across the river
section, however, are fulfilled better than it may seem
in view of kilometerlong waste water plumes; the terms
for bacterial growth in the model equationsare constant
for large concentrationsof pollutants; that is, within
the sewageplume they may be barely larger than outside
it. (Degradationinhibition by toxitants, which is
reducedby increasingdilution, acts similarly.)

Despite the many missing measurementsand the partly
unverified suppositions,it was tried to formulate a model
of the self-purification processof the Rhine River between
Mannheim and the Dutch-Germanborder, basedon equations
(4.16) - (4.20) and on the available data. Such a model,
of course/cannotdeliver quantitative results, and an
optimization of waste water inflows basedon it would hardly
make sense. But it can facilitate discussionsof the pro-
blems of water pollution control in the Rhine River Basin,
becauseit will reproducethe essentialcharacteristics
of the self-purification processin that river. The model
points out especiallywhich possibilities a better vali-
dated model offers, and which points should be examined
more detailed.

The model equations,which correspondvery closely to
equations (4.16) - (4.20) (Figure 4.5), are reproduced
in Figure 4.9. Equation (4.25) for the nondegradable
pollutants, the terms for the inflows (sewageor tributories)
in the first three equations,and the term a

67
in equation

(4.28), which approximatelyaccountsfor the biogenic
aeration, are all new comparedto Model (4.16) - (4.20).
Thus it is assumedthat the inflows only change the
pollution concentrations,and that the biogenic aeration
along the river remains constant. The first assumption
certainly must be correctedfor a quantitativemodel,
at least as far as the Neckar and Main tributories are
concerned,because,apart from pollution, they also bring
in a large bacterialmass; the secondassumptionis of
less importancebecausebiogenic aeration is relatively
small (see below.) The parametervalues were chosensuch
that the few values which were measuredor which could be
derived from measuredvalues are best reproduced. Con-
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sidering the incomplete data basis, which promised equally
good fit of the measuredvalues for a great variety of sets
of parametervalues, the parametervqlues were determined
by trial and error within realistic variations, not by
the formal method of model identification. In looking back,
however, it must be statedthat it would have been probably
more efficient, to have used a model identification program
with sufficiently many prescribedparameterestimates. Figure
4.10 shows the solution of the mode,l. The corresponding,
very simple computer program is given in Appendix C. The
model is supposedto describethe self-purification dynamics
in the Rhine River at a temperatureof 200 C and a discharge
of about 1.25 times the mean discharge (about 2500 m3/sec
in Cologne /17/). The pollution correspondsto the situation
in 1969. Those parameterswhich are assumedto be constant
along the entire river section were given the following
values aik :

IG54321

ｾｾ
____0 0 - 0 _

1 2.6

2 3.4

3 0.05

4 U.48

5 0.36

G aS1

20.0

12.0

1.6

0.1

0.07

2.4

20.0

1.0

3.0

2.0

3.0

. 1.0

0.06

0.07

Thus the maximum growth rate of the bacteria, a41 + a43 ,

is 0.58 h-1 , which gives a generationtime of a little more
than one hour; this is a realistic value at T = 200 /10/.
Endogenousrespirationgiven by a

47
is probably a bit high

with 0.06; but the values given in the literature vary
greatly /11,14,37,66,75/;moreover, possibledying of
bacteriabecauseof toxicants can be taken into account
by a higher value of a47 . The ratio betweendegraded

organic pollutants (measuredas COD) and newly created
biomass, which is 2.6 and 3.4 respectively, lies also
within the range marked out by many experimentalresults
/66/. The saturationconstantsa42 and a44 amount up to

severalmg/l for single substrates/10,34,87/, yet since
N1 and N2 encompassmany nutrients, the parametervalues

chosenhad to be somewhat larger. (For example, should
N1 encompassn nutrients which have the same concentration



-48-

as well as the same kinetic behaviour, and which are purely
additively degraded, then the saturationconstant for N1
would be exactly n times as large as that for the single
nutrient). The inhibition constanta4S was finally chosen

such that at values N1, for which a41 N1/(a42+N1) was smaller

than a 43, no substantialinhibition can any longer occur.

The values for aS1 and a52 were chosen in accordancewith

/22/; those values given in /88/ for the maximum growth
rates of various ciliates are, however, without exception
smaller. The value of a67 is basedon the value of 1.6

mg02/(1.d) given in /54/ for the biogenic aerationnear

Koblenz, which was measuredusing the light and dark bottle
technique. The dotted line in Figure 5.10 shows the oxygen
concentrationwithout regard for biogenic aeration. It is
apparentthat the biogenic aeration in relation to physical
aeration is not very important (the above-mentionedvalue
was even measuredat the hight of summer), so that no large
error occurs if the changesof biogenic aeration along
the river and the diurnal variations of photosynthetic
activity are ignored.

For parametersa12 , a13, and a61 , the river section

was divided into 12 reaches,in which theseparameterswere
consideredconstant. Parametera

13
, which depicts the

hourly concentrationincreaseof the degradablesubstances
by waste water discharges,is calculatedfrom the amount
A of organic waste which occurs per :hour and river kilo-
meter, from the river dischargeQ, and from the flow
velocity v (see Appendix C) :

ａｾｶＨｑＩ
a13 = Q

A is given in Figure 4.11. One can clearly recognize four
major pollution ｳ ｯ ｾ ｲ ｣ ･ ｳ Ｚ Mannheim-Ludwigshafen(at the
mouth of the Neckar); Mainz-Wiesbaden(at the mouth of
the Main); Bonn-Cologne-Leverkusen;and the Ruhr district.
The values are just estimateswhich are basedon measure-
ments of COD in the river (see below) and the changesalong
the river of the number of inhabitants living in the river
catchmentarea. The Bnscher River, which at this time
still representsan important point sourceof pollution at
river kilometer 800, was not taken into account becauseof
the huge treatmentplant currently under construction. It
is assumedthat the Mosel River at the confluencewith the
Rhine exhibits the same qualities as the Rhine River at
this point, as far as self-purification variablesare
concerned. A comparisonof the values for Braubach (Rhine R.)
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and Koblenz (Mosel R.) in /78/ shows that this assumption
is reasonable. The somewhatsmaller pollution of the
Mosel River is certainly compensatedby the pollution of
the city of Koblenz. Figure 4.11 gives the flow velocities
v as a function of the river dischargefor various water
level gauges. They were ｣ ｯ ｭ ｭ ｵ ｮ ｩ ｣ ｾ ｴ ･ ､ over the phone by
the concernedWater- and River Traffic Offices, and give
essentiallythe ratio of river dischargeto cross-sectional
area. Based on these functions, the flow velocity was
estimatedfor the 12 reaches,they are given in Appendix
C for the case which is shown in Figure 4.10(Q=1. 25·HQ) .
The mean dischargeMQ was approximatedby the solid line
step function in Figure 4.11/17/; changesof the river
dischargein relation to the MQ were in the model always
made such that the ratio Q/MQ was independentof the
location.

Parametera12, which determinesthe ratio of easily

to slowly degradablepollutants, was set at 0.5 (that
is 1:1), with the exceptionof the reachesbetween km 420
and 435, and km 500 and 506. For the latter reaches
a12 = 0.4 was assumed,which takes into account that in

the Neckar River and Main River, which confluence in these
reaches,the ratio of N1 to N2 has decreasedas a result

of self-purification.

The values of parametera
61

can also be found in

Appendix C; they are all near 0,25, with downward deviations
in the Mainz-Bingen area and upwards deviations in the
Bingen-Koblenzarea. The values seem to be slightly
high, but they lie within the range marked by values given
in numerouspublications /71/. It is assumedthat para-
meter a61 is independentof the river discharge,because

when that is changedtwo effects occur which compensate
each other ｡ ｰ ｰ ｲ ｯ ｸ ｩ ｭ ｡ ｴ ･ ｬ ｹ ｾ an increaseof Q results in
a greaterwater depth, which results in a smaller a61 ;

on the other hand, as turbulence increases,Ｍ Ｍ ｾ Ｖ Ｑ increases.

(The empirical formula for a61 given in /48/
l

(4.29) a 61 = c· -"--- (1.0241 )T- 20
h 3/2 I

whereby h is water depth, T is temperature (in °C), and
c is constant,gives, for example, a result independent
from Q, if one assumesa symmetric right triangle asthe ri-
ver profile, and the relationshipv(Q) = Q3/7 (see Figure
4.11b).)
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"The numberedpoints given in Figure 4.10, which come
from different sources,are now to be explained in more
detail:

COD values:

There were available - with one exception - COD values
only for the dissolved substances. All thesewere multi-
plied with factor 2, in order to get an estimate for the
total COD. Indications of the amount of suspendedorganic
pollutants are given by the measurementstaken by the Union
of Rhine Water Works (ARW) of the volatile suspendedsolids
/4,5,6,7/. These measurementslump together the active
biomass and the suspendedorganic pollutants, the latter
resulted, by the way, partly from dissolvedpollutants
through adsorption, coagulation, and precipitationprocesses.
If one assumes1.5 to 2 times their weight for the COD of
the suspendedsubstances(in 1969 the ratio COD/TOe for the
dissolved substancesamounted to 2.5/5/), then the COD
of the calcination lossesof suspendedsolids is about the
same as the COD of the dissolved substances/5/. A similar
relationship results if one comparesthe ARW-measurementsof
the COD near Koblenz /6/ with the COD measurementsfor
Braubach in /78/, which were gained from an unfiltered
sample. (For this one has to chose consistenttemperatures
and river discharges.) In all cases,except for the samples
taken at Wiesbaden, the sampleswere taken near the water
surface. Since the suspendedmaterial, despite the relatively
strong turbulence, seem to settle to a certain degree, the
mean values of the suspendedorganic substanceconcentration
over the river cross-sectionsare in reality considerably
larger than the measuredvalues. A comparisonof the measure-
ments at Mainz and Wiesbadenconfirms this. At Wiesbaden,
where the measurementswere taken near the river bottom,
the concentrationof suspendedorganic substanceis approxi-
mately 2-3 times as large as at Mainz /5/. (The ratio
between both values dependsupon the river discharge: it
increaseswith decreasingdischarge, that is, with decreasing
turbulence. That is the reasonwhy the annual mean of the
volatile suspendedsolids at r1ainz for 1971 is lower than the
value for 1970 (when the dischargewas substantiallylarger), while
the opposite occured at Wiesbaden/7/.) This means, that
the COD of the suspendedsubstancesis considerablylarger
than that of the dissolved substances/5/. It seems there-
fore reasonableto assumethat the total COD is twice as
high as the COD of the dissolved substances,and that the
thus not consideredpart of the suspendedorganic matter is
active biomass. The values 1 to 7 are basedupon measure-
ments taken during two Rhine trips on 69-08-26 and 69-09-09
/57/. River dischargeand temperaturewere nearly the same as
those assumedin the model (see above). The sampleswere
taken at times which correspondapproximately to the flow
time. Value 8 is basedon measurementsin the Main River,
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which were taken on the same trip, and on the mixing ratio
on both these days. Points 9 - 18 are basedon the ARW
measurementsof the COD of the dissolved substancesin
August 1970 /6/. Dischargeand temperatureat this time
are approximately the same as during the Rhine trips des-
cribed above. (For 1969 COD measurementsof the ARW are
available for only a few points /5/. For August they are
similar to points 9 - 18.) Point 19 was measuredfrom an
unfiltered sample by the InternationalCommission for the
Protectionof the Rhine River against Pollution on 69-07-10
(dischargeand temperatureare comparable!) Even though
this sample was taken from near the surface, the value
was not raised (see above), becausethe differences in
concentrationof suspendedsolids are certainly not as great
as for example near Mainz and becausethis value should
not encompassthe active biomass, which would require a
downward correction of the measuredvalue.

BacteriaMeasurements:

The points give apart from a common factor ｴ ｨ ｾ geometric
mean values of the plate counts taken in the summer half of
1967 by the ARW /3/. (Such measurementswere not completely
available for the following years.) Part of them are shown
in Figure 2.2. Becauseof the inaccuracyof the technique
one cannot draw conclusionsabout the absolutesize of the
biomass from the plate count results, thus the common factor
was chosenarbitrarily, so that the values best fit the model
curve. If one takes as the mean bacteriasize the volume of
a cylinder of radius Ｐ Ｎ Ｕ ｾ and of the height Ｔ ｾ Ｌ and the dry
weight in g to be a fifth of the volume in ml /10/, the
plate count figures from /3/ make up only about 1/150 of the
total bacterialmass. This low percentageresults partly
from the deficiencesof the plate count technique: only a
part of the bacteriacan grow on the nutrient medium; and
the lumps of bacteriawhich often occur in rivers are usually
not resolvedduring the measurement,so that many colonies
come from more than one cell. One also has to consider that
the sampleswere taken from near the surface; the differences
between the plate count results at Mainz and Wiesbaden (see
above) are substantial/5/.

ProtozoaMeasurements:

The only indication of the actual protozoadensity in the
Rhine River are a few measurementsof the number of ciliates
among the suspendedsolids near Koblenz from the year 1968
/42/. The results in the ｓ ｕ ｉ ｔ ｾ ･ ｲ were 105 - 106 organisms
/ml of settled solids. According to the ARW reports /6/,
the dry weight of suspendedsolids near Cologne is about
30 mg/l. Assuming that this correspondsto 0.30 ml/l undried
settled solids (which is fairly realistic /45/) one gets a
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ciliata density of 3.104 - 3.105/1 for the Rhine water near
Koblenz. If one assumesa ratio of 1:5 betweendry and
wet weight of ciliata (as for the bacteria) then one gets
the value of 0.5 mg/l in Figure 4.10, if, for instance,
the ciliates are sphereswith a radius between 0.013 and
0.027 rom. The size correspondsto many observations/65/,
so that one can say that the curve of Figure 4.10 is cer-
tainly not wrong by orders of magnitude.

Oxygen measurements:

The oxygen concentrations1 - 7 were measuredon the
Rhine trips on 69-08-26 and 69-09-09 /69/. Values 8 - 16
are mean values of the ARW measurementstaken during August
and September1970 /6/. (Only 2 measurementswere taken
each month, that is why the values of Septemberhave also
been used, even though the dischargeand the temperaturedid
not fit the assumptionsof the model as well.) Value 17
was taken under the same conditions as the COD value 19
(see above.)

On the whole the fit between the values and the curves
is satisfactory. This holds especially for those values
which were taken during the Rhine trips at times corres-
ponding to the flow time. The great variations in the lower
Rhine are probably due to single sewageeffluents; actual
averagingover the river cross-sectionshould make them
dissapear. Even though there is such a good fit, it should
be once again emphasizedthat the model describedis too
uncertain to draw quantitativeconclusionsfrom it.

In order to test if the model reactscorrectly to changes
in the underlying conditions, the two essentialparameters
which are subject to natural fluctuations - temperatureand
discharge- were changed.

In changing the temperaturethe biochemical reaction
rates changeaccording to the Arrhenius-law

'-c2/T
v(T) =c1 ·e

as long as the temperatureis not so high, that the proteins
become denatured/47/. Figure 4.12 shows how well the
bacteria follow this law /46/. (See also /47/.) (In /46/ the
measuredvalues were plotted using a wrong abscissaunit,
therefore the curve for the activatedsludge showed a sharp
bend.) Similar T-dependencieswere measuredfor endogenous
respiration/11/ and for the growth rates of protozoa /88/.
According to thesemeasurements,when T = 200 C was changed
t.0 T = 100C the maximum growth rate and the parametersa47
and a S3 were halved, when changedto T = 250 C they were
multipIled by the factor 1.6. The changesof a61 for a
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specific river /62/ as well as the changesof 0 with

temperatureare shown in Figure 4.13.' However, for the
T-dependencyof a 61 in model (4.23) - (4.28) the relation-

ship (4.29) was used. The remainderof the parameterswere
regardedas being independentfrom temperature. With that
the solid curves of Figure 4.14 resulted for T = 100 C and
unchangeddischarge. The COD concentrationat Cologne now is
considerablysmaller than at Mainz; whereasat T = 200 C
the values were practically the same. A similar relationship
is shown by the COD measurementswhich were taken on the one
hand in Januaryand Decemberand on the other in September
1970 /6/. The density of the bacterial mass at the lower
temperatureis considerablylarger at Cologne than at Mainz,
whereasat T = 200 C the opposite occured. This behaviour is
confirmed also by the measurements(see Figure 2.2 and /2/).
The oxygen values at Cologne are now slightly lower than
at Mainz, whereasearlier the opposite occured. This tendency
cannot be observedat the values in /6/, probably becauseof
the small number of measurementstaken.

Figure 4.15 shows the model solutions for temperature
T = 250 c. The self-purification performancehas risen con-
siderably, especiallynear the Dutch border, whereas the
oxygen concentrationnear Mainz and at the lower Rhine has
considerablyworsened. The 02 minima have moved upstream.

An increaseof the water temperatureof the Rhine River by
50 c is under discussionin connectionwith fresh water cooling
of power plants /50/; Figure 4.15 shows, even though there
are uncertaintiesin the model, that the influence of such
a small artificial heating has a serious influence upon the
oxygen concentration. With a smaller dischargeanaerobic
conditions could result 2t Mainz (see below) .

The changesin the self-purification processcaused
by a decreaseof the dischargeto 0.77 MQ are shown in
Figure 4.16. The consequencesof this decreaseare governed
by two effects: the dilution ratio for the discharged
pollutants is changed, and the flow times between the pollution
sourcesare changed. Both effects result for a decreasein
dischargein an increaseof the relative degradationper-
formance over a certain river section. In Figure 4.16 this
is clearly shown by the curves betweenMannheim and Mainz.
In the lower Rhine this is less pronouncedbecauseof the
feeding activity of the protozoa, thus the COD concentration
increasein the lower Rhine is slightly larger than at Mainz.
This tendency can also be detected, for example, by a comparison
of the ARW values for September1970 and 1971 /6,7/, although
this is not as strongly apparant. This is perhapsan indi-
cation that one must considerhigher order links of the food
chain.
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One other reason could be the slightly higher temperature
in September1971. The oxygen concentrationfor Q = 0.77
MQ at Mainz reaches0 (which causesthe organisms in the
model to ceaseall metabolic activities except endogenous
respiration.) Altogether, the O2 values of the lower Rhine

are now higher than the ones at Mainz, whereasat Q = 1.25
MQ they were about the same. This is also verified by the
ARW measurementstaken in September1970 and 1971 (See
/7/, p.30.)

In closing, two examplesare to be discussed,which
show the facilities offered by a model like the one dis-
cussedfor water quality management. Figure 4.17 shows
the changesin the self-purification processof the Rhine
River, if the easily degradablecomponentof the waste water
dischargesis reducedby 50%. A similar case could become
reality, if in the future solely biological sewagetreat-
ment plants are established, becausethe remainder from
the sewage treatmentplants consistsof slowly degradable
materials, moreover, biological treatmentplants will be
built preferably where a large fraction of easily degrad-
able material in the sewagepromises a high degreeof puri-
fication. Figure 4.17 shows that even though the total
COD inflow has been reducedby nearly 25% the COD concen-
tration in the river nowhere decreasesremarkably, and that
in some sections it even increasesconsiderably. Figure
4.17 shows this effect comparativelymildly. With some-
what different, but still realistic parametervalues in
(4.23) - (4.28) substantiallyhigher increasesof the COD
concentrationcan occur /83/. The causeof the rise is
the decreaseof the growth rate of the bacteriarelative
to the protozoa consumptionrate and to the endogenousre-
spiration. The practical consequenceof this behaviour
of the model (which is certainly independentfrom the un-
certaintiesof the model) must be to eliminate also the
slowly degradablecompoundsfrom the waste water. Other-
wise the difficulties, for instance, for drinking water pro-
duction in the Lower Rhine Region could increaseeven though
there would be a reduction of sewage influx.

Figure 4.18 shows the self-purification processesin
the casewhere the COD load from the Main River is reduced
by 50%. According to the discussionof Figure 4.17 and
the opinion presentedoccasionallyin literature, that mo-
deratepollution increasesthe self-purification ability
/56/, one could be afraid that in the lower Rhine this could
lead to an increasein pollution. Figure 4.18 shows that
this does not have to happen. Becauseof the lower bacterial
density downstreamMainz, the protozoadensity in the lower
Rhine does not become as large as in Figure 4.10, so that the
degradationability in the Lower Rhine increasesconsiderably.
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4.4 Sensitivity analysisof the Rhine,River model

The results in Section 4.3 are only meaningful if the
model behaviour does not changedrastically if the parameter
values vary within the error bounds. Therefore the sensi-
tivity of the model solution to changesof all parameterand
initial values was analysed. In order to avoid as far as
possible a wrong estimateof the actual sensitivity, finite
sensitivity was calculatedrather than differential sensi-
tivity /84/. I.e. sensitivity was estimatedfrom the differ-
ence between two solutions of the model with different para-
meter values rather than from the solution of the sensitivity
system. The changeswere in all cases 10%, the nominal values
for Q and T were 1.25 MQ and 150 C, respectively.

It turned out, that in no case the sensitivity was
remarkably high. Figure 4.19 gives, as an example, the
sensitivity to changesof the initial value of N1. The

oscillationswhich can be seen in the figure occur ｩ ｾ all other
sensitivity functions of that model as well. It is surprising
how far downstreamthe changeof the initial value can be felt.
(After long flow time the model solution is - independentfrom
the initial values - uniquely determinedby the sourcesalong
the river, i.e. the model is asymptotically stable. For
constantsource terms in equations (4.23) - (4.28) and realistic
parametervalues at least variables B, P, and 0 reach stable
equilibrium values, which can easily be evaluatedby solving
successivelyequations (4.27), (4.23), (4.24), (4.26), and
(4.28) .)

Figure 4.1 gives, as another example, the sensitivity
to changesin the maximum bacterial growth rate. The most
influential parameterturned out to be the maximum proto-
zoa growth rate. But in all casesthe changesof the
dependentvariables were less than 20%.

The sensitivity to changesof Q and T can be derived from
Figures 4.15 and 4.16. If T is changed, the sensitivity is
remarkably smaller than if growth rates (which vary with T)
are changedseparately. It should also be mentioned that
for lower Q values the sensitivity of COD to changesof Q
might be positive in some places, because,if Q is small,
flow time betweenpollution sourcesdecreasesfasteras
Q increases.
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5. Short resume

The results of the discussionsof Sections 2, 3, and 4
may be summarizedin the following way:

1. The descriptionof the self-purification processes
in rivers through systemsof coupled differential equations
seems to be possible and useful. In order to determine the
model parametersfrom in-situ measurements(model identifi-
cation) the quasilinearizationtechniqueof Bellmann 181 has
proved to be useful. It was used, however, only for models
of those rivers in which the benthoswas negligible, and which
can be consideredas being homogeneousin the transverse
direction; in these casesthe model equationsare ordinary
differential equations.

2. For benthos-free,homogeneousrivers, a model was
suggestedwhich contains the following dependentvariables (Sec-
tion 4.2): chemical oxygen demand (COD) of the easily degradable
substances,COD of the slowly degradablesubstances,bacterial
mass density, protozoanmass density, and oxygen concentration.
In order to determine the parametersof this model it is sufficient,
if one has - apart from bacteria, protozoa, and oxygen values -
measured values for the total 000. However, for a few parameters
estimateshave to be given, which in the processof model iden-
tification are treatedthe same way as the measuredvalues for
the dependentvariables.

3. In spite of slow transversemixing, the application
of this model to the Rhine River seems to be useful, because
the transversedifferencesof the degradationrate are smaller
than the transversedifferencesof the pollution concentration.
After a tentative parameterestimation, basedlipon very spotty
measuredvalues, the model correctly describedthe self-puri-
fication behaviour of the Rhine River betweenMannheim and
the Dutch-Germanborder. By extrapolatingto conditions which
differ from those of today the following remarkablechangesin
the quality of the Rhine River water resulted:

a) an increaseof water temperaturefrom 200 to 250 C (which
could occur in the future becauseof waste heat inflows
from power plants) causesin the model a decreaseof
oxygen concentrationnear Mainz and in the Lower Rhine
from approximately 4 mgll to approximately 2.5 mil.
Thereby a river dischargeof 1.25 times the mean discharge
has been assumed. (With 0.77 times the mean dischargethe
oxygen concentrationslightly downstreamfrom Mainz sinks
to zero even at 200 C.)

b) a decreaseof the easily degradablecomponent in the
introduced sewageby about 50% (without changing the
slowly degradablecomponent) resulted in an increaseof
the pollution concentrationin the Rhine River. This
could become reality if in the future only biological
sewage treatmentplants are built.
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c) a uniform decreaseof the pollution load of the Main
River by 50% resulted in an increaseof the self-puri-
fication ability of the lower Rhine.

These findings, in view of the sparsedata base, just
describepossibilities for future developments,which one
has to keep in mind in planning and managing river quality.
In order to be able to make more detailed and quantitative
forecasts, further measurementson the Rhine River are
necessary. Suggestionsfor this can be found in Sections
4.2 and 4.3. In their planning and implementationthe
model developedis an important tool. These further measure-
ments especiallywill have to clarify to what extent toxic
materialswhich inhibit self-purification have to be ex-
plicitly encompassedby the model.
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;\nlldnq l\. ｬ Ｓ Ｚ ｾ ｳ ｣ ｨ ｲ ｬ ｾ ｩ ｢ ｵ ｮ ｃ ｬ des kon1011:xl:n Fluf)I'1odells (5. fl.bschn. 4.2.)

ｄ ｾ ｳ ｾ ｊ ､ ･ ｬ ｬ besteht aus 39 ｾｑｷｨｨｮｬｩ｣ｨ･ｮ DiffcrentiJlqleiehunqen.die in Abb.

/\.1 Ｇ ｶ ｊ ｩ ･ ､ ･ ｲ Ｈ ｷ ｱ Ｚ ｾ ｢ ･ ｮ sir.d. In ihm bedeuten

:'1. SuJstrat:··:unZGn'ti'atio:lGil.
1

E
i

ｩＭｾｸｯ･ｮｺｖＧＱＱｫｯｩｬｺｲＮｮｴｲ｡ｴｩｯｮ･ｮＬ

8 Gakterienmassenknnzentration,

P. Protozo2nmassenkonzentrationen,
1

o Sauerstoffkonzentration,

o Ｕ｡ｵ･ｲｳｴｯｦｦｳｩｴｴｩｱｵｮｾＵｾｯｮｺ･ｮｴｲ｡ｴｩｯｮＮ
s

Dip. Indizi2ru!l<1 de" PJran;eterist diGselbe I-lie illl D.cchenDrCqrammdes Anhanqs

6. Die ?i}rulneCer sind l.UI:l qroRten Teil entl'lcdcr Zufallszc\hlen oder aus Zu-

fJllszaillcn i1bqele'itet. Ven diesen ZufJllszahlenI'/ird im folqenden i,;mler an-

ｇ Ｇ Ｇ Ｚ ｬ Ｑ ｯ ｭ ｾ Ａ Ｑ ［ ［ ｲ Ｑ Ｌ dar3 sie aus einc:r r,rundqes,.:mtheitqeZOllen I'lurden. die Uber def'l

Ｎｩ･ＮＧｊＨｾｩｬｳ :'Hl(J2nebenenIntervall qleichverteilt ist.

l)·ie ersten 15 Schmutzstoffebilden 3 Gruppen zu je 5, innerhalb derer sich

die Substanzen I1caenseitiqkOlllpetitiv hemmen (5. Absehn. 4.1.). ｕ ｾ ｡ ｮ kann

5ich di\runte,' die Stoffnruppen Kohlehydrate. EiweiBe und Fette vorstellen

! -'f4j.) Oi e KOilS tanten il. kin den :h:nney'n del' ersten 15 Gl ei chunoen':lUrden
1 •

entsptechend

(A.1 ) 1
a i k = U· k

' I,

bestililillt, ｜ Ｎ Ｇ ｊ Ｈ ｪ Ａ ｊ ｾ ﾷ ｩ die a'i,k Zufallsl.ahlen aus den! Intervall (0.1,20) sind. (O.h.,

falls die AusdrUcke zu qew5hnlichenMichaelis-Menten-AusdrUckcnentarten.

sind die Sittiqunqskonstanten1m Intervall (0.1. 20) Qleiehverteilt.) Auf

cler Basi s di eser Parameter\'J2rteｾ Ｂ ｵ ｲ ､ ･ ｮ di e Parameterely .) 1==i==15, (i n der
o.1,

Gleiehunq) entsprechend

(1\.2) 036,i = lpj ,o5k+·l, i-5k1'1, k = 0.1,2,

bestimmt. Dabei ｫ･ｮｮｺ･ｩ｣ｨｮｾｴ k die Substratqruppe,zuder das i-te Substrat

Cl2I1r)r't, t.pi ist eine Zufallszahl aus den! Intervall (O,vk) und vk ist die
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Abb. 1\,1 ｇｬ€ｾｩ｣ｨｵｮｧＰｮ des kom-
plexf,;n Flu!lrnodcHs

Nr ::
,0

0'6.1 N16
---- '-S-----
1+ 016,2 N16-- '?-I 016. i ... 2 Nj

I::

8

021.1 N21 _ B

(1+ 021,2 N21) (1 + °21,3 Ng21 )

026.1 N 26
:; - ------- E1

1+0262 N26
I

:: B

30 Ni 036 32 B
:: - ｾ 036 j-- 0 36 31 8 - _..!..::_-- PI

i::l ' OJ,l ' 1+ 036.33 B

°36.31. B
P2

1+ 036. 35 B

::
037.1 B-----

1+036,33 B
P1 - 037.2 P1

o ::
30 Ni 039.32 B 039.33 B
ｾ 039 '-- 039 31 B - ----- P1- . P2 - 039 31. P1

i::1 ,1 0 '1 ' 1+036.33 8 1+036.35 8 •I.

- 039.35 P2 .. 039.36 (Os -0)
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max i nlJ 1 zlIqc 1assene [)akteti Ｈ ｾ ｲ Ｚ ｜ Ｇ Ｚ ｩ ｬ ｃ Ｉ ｨ ｴ ｕ ｾ ｩ ｬ ｓ ｱ ｃ Ｇ ［ ｃ Ｚ ｉ Ｇ ［ Ｇ Ｏ i nd'j qkr:i t auforund der hetref-

fend2n SubstratQruppe.Die vk wurden als Zufallszah1enso ｱ ･ ｷ ｾ ｾ ｬ ｴ Ｌ daB

v
o

+ll 1+'I 2 ;: 1 unij <vi> = jiSt. (Es vlLWd::il z\'!;2i Zufallszah1en ｾ Ｑ und ｾＲ aus

oem Intel"vall (0,1) nezoCjen und Vo :: r,ji rl[ ｾ Ｑ Ｇ ;2}. v1 ｣］ｬｧＲＭｾｉｉＬ '/2=1-
"1 Ｂｲｾ t: 1 ＮＬＮＮＬ｣＾ｾＢＬ .. ) ')' h Ｎｾ［Ｂ ＢＬＺｾｲＺｴﾷＢ［ﾷＺ ＱｾＢＢＧ＾ C·-I· .... ,· ,,'.., ," ,', L. C t fUA t::> l' "->2 J C!:-><:: _,,-L. "I. C"'.C ,,I U "w,,,.(j 1,,11:...J'I,L':llulvr.r"lc rllun rb,ra.e au -

qrunlj ,j;:i' er:;ten IS Substrat2ist1.0, I-IdS einer V2l'doPI)e'!unnszeitvon ca.

20 min cntspricht. Die tatstichlich rea1isiertemaximale Wachstumsrateist die

Summe d2(, drci ｬ ｾ ｡ ｸ ｩ ｲ ｮ ｊ ｨ Ｏ ･ ｲ ｴ ･ von (,Pi bezUqlicl1 der drei Su!JstratqrUDpen.(Es

ist ｮ ｾ ｭ Ｑ ｩ ｣ ｨ der ｱ ｲ ｾ ｂ ｴ ･ Wert, den
I 0' N·Y .l_l-_

._.J I
i=1 1+ Ｒｾ bj Nj

t'·('J' I" !'''1' "')1'(1'-' ", >("I)::1allf·l<>hfl.cn I Max ｻｾ＿｟Ｑ , °2 ,"- - _':L} )
i.JI. I U ' '-' "i- J l '" It: ,\a.nn, b,] b? br'

Di e zu den ｜ｾＲｉＧｴ･ｬＱ a36 " 17:i:,,15, fwhorcnucll ParamQtera. 1 \'Iurden durch r1ul-
,1 1 ,

tip1 ｩ ｬ ｾ ｩ ｜ ｴ ｩ Ｈ ｜ ｮ mit (?'iner Zufal1$zahl iii dU3 de:n Intervall (2,6) erhaltcn:

(A.3) 0'1'1 ::o"Gi '1]1
, ..). J

Ani11cCl Ylurdell die Parametera39 ,i bestimmt:

(130 i =036 i . ｾｩ ,:1, ,

\'wbei Si eil12 Zufallsi:illll JUS dent Int(?t'vall (1.,4) ist. FUr die Schmutzstoffe

Ｚ ｾ ｬ ｲ Ｎ Ｎ bis i(JO \'Iird cine ein5p.iticw Herlr,lunq dur'dl die er':iten 15 Scl1l11utzstoffe
. I) c.

nach Art ､ ｴ ［ ｾ ｪ Ｂ ｫ ｯ ｲ Ｚ ｾ ｰ ･ ｴ ｩ ｴ ｩ ｶ ･ ｮ Hem:11Ui1Q Ml'lenorri,)21l. Die Konstanten ｡ ｾ k' ｉ Ｖ Ｚ Ｚ ｩ ｾ Ｒ Ｐ Ｌ
I , I

?:ok::d7, \ilWdf;il dabci ebenfulls entsprech£'?nd(A.I) bcstirnrnt; im Falle k=2

war auch das Intervil1l, aus dem die a. k Gezoqenwurden, dasse1bewie eben,
1 )

be-: den Ubr;qen l:Jr.rten 1ilq das Intervall (0.5, 50) zugrunde. Die ｐ｡ｲｬｬｭｬｾｴ･ｲ

I-iurdcn qemaf3

(,l\..5 ) 036 i :: 0 j 2 . Vi, .
b25tlmmt, wobei die v' Zufallszahlenaus dem Intervall (0, 0,06) darstel1en.

1
(D.h., die maximdlen Wachstumsratenauf der Basis dieserSchmutzstoffesind

im ｾｩｴｴ･ｬ qerinQer als oben.) Die Werte von a. 1 und aJ9 . wurden auch wie
1 , ,1

0;)(:11 ermittelt, die Ij'j in ｇ Ｇ ｉ Ｈ ｾ ｩ ｣ ｨ ｵ ｮ ｱ (A . .J) \'Iurden allerdinqs aus dem Interval1

(2,9) '1ClO'1en. (D.h. im ｾｾｩｴｴ･Ｑ wild mehr Substratpro Gramm neu entstohender
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llioillJsse vedn"jucht.)

FUr die Substrtit.e ｾ ｾ Ｒ Ｑ bis ｉ ｾ ＿ ｇ \'rit'd cine nicl1t ｉ ｾ ｯ ｬ ｬ Ａ ｰ ･ ｴ Ｂ ｩ ｴ ｩ ｶ ･ Ｑ Ｑ Ｚ ｾ ｉ ｬ ［ Ｚ ｮ Ｚ Ｎ ｭ ｧ (s. Abschn.

4.1.)·durch jev:eils cines vnn ､ｾｮ erstell 15 Substraten anqellomm211, die Aus-

\'whl des hen:iilcnden ｓｵ｢ｾｾｴｲｴｬｴｳ \'Jird dal;(d ouch delil Zufall Ubcrlassen.Die

Pat"ulil=terVierte o. 2' cl.;r: ., ii. 1 und iLr) .• Ｒ Ｑ ｾ ｩ ｾ Ｒ ｇ Ｎ \rJGI'dcn auf dieselbe
1 > ...u , 1 1 , ｾＺ "

ｬｾ･ｩｳ･ festqeleqtIde fUr ｈｩＺＺＺＺｩｾＲＰＬ dh1 \'Jer'te ai ,3 sind ZIl"Fid'Jszahlen ilUS ckm

Intetv(ill (0.1,10).

Von den Substro.tcnN;c Lris 1'L,O wird ("nqc'nOlTiiiJen, dat':> ihre AbbD.ukinetile dut'ch
'-U ...)

eine Reaktion bestinmt \r1irJ, die elureh Exoenzymekatalysiel't \t.,tird und del'

Ｑ Ｇ ｬ ｩ ｣ ｨ ｡ ･ ｬ ｩ ｳ Ｍ ｦ ｾ ･ ｬ Ｑ ｴ ･ ｮ Ｍ ｋ ｩ ｮ ｣ ｴ ｩ ｫ ｦ ｯ ｬ ｱ ｾ Ｎ Alle ｚ ｕ ｾ ｾ Ａ Ｒ Ｚ Ｑ ｯ ｬ Ｂ Ｇ ｩ ｱ ･ ｮ Pllrarneten-;el'te\'.'erden in

derselben\·Jeise bestilJ:lIlt ,·lie bei den SubstratenN16 - N20 , ｌｾ､ｩｱｬｩ｣ｨ die

vi in (A.5) sind jctzt aus dcm Intorvall (0, 0.2) gezogen.

Di c Glei chunaen,di e di e Veranderungend:::I' ｅｸｯ･ｬｩｺｙｉｩｊｉｾｯｴｬｺ･ｮｴｬＢｴｬｴｩ onen beschrei-

ben, sind sicher nur grobe ｎ ｾ ｨ ･ ｲ ｵ ｮ ｱ ･ ｮ fUr die ｴ ｡ ｴ ｳ ｾ ｣ ｨ ｬ ｩ ｣ ｨ ･ Kinetik der

EnzYill[)ildunq. lnllnet'hin beinhaltensie die plaus'iblen Jl,nnahliien, daB die

Enzyr!lsynthe$eunterbleibt, ,,,cnn die Konzentt'ation der le;cht il.bbaubaren

ｓｵ｢ｳｴｾｮｺ･ｮ N1 - N15 groB ;st, und daB die Enzymbildunqsgeschw;ndiqkeitbei

kleinen Substratkonzentrationendiesor proportional ist, bei graBen Substrat-

konzentrationen aber konstant wi rd. Die ParametervJertea. 2' 31==i==35, \'JUr-, ,
den wieder qenausobestimmt wie die entsprechendenWcrte in den vorangehen-

den Gle;d'lUnQen. Die vJerte a. 1 wurden dal'aus durcll f'lultiplikat;on mit einer
1 ,

Zufallszahl aus dem Intervall (0, 0.5) gewonnen,die Ubriqen ai ,Ie sind Zu-

fallszahlen aus ｾ･ｭ ｉｮｾ･ｲｶ｡ｬｬ (0,1). (Die Konstantena; ,1 sollten in den

ｇｬ･ｩｾｨｕｮｧｾｮ fUr N26 - N30 eiqentlich wesentlich ｱ ｲ ｾ ｂ ･ ｲ Ｌ in den Gleichun0cn

fUr E1 - E5 wesentlich kleiner sein 015 die entsprechendenKonstanten in

den Gleichungen fUr N1 - N2S; denn die KonzentrationenEi sind urn ｇｲｾｂ･ｮﾭ

ordnungen kleiner als die Bakterienmassenkonzentration.Konstanten in der

ｱ ･ ｷ ｾ ｨ ｬ ｴ ･ ｮ GrtiBenordnunq.erqebensich jedoch, wenn man sich die E. mit e;nem
, ,

konstantenFaktor»l behaftet denkt.)

Die Konstantena36 ,31 und a39 ,31 wurden in allen Rechnungen0.05 qesetzt.

Ebcnso \·/urden den Parametcrna37 ,2' a38,2' a39 ,34 und a39 ,35 so\'de dem Para-

meter a39 ,36 feste Werte von 0.04 bzw. 1.0 erteilt.
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Di<: SattirJl.In(jskonsｴ｡Ｎｮｴ･ｾＱｬ fUr d-ie ｆｲ･ｦＱｾＮｊｴｩｯｫ･ｩｴ der Z\'/ei Protoloenarten

(1/c 3;- 33 bZ\'l. ｬＯｩｌｾ｢Ｇ ＧｾｲＺＩ \'/urden als Zufallsli1hlen aus JOin lntenall (5,25)
:) , v ,,)J

qO;:Qqen, die f'laximalen ｲＺＨｰＮＢｾｲｩＮｬＫＺｦＮＺｮ (;;}3' 1/<1 3(. '33 bl.\'J. a,):.-, 1/ a36- '"'5) \>-Jaren Zu-
i 't ,-' " .. .....11..) , , ..)

fdlls,zahlen JUS der.l ｲｮｴｲｾｲｬｊｊｬｬ (0.1,0.5). FUr das ｖ ･ Ｇ Ｈ Ｇ ｲ ｬ ｾ ｩ ｬ ｴ ｮ ｩ ｳ ｾ ｩ ｡ ｣ ｨ ｳ ｴ ｵ ｭ ｳ ｲ ｡ ｴ ･ zu

ｾＭｲ･ＧｾｉＧｊｴＰＮ der ?rotozoell ｜ Ｇ ｉ Ａ ｊ ｬ ｾ ､ ･ eino fuFallsa'l! ,aus ､･ｬｾｬ Inter'jilll (0.3,0.6)

tH?nOir.,,,en. fUr d(;n S·}U2(':; toff'/e (Jl'uuch pro c:rressenerBak terienmdsseeinhei t

wurden ｳ｣ｨｬｩ･ｾｬｩ｣ｨ Zufal1szah1enaus dem Interva11 (0.8, 1.2) qezonen.

ａ ｢ ｳ ｣ ｨ Ｑ ｩ ･ ｾ ･ ｮ ､ 5011 noch einma1 betont werden, daB das beschrieheneModell

in erster Linie dazu diente, ein brcites Spektrum ｭ ｾ ｱ Ｑ ｩ ｣ ｨ ･ ｲ ｾ ･ Ｆ Ｑ ･ ｲ ｴ ･ a1s

Grundlaae fUr das Model1identifizierunqsverfahrcndes Abschnitts 4.2. zu

produzieren; es kafil also nicht so sehr auf die exakte [3eschreibl1nQjedes

ｅ ｩ ｩ ｬ ｚ ･ Ｑ Ｇ Ｑ ｯ ｲ ｬ Ｑ ｾ ｬ ｬ ｈ ｬ ｓ an. DaB die ｡ ｮ ｱ Ｈ Ｇ ｾ Ｂ Ｑ ･ ｨ ･ ｬ Ｑ ｃ ＿ ｮ Sch'dankunasbereicl1efUr die Para-

[ilet(?r rea1istischsind, 1i:iP.,t sich der Diskussion in /\bschn. 4.3. entnef,-

men.

Anhanq B Rechenproqrammzur ｾ Ｑ ｣ ､ ･ ｬ ｬ Ｌ ､ ･ ｮ ｴ ｩ ｦ ｩ ｺ ｩ ･ ｲ ｵ ｮ ｬ Ｑ mitte1s Quasilinearisierunq

Das inl fo1qendenbeschriebeneund ｷｩ･､･ｲｱ･ｾ･｢･ｮ･ PL/I-Proqrammberechnetauf-

qnJild des r·lodells aus Anhant] A die "t'lerMerte" in Abb. 4.6 b und bestiPlf'lt mit

dem Verfahren der Quasi1inearisierunqdie Parameterin den G1eichunqen(4.16) -
(4.20) so, daB die Lcisunq d'iesel' G1eichunqendie Ｑ ｉ ｾ Ｑ ･ ｂ ｜ Ｇ Ｚ ･ ｲ ｴ ･ Ｂ lTioqlichst aut (im

Sinne rlinilTIa1er .Ll.b\·Jeichunqsquadratsumme)reproduziert. Da der Proqrammablauf

im wos2nt1ichen linear ist, wird kein forma1es F1uBdiaqrammqeqeben,sondern

es werden die Anweisunqenbzw. Anweisunqsqrupoenfort1aufend kommentiert:

Am'ieisunqs-

nummer

3 Die wichtiqsten Variah1en haben fo1qende 8edeutunQ:

T ist die Zeit.

t·N entha1t die "r'lef3\'1erte" .

1M enth:3lt die Gewichte entsprechendGleichunq (3.21).

GX, PR, X entsprechenden Variab1en Xr' Pr , c
0' c1 ... clO in den

G1eichunqen(3. 15) und (3.17).
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r,. B, C

G

co

FH

GH

R

ist die JtiCOb\-ltltrix fUt' dus entsprechrndGleichunq

(3. ]A) e: ｾＧＡ･ｩ terte 5),'5 tf:l:1 (4. J.6) - ({!.. cO)

sind ｨ ｏ Ｚ Ｑ Ｑ ｃ ｊ Ｇ Ｚ ［ Ｚ Ｚ Ｚ Ｚ ｩ ｝ Ｈ ｾ ｲ Ｍ u;li.l iniloInoqcner ｾ ｾ ｡ ｴ ｲ ｩ Ｉ Ｚ ｾ ｬ Ｑ ｴ ｬ ＿ ｩ ｬ sm"ic die Losunq

des linearen Gleithunqssystcms (3.20).

cnth':i1t die rcchtcn Seiten d2S entsprQChGild GleidlUnq (3.14)

en:,:';terlenSystems (4.16) - (4.20)..

enLhiiH ,j':0 ｐ ｩ Ｚ ｲ ｬ ｜ Ｎ ｭ Ｇ ｾ ﾷ ｕ ｾ ｬ Ｂ des kornplexcn FluiJn10dells

( in ｲ ､ ｬ ｨ ｾ ｮ ｱ I, a. I ｾ･ｮｨＡｈｬｴＩＮ. 1 Ｌｴｾ .

enthiilt in seine'il Gl'stcn Elerilcnt die Zahl der ｐ ｴ Ｎ ｾ ｲ ｩ Ｎ ｬ ｭ ｾ ｴ ･ ｲ des

1·1odel"ls (11.16) .• (4.20). fUt' die Schtitt.\h::l"te vot"geqebeni,/(.=r··

den. Auf Ck:fl folqendGn Platz",!) stehen die Indizes dieser

Parvmeter.die durch die Reihenfolge qeqebensind, in der sie
in -[ (5, Ｈ Ｓ Ｎ Ｑ ｾ Ｉ Ｉ ei nqeordnet \'/urden.

enthiilt die GE:'\·tichte diesel' Para.meter.

entsprichtdcm Indax n in Gleichung (3.15).
ist die Zahl det' abhtingiqen f10dcllvatictblen (einschlieBlich

der Parameter).Sie ist im vorliegC:lickn Fall 23.

4-52

53-81

82-110

Das Unterproqrammberechnetdi e rechten Seiten des komplexen Fl uB-

modells (s. Anhi-lng A)

Berechnetdie r'echten Seitr::n des Gleichungssyster;:s(3.18) und ＨｫｾｬＢ

GleichunqssysternefilrP
r
(t), ｣ ｾ ｯ Ｈ ｴ Ｉ Ｌ c-1(t), ... c

r
_1(t).

Mit di esem Untcrpl"ocltormn wi nJ ein Runqe··J(utta-I nteqrationsscllritt

fUr das Gleichun03system,dessenrcchte Seiten F1 berechnet,ilusqe-

fUhrt. Gleichunqen. in denen auf der rechten Seite 0 steht (und die

nur der Obersichtlichkeitdes ｐｲｯｧｲ｡ｾｮ･ｳ wegen erscheinen)werden bei

der Rechnunqausgespart.

111-169 Es wird die Jacobi-Matrix berechnet.

170-181 Berechnetdi e rechten Seiten des Systerns (3.14).
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182-18(3 ｾ Ｚ Ｑ ｵ ｬ ｬ Ｚ ｩ ｰ ｬ ｩ ｫ ｡ ｴ Ｍ ｩ ｯ ｮ ･ ｩ ｮ ｬ ｾ ｉ Ｇ :<i.)tr'ix mit eineril \fektor.

ｾ Ｇ ｌ ｸ Ｚ ｩ Ｍ ｾ Ｑ ｡ ｴ ｲ ｩ ｸ 13, die ilb d2i" i'i'f-ten Spalte neben Einsern in Jer Haupt-

di-lrwnalen nut iiullen auf'vlcl"ist.

202-207 Zufallszahlenneneriltol·.Es wird das multiplikative Konqruenzverfahren

｡ ｪ ｾ Ｈ ｾ Ｈ ｾ Ｇ ..,aildt. Es ｜ｾｮｴｳｴ･ｨｴＮＺｮ ｱＭｉｉＧｾＧｩ｣ｬｬｶ･ｲｴ･ｩｬｴ･ Pseudozufallszahlenim Inter-

vall (U, 0).

213--271 ｩ ｫ Ｇ ［ ｾ ｨ ｮ ｬ ｬ Ｑ ｵ ｬ Ｉ ｱ dt'2l' ｐ ｡ ｲ ｡ ｭ ･ ｴ ･ ｲ Ｇ Ｌ Ｇ ｬ ｩ ｾ ｲ ｴ ･ fUr d"s :-·1oc!ell des kouolexcn Flusses

(l\nhan(J A)

272-284 l3estililll1unq der (-Infanfjs\·/crte fUr' die Variablen di2ses ｲ ｾ ｯ ､ ･ ｬ ｬ ｳ Ｎ

285-286 Ausdruckcn der Parameter-und Anfanqswcrtedes komolexen Modells.

28J-315 Intcoration der Modellqleichunqenaus Anhanq A und Berechnunqder

"fehlerfreien ｲ ﾷ Ｑ Ｒ ｦ ｾ ｜ Ｇ ｬ ･ ｲ ｴ ･ Ｂ fUr Abb. 4.6 b. D<1S Element r·t\'J(2,O) enthiilt

die Summe Uber alle N. zur Zeit T = 145 h. Dcr Wert wird als MaB
1

fUr die innerhalb von 20 h UberhJupt nicht abbaubareSubstanzqenom-

lTIen und von ;!:,;..J (I,;}.) subtralliert. Die l-let·te dr::r abhanqiqenVariab-

len zu den l2itpunkten T = 20 und T :: 145 \'Jerden Jus'Jedruckt.·

316-332 Es wel'den die ｇ ･ ｾ ﾷ ｊ ｩ ｣ ｨ ｴ ･ entspredlendGlcichunq (3.21) berechnetund

die ｾ ｬ ･ ｲ ｴ ･ in fl1\'! mH einem zuf2illiqen Fehlef vcrsehen und ausCJedruckt.

Die Fehler sind normal verteilt mit einer Streubreitevon + 7.5 %

des ｍ｡ｸｩｾ｡ｬｷ･ｲｴｳ der betreffendenVariablen.

333-360 Festleounqdel' ParaMeter, fUr die ｓ ｣ ｨ ｾ ｴ ｺ ｷ ･ ｲ ｴ ･ ｶ ｯ ｲ ｾ ･ ｾ ･ ｨ ･ ｮ werden, so-

\<lie c.ler entsrrechenrlenｇ ･ ｜ Ｌ ｬ ｩ ｣ ｾ ｴ ･ Ｎ '.'orqabe von ［ｾ und eillirJen HiHs-

qroRen.

.... .-
361-390 Festleounq ､ Ｈ ｾ ｲ AnfarlCls\'Jertc fUr co' Xi und Pi (s. ｇ ｬ ･ ｩ ､ ｾ ｵ ｮ ｃ ｊ ･ ｬ ｬ (3.17)

und (3.18)). ,
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391--435 ,[)c\'CChnuliq der c'" (0) ･ ｮ ｴ ｳ ｲ ｲ ｣ ｾ ｣ ｨ ･ ｮ ､ celli VorQ0hr.n in i\bschn. 3.2.. ｄ ｩ ｾ
n

Kocffizienten dcs Gleiclll1lllj:.systr.:>ms (3.20) ｾ Ｚ ･ ｲ ､ ｴ Ｚ Ｚ ｩ ｬ sui'.zessive.von

MeBpunkt zu MeBpunkt ｦｯｲｴｾ｣ｨｲＰｩｴ｣ｮ､Ｎ ｡ｾｦｾ･｢｡ｵｴＮ (Anweisun1en397-404

fur ｔ ｾ Ｌ 0, ａ ｴ Ｑ ｜ Ｂ Ｚ ｣ ｾ Ｍ ｩ ｳ ｵ ｮ ｱ ｣ ｬ Ｑ Ｔ ｊ Ｎ Ｗ ﾷ Ｇ ｾ Ｍ Ｒ Ｒ Hil" die iibr;qcn T··\,Jt:t'te.) Df?r 8eitt'aQ

der ｐ ｡ ｲ ｡ ｭ Ｒ ｴ ･ ｲ Ｍ ｍ ｾ ｮ ｷ ･ ｲ ｴ ･ Ｈ ｓ ｣ ｨ ｾ ｴ ｺ ｷ ･ ｲ ｴ ･ Ｉ zu den Koeffizienten w;rd ;n

den /',!iI'IeisunoEn IJ24-427 ｢ｴｾｙＧＨＺＬ｣Ｎｨｮ･ｴＮ Das extetne Untcrproqrarlm f1INV

bcreclinet das Invcl'se dcr ｮ ｾ ｴ ｴ ［ ｘ A. Es ;st die dOPDe1tQenaue Version

eines Unterpro(p·}!1:J15 (iUS dC'in "Sys tem/3GO Scientifi c Subroutines

Packiiqe (PL/I)" von WH.

Die Rechenzeit d25 Pt'oqnlrnms ｢･ｴｲｾｩｱｴ auf der IBtV370-165 ein;qc f·'inuten.

(Eine qenauet'eAnqabe ist n;cht moqlich. da die Rechenzeit(CPU-Zeit!) stark

von den anden!:1, zur ql ei ｣ ｨ ｾ Ｑ Ｑ lei t b20rbeiteten Proqrammen c1bhangt.) Nach

den 10 im Proqramm vorg;;sehenenItet'iltionsschrittell vel"andern s;eh die Kom-

ponenten von c· (0) be; \'lei ｴ･ｬｾ･ｮ ｉｴ･ｬｾ｡ｴｩ onsschrittcnurn wenigel' a1s 5 %.
n
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<", ＨｾＧ I PI, Ie 1 ! ｾＧｲ T ｾｊＧｾ

( rw, "J'FR,: lJ1\·/1 :
V(",: : ' ;: i) C : jt) T I lj 'I c: ( I)" T '1 1 ;

2 [1 fJ ｾ r: :- II ｾ Ｚ ( " " (" ｾＢＧＬ I ' r") I! ' ｊｉｾ <" r Ｎｾ ｾＺ ( 11 I) ;
"' f1Cl Ｈ ｹ Ｌ ｅ Ｚ ｮ Ｈ Ｂ Ｂ ｔ Ｌ Ａ Ｉ ｾ Ｎ Ｌ ｜ ａ ｉ ｉ Ｈ ｲ Ｂ ｦ Ｉ Ｚ Ｈ ｾ Ｈ Ｉ Ｑ Ｌ ｈ ｉ ﾷ ｊ Ｈ Ｂ ､ Ｌ Ｈ ｖ ｉ ｉ Ｌ Ｇ Ｈ Ｑ Ｈ ｩ ｮ ｬ Ｉ Ｌ ｙ ｊ Ｈ Ｇ Ｎ ｉ Ｑ Ｌ Ｉ Ｉ HlfTT,\! ((1110)").

, I 1 , 'J J , l I ( J 'A • t,) ( '"! 1 , ? ., ) • ( ｲｾ ,r , r, , r;: i I ( .':' "' ) , r: 0 ( ,q, 1 q) ,q,V -.\ ( 1 I , q 1, t'? ,
r:,: ( '"! 1 , ?3 1 Ｍ｜ｾＮ c: ,: ') r i" ) , r.: r; X( :) 1 , 2 3) [1 ｾＬ (' " n (1') fl ) ,

ｐｾｐＱＱ !1,\<:r::1(:n'l, ｲ Ｎ ｏ ｑ Ｈ ＿ ｾ Ｑ ｾ Ｎ ｜ Ｂ Ｚ ｾ ｮ ｲ ｬ ｒ ｐ ｉ Ｌ

X( 0: 1:). 2 Ｎｾ ) ｾ \ ... ;: '1 ( I:. D ) f nX( :): In, J 1 ) n \ ｾ F i) ( q t:'. (l I ) r I. [1" T ( 1 c; I ,
( J , I, ": , I. 1 Ｎｾ 1 'I , •JｾＮ , N/) , ｾ ｾ ')N , ｾ V, Ｈ ｾ ｬ ｬ Ｇ Ｌ \J ｾ I ) ( , "1 ) , l' , FIl ( ｾＱ ｾ ;>"' I ;
XI ( ｾ 1 : 2'j I) f I Xr: '1 '\ I ;'\j '" Ｇ ｾ y ,

IR Ａ Ｇ ｉ Ａ ｾ ｕ ､ Ｎ ｬ ｊ ｬ Ｑ Ｑ ｦ Ｌ ＼ Ｑ ｾ ｜ Ｉ F'f'{ED l"lTl\J.,\PY(11,')),
,I T ｾ J1/ 1: 'J T ｬｾ Y;

4 1
'; )

(,
.,

7 ｾ

P ?

'J
.,

10 ｾ

1 1 Ｚｾ

I? 2
1 '"1 2 1
14 ? 1
1 c:: ., .,
1(, ? )

17 ? 1
1 II .,

'-
Jq 2 ?
2 ｾＮｾ J .,
.J 1 1. ;:'

?2 ?- ?
." .,

?"-
,) Ｈ ｾ 2 1
75 .,
?6 .? 1
17 ? 1
? >1 ? ':'

1q ? ?
lC ")

11 J.
ｾ ｾ 2
""J .,
'Vt :?

r n: D D 'J r ｾ :)' Jl:' f: ( T ! Y , :1Y ) ;
:W I. IT, Y( Ｌｾ 1 • n y( Ｂｾ ) ,I I , : I 1, I , ｾ I r- l. r" T ( 1 ') I ,

(T ,1\1';) fT'{::') ｮ ｆ ｊ ｜ ｾ ｙ ［

>J 1 :-: V ( ｾ A ) Ｇｾｙ ( 1 ｾ l / ( I ..C'1 ( 1(, , ,1 ) ,',Y( "J, nI ) i
II?= V ( 1 f)) ': V ( " f1 ) / r 1 } r: () I 1 '), ｾ "i ) '" Y ( 1 (:,) ) ;
n V ( v, ) =,,- r: ,1 f ｾｈＩ ,3 1 l".ty r 'H, 1-C:) I V. , 1 ? ) "'! H - C') I V." 14 ) >!< H::- ;

ＧＩＮｾ r ｾ 7 ) :-: r 1 ( 1 7 , 1 ) "-: \1 i - r ') ( "1 7 , ;> ) ,.. '( I ＧｾＢＩ ;
')y("''' ) :-: c.){ 1'1, I ) ", H ;J - r: ) ( 1q , 1 ) " Y( ., n);
')Y ( )'») -= -,C') ( :n , 1 1 ) f: 'I ( 1 A ) - t- " ( ., ':l , "'l ., ) ｾ In - C0 ( ｾ 9 , ., , ) 1< fP - r. () ( ｶｾＬ 1 Ｈｾ I ｾ V ( :n J

- C'J{ 1q , v, ｉ ｾ ｙ ( "' ｾ I .. I-·r\( 3 '1, H,) Ｌ ｾ ( q <: - Y ( Vl) J ;
ｮｾ '=1 ｔ ｾ 11 ｾ ｹ "i;
ｈ ｾ 1 ;
1)0 '<=1 Tl 5;

H =H" r s( . ,v. .. 1 ) :" Y ( , + ｉｾＭﾷｬ ) ;

ｾｾｬ n;
H:::I/H;
nl) !(: 1 T'l c;;
ｎ ｾ ］ ｔ Ｋ ｉ Ｈ Ｍ ｉ Ｚ

rw ('JH) c:-(' J ＨＧｾｩｬＬ 1 )..,y (1\11) ｾ Ｌ ｹ ('1 n J ＢＧｉｾ［

r;y (1 f,) ='lY r V, 1- r ':1 ( 16, 'JlII'qy Ｈ ｾ ｾ ｈ Ｉ /r '1( ｾ Ｇ ｩ Ｌ 11 ;
r. y ( 3 <") ) := I) Y( 3 q) } UJ( l' , .JH ＧｾＧｬ Y( "JH ) I r. J ( N1-', I 1 ;

F ｾ /') :
ｆｾｊｲＺ［

qr) I=1A T'l ?0;
H=lt-r:n( I, ?I:"Y( T);
'1C 1(=1 T I I'>;

H=H+(C( T, ""1<,) ,-, VI Ii'.l ;

eNC;
f) Y ( T ) :-:-r: .)( T ,1 ) ", Y( T J,,: V r -', f., ) /',;

rw ( 1'.,) =l)Y f 3 £> ) - r n ( 1f:J, J ) Ｌｾｮ V ( I I / r \.( { , 1 I ;
f) y ( ., q 1:-: f) Y( 3 '1 I .. r ,) ( ｾ l) , T ) of: I) V ( T ) ! r: ｾ ( r , 1 ) ;

FNn:
In f=21 "'11 ?7;
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f") Y ( T ) ",-- r " ( T , I l ol. ':' { I I ｾｾ y { ..ｾ f, I I ( ( 1+ C0 ( r , ? ) ｾＬ Y ( T) I ,,{ lie0 i [ ,<; 1 '* Y ( x I ( I ) ) l } ;
Tf ( V J ) ::: lV ( :'\() I _. (() ( Ｎｾ (, ,T) ;" rIY t 1 ) / r rl( ｾ , 1 ) ;
f")"y ( -. s )=I) Y( :. \} I {- r C( Ｎｾ <1 , r ) ,', r-, y( J ) f C. 0 ( r , I. l ;

trw;
IFI T'" 2 f) .,.n 3 f) ; .

f)V( I ｽｾＭ｣ｮＨ 1,11";'.'( r l"'V( T+'j} I( l+rn( r ｾＮ＿ｬＢｙＨ [} I;
flY ( V) } =-' lY ( Vl ) - r: 0 ( '; () r r ) ,;: DY ( 1 )1 r. 0 ( T , 1 ) ;
f) Y(, S1=-')Y! Ｎｾ Ｈｾ 1 i· r. ell q , I l ｾＮ Ii Y{ J I I r: 0 ( T , 1 ) ;

EN C;
:1rl r"'31 TfJ Yi;

H= i ;
[) C \( '" 1 or;1 1 'i ;

H:::IHCOI J ,f(-t'-";"<Y(!();

E. ｲｾｊ q ;
DY IT) =C') ( T ,J ) ", Y( 1···5I I I 1 {. C0 ( I I :' ) :':v ( Tｾ 5 I i ｉｉｾ >!:Y I 36 l ;

r: ｾＧＮＺｲＧ ;
i",f'TIPN;
DJD i

Fl: Pl1[1CF.P'JRE (T,Y,[;V);
Ilr.L ＨＡＬｙｉｾｉＬｲＩｙＨＪｬｉ FU1AT (1'»,

(1,1(] FIXUl Ｑ ｬ Ｑ Ｇ ｾ Ｇ Ｇ ｖ ｗ ［

rIP =A[) :) f' ( Y( 1 ) 1 ; ') r: p Ｌｾ ,\ f1 I) r ( rw (1 l ) ;
ｐｐＺｨｾｾｾＨｙＨｾＰＩｽ［ ｏｒｐＺｾｮｮｑｦｾｖＨｾｑｉｉ［

Sf>=- o\ODIH V( NI1'j II ; f)":o= ｦ ､ Ｉ Ｇ Ｉ ｲ ｾ (OY (Net-! I 1 ;
f, H L .J /' Cｭｾ T (X ( Q_.) Ｌ ｾ Ｇ I , I"\) ;
Ｈｾｌｌ ｍｍｾｓ ＨｊｍＬｾｘＬｎＬｾｖＬｮｓｸＩＺ

CALL ｑｾ (XiC'-l ,:"cl Ｌｾｉ［
r ｾＮ Lt ｾ ｾ Mr;" (J ｾ Ｑ t P r< _. xI ｾ - 1 , t, I ,'\'I • nrl p ) ;
1)11 T=l Til ｾ ｎ ［ :)PQ.(!I;:,OPP(T)+ GIl); EtHl;
I r p '> 1 TH ['I r:\ I. L ｲｾ ') f '( ( I) ,'" 1 ,S} ;
1) '1 1 -== 1 -T '1 ｾ JV; ')x(0, I 1= S ( I); E>.J I) ;

Of} IC':1 T'l q-l;
C"I.L JhcnlJT (X(I<-l,""),.I'1I;
TF K>l Tllr:N r/'lLl. P.":IXII(-l,'\l,SI;
C ｾ t L ｉｾｾＮＢＬ［ II f .J '1 , X( K ＬｾＬ 1- )( ( ｾ -1 ,'" ) • "J V, ｾＩ '< ( K, 1l: ) l ;
on 1=1 Ti) ｾ ｎ ［ nx("., 1 l=nX(l<'., I )+r,( I); END;

FNn;
ｰｲＭｔｉｊｒｾ［

ENO;

'14
ｰｾ
.?

fl6
97

l PK: ｰ ｱ ｦ ｝ ｲ Ｎ ｆ Ｎ Ｇ Ｉ Ｇ ｊ ｾ ｆ (T,fl,V,N,l=V-T);
, nCL ｆｾｔ ｅｾｔｒｙＬ

ＨｔＬｈＬｹＨＪＩＬｈｈＬＨｾｙｬＬｾｙＲＬｮｹｾＬｾｙＴｽＨｎＩｽ

ＨｾＬｔＬｾｬｆｔｸｲｮ ｾＡｎｾｾｙ［

2 HH=-H/2;
7 rALL ｬ ］ ｋ ｔ Ｈ ｔ Ｌ ｖ Ｌ ｾ ｙ ｬ Ｉ ［

? nn r =-, Tn Ｎ ｾ '1;
2 1 1)0 I( ］ ｾ Ａ ｊ ( lITO NO ( I 1 ;

FLO.H(l'>l,
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Ｇ ｾ T \I T I, ,. \J ' I ｾ

n! ., Y L I ( ,( ) = '( ( >-: ) to ｾ PI" ') '( 1 { Ｌｾ 1 :

"

r ',J":
( Ｎｾ L. L r: 1/ i r .,... , \/ ［ＮｾＬ ", ,,' ?) :

')1) T =1 ,- 1 j',!;

" " ＧＯＬｾ 'j' I ( TIT '1 '! '.' ! • ) ;
? Y If ( v 1=Y (V. 1 to Hi I c"', '(,' ( v: ) ;

)

! F'lf1;
ｾ ｦ Ｇ Ｇ Ｇ Ｇ Ｇ Ｇ ｑ Ｇ ｊ ［

FNO;

r t\ 1. L r: :r" ( - , Y If , I) Y3 ) ;
'1n I = 1 r 1 •) Ｇｾ ;

l. "'1 1I,='l!!(TI 'r) ｾ ｊ ｮ Ｈ ｉ Ｉ ［

;> y, f ( II 1 = Y( '<) Ｋ Ｌ ｾ ｾ f) y ｾ ( :< ) ;

:> FND:
I r:W1;

(l\LL 1="."1"( -:-, YY ,'lY(+>;
rn 1"' 1 T"1 'F1:

'1 c v. =',; I '( r I ｾ 'J 'j (; ( r ) :
Y ( y, J -: Y f v ) i- I I'" ( I) Y l. ( v ) + ?'" ( '1 y .., ( \' 1 t- f) Y ＧｾＨ K.) ) ... '1v 4 ( :t 1 ) / f, ;

f. ｾ［ I) :

)

)

'J

..,

;(

Ｌｾ.,
;>

2

lrn
1r: '1

1': ')
t}':'

1 ....., It

'1 7

'1'3
Ｇｾ q

1:; ':
1:1 1
l. ｉｾ .1

, ,') "'

. .,
I • .'J)

1 I l-
ll?
1 I 'I
1 1 4
, 1 ｾ

•• 'J

11 "
1 1. 7
11'1
1 1 'i
1 ｾ n
In
1 'J ｾ

l!1
t?4
12<'
126
1 ., 7

11'3
I?CJ
ＱｾＱＩ

131
] .., ?
P'I
11'.
I -:l 'j

1

.,

)

')

ｾ

Z
1..
.l

2.,
?
ｾ

2
,:?

?
?

"
-,,-

J,\rf)II: Ｑ Ｉ Ｚ Ｌ ｾ ｉ ｲ Ｚ ｆ Ｉ Ｇ ｉ ｒ ｅ (X,!);

n r ! (X(ic:I, Ｑ Ｈ ｾ Ｇ Ｌ Ｇ Ｇ Ｚ ｬ ｴ ｬ ｪ ｊ ,'P,H -;,:I'"H';) ｲ Ｍ ｉ ｊ ｊ ｾ ｔ Ｈ Ｑ Ｕ Ｉ ［

Hl=I/( X(?) ｾ Ｇ ﾫ Ｈ 1');
If Z = l. / ( X ( Ｇｾ ) +x( l. , ... x(? J ) ｾ x( 1 , , :
ｉｾ ".\::: 1 / ( '( ( 1 I I {- X( Ｇｾ , 1 :
ｾｪｬｴ :: X( I 7 1 / X( f:, I :
H 'l ::: X ( ! '1 ) /" ( ［ｾ 1 :
J ( 1 , 1 1= - '( 1 " ) ,', '-( ( 1 (l , .., x( 1 I ,,: X( 7) -It ｾＬ 1 :« ｾｉ 1 ;
I ( 1 , , J= - '( ( ｾｊ ) ,,: ':< ( J I) ) '': X( 1 ) -It. 11 ;
J ( 1 , {, I ",- '( ( 1 0) '" x( I) ,- x( 'I) "< HI;
.I( 1,7)=-,-J(1, 1 )'-"'«11/'«7);
.I ( 1 , 1 :) ) =I ( 1 t f., ) .', X( ,,) I '( ( 11 ) ;
.J ( Z, l ) "''< ('J I ｾＬ '( ( 1 1 J ｾ '( ( .! , ," '< ( ] 1 ,;, H ｾ Ｌｾ H ') Ｌｾ x( ;) 1) :

.J ( 2 f ? ) =-.J ! ? ? l. ) " ( '< () 1+X( ? :I I': x( 1 I ) 1 ( X( ? I ｾＺ x(21 ) ) ;
I ( ? , 1 ) "'- '< 11) -:< XlII) ,', x( 2; Ｇ ｾ Ｑ Ｑ 1. ;
.J ( 2, g 1-=.J ( .' , 1 ) "'x ( 'I ) 1 '< ( (3 I ;
.I( ?t'l) =J(:>,1)/'«71);
J ( ? , l I I=:,J ( ;) ,1 ) -.j< x( '1 ) I '< ( 11 ) ;
J ( ? f? -; ) =.1 (2, ') '''' '( ( 1 ) ｾ

J ( ｾ , 1 ) :=- I ( 1 , 1 ) I X( 6) - I ( ? , 1 , / X ( (l) ｾ

J(l,21=-J(1.,,?)/X('l); "
./ ( ., ,q ,,-J ( ! , 11 / x(6) - I ( ;' ':l. )n (.Ii )- X ( I? ) "'i( (} Cj ) *x('.j i: X ( (:q/'" In'" H1-X ( 14 ) :
.f ( ｾＬＴ J Ｎｾ - 'l. ( 1 2 ) ｣ｾﾫ 1 ｾｩＩ ｾＧｘ ( 1) #H' ;
.1 ( "'I , 7 ) '" -.f ( 1 , I ) I X ( f, ) ;

J ( 3 , 'J ) =- J( ?, 'J> 1'( ( H') ;
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1 ｾ f, ')

1", " ?

1 "'3 2
1 ,Ii ?

II. () '}

lit I ?

) 4 2 '}

) I, Ｇｾ 2
II, i; :'
lit I:; !:
, 4 I)

..,
I', ., ?
II, >l ?
1 I; 'J ?

1 ｲＬｾＩ ?
1 r:; 1 ..,

1'5 ?- ?
ＱｾＳ ?
1 'i 't

..,
/,

ｬ Ｇ Ｉ ｾ Z
1 "i 6 ?

)':i7 ?
l'iP 2
ｾＬ ') 'J ?

1£,0 ?
u·} ?

16 Z 'J

1C\ ｾ

1f, 4 2
I f) <; ?

)f.A ?

I 1,7 2
11)8 2
1f,g :?

171; 1
171 ?
172 2
In ?
174 2
11') ?
17(, ?
177 Z
17fJ ?
17<1 2

110 ?
f.

l'31 2

I ( .., , 1 'J I =0 • J ( 1 , 1 J I / X( I, I ;
J( 1,111"'-.1(',lll/X( '11;
1 ( Ｍｾ , 1? ) ,: ; ( ＢｾＬ ,i. 1.\ 0: (It) ! V. ( ) ;' ) ;

Jr" , 1. ｾ ) :.; - .I ( ". I I, 1* X ( I, I :'1.1 1 ;

.1 ( Ｇｾ \. 1 /1 ; ,,- \ I .\ ) ;
,( :- f I ') I "'" J ( '. I J ", ) • ＾ｾ {, ? I I \: , 1r, J ;

.j ( 3, ＿ Ｇ ｾ I ::-J I ｾＩ ｾ ;1 '. I" >< ( 'I) :
J ( I., \. '\ ) =0 X( j '; ) :': X( I, ) 7,X ( I '\ ) ,0: In:', H." :
.J ( I, • I. ) :.;- Jr '), I, 1 I XI 1 ;' ) •• Xi I (, I ;
J ( Ii , I ." ) ",.. I \ 4 r' )." y ( 1 ) / }: ( ) ＭｾＩ i
.J ( /; , 1 ')) Ｌ ｾ Ｎ Ｍ ..I ( -; ; ! " ., / X( 1 'i ) ;

.j : ,', , tt, I " - X( Ii ) ｾ

I ( r, , 1. ) ｾＺ J (1 , 1 ) .',' I h + J i 7 , 1 1 ... q"; ;
! ( '; ; ? i " .J I / r ? \ ;' I ; "j ;

I ( rj ｾ ｜ ) '" .J ( 1 • 'j ) :, 111., .:- J ( '} t ... ) ", I1'l-.I ( 4, Ｎ ｾ ) "y. ( 1q I - X( 2 ') I ,'" X( 11,) ;

I ( 'j • I.) ::.J( Ｎｾ • 1 ｾ I j .".{ ! j Cl I 'X ( 4 ) .. X ( ? 1 ; i.t l( ( 1 r-, I ;
J ( ') 1') I ::-}: ( :'? I ;
J(li p ·')=,]ll,7}t,;q.;.;

J ( j', , Ｈｾ ) == J! 7. , q ) ':'1 I c; :
I ( lj i 1 [) ) =.J ( 1 , 1. :) 'J "!-l4 ｾ

.1 ( OJ t 11; =.1 ( '1 t 11) >',1-1');
.1( ') d 'I ) ::: - J I I, t 11 I ... X( 1 » ;
ｊＨｾｦＱＴＱＺＺＺＭｾＨ＿ＱＩｾｾＨｾｉＺ

J ( ", v 1 t:; ) ::- J f 4, 1 "j j '< X ( 1 t) ;

J ( " , I. (, ) ＬｾＭ J( r '} 1 ) ,', X (It I :
.J ( 5, 1 -') =: J ( " r (, I ;
J ( '), I. '1) =J ( ｾＬ :'l I ;
II 'i t 1. ') } == ,I ( '\ , I ? I ;
J ( ') , 20 ) =- X( 1/+) 'c .'( ( Ｎｾ I ;
,I ( ,) , '} 1 J:-: - X. ( I!' 1 Ｇｾｘ ( 4 ) :
J ( ｬｾＬＺＧＧｬ ='1 r , ._ X(r'd :
.1 ( '),211:::1( 2 t 7., ＱＧｾＨｈｲＬ［

:)[-rLJDN;
ｦ Ｚ ｾ ｜ Ｑ n;

Dr,: PP'lCT':q'Ii-'t- Ｈ ｾ ｾ ,(;):

'):.1 (X ( ｾＬ I , ｾ［ ( "'I? III ,i' ? ,If 11 J= I. (J \. T ( 1 c:; ) ｾ

HI:: X( 1 ) 1 ｾＧｘ ( 1 ) ｾ X( 1 ) I ( X( 7 ) {. X( I. ) I ;
l{ ;>::: X( 1 1 ) ": X( ? I ,': ': ( ". l / ( rq I to X( Ｇｾ I +)( ( ?") 1.:-: X t 1 ) } ;
H'3 = X( 1 'j I ｾＧｘ ( 3 ) *- Xr L, II ( X( 1 Ｎｾ ) -I- X( 1 ) ) ;
r. ( 1 ) =.- X( 6 I '" I H ;
r, ( 7J ::-:-. ;( ( ,) i, t 17 :
r, ( Ｎｾ ) :-: H1 ｾＮ q 2 - X ( 1. 2 I ;. f1?- •• X ( 1 't I i, X ( 1 ) :
r, ( I. ) '" H ' - '< ( 1 f,) :', '( ( 4 J ;
r, ( 'i ) =- X( I. 7 ) :>, i 1- )I ( 1.:3 ) Ｎｾ II ? - X( 1 1) * ｈＧｾ - X( 2 () I ｴｾ X( 14) i: >: ( 1) - )( I ｾ 1 ) f< -: ( T6 ) '" \( ( It 1

ｾ X( n ) ｾＧｬ W,..- X(') ) } ;
P. r:T' JP. /II;
pm;
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1 :! ?
, '1 ｾ .,

1 U " • 2
1 l :;

1. l ;', "

: :·1 , .,

1 'i;1 ?

I' ' , r: \,' ｾ (l ｾ 1 ｾ '": ,)' '" r: ('" ,'l , ｾ I , r: I ;
ｾＩ r I. (t.! ", , ,': I , " I Ｌｾ l , r I Ｍｾ ) I ｾ I,. '-1 :\ ..,. ( 1 'i ) ,

(:1, II ICr'/i:" ｾ ｾ Ａ ',E'Y;
i):l 1,,' T'] 'J;

r: ( ( I c, (', Ｂ ｾ ｉ ( \ ( T , :, I ·'::1 1 ;

1 ｪＭﾷＱｾＩＺ

? ｲｾ r 1jl,l 'l ;

r: ｾｬｬｾ ;

1';9
1')0

1. ,-, L

1 '17
I') ,

1q't
1 'l 'j

1 'J l,

If.}?
11,1
L., 'I

?r:e
?01

li) 3
1. ｩｾ 4
?') ')
? ｾ ()
ｾｮＷ

?J"
?P
211
n'i
?LA
2 1.;
1.7'}

e2l
ｾ Ｉ ＿ ?
?:.>1
??ｬ ｾ

V'i
2:?6
? " -,

22q
7.7<;
n')

",-

2
? 1
2

.,
:? ?
? ':\
? 1
'J ..,
Ｌｾ f-., ?., ?
",L.,

1

?

?

?
?
:?

1
1
1
1
1
1
I 1.
1 ;>
1

.,
1 ?
1 ..,
1 ?
I
1
1 I
1 1
1 1

:,1 ',1 ':; ＬｾＺ !J PI::: I::,:" ｾ ［ Ｌ J\I, C ) ;
1)1:1 ,\ I >:<, Ｇｾ l • P, ( ＧｾＬ ,. ) , r. I ＺＮｾＬ .) ) , <;) r- L n!\ T ( 1 5J,

(T,K,I,N,N"1 Ａ Ｎ ｾ ｊ Ｇ ﾷ ｬ ｾ ＿ ｙ f'!XFf)i
1)11 {=:1 Tn ｾ Ａ ｖ ［

ｦ Ｉ ｦ ｾ I< =1 ｾＧＱ ｾｊ［

S::.: 0;
r.n L" 1 HI tJ V;

') c= <: +-1'1 I I 7 L ) "';1 ( L, It,) ;

r: ｾｬｬＢ •
_", J t

!;= '(")' '4" T q;c I'J S= ': + ＬｾＨ ｾ , iI. ) ;

rll,Y:)'<;
r- \J ｾ ;

r-'H) ;
r 'I f) ;

( 'I') FT '( t= IVl 'Ii': ｾ ｾ r Ul",") :
ＡＧｉｦＺＧＭｾ ｩｊｾＢＨＧＺｲＭ｜ＺｩＢｲ［ (1',r11 ［ Ｇ ｟ ｲ ｾ ｉ ｉ ｾ Ｇ ｊ ｱ ｲ Ｍ Ｑ ',\"'Cl'JJ):
q,'L 1!1,r:1 ｬ Ｇ ｬ ｲ ｊ ｾ Ｍ ｬ Ｑ ｴ Ｌ ｬ ［

Ｗ ｾ =lQ Ｌ Ｑ ｾ ｦ Ｎ ｾ ［ ［ ｾ .j;

I r: [ co <:.. ｾＧｴ［ＺＬ 1 ! ｬｾ :: I'" .. .., 1'+ 7 It 11 <,1,7 to 1 :
!) f-= T ｉＧｾｾＧｊ ('!-I- T I, """. I.l, S/.',J 3 F.. '1 ", (J ,IJ) I;
r 'I i1 ;

[1'J l: r> Q 8P ｾＮ i ).\ ｾ !ll: P ,I : j) , J'" l r (' 1" In, r> , T , Y); r. (J T r; F'WE: ': NI) ;

(()"O;
n '; : ·1. 'J;
Dl,",ZllrUl,ll; ｾ ＿ ＼ ｉ ｊ ｲ ｌ Ｈ Ｈ Ｉ Ｌ ｴ ｊ ［

Ii': ( 1 ) ＢＬＬｾ [ I J( ') 1 , I), ') ) ; " \ 1 I ? ) '" ''. ｬｾ (' { IJ, ,-r 1 I ; "1-\ ( " ) " 1- "1 .\ X( R1 , ｾ 2 J ;
I) ') ! -= 1 Tf1 1 1 11'1 c;;

,;1 J If "" 1 ｾＺ 'j;

r. fll ! , K .1 J " l I 7. •IF !. I (1 • 1 , 7'1 ) ;
(. 0 l ' '" T ｴｯＧｾＢ 1 I == 7 1'F I ( 1 , \I'., ( I I '"i .. 1 I ) Ｎｾ (' 'I' T , I'. + 1 I ;
(' C, 11, T+ I'. - i ):::,71 I J' I I 1 , I, ) .', r. (l ( 1", T +11'. - 1 ) :
( (' ( Tt K"'! , 1 I :: 7 I JF I.. I ') ,/. I ": C:l( Ｇ ｾ ｦ Ｌ , T + I'. ｾ ﾷ ｬ ) ;

EN r;
[Wl;
')11 1=1 {, .,. J ? ,} ;
Cn(l,?J=lll' II=L('I.l ,,7'));
c() ( Ｎｾ (, , T ) "I! 1F I I ') , ." • () ,) )" r ;1 ( T , ') ) ;

r. :) ( ., '1, I l == ZI It: L' 1 , " ) ,',,. 0 C'\ I, , I ) ;
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'. T wi' L F V N"i

ｾＧｬ

ＲＳｾ

rn
214
!'i5
＿ ｾ Ｉ (;
?37
1313
2",9
7

'
t I)

241
Z't 2
Z'd
?44
145
246
?It 7
248
?4g
15r)
2'.:1
2'32
251
254
2'i'i

2 'it,
257
?'ii)
260
262
2e l ,

266
269
272
271
214
?"IS
276
277
2fJO
7,QI
784
2A5

786
l'n
?q?
z(n
ZQ4

/
Ii C0 ( J , 1 1::: l' j r LL' ,ll ｾ Ｌ ｲ '1 ( ｾ 6 ,1) ;

lIDO K = 1 Tr) I r; ;
1 2 CO(I,I<+21=i/7.'JfL(O.'J,"iO)i
1 ). ENO;
1 1 END;
1 on 1=21 Tn 25;
lIeC( I , 2 ) "- 11 ZI ! F l. ( I). 1 , .) () I ;
11 CO{VI,Il",ztJruo,o.O{;)*'::Olr,2l;
1 1 C0139,I)=7.1I FI.(1,'t)*COP.(.,U;
1 1 ｃｏＨｉＬｉｉ］ｾｚｕｈ｟ｉ［ＲＬｱｐｃＺｊｩ｝ｻＢｉｉ［

1 1 COll,3}:::lIJFl«().l,.l\1);
1 1. l(lCI1=lllFU1,16);
1 1 rNO;
1 00 ｉ ］ ＿ ｾ Tn 10;
1 1 ;e 0 ( '( , 2) '" 11 Z I jf- L 10 • 1 , ［ｾ 0 I ;
1 1 ｩｃｏＨＩＶＹｊＩｾｬｬｉｆｬＨｏＬｏＮＲｬＬﾷ｣ｃＮＱＨｪｩＲＩ［

II,cdI19,Il=lUr=Ull ld';-COf16,il;
1 1 ;C6(I,I)=ZUFLI2,91*C0(36,I);
1 1 ENf);
1 on I=11 Tn 15.
1 1 CO(I,?)=11ZIJFL(t.1,20Ii
11 fCIl,lI=lUFLII),0.')'·<f.'HI,21;
1 1 OC K=1 Tn 15i
1 ? CO(I,K+21=I'.JFL.{O,l);
1 2 EN 0;
1 1 END;
1 CO(':!6,311=:).I)<;i
1 CO ( 1() , 33 I == 11lliF L ( 5, 2'») : r.n ( 36, 32) =7. {IF l ( f). 10, 0. 50) '''C I') ( 3 6 , 13I ;
1 C() ( ＮｾＢ , ., ')) = 1 / II) H I 5 , ' 'i 1 ; COl 36 , ｾａ ) -= ｾ I JF L{0 • 10 , ,) • ') 0 ) ｾＬ｣ 0 (3 6 , 15 I ;
1 CO ( 37, 1 I == II 'FL ( 0 • Cl, 0 0 (, j ,', r: () I 3 6 , "3 ? ); c ') ( 17 , ;> J := r) 0 04 ;
1 r: 0 «3 8 , 1 ) == II' r: L l(1 • ｾ ,0 • (, 1,', r: 0 I "3 (, , 34 ); VI I 3 (l , 2 1=0 • 04 ｾ

1 ｲｏｻＳｧＬｾＱＱ］］ｏＮｑＬＩ［ ｃＩﾫＭｾｱＬＱ＿Ｑ］ＷｕｆｬＮＨＺＩＮＳＬＱＮＲＩＪｃｏＨＳＶＬＳＲＩ［ (0(39,341=0.04;
1 ｃｏｉＳＧｊＬＳＳＩ］ＡＮｕｆｌＨｏＮｦｬＬｬＮｮＪｃｏＨＳＶＬｾＴＩ［ C.O(3Q,35)==O.04; CO("3'),36)d.();
1 Ｔ｜ｾＨＱＬｃｉ］］ｏ［

1 on I -= 1 Tr) 30;
1 1 YII)=7UFLIQ,6);
1 1 ｾｬｈＨｉＬｃｉ］ＧＧＧｈｈｬＬｏｬｾｹＨｊＩ［

1 1 ｅｾｊｃ［

1 DO I == ｾ 1 Tn ?> 5 i Y I I I =(); r: Nn;
1 1·1ｉｾ () , 0 I ,Y I 36 ) == ') • () •
1 v( ｾ 7) == II JFL( 0 , () • ') I; Y ( Vl ) =00 5-v I '37 I; "'II./( '+ , n)== 0 • r; ;
1 ＯＭｩ｜ｈＵＬｃｉｾｹＨＮＢｱｬ］Ｇｬｲ［［

1 PllT Eon Ｈ ｉ ｙ Ｈ ｉ ｬ Ｌ ｃ ｏ Ｈ ｉ Ｌ ｾ Ｉ on 1=1 Tn vn) (F(9,3),SKJPd(13 ｆ Ｈ ｱ Ｌ Ｑ ｉ Ｌ Ｌ Ｌ Ｎ ｱ ｮ ｾ Ｌ

5K TP) ;

I PIIT rl')lT «YIII !)!l 1=1 Tn Vll) ISKTP,3 (n F(l),ll f C;KIP),C;KIPI;
1 T=0: H=O.05; ｾ Ｑ Ｊ Ｑ ［ NIHll=!; 1-1,',Jfl(1l=3Q;
1 on 1=1 Tn ?o:
lInn .1=1 Til 20;
1 7 CALL ｒｋｉｔＬｈＬｹＬｾＬｆｏｬｩ
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V:) ( f\ I) rl+ 1 1 :: ｾｾ ＡＮｾ (1 ,,1) '" 0 • c:; ') ;
V') ( "J ()' J+ 1) ::: -'HI( '. f rl) ;

v rl( r, ｾＧｉ +c:; ) :-: 'J • n; y1"\ (rJ") 'H ｾ ) = ., .''Jnk
Y ') I r I ＨｾＧ I I- n1<:? r. • r: : Y'J ( 'H:' ｾ +- '1 ) :: '" • ') ; I
VO('!()"+ll 1=7.'); ｙ Ｇ Ｉ Ｈ ｎ Ｇ ｉ ﾷ ｾ Ｋ Ｍ ｌ ｏ ］ ｬ Ｇ Ｉ Ｎ Ｈ ｉ ［

? 0 ; D"..,. , T ", " ('P-I( "" , U) (' KTO; r='Jn;
r: I j ( 1 ) =] J; r ｾｪ ( 'l I =') ; 1= H ( '" I '" 12 : r- I , ( " ) =1'. ; F fl ( 5 I:: 11 ;

FH(7).::ll; Pif'1)=n; I=H('))=??; PHlrJ):::l'); rH(1l)=?1;

2

(;14=0.003;
FP(":-:l>:-'i'); II:.:').",;
v=!1; ":=0: Ｌ Ｎ ｾ ］ Ｚ ｯ ［

ｾ I:.: ? 1 ; 'l') =N* ｾＬｾ +1 ; >'1 ｾ ｾｾ = '1"1 +- '" ;
ｾｊｖ］ｲ［［ ｾｉｊｬｉＱｬ］Ｑ［ ＺＧｬＧｬＨｬｬＧＺＧｊｾＺｾＡｖ［

rn T= 2 T '1 I 3 ;
1 ｾｉｴｊＨＡＩＢＧｾＧｮＫｾﾷｉＢＨｊＭＺ＿ｬ［ ｔｈｔＩ］｜ｊｬｉＨｴＩｩＭｾｉ｜ｉＭｉ［

1 Fr'lD:
YI) ( ｾｾ ") ｾｊ l == '\ '1( I , '1 1-(oc ｾ • I, ') ;

YO Ｈｾｊ ; 'IH· 2 I ］ｾ｜ＱＮＩＨ 3, I) I :
y,,( ｜ ｊ ｾ Ｇ Ａ Ｋ Ｔ Ｑ Ｍ ］ Ｂ Ｑ ｉ Ｍ Ｑ Ｈ '5 ,01;
Y!') I <\f') ｾ ｈ Ｇ 7 ) :: ｾ • () ;
Y I) ( ｗｾ IJ +1" I = I) • 1 7 :

1
1
?

ｬｾ 11 r =1 ＬｾＬＡｴＬ r:') ;

II ｜ ｾ ( r I = '1'.' ( I " ) ;
DlJ :<=1 'r) "J;

I F ｾｮＬｊＨ J , II: ) ) y •.q!l -;- Hr: I !I ｾ ,( r I ='H·I ( r ,": ) ;
r: ｾ f");
II 1 ::; II ',) ( I I ',.). 1 'j; H., = c•., ｾ ., '1 :1 /, 1PI;'
I1n It =0 T') 20;

7 V :
ｚ］ｾｉｉｆｉＮｉＭＧｬｬＬｊｴｬｬ ;
If. H?*FXDI-?:':( 7141) Ｇ Ｚ ｾ Ｇ ＿ Ｉ Ｂ Ａ Ｎ ｉ ｊ ｆ Ｇ Ｍ Ｈ ｏ Ｌ Ｇ ﾷ Ｇ ｾ Ｉ

Ｌ ｾ ｾ Ａ I T f K) '" '1 ｾ Ｚ ｉ ( T ,1-( I +- ｾ ｾ

2 E'HJ;
1 H I- ( J ) '" 1/H"j ( I 1 Ｌｾ f,? ;
1 ｲｾｊＡＱ［

on J=1 Til
FHIO)=ll;
FHUd=lQ;

1
1
?

ｾ T"T-+H;
? r: ｾｵ ;
1 qq{l,TI=,);
1 0(1 ＮｊＺｾｴ T ｬＭＭ［ｾＺ

:> I' '.-i( '! , r l ,,'I' ( 1 , T I ｾ "! I) ;
':J :': Ｇ｜ｾ n;
1 r,', '-,I ( 3 1 ｾ I :: Y { 3(, I; Ｌ ｾ 1 : { (. , T I ＧＮｾ v ( ., 1 I +Y( '1 fI ); H' , ( <", J I :: Y ( ｾ ｾ ) ;

1 ENI);
oUT f:rJIT «Y(TI fl[1 !:-:l Ti) Vl)l ('='KTr',3 (11 ｆ Ｈ ｃ Ｉ Ｌ Ｓ Ｑ Ｌ Ｂ ｾ ｉ ｲ ｬ Ｌ Ｈ Ｂ ｋ Ｎ ｲ ｐ ｬ ［

IJfl 1';1 T'l ?r,(1);
1 ( t\ l. L q i< ( T , Ii, Y , ｾＬｉ , P) I ;
I T-=T-+H;
I ENf):

PIn ('nIT «Y(!I DO T=l ''1 V})) Ｈ ｾ ｋ Ｎ ｉ ｬ ｬ Ｌ Ｓ (13 F(C),1),C:;KTP),C:I(!P);
1.1\ ｾ ( ? , ,,: I =') ;
80 I -, 1 Tr) ｾ n ;

1 .'" ｴＬｾ ( ? 1 0) = '1II( ? , ') ) +Y ( J ) ;
1 F".! 'I;

/''':/ { 1 , " I :-:'r" (1 , ", 1_IJ. '.,1 ( Ｚｾ , :1 I ;

? Ｚｾ " 1
2 ｉｾ ＮｾＩ L
? '1 7 1
? ') ｾｩ l"
::' 1 'J I
-1 :.1 .'") 1
3", I 1
." '\ 't 1
Ｇｾｾ ') 1
3Cl:> 1
:; ., -7 1
ＳＧｾ '3 I
,') 'J 1
11 () I
11 1 1
-q 7. 1
11 '1 1
JIlt 1

3 1 'i 1
""\ -. ｾ 1. '. OJ

3 1., 1
31 A I
Ｇｾ 1 Ｇｾ 1
3('') 1
'} ? 1 1
1."1 1
.., '1 l 1J;: 1

3 '? 'i 1
"DF:l 1
3?7 1
Pil 1
3;9 I
'3 'FJ 1
Ｍｾ .., Ｎｾ 1
31':t 1
ＳＧｾ I) I
'3/, h 1
Ｎｾ It ｾ 1
V:1 1
'3 ') '. I
3 '; 7 1
:; 'i ''1 1
ll, :"' 1
( f; I ｾ

1 (, 1 1
V' ') 1
'1 ''-j r: I
3H I
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F.>..jr);
F NO;

ｲ ｲ ｾ f") ;

on 1=1 HJ rli(OI;
h ( FH ( I 1 f FHI! I I :: II C1=',C1 ) ,FH f T ») + ｾｈ ( I ) I YQ ( Nf) N..r f' (TJ- 1 1II< * ｾ :
tl ("H( 11) ='\{ rrH I) )-f·r,IiI I )/Y(')( Nf)rj+f:H( Il-I);

END;
1.--\L1. "'1I'J'.' {At'l,n,Epq;
r:,H.L 1J."!r;I/ (II, 01, fl, r:);
DIIT <;KT();
PI,"!' LIST Ie);
') c r:: 1 "!':J ｾ ｾ ［

YCC"l+T)=C(TI;

VO ( W1\1+ I 'j 1::: 0.04;
v rj ( N (.) ｾｊ t-l Ii ) ::: 1 • 0 ;
V01 ｊ ｾ ｑ Ｌ ｊ Ｚ Ｂ Ｒ Ｑ Ｉ =1.0;

YO ( ., 0N + 1 III ｾ r; • 1 1') ;
ｖｏｃｉｑｾｊＫｬＷＩ］Ａ .n;
y () ( 'J') ｾ ｊ + 2C) :: 1 ｾ 0 i

YO ( Nr. ;, 4- ) ｾ ) ｃｾ a• ()!t ;

, YO ( NrJrn ll») ="t. 0;
y () ( N I) ｾ H 1 'I) ::: 1 • n ;
yo ｻｎＨｾｎｉＧ＿＿ I =1 • ():
L:: C;
rJO 1,,-·1 T'1 rl;

Dn I< =J:,'J ｾＧｊ［

l d.{·l j

!F I"'::, THf.::J YO{L)=l;
pm ;

FN C;
nq l{=l 'If] 10;

NI·,;=R { ';
ｎ Ｂ ｗ Ｇ ｻ ｲ ｈ ［ ｾ ｾ ｬ Ｎ Ｇ Ｚ ｙ ｾ Ｚ ｯ Ｚ !,:-.:O; ｾ］ｯ［

[) \ I ) , U 2 } =: ｾ ｩ \,1 ( l 9 0 j ," \-111 ( I 1 ; ') f 3 ) ｾｾ ＬＮｾ｜ＮｉＨ 3 f 0 ) ｾｈ｜ｈ 3 ) ;
ａＨＴＱＺＺｾｗＨＴｴｏＩｾｈｾＱＴＱ［ ｒＨＵＱ］ｍｾｻＵＬｏＩＪｈｾＨＵＧ［

fl ( 1 9 1 1 • /l. ( 1 , 2 I tIl ( 2, 1 I , u! 2, ? ) :: 11H ( 1) ; 11.( 3 I 3 ) :: H ｜ｾ ( II ;
Ii. ( 4 , lil "H \.j( t., ) ; /d S , '5 ) ;:: H\I ( 'j 1 ;
Dn I =: J. T() ｾＮＮＬ［

YH( T I I Y( J ) =V () ( J ) ;
END;
DO 1=1 TO ZO;
00 v. = 1 TD ?0;
ｃ ｾ ｬ ｬ ｒ ｋ Ｈ ｔ Ｌ ｈ Ｌ ｹ Ｌ ｾ Ｌ ｆ ｬ Ｉ

T=T H-1 ;
ENn;
QP=I,I)f)!{(Yll»); ｒ ｲ ］ ｾ Ｎ ｮ ｏ ｒ Ｈ ｙ ｉ ｎ Ｌ Ｉ ｉ Ｉ ［ <:D=1I0DP(V(NQN»);
PUT [f)!1'lT, (XIP.-] ,LJ f)O L=l TO ')) Ｈ ｾ ｊ ＼ ｉ ｐ Ｌ b E(ll,3)I;
no J:: 1 T'l ｾ ｮ

ｾ ( .I 1:: P, ( J ) H r,x (l , J )+ r, x(2 ,J I ＩＬｾ ('1'·1(1 , T) - D P ( 11-fl fU 2 i i Jl<H'" ( U + r, x( 3, J ) '*
( /1:H :3 , ! ) - r D ( ':\ ) ) Ｌｾ H i,J C-:I ) f r; X( 4, J )*( f-J '..:I 4, I »-P R ( 4 ) 1* I..ｮｾ ｾ 4 1..
r,)( ( S , J »*CｾＧＱ｜ＧＱ ( S, t ) - p ｾ ( 5 ) » H '-l ( 'j I ;

[lO I< =1 Ttl ill;
1\ ( J ,K 1=.'1, ( J, l( 1+ I GX ( 1 ,.J) -4- GX( 2 , .I 1) ｾＬ ( r, x( 1, K1..G'( ( 2 ,K) »1:';H\01 ( 1 , +

ｇｘｻＱＬｊＩＪｲＬｘＨｾＬｋＩＪｈｗＨＱＱＫｾｘＨＴＬｊＩﾷｇｘＨＴＬｋｉＪｈｗＨＴﾻＫ

r,.x f ') , .0,0,1, )(C <-; , v.» +.< fI \.,( ')I ;

... ＧＮｾｔ LFV NT

ｾｮＴ 1
ｾＷＷ 1
ｾｮｩＩ 1 .
:;:1"', 1
""=;4 J
3 ｾ 'i 1
ｈｾ 1 1
ｖｾＷ 1· i
ｾｮ｛ｬ 1 ?
V19 1 ?

391 1 1
391 1
1'12 1 1
V)1 1 1
3"17 1 1
3qq 1 1
401 1 1
4C3 1 1
405 1 1
406 1 ?-
4C? 1 ?
4GB 1 1
4CC; 1 '?

410 1 ?J
411 1 3
41? 1 "":\

'II 3 1 7.
416 1 2
417 1 2
4Pl 1 3

41«; 1 3
47.0 1 4

4?1 1 4
427. 1 3
Ii? 3 1 ?

424 1 1
4'?') 1 '?

't 76 1 ;:>

421 1 Z
4.'8 1 1
4.'9 1 I
4-:10 1 1
411 1 1
ＴｾＲ 1 1.
4-:13 1 ｾ



4 'Itt 1 ? ｆｾｬｮ［

4'<"). 1 1 FN'i;
'dh 1 ｲＺｾｊｬＩｲＺＺ

F 'J;);
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S T ｾｈ L rev NT

" 1'-

::I
(, "

<-

5 2
h ')

L

7 2
ii '?
<) -,

c
1(' ?
II 2
1 -, 2<-
I ｾ 2
) I, ?

1 5 2
1(, ,

c_

n 1
Iil -)

L

lq 2
20

.,
<.

21 2.
? 't- 2
25 2
2 Ｌｾ 2
Z9 ?
32 2
33 ?
J '. 2 1
)') 2 1
:I L' 2
J7 2

JI1 1

40 1

" ) 1
Ii 2 1

" J 1
',', 1
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::,I.JUpcr ｌ Ａ ｓ ｔ ｉ Ｑ Ｇ ｬ ｾ ｾ

RH: "'I.' C1 ( t: p r I r .; ':: ＨＬＮｾ ｾ｜ 1t·: ) :
ｄｾ l I; ! , ' i1(. f t ;', : . '</ • " r ,( Ｑ Ｇ ｾ , Y ( (J I , t· ( (, , ., ) ｾＮ { ｄＡｾ " V , \" , DK , SV I ( 1 ｾ I , r<. ;-\ , ":. i 'J J F L. 0 t.T ( 15 ) ,

(UG{13),!,J,..··) fIXEI) [11t\.JARY;

F '-l: P ',: D( (T ｾ ｾ Y I : ｾ v J :
DC L (T J Y ( .", I , [) y { " ) , HI, H? • Ii 3 I FLO,\ T (1 ') 1 ;
;-j J " ;\ { /, , 1 I '(' Y I 1 I ',. '{ {/, J / ( ［ｾ t 't I ? I t Y( 1 ) 1;
f! 2 '" Ｎｾ { " , 3 ) :.;, y ( ?. ) Yo, '( (4 I Itt, t It , " I -'r Y t 2 ) + A ( 4 , 5 ) ｾ Y( 1 ) ) ;
H, =.: i\ ( S, 1 I * Y t " ) 'I' '( ( ') I I ( A ( '), 2 ) -I- '( ( 4 ) ) ;
IF Ｇ Ｌ Ｇ ｕ Ｉ ｉ ＼ ｏ ｾ ｬ ｔ ｬ ｬ ｬ Ｚ ｾ ｾ ｩ ｩ ｬ Ｌ ｈ Ｒ Ｌ ｈ Ｓ ｾ Ｌ ｴ Ｉ ［

[)Y ( 1 I ,"" A( 1 , 1 I 'I- i 'J II' ,", ( 1, 2. ) t. t. ( I. , 3) ;
DV { ? : =....ｾ ( 2, 1 I" i!;:'; { 1-1-\ ( 1 r 2) ) ',( iI. I 1 , 11 ;
n ( i :' l == ;1 t J , 1 ) >{. ,\ I 1 , :} ) ;
'.' ';' : ':. I ." iiI .j- H?_;'. ( '; I hI>' H .3" ,\ ( ..f I -, ) Ｌｾ y ( " 1 ;
10) '/ ( '., ) ;: I13·-t, ( 5, ') I , Y I 'J) :

D'i ( :) I " :\ t (, I 1 Ie' i ｃＧＺｾＢ y t 6) 1- A ( 6 , 2 I '): rll-- A ( 6, '11 ;yo; t 12 - A( 6 1 4 I ,.A' t, 7 ) Ｎｾ y h 1-ld 6, ') JIt' H I
- i\ ( 0,6) ;f A t 5, '3 1* Y( ',) +/\ { ('" 1) :

f<ETlPN;
ｆ ｾ Ｇ ［ ni

RK: P;OCEOURf. ｉｔＬｲｬＬｙＬｾＬｆｋｔＩ［

CC!. f-', lEN l RY ,
( 'i , r" , Y( ＬＬｾ ) , IHI, (Y 0 , [) Y1 , (J Y? , DY3 , !J Y4 1 I N I ) FLO AT ( 15) ,
IN, I , Kif I X [[) i\ I N1\F Y;
HH·;:.:J/'2;
r. to. L L f :< r IT, Y, DY 1 ) ;
Dn 1"'1 TD N; YUII1=Y{II+HH:t'OYIII); ft\Oi
U,lL FKT(T,YO,DY21;
Oll 1"'1 TO t'Ji YO{ [)=YtIPHH4DYZ(lI; HlD;
CD.LL FKflT,YO,OY3);
DO 1= 1 T(l N; YOI 1 I=Y( I )+H*OY" ( II; END:
Ci\ l L r 1< TIT , Yel , DY't I ;
OD (=1 TO N;

Y i I ) =VI I ) .. ｈｾ ( D'( II I 1..? ｾ ( [) Y2 ( 1 1..[) Y3 ( I lIt [) Y4 ( I) ) 10 ;
EN [);
F f: 1 ｕｩｾｉ｜ｊ［

[NO:

GE-T LIST (A); PUT l:rJIT t'Pi\R.'MfTER',!\) Ｈ ｘ ｉ ＿ Ｕ Ｉ Ｗ ｾ Ｌ Ｌ Ｇ ［ ｋ ｲ Ｌ Ｉ ｕ Ｉ Ｌ Ｖ ｃ Ｚ Ｉ ｋ ｉ ｐ Ｌ

-7 F(lO,H)I,
PI) T F[) I T I' K Ｇｾ • f ' A( 1, 3 ) i , ' fl. I 1, 2 1 ' , ' V' , Ｇｾｑ ' , ' At G, 1 1 ' )

( SI( I P I It 1, t., XI ｴｾ I , A, X( 9 1 p A, X( 1 1) ,A , X{ 14 I , A, X( .. 1 ) , \) ;
GfT LIST Ｈ ｕ ｇ Ｌ Ｐ ｃ ｦ ｾ ｉ Ｌ ｓ ｖ Ｌ ｄ ｋ Ｎ Ｌ ｖ Ｉ ［

efT LIST ('tiflJ,..tr,n/-l);
Dt<, '" DK ｾ 1. Ｒ ｾ Ｇ 1 • n 2./+ 11/'" ( \.! T- .' n ) ;
nc 1=1 TO 12;
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Slin L[V IH

',r; 1 1 PUT (OIT Ｈ ｵ ｇ Ｈ ｉ ｬ ｾ ｄ ｃ Ｈ ｬ Ｉ Ｌ ｓ ｖ Ｈ ｉ ｉ Ｌ ｖ Ｈ ｊ Ｉ Ｌ ｜ ｈ ｲ ｬ Ｌ ｲ Ｉ ｋ Ｈ ｬ ｈ (SKIP,iD,OI,5 ErE),:;));

',6 1 1 UJ0:
'd 1 PU T FOIl (I Oh\() • r t l' , l (J Sq (s t( I r (3 I ｾ )\l I 0 I t ｦｾ \- X( 5 j t I, , X, l' J f :\) ;

lie 1 rUT EDIT {\'JFIf,ln-,orq ｻ ｓ ｋ ｬ ｲ Ｉ ｦ ｘ ｜ Ｇ Ｑ ｬ ｦ ｆ Ｈ Ｇ Ｉ ｦ Ｌ ｾ ｬ ｴ Ｒ ｆ Ｈ ｒ ｾ Ｒ Ｑ Ｑ ［

4 q 1 K,-\ "" IT 0 O. 00 ; l' ｾ () : H:.: () • 0 5 ; ,<1 "" (, : J :: l' :
54 1 GfT \lST (YI; '-i!j::Y(lItY(ZH-Y(3):
5(, 1 PUT [[Hf Ｈ ｋ ｾ ｬ Ｌ ｈ ｈ ｶ ｮ (SKIP(ZOI,H6,OI,7 fl15,S»'
5 -, 1 DO I-iii I L E {f( fK f ') 0 I ｾ

ｾ B 1 1 I F eI( r ) ::.: UG( J i) -( HEN DO;
59 1 2 ａＨｬｴｊｉ］ｄ｣ＨｊｬＺＺｖＨｊｬＡｻｲｈＺｖＭＧ［ＧｾｩＨｊｉＩＪＲｮＮＷＷＳ［

60 1 2 Atl,21=SVeJI:
61 1 2 A(6;11=OK{JJ:
62 ) 2 ｊｾｊＫｌ［

63 1 2 END;
(,4 1 1 CALL ｈ ｋ ｮ ｾ ｈ Ｌ ｹ Ｌ ｾ Ｍ ｩ Ｌ ｆ ｏ ｉ ［

(:, 5 liT'=' T +Ii ｾ KMN:: ｉｾ r;, <; V( J - U Jl; H ;
61 1 1 IF (TkUNC(KMI2)<fRUNC(KMN/21) THEN DO;
60 1 2 KH=:VtlliY(ZI-:-Y(31;
69 1 2 PUT EDrT (KMN,llil,Y) (Sf<IP,F(6,0),7 EnS,5»)'
70 1 2 END:
71 1 1 ｋｲﾷｉ］ｋｾｬｎ［

72 lImO:
73 1 FNO;

PARAMETER

?600 0.000 0.000 0.000 0,,000 0.000 J .. C>OJ
3.. it 00 0.000 0.000 0.000 0.. 0('0 Do()(iO J e.)Q0
0,,050 0.000 (l .. OOCl 0 .. 000 O.flOO 0.000 n.JQO
0.:,80 20.. (00 0.100 20.000 '0001') 3.0(1{) ｊ ｾ Ｐ Ｖ J
0.360 12.000 0.070 0.000 0.000 0.000 Ｈ Ｉ Ｎ ｩ Ｉ ｏ ｾ

0., COO 1.600 2.400 1.000 2.000 1.000 0.01J

K"1 A A(l,2) V MG) ,.\ (6,1.'
',JIC! 6.2'iGf-Ol :'.OCOE-01 5.00CCvoo 10 200H03 2 ｾ S.2 ; t': - iJ ｾ

420 8.7'>OH-OO 4 .. 0ClOE-01 5.000[+00 1.300E';'03 2.5 ZOE .. :) 1
ｩｾ 3') 5.000£:--01 5.00Clf-01 '>.OOOE+OO 1.3D:)[-'-03 2. ｲ Ｚ Ｒ Ｉ Ｚ Ｚ Ｍ ｾ ｊ
5J8 Ｑ Ｎ Ｓ Ｗ ｾ Ｌ ｛ ｾ Ｐ Ｑ it .. OC:! F-O 1 4.000F+OO Ｑ Ｌ Ｌ ｾ ｏ ｏ ｈ Ｐ Ｓ 2 t .2 :3 ｾＩ ｾ - ,) t
5(I', 6.250f--(11 5. o C::)(:-O1 3 .. 50I)H.. OO ＱＮＵＰｑＺｾｾＭＰＳ 2.P>J::··V:
'J:'0 1.7S0E-l'H 5.000[-01 6.5001:+00 1. Ｖ Ｐ Ｈ Ｑ ｆ Ｎ ｾ Ｐ Ｓ !. :>'tOE-O1
ｾＹＰ 7 .. 500[-01 S.ODOE-·()1 6.000Ef-00. 1.9D0H03 .!. (t)'J;::--.j i
660 3.125HOO s.oaOE-fll 5 .. ('OOHOO 7..000E+03 ｾ Ｌ Ｌ Ｔ Ｂ Ｉ ｊ Ｚ Ｚ ﾷ Ｑ ｬ

680 5.. 625E=+OO S.. OOOE-OI 5.000E+OO Ｒ ｾ ｏ ｇ ｃ ｬ ｅ Ｋ Ｐ Ｓ ｾ Ｎ 40 );:-.') L
700 Ｑ Ｎ Ｒ Ｕ Ｐ Ｑ ｾ Ｋ Ｈ Ｉ Ｐ 5.000F-Ol 5.00[1[=+00 7.000E+03 Ｑ Ｎ Ｔ Ｐ ｊ ｾ ＼ ｮ

V5 7,,500E+OO 5.0001:-01 5.000F+OO 2,OOJE+O, ｾ Ｎ ｓ Ｂ Ｎ ｊ ｅ Ｍ ｉ Ｉ ｬ

815 1.250E+(10 S.OOOE-Ol S.OOOE+OO 2.100E+03 .!.40J::-OL

01 "10 T 0$
1.25 Ｒ Ｐ ｾ Ｐ Ｐ 9.20


