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Necessary and S u f f i c i e n t  Cond i t i ons  i n  

t h e  Minimal Con t ro l  F i e l d  Problem f o r  L i n e a r  Systems 

I. I n t r o d u c t i o n  

I n  t h e  a r t i c l e  [ l ] ,  t h e  fo l l ow ing  problem was posed:  

p i ven  t h e  dynamical system 

where x i s  an n-dimensional  s t a t e  v e c t o r ,  u  i s  an m-dimen- 

s i o n a l  c o n t r o l  v e c t o r ,  and f  is  an n-dimensional  v e c t o r  func- 

t i o n  smooth enough t o  i n s u r e  a  unique s o l u t i o n  t o  ( * )  f o r  a l l  

p iecew ise  con t inuous  u ,  t > 0 determine a  feedback c o n t r o l  us  

i . e .  u  = u ( x , t )  such t h a t  i )  u s i n g  t h e  feedback law u ( x , t ) ,  

( * )  i s  a s y m p t o t i c a l l y  s t a b l e  and i i )  t h e  argument u  c o n t a i n s  

t h e  minimal number of components o f  x  c o n s i s t e n t  w i th  i ) .  

Obv ious ly ,  t h i s  i s  a very complex problem and a  c l e a r - o u t  

s o l u t i o n  f o r  g e n e r a l  f  seems o u t  o f  r e a c h  a t  p r e s e n t .  Even 

f o r  l i n e a r  f  and c o n s t a n t  c o e f f i c i e n t s ,  i . e .  f ( x , u , t )  = Fx + Gu, 

t h e  problem i s  compl ica ted by t h e  f a c t  t h a t  t h e  s o l u t i o n  is 

not  i n v a r i a n t  under c o o r d i n a t e  t r a n s f o r m a t i o n s .  None the less ,  

f o r  t h e  l i n e a r  case  eome headway has been made. I n  [2] upper 

bounds f o r  t h e  necessary  number of  components o f  x  t h a t  need 

a p p e a r  ( t h e  "dimension" o f  t h e  c o n t r o l  f i e l d )  a r e  d e r i v e d  

making use of s p e c i a l  c o n t r o l  laws.  These bounds a r e  e a s i l y  

I n t e r n a t i o n a l  I n s t i t u t e  f o r  Applied Systems Ana lys i s ,  
Laxenburg, A u s t r i a  and U n i v e r s i t y  of Ar izona,  Tucaon, Ar izona, 
U.S.A. 



computab le  i n  t e r m s  o f  t h e  c h a r a c t e r i s t i c  v e c t o r s  o f  F. If 

t h e  c o n d i t i o n  i )  were  r e p l a c e d  by i ' )  g i v e n  a  symmet r i c  s e t  

o f  complex numbers A ( i . e .  i f  A E A ,  t h e n  T E A ) ,  d e t e r m i n e  a  

l i n e a r  f eedback  c o h t r o l  law K o f  "min imal  d imens ion , "  s u c h  

t h a t  F + G K  h a s  A as i t s  c h a r a c t e r i s t i c  v a l u e s ,  t h e n  a  com- 

p l e t e  s o l u t i o n  i s  g i v e n  i n  [ 3 ] .  T h i s  v e r s i o n  o f  t h e  p rob lem 

s u b s t i t u t e s  a r i g i d  p lacement  o f  t h e  c o n t r o l l e d  s y s t e m ' s  c h a r -  

a c t e r i s t i c  r o o t s  f o r  t h e  much weaker  r e q u i r e m e n t  o f  a s y m p t o t i c  

s t a b i l i t y .  

I n  t h e  c u r r e n t  n o t e ,  w e  r e t u r n  t o  t h e  o r i g i n a l  p rob lem 

( l i n e a r  v e r s i o n  ) and  g i v e  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  

f o r  t h e  e l i m i n a t i o n s  o f  measurements  o f  c e r t a i n  s t a t e  v a r i -  

a b l e s  i n  a  s t a b i l i z i n g  l i n e a r  f eedback  law. U n f o r t u n a t e l y ,  

i t  does  n o t  seem p o s s i b l e  t o  g i v e  any s i n g l e  s e t  o f  o p e r a t i o n -  

a l l y  u s e f u l  c o n d i t i o n s  which a r e  b o t h  n e c e s s a r y  and s u f f i c i e n t .  

i lowever, w e  do p r e s e n t  one s e t  o f  n e c e s s a r y  c o n d i t i o n s  and 

a n o t h e r  s ~ t  o f  s u f f i c i e n t  c o n d i t i o n s  which are r e a d i l y  checked 

u s i n g  t h e  o r i g i n a l  p rob lem d a t a  ( t h e  m a t r i c e s  F and  G ) .  

Examples are a l s o  p r e s e n t e d  showing  t h a t ,  i n  some c a s e s ,  t h e s e  

c o n d i t i o n s  do e n a b l e  us t o  p r e c i s e l y  d e t e r m i n e  t h e  "min ima l  

c o n t r o l  f i e l d  ," 

The s t a n d a r d  method f o r  c o p i n g  w i t h  t h e  f o r e g o i n g  

" i n c o m p l e t e '  measurement  p rob lem i s  t o  c o n s t r u c t  a s o - c a l l e d  

" o b s e r v e r "  [ b ] .  A s  i s  w e l l  known, t h e  o b s e r v e r  compensa tes  

f o r  i n a b i l i t i e s  t o  measure c e r t a i n  p a r t s  o f  t h e  s t a t e  and  

g i v e s  t h e  same a s y m p t o t i c  r e s u l t s  as f o r  t h e  c a s e  o f  comp le te  

s t a t e  i n f o r m a t i o n .  However, f rom a p r a c t i c a l  e n g i n e e r i n g  



p o i n t  o f  v i ew ,  t h e  i n t r o d u c t i o n  o f  a n  o b s e r v e r  may b e  o b j e c -  

t i o n a b l e  on economic a s  w e l l  as t e c h n i c a l  g r o u n d s .  The added  

h a r d w a r e  and  c i r c u i t r y  n e e d e d  f o r  t h e  o b s e r v e r  i n c r e a s e s  t h e  

c o s t ,  w e i g h t ,  s i z e ,  a n d  c o m p l e x i t y  o f  t h e  s y s ' e m s  u n d e r  de-  

s i g n .  C o n s e q u e r t l y ,  i t  seems p r e f e r a b l e  t o  f i r s t  a n a l y z e  

t h e  s y s t e m  f r om  t h e  v i e w p o i n t  p r e s e n t e d  a b o v e ,  and a f t e r w a r d s  

i n t r o d u c e  a n  o b s e r v e r  f o r  t h o s e  components  o f  x  wh i ch  c a n n o t  

be c o m p l e t e l y  e l i m i n a t e d  by t h e  r e s u l t s  o f  t h i s  p a p e r  a n d  

wh ich  a r e  n o t  p h y s i c a l l y  m e a s u r a b l e .  

11,. N e c e s s a r y  C o n d i t i o n s  

a )  S i n g l e - I n p u t  Sys tems 

To b e g i n  w i t h ,  c o n s i d e r  t h e  s i n g l e - i n p u t  l i n e a r  s y s t e m  

whe re  x i s  a n  n - d i m e n s i o n a l  v e c t o r ,  g i s  an  n - d i m e n s i o n a l  

c o n s t a n t  v e c t o r ,  u  i s  a  s c a l a r  c o n t r o l  f u n c t i o n ,  a n d  F i s  a n  

nxn c o n s t a n t  m a t r i x .  We s e e k  c o n d i t i o n s  s u c h  t h a t  a  l i n e a r  

f e e d b a c k  c o n t r o l  l aw k ,  i . e .  u  = k ' x ,  may s t a b i l i z e  (1 )  and  

h a v e  some z e r o  components  ( t o  a v o i d  t r i v i a l i t i e s ,  we assume 

t h d t  F h a s  a t  l e a s t  one  r o o t  w i t h  n o n - n e g a t i v e  r e a l  pa .  t ) .  

To e x p r e s s  t h e  b a s i c  n e c e s s a r y  c o n d i t i o n ,  t h e  f o l l o w i n g  

n o t a t i o n  w i l l  p r o v e  u s e f u l .  L e t  A b e  a n  nxn m a t r i x  a n d  b  a n  

n x l  v e c t o r .  Then  t h e  q u a n t i t y  [ ~ l b ]  ( i )  w i l l  d e n o t e  t h e  m a t r i x  

A w i t h  i t s  i t h  co lumn r e p l a c e d  by b ,  i . e .  



Fur the rmore ,  l e t  S . ( A )  d e n o t e  t h e  sum o f  t h e  p r i n c i p a l  minors  
J 

o f  o r d e r  j o f  t h e  m a t r i x  A and l e t  a . (  [Alb] ( i ) )  d e n o t e  t h e  
J 

sum o f  t h e  p r i n c i p a l  minors o f  o r d e r  j ,  which c o n t a i n  compo- 

n e n t s  o f  b ,  o f  t h e  m a t r i x  [ A J ~ ] ( ~ ) ,  j = 1 , 2 , .  . . , n .  F o r  exam- 

p l e ,  S l (A)  = t r a c e  A ,  b u t  a l (  [ ~ l b ] ' ~ ) )  = b i .  It i s  w e l l  

known t h a t  t h e  c h a r a c t e r i s t i c  po lynomia l  o f  P may b e  e x p r e s s e d  

Our n e c e s s a r y  c o n d i t i o n  f o r  m i n i m a l i t y  o f  t h e  c o n t r o l  

law s t a b i l i z i n g  Z w i l l  be based  upon t h e  w e l l  known n e c e s s a r y  

c o n d i t i o n  f o r  x t o  be  a  s t a b i l i t y  po l ynomia l - - t ha t  a l l  c o e f -  

f i c i e n t s  b e  p o s i t i v e .  S i n c e  we a r e  i n t e r e s t e d  i n  t h e  s m a l l e s t  

number o f  components o f  x  which can  g e n e r a t e  a  s t a b i l i z i n g  

law, l e t  us f i r s t  c o n s i d e r  t h e  n e c e s s a r y  c o n d i t i o n  f o r  t h e  

d imens ions  o f  t h e  minimal  f i e l d  t o  b e  one.  T h i s  c o n d i t i o n  

is g i v e n  by 



Theorem 1. L e t  a i  , ai . . . . ,aik b e  t h e  n o n - p o s i t i v e  
1 2  

c o e f f i c i ' e ' n t s  o f  x F ( z ) .  Then a n e c e s s a r y  c o n d i t i o n  f o r  1 t o  

b e  s t a b i l i z a b l e  by  a  l i n e a r  law k '  = ( 0  0 * * 0  k  0 * . 0 )  & 
j 

t h  P r o o f .  Us i ng  a c o n t r o l  law o f  t h e  above  f o rm ,  t h e  i- 

c o e f f i c i e n t  i n  x ~ + ~ ~ ,  ( z )  i s  

i a; = ai  + ( - 1 )  k . a j ( r ~ ! q ~ ( j ) )  J - . ( 1  

Hence ,  if a i  0 ,  o i (  [F /%]  ( ' I )  mus t  b e  n o n - z e r o  i n  o r d e r  f o r  
* 

any c h o i c e  o f  k .  t o  i n f l u e n c e  t h e  m a g n i t u d e  o f  a  
J i ' 

Remarks .  ( i )  The c o n d i t i o n  o f  Theorem 1 o n l y  e n a b l e s  u s  

t o  e l i m i n a t e  c e r t a i n  components  o f  x as p o t e n t i a l  " s i n g l e -  

measurement "  s t a b i l i z e r s .  However,  i n  v iew o f  ( 1 1 ,  t h e  s t r i n g  

o f  i n e q u a l i t i e s  i m p l i e d  by Theorem 1 i s  a c t u a l l y  somewhat 

s t r o n g e r  s i n c e  we must  have  

A s  t h e  example  be l ow  i l l u s t r a t e s ,  t h e s e  s t r o n g e r  i n e q u a l i t i e s  

impose  a d d i t i o n a l  r e s t r i c t i o n s  on  k  t h a t  may r e s u l t  i n  t h e  
j 

f u r t h e r  e l i m i n a t i o n  o f  c a n d i d a t e  components  o f  x  t h a t  s a t i s f y  

t h e  n e c e s s a r y  c o n d i t i o n  o f  Theorem 1. F o r  examp le ,  i f  no  

number  k s a t i s f i e s  ( 2 ) ,  t h e n  component  j c a n n o t  s t a b i l i z e  
j 

1 e v e n  if o i ( [ ~ l g ] ( j ) )  # 0  f o r  i = il,i2 . . . ,  ik. 



i i )  To t e s t  whe the r  a  "two-measurement" c o n t r o l  f i e l d  

i s  p o s s i b l e ,  t h a t  i s ,  a law of  t h e  form k '  = ( 0  0 * * 0  k  0 . - 0  
j 

t h  kL  0. .O),  i t  i s  e a s y  t o  s e e  t h a t  t h e  i- c o e f f i c i e n t  o f  

Thus,  t h e  a p p r o p r i a t e  necessa ry  c o n d i t i o n  i s  1 ui ( [ F I  &] ( J  I) 1 
+ l a i (  [ F I ~ ] ( ' ) ) I  > 0 ,  i = i i 2 ,  ' i .  Now i n s t e a d  o f  t h e  

s i n g l e  c o n s t r a i n i n g  i n e q u a l i t y  ( 2 ) ,  we have 

Again,  ( 3 )  may impose enough a d d i t i o n a l  c o n s t r a i n t s  t h a t  some 

p o s s i b l y  f e a s i b l e  components o f  x a r e  e l i m i n a t e d .  

i i i )  U n f o r t u n a t e l y ,  t h e  f o r e g o i n g  c o n d i t i o n s  become 

r a t h e r  unwie ld ly  f o r  h igh -d imens iona l  sys tems  when we want  t o  

t e s t  f e a s i b i l i t y  o f  a  c o n t r o l  f i e l d  o f  d imens ion  g r e a t e r  t h a n  

one o r  two, s i n c e  t h e  number o f  comb ina t i ons  o f  components 

grows a t  a n  a l a r m i n g  r a t e ,  i . e .  f a c t o r i a l l y  . However, s i n c e  

a l l  t h e  o p e r a t i o n s  and i n e q u a l i t i e s  a r e  l i n e a r ,  i t  s h o u l d  be 

p o s s i b l e  t o  c o m p u t a t i o n a l l y  check a l l  p o s s i b i l i t i e s  f o r  s y s -  

tenis o f  moderate s i z e - - e . g .  i f  n  = 20 and we want t o  check  t h e  

p o s s i b i l i t y  o f  s t a b i l i z i n g  by 1 0  components o f  x ,  we have 

2 0  184,756 combinat ions  t o  check ( t h e  worst c a s e )  and i f  i t  

t a ; , e s  seconds t o  check one comb ina t i on ,  t h e n  t h e  t o t a l  



t i m e  r e q u i r e d  i s  a b o u t  3 m i n u t e s .  

Examp le .  To  i l l u s t r a t e  a p p l i c a t i o n  o f  Theorem 1 a n d  i t s  

c o n s e q u e n c e s ,  c o n s i d e r  t h e  s y s t e m  Z d e s c r i b e d  by t h e  m a t r i c e s  

By i n s p e c t i o n ,  i t  i s  c l e a r .  t h a t  t h i s  s y s t e m  c a n  b e  s t a b i l i z e d  

by m e a s u r e m e n t s  o f  x 3  a l o n e  . b u t  i t  i s  i n s t r u c t i v e  t o  u s e  

Theorem 1 t o  o b t a i n  t h i s  r e s u l t .  We h a v e  

S i n c e  a2 < 0 ,  a3 < 0, we h a v e  ( i n  t h e  n o t a t i o n  o f  Theorem l ) ,  

k = 2 ,  il = 2 ,  i2 = 3. Our  c o n j e c t u r e  i s  t h a t  a c o n t r o l  o f  

t h e  f o r m  k '  = ( 0  0  k ) w i l l  s t a b i l i z e .  C a l c u l a t i n g  t h e  r e l e -  
3 

v a n t  q u a n t i t i e s ,  we h a v e  

T h u s ,  t h e  n e c e s s a r y  c o n d i t i o n s  o f  Theorem 1 a r e  s a t i s f i e d .  



The s t r e n g t h e n e d  c o n d i t i o n  ( 2 )  y i e l d s  

wh ich  t o g e t h e r  imp l y  k < - 5 / 1 2 .  3 
I t  i s  e a s i l y  c a l c u l a t e d  t h a t  t h e  n e c e s s a r y  c o n d i t i o n s  o f  

T'heoreni 1 a r e  also s a t i s f i e d  f o r  measurements  o f  xl a l o n e  o r  

x 2  a l o n e .  However,  t h e  i n e q u a l i t i e s  ( 2 )  y i e l d  

x a l o n e :  10 -k l  > 0 ,  -5 -k l  > 0, - 1 ------ 6 k l  -38 > O wh ich  are 

i n c o n s i s t e n t ;  

x a l o n e :  10 - k2  > 0 ,  -9k2 -5 > 0,  22k2 -38 > O* wh i ch  -2- 

a r e  a l s o  i n c o n s i s t e n t .  Thus ,  t h e  o n l y  p o s s i b i l i t y  t o  s t a b i -  

l i z e  Z by m e a s u r i n g  a  s i n g l e  c o o r d i n a t e  i s  t o  measu re  x 
3 -  

To check  t h a t  i n d e e d  C c a n  b e  s t a b i l i z e d  by  measurements  

o f  x3, we u s e  t h e  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  

We n e e d  o n l y  check  t h e  f i r s t  o f  t h e s e  i n e q u a l i t i e s  as t h e  

o t h e r s  h a v e  a l r e a d y  b e e n  s e e n  t o  b e  f u l f i l l e d  when k < - 5 / 1 2 .  
3 

The r e l e v a n t  i n e q u a l i t y  i s  



T h i s  i n e q u a l i t y  i s  s a t i s f i e d  f o r  

S i n c e  ,/244/3 ' 9 .018 ,  r e  s e e  t h a t  any v a l u e  o f  k 3  i n  t h e  r a n g e  

w i l l  s t a b i l i z e  C ,  where E = /244/3 - 9  0.018 

b )  M u l t i p l e - I n p u t  Systems 

Now w e  assume t h a t  C h a s  1 < m < n  i n p u t s ,  i . e .  G i s  an 

nxrn m a t r i x  and K is an  mxn m a t r i x .  Again l e t  a  , . . . a  be  
1 k 

t h e  n o n - p o s i t i v e  c o e f f i c i e n t s  o f  x ( z ) .  Then t h e  c o u n t e r p a r t  F 
o f  Theorem 1 is  

Theorem 1 ' .  A n e c e s s a r y  c o n d i t i o n  f o r  C t o  be  s t a b i l i z -  

a b l e  by a  l i n e a r  law 

where  G ( ~ )  d e n o t e s  t h e  rth column o f  G .  

P r o o f .  I t  i s  e a s i l y  v e r i f i e d  t h a t  t h e  ith c o e f f i c i e n t  i n  

x ~ + ~ ~ (  z i s  



( ; o n s e q l l e n t l y ,  n o  measurements  on x  c a n  i n f l u e n c e  a i  i f  a l l  
j 

t n e  t e r m s  o i ( [ ~ ~ D ( ' ) ] ( j ) )  v a n i s h ,  L = 1 , 2  ,..., m. 

I n  a  c o m p l e t e l y  a n a l a g o u s  m a n n e r ,  we c a n  o b t a i n  s imi lar  

r e s u l t s  f o r  t h e  c a s e  o f  more t h a n  o n e  s t a t e  measurement .  

111. S u f f i c i e n t  C o n d i t i o n s  

To d e r i v e  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  e l i m i n a -  

t i o n  of '  s t a t e  v a r i a b l e s  f r o m  a  s t a b i l i z i n g  f e e d b a c k  law, we 

u t i l i z e  t h e  i n t e g r a l  e q u a t i o n  r e p r e s e n t a t i o n  f o r  t h e  s o l u t i o n  

o f  L :  

We now assume t h a t  F i s  a n o r m a l  m a t r i x ,  i . e .  F i s  d i a g o n a l i z -  

a b l e  a s  

where  ReX1 > R e X 2 > * ' - >  ReX 2 0 > HeX 3eX 
P  p t l  n '  

S t a n d a r d  r e s u l t s  i n  t h e  t h e o r y  o f  i n t e g r a l  e q u a t i o n s  

a l l o w  us t o  e x p r e s s  x ( t )  i n  t h e  fo rm 

w h e r e  t h e  r e s o l v e n t  k e r n e l  R ( t , s )  s a t i s f i e s  t h e  i r l t e g r a l  

e q u a t i o n  



The r e p r e s e n t a t i o n  ( 4 )  p l u s  t h e  n o r m a l i t y  a s s u n ~ p t i o n  on  F 

e n a b l e  u s  t o  w r i t e  t h e  ith component  o f  x  a s  

where  T  = [ t .  . ] ,  V i s  t h e  j th row o f  V ,  a n d  ( , )  d e n o t e s  t h e  
1 5  ( j )  

u s u a l  v e c t o r  i n n e r  p r o d u c t .  We a r e  now i n  a  p o s i t i o n  t o  

a s s e r t  

Theorem 2 .  Assume t h a t  t i j  = 0 ,  j = l , 2  ,..., p  and 
t h a t  C i s  c o n t r o l l a o l e .  T!len component  x .  roay o e  o m i t t e d  f rom 

1 

a  s t a b i l i z i n g  l i n e a r  f e e d b a c k  l aw .  

P r o o f .  I f  t i j  = 0 ,  j = 1,. . . , p ,  no  i n c r e a s i n g  exponen-  
I 

t i a l s  a p p e a r  i n  t h e  f i r s t  t e r m  o f  ( 5 ) .  A l s o ,  t h e  c o n d i t i o n  I 

i m p l i e s  t h a t  no i n c r e a s i n g  e x p o n e n t i a l s  w i l l  a p p e a r  i n  any o f  

t h e . i n t e g r a l s  wh ich  i n v o l v e  t h e  ith column o f  R.  T h u s ,  i n  

t h  s e l e c t i n g  a s t a b i l i z i n g  K ,  we may choose  i t  s o  t h a t  t i l e  i- 

column o f  R i s  z e r o .  However,  t h e  i n t e g r a l  e q u a t i o n  f o r  R 

t h  shows t h a t  t h i s  i m p l i e s  t h a t  t h e  i- column o f  K may b e  c h o s e n  

e q u a l  t o  z e r o ,  i . e .  component  x  d o e s  n o t  a p p e a r  i n  t h e  l a w  K .  i 

Example.  To i l l u s t r a t e  Theorem 2 ,  l e t  Z b e  f o rmed  f rom 

t h e  m a t r i c e s  



Then XF(z)  = ( 2  - 1 ) ( z  + l ) ( z  + 2 )  and  

For t h i s  example,  p  = 1 and t h e  form o f  1' i n d i c a t e s  t h a t  i t  

i s  p o s s i b l e  t o  s t a b i l i z e  F by a  c o n t r o l  law o f  t h e  form 

k  = ( 0  k2 k 3 ) ,  i . e .  w i t h  t h e  component xl no t  appear ing .  To 

check t h i s ,  we compute t h e  c h a r a c t e r i s t i c  po lynomia l  o f  

( P  + gk') o b t a i n i n k  

A p p l i c a t i o n  o f  t h e  Hurwi t z  c o n d i t i o n s  shows t h a t  f o r  

s t a b i l i t y  i t  is n e c e s s a r y  and s u f f i c i e n t  t h a t  k2 and k s a t i s f y  
3  

It i s  n o t  h a r d  t o  s e e  t h a t  t h e r e  are many s o l u t i o n s  t o  t h i s  

sys tem,  e . g .  k2 = -2,  k = ( 6  - a 2 ) / b  is one .  It is a l s o  3 
i n t e r e s t i n g  t o  o b s e r v e  t h a t  t h e  above i n e q u a l i t i e s  have no 
s o l u t i o n  i f e i t h e r  k2  = 0  o r  k 3  = 0 ,  i . e .  b o t h  x2  and x 

3 
must a p p e a r  i n  t h e  c o n t r o l  law t o  s t a b i l i z e  C .  



I V .  Discuss ion  

The p reced ing  r e s u l t s  o f f e r  t h e  p o s s i b i l i t y  t o  p r e c i s e l y  

determine t h e  "dimensions" o f  t h e  minimal c o n t r o l  f i e l d  f o r  

many l i n e a r  sys tems .  A s  has  been emphasized,  t h e  c o n d i t i o n s  

p r e s e n t e d  a r e  not  s imu l taneous ly  necessary  and s u f f i c i e n t  . 
It should  be n o t e d ,  however, t h a t  t h e  necessary  c o n d i t i o n s  

o f  Theorem 1 may be combined w i t h  t h e  u s u a l  Hurwitz c o n d i t i o n s  

t o  form a  s i n g l e  s e t  QZ necessary  a& s u f f i c i e n t  c o n d i t i o n s .  

But ,  check ing  t h e  s u f f i c i e n c y  r ,equ i res  check ing t h e  c o n s i s -  

tency of a  s e t  o f  polynomial  i n e q u a l i t i e s  which,  f o r  l a r g e  

systems' ,  i s  an o p e r a t i o n a l l y  i n t r a c t a b l e  s i t u a t i o n .  The most 

p r a c t i c a l  way t o  comSine Theorems 1 and 2 i s  t o  use Theorem 2 

t o  determine t h o s e  components o f  x which may c e r t a i n l y  be e l i m i -  

n a t e a  from t h e  c o n t r o l  law, then er,.ploy Theorerr, 1 t o  check t h e  

remain ing components f o r  p o s s i b l e  e l i m i n a t i o n .  Th is  p rocedure  

a l s o  h a s  t h e  d e s i r a b l e  s i d e  b e n e f i t  o f  reduc ing  t h e  number o f  

n  combinat ions needed f o r  a p p l i c a t i o n s  o f  Theorem 1 from Z ( j 

n- m k = l  

t o  L ( n - m ) ,  where m is  t h e  number o f  components o f  x which 
k.1 k  

a r e  e l i m i n a t e d  h y  Theorem 2 .  
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