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Toward A Global f10del

A methodology for constructionand linkage

of long-rangenormative developmentmodels

R. Kulikowski

I. Introduction

In recent years an increasingactivity in the field of

modelling of developmentprocesseson the regional, national,

and global level can be observed.

In global models a descriptive approach is commonly used

while in the regional and national models an attempt is being

made to employ the normative conceptswhich are regardedas

rather useful tools for long-rangeplanning purposes.

It should be also noted that the global modellers usually

disregard, for the sake of simplicity, the national differences

in a similar way as the national macro-model builders avoid the

regional aspects. As a result, the projectionsderived by the

use of global models are usually too general or not accurate

enough to be useful on a regional or national level, while the

regional and national models use a great number of unknown

outside (i.e. exogenous) variables, and as a result they are

not useful for the improvementof global projection accuracy.

Speaking of projection accuracy, it is necessaryto note

that the @odel accuracy can be determinedonly ex post, when the

model projections, which were derived in the past, can be

comparedwith presentstatistical data. It became customary,

however, to speak about model accuracyex ante. The model

is regardedas good if it is accuratein the so-called "historical

runs". For that purpose, it is necessaryto compare the model

past projectionswith past statistical data. In particular,

that approachis being used in the econometricalmodels, where
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the well-known measuresof accuracy (in the statistical sense)

such as the mean squareerror, correlation coefficient, etc.,

has proved to be useful. The existing econometricmodels,

constructedon the global, national and regional levels use

the simple analytic structures (the relation between exo-

genous and endogenousvariables is being describedby linear

equationsor a polynomial) and are accurateenough for short

projection intervals. In order to use thesemodels for longer

projection intervals, it is, generally speaking, necessary

to employ a more sophisticatedstructure, based, e.g. on the

macro-economicgrowth models, environmentalmodels, population

and social models, etc. In addition, in order to increasethe

projection accuracy it is also necessaryto incorporate into the

model structure the decision centerswith the corresponding

developmentgoals or utility functions on the global, national

or regional levels. Since in that senseit is necessaryto

derive the optimum decision strategies,the modelling problem

becomesmore complicated and hardly can be solved in the

explicit form without using conceptsbasedon decentralization

or decompositionof goals and decisions theory.

Another useful approachin complex modelling is basedon

the linkage of already existing sub-models. For example, the

world trade econometricmodels can be constructedby using the

national econometricmodels [1].

It is a general belief that the long-rangeplanning and

forecastingon the regional, national and (probably in the

future)global level could be much improved if the existing

models could be linked and fitted together. That requires,

however, that the model aggregationand decompositiontechniques

or linkage methodologyexists and can be used effectively,

employing the available data bank.

In the presentpaper, an effort has been made to show that

such a techniqueexists and can be used effectively for the

constructionof a class of models on the regional, national
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and global levels. Using that technique, we have already

been able to construct (at the Institute of Organizationand

Managementof the Polish Academy of Sciences) a class of

models called the DR series. The core model (MRI) enablesus

to make long-rangeprojectionsof national developmentin

fifteen sectorsof the Polish economy. Using the core model,

a number of more specializedmodels (used for regional,

environmental, education, R&D etc. - projections) could be

constructed. It is hoped that the model can be linked to

the international trade model. As the data base, the Statis-

tical Year Book publishedeach year by the Polish Main Statis-

tical Office has been used. The model accuracy, testedin

historical runs has proved to be encouragingto further

development.

The author appreciatesthe invitation to visit the

ｉ ｮ ｴ ･ ｲ ｮ ｾ ｴ ｩ ｯ ｮ ｡ ｬ Institute for Applied SystemsAnalysis which

enabledhim to write the presentpaper. The discussionswith

Prof. F. Rabar and Prof. A. Straszakon modelling problems

were also very helpful.

II. Production and Decentralizationof Decisions

The basic problem in normative modeling is to choose the

proper structure of production and decision processes. The

structure chosen should enable one to take into account:

a) the decentralizationof decisions,

b) the aggregationof sectorsor the subsequentsector

decompositionin the regional and administrativeaspects

as well,

c) the impact of technical and organizationalprogresson

the production growth (resulting from the government

expendituresin the field of R&D, education, medical

care, etc.),

d) the estimationof model parametersby using the available

statisticaldata.
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It is especiallydifficult to realize the a), b),

requirements. In the case of an aggregated,one-sector

economy, it is convenient to use the neo-classicalgrowth

model, in which the G.N.P. Y dependson capital K and labor L

used, as well as the disembodiedtechnologicalprogressco-

efficient 1-1:

/0 < S < 1/ ( 1 )

where A,S,1-I - given positive constants.

When one wants to get a better understandingof production

processes,it is natural to start with the n-sector production

model, shown in Fig.1, where X.. representsthe output pro-
11

duction of sector S., and X .. - the amount of goods which S.
1 Jl J

is selling to S.. The net output X., i=l, ... ,n can be used
1 1

for consumptionpurposes. When one adopts the n-sector

structureof Fig.1, it is necessaryto describe the input-

output relation for each sector (i.e. the sector production

functions). At that stage, one is tempted to use the linear

model (e.g. the Leontief input-output model) which is at-

tractive from the point of view of analytic simplicity and

an easy way of estimating technologicalcoefficients. However,

the linear models are not so attractive from the point of

view of macro-economicgrowth theory and can hardly be used

effectively to describe the long-rangedevelopment. In order

to describethe technologicalchange and substitutionamong the

production factors (and first of all the substitutionbetween

capital and labor) one would rather adopt the C.E.S. sector

production functions. That approachhas been used for MRI

models. It will be explained in the presentpaper for a

particular case of C.E.S. function, i.e. the Cobb-Douglas

production functions:
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x ..
11

i - 1, ••. ,n

n
q. = 1 - I ｾ .. > 0

1 J1
j=1
j+t

a .. > 0
J1

i,j = 1, ... ,n

(2 )

where F., a .. , i,j = 1, ... ,n,given positive nuffibers.t
1 J1

He shall assumeat the presentsection that a set of

sectorprices p., i = 1, ... ,n is given so the model of Fig.1
1

can be describedin monetary terms by the Eqs.

Y .. -
11

n
I Y .. =

j=1 1J
j+i

Y.
1

(3 )

n a ..
Y .. = K. IT y.:J ( 4)

11 1. 1 1JJ=
j+i

where Y .. =
1J

p.x..
J 1J

K.
1

n
q. II -a ..= p.F. 1 P J1

1 1 j=lj
j+i

i,j = 1 , ••• , n

Now it is possible to introduce the decision structure.

We shall assumethat each sector Si' i = 1, ... ,n can decide how

much of input Y .. , j = 1, ... ,n to buy .in order to maximize the
J1

net profit (value added)

D. = Y .. -1 11 i = 1, ... ,n ( 5)

'tSince qi > 0 a decreasingreturn to scale effect appears.
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As shown in [3] there exists a unique strategy

Y .. = Y .. , j = 1, ••• , n, for each sector (i = 1, ... , n) which
J1 J1

maximizes (5) and it can be derived by Eqs.

Y .. = ex .. Y .. j,i = 1 , ... , n j + i (6 )
J1 J1 11

n (" .. )"ji/ q . 1/Y.. = F. IT J1 1 p q. i = 1 , ... , n (7 )p-- . 111 1. 1 . 1
J= J
j+i

When one uses that strategy

D. (Y .. ,j =!: 1, ••• "n,j: + i): = D. = (1 - q.)Y ..
1 J 1 1 1 11

and the gross product becomes

i = 1, ••. ,n

(8 )

n
Y = I

i=1
Yo =

1

n '"
1: D.

. 1 11=

(9 )

The two important results follow from the relations

(6) -;. (9)

Result 1. As follows from (6) the normative n-sector

non-linear model (3) -;. (5) behaves,under optimum strategy,

in a similar way to the linear Leontief model with the tech-

nological coefficients ex.;, i,j = 1, ... ,n, i + j.t However, the
x J1

outputs Y.. , i = 1, ... ,n, in the nonlinear model are specified
Ｍ Ｍ Ｍ ］ ｾ Ｍ Ｍ Ｑ Ｎ Ｑ Ｂ Ｚ Ｂ Ｇ Ｍ Ｍ Ｍ Ｍ Ｂ Ｂ Ｚ Ｂ Ｂ Ｍ Ｍ Ｍ Ｍ ］ Ｍ Ｍ Ｍ Ｍ ］ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ ｾ Ｇ Ｍ Ｍ Ｍ Ｍ Ｍ

in a unique manner by prices p., j = 1, ... ,n, and F. coefficients.
-------...:::-.--------=----=:--------.::....J 1--------

Result 2. When prices are fixed the sector net profits

D., i = 1, ... ,n do not depend on sector interactions (in terms_1..:..---_.:........._....:- ----==-- _
of Y .. , j,i = 1, ... ,n, i * j) and the gross net product is__J1

a linear function of Fi , i = 1, ... ,n, coefficients.

t As shown in [4] a similar relation can be obtained for n-sector
CES production function model.
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Result 1 can be used for a simple estimationprocedure

of a .. coefficients. Assume for that purpose that the input-
Jl

output tables for an n-sector economy are given. Assume also

that each sector optimizes the net profit (5) so the relation

(6) is valid. Then it is possible to derive the numbers
A

= Yj i (t) Ｏ ｾ .. (t) j = 1, ... , n for each
11

Y .. (t) /
Jl Y .. (t)

11

sector i = 1, ... ,n, provided the input-output tables for the

past time t = 0, -1, -2, ... , are known. Then using well-known

statisticalestimationmethods it is possible to find the

estimatesa .. * of a .. which fit the statisticaldata.
J 1 J 1

*In the same way the estimatesF. of F. can be derived
1 * 1 *(using the relation (7) and estimatesa .. and p. ). That

J 1 J
approachhas been used successfullyfor the constructionof

MRI models, in which the 15x15 and 30x30 input-output tables

of Polish economy for the last nine years were used.

Using the presentmethodology it is necessaryto observe

that the input-output tables deal with the aggregateddata.

This raises the problem of the economic meaning of sector

prices p., i = 1, ... ,n, which are used as the main aggregating
1

device within each sector. Supposefor example that the

sector production is characterizedby the vector

x .. = (x ..
1
,x ..

2
, ••• ,x .. )

Jl Jl Jl Jlm

and for each fixed j,v the composition ratios are constant, i.e.

x· =
1

x ..lJV
m
I x ..

v=1 lJV

= const. i = 1, ... ,n (10)

Supposealso that a set of p. v = 1, ... ,m, prices for
lV,

each i = 1, ... ,n be given. In that case one can scalarizethe

intersectorflows by introducting the averagedsector prices:
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1 m
def - L P xX.. 1 i\! ij\!1.J\!=

j = 1 , ••• , n (ll)

m
X .. = L X ..

1.J \!=1 1.J\!

However, (10) in many casesmay be too restrictive and

insteadof dealing with the weighted arithmetic mean (w.a.m.)

prices (11) it is more convenientto use weighted geometric

mean(w.g.m.) prices. That aggregationapproachcan be ex-

plained by way of the following example.

Supposethe n-sectormodel of Fig.1 should be aggregated

to yield a two-sector model (in such a way that the sectorsS.1.,
i = 2, ... ,n should be replacedby an aggregate82) with the

aggregatedproduction functions:

- aY11 = K
1
Y21 21

- - - aY22 = K2Y12 12

where

n- LY22 = Y ..
i=2 1.1.

n- "Y12 = L Y1 .
j=2 J

n- I y.,Y2l =
j=2 J

(12 )

(13)

(14)

(15)

(16)
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original n-sectormodel and the

optimize their net profits so

can be used. The production

in the form

,

where the aggregatedprice P2 is defined as

P2 = u21 ｾ (Pj )Uji/U21 u21 =
def j=2 u ji

n
I u, 1

j=2 J

(17)

Since by (6)
n A

I Y'1 =
j=2 J

A n

Y11 .I U ·1=
J=2 J

the condition

(l6) holds. In order to satisfy (15, (14), Le.

and

n A

I Y ... 2 11
1= ( )

-U,. 1
n n p, J1/q . /q.

= I F. IT __J__ 1 p , 1
, 2 1, 1 u.. 1
1= J= J 1

j=!=i

it is necessaryto assume

1 n A

I u
1J

·Y
J
.
J
.

j=2
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It should be observedthat by (17) one easily obtains

the relation for the w.g.m. price growth ratio:

0n a j1
p.

= I . _J

j=2 a21
p.

J

The same relation can be obtained for the case of

w.a.m. price

Indeed,

n

l:
i=2 x

21

and

°P2 n op. p. x' 1 n oPi Yi1 n op. a i1l: 1 1 1 l: l: 1
= -- = -- = --- .

i=2
p.

i=2
p. n '" i=2 'PiP2 1 - 1 I Y' 1

a21P2x 21 j=2 J

Then the effect of small price variations (6p.) on the
1

aggregatedw.g.m. price (P2) is the same as in the case of the

w.a.m. price (P2).

The presentmethod can be easily extendedto the case

when each sector can be representedby the given number of

sub-sectors(commodities). Then using the concept of w.g.m.

sectorprices it is possible to reduce the model dimensionality

and fit it to available input-output tables.

Now it is possible to consider the problem of decentral-

ization of decisionsand the optimization of development.for

a centrally planned economy. The model (2) ｾ (5) considered

so far was static in the sensethat the time and growth
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mechanismswere not introduced explicitly. A possibleway

of doing that is to assumethat a past Z of gross net output

(or the GNP) Y is used for productive investments (Z1) and the

rest to other governmentexpenditures(Zv' v = 2, ... ,m) in the

field of education, R&D, medical care, etc., which can be

generally representedby the vector of production factors Z.

It will be assumedthat Z can influence the model performance

by means of F., or in other words that F. (Z.) is an operator
1 1 -1

of the resourcesZvi' v = 1, ... ,m, allocated among the sectors

Si' by a decision ｣ ･ ｮ ｴ ･ ｾ DC (see Fig.1) in such a way that

n

I
i=1

Z . = Z"V1 v

It is now also possible to deal with the variableswhich

representthe intensitiesof output production y. (t), z . (t),
. 1 V1

i = 1, ... ,n, v = 1, ... ,m insteadof aggregated(usually within

one year) outputs Yi
Using that notation,

be written as

and resourcesZ ., i = 1, ... , n, v = 1, ... ,m .
V1

the intensity of sector production can

where

m
y. (t) = II jf . (t)l Bv

1 v=1 \ V1 f (18)

f . (t)
V1

°v
k . (t,T) [z . (T)] dT

V1 V1 o < 0v < 1

(19)

*

k . (t,T) = given non-negativefunctions which become
V1

zero for t < T.

* The continuousvariables are used here insteadof discrete
(changing once a year), which is a matter of conveniencerather
than generalmethodology.



-12-

av,BV' i = 1, ... ,n, v = 1 , ... , m = given positive numbers.

In the casewhen k . (t,T) is stationary in time,V1
k . (t,T) = k . (t T) . A typical example of kvi(t) function isV1 V1

where

k . (t) =
V1

K
-0 .(t - T .).e V1 V1

\)1

a
t > T .V1
t < T .V1

(20 )

K .V1 o .V1 T . = non-negativeparameters.V1

A more general model to describethe inertial effects of

governmentexpendituresuses the k . (t) functions which canV1
be characterizedby the Laplace transforms:

T .p
A

V1.e
Kvi(P) =Y{kvi(t)} = ｾＱ (21)

IT (p + a .. )
j=1 V1J

where A ., T ., il .. , v = 1, ... , m, i = 1, ... , n, j = 1, ... , MV1 V1 V1J
are given positive numbers.

Assuming that type of k . (t) function, it is possible toV1
take into account the delays TVi betweenexpendituresand pro-

ductive effects (for example, the constructiondelays in the

case of productive investments,or delay betweenresearchand

development,etc.). The parametersO. specify the depreciation1V
in time of capital, R&D, education, etc., while a. are res-

1

ponsible for nonlinear saturationeffects (there is usually

a decreasingreturn to scale with respectto sector investments

and other governmentexpenditures).

It should be observedhere that (19) can be written as

+ Jo
t av

f .(t) = f .(t) k .(t,T)[Z .(T)] dTV1 V1 V1 V1
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where

f . (t)
\)1

representsthe contribution of past expenditures(i.e. for

T < 0) to the presentproduction capacity.

As shown in [2,4] the parametersT 0' 0 ., K ., of (20)
\)1 \)1 \)1

can be estimatedby least r.m.s. method provided the past data

concerning the expendituresz . (T), T = 0, -1, -2, ••. ,
\)1

\) = 1, .•. ,m, i = 1, ... ,n are known as well as the values

(estimates) of F. (t), i = 1, .•. ,n, t < 0.
1

It should be observedthat a simpler version of the model

(18) can be obtainedwhen the governmentexpendituresin

certain fields (for example, medical care or education) are not

assignedto a particular sector S..
1

In that case, the index i can be dropped in (19) . A

simpler version of the model (18) is obtained, assuming

t

y. (t) f_oo k.(t,T)
m CL\)

(22)= II [z .(T)] dT
1 1 \)=1 \)1

That version (for m = 1) has been used in MRI.

In that case, however, ki(t,T) should incorporatethe

disembodiedtechnologicalprogressand one should assume

lJ·t
1k. (t,T) = e k. (t - T)

1 1

where lJ. should be estimatedusing past statistical data.
1

Assuming that all the F. (z.), i = 1, ... ,n, functions
1 -1

have been identified and that the prices Pi' i = 1, ... ,n,

are chosen in such a way that they take care of adjusting

the supply to the demand according to (3) (that will cons-

titute the subject of considerationin Sec.4) we can turn to

the problem of optimization of long-rangedevelopment. The



-14-

(23)
n

y = I
i=1

gross product generatedwithin the planning interval [O,T]

has the presentvalue

T

JoW(t)Yi(t)dt

where w(t) -- (1 + E)-t th' d' t t d, E - e glven 1scoun ra e an

Yi(t) depend (as shown by (18)) 01. the expenditureintensities

z .(t), t E[O,T], v = 1, ... ,m, i = 1, ... ,n.
V1

Assume ｴ ｨ ｾ ｴ ｾ ｬ ｃ amount of ｣ ｾ Ｉ ･ ｮ ､ ｩ ｴ ｵ ｲ ･ ｳ Zv spent in the

planning interval [0,T] ho gjven, i.e.

T

I - Jr w (t) z . (t)dt < Z
i=1 a v V1 - V

v = 1, ... ,m . (24)

where wv(t) = weight attachedto the v-th expenditure. When

the expendituresare financed by bank loans which should be
T-tpaid back not later than t = T, one can assumew (t) = (1+n)

v '
where n - bank interest rate.

The developmentoptimization problem can be formulaten
A

as follows. Find the non-negativefunctions z . (t) = z . (t)
V1 V1

v = 1, ... ,n, i = 1, •.. ,n, t E [O,T] such that the functional

(23) attains its maximum value subject to the constraints (24).

As shown in Appendix 1, such strategiesexist for the class

of production functions with k . (t) of the type (21) and can
V1

be derived effectively from the set of equations:

t E [O,T]

v=2, .•• ,m i = 1, ... ,n (25)

where the index v = 1 correspondsto the most "inertial"

activity among different governmentexpenditures. The

equations (25) expressthe following principle of "proportional

expenditureeffects".
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In order to maximize the gross product the expenditure

intensities in each sector of economy should be chosen in such

a way that in each time instant t/ the expenditureseffects

f . (t) are proportional to the most inertial expenditure-v Ｑ Ｎ Ｎ Ｎ Ｎ Ｚ Ｎ Ｎ Ｎ Ｎ Ｍ Ｎ Ｎ Ｎ Ｚ Ｎ Ｎ Ｎ Ｎ Ｍ Ｍ ｾ Ｍ Ｍ Ｍ Ｍ ］ Ｍ Ｍ Ｍ Ｍ Ｂ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ ］ Ｍ Ｍ Ｍ Ｍ Ｍ Ｍ

effect f Hill.

According to that principle it does not pay to develop

the production capacity if a correspondinglevel of education,

R&D, etc. has not been achieved. In other words, if the edu-

cation (or scientific level) is the most inertial processes

one should coordinatethe governmentexpendituresin such a

way that the increaseof production capacity is proportional

to the education (scientific) level.

It should be observedthat the integral constraints (24)

are regardedsometimesas not restrictive enough and are

supplementedby amplitude constraints

n
L z· (t) < Z (t)

. 1 V1 - V
1=

t E: [O,T] V = 1, ... ,m,
(26)

where Zv(t) given functions of time.

As shown in Appendix 1, it is possible to derive the

optimum strategiesz . (t) = z . (t), v = 1, ... ,m,
VI. V1

i = 1, ... ,n, t E: [O,T], which maximize (23), (18) subject

to the constraint (26) and

w.(t) z .(t)dt
1 V1

w. (t) z . (t)dt
1 V1

(27)

where 0v' V = 1, ... ,m, given positive numbers
m
\' 0 = 1Lv·

v=l
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The gross product generatedwithin [O,T] under optimum

stragegies(A.19) becomes

m 0 ｾ e>vrvZOy G
q

IT Z v G
q (28 )= =

v=1 v v=1 \ 0

m
0 = I °v 0 = CLvBvv=1 v

The different optimization strategiesfor the integral

and amplitude type of constraintshave been derived for MRI

model. For example, when one maximizes (23) where y. (t) are
1

describedby (22) and the constraintsby (26) one gets [4]

where

f. (T)
1

f(T)
Z (T)

V
v = 1, ,m

i = 1, ,n

f (T) =
n

I
i=1

f. (T)
1 1J

T

T 1/

ki(t,T) W(t)dt! qi

The value of gross product under optimum strategy (26)

becomes

where

ｹ Ｈ ｾ Ｉ :: y
o

o

T

w(t)

o

n

I
i=1

k. (t,T)
1

is the componentof Y due to the past expenditures
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When T ｾ 00 , Yo ｾ 0 and ｙ Ｈ ｾ Ｉ can be written as

where

m
ｙＨｾＩ = G IT

v=1

-aZ vv

a
fq(T.) II [ZV(T)/Z) vdT

v

As a typical example it is also possible to consider the

simple developmentmodel with two production factors: labor and

capital only. In that case

where z. (T) - investment intensity (the expendituresZ .,
1 V1

V > 1 are neglectedas well as the impact of the past invest-

ments on the presentproduction), and

n

I
i=o J

T
z.(t)dt < K

1

o

ｾ r
T

l.. x. (t) dt < L
i=1) 1

o

where

As shown in ｛ ｾ ｬ

(29)

F =
n

I
i=1

F.
1

F.
1

1/S ] 1 ｾ｡w (t) k i (t,T)dt dT

It is interesting to observe that the aggregated(as a

result of optimum allocation of resources)production function

ｾ Ｈ Ｒ Ｙ Ｉ ［ of the n-sectormodel is equivalent (for a = 1) to the

classicalCobb-Douglasproduction function (1). That
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equivalencecan be shown also in the caseof (28) if one

assumesthat

m
]..It = In II

v=3

oz v
v (30)

i.e. that the technologicalprogr_ss is a result of expend-

itures Z , v = 3, ... ,mv
Introducing the notion of the rate of growth p = xI

x x
for the differential function x(t), it is also possible to

find from (1)

p =]..1 + 8Pk + (1 - 8) p
Y L

and from (30)

(31 )

m
]..I = L

v=3
o p

V 'l
V

(32)

The formulae (31) (32) can be used for the estimation

of the role of governmentexpendituresin the gross economic

growth.

It should be mentioned that the describedmethods of

decomposition,optimization, and aggregationmake it possible

to solve one of the most difficult problems in the complex

modelling which is an interrelationbetween the macro-models

(of type (1)) and the sectorialmodels (2) 7 (4). Each

sectorialmodel can be decomposedinto a number of submodels

according to the production, regional, and managementstructure.

There exist simple relations between the parametersof the

higher and lower order submodels. using those models there

exists the possibility of investigationof investmentsand

other governmentexpenditures'impacton future development.
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III. Allocation of Gross Product.

Consider the allocation of gross product and decision

structure shown in Fig.2, which may be regardedas a simplified

model of centrally planned economy. According to that model

the gross product generatedat the ｾ ｮ ､ of the year t - 1 by

the n productive sectors (P1, ... ,Pn) is divided by the I-level

decision unit (D.C.) into m parts (Z1' Z2' Z3, ..• ,Zm)' i.e.

productive investments,private consumptionand government

expenditures(education, health services, researchand

development,public utilities, etc.). The II decision level

is concernedwith allocation of z., i = 1, ... ,m, among
1

different sectorsof production and consumptionactivities.

The III and lower decision levels are concernedwith the

allocation of resourcesin the regional or administrative

sense.

All the decisionson the production side are concerned

with the maximization of the gross product while the decisions

on the consumptionside are concernedwith social welfare

which can be describedby a utility function. Speaking about

the decision goals more precisely, it is necessaryto take

into account the influence of governmentexpenditureson the

gross production and to formulate the long-range strategic

goals and decisionsas well as the short-range (operational)

goals and decisions. The operationaldecision should result

from the strategicdecisions.

At the I-level of the hierarchical structureof Figure 2,

one is concernedmainly with the aggregatedmodel described

by (1), or in the equivalent form (28) + (3), where Z2 repre-

sents the cost of labor (equal to the private consumption)

m
L Z

v=3 v

The usual approachto study the allocation of G.N.P. in

macro-economicmodels for centrally planned economiesis based

on the so called imputation principle.
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According to that principle, the gross product Y gener-o
ated presently (or at the end of t-l year) should be assigned

to the immediate consumption (C.) and the part which determines
1

the future consumption (Cf ) in such a way that the social

utility function U (Ci , Cf ), describing the consumerpreferen-

ces with respectto the present (Ci ) and future (Cf ) consump-

tion, attains maximum.

In our notation Ci = Z2 = Y2Yo' while the future consump-

tion, according to (28) is

m °Cf = Y2Y = Y G
q II Z v

2 v=l v

Then the problem boils down to maximization of

m °U = U (Z2' Y G
q

II Z v)
2 v=l v

with respect to Z v = l, ... ,n, and subject tov

m m
L Z = Y ): Yv = Y

v=l v 0
'J= 1

0
(33)

Assuming that the utility function has the known proper-

ties familiar to demand analysis, i.e. differentiable and

strictly concave, we can introduce the lagrangean:

[ I Zv - yJ
v=l

and obtain, togetherwith (33), the necessaryconditions of

optimality:

v=1,... Ｌ ｭ Ｌ ｶ ｾ Ｒ (34)
, Y

Ui Y2°v Zv
+ A = 0

, Y
U. + Ufo2Y2 Z + A = 0

1 .2 "
(35)

differentials of U(Ci,Cf ). Keeping

v = l, .•. ,m, and defining the discount

asrate r

,
where Ui , Uf are partial

in mind that Z - Yvi - v'
Y
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r =
df

one gets by (34) (35) the following conditions

v = 1,3... ,m (36)

where

= Y/Y Gq
P 0 = .

and togetherwith

m
IT

v=1

can be used for computationof the optimum values (Yv) of

Yv v· = 1, ... ,m. Since U(Ci,Cf ) is strictly concave,

the eqs (36) are also sufficient for optimality. They can

be also used for estimationof 0v' v = 1, ... ,m coefficients,

when we have (as it usually happens) the data concerning the

allocation of gross product in terms of Yv' v = 1, ... ,m. If,

for example, we are dealing with aggregatedeconomy with labor

and capital only and we know that Y2 is (under optimum strategy)

equal 0.15 (Y1 = 0,85) and Ｑ ［ ｾ = 1, it is possible to find out

that01 = 0.3, 02 = 0,7.

Npwit is possible to find out how fast the economy will

grow under optimum allocation strategy. Assuming y = const,v
v = 1, ... ,m, t E: [O,T] one gets

(37 )

I
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When

one gets

m

I
v=1

6 = 1v

m
p = G

q
IT

v=1
(38)

That growth can be achievedprovided the decision concerning

the allocation of resourcesat the II and lower levels of the

structure shown in Fig.2 are optimum. As shown in Sec.2,

thesedecisionscan be derived explicitly when Z = Y y
V V 0

v = 1, ... ,m are known.

It should also be observedthat in order to have an

objective measureof growth it is necessaryto know the price

change in the optimization interval. The prices are, however,

determinedby the supply-demandrelations with respectto the

commoditiesgeneratedby n sectors of economy. In order to

investigatethe price changeswe have first of all to consider

the consumerpreferencestructure. In order to do that, assume

that the total salary (Z2) for the planning interval [O,T]

is known. The (aggregated)consumerwill spen9 that salary

purchasingwith the intensities z. (t) the n different com-
1

modities or servicesproduced in sectorsS. i = 1, ... ,n. We
1

assumealso that the utility level x. (t) is related to the
1

expenditureintensity zi(t) in an inertial and nonlinear fashion:

o

a..
Ki (t,T) [zi (T)] 1 dT (39)

where K. (t,l) is of a similar nature as the function k. (t,T)
1 1

introduced in Sec.2 (compare (20) (21).

In the case of K. (t,T) describedby (20) the consumer
1

expenditurescreateno utility before the delay time t = T ..
1
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Such a situation can be observedin the case of education,

health, etc., expenditures. For example, in order to increase

his utility level in education, the consumermust finish a

school first and that requires tuition expendituresover T.
1

years of study. The benefits (in cerrns of increasedsalary)

will not follow until he finishes school.

rtshould also be observedthat due to the exponent

exp (-o.t) the educationlevel decreasesalong with time if
1

no additional expenditures(re-education) follow.

Another example of inertial effects one can encounteris

in the case of purchasing expensive durable goods (houses,

motor cars, etc.) One must accumulatethe money before a

purchaseis made and then the utility level decreasesin time

as a result of depreciation,aging, etc.

It should also be observedthat due to 0 < a. < 1 the
1

decreasingreturn LO scale effect follows in (39). Obviously

one cannot increasethe educationlevel indefinitely increasing

the expenditures.

It is assumedthat consumerpreferencesc)nccrn the utility

levels x. (t) rather than the expendituresz. (t) (if x.t) is not
1 1 1

an immediate resulL of z. (t)) and consequentlywe shall intro-
1

duce the utility functional

rT ,
= w(t)

J
o

n
II

i=1

8·
[x. (t)] 1 dt

1

where w(t) = given discount function.

The presentmodel can be easily extendedto the casewhen

there are p classesof consumers (e.g. white and blue collar

workers, scientists,managers,etc.) having different salaries

and utility functionals
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where

= JTU.
J

o

w(t)
n
IT

i=1 If
o

k .. (t-T) [z .. (T)] ｡ ｾ ｔ ｉ ｂ ｾ ｴ , (40)
1J 1J

Z .. (t) - the j-th consumer intensity of expenditures
1J

in i-th commodity category,

k .. (t) - given non-negativefunctions
1J

o < a. < 1
1

i = 1, ... ,n

n
I 8 .- 1

i=1 i
j = 1, ..• ,p

The expendituresintensitiesshould satisfy the following

constraints

where

w. (t) z .. (t) dt < Z.
1 1J 1

i = 1, ... ,n Ｈ Ｏ ｾ 1)

n
L

i=1
Z. < Z

1 -
- total expendituresequal total

salaries (Z2).

The optimization of utility functional problem can be

formulated as follows.

Find the non-negativestrategiesz .. (t) = z .. (t)
1J 1J

i = 1, ... ,n, j = 1, ... ,p, such that the utility

p

U = I
j=1

U.
J

(42)

attains maximum subject to constraint (41).
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As shown in Appendix I, such a strategycan be derived

in an explicit form.

It should be observedthat in the presentconsumption

model a decentralizedsystem of decisionscan be used.

According to that system the goverIlment is concernedwith

the best allocation of Z2 among the p consumerclasseswhile

the consumersare concernedwith ｾ ｨ ･ best allocation of their

salaries. In that model it is also possible to take into

account the governmentexpendituresif they contribute to the

consumerwelfare. For example, Z., i = 1, ... ,N, may represent
1

the consumerprivate expenditures(which are financed out of

his salary) while Z., i = n + 1, ... ,N, the governmentexpendi-
1

tures which contribute to the consumerwelfare.

Assuming that the allocation structure for gross product

is known, one can derive the demandsYi , i = 1, ..• ,n, con-

fronting the production sectors:

m m
Y. = I A, Z = Yo I A"l'Y2

1 v=1 V1 v v=1 v

where

i = 1, ... ,n (43 )

n

I
i=1

A . = 1
V1

v = 1, ... ,m

A • = given non-negativecoefficients determining
V1

the v-th expenditurecontribution to the

demand confronting the i-th production

sector.

IV. Prices.

The net sector productions Y., i = 1, ... ,n, of the system
1

of Fig.1, under optimum strategy (6) can be written in the form
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n n
Y. = Y .• - I Y .. = Y .. - I a .. Y ..

1 11 j=1 1J 11 j=1 1J JJ

jfi jfi

i = 1, •.. ,n

(44)

Generally speaking the supplies (44) differ when comparedto

Yi , i = 1, ... ,n, values (43) on the demand side. In ｯ ｲ ､ ｾ ｲ to

achieve an equilibrium it is necessarythat the outputs Y..
11

i = 1, ... ,n, satisfy the equations

Y .. -
11

n

"j=1
jfi

a ..
1J

Y ..
JJ

= Y.
1

i = 1 , ••• , n (43)

Since the technologicalcoefficients a .. , i,j = 1, ... ,n
1J

are determined (estimated) from the real economy it is natural

to assumethe unique and non-negativesolution of (43), exists

This solution assumesthe following form.

Y .. = 1.0.,1) Y
11 1 - 0

i = 1, ... ,n (44)

where 1. (A,r) are known functions of A .y , i = 1, ...n ,
1 - V1 V

V = 1, ... ,m.

In order to satisfy (44) it is necessaryto choose the

sector prices in the proper way. For that purpose, consider

the sector output (2) which can be written in the form

x ..
11

n
II

j=1
jfi

a ..
J1

X .•
J1

(45)

where Wv = prices attachedto investment, labor and govern-

ment activities, v = 1, ... ,m.

Since Fi is by assumptiona homogenousfunction of Zv

(compare (28)) one can write:
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q. m -8vqi n -a. .. n a. ..
1.

IT IT J1. IT y . ｾ 1.X .. = [F.(Z1'···Z )] w p.
1.1. 1. m v=1 v

j=1 J j=1 J1.

j+i j+i

i = 1, ... ,n

In order to derive the equilibrium prices, it is

necessarythat a tangent hyperplane (which describesthe

demand side) to the production isocline exists. If, for

example, the aggregatedeconomy can be describedby the

production function

x = A K13 L 1- 13

and the input cost

(46)

(47)

where w1, w2 = given prices of ｣ ｡ ｾ ｩ ｴ ｡ ｬ and labor, it is

possible to find the capital K = K and labor L = L, which

maximizes (46) subject to (47).

It is easy to show that the tangent point of the line

w k + w2 L = y to the isocline (46) is
0

K = 13 y L = 1-B y
w1 0 w2 0

and the resulting price of the good X is

C(K,L) 13 1-B A- 1 -13 (1-13) B-1p = = A w1 w2 A = 13
x(K,L)
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The similar method can be used for the derivation of

sector prices. We assumethat the governmentexpenditures

have been allocated in an optimum manner, i.e. Zv = Zv

v = 1, ... , m and that Y.. = Y. . j , i = 1, ... , n, j + i
J1 J1

Then

:(. .
11

" qi
= [F.(Z1'···Z)]

1 m

i = 1, ... ,n

m
IT

\>=1
ｾ (aj i)aji
. p.
J J

A1-q.
Y .. 1

11

while the input costs become

m
C. = I a .. Y .. + q. I 6v Y .. = Y ..

1 j J1 11 1 v=1 11 11

A

Then taking the logarithms of C " one getsi/x ..
11

i = 1, ..• ,n

where

n Y .• m
ln I ln q. [In 11 I 6v ln w)p. - a .. p. = ｡Ｎｆｾ +1 J1 J 1j=1 1 1 v=1

j+i

(48 )

i = 1, ••• ,n

cJ.. =
1

n a .. /
IT J1 q.a. • . 1

i=1 J1

j+i

Y .. = 1. (A,)) Y
11 1 - 0

Since the technologicalcoefficients a .. are "productive"
1J

the determinant
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-a
n1

•••• 1

+0

and there exists a unique solution to the linear set of

eqs (48).

i = 1, ... ,n

It yields the set of positive prices p.
1

The presentsystem can easily be extendedto the open

economy by introducing additional foreign trade sector S .
o

The domestic production functions (45) should be supplementeda .
01 -now by the factor Y. , while q. becomesq. = q. - 0.

0
, > 0

01 1 1 1 1

i = 1, ••• ,n. In the eqs (48) we should add the term

a . ln p " where the price for the foreign trade can be
01 01

also written as

where

= p./T .
1 01

(49)

Poi = the price of imported commodity in the

foreign currency,

M = rate of exchange

T .
01

terms of trade

price ratio).

(export to import

Then the eq. (48) can be written
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01 1

n

I
j:::1
jfi
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a .. In p.
J1 J

1. Y m
= q. [In 1 0 + I o"ln w ]

1 qiFi \1=1 v v

- a .In T . = 0
01 01

q. = 1 -
1

n

I
j=1
jfi

a ..
J1

- a .
01

i = 1,2,... ,n (50)

The prices w
1
", i = 1, ... ,n, and T . should be regarded

01

as exogenous. The cost of labor (or averagesalary) w2 can

be derived, e.g. from the condition

Y
o

= Y2 L
o

(51 )

where Lo ::: total employment.

Since the most important, for modelling purposes,are the

relative price changeswith respect to the previous year,

one can introduce the so-calledprice indices t

1 = 1, ... ,n

and rewrite the eqs.(50) in an equivalent form

tAs shown in Sec.2 for small price variations the model is
good for aggregatedw.a.m. prices as well as for w.g.m. prices.
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t n
t q{n ｫｾ yt-1 m t](1 a. .)In L In 1

+ L 0vln- p. - a. , . p. = Wv01 1 j=1 Jl J ｆｾ v=1
j+i

1

a. . In Tt . = 001 01

i = 1 , ••• , n (52)

where ｬ ｾ t-1 t t Tt . are defined as ratios of present, Y , F. , wv'1 1 01
to past values.

. . d' t . 1prlce ln lces p. 1ncreasea ong
1

indices for capital, labor, and

governmentservices Ｈ ｷ ｾ Ｉ Ｎ They go down, however, when capital

capacity Ｈ ｆ ｾ Ｉ or terms of trade (Tt .) increase. They depend
1 01 t

also on the consumptionstructurechange (1.).
1

Using the price model baqe on eqs.(50) (5?)it is possible

to derive the value of gross production in constantprices
. h t t t t '( d' d bassumlng t a wv ' Toi ' L o are glven e.g. pre lcte y econo-

metric and population growth models). However, the estimation

of wt , in the general case v = 1,2,... ,m, is difficult. In the
v t t

MRI model we have used therefore two prices w1 ' w2 only. Since

the ｰ ｾ Ｌ Tt " i = 1, ... ,n and wt
2

can be derived from the past1 01
statisticaldata an effort has been made to estimatethe change

of aggregatedprice ｗ ｾ Ｇ which representscapital and govern-

ment price change. In the caseof integrated (n=1) closed

economy one gets from (52)

(53)

Setting in (53) the statistical integrateddata for the Polish

economy in 1972:

I
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-32-

Ft = 1,059
1

ｩｾ = 1

t
P1 = 1,000

tand assuming 8 = 0.32, one gets w1 = 0,81.

tAssuming that w1 = 0,81 will not change in 1973 it is

possible to derive the value

for the next (1973) year.

That techniquecan be extendedfor the general n-sector

case. It can be observedthat when one computes the price

indices by (52) it is possible to use the delayed by t = 1

values of

v = 1, ... ,m

and consequentlyderive the ｆ ｾ Ｈ ｺ ｴ Ｉ values.
1 v

The most difficult problem is to derive the consumption
tstructurechange1.. For that purpose in the MRI a model of
1

consumptionstructurechangehas been used. The model assumes

that the structureof consumptionchangeswhen the GNP per

capita Y = Yip , and integratedprice index pt in the lastop
year change, i.e.

t t 1 E: i [pt-1 ] E l"1. = [Y - ]
1

(54)
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where Ei , Ei have been estimatedusing past statisticaldata.

Using (54) in (52) it is possible to see that the price changes
t

Pi' i = 1, ... ,n, t = 1,2,....can be derived in an iterational

way starting with the t = 0 data base.

As follows form (50) (52) the national price model de-

pends much on the international trade and world prices. In

order to get projections for world prices it is necessaryto

construct a world trade model. Such a model can be constructed

using the generalmethodologydescribedin the presentpaper.

In order to demonstratethat consider the n-sector model shown

in Fig.1. Each sector S., i = 1, ... ,n representsnow a
1

national economy. The flow Y.. , j = 1, ... ,n, j f1J
the exports to Sj(j f i) sectors in Si currency.

way Y.. , j = 1, ... ,n, j f i representthe import of goods from

S. (j ｾ ｬ ｩ Ｉ in S. currency.
J J

It should be assumedhere, however, that the balanceof

payment (D.) is observedat each sector, i.e.:
1

where

n n
I [Y .. - Y .. ] = I 0. •• Y .. 0.. Y .. = D.

j=1 1J J1 j=1 1J JJ 1 11 1

jfi jfi

n n
0.. = I 0. .• I D. = 01 j=1 J1 i=1 1

jfi

i = 1, .•• ,n

(55)

Since the eqs. (55) are linearly dependent,i.e.

ｾ ｛ ｾ
1 J

0. ••
1J

Y ..
JJ

- 0..
1 ｾｩｩ｝ = I

j
Y .. I 0. .•

J J i 1J - I
i

0..
1

Y ..
11

= 0

in order to get a solution introduce the new variables



=
df

x.
J

-34-

j = 2, ..• ,n. Then insteadof (55) one gets

n
L

j=2
jfi

a .. x. - a. x.
1J J 1 1 i = 1, ••• ,n (56)

When that system is being solved one can also find Y11 from

the eq.

n
L 101 .. X. - a 1 Y11 = D1j=2 1J J

The price model (48) can now be rewritten in terms of

= M. j=2, ... ,n
df J

InM.
1

n

L
j=2
jfi

a ..
J1

In M.
J

a'
1

]a J

ｾＱＮ . , (57)
J1a ..

J1

i=2, ... ,n

From the eqs.(57) it is possible to derive the exchange

ratios M., j = 1, ... ,n. Using that methodology it is also
J

possible to construct the more generalmodels of international

trade in which n countries exchangeN different products.

v. Conclusions.

The presentpaper presentsa number of decomposition,

optimization, and aggregationmethods which are useful for

the constructionof long-range, normative developmentmodels.

The usefulnessof these methods has been.demonstratedby

considering a developmentmodel of a centrally planned economy.

That economy includes, however, a market for consumergoods

and as a result the sector prices can be regardedas equilibrium

prices.
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A similar approachcan be used for a market economy assuming

that the decisionsconcerning investmentare taken at the

lower (private producer) level. Such a model was investigated

in Ref. [4J Another difference concernsthe labor and

capital prices, which were regardedas exogenous (or decision)

variables in our model. In the market economy the labor and

capital prices may be regardedas equilibrium prices according

to the well-known Keynesian philosophy.

In the model discussed,we have used a directed rather

than the disembodiedtechnologicalprogressand as a result

we were able to obtain the explicit relations betweenthe

growth rate (31) and the governmentexpenditurerates in

education, science, health, etc. That approachcan be used

effectively when government institutions or expenditurescan

be assignedto specific sectorsof economy.

The main advantageof the presentapproach is that it

derives the optimum decisionsat each level of the decision

structure in an explicit form. The model can easily be ex-

tended to include the lower-level subsystems. In that way, we

are able to aggregatethe micro-productionsubmodelsup to

one sector macro-model (1), (28). Due to the explicit

relations it is possible to derive at each decision level

the correspondingproduction function or utility function.

The model assumesthat all the decisionsare optimum.

In the case when the decision taken at a particular level

is not optimum, it is possible to show that the resulting

aggregatedperformancefactors (such as G in (28) or

F, F. in (29)) decrease. Since these factors are derived
1

by using the estimatedvalues of KVi (see (20)) the model

will work as well with the sub-optimal decisionsbut the

growth achievedwill be less than the maximum growth

possible.
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The optimum decision, which can be derived by our long-

range normative (core) model should be regardedfirst of all

as strategicdecisions. One of the important strategic

decisions is concernedwith choosing the areasof national

production specializationwhich enable the fastest economic

growth. For that purpose, one can investigate (by using

price model (52)) the impact of the projected terms of trade

on the allocation of sector investmentsand corresponding

governmentexpenditures. For example, when the terms of trade

are favorable for the national specializationin coal pro-

duction the correspondingcapital investmentsshould be

implemented. The sector investmentschange the relative

prices in the whole economy. However, using the price model

togetherwith the production model, one is able to find that

strategywhich maximizes the growth per capita in constant

prices. In that way, the model takes care of the consumer

and producer benefits. In other words, the derived by the

model strategytakes into account the so-calledopportunity

costs while the optimum strategyenablesthe achievementof

the comparativeadvantages.

The strategicdecisionsderived by the use of the core model

can be employed for operational (i.e. sectional and regional)

decisions. For that purposeone can use a number of specialized

regional or sectorial submodels. For example, in order to

implement the strategicdecision regarding the development

of coal production, it is helpful to investigatethe develop-

ment processesat the regional level (find the best location

of coal mines and power stationswhich produce electric

power by burning coal, find the necessaryexpendituresin labor

training, researchand developmentcosts, structural changes

in employment and consumption, pollution of the environment,

etc.) .

Another strategicdecision is concernedwith long-range

impact of world prices in food on national development.
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Investigating the (projected) terms of trade change on the

national economy as well as the consumptionstructurechange,

it is possible to determine the best structureof long-range

food production. In the case of a country like Poland, the

strategicproblem is the following. Should the economy import

grain in order to export meat, or should it strive toward

self-sufficiency? The answer to that question is not simple,

becausethe food production dependson the supply of ferti-

lizers, labor and capital, which are neededas well in other

sectorsof the economy. In order to solve the presentcomplex

problem, the core model should be used with the possibleco-

operationof more specializedsubmodelsdealing with employment,

environment, regional, etc. submodels.

These two examples show how important it is (for the

purposeof long-range planning and developmentof the economy)

to have a family of submodelscooperatingwith the national

core model. Since the developmentdecision dependsmuch on

the world prices, it is important as well to have a good

long-rangeglobal model. There is, of course, a long way to go in

the constructionof good regional, national, and global models.

The results obtained so far should be regardedas

encouraging,andstimulate further research. However, much still

remains to be done along these lines.
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Consider the single sector (consumer) model with the

production (utility) functional

JT m
y = IT f (t) dt

v=1 v
0

where

f (t) If k (t-T) x (T) r"= dTv V . V
0

(A. 1 )

, o < a < 1v v = 1, ... ,m ,

kv(t) = given functions, kv(t) = 0, t < 0, having "inertial"

ｌ ｡ ｰ ｬ ｡ ｾ ｣ transformsKv(p). We assumethat v = 1

correspondsto the most inertial term. When, e.g.
T D

Kv(P) = e v-, v = 1, ... ,n one can set T 1 ｾ T2
> ••• >- - T .m

,

(A. 2)v = 1, .•. ,m

It is necessaryto find non-negativestrategiesx (t) = x (t)v v
v = 1, ... ,m, t £ [O,T] such that (A.1) attains maximum subject

to the constraints

I
T 1/av

WV(T) [xv(t)] dT.< Zv

o

In order to solve that problem one can apply the general-

ized ｈ ｾ ｬ ､ ･ ｲ inequality

m
II

v=1
,

which becomesan equality if (almost everywhere)
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T £ [O,T] v = 2, •• • ,m

(43)

Cv = const, v = 2, ... ,m. In the presentcase one obtains

m -8
JT JtY < II

v dt k 1 (t -T)X 1 (T) dT- Cvv=1
0 0

m -8
JT JTII

v x 1 (T) dT k (t - T) dt= c
v=1 v 1

0 T

Applying again HOlder inequality one gets

y < ｶｾ 1c ｾ
8
vHTw1 (T) [x1 (T) 11/ a

1
d Tr1

{t[w
1

(t) -a1 r k
1
(t - T) dtJt-a;'dT }1-a

1

o T

where the equality appearsif (almost everywhere)

The value of c 1 can be derived by (A.2) yielding

c, =
T 1/a1Jw1h)[x1h)] dT

o

a1
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Then

m
ｹＨｾＩ = n

v=1

= m(Cc
v

1 )131 IT 1/a1n W
1

(t) [x
1

(t) ] dT
v=1

o

(A. 4)

In order to solve equations (A.3) in an explicit way

it is convenient to use Laplace transformsof (A.3)

= c.R. (p)X. (p)
l. l. l..

i=2, ... ,m

Since

K,'(P) ｾ Y{W1' (Tlrk, (t -

T

where

v = 2, ••• , m

The numerical values of c v ' v = 2, ..• ,m ｣ｾｮ be derived by

(A.2) and one ｾ ｣ ｴ ｳ

v = 1, ... ,m

T 1/a 1
X = J w (T) [x h)] dt

v v v
o

(A. 5)
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Then

o
z v

v
v = 1, ... ,m

(A. 6)

when

-0
X v

v

m
q = 1 - I

v=1
ov

Example

Maximize

subject to

By (A.S) one obtains

i(-r) = fT e->..(t - T)dt = ｾ [1 - e->..(T - T)]

T

(A. 7)

(A. 8)

(A. 9)

(A.IO)

Y(t) = fX(Tle-'(t-Tl dT =,; [1 - e-At-e-,T(1 - e-AtlJ

o (A.ll)
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It is interestingto observe that X(T} is monotonously

decreasingto zero when t + T. At the same time y(t} increases

(starting from zero) monotonouslyalong with t. Mlen T is

large enough x(t}, y(t} attain saturationlevels when t + 00,

or t + 0 respectively. It can be explainedassuming (A.7)

describesthe integratedeconomy with limited supply of capital

stock (A.8) and labor (A.9). The best investmentstrategy

(A.lO) should decreasein time when capital stock increases

while the labor intensity (A.11) should increasein order to

use the increasingcapacity.

It should be explainedwhy it is necessaryto assumethat

K1 (p) should be most "inertial" among Kv(p}, v = 1, ... ,m. For

that purpose assumeKv(p} = eTvP, v = 1, ... ,m. Then

and when T1 < Tv' the function Xv(p} is nonanalytic. For the

same reasonwhen K1 (P}/K (p) is a ratio of polynomials with

numerator of higher ｯ ｲ ､ ･ ｾ than denumeratorthe xv(t) contains

o(t} functions and the integral in (A.2) will not converge.

It is now obvious also why it is important to have 0 < av < 1

when one wants to have a unique solution.

Since the amount of resources (A.2) is bounded, the

solutions obtained are very sensitiveto the time horizont T.

ａ ｾ a result the model (A.1), (A.2) is especiallyuseful for the

analysisof concreteprojects, where the expendituresand

revenuesterminate in time.

This is the usual situation also at the macro-level where

one takes into account only these investmentprojects which

incur the benefits (i.e. which contribute to the output

production) within the planning interval. Then the planning

should be organizedas a continuousprocesswith the moving

(each year) time horizont while the optimization strategies

should be readjustedeach year according to the changing

objectives.
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For a continuousdevelopmentprocessthe integral con-

straints (A.2) may be replacedby the amplitude constraint

m 1/0.
I [xv (t) ] v = Z (t)

v=1
t £ [O,T] (A.12)

Since the equations (A.3) can be solved for xv(t) ,

v = 2, •.. ,m, so that the operatorsX (t) = Rv [X 1] exist one

should try to solve the eq.

1/0.1
[x

1
(t)] +

m ｾ /o.v
I [Rv (x 1 ) ] = Z (t)

v=2
t £ [O,T]

for x 1 (t). The constantscv ' v = 2, .•• ,m should be determined

by the conditions :

J
T A 1/0.
wV (T) [xv ("{ ) ] vd T =

o

where

v = 1 , •• • ,m

(A. 13)

m

I Yv = 1
v=1

y - given positive numbersv

The presentconsumptionmodel (A.1), (A.12). (A.13)

correspondsto a situation when the existing resourcesZ(t)

should be completely utilized at each t £ [O,T] with the given

consumptionstructuredeterminedby Yv' v = 1, ... ,m.

The single sector (consumer) model (A.1) (A.2) can be

extendedeasily to the n sector case (18) 7 (24) and (40) • (42).

Supposethe n production (utility) functions (A.G) :

Y.
1

m
= dil II

1 v=1

o
Z ｾ
Vl i = 1 , ••• , n

m
q = 1 - I 0v > a

v
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be given. Assume also that the expendituresin each v-th

sphereof activity (Zv) be given, i.e.

n

I
i=1

Z . < Z
Vl - V

v = 1, ... ,m (A. 14)

(A. 15)

Z . = Z , v = 1, .. . ,m, i = 1, ... ,n, such
Vl vi

n m
zovy = I ､ｾ II

1 v.i=1 v=1 1

The problem of optimum allocation of Z among the n sectors
v

(consumers) can be formulated as follows. Find the non-negative

that

attains maximum subject to (A.14).

Since Y is a strictly concave in the convex set (A.14)

a unique solution exists and(as can be easily shown)becomes

Z .
Vl

v = 1, .•• ,m i = 1 , ••• , n

(A.16)

where

n
G = I Gi

i=1

and

Y (Z .)
Vl

m
= Gq II

v=1
(A.17)

Now it is also possible to solve the problem of optimum

allocation of the total amount of resourcesZ among the m

different spheresof activity. In other words, it is necessary
'"

to find Zv = Zv' v = 1, ... ,m, such that maximlze (A.17) subject

to the constraint



m

I
v=l

z < Zv
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The optimum strategy is unique and (as can be shown)

becomes

while

cS Zv
Zv = -cS- v = 1 I ••• 1m (A. 18)

(A. 19)
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