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Bayesian S t a t i s t i c a l  Ana lys is  

of  Exper imenta l  Data* 

Robert  L .  Winkler** 

1. I n t r o d u c t i o n  

Bayesian s t a t i s t i c s  has  rece i ved  a cons ide rab le  amount 

of  a t t e n t i o n  i n  t h e  p a s t  two decades .  For  i n s t a n c e ,  s t a t i s t i c a l  

j o u r n a l s  have inc luded numerous a r t i c l e s  on Bayesian methods 

i n  r e c e n t  y e a r s .  Seve ra l  books rega rd ing  Bayesian s t a t i s t i c s  

have been pub l i shed r e c e n t l y  (some r e f e r e n c e s  w i l l  be g i v e n  i n  

S e c t i o n  5 ) ,  and many g e n e r a l  s t a t i s t i c s  t e x t s  now inc lude  one  

o r  more chap te rs  on Bayesian s t a t i s t i c s .  Moreover, t h e  i n t e r e s t  

i n  Bayesian methods i s  not  l i m i t e d  t o  mathemat ica l  s t a t i s t i c i a n s .  

P r i m a r i l y  because o f  t h e i r  i m p l i c a t i o n s  f o r  d e c i s i o n  making, 

t h e s e  methods have rece i ved  much a t t e n t i o n  i n  bus iness  s c h o o l s .  

Psycho log i s t s  concerned w i t h  human behav io r  i n  i n f e r e n t i a l  

and decision-making s i t u a t i o n s  have used Bayesian methods 

e x t e n s i v e l y .  Economists have used Bayesian methods t o  compare 

economic models and t o  deve lop  models of  r a t i o n a l  economic 

behav io r .  Other  i n t e r e s t i n g  a p p l i c a t i o n s  have invo lved  medic ine,  

la.w, me-teorology , and many a d d i t i o n a l  a r e a s .  

Formal ly ,  Bayesian s t a t i s t i c s  c o n s i s t s  of  a  s e t  o f  stat is-  

t i c a l  p rocedures  t h a t  i nvo l ve  t h e  use  of Bayest  theorem t o  

r e v i s e  p r o b a b i l i t i e s  a s  new in fo rmat ion  i s  ob ta ined .  
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The term ''Bayesian statistics" covers a wide spectrum of topics, 
. - 

and this paper is concerned with only a portion of that spectrum, 

the use o f  Bayesian procedures in the analysis of experimental 

data. In order to carefully delineate the area of interest, 

it is first useful to distinguish inferential procedures from 

decision-making procedures. The motivation for much of the 

recent interest in ~ayesian methods has been decision-theoretic 

in'nature. These methods are adaptive in the sense that they 

allow for the revision of probabilities on the basis of new - 

information, and thus they provide a useful framework for decision 

making models. In decision making, the ultimate objective 

is the choice of an action from a particular set of alternatives. 

The objective of inferential statistics, on the other hand, 

is not to choose an action, but simply to make inferences 

about some population or process on'the basis of limited infor- 

mation concerning that population or process. Of course, the 

distinction between inference and decison making is often some- 

what vague. For instance hypothesis-testing procedures can 

be thought of as inferential in nature, or they can be considered 

in a decision-making framework. Nevertheless, the main concern 

in the analysis of experimental data is generally inference, 

and this paper is thus oriented primarily toward the inferential 

end of the inference-decislon spectrum. 

. , In order to further clarify the approach taken in this 

paper, it is useful to distinguish between statistical theory 

and statistical practice. The theory of Bayesian statistics 



has rece i ved  cons ide rab le  a t t e n t i o n  i n  terms of  unde r l y i ng  

founda t i ona l  m a t t e r s ,  t h e  development o f  Bayesian p rocedu res ,  

and t h e  comparison of  t h e s e  procedures  w i th  most of  t h e  commonly 

encountered i n f e r e n t i a l  p rocedures  of  c l a s s i c a l  s t a t i s t i c s .  

I n  terms o f  s t a t i s t i c a l  p r a c t i c e ,  however, t h e  i n t e r e s t  i n  

Bayesian methods has  been a lmost  e x c l u s i v e l y  from a  d e c i s i o n -  

making s t a n d p o i n t .  L i t t l e  a c t u a l  use  has been made of  Bayes ian  

i n f e r e q t i a l  procedures except  i n s o f a r  a s  they  a r e  u s e f u l  i n  a 

decision-making con tex t .  I n  ; h i s  pape r ,  nc: new t h e o r e t i c a l  

developments a r e  p r e s e n t e d ;  t h e  emphasis i s  on s t a t i s t i c a l  

p r a c t i c e  r a t h e r  t han  s t a t i s t i c a l  t h e o r y .  

Th ls  paper ,  t hen ,  i s  concerned w i th  t h e  use of  Bayes ian  

procedure? i n  t he  a n a l y s i s  of  exper imenta l  d a t a .  I n  S e c t i o n  2 ,  

c u r r e n t  s t a t i s t i c a l  p r a c t i c e  w i t h  rega rd  t o  t h e  a n a l y s i s  o f  

exper imenta l  d a t a  i s  i n v e s t i g a t e d  and c r i t i c i z e d ,  and t h e  f a c t o r s  

i n f l u e n c i n g  c u r r e n t  p r a c t i c e  a r e  d i scussed  b r i e f l y  i n  S e c t i o n  3 .  

The a n a l y s i s  of exper imenta l  d a t a  i s  approached from a  Bayes ian  

s t a n d p o i n t  i n  S e c t i o n  4, and S e c t i o n  5 con ta ins  a  b r i e f  con- 

c l ud ing  d i s c u s s i o n .  

2 .  Curren t  S t a t i s t i c a l  P r a c t i c e  

Although t h e r e  a r e  c e r t a i n l y  some v a r i a t i o n s  caused by 

d i f f e r e n t  t ypes  of  problems and approaches i n  d i f f e r e n t  a r e a s  

of  a p p l i c a t i o n ,  it seems t h a t  t h e  g e n e r a l  approach t o  t h e  ana ly -  

s i s  of  exper imenta l  d a t a  i n  p r a c t i c e  i s  s i m i l a r  a c r o s s  a r e a s .  

There fore ,  a l though some s p e c i f i c  r e f e r e n c e s  a r e  made i n  t h i s  

s e c t i o n  t o  a p a r t i c u l a r  f i e l d ,  t h a t  o f  exper imenta l  psychology, 



t h e  d i s c u s s i o n  a p p l i e s  no t  just t o  t h a t  f i e l d ,  but t o  t h e  

a n a l y s i s  o f  exper imenta l  d a t a  i n  g e n e r a l .  Experimental  

psychology i s  of  s p e c i a l  i n t e r e s t  because i t  appears  t h a t  

psycho log i s t s  have been exposed t o  much more m a t e r i a l  conce rn ing  

Bayesian methods than  have r e s e a r c h e r s  i n  o t h e r  a r e a s  where 

exper imenta l  d a t a  a r e  f r e q u e n t l y  c o l l e c t e d  and a n a l y ~ ~ e d .  

Reginning w i t h  Edwards, Lindman, and Savage [14] , numerous 

a r t i c l e s  concern ing  Bayesian procedures  v is -a -v is  c l a s s i c a l  

procedures have appeared i n  psycho log ica l  j o u r n a l s  ( e - g .  Edwards, 

[13], Balian, [l]; and Wil-son, M i l l e r ,  and Lower, [48]), and some 

psycho log i s t s  a r e  deep ly  concerned about  the p h i i o s o p h i c a l  imp l i -  

c a t i o n s  of  va r i ous  s t a t i s t i c a l  p r o c e d ~ ~ ~ r e s  ( e . g .  Meehi, [271). 

Moreover, many exper imenta l  psychol -ogis ts  a r e  a c t i v e l y  i nvo l ved  

i n  r e s e a r c h  i n  t h e  a r e a  o f  human behav io r  i n  i n f e r e n t i a l  and 

decision-making s i t u a t i o n s ,  and Bayes'  theorem i s  f r e q u e n t l y  

used s s  a nonna t i ve  s tanda rd  o f  comparison ( e . g ,  s e e  S l i v a c  

and I . i c h t e n s t e i n ,  [47] ) . 
Desp i te  t h e  f a c t  t h a t  numelqous psycho log i s t s  a r e  f a m i l i a r  

w i t h  t h e  Bayesian approach,  t h e  v a s t  m a j o r i t y  of  ana l yses  o f  

exper imenta l  d a t a  i n  t h e  f i e l d  of  exper imenta l  psychology are 

c l a s s i c a l  i n  n a t u r e .  O f  course ,  some Bayesiali  ana l yses  can be  

found ( e . g .  Beach and Ph i - l l i ps ,  [ 2 ]  ; P i t z ,  [32] , [13]), b u t  t h e y  

a r e  t h e  excep t i on  r a t h e r  t han  the  ru l -e.  I n  a d d i t i o n ,  t h e r e  a r e  

papers where no i n f e r e n c i a 1  techn ique i s  e x p l i c i t l y  s t a t e d  and 

where the r e s u l t s  a r e  r e p o r t e d  by a (hope fu l l y  j u d i c i o u s )  

cho ice  o f  d e s c r i p t i v e  s t a t i s t i c s ;  papers of t h i s  n a t u r e  may 

r e f l e c t  a  t r e n d  toward s imp le r  desc r i p t i - ons  of  d a t a  i n  r n p o r t i n g  



experimental results. Of course, this most often occurs 

when the results are fairly obvious and the choice of inferen- 

tial procedures is more or less irrelevant. 

The area of experimental psychology is not unique. In 

general, regardless of the area of application, Bayesian analy- 

ses of experimental data are seldom encountered in the published 

literature. Moreover, as viewed from a Bayesian vantage point, 

the situation is even worse than the lack of Bayesian analyses 

suggests. When classical procedures are used carefully and 

appropriately, they can sometimes be given a Bayesian interpre- 

tation, and Bayesian procedures often represent an extension of 

classical procedures instead of a completely unrelated set of 

procedures (e .g. see Pratt , [36] ) ." It appears, however, that 

in practice the classical procedures are frequently not used 

carefully and appropriately and that within the classical school 

of thought there is a large gap between theory and practice. 

This gap will be examined here by considering a particular type 

of procedure, tests of sharp null hypotheses. 

Many (perhaps most) statistical analyses of experimental 

data that are reported in the published literature involve 

tests sharp null hypotheses, and the reporting of these 

tests is frequently limited to presenting a significance level. 

Unfortunately, this is exactly the type of procedure that care- 

ful analysis reveals to be extremely suspect. Because of the 

widespread use of such procedures, it is useful to examine them 

in more detail here, although space limitations prevent a 

thorough discussion. 



F i r s t ,  cons ide r  t h e  n a t u r e  o f  t h e  hypotheses f r e q u e n t l y  

encountered i n  p r a c t i c e .   lie "nu l l1 '  hypothes is  i s  u s u a l l y  a n  

exac t  hypo thes i s ,  such a s  t h e  hypothes is  t h a t  a popu la t i on  mean,  

+, e x a c t l y  equa ls  a  p a r t i c u l a r  va lue ,  ]lo. Very seldom is  it 

reasonab le  t o  t h i n k  t h a t  such a  hypothes is  i s  e x a c t l y  t r u e ,  

I n  g e n e r a l ,  t h e  exper imenter  is r e a l l y  i n t e r e s t e d  i n  whether  u 

i s  c l o s e  t o  y where t h e  n o t i o n  o f  c l oseness  d i f f e r s  from s i t u a -  -- o 
t i o n  t.o s i t u a t i o n .  Thus t h e  q u e s t i o n  o f  i n t e r e s t  i n  t h e  e x p e r i -  

mental  sS t u a t i o r  i s  no t  adequatel-y r e f l e c t e d  by t h e  cho i ce  o f  

a  s t a t i s t i c a l  hypo thes i s .  I f  it i s  recognized t h a t  t h e  s t a t i s t i -  

c a l  hypo thes i s  i s  on ly  a  rough approx imat ion o f  t h e  r e a l  

hypothes' ls of i n t e r e s t ,  a  c a r e f u l  a n a l y s i s  can a l l ow  i n  p a r t  

for t h e  degree of approx imat ion and can produce r e s u l t s  that 

make some sense  i n  terms o f  t h e  r e a l  hypo thes i s .  A l t e r n a t i v e l y ,  

t h e  s t a t i - s t i c a l  hypo thes i s  can be a l t e r e d  s o  t h a t  i t  i n c l u d e s  

an  i n t e r v a l  o f  va lues  ( e . g .  % v " ~ " 2  i n s t e a d  of j u s t  a 

s i n g l e  va lue .  Such 1iypo.theses can b e  handled w i t l i i n  t h e  c l a s s i -  

c a l  framework, a l t hough  t h e  a n a l y s i s  r e q u i r e s  a l i t t l e  more 

t ime and e f f o r t  on t h e  p a r t  o f  t h e  exper imenter  t h a n  i s  t h e  

c a s e  w i t h  a  sha rp  n u l l  hypo thes i s .  I n  p r a c t i c e ,  u n f o r t u n a t e l y ,  

t h e  sha rp  n u l l  hypo thes i s  i s  o f t e n  taken a t  f a c e  va lue ,  and t h e  

r e s u l t i n g  i n f e r e n c e s  prov ide  answers t o  t h e  wrong q u e s t i o n s .  

Next, cons ide r  t h e  r e p o r t i n g  of' t e s t s  of  s h a r p  n u l l  hy- 
4 

potheses  i n  terms o f  a s i n g l e  s i g n i f i c a n c e  l e v e l .  It i s  common 

t o  p r e s e n t  j u s t  a s t a t i s t i c  such  as a t - s t a t i s t i c  o r  a n  

F - s t a t i s t i c ,  a long w i t h  a  s ta temen t  such a s  " s i g n i f i c a n t  a t  t h e  

.05 l e v e l . "  Th is  approach emphasizes only  one of' t h e  two t y p e s  



of e r r o r s .  For example, cons ide r  a  very  s imple s i t u a t i o n  i n  

which bo th  t h e  n u l l  hypo thes i s  and t h e  a l t e r n a t i v e  h y p o t h e s i s  

a r e  exac t  hypotheses.  For a  g i ven  exper iment ,  t h e  p r o b a b i l i t i e s  

of Type I and Type I1 e r r o r s ,  a and B ,  can be computed f o r  each 

p o s s i b l e  cho ice  o f  a r e j e c t i o n  reg ion .  The u l t i m a t e  c h o i c e  

of a  r e j e c t i o n  r e g i o n  should depend on a  t rade -o f f  between 

t h e s e  two t y p e s  o f  e r r o r s ,  bu t  i n  p r a c t i c e  only  one t y p e  o f  

e r r o r  i s  u s u a l l y  t aken  i n t o  c o n s i d e r a t i o n .  I n  terms o f  more 

compl icated s i t u a t i o n s  i nvo l v ing  sha rp  n u l l  hypotheses such 

a s  p = and i nexac t  a l t e r n a t i v e  hypotheses such a s  u # po,  

c l a s s i c a l  s t a t i s t i c a l  t h e o r y  p rov ides  power cu rves ,  o p e r a t i n g  

c h a r a c t e r i s t i c  curves ,  e r r o r  cu rves ,  and s o  on, t o  enab le  t h e  

s t a t i s t i c i a n  t o  t a k e  bo th  t ypes  o f  e r r o r s  i n t o  c o n s i d e r a t i o n .  

I n  p r a c t i c e ,  t h e s e  curves  a r e  seldom encountered.  

The combinat ion o f  t e s t i n g  a sha rp  n u l l  hypo thes i s  a g a i n s t  

a  two - ta i l ed  a l t e r n a t i v e  hypo thes i s  and r e p o r t i n g  on l y  a  s i g n i -  

f i c a n c e  l e v e l  has  very  u n f o r t u n a t e  i m p l i c a t i o n s .  For  example, 

cons ide r  a  t e s t  o f  p = uO ve rsus  v # uO, where p i s  t h e  mean of  

2 a  no rma l l y -d i s t r i bu ted  popu la t i on  w i th  known va r i ance  o . The 

sha rp  n u l l  hypo thes i s  i s  r e j e c t e d  i f  t h e  sample mean f a l l s  

o u t s i d e  of t h e  i n t e r v a l  from yo - z o / f i  t o  po + z o / f i ,  where 

z depends on ly  on t h e  cho i ce  o f  a  s i g n i f i c a n c e  l e v e l .  But as 

n  i n c r e a s e s ,  t h e  i n t e r v a l  becomes narrower and nar rower ,  imply- 

i ng  t h a t  t h e  r e j e c t i o n  r e g i o n  becomes l a r g e r  and l a r g e r .  I n  

essence,  a s  t h e  sample s i z e  i n c r e a s e s ,  t h e  t e s t  becomes more 

and more s e n s i t i v e  t o  s m a l l  d e v i a t i o n s  o f  y from pO. I n  t heo ry  

t h i s  i s  f i n e ,  if such sma l l  d e v i a t i o n s  a r e  o f  i n t e r e s t .  I n  



n o s t  s i t u a t i o n s ,  however, t h e  q u e s t i o n  o f  i n t e r e s t  i s  whetk:er 

L i s  c l o s e  t o  p C ,  n o t  whe ther  u i s  equa l  t o  vO. Thus, i r o n i e  

as i t  may seem, a  ve r y  l a r g e  sample s i z e  p r o v i d e s  more p r e c l -  

s i o n  t h a n  Is necessa ry ,  and b l i n d  adherence  t o  a p a r t i c ~ l a r  

s i g n i f i c a n c e  l e v e l  means t h a t  t h e  r i u l l  h y p o t h e s i s  i s  almost, 

c e r t ~ i n  t o  be r e j e c t e d .  T h i s  p rocedu re ,  which i s  ve ry  commc: 

i n  p r a c t i c e ,  p ~ o v i d e s  t h e  r i g h t  answer  t o  t h e  wrong q u e z t i c n ;  

~y t a k i n g  a  l a r g e  enough sample,  s n e  can  be  v i r t a a l l y  c e r t s i n  

of  r e j e c t i n g  a  s h a r p  n u l l  h y p c t h e s i s  t h a t  no one r e a l l y  be , i t veA  

was e x a c t l y  t r u e  i n  t h e  f i r s t  p l a c e .  Moreover, t h i s  w i l j  be  

t r u e  even  i f  t h e  e x p e r i m e n t a l  dzt,a s t r o n g l y  suppn r t  t h e  k'n>.pr-- 

t h e s i s  t h a t  t h e  paramete r  o f  i n t e r ~ 3 t  i s  c l o s ~  t o  t h e  p a r t i L u -  

l a r  value of  i n t e r e s t .  T h l s  g e n e r a l  prob lem was no ted  ove r  

t h r e e  decades  ago by Berkson :3! lr! Cbe c o n t e x t  o f  t e s t s  o f  

goodness -o f - f i t ;  f o r  more r e c e n t  d i  e c u s s i o n s ,  s e e  L i nd ley  r231  

and J e f f r e y s  [20]. 

Another  d i f f i c u l y y  w i t h  +.he ~ r a c t i c e  o f  t e s t i n g  s h a r p  n u l l  

hypo theses  and r e p o r t i n g  on l y  s i g r ) i f i ? a n c e  l e v e l s  r e l a t e s  f o  

t h e  d i s t i n c t i o n  between a  samp l ing  d i s t r i b u t i o n  and a  l i k e l i -  

hood f u n c t i o n .  I f  8 i s  t h e  pa rame te r  o f  i n t e r e s t  and y r e p r e -  

s e n t s  t h e  d a t a ,  t h e n  t h e  c o n d i t i o n a l  d i s t r i b u t i o n  o f  y  g i v e n  8 

is  a sampl ing  d i s t r i b u t i o n .  J i g n i  f  i c a n c e  l e v e l s  i n  c l a s s i c a l  

h y p o t h e s i s  t e s t i n g  co r respond  t o  a r e a s  under  samp l ing  d i s t r i b u -  

t i o n s .  But a  sampl ing  d i s t r i b u t i o n  i n v o l v e s  a  f i x e d  8 and 

v a r i a b l e  y ,  whereas a l i k e l i h o o d  f u n c t i o n  i n v o l v e s  a f i x e d  y  

( t h e  observed  y f rom t h e  experiment) and a  v a r i a b l e  8 .  For  

a l i k e l i h o o d  f u n c t i o n ,  t h e  e n t i r e  d i s t r i b u t i o n  o f  y  g i v e n  a 



p a r t i c u l a r  8 i s  no t  o f  i n t e r e s t .  I n s t e a d ,  one cons ide rs  t h e  

c o n d i t i o n a l  p r o b a b i l i t y  ( o r  d e n s i t y )  o f  y  g iven  0 ,  e v a l u a t e d  

a t  t h e  observed va lue  of  y .  This  p a r t i c u l a r  cond i5 iona l  p roba-  

b i l i t y  ( d e n s i t y )  i s  t h e  l i k e l i h o o d  cor respond ing  t o  t h e  p a r t i -  

c u l a r  8 , and by f i n d i n g  such a  p r o b a b i l i t y  ( d e n s i t y )  f o r  

a l l  p o s s i b l e  va lues  o f  8 , one gene ra tes  a l i k e l i h o o d  f u n c t i o n .  

The l i k e l i h o o d  p r i n c i p l e  s t a t e s  t h a t  t h e  e n t i r e  ev idence o f  t h e  

sample w i th  r e s p e c t  t o  i n f e r e n c e s  about  0  i s  conta ined i n  t h e  

l i k e l i h o o d  f u n c t i o n  ( s e e  Birnbaum, [4] ) . I n  a n  i n v e s t i g a t i o n  

of a sharp  n u l l  hypo thes i s  and an  a l t e r n a t i v e  hypo thes i s ,  t h e  

use o f  a  sampl ing d i s t r i b u t i o n  t o  de termine  a  s i g n i f i c a n c e  

l e v e l  eonp le te l y  i g n o r e s  va lues  o f  8 o t h e r  t han  t h e  va lue  

s p e c i f i e d  by t h e  exac t  n u l l  hypo thes i s .  The l i k e l i h o o d  f u n c t i o n ,  

on t h e  o t h e r  hand, c o n s i d e r s  a l l  p o s s i b l e  va lues  of  8 and i g -  

nores  va lues  of  y  o t h e r  t han  t h e  observed va lue  on t h e  grounds 

t h a t  i n f e r e n c e s  should depend on t h e  observed exper imenta l  d a t a ,  

not  on d a t a  t h a t  might have been observed b u t  were n o t .  It 

must be s t r e s s e d  h e r e  t h a t  some c l a s s i c a l  p rocedures  based on 

the  l i k e l i h o o d  f u n c t i o n  have been developed,  and once a g a i n  

t h e  problem i s  i n  p a r t  one of t heo ry  ve rsus  p r a c t i c e  r a t h e r  

t han  c lass5.cai  s t a t i s t i c s  ve rsus  Bayesian s t a t i s t i c s .  

The d i s c u s s i o n  i n  t h i s  s e c t i o n  has  dwel led upon a s i n g l e  

type  of p rocedure ,  t h e  t e s t i n g  of  sha rp  n u l l  hypotheses by 

r e p o r t i n g  s i g n i f i c a n c e  l e v e l s .  This  i s  admi t t ed l y  more sus-  

c e p t i b l e  t o  c r i t i c i s m  t h a n  many o t h e r  p rocedures ,  bu t  i t  i s  

a l s o  t h e  type  of  a n a l y s i s  t h a t  i s  most f r e q u e n t l y  encountered 

i n  p r a c t i c e .  A s  noted i n  S e c t i o n  1, t h i s  paper  i s  concerned 



more w i t h  s t a t i s t i c a l  p r a c t i c e  t h a n  w i th  s t a t i s t i c a l  t h e o r y .  

Furthermore, t h e  pr imary i n t e r e s t  he re  goes beyond d i f f e r e n c e s  

between c l a s s i c a l  s t a t i s t i c s  and Bayesian s t a t i s t i c s  t o  t h e  

more gene ra l  q u e s t i o n  of "good s t a t i s t i c s "  v e r s u s  t'bad s t a t i s -  

t i c s . "  I n  t h i s  r e g a r d ,  i t  should be emphasized t h a t  c l - a s s i c a l  

methods do no t  have a  monopoly w i th  r e s p e c t  t o  t h e  problem of 

misuse.  It i s  c e r t a i n l y  p o s s i b l e  f o r  Bayesian methods t o  be 

used i n a p p r o p r i a t e l y .  As w i l l  be seen i n  S e c t i o n  4, however, 

t h e r e  i s  g e n e r a l l y  a  more d i r e c t  r e l a t i o n s h i p  between t h e  

ques t i ons  o f  i n t e r e s t  i n  r e a l i t y  and t h e  q u e s t i o n s  a t t a c k e d  

by Bayesian methods than  i s  t h e  case w i th  c l a s s i c a l  methods. 

There fore ,  i t  might be hoped t h a t  Bayesian methods would be  

l e s s  s u b j e c t  t o  misuse.  Because of t h e  s c a r c i t y  o f  Bayesian 

ana l yses  appear ing  i n  t h e  l i t e r a t u r e ,  i n s u f f i c i e n t  ev idence 

e x i s t s  a t  t h e  p r e s e n t  t ime rega rd ing  t h e  e x t e n t  of  t h e  misuse 

of Bayesian procedures  i n  p r a c t i c e .  

A s  noted e a p l i e r  i n  t h i s  s e c t i o n ,  Bayesian procedures  

sometimes r e p r e s e n t  an  e x t e n s i o n  of  c l a s s i c a l  p rocedures  in -  

s t e a d  o f  a  complete ly  u n r e l a t e d  s e t  of  p rocedures .  The ex ten-  

s i o n  l i e s  i n  t h e  i n c l u s i o n  of  p r i o r  i n fo rma t i on ,  and arguments 

concern ing t h e  i n c l u s i o n  o r  exc lus ion  of such i n fo rma t i on  a r e  

p r i m a r i l y  p h i l o s o p h i c a l  i n  n a t u r e .  The mathematics o f  Bayesian 

procedures  a r e  no t  i n  d i s p u t e ;  t h e  i s s u e s  invo lved  a r e  more 

founda t i ona l  i n  n a t u r e .  The d i s c u s s i o n  of  s c i e n t i f i c  r e p o r t i n g  

i n  Sec t i on  4 w i l l  touch  on a few o f  t h e s e  impor tan t  i s s u e s ,  

and more d e t a i l e d  d i s c u s s i o n s  can be  found i n  Savage [41], 



[42] , Kyburg and Smokler [21] , Cornf ie ld  [71 , and de F i n e t t i  

PI , ~ 9 1 -  

3. Fac to rs  In f l uenc ing  Current  ' S t a t i s t i c a l  P r a c t i c e  

I n  t h e  prev ious  s e c t i o n ,  c u r r e n t  s t a t i s t i c a l  p r a c t i c e  

w i th  rega rd  t o  t h e  a n a l y s i s  of exper imenta l  d a t a  was c r i t i -  

c i z e d .  S t a t i s t i c a l  t heo ry  prov ides  sound techn iques  f o r  making 

i n f e r e n c e s  from exper imenta l  d a t a ,  and some o f  t h e s e  techn iques  

will be d i scussed  i n  S e c t i o n  4. Why, then ,  do exper imenters  

o f t e n  use such weak, p o o r l y - j u s t i f i e d  techn iques t o  ana lyze  

t h e i r  d a t a ?  I n  o t h e r  words, what causes t h e  apparen t  gap 

between theory  and p r a c t i c e  i n  s t a t i s t i c s ?  

The theo ry -p rac t i ce  gap appears  t o  be due t o  a combina- 

t i o n  of  f a c t o r s ,  i n c l u d i n g  t r a d i t i o n ,  s t a t i s t i c a l  t r a i n i n g ,  

l ack  of  a v a i l a b i l i t y ,  computat ional  d i f f i c u l t i e s ,  r e p o r t i n g  

d i f f i c u l t i e s ,  and perce ived r e s i s t e n c e  by j o u r n a l  e d i t o r s .  

Roberts  1401 w r i t e s  a s  fo l l ows :  

There i s  no s h o r t a g e  o f  p o s s i b l e  exp lana t i ons  
f o r  inadequate  r e p o r t i n g :  e d i t o r i a l  p r e s s u s e  
f o r  b r e v i t y ;  t h e  emphasis of much s t a t i s t i c a l  
t each ing  on f o r m a l i s t i c  a n a l y s i s  and s t y l i z e d  
conclus ions--such a s  t h e  r i t u a l  of  up-valuesl l ;  
t h e  easy a c c e s s i b i l i t y  of  packaged computer 
programs t o  t h o s e  who understand l i t t l e  about  
s t a t i s t i c s ;  and a  c l ima te  of op in ion  i n  which 
s t a t i s t i c s  is  seldom taken more s e r i o u s l y  t h a n  
any o t h e r  mechanical p r e r e q u i s i t e  f o r  pub l i ca -  
t i o n ,  such a s  c o r r e c t  s p e l l i n g  o r  i n c l u s i o n  of  
r e f e r e n c e s .  

I n  t h i s  s e c t i o n  some of  t h e s e  f a c t o r s  w i l l  be d i scussed  b r i e f l y ;  

f o r  a  more complete d i s c u s s i o n ,  s e e  Winkler [ S O ] .  



Because of  t h e  h i s t o r y  of con t rove rsy  between proponents  

of Eayes ian  and c l a s s i c a l  methods, it might be thought  t h a t  

d i f f e r e n c e s  r e l a t i n g  t o  p h i l o s o p h i c a l  c o n s i d e r a t i o n s  concern-  

i ng  t h e  foundat ions  of  s t a t i s t i c s  might p l a y  an impor tan t  r o l e  

i n  t h e  cho i ce  of  methods o f  s t a t i s t i c a l  a n a l y s i s .  However, 

t h e  grounds f o r  t h e  c r i t i c i s m  i n  S e c t i o n  2 a r e  much more b a s i c  

t han  a n  ove r l y  s impl- i f ied Bayes ian-c lass ica l -  dichotomy. Even 

i n  terms o f  c l a s s i c a l  s t a t i s t i c s  a l o n e ,  t h e r e  i s  a s e r i o u s  

theo ry -p rac t i ce  gap. Thus, t h e  probl-ems appa ren t l y  cannot  

be exp la ined  i n  t e r n s  of p h i l o s o p h i c a l  c o n s i d e r a t i o n s  a l o n e .  

Although t h i s  paper  i s  w r i t t e n  who lehear ted ly  from t h e  Bayes ian  

approach,  t h e  cho i ce  of  a p h i l o s o p h i c a l  a.pproacln t o  statj.sti.- 

c a l  i n f e r e n c e  s t i l l  seems t o  be  subo rd ina te  t o  t h e  q u e s t i o n  of 

whether t h e  approach i s  used c o n s i s t e n t l y ,  c a r e f u l l y ,  and ap- 

p r o p r i a t e l y .  

T r a d i t i o n  obv ious ly  p l a y s  an  impor tan t  i n  t h e  c h o i c e  

c-.f i n f e r e n t i a l  p rocedures .  I f  an e x p e ~ i m e n t  i s  t o  be conducted 

i n  a  p a r t i c u l a r  a r e a ,  it i s  easy t o  look  a t  p a s t  exper iments  i n  

t h e  same a r e a  and t o  use  a s i m i l a r  t y p e  of  a n a l y s i s .  I n  t h i s  

rega rd ,  i t  might be s a i d  t h a t  poor s t a t i s t i c a l  p r a c t i c e  breeds. 

more poor  s t a t i s t i c a l  p r a c t i c e .  

The e f f e c t  o f  t r a d i t i o n  i s  also f e l t  i n  t h e  a r e a  o f  s t a t i s -  

t i c a l  t r a i n i n g . ,  Most u s e r s  o f  s t a t i s t i c s  a r e  by no means 

mathemat ica l  s t a t i s t i c i a n s ;  t hey  a r e  s p e c i a l i s t s  i n  some a r e a  

of  a p p l i c a t i o n .  While some u s e r s  may have extensj -ve t r a i n i n g  

i n  s t a t i s t i c s ,  many have been exposed formal- lg t o  s t a t i s t i c a l  

methods on l y  through one o r  more basic s t a t i s t i c s  c o u r s e s .  



Such courses  a r e  o f t e n  taugh t  by i n s t r u c t o r s  who have ve ry  

l i t t l e  t r a i n i n g  i n  s t a t i s t i c s  themselves and who tend  t o  

pe rpe tua te  t h e  procedures  encountered i n  p r a c t i c e .  I n s t r u c t o r s  

g e n e r a l l y  use t r a d i t i o n a l  tex tbooks  and t e a c h  t r a d i t i o n a l  

methods. The s t r e s s  p laced  on d e c i s i o n  making ( r a t h e r  t h a n  

i n f e r e n c e )  by many Bayesians has  f u r t h e r  slowed t h e  pace o f  

t h e  d i ssemina t i on  o f  i n t r o d u c t o r y - l e v e l  m a t e r i a l  on Bayes ian  

i n f e r e n c e .  In t raoduc tory - leve l  Bayesian tex tbooks  w i th  s t r e s s  

on decision-making have appeared,  bu t  books w i t h  s t r e s s  on 

Bayesian i n f e r e n c e  a t  an  i n t r o d u c t o r y  l e v e l  a r e  no t  a s  common 

(however, see  Sec t ion  5 ) .  Even a f t e r  such books become 

r e a d i l y  a v a i l a b l e ,  t h e r e  w i l l  be a l a g  b e f o r e  they  a r e  w ide l y  

used and t h e  methods a r e  widely  a p p l i e d .  

A r e l a t e d  problem i s  caused by t h e  f a c t  t h a t  s t a t i s t i c a l  

t heo ry  has  n o t ,  i n  g e n e r a l ,  been t r a n s l a t e d  i n t o  a  form t h a t  

makes i t  r e a d i l y  a c c e s s i b l e  t o  exper imenters ,  most o f  whom do 

not ( o r  cannot )  r e a d  t h e  s t a t i s t i c a l  l i t e r a t u r e .  I n  o t h e r  

words, Bayesian techn iques  a r e  no t  r e a d i l y  a v a i l a b l e  f o r  t h e  

average r e s e a r c h e r ,  where a v a i l a b i l i t y  i s  t o  be i n t e r p r e t e d  

i n  terms of e lementary  d i s c u s s i o n s  o f  t h e  procedures ,  computer 

programs, a p p r o p r i a t e  t a b l e s ,  and s o  on.  Thus, a t  t h e  p r e s e n t  

t ime,  t h e  Bayesian approach r e q u i r e s  a  g r e a t e r  commitment o f  

t ime and e f f o r t  on t h e  p a r t  o f  t h e  exper imenter  t han  do t r a d i -  

t i o n a l  methods t h a t  a r e  w ide ly  used.  Of cou rse ,  a c a r e f u l ,  

a p p r o p r i a t e  c l a s s i c a l  a n a l y s i s  a l s o  r e q u i r e s  more t ime and 

e f f o r t  t h a n  t h e  s imp le  r e p o r t i n g  o f  a s i g n i f i c a n c e  l e v e l  f o r  

a  t e s t  o f  a  sha rp  n u l l  hypo thes i s .  



One of t h e  advantages  of  Bayesian methods i s  t h a t  t h e  

r e s u l t s  can be  p resen ted  i n  i n t u i t i v e l y  appea l i ng  and e a s i l y  

i n t e r p r e t a b l e  forms. For example, i t  i s  much more a p p e a l i n g  

t o  a s s o c i a t e  p r o b a b i l i t i e s  w i t h  hypotheses o r  w i t h  i n t e r v a l s  

of va lues  of t h e  parameter  o f  i n t e r e s t  t h a n  t o  t h i n k  i n  t e r m s  

of s i g n i f i c a n c e  l e v e l s  o r  c l a s s i c a l  con f idence i n t e r v a l s .  

(With r e s p e c t  t o  con f idence i n t e r v a l s ,  c l a s s i c a l  s t a t i s t i c i a n s  

take  g r e a t  p a i n s  t o  emphasize t h e  a p p r o p r i a t e  c l - a s s i c a l  i n t e r -  

p r e t a t i o n ,  bu t  t h i s  i n t e r p r e t a t i o n  i s  s o  c o u n t e r i n t u i t i v e  t h a t  

many u s e r s  o f  s t a t i s t i c s  seem t o  t h i n k  of  c l a s s i c a l  i n t e r v a l  

es t ima tes  i n  te rms o f  t h e  Bayesian i n t e r p r e t a t i o n . )  Neverthe- 

l e s s ,  Bayesian procedures a r e  encountered s o  seldom i-n a n a l y s e s  

of  exper imenta l  d a t a  t h a t  t h e i r  i n t e r p r e t a t i o n s  may not  be  

widely unders tood.  Thus, t h e  exper imenter  us ing  Bayesian 

procedures  must e x p l a i n  the procedures and t h e  i n t e r p r e t a t i o n  

cf t h e  r e s u l t s .  A c l a s s i c a l  t t e s t ,  f o r  i n s t a n c e ,  i s  f a m i l i a r  

t o  v i r t u a l l y  a l l  exper imenters ,  whereas the Bayesian counter -  

p a r t  may r e q u i r e  a  paragraph o r  two of  exp lana t i on .  U n t i l  

Bayesian methods a r e  more w ide ly  used,  app l i ca t i ons  o f  such 

methods w i l l  be  more d i f f i c u l t  t o  communicate t o  r e a d e r s  t h a n  

a r e  a p p l i c a t i o n s  o f  s t a n d a r d  c l a s s i c a l  p rocedures .  

Perce ived  r e s i s t a n c e  o f  j o u r n a l  e d i t o r s  t o  new approaches 

may a l s o  d i ssuade  r e s e a r c h e r s  from cons ide r i ng  improvements 

i n  s t a t i s t i c a l  p r a c t i c e .  Some r e s e a r c h e ~ s  have t h e  n o t i o n  

t h a t  i t  is  necessa ry  t o  o b t a i n  a ve ry  low s i g n i f i c a n c e  l e v e l  

i n  o r d e r  t o  have a  paper  accepted  f o r  p u b l i c a t i o n .  Un fo r tuna te l y ,  

a s  observed i n  t h e  p rev ious  s e c t i o n ,  a very  low s i g n i f i c a n c e  



level for the test of a sharp null hypothesis can be virtually 

guaranteed by taking a large enough sample. Thus, a perceived 

association between a low significance level and the probabili- 

ty of acceptance of a paper encourages poor statistical practice. 

Why should an experimenter invest a great deal of time and 

erfort in a careful, appropriate analysis when it appears that 

a simple significance level for a test of a sharp null hypothe- 

sis will serve the same purpose quite well in terms of yielding 

publishable results that are acceptable professionally? 

4. Bayesian Analysis of Experimental Data 

In scientific experiments, statistical methods generally 

enter into the picture at several stages, including the design 

of the experiment, the analysis of the data, and the reporting 

of the experimental results to the general scientific community. 

These stages are interrelated to a considerable degree, of 

course; for instance, considerations regarding analysis and 

reporting must be taken into account during the design stage, 

and considerations regarding reporting must be taken into 

account during the analysis stage. In the first part of this 

section, %he question of scientific reporting is considered. 

In the second part of the section, hypothesis testing is con- 

sidered once again, and Bayesian alternatives to the procedures 

criticized in Section 2 are discussed. 

Scientific Reporting 

The goal of scientific reporting might be stated in an 



ove rs imp l i f i ed  form a s  "complete d i s c l o s u r e . "  Th is  i m p l i e s  

t h a t  t h e  exper imenter  should r e p o r t  a l l  d e t a i l s  concern ing  

t h e  d e s i g n  and c a r r y i n g  ou t  of t h e  exper iment ,  t h e  d a t a  t h a t  

a r e  c o l l e c t e d ,  any assumpt ions t h a t  a r e  made, any a n a l y s e s  

t h a t  a r e  conducted, and s o  on.  These d e t a i l s  enab le  a read'er 

of t h e  r e p o r t  t o  unders tand f u l l y  each s t e p  taken  b y a t h e  ex- 

per imenter ,  t o  cons ide r  a l t e r n a t i v e  assumpt ions and a n a l y s e s ,  

and even t o  r e p l i c a t e  t h e  experiment i f  i t  i s  deemed d e s i r a b l e  

t o  do s o .  Complete d i s c l o s u r e  i s  u s e f u l  f o r  a  r e a d e r  who i s  

i n t i m a t e l y  i n t e r e s t e d  i n  t h e  problem t h a t  i s  be ing  s t u d i e d  and  

who wishes t o  be  a b l e  t o  i n v e s t i g a t e  c a r e f u l l y  t h e  exper iment  

and i t s  r e s u l t s .  

Of course ,  no t  a l l  r e a d e r s  of a  s c i e n t i f i c  r e p o r t  a r e  

i n t e r e s t e d  i n  a l l  o f  t h e  d e t a i l s .  Many r e a d e r s  a r e  only  

i n t e r e s t e d  i n  a  b r i e f  summary of  t h e  r e s u l t s  of  t h e  exper iment ,  

w i t h  enough i n fo rma t i on  inc luded t o  enab le  them t o  s e e  i f  t h e  

a n a l y s i s  seems t o  b e  a p p r o p r i a t e  and reasonab le .  Such a  

r e a d e r  may no t  want t o  "wade throughts a complete r e p o r t ,  which 

i s  obv ious ly  t h e  l e a s t  conc i se  form of  r e p o r t .  I n  most i n s t a n c e s  

of s c i e n t i f i c  r e p o r t i n g  i t  i s  necessa ry  t o  s t r i k e  a  ba lance 

between completeness and conc i seness ,  w i t h  t h e  p o i n t  o f  ba lance  

depending upon t h e  d e t a i l s  of t h e  p a r t i c u l a r  s i t u a t i o n .  

To r e c o n s t r u c t  a n  a n a l y s i s  o r  t o  c o n s i d e r  o t h e r  a n a l y s e s  

"from s c r a t c h , "  it i s  necessa ry  t o  have t h e  raw d a t a  from a n  

exper iment .  When t h e  amount o f  d a t a  i s  no t  t o o  g r e a t ,  i t  may 

be p o s s i b l e  t o  i n c l u d e  t h e  d a t a  i n  t h e  r e p o r t .  I n  many c a s e s ,  

however, r e p o r t i n g  t h e  raw d a t a  from a n  exper iment  r e q u i r e s  



t oo  much space t o  s a t i s f y  space l i m i t a t i o n s  imposed by 

j o u r n a l s .  An a l t e r n a t i v e  i s  t o  omit  t h e  raw d a t a  from t h e  

r e p o r t  bu t  t o  make i t r e a d i l y  av ,a i l ab le  t o  any i n t e r e s t e d  

p a r t i e s .  This  compromise makes t h e  r e p o r t  more conc i se  w h i l e  

s t i l l  making i t  p o s s i b l e  f o r  i n t e r e s t e d  r e a d e r s  t o  o b t a i n  

"complete d i s c l o s u r e .  " 

Even i f  t h e  d a t a  a r e  inc luded i n  t h e  r e p o r t ,  they  a r e  

not  adequate  f o r  r e p o r t i n g  purposes ,  s i n c e  they  g e n e r a l l y  

n e c e s s i t a t e  t o o  much e f f o r t  on t h e  p a r t  o f  t he  r e a d e r  t o  under-  

s t a n d  t h e  r e s u l t s  of  t h e  exper iment .  There fore ,  some s u m a r i -  

z a t i o n  i s  needed, and a n  obvious cho ice  i s  t o  r e p o r t  t h e  

l i k e l i h o o d  f u n c t i o n ,  s i n c e  t h e  l i ke l i -hood p r i n c i p l e  s t a t e s  

t h a t  t h e  e n t i r e  ev idence o f  a sample i s  conta ined i n  t h e  

l i k e l i h o o d  f u n c t i o n .  

I n  most c a s e s  where a c l a s s i c a l  pa ramet r i c  a n a l y s i s  i s  

encountered ,  enough assumpt ions a r e  made t o  a l l ow  t h e  r e s e a r c h e r  

t o  de termine  t h e  l i k e l i h o o d  f u n c t i o n .  To t h e  e x t e n t  t h a t  

d i f f e r e n t  i n d i v i d u a l s  would a g r e e  t h a t  t h e  assumpt ions a r e  

reasonab le ,  t hen ,  t h e  l i k e l i h o o d  f u n c t i o n  might be cons ide red  

reasonab ly  "pub l i c "  ( i . e .  most i n d i v i d u a l s ,  g i ven  t h e  raw 

d a t a ,  would tend t o  ag ree  w i th  t h e  assumpt ions and hence w i t h  

t h e  l i k e l i h o o d  f u n c t i o n ) .  It must be remembered, however, 

t h a t  cho i ces  rega rd ing  t h e  acceptance o r  r e j e c t i o n  of  v a r i o u s  

assumpt ions i n  b u i l d i n g  a  model o f  t h e  da ta -gene ra t i ng  p r o c e s s  

a r e  u l t i m a t e l y  s u b j e c t i v e  cho i ces .  Thus, e lements of  sub- 

j e c t i v i t y  e n t e r  i n t o  t h e  d e t e r m i n a t i o n  o f  sampl ing d i s t r i b u t i o n s  

and hence of l i k e l i h o o d  f u n c t i o n s .  Because o f  f r equen t  r e l i a n c e  



on important mathematical results such as the central limit 

theorem, some might argue that this element of the analysis 

is "objective" in nature. Perhaps this is true to a degree, 

but ultimately the entire model-building process is a subjective 

process, and it is important in any application to carefully 

investigate the appropriateness of assumptions such as inde- 

pendence and normality. For reporting purposes, the experi- 

menter should make every effort to justify all assumptions 

and, insofar as possible, to present enough information to 

enable the reader to make a personal decision regarding the 

applicability of the assumptions. Although many statisticians 

stress the importance of investigating assumptions, it appears 

that this step is too frequently "glossed overu in practice. 

Virtually any assumption is an approximation to reality, and 

the reader has the right to know how "good" the. approximation 

is. 

Given the models and assumptions frequently encountered 

in practice, the likelihood function is usually based on a 

reasonably simple sufficient statistic. If a tractable 

sufficient statistic is not available, it may be possible to 

determine a partial likelihood function based on a nonsuffi- 

cient statistic. The presentation of a partia,l likelihood 

function may even be desirable when a full likelihood function 

is available if it results in little loss of information and 

if the partial likelihood function is much simpler and easier 

to communicate than the full likelihood function. 



Knowledge of the likelihood function enables individuals 

to insert their own prior distributions and to compute the 

corresponding posterior distributions. In Bayesian Tnference, 

the primary inferential statement of concern is the posterior 

distribution, which summarizes an individual's uncertainty 

about a'parameter after the experimental data have been ob- 

served. Except in simple cases, however, the determination 

of a posterior distribution may require a fair amount of time 

and effort on the part of the reader. To reduce the computa- 

tional burden on the reader, the experimenter might assume 

the burden of performing the application of Rayes' theorem. 

This could be accomplished by presenting posterior distribu- 

tions corresponding to a variety of prior distributions, the 

variety being broad enough to include (a. t  least approximately) 

the prior digtributions, as anticipated by the experimenter, 

of as many readers as possible. (By way of analogy, note that 

if there is some question concerning the assumptions underlying 

the likelihood function, one might perform the analysis under 

different possible sets of assumptions.) The set of prior 

distributions may include the experimenterfs own prior distri-. 

but it should not that distribution. 3 

If the above approach is taken by the experimenter, the 

problem is to select a set of prior distributions that is 

not too large or too difficult to work with but is thought to 

be qlrepresentativew of the prior distributions of the audience 

for which the report is intended. One candidate for inclusion 



in the set is a diffuse prior distribution, which is a prior 

distribution that is relatively "flat" when compared with the 

likelihood function (see Edwards, Lindman, and Savage, [14] ) . 
The use of this distribution invokes Savagees principle of 

stable estimation and yields a posterior distribution that is 

approximately proportional to the likelihood function. 

Therefore, this approach is similar to reporting the likelihood 

function. Nevertheless, the posterior distribution is a 

proper probability distribution and probability statements can 

be made concerning the parameter of interest, so the interpre- 

tation is different from that of the likelihood function and 

easier to understand for the average reader. 

Another possibility is to consider families of conjugate 

distributions, such as those developed by Raiffa and Schlaifer 

[39] . Such families provide relatively simple functions 

relating the parameters of the posterior distribution to the 

parameters of the prior distribution. Presentation of the 

functions allows anyone whose prior distribution can be closely 

approximated by a member of the conjugate family to compute 

a posterior distribution. Moreover, if the functions are 

presented graphically, it should be easy for the reader to 

see how sensitive the posterior distribution is to changes 

in the prior distribution. In general, the question of the 

sensitivity of results to changes in the inputs is an impor- 

tant question in any statistical analysis. 

In some instances, the bulk of the available prior infor- 

mation is in the form of previously-observed data. In this case, 



the prior distribution might be considered to be reasonably 

17public1' in the same sense that "public" likelihood functions 

were discussed earlier in this section. This might obviate 

somewhat the need to consider a variety of prior distributions. 

Of course, as more and more inputs to the analysis are consi- 

dered F'public,7' the need to worry about alternative inputs 

and the sensitivity of the results to changes in the inputs 

is greatly reduced. 

Once a posterior distributio~ (or a set of posterior 

distributions corresponding to various prior distributions) 

has been determined, the question of reporting still remains. 

Of course, one can report the entire posterior distribution, 

either in graphical form or in functional form, and graphical 

presentations of distributions are very valuable. In addition, 

it may be useful to aid the readerPs interpretation of the 

distributions by summarizing them in some way. A few well- 

chosen summary measures often convey the main results with 

little loss of information. Some possible summarizations 

include parameters of the posterior distribution, if it 

is a well-known distribution; measures of location; measures 

of dispersion; probabilities of selected intervals of values; 

and so on. Credible intervals, which are intervals of values 

accompanied by the corresponding posterior probabilities, 

are particularly usef%i% sumrizations. 

The discussion of' scientific reporting in this section 

has been quite brief, as an attempt has been made to cover 



important points without going into much detail. For example, 

problems that arise in multiparameter situations (e.g. the 

reporting of marginal posteri-or distributions for individual 

parameters, the inclusion of nuisance parameters to broaden 

the model) have not been considered. For more detailed dis- 

cussions of some of the points covered here, see Edwards, 

Lindman, and Savage [14], Hildreth [19] , and Roberts [40] . 
As noted at the beginning of the section, it'is necessary to 

strike a balance between the conflicting goals of completeness 

and conciseness in reporting experimental results. With regard 

to the Bayesian approach, a report might include posterior 

distributions and summarizations of posterior distributions 

corresponding to one or more prior distributions. Alternatively 

if the burden of applying Bayes' theorem is to be placed on 

the reader, the experimenter might simply report the likeli- 

hood function (or likelihood functions under different sets of 

assumptions). 

Bayesian Hypothesis Testing 

Although a full Bayesian report of experimental data re- 

quires the presentation of an entire posterior distribution 

(or a set of distributions corresponding to different prior 

distributions), simplifications are possible in the case in 

which the primary interest is in certain hypotheses. The 

inferential impact of new information with respect to two 

hypotheses can be adequately summarized by a simple likelihood 

ratio, and the multiplication of a likelihood ratio by a prior 

odds ratio yields a posterior odds ratio. The determination 



of likelihood ratios for various specifications of hypotheses 

will be considered in this section, and some brief remarks 

will be made concerning the incl-usion of prior odds ratios and 

the notion of scientific reporting in the specific case of 

hypothesis testing. The discussion will be restricted to the 

case in which only two hypotheses are of interest; the generali- 

zation to more than two hypotheses is straightforward. 

If the two hypotheses of interest are labelled H1 and Hz, 

and y represents the data, then the likelihood ra.tio of interest 

is simply 

where f(ylHi) represents the probability (density) of the 

sample data, conditional upon Hi, evaluated at the observed 

y. For a very simple example, suppose that it is assumed that 

the data are generated by a Bernoulli process and that HI is 

the hypothesis that p, the parameter of the Bernoulli process, 

is equal to . 3 ,  whereas H2 is the hypothesis that p is equal 

to .4. If two successes are observed in a sample of size ten, 

then the likelihood ratio is a ratio of binomial probabilities: 

Similarly, in sampling from a population th'at is assumed to 

be normally distributed wieh known variance and unknawn mean, 

if the hypotheses concerning the mean are exact hypotheses, 



t h e  l i k e l i h o o d  r a t i o  i s  a  r a t i o  of normal d e n s i t i e s .  I n  t h e  

same s i t u a t i o n  w i th  t h e  v a r i a n c e  unknown, t h e  l i k e l i h o o d  

r a t i o  i s  a  r a t i o  o f  s t u d e n t  t d e n s i t i e s .  

The above s i t u a t i o n s  i nvo l ve  exac t  hypotheses,  whereas 

t h e  hypotheses o f  i n t e r e s t  i n  exper imenta l  s i t u a t i o n s  a r e  

f r e q u e n t l y  i n e x a c t .  Given a p o s t e r i o r  d i s t r i b u t i o n  f o r  a 

parameter ,  i t  i s  p o s s i b l e  t o  de termine  p r o b a b i l i t i e s  f o r  

d i f f e r e n t  s e t s  of  va lues  of  t h e  parameter .  P o s t e r i o r  odds 

r a t i o s  a r e  simply r a t i o s  of such p r o b a b i l i t i e s .  A Bayesian 

approach t o  a  one - ta i l ed  t e s t ,  t hen ,  might s imply be t o  deter 

mine a  p o s t e r i o r  odds r a t i o  o f  t h e  form P(0 < 0 ) / P ( 0  > 00 )  - 0 
d i r e c t l y  from t h e  p o s t e r i o r  d i s t r i b u t i o n .  O f  cou rse ,  t h e  

c a u t i o n s  noted i n  t h e  f i rs t  p a r t  o f  t h i s  s e c t i o n  r e g a r d i n g  

s c i e n t i f i c  r e p o r t i n g  and t h e  cho i ce  of  p r i o r  d i s t r i b u t i o n s  

f o r  r e p o r t i n g  purposes s t i l l  app ly  when t h e  expe r imen te r ' s  

i n t e n t  i s  t o  r e p o r t  t h e  r e s u l t s  t o  t h e  s c i e n t i f i c  community 

r a t h e r  t han  simply t o  make p r i v a t e  i n f e r e n c e s .  

Another Bayesian approach t o  i n e x a c t  hypotheses i s  t o  

spec i f y  t h e  hypotheses n o t  i n  terms of s e t s  of  v a l u e s  o f  t h e  

parameter  of i n t e r e s t ,  bu t  i n  terms of  p r o b a b i l i t y  d i s t r i b u -  

t i o n s  ove r  t h e  parameter  space.  I n  g e n e r a l ,  t hen ,  Hi can b e  

expressed i n  terms of  a d i s t r i b u t i o n ,  f i ( 0 ) .  Note t h a t  t h i s  

i nc ludes  t h e  case  o f  exac t  hypotheses ,  f o r  f i ( 0 )  can be t a k e n  

a s  t h e  degenera te  d i s t r i b u t i o n  t h a t  p l a c e s  a  p r o b a b i l i t y  o f  

one on a s i n g l e  value of  6 .  Now t h e  l i k e l i h o o d  r a t i o ,  

~ ( Y I H ~ ) / ~ ( Y I H ~ ) ,  i s  a r a t i o  o f  p r o b a b i l i t i e s  ( d e n s i t i e s )  t h a t  

a r e  c o n d i t i o n a l  on t h e  e n t i r e  d i s t r i b u t i o n s  f l ( 0 )  and f 2 ( 0 )  



rather than on single values of the parameter. Each of these 

probabilities (densities) can be obtained by considering 

the predictive distribution of y, which is the marginal 

distribution of y after 0 is integrated out: 

(If the distribution of B is discrete, this is a sum rather 

than an integral. ) The likelihodd ratio is then of the form 

For an example, suppose that the.population of interest 

is assumed to be normally distributed with known variance a 2 

and unknown mean p. Moreover, assume that fi(p) is a normal 

distribution with mean mi and variance vi. For a sample of 

fixed size ns the sample mean, m, is a sufficient statistic. 

Thus, for the purposes of inference, the sample data, y, can 

be replaced by m. For hypothesis His the predictive distri- 

bution of m is given by 

But f(mlM) is a normal distribution with mean p and variance 
2 

o in. Carrying out the integration, f ( m l ~ ~ )  is a normal dis- 
2 tribution with mean mi and variance vi + ( o  /n). The likeli- 

hood ratio is thus a ratio of normal densities determined 

from the respective predictive distributions, evaluated at the 

observed value of m. 



I n  t h e  f i r s t  p a r t  o f  t h i s  s e c t i o n ,  r e f e r e n c e  was made t o  

t h e  n o t i o n  o f  con jugate  d i s t r i b u t i o n s .  I n  t h e  above example, 

f ( u )  and f 2 ( p )  were con juga te  d i s t r i b u t i o n s .  For v a r i o u s  
1 

da ta -gene ra t i ng  p rocesses ,  i nc lud ing  many of  t h e  p rocesses  

commonly assumed i n  a p p l i c a t i o n s  ( e . g .  t h e  normal p rocess ,  

t h e  ~ e r n o u l l i  p rocess ,  t h e  Po isson p rocess ,  t h e  normal r e -  

g r e s s i o n  p rocess ,  e t c . ) ,  t h e  form o f  t h e  p r e d i c t i v e  d i s t r i b u -  

t i o n  has  been developed under  t h e  assumpt ion t h a t  f i ( 0 )  i s  a 

con jugate  d i s t r i b u t i o n  ( e  . g .  R a i f f a  and S c h l a i f e r ,  [39] ) 

There fore ,  i f  t h e  hypotheses of i n t e r e s t  can be expressed 

i n  terms of  con jugate  d i s t r i b u t i o n s ,  t h e  a p p r o p r i a t e  p red i c -  

t i v e  d i s t r i b u t i o n  can be found i n  t h e  Bayesian l i t e r a t u r e  

and t h e  de te rm ina t i on  of t h e  l i k e l i h o o d  r a t i o  i s  merely a  

ma t te r  o f  c a l c u l a t i n g  t h e  a p p r o p r i a t e  p r o b a b i l i t i e s  ( d e n s i t i e s ) .  

Once a  l i k e l i h o o d  r a t i o  i s  determined,  i t  can be m u l t i -  

p l i e d  by t h e  p r i o r  odds r a t i o  t o  a r r i v e  a t  t h e  p o s t e r i o r  odds 

r a t i o .  For  r e p o r t i n g  purposes ,  t h e  exper imenter  may want t o  

cons ide r  v a r i o u s  p o s s i b l e  p r i o r  odds r a t i o s .  O f  cou rse ,  i f  

t h e  l i k e l i h o o d  r a t i o  i s  g i ven ,  it i s  easy f o r  any r e a d e r  t o  

i n s e r t  a p r i o r  odds r a t i o  i n  o r d e r  t o  de termine  a  p e r s o n a l  

p o s t e r i o r  odds r a t i o .  

It should be obvious by now t h a t  i n  t h e  Bayesian approach 

t o  hypo thes i s  t e s t i n g ,  a g r e a t  d e a l  o f  c a r e  must be taken  i n  

t h e  s p e c i f i c a t i o n  o f  hypotheses .  An e x a c t  hypo thes i s  can on ly  

be e n t e r t a i n e d  i f  one i s  w i l l i n g  t o  p l a c e  a  nonzero p r i o r  

p r o b a b i l i t y  on t h e  s i n g l e  v a l u e  r e p r e s e n t e d  by t h e  e x a c t  hypo- 

t h e s i s .  For  i n s t a n c e ,  a Bayesian g e n e r a l i z a t i o n  o f  t h e  n o t i o n  



of testing a sharp null hypothesis is to consider a "spike" 

of probability at the value specified by the sharp null hypo- 

thesis and an alternative hypothesis that is represented by 

a distribution over the parameter space (e .g. see Jeffreys, [20] ) . 
The alternative hypothesis might be taken to be a diffuse 

distribution, for example. If a "spikeI1 at a single point 

seems unreasonable, a further generalization is to let both 

fl(B) and f2(B) be centered at the exact value corresponding 

to the classical statistician's sharp null hypothesis but to 

make fl(0) a much tighter distribution than f2(B). 

In general, the primary concern in Bayesian inference 

is the combination of prior information and sample informa- 

tion to form a poste~ior distribution. In many cases a 

Bayesian analysis of experimental data need not involve 

hypothesis testing at all. In this section, however, an 

attempt has been made to indicate how the Bayesian approach 

can be structured in terms of hypothesis testing if the experi- 

menter so desires. 

5. Discussion 

In summary, there is an increasing interest in Bayesian 

procedures, although much of this interest is decision-oriented 

rather than inference-oriented and is concerned with development 

of theory rather than with the actual use of these procedures 

in practice. In the analysis of experimental results, the 

main concern is generally inference rather than decision, 



and t h e  bu l k  of  c u r r e n t  s t a t i s t i c a l  p r a c t i c e  i n  t h i s  area 

l eaves  much t o  be d e s i r e d ,  as i n d i c a t e d  i n  S e c t i o n  2 .  Many 

f a c t o r s ,  i n c l u d i n g  t r a d i t i o n ,  s t a t i s t i c a l  t r a i n i n g ,  computa- 

t i o n a l  d i f f i c u l t i e s ,  and r e p o r t i n g  d i f f i c u l t i e s  c o n t r i b u t e  t o  

poor s t a t i s t i c a l  p r a c t i c e .  A s  noted  a t  t h e  end of  S e c t i o n  3, 

an exper imenter  has  l i t t l e  i n c e n t i v e  t o  i n v e s t  a g r e a t  d e a l  

of t ime and e f f o r t  i n  a  c a r e f u l ,  a p p r o p r i a t e  a n a l y s i s  when i t  

appears  t h a t  a  s imple s i g n i f i c a n c e  l e v e l  f o r  a t e s t  o f  a  

sha rp  n u l l  hypo thes i s  w i l l  s e r v e  t h e  same purpose q u i t e  w e l l  

i n  terms o f  y i e l d i n g  p u b l i s h a b l e  r e s u l t s  t h a t  a r e  a c c e p t a b l e  

p r o f e s s i o n a l l y .  

How, t hen ,  might t h e  weaknesses i n  c u r r e n t  s t a t i s t i c a l  

p r a c t i c e  be  remedied? With in t h e  c l a s s i c a l  framework, improve- 

ments i n  s t a t i s t i c a l  t r a i n i n g  t h a t  p l a c e  emphasis on meaning 

r a t h e r  t h a n  mechanics would be most u s e f u l ,  a s  would a  w i l l -  

i ngness  on t h e  p a r t  o f  j o u r n a l  e d i t o r s  and r e f e r e e s  t o  demand 

c l e a r ,  meaningfu l  s t a t i s t i c a l  a n a l y s e s .  The d i s c u s s i o n  o f  

s c i e n t i f i c  r e p o r t i n g  i n  S e c t i o n  4 i s  r e l e v a n t  h e r e .  Fu r the r -  

more, s i n c e  t h i s  paper  i s  w r i t t e n  from t h e  Bayesian s t a n d p o i n t ,  

t h e  view t a k e n  here i s  t h a t  t h e  u s e  o f  Bayesian techn iques  

would l e a d  t o  g r e a t  improvements i n  s t a t i s t i c a l  p r a c t i c e ,  

p rov ided t h a t  t h e s e  techn iques  a r e  used c a r e f u l l y  and appro-  

p r i a t e l y .  Bayesian procedures  g e n e r a l l y  p rov ide  answers t o  

t h e  q u e s t i o n s  of  i n t e r e s t  t o  t h e  exper imenter  r a t h e r  t h a n  

answers t o  r e l a t e d  bu t  d i f f e r e n t  q u e s t i o n s .  For example, 

p r o b a b i l i t y  s t a t e m e n t s  can be made d i r e c t l y  about  t h e  parameters  

o f  i n t e r e s t  i n s t e a d  of i n d i r e c t l y  i n  terms o f  p r o b a b i l i t i e s  



of sample outcomes c o n d i t i o n a l  upon t h e  parameters.  

I n  o r d e r  t o  i nc rease  t h e  use  of  Bayesian i n f e r e n t i a l  

procedures i n  p r a c t i c e ,  it i s  necessary  t o  narrow t h e  " theo ry -  

p r a c t i c e  gap" by making Bayesian procedures more " a v a i l a b l e n  

t o  exper imenters,  A t  t h e  most b a s i c  l e v e l ,  t h i s  e f f o r t  i n v o l v e s  

t h e  use of  i n t roduc to ry - l eve l ,  i n fe rence -o r ien ted  Bayesian 

t e x t s .  Ma te r i a l  on Bayesian i n fe rence  above t h e  e lementary 

i n t roduc to ry  l e v e l  i s  ava i lab le  i n  books such a s  R a i f f a  and 

S c h l a i f e r  [39], J e f f r e y s  [20], Lindley [24], [25], P r a t t ,  

R a i f f a ,  and S c h l a i f e r  C37] , Good [17] , DeGroot [lo], 

LaVal le [ 2 2 ] ,  Ze l l ne r  [51], and Box and Tiao 151 : many o f  

t hese  r e f e r e n c e s  a l s o  con ta in  m a t e r i a l  on decision-making 

procedures .  Most i n t roduc to ry  t e x t s  t h a t  a r e  Bayesian i n  

na tu re  a r e  s t r o n g l y  dec i s ion -o r i en ted  ( e  .g. Ra i f f a ,  [38] , 
L ind ley ,  [ 2 6 ]  , Moore, 2 , and Brown, Kahr, and Pe te rson ,  [6]). 

Some o t h e r  i n t roduc to ry  Bayesian t e x t s  con ta in  a  mix ture  o f  

i n f e r e n t i a l  m a t e r i a l  and d e c i s i o n - t h e o r e t i c  m a t e r i a l .  For  

example, S c h l a i f e r  [43] was t h e  p ioneer ing  i n t r o d u c t o r y - l e v e l  

book i n  t h i s  a r e a  ( a l s o ,  s e e  S c h l a i f e r ,  L44] ; Schmitt  [463 

p laces  some s t r e s s  on i n fe rence ;  Winkler [49] i nc ludes  q u i t e  

a b i t  o f  i n f e r e n t i a l  m a t e r i a l ;  a  r e c e n t  book by P h i l l i p s  [31] 

is  i n tended t o  " f i l l  t h e  gap" somewhat i n  terms of  Bayesian 

i n fe rence ;  and o t h e r  books may be i n  p r e p a r a t i o n  (e .g .  Pitz, 

p5]). More books emphasizing Bayesian i n fe rence  a t  t h e  i n t r o -  

duc tory  l e v e l  a r e  needed. 

Moving f ram the t r a i n i n g  Level t o  t h e  l e v e l  of  a c t u a l  

a p p l i c a t i o n  o f  t h e  techn iques ,  f u r t h e r  e f f o r t  should be expended 



on expressing Bayesian procedures in forms that make them 

more accessible to users. This involves such steps as expres- 

sing the procedures in simplified form (e.g. simplifying 

formulas for likelihood ratios as much as possible for situa- 

tions that are widely-encountered) and developing computer 

programs. Some individuals have worked on the first step 

(e.g. Pitz, [34]) and on the second step (e.g. Schlaifer, [45], 

Novick, [30]) .  Furt.hermore, at the level of application, 

perhaps the most useful step in terms of the advancement of 

Bayesian inference would be the publication of more actual 

Bayesian analyses of experimental data in journals in the areas 

of application. An example of a particularly detailed analysis 

that might be useful for researchers to look at is a disputed- 

authorship problem studied in Mosteller and Wallace [29] ; 

some applications in the area of medicine are presented in 

Cornfield [7]; and an application in the area of education is 

given in Novick 1301. For an interesting (and somewhat con- 

troversial) application of Bayesian hypothesis testing, see 

Good [18] and Efron [13. 

Another area of interest is that of scientific reporting. 

Research in this area might concentrate on the development 

of different lfpackagesll of items to be reported in different 

situations and on attempts to simplify these packages without 

a considerable loss in terms of the information content of 

the packages. For example, Dickey [ll] develops graphical 

techniques for relating parameters of prior distributions to 



parameters of posterior distributions and considers bounds on 

odds ratios for various situations (also, see Dickey and 

Freeman, [12]). More work along these lines would be valuable. 

In addition to the need to make simple Bayesian procedures 

more available to users, further theoretical work would be 

useful. Such work might involve the development of Bayesian 

procedures for various types of models that have not been 

studied extensively from the Bayesian standpoint to date and 

the development of approximations that might simplify a Bayesian 

analysis. For instance many different situations are reviewed 

in Lindley [25], and various models have been considered in 

recent work in Bayesian econometrics (e.g. see Zellner, [51] , 
and Fienberg and Zellner, [16]). 

In this paper, some weaknesses in current statistical 

practice have been discussed, and suggestions for remedying 

these weaknesses have been presented. The Bayesian approach, 

which has received much attention in recent years, particularly 

in terms of decision making, provides a useful framework for 

the analysis of experimental data. Efforts are needed to make 

Bayesian procedures more readily available to researchers 

dealing with experimental data, and some suggestions for the 

direction of such efforts have been given in this concluding 

section. 



Footno tes  

' ~ r o c e d u r e s  that do no t  i nvo l ve  p r o b a b i l i t y  r e v i s i o n  a r e  
f r e q u e n t l y  inc luded under t h e  head ing  "Bayesian s t a t i s t i c s . ' '  
I n  p a r t i c u l a r ,  because Bayesian methods u s e  s u b j e c t i v e  proba-  
b i l i t i e s  a s  i n p u t s ,  i t  i s  o f t e n  e r roneous l y  assumed t h a t  
" sub jec t i ve "  and Bayesians'  a r e  synonymous. Also, because 
Bayesian methods a r e  f r e q u e n t l y  used i n  decis ion-making 
problems, i t  i s  o f t e n  er roneous ly  assumed t h a t  t h e  a d j e c t i v e  
"Bayesian" i s  always used i n  con junc t i on  w i t h  "dec i s i on  t h e o r y .  

2 ~ n d e r  c e r t a i n  c i rcumstances ,  Bayesian and c l a s s i c a l  
p rocedures  may y i e l d  s i m i l a r  numer ica l  r e s u l t s .  Even i n  such 
i n s t a n c e s ,  however, t h e  i n t e r p r e t a t i o n s  a t t a c h e d  t o  t h e  numeri- 
c a l  r e s u l t s  by t h e  two schoo ls  of  thought  a r e  q u i t e  d i f f e r e n t .  

 tatis is tical ana lyses  a r e  p repared f o r  many d i f f e r e n t  
purposes .  I f  t h e  exper imenter  on ly  wants t o  use  t h e  a n a l y s i s  
f o r  p e r s o n a l  purposes ,  t h e n  i t  i s  a p p r o p r i a t e  t o  cons ide r  
on ly  t h e  expe r imen te r ' s  p r i o r  d i s t r i b u t i o n .  I f  t h e  a n a l y s i s  
i s  be ing  prepared f o r  a  p a r t i c u l a r  c l i e n t ,  t hen  t h e  c l i e n t ' s  
p r i o r  d i s t r i b u t i o n  would be  t h e  r e l e v a n t  d i s t r i b u t i o n  t o  
cons ide r .  Th is  paper  i s  p r i m a r i l y  concerned w i th  r e p o r t i n g  
t o  t h e  g e n e r a l  s c i e n t i f i c  community. For t h i s  aud ience,  t h e  
p o s t e r i o r  d i s t r i b u t i o n  fo l low ing  t h e  expe r imen te r ' s  pe rsona l  
p r i o r  d i s t r i b u t i o n  might be of  some i n t e r e s t  because of  t h e  
f a c t  t h a t  t h e  exper imenter  presumably has  g i ven  t h e  problem 
a t  hand. s e r i o u s  thought .  However, o t h e r s  may have d i f f e r e n t  
p r i o r  d i s t r i b u t i o n s ,  and it is  g e n e r a l l y  i n a p p r o p r i a t e  t o  con- 
f i n e  t h e  a n a l y s i s  t o  t h e  expe r imen te r ' s  own p o s t e r i o r  d i s t r i -  
bu t  i o n .  
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