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A Dynamic ConsumptionModel and

Optimization of Utility ｆ ｵ ｮ ｾ ｴ ｩ ｯ ｮ ｡ ｬ ｾ

R. Kulikowski

1. Introduction

A vast amount of literature ｾ ｸ ｩ ｳ ｴ ｳ on consumerbehavior

1n terms of multi-objective or utility function approaches.

Most of the work done in that field concentrateson the static

situation when utility of a given commodity is an instantaneous

function of expendituresor, in other words, when the com-

modities purchasedin the past have no influence on the present

utility. This, however, is not the casewhen one considers

consumers'expenditurefor durable goods or government

expendituresin the fields of education, health, welfare,

environmentalprotection, etc. In that case, it is possible

to introduce the dynamic consumptionmodel using the dynamic

utility function or, speakingmore precisely, the utility

functional.

The presentpaper has been motivated by the research

concernedwith the constructionof a complex, long-range,

national developmentmodel. The model--MRI--is being con-

structedat the Institute of Organizationand Managementof

the Polish Academy of Sciences. It consistsof three main

submodels: production, consumptionand environment. The

consumptionsubmodel is characterizedby the utility function

with parameterswhich are estimatedon the basis of past
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statisticaldata. It takes into account the utility structure

changescausedby GNP per capita and the change in price

indices. The model is normative, in the sensethat one can

investigatethe national growth path as a result of alterna-

tive developmentstrategiesin ｴ ･ ｾ ｾ ｳ of productive invest-

ment and governmentexpendituresin the fields of education,

R&D, health service, pollution control, etc. For more

details concerning the MRI methodology see references[3, 4, 5].

The optimum investmentstrategiesfor MRI have already

been derived in reference [3, 5]. In the presentpaper,

an effort is being made to derive the optimum consumer and

governmentexpenditurestrategieswhich maximize the utility

functional.

2. Dynamic consumptionmodels

Consider a single (or aggregated)consumerhaving at

his disposal in the time interval [O,T] the given amount of

financial resourcesZ. The financial resources,generally

speaking, consist of salaries, savings, etc. It is assumed

also that the consumercan obtain a loan in order to realize

the dynamic consumptionstrategy in [O,T] in case that

strategyexceedshis salary in certain subsetsof [O,T]. He

is supposed,however, to pay back the loan (togetherwith

interest) before the end of T interval.

Assume also that the consumer'sutility function

U(x), x c ｾＬ where ｾ is a given subset (usually the positive
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ｯｲｴｨ｡ｮｾ of N dimensional space En, be given. It is well known

(see reference [1, 2] that ｕ Ｈ ｾ Ｉ must be real-valued, order

preservingvector function. However, to be more specific we

*shall deal with the widely used function

where

U(x) = Uo
N
II

i=l
x. '\

1
(1)

and

u0, l3 . ,
1

N

I
i=l

i=1,2, ...,N

B· = B < l.
1

given positive constants,

( 2)

Assume th<:lt x., i=l, ..., N reprcscnts t ｨＨｾ consumer's
1

utility levels which are related to the expenditureintensity

y. (t), t E ｛ｏＬｾ｛Ｇ｝Ｌ i=l, ...,N in an inertial and nonlinear
1

fashion:

where

x. (t)
1

t

= f
o

k. (t,T)
1

n.
[y.(T)] ldl

1
( 3 )

k. (t,T) = given non-negativefunction, k. (t,l) a
1 1

for t <: Ti

a. = given positive number less unity.
1.

A typical example of k. (t,T) is the stationary (i.e.
1

k. (t,T) = k. (t-T» delayed exponential function, i.e.
1 1

* That function has also been adopted in the first version
MRI models. An extensionof (1) to the C.E.S. function
is also possible.

For convenience,rather than general methodology, we
shall deal with continuous insteadof discrete time
variables.
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k.(t) ］ ａ Ｎ ･ Ｍ ｯ ｾ ｴ Ｍ ｔ ｩ Ｉ
1 1

t ;. T.,
1

= a t < T .•
1

In the last case the consumerexpenditurescreate no

utility before t = T.. Such a situation happens,e.g. in
1

the case of education, health, etc., expenditures. For

example, ln order to get a better salary the consumermust

finish school with the tuition cost Yi(t) and Ti years

of study.

It should be observedthat due to the exponent

exp(-o.t) the utility level (i.e., the health or training
1

level) decreasesalong with time if no additional expendi-

tures are incurred.

In the case where no dynamic effects are present,

(i.e. where the change in expenditureresults in an

immediate changeof utility) one can write formally

K. (t) = A. o(t) (*) (where o(t) is the Dirac's unitary pulse)
1 1

and get

X. (t)
1

a.
1= A.[y.(t)]

1 1

It corres-

(4 )

It should be observedalso that due to a < a i < 1 there

is a "decreasingreturn to scale" effect ln (3).

ponds to saturationof utility level (e.g., the training or

health level) with respect to increaseof expenditures.

Since generally X., i=l, ... ,N are functions of time, it
1

is necessaryto deal with the tlme-averagedutility, i.e.

T

U(y) = J w(t) U(x) dt

a

(*) A more elegantnotation basedon distribution theory
can also be used here. In that case 6(t) can be
regardedas a linear functional.
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where

wet) = given discount function, such as Wet) = (l+r)-t;

r = discount rate.

The U(y) is a nonlinear function with respect to the

vector-functionyet) = {Y1(t), Y
2
(t), ... ,Y

N
(t)},

t E: [O,T].

In the model being discussed.we do not take into

account the effects causedby past expenditures,i.e. the

expendituresfor t < O. One possibleway of taking these

expendituresinto account is to replace (3) by

,

Xi (t) = Xi (t) + J

a

(I, •

k. (t, T) [Y. (r)] 1. d'i
1. 1.

( 5)

where

X. (t)
1.

a

= f k. (t,T)
1.

Ct.
1.

[y.(T)] dT,
1.

_00

representsthe utility of commodities purchasedin the past.

In order to derive the optimum consumptionstrategy

(6 )zW.(t) y.(t) dt <
1. 1.

one should maximize (4) subject to the monetary constraints:

N T

I f
i=l a

y.(t) >0,
1.

t E [O,T], i=l, ... ,N (7 )

where

Wi(t) = weights or interest functions (when the loans

T-tare used one can assumeWi(t) = (1 + Ei ) ,

E. = interest rate);
1.

Z = total consumer financial resources.

The presentmodel can be used mainly for investigation

of the behavior of single (or aggregated)consumeronly.
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In the case of macro-modelingof centrally planned

economies,

model.

one can use the following extensionof the present

Let there be n different consumerclasseseach described

by the utility

N II a

d' \
(3vu. (y. ) IT k .(t-T) [y.(1)] v

= Uoi1 1 v=l Vl V1
( 8 )

where
N

Uoi > 0, a c (0,1), 'i P>v = 1, i=l, ... ,n,
v v=l

k . (t) - non-negativefunctions, v=l, ... ,N.
\)1

The expenditureintensitiesy . (t), v=l, ... ,N,
V1

i=l, ... ,n, should satisfy the following contraints:

n
\'
L

i=l

Z .
\)1

< Z ,
\)

Z .
\)1

T

= f
o

w (t)
v

y .
V1

(t) dt, v=l, ... ,N

( 9)

y . (t) > 0, t E [O,T], i=l, ... ,n, v=l, ... ,n (10)
\)1

where

Z . = the expenditureof i-th consumerclass for v-th
\)1

commodity.

In the presentmodel Zl may representthe aggregated

consumerprivate expenditures (out of his salary) while

Z2' ... , ZN = the governmentexpendituresin the fields of

education, health, social care, environment, etc. The expen-

ditures Z2, ... ,ZN can be regardedas governmentcontribution

to the social welfare. The government recognizeshere that

the utility functionals are different for different classes

of consumersand it tries to allocate the financial resources
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(by means of differentiating salaries,medical and social

care, etc.) in such a way that the resulting utility is maxi-

mum. For example, the governmentmay recompensatethe

hard work of Ininers by improving their medical and social

care, etc.

The optimization of consumptionstrategyproblem con-

sists of finding y . (t) = yA . (t), i=l, ... ,n, \>=1, ... ,N, such
\>1 . V1

that the functional

T

U(y) = f
o

n

i=l

U.(y.) W(t) dt,
1 1

(11)

attains maximum subject to the constraints (9) and (10).

being discusseda decentralizedsystemof consumptionstrategies

has been adopted. According to that system the government is

concernedwith the best allocation of Z among N different

spheresof activity while each individual consumer is con-

cernedwith the best allocation of his salary (represented

3. Solution of Optimization Problem

In order to solve the problem introduce the following

notation

Z . (t)
V1

('j,
v= [Yvi(t)] , v = 1, ... ,N, i=l, ... ,n .

It is convenient to consider first of all the single consumer

mode1 (l) .;- (6).

In the presentcase we can drop the 1 index in the

formulae (8)-(11) and our problem boils down to finding the

non-negativestrategieszv(t) = zv(t), v=l, ... ,N, which

maximize the functional
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t

( k (t - T)Z (T) dT
J V v
o

N
I Bv = 1 ,

v=l

(12 )

l/ct.
[Z.(T)] 1 dT < Z., i=l, ... ,N

1 1
(13)

In order to solve the presentproblem one can apply the

N
II

v=-l

generalizedｈ ｾ ｬ ､ ･ ｲ inequality

T N

y = f II f (I) d I
\)o \)=1

T

f
lie ｉ ｉ ｾ

o f \i \1 (I) d I ｾ \)

which becomesan equality if and only if (almost everywhere)

liB.
c.f. 1 (T), T C [o,T], i=l, ... ,N,

1 1

(14 )
c. = const., i=l, ... ,N. In that case, one obtains

1

N B· T t
1

J dtf k
l

(t - T) Zl (T)dTY < II (cl/c i )

i=l 0 0

N B. T T

II 1

J
Zl (T)dT J

k l (t - T)dT (15)= (cl/c i ) .
i=l 0 T

Applying again the ｈ ｾ ｬ ､ ･ ｲ inequality we get

N T
f\ f II ctl ct lY < II (cl/cl ) wlh) [zlh)] d T

i=l 0
1

J
r=a-

dt 1

where the equality appearsif and only if (almost everywhere)
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J
ｬＺｾ

kl(t - T)dt 1.

. (16)

Then

The value of c can be derived by (13) yielding

Zl
0.1

c = T
1/0.,

f [zl(T)]wl (T) ｾ dl

0

N B. T

Y (Q) IT
1

0.1
J wl (T)= (cl/ci ) Zl

i=l

'1'
1

[ -I ( I ) f k
l

(L - ,)d'] ｦｾｾ ; 11-" 1. w
l

til

T

N B. T _ l/U
lIT (c

c
1 1

JW l (T) (17)= -) [zl(T)] dT .c.
i-l 1

0

The optimum strategies21 (t), ｩ ｾ Ｒ Ｌ ... ,N, can be derived

by (14)*which can be transformedto an equivalent form, assum-

ing the Laplace transformations

K i (p) L{k.(t)}, Z . (p) = L{ z . (t) } , Zl (p) *= = c K l (p) ,
1 1 1

T 1
1-0.

* L -1 f k l (t T)dt 1K
l

(p) = wl (T) -
exist. T

Then
A

= c i Ki (p) Zi (p) ,

and
*cCl K

l
(p) Kl (p)

c. K.(p)
1 1

, i=2, ... , N ,

* It can be shown that in order to solve (14) the index i ::: 1
should be assignedto the most inertial production factor
specified by the set of {Ki(p)}.
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z. (t), where Z. (t)
ｾ ｾ

\ ｋｾ (p) Kl (p) ｾ

( Ki(p) \

z. (t)
ｾ

Z.
ｾ

l/a.
[z. (t) ] ｾ dt

ｾ

a.
ｾ

z. (t) ,
ｾ

i=l, ... ,N,

(18 )

and--insteadof (17)--we obtain

Y (2)
N

= G
q

II
v=l

(19 )

where
'T'

J
1/(1\ '1/

G = wI (I ) [z (I) J Ut ｾ I
1 ｾ

0
N

11
l/a ra

8 /qv v
II w (T) [z (T)] V dTv v

v=l

The solution obtained can also be used for ｴ ｨ ｾ utility

functions with noninertial factors. In the simplest case

N = 2, when

y =11 k
1
(t - T) z 1 (T) d T S [z 2 (t) 1

1
- 8

one can use formulae (18) setting k 2 (t) = 6(t), [K 2 (p) = 1].

The form of the solution in the presentcase coincideswith

the result obtain in Reference [5].

The results obtained so far can easily be extendedto

the general (8) ｾ (11) model. We shall assume that the

whole amount of expendituresin v-th, sphereof activity (Zv)

is given and it should be allocated among consumers (so that

ZVi representsthe amount of v-th expenditurefor i-th consumer
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in such a way that the following relation holds

n

L
i=l

Z .
ｶｾ

< Z
v v=l, ... ,N. (20)

Taking into account (19) the consumerutility functions

can be written as

Y.
ｾ

where

N
]I

v=l

(t B
Z ｾ v
ｶｾ

(21)

N

q = 1 - I C\JBv' i=l, ... ,n,
v=l

G. =
ｾ

T

J WI (I )

o
j
l/q

dl

N

IT

v=l

l/a j-a B /qCz . (T) ] \) dT V V
ｶｾ

Then the problem of optimum allocation of Z , v=1, ... ,N,
\)

among the n-consumerscan be formulated as follows. Find

the non-negativeZ = Zvi'vi

n N avBv
Y = I G9 IT Z .

i=l ｾ v=l ｶ ｾ

v=l, ... ,N, i=l, ... ,n, such that

attains maximum subject to (20).

The solution of that problem (see Reference3) is

unique and assumesthe following form

Z
vi = (G./G)Z , v=l, ... ,N, i=l, ... ,n, (22)

ｾ v

where
n

G = L G. and
i=l ｾ

N avSvy (2 .) = G9 I Z (23)
ｶ ｾ ｾ v=l v
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The consumer'sdynamic strategiesｾ . (t), v=l,. o.,N,
Vl

i=l, ... ,n, can be derived by (18) loCo

z .(t) ,
Vl

Z

1

0.·
o 1

Vl

1/0..
Cz 0 (t)] 1 dt

Vl

T

I'W i (t)

o

z . (t)
Vl

v=l, ... ,N, i=l, ... ,n (24)

where

z .(t)
Vl

*-1 Kli (p) Kli (p)
= L K 0 (p)

V 1 •

K . (p) = L{k . (t) }
Vl Vl

T

Kli (p) = L{k
li

(t) }

(t 1

1 - (t 1
'I'

f kli(t -l)dt
ｾ -1= L(W I (r)*K

li
(p)

Now it is also possible to solve explicitly the problem

of optimum allocation of total consumption Z generatedby the

economy among the different spheresof activity represented

by the expendituresZ , v=l, ... ,N.v In other words, one would

like to find the non-negativevalues 7. = Z , v=l, .. o,N, suchv v

that the aggregatedutility describedby (23) attains maximum
N

subject to the constraint I Z < y* .
v=l v

The unique solution of that problem becomes

*y , \}=l, ... ,N. (25)

It can be shown that the strategy (25) also maximizes

the resulting utility function

N
U = IT IT

v=l
U = const.



- 13 -

The main result of the presentpaper can be formulated

as follows:

In the decentralizedconsumptionmodel describedby (1)-

(11) the unique optimum strategyof allocation of expenditures

exists and it can be derived explicitely by (22), (24), (25).



- 14 -

ｒ･ｦ･］Ｍｾｮ｣･ｳ

1. Chipman, J.S., "The Foundationsof Utility," Econometrica.
28, (1960) pp. 193-224 .

2. Fishburn, P.C., "Utility Theory of Decision Making,"
John Wiley & Sons, Inc., New York, 1960.

1. Kulikowski, R., "Modelling and Optimization of Complex
Development," Bull. Acad. Pol. Sci. Sere IV, No.1,
1975.

4. Kulikowski, R., "Modelling and Optimum Control of Complex
Environment Systems," Control and Cybernetics,
No. 1-2, 1973.

5. Kulikowski, R., "DecentralizedManagementand Optimization
of Development in Large Production Organization,"
ibid, No.1, 1975.


