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Abstract

1

For functions from the Sobolev space H*(Q2), 5 < s < %, definitions of non-unique generalized and

unique canonical co-normal derivative are considered, which are related to possible extensions of a
partial differential operator and its right hand side from the domain €2, where they are prescribed, to
the domain boundary, where they are not. Revision of the boundary value problem settings, which
makes them insensitive to the generalized co-normal derivative inherent non-uniqueness are given. It is
shown, that the canonical co-normal derivatives, although defined on a more narrow function class than
the generalized ones, are continuous extensions of the classical co-normal derivatives. Some new results
about trace operator estimates and Sobolev spaces characterizations, are also presented.

Keywords. Partial differential equation systems, Sobolev spaces, Classical, generalized and canonical
co-normal derivatives, Weak BVP settings.

1 Introduction

While considering a second order partial differential equation for a function from the Sobolev space H*(£2),
% < s < %, with a right-hand side from H* 2(Q), the strong co-normal derivative of u defined on the
boundary in the trace sense, does not generally exist. Instead, a generalized co-normal derivative operator
can be defined by the first Green identity. However this definition is related to an extension of the PDE
operator and its right hand side from the domain 2, where they are prescribed, to the domain boundary,
where they are not. Since the extensions are non-unique, the generalized co-normal derivative operator
appears to be non-unique and non-linear unless a linear relation between the PDE solution and the extension
of its right hand side is enforced. This leads to the need of a revision of the boundary value problem settings,
which makes them insensitive to the co-normal derivative inherent non-uniqueness. For functions v from a
subspace of H*(Q2), % <s< %, which can be mapped by the PDE operator into the space ﬁt(Q), t> —%,
one can still define a canonical co-normal derivative, which is unique, linear in u and coincides with the
co-normal derivative in the trace sense if the latter does exist.

These notions were developed, to some extent, in [15, 16] for a PDE with an infinitely smooth coefficient
on a domain with an infinitely smooth boundary, and a right hand side from H*"2(Q), 1 < s < %, or
extendable to H'(Q), t > —1/2. In [17] the analysis was generalized to the co-normal derivative operators
for some scalar PDE with a Holder coefficient and right hand side from H*~2(Q), % <s< %, on a bounded
Lipschitz domain €.

In this paper updating [18], we extend the previous results on the co-normal derivatives to strongly
elliptic second order PDE systems on bounded or unbounded Lipschitz domains with infinitely smooth
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coefficients, with complete proofs. We also give the week BVP settings invariant to the generalized co-
normal derivatives non-uniqueness. To obtain these results, some new facts about trace operator estimates
and Sobolev spaces characterizations are also proved in the paper.

The paper is arranged as follows. Section 2 provides a number of auxiliary facts on Sobolev spaces,
traces and extensions, some of which might be new for Lipschitz domains. Particularly, we proved Lemma
2.4 on two-side estimates of the trace operator, Lemma 2.6 on boundedness of extension operators from
boundary to the domain for a wider range of spaces, Theorem 2.9 on characterization of the Sobolev space
HE(Q) = H5(Q) on the (larger than usual) interval 3 < s < 3, Theorem 2.10 on characterization of the
space H}g, t > —3, Theorem 2.12 on equivalence of H(Q2) and H*(Q) for s < %, Theorem 2.13 on non-
existence of the trace operator, Lemma 2.15 and Theorem 2.16 on extension of H*(Q) to H*(Q) for all
5 < %, s # % — k.

The results of Section 2 are applied in Section 3 to introduce and analyze the generalized and canonical
co-normal derivative operators on bounded and unbounded Lipschitz domains, associated with strongly
elliptic systems of second order PDEs with infinitely smooth coefficients and right hand side from H*~2(),
% <5< % The weak settings of Dirichlet, Neumann and mixed problems (revised versions for the latter
two) are considered and it is shown that they are well posed in spite of the inherent non-uniqueness of the
generalized co-normal derivatives. It is proved that the canonical co-normal derivative coincides with the
classical (strong) one for the cases when they both do exist.

The results of Section 3 are generalized to Holder-Lipschitz coefficients in [14], see also [18].

2 Sobolev spaces, trace operators and extensions

2.1 Notations

Suppose Q = QT is a bounded or unbounded open domain of R", which boundary 92 is a simply connected,
closed, Lipschitz (n — 1)—dimensional set. Let Q denote the closure of Q and 2~ = R™\Q its complement.
In what follows D(Q2) = Cgy,,,(©2) denotes the space of Schwartz test functions, and D*(€2) denotes the
space of Schwartz distributions; H*(R") = H5(R"), H*(02) = H5(0N2) are the Sobolev (Bessel potential)
spaces, where s € R is an arbitrary real number (see, e.g., [12]).

We denote by H*(Q) the closure of D(Q) in H*(R"), which can be characterized as H*(Q) = {g :
g € H*(R™), supp g C 0}, see e.g. [13, Theorem 3.29]. The space H*(Q) consists of restrictions on € of
distributions from H*(R"), H*(Q?) := {g|, : g € H*(R™)}, and H{(N) is closure of D(Q2) in H*(2). We
recall that H*(§2) coincide with the Sobolev—Slobodetski spaces W3 (€2) for any non-negative s. We denote
H}p () :={g:¢g € H(Q) Vo € D(Q2)}. For infinite (unbounded) domains 2 we will use also the notation
Hp (Q) :={g:pg € H(Q) Yo € D(Q)} (for bounded domains H; .(2) = H*(12)).

Note that distributions from H*(€2) and H{(Q2) are defined only in €, while distributions from H*(Q)
are defined in R™ and particularly on the boundary 9. For s > 0, we can identify H* (©) with the subset
of functions from H*(€2), whose extensions by zero outside Q2 belong to H*(R"), cf. [13, Theorem 3.33], i.e.,
identify functions u € H*(€2) with their restrictions, u|q € H*(€2). However generally we will distinguish
distributions u € H*(Q) and ulg € H*(Q), especially for s < —1

We denote by H} the subspace of H*(R") (and of fIS(Q)), which elements are supported on 992, i.e.,
H> ={g: g€ H*(R"), supp g C 9§}. To simplify notations for vector-valued functions, u : Q@ — C™,
we will often write u € H*(Q) instead of u € H*(Q)™ = H*(Q2; C™), etc.

As usual (see e.g. [12, 13]), for two elements from dual complex Sobolev spaces the bilinear dual product
(-, ) associated with the sesquilinear inner product (-,-)q = (-, )1, (@) in L2(f) is defined as

(u, V)gn = /n[}"lu](é)[}"v](ﬁ)df =: (Fu, Fv)gr =: (@,v)gn, uw€ H*(R™), ve H*(R"), (2.1)

(u,v)q = (u,V)gre =: (4,0)q if u e H¥(R™), ve H*(Q), v=V]|q with V € H*(R"),
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(u,v)q = (U, v)gn =: (4,0)q if u € H¥(R™), v e H*(Q), u=Ulg with U € H*(R") (2.2)

for s € R, where g is the complex conjugate of g, while F and F~! are the distributional Fourier transform
operator and its inverse, respectively, that for integrable functions take form

n n

9(&) = [Fgl(&) :—/ e MM g(a)dz,  g(x) = [F1g)(z) :_/ e*TTEG(€)dE.

For vector-valued elements u € H*(R™)™, v € H*(R™)™, s € R, definition (2.1) should be understood as

(wo)we i= [ a(€) - 0(€)d = [ a©) (€)= (@ D)r = (a,0)ee

R"

where 4- 0 =40 = > g UgO is the scalar product of two vectors.
Let J° be the Bessel potential operator defined as

[T°9)(x) = Fe A1+ 1€1%)7%4(6)}-

The inner product in H*(Q2), s € R, is defined as follows,

(u, V) o (mmy 7= (T °u, T0)pn = / (1+ &%) a(&)o(&)de = (u, T*v) . u,v € H'(R"), (2.3)

n

(u,0) o0y == (I = PYU,(I = P)V) oy, u=Ula, v="Vla, U,V €HR").

Here P : H*(R") — H*(R™\{) is the orthogonal projector, see e.g. [13, p. 77).

For a general Lipschitz domain 2, let {w; }3]:1 C R" be a finite open cover of 9Q and {p;(z) € D(w;)}7

j=1
be a partition of unity subordinate to it, ijl @j(x) =1for any x € 0€). For any j there exists a half-space
domain €25 such that w; [ Q; = w; [ and ; can be linearly transformed by a rigid translation x; to a
Lipschitz hypograph Qj = {2/ €e R"!: z, > (;(2')}, where (; are some uniformly Lipschitz functions.
Let also s; : R™ — R™ be the Lipschitz-smooth invertible functions (evidently related to (; and &;) such
that R} > = — s;(x) € Qj, while Dj(z') are the Jacobians of the corresponding boundary mappings
R" ! 32" 5j(2') € 0Q; and D;j € Loo(R™71).
Similar to [19, page 85] we introduce the following definition.

DEFINITION 2.1. Let Q, Q be Lipschitz domains. We say that Q — Q as k — oo if 08 are
represented using the same system of covering charts w; as OQ for all sufficiently large k, and

Jm Gk = Glooag,) =0, (2.4)
where (i, and ¢ are the corresponding Lipschitz functions for the boundary representation.

2.2 Sobolev spaces characterization, traces and extensions

To introduce generalized co-normal derivatives in Section 3, we will need several facts about traces and
extensions in Sobolev spaces on Lipschitz domain. First we give the following usual definition of the trace
operator.

DEFINITION 2.2. An operator v© : H¥(Q%) — H(9RQ) is a trace operator if for each u € H*(Q) and
for any sequence ¢y, € D(Q) converging to u in H*(Q), the sequence of the boundary values ¢y|aq converges
to ytu in H(0). The trace operator v~ : H¥(Q™) — H7(90Q) is defined similarly. If vtu = v~ u we

denote them as yu.

We have the following well-known trace theorem [4, Lemma 3.6].
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THEOREM 2.3. If% <s< %, then the trace operators
v HSR™) — H2(0Q) and ~* : HY(QF) — H™2(09), (2.5)

are continuous for any Lipschitz domain €.

Let v* : H%_S(aQ) — H7*(R™) denote the operator adjoined to the trace operator,
(Y'v,w) = (v,yw) Ywe H*(R"), ve H%_S(GQ).

Now we can prove two-side estimates for the trace operator and its adjoined, which particularly imply a
statement about the trace operator unboundedness (cf. [12, Chapter 1, Theorem 9.5] for the unboundedness
statements in domains with infinitely smooth boundary).

LEMMA 2.4. Let 2 be a Lipschitz domain and % < s<1. Then

. 1
OO0l 4 -r gy < 17701y < CVCNl gy 0 € HE(09) (2.6)
and thus
! 1
Vs < I gy oy = 7 e 1y 1oy < €V (27)
where

Cs = / (1 + 772)_8d777

— 0o
C" and C" are positive constants independent of s and v. The norm of the trace operator~y : H*(R"™) — 2L (092)
tends to infinity as s \ % since Cs — oo, while the operator v : H%(Rn) — Lo(09), if it does exist, is
unbounded.

Proof. Let first consider the lemma for the half-space, @ = R} = {z € R" : x,, > 0}, where z = {2/, z,,},

2 € R L Forwv e Héfs(]R"_l), taking into account the uniqueness of the trace operator for s > %, the
distributional Fourier transform gives

-FI—)E{’.Y*/U} = fz’af/{v(x,)} = ﬁ(gl)

Then we have,

H7 UHH s(Rm) — /]Rn<1 + ‘£‘2>_s|ﬁ(§/)‘2d£
= /12 2\—s ACEIN|2 g6l 2
_/Rnl [/]R(1+|5| + 16al?) 76| 0" = Culloll3 3 sy (28)

n 1)
where the substitution £, = (1 + |§’|2)%n was used, cf. [3, Chap. 2, Proposition 4.6]. Thus

H’YHH‘S(R"’)—)HS_%(R" 1 ||/y H ——S(Rn 1)%H S(Rn - \/ 4) (0. 0] as s \‘ —

On the other hand, by (2.8) the norm |y*vl| is not finite for any non-zero v. This means the

1
H™ % (R")
operator v* : HO(R" 1) — Hﬁl(R") and thus the operator v H%(IR") — H%(R"!) is not bounded,
which completes the lemma for @ = RY} with ¢’ =C" =

Let now 2 be a general Lipschitz domaln For v € Ly (E)Q), w € D(R"), using the boundary cover and

corresponding partition of unity as in Section 2.1 we have,
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(v, whgn = (0, 9w) o0 = /

o0N

J
v(z)w(x)do(z) = ;/80 j(x)v(z)w(r)do(x) =

J
jz;/]Rn1[(@jv)o%j](ﬂs)[wo%j](;¢ )D;(x')dz' =

J J
(Dj(ip5v) © 325, y0[w © 5]y gn—1 = Y (151D (1050) © 36j],w 0 3¢ ),
1 =1

J

where v, 75 are the trace operator on R’} and its adjoined, respectively. Taking into account density of
D(R™) in H*(R") and of Ly(9Q) in H2~*(99), we have,

J

N Y v, w)Rn . W o
by = swp BEEORL sy Sy 0l ) | 29
wers(®r) ||| s mn) weHs (B | [wll s ®n) / gn
for any v € Héfs(ﬁﬁ).
It is well known (see e.g. [13, Theorem 3.23 and p. 98]) that
! 1 3
2 — Ny 12 - =
||UHH%_S(8Q) - Zl ||D](¢]U) (e] %'JHH%_S(]R”—l)’ 9 <SS S 27 (210)
]:
é/HUJHHS(Rn) < lw o 5| s rmy < C’"||w||Hs(]Rn), j=1,..,J, 0<s<1, (2.11)

where C’, C" are some positive constants independent of s. By (2.8) and (2.10),
olD;(5v) 0 5llrr-+(rm) = V' CsllDj(50) 0 55ll 4 o vy < VECslVl s -
Then (2.9) and (2.11) imply
* ~ ls
ol -y < CINCallol 3y o € HEH(09),

which is the right inequality in (2.6).
On the other hand, we have for v € Lo(0Q2), w € D(R"),

(o7, Whrn = (0,7(951)) o0 = /8 v(a)ey(@ula)da(x) =

/ o(@) s ()w(z)do(x) = / (705 0 345)(&")w 0 36])(2') Dy (&'’ =
OQﬂwj Rr—1
(Dj[(gjv5) o 5], yo[w o 3¢j])rn-1 = (Y5{D;[(¢jv;) © 3]}, w 0 3¢)Rrn.

By (2.11) this implies,

* « W O x;
v vl g-s(mny =  sup <V0{Dj[(90jv) o x;l}, ]> =
wEHS(R") HwHHS(]R") R»
W O HwO%jHHs(]Rn)
sup 7*{D'[(s0'v)0%-]},]> ke | LUGITIN
weHs(R™) < 0TI ! |w o %j||Hs(Rn) R» ||wHH5(R")
A * w o A *
C" sup <70{Dj[(@jv) o 3]}, j> = O {D;((p5v) o s} s (mnys (2.12)
weHS(R") |w o X HHS(R”) R»

5
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that is by (2.8) and (2.10),

J J
> i vlld-smny = € ZI%{D v) 0 3] -5 mny =
=1 =1
~12 2 ~12 2
e, JZIIID 2i0) 05l gy = OO L e (213)
Since
Cilv* vl -+ mny = 057Vl -5 (mm) (2.14)

for p; € D(R™), (2.13) gives the left inequality in (2.6).

Obviously, (2.6) implies (2.7) for v* and thus for .

As was shown in the first paragraph of the proof, the functional 1;{D;[(¢;v) o »;]} is not bounded on
H%(IR") for any non-zero v, then (2.12), (2.14) imply that the operator v* : HY(9Q) — H_%(IR”) and thus
the operator 7 : H%(]R”) — H°(99) is not bounded. O

For s > 3/2 the trace operators (2.5) are not continuous on Lipschitz domains, however the following
weaker statement holds, which was mentioned in [5] without a proof but can be indeed proved by appropriate
estimates of an integral on p. 598 of [5] for this case.

LEMMA 2.5. If Q is a Lipschitz domain and s > 3/2, then the trace operators
v H¥(R™) — HYOQ) and ~F: HY(QF) —» HY(6Q)

are continuous.

1

LEMMA 2.6. For a Lipschitz domain ) there exists a linear bounded extension operatory_q : H*" 2 (OQ)

H*(R"), 5 l<s< 3, which is right inverse to the trace operator vy, i.e., yy_19 = g for any g € H*~ 2 (09)).
(For s = the trace operator 7y is understood not as in Definition 2.2 but in the non-tangential sense, see,
< S 1 .
e.g. [8].) Moreover llv— 1||HS" (69— Ho (™) C, where C is independent of s
Proof. For Lipschitz domains and % < s <1, the boundedness of the extension operator is well known, see
e.g. [13, Theorem 3.37].
To prove it for the whole range % < s < %, let us consider the Green operator Ga that solves the

Dirichlet Problem for the Laplace equation in {2 and continuously maps H 57%(89) to H*(Q) if Qis a

bounded domain and to Hfoc(ﬁ) if  is an unbounded domain. Particularly one can take Ga = VAVEI,

where the single layer potential VA with a density ¢ = Vgl geH s=3 2(09), solves the Laplace equation in
Q with the Dirichlet boundary data 9 and Va is the dlrect value of the operator VA on the boundary The
operators V! : 3_7(89) — H®~ (89) and VA : (8@) — Hj (R™) are continuous for 3 < s < 3
as stated in [9, 8, 10, 21, 4]. Thus it suffice to take v-1 = xGa, where x € D(R") is a cut-off function
such that y = 1 in a sufficiently large open ball such that it includes the boundary 0f). The estimate
lv=1ll ... 1 < C, where C is independent of s, then follows. O
H*™ 2 (8Q)— H* (R")

Note that continuity of the operator v was not needed in the proof.

Let us denote by Fy the operator of extension of a function defined in €2 by zero outside € to a function
defined in R".

THEOREM 2.7. Let Q be a Lipschitz domain and s > 0 while s # % + k for any integer k > 0. Then

H*() = H3 ()
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in the sense that ulq € HF(Q) for any u € H5(2), and Eqv € H%(Q) for any v € H§(2). Moreover
lulalmey <l 1Fovll g < Cllollisy: (215)

where C' depends only on s and on the mazimum of the Lipschitz constants of the representation functions
¢j for the boundary 0X2, see Section 2.1.

Proof. The first claim is proved in [13, Theorem 3.33]. The first estimate in (2.15) is evident, while the
second follows from the proofs of the same Theorem 3.33 and Lemma 3.32 in [13]. O

To characterize the space Hj(f2) = H 5(Q) for % <s < %, we will need the following statement.

LEMMA 2.8. If Q is a Lipschitz domain and uw € H*(Q2), 0 < s < %, then
/ dist(z, 09) > |u(z)Pdz < Cllule(ey (2.16)
Q

and for a given boundary cover the constant C depends only on s and on the mazrimum of the Lipschitz
constants of the boundary representation functions (;, see Section 2.1.

Proof. Note first that the lemma claim for u € D(2) follows from the proof of [13, Lemma 3.32]. To prove
it for u € H*(2), let first the domain Q be such that

dist(z,0Q) < Cp < o0 (2.17)

for all x € Q, which holds true particularly for bounded domains. Let {¢1} € D(Q) be a sequence converging
to u in H*(). If we denote w(zx) = dist(x,d2)~2%, then w(zx) > C52* > 0. Since (2.16) holds for functions
from D(Q), the sequence {¢1} € D(Q) is fundamental in the weighted space L (€, w), which is complete,
implying that ¢p € D(Q) converges in this space to a function v’ € Ly(f2,w). Since both Lo(Q,w) and
H?(Q) are continuously imbedded in the non-weighted space L2(€2), the sequence {¢} converges in La(2)
implying the limiting functions u and u' belong to this space and thus coincide. Then from (2.16) for ¢y
we immediately obtain it for arbitrary u € H*(£2).

For the unbounded domains for which condition (2.17) is not satisfied, let x(z) € D(R™) be a cut-off
function such that 0 < x(z) <1 for all , x(z) = 1 near 052, while w(z) < 1 for « € supp (1 — x). Then
(2.17) is satisfied in Q' = Q[ supp x(z) and

2 = —.’EUJIL"U,IL’2JI $'LUZL”U,$2.T
/Qw(w)lu(w)!d:r—/ﬂ(l X (@) (@) fu() Pd +/ﬂx<> () () 2dz <
2, 0 + /Q (@) |V x (@) P < ey + @l < Crllulley

due to the previous paragraph. O
Lemma 2.8 allows now extending the following statement known for % < s < 1, see [13, Theorem

3.40(ii)], to a wider range of s.
THEOREM 2.9. If Q is a Lipschitz domain and % <s< %, then
HE(Q) = {uec H(Q) : v u=0}. (2.18)

Proof. Equality (2.18) for 3 < s <1 is stated in [13, Theorem 3.40(ii)].
Let 1 < s < 3. If u € Hi(f2) then evidently v"u = 0 since D is dense in H(€2) and the trace operator
v is bounded in H*(£2). To prove that any u € H*(Q) with yTu = 0 belongs to H§(), it remains, due to
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Theorem 2.7, to prove that Equ € H*(R™). We remark first of all that Equ € H!(R™) due to the previous
paragraph and Theorem 2.7, and then make estimates similar to those in the proof of [13, Theorem 3.33],

\VEOU ) — VEgu(y)|*
By ~ VBl + [ BB ey

2 [Vu(z) — Vu(y)|?
_||u]W1(Q)+/Q o [z — gD dz dy

]Vu / / \Vu ‘2
o dr dy + dx dy
/IR"\Q/Q |z — yP(S 1 Re\Q |7 — y|2(s— 1y — o2(s=1)+n

= Il +2 | o (@) V(o) do

where

dy
ws_l(x) . — /I‘{n\ﬂ W, xr G Q,

and W3(Q) is the Sobolev-Slobodetski space. Introducing spherical coordinates with = as an origin, we

obtain, ws_1(x) < (O‘" )dlst(a: 90)~26=1 for & € Q, where a, is the area of the unit sphere in R”. Then,

taking into account that Vu € H5~1(Q) and [|Vul| ys-1(q) < ||ull gs(q), we have by Lemma 2.8,

1ol e roy < Nullfys @) + 2C [l Fre(y < Csllullrs(q)
Theorem 2.7 completes the proof. ]

Let us now give a characterization of the space HéQ.
THEOREM 2.10. Let Q be a Lipschitz domain in R™.
(i) If t > —5, then H}, = {0}.
(ii) If—% <t< —%, then g € H}y, if and only if g =~v*v, i.e.,
(g, W)rn = (0,yW)pa VW € H_t(Rn), (2.19)
with v =v*,g9 € HH%((?Q), i.e
w,whan = (g, 7-1w)re ¥ w € H72(0Q), (2.20)

where v is independent of the choice of the non-unique operators vy_1, v*,, and the estimate ||v||

Cllgll gt (rry holds with C' independent of t.

<
HY 3 (00) =

Proof. We will follow an idea in the proof of Lemma 3.39 in [13] (see also [3, Proposition 4.8]), extending

it from a half-space to a Lipschitz domain €.
Let QT = Q and Q= = R"\Q. For any ¢ € D(R"), let us define

vy o) ifzeQF
¢ (x)_{o it & OF,

Let t > —1. Then ¢* € H1(Q%) (see e.g. [13, Theorem 3.40] and Theorem 2.7 for —1 1 <t <0, for greater
t it then follows by embedding), [|¢ — ¢+ — ¢~ ||g-t(rny = 0, and there exist sequences {qbk} € D(OY)
converging to ¢ in ﬁ_ (%) as k — oo. Hence <g, O)rr = limy_,00 (g, ¢k + ¢ )re = 0 for any ¢ € D(R")
proving (i) for ¢t > —3 since D(R") is dense in H*(R") = [H'(R")]*.
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Let us prove (ii). For g € Hb,, —3 <t < -1, let v € Ht+%(8(2) be defined by (2.20), where existence
and continuity of y_1 : H_t_%((?Q) — H7(Q) is proved in Lemma 2.6. Observe that

oswonl < gl gn 1ol - oo 171 = oy ey

S0 HUHHH%(BQ) < ”7_1“H7t7%(aﬂ)—>H_t(Rn) gl et rmy < Cllgll e (rny, where C' is independent of ¢ due to

Lemma 2.6 if y_; is chosen as in that lemma. We also have that
(9, W)rn — (v,7W)aq = (g, p)rn ¥ W € HT/(R"),
where
p=W —y_1yW € H Y (R").

Then we have vp = 0, which due to Theorems 2.7, 2.9 implies p* € H —(QF), where T are extensions
of p|lg+ by zero outside QF, and p = 5™ + p~. Thus there exist sequences {pf} € D(QF) converging to
p in HH(QF), implying (g, p)rn = 0 since g € H},, and thus ansatz (2.19). To prove that v is uniquely
determined by ¢ , i.e., independent of vy_1, let us consider v" and v” corresponding to different operators
7" 4 and 7”. Then by (2.19),
(' =v" wae = (119 —1g.w)ee = (9,7 1w =7 w)re
P
= (', y(Vqw = w))ea =0 Y we H'72(0Q).

_1 1
It remains to deal with the case t = —% in (i). Let g € H,. Since H,; C Hjg, for —3 <t < —1, then

1 .
g =~*v for some v € H'T2(9Q) Vt € (—3,—3), and 9l zz, = v vl = C'VC HUHH%“(BQ) owing to
Lemma 2.4. Since C_; — co as t N —%, this means HUHH%“(GQ) —0ast N —% implying v = 0. O

Combining (2.19) and (2.20) we have the following useful statement.

COROLLARY 2.11. Let ) be a Lipschitz domain in R™. If g € HéQ with —% <t< —%, then g = v*v* 19
for any choice of v* ;.

THEOREM 2.12. Let Q be a Lipschitz domain in R™ and s <
H*(Q) = H§(%).

. Then D(Q) is dense in H*(Q), i.e.,

Proof. The proof for 0 < s < % is available in [13, Theorem 3.40(i)]. To prove the statement for any

s < 1 we remark that if w € H*(Q)* = H~*(Q) satisfies (w, ¢) = 0 for all ¢ € D(12), then w € H,3 and
Theorem 2.10(i) implies w = 0. Hence, D(Q) is dense in H*(Q2), i.e., H*(Q) = H (). O

Theorem 2.12 implies that for any u € D(Q2) and s <  there exists a sequence {¢5} € D(€2) converging
to u in H*(S2). Evidently ¢y|on converges to 0 in H7(92) for any o since ¢y|oo = 0. On the other hand,

u € D(Q) is the limit in H*(Q) of the sequence {¢}.} = w, meaning that ¢} |sn converges in H(99Q) to
u|pq, which is generally non-zero. This leads to the following conclusion of non-existence.

COROLLARY 2.13. For s < % the trace operators v+ : H*(QOF) — H(9%2), understood as in Defini-
tion 2.2, do not exist for any o.

REMARK 2.14. (i) Evidently, Corollary 2.13 holds also if the space H (0R) is replaced with any Banach
space of distributions on OS).

(i4) The trace operator v+ : B(QF) — H(9S) can, of course, still exist on some Banach subspaces on
OF, B(QF) c H3(QF), s < %, with the norms stronger than the norm in H*(QF), particularly on H'(QF),
t> 3.
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The following two statements give conditions when distributions from H*({2) can be extended to dis-
tributions from H*(€2) and when the extension can be written in terms of a linear bounded operator. The
first of them can be considered as a counterpart of Theorem 2.7 for negative s.

LEMMA 2.15. Let Q) be a Lipschitz domain, s < %, s # % — k for any integer k > 0. Then for any
g € H5(Q) there exists § € H5(Q) such that g = §lo and ||§||ﬁs(m < Cllgll sy, where C > 0 does not
depend on g.

Proof. Any distribution g € H*(f2) is a bounded linear functional on H~(Q). On the other hand, for any
v e Hy*(Q) C H*(Q) its zero extension 0 = Egv belongs to H~*(2) with

120l -+ 0y < Cllvllz—s(0) (2.21)

for s <0, s # 5 — k, by Theorem 2.7. This holds true also for 0 < s < 5 since then H5(Q) = [H5(Q)]* =
[HS()]* = [H*()]* = H*(Q) by Theorems 2.12 and 2.7, while the extension o € H~*(12) is defined as

1
(0,w) := (v, Bpw) Ywe H*(Q), 0<s< 3

and by Theorems 2.12 and 2.7,

— _ (O, w)| (v, Eqw)|
HUHH—s(Q) = sup = sup T
wers@\{0} [Wlas@)  wems@)\foy lwllas@)

E
[ 1]

< ——— Z C||v||g=s(q)-
wer=@)\{0} [ Eow| 7. () Fola-)

giving estimate (2.21). N
Thus the functional g € H*(Q2) continuous on H~*(2) and thus on H; *(2) can be extended by
the Hahn-Banach theorem to a functional § € H*() continuous on H*(f2) such that HgHﬁS(Q) =

19l (z-s )+ = ||g||[H0_s(Q)}*. Then by estimate (2.21) for s < %, s # % — k, we have,

, U , 0
ol = s oo s OO <ol = Clolie
vEH, * (Q)\{0} Hy () seH—s(Q)\{0} H-5(Q)
which completes the proof. O

THEOREM 2.16. Let Q) be a Lipschitz domain and —% < 5 < %, s # —%. There exists a bounded
linear extension operator E° : H*(Q) — H*(Q), such that E*glg = g, ¥V g € H*(Q). For —3 < s < % the

extension operator is unique, (E*)* = E~* and
1E°gll 750y < Cllgllms () (2.22)

where C' depends only on s and on the mazimum of the Lipschitz constants of the representation functions
¢j for the boundary 0X), see Section 2.1.

Proof. If 0 < s < %, then I;TS(Q) = {Epu, u € H*(Q)}, which implies that one can take Es = E,, where
the operator Ey : H*(Q) — H*(Q) of extension by zero is continuous by the Theorems 2.7 and 2.12 with
the estimate (2.22) following from estimate (2.15).

If —% < s < 0, we define ES as

(E°g,v)q = (g, Eov)a, Vg€ H*(Q), Vv e H*(Q),

10
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ie., ES = Ej = (E ~%)*, which is continuous with the estimate (2.22) following from the previous paragraph.
Theorem 2.10 implies that the extension operator E° : H*(Q) — H*(Q) is unique for —3 < s < 3.

Let now —3 < s < —1. For s in this range, the trace operator v : H=%(Q) — H_S_%(GQ) is bounded
due to [4, Lemma 3.6] (see also [13, Theorem 3.38]), and there exists a bounded right inverse to the trace
operator y_p : Hfsfé(é)ﬂ) — H75(Q), see Lemma 2.6. Then (I —y_17") is a bounded projector from
H=*(Q) to H;*(Q) = I:T*S(Q) due to Theorem 2.7. Thus any functional v € H*(f2) can be continuously
mapped into the functional & € H*(2) such that (3, u) = (v, Eg(I —v_17+)u) for any u € H~*(2). Since
du = vu for any u € H5(2), we have,

E® = [Eo(I —y_1yD)]" : H3(Q) — H*(Q)
is a bounded extension operator. O

Since the extension operator E¥ : H¥(Q) — H*(Q) is unique for —1 < s < 3, we will call it canonical

extension operator (as opposite to other possible extensions from H*(Q) to H(Q), o < —1). For -2 <

s < —%, on the other hand, the operator vy_1 : Hfsfé(aﬂ) — H7%(Q) in the proof of Theorem 2.16 is not
unique, implying non-uniqueness of E*: H*(Q) — H*(Q).
We will later need the following two results.

LEMMA 2.17. Let Q and Q' C Q be open sets, and s < 0. If u € H*(Q), then |lullgsy — 0 as the
Lebesgue measure of Q' tends to zero.

Proof. Let ¢ € D(Q2). Then
lull s vy < llu— @l sy + 1l ms @y < Ml — @l ) + 1Dl o)

For any € > 0 we can chose ¢ such that ||u — ¢[|g=(q) < €/2 due to the density of D(€) in H*(2) and then
chose Q' with sufficiently small measure so that ||¢|| 1, < €/2. O

LEMMA 2.18. Let ), C 2 be a sequence of Lipschitz domains converging to a Lipschitz domain §) and
—3 <s<1/2. Ifue H*(Q) and @y = E°ulq,, then there ezists a constant C independent of u and k such
that H@k”ﬁs(gk) < Cllullgs(qy for all sufficiently large k.

Proof. By Theorem 2.16,
| e o) < Crlluloy ey < Crllullas ),

where C} depend only on s and on the maximum of the Lipschitz constants of the representation functions
;i for the boundaries 0€,. By (2.4), the Lipschitz constants are bounded and henceforth so are C,. O

3 Partial differential operator extensions and co-normal derivatives for
infinitely smooth coefficients

Let us consider in 2 a system of m complex linear differential equations of the second order with respect
to m unknown functions {u;}"; = u : @ — C™, which for sufficiently smooth u has the following strong
form,

Au(z) := = > dlaij(x) Oju(x)] + Y bj(x) dju(x) + c(z)u(z) = f(z), =€, (3.1)
j=1

3,j=1

where f : Q@ — C™, 0; := 0/0x; (j = 1,2,...,n), a(x) = {aij(x)}zjzl = {{af}(m)}ﬁ:l}ﬁjzl, b(x) =
{{bfl(ac)}gl:l}?:l and c(z) = {ckl(az)}z:‘lzl, ie., ajj,bi,c: Q@ — C™ ™ for fixed indices i, j. If m = 1, then

11
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(3.1) is a scalar equation. In this paper we assume that a, b, c € C*°(Q); the case of non-smooth coefficients
is addressed in [14], see also [18].

The operator A is (uniformly) strongly elliptic in an open domain € if there exists a bounded m x m
matrix-valued function 6(x) such that

n

Re{¢ 0(x) Y aij(2)€:&;¢} > CIEPICP

i,j=1

forallz € Q, £ € R™ and ¢ € C™, where C is a positive constant, see e.g. [7, Definition 3.6.1] and references
therein. We say that the operator A is uniformly strongly elliptic in a closed domain € if its is uniformly
strongly elliptic in an open domain €’ O . We will need the strong ellipticity in relation with the solution
regularity, starting from Theorem 3.11.

3.1 Partial differential operator extensions and generalized co-normal derivative

For u € H%(R), f € H"%(Q), s € R, equation system (3.1) is understood in the distribution sense as
<AU,’U>Q = <fav>Q Vo € D(Q)’

where v :  — C™ and

(Au,v)q = E(u,v) Yo € D(Q), (3.2)
E(u,v) = Eq(u,v) == Z (aij05u, 0v) o + Z (bjOju,v)q + (cu,v)q . (3.3)
ij=1 j=1

Bilinear form (3.3) is well defined for any v € D(£2) and moreover, the bilinear functional £ : { H*(£2), H23(Q)} —
C is bounded for any s € R. Since the set D(€) is dense in H?~%(), expression (3.2) defines then a bounded
linear operator A : H*(Q) — H*2(Q) = [H?>~*(Q)]*, s € R,
(Au, v)g = E(u,v) Yo € H> (). (3.4)
1

Let now 5 < s < % In addition to the operator A defined by (3.4), let us consider also the aggregate
partial differential operator A, defined as,

(Au,v)q = E(u,v) Yo € H*5(Q), (3.5)

n

E(u,v) = Eq(u,v) == Zn: <ES_1(aij8ju), 8ﬂ)>ﬂ + Z <£~'75_1(bj3ju),v>ﬂ + <Es_1(cu), ’U>Q (3.6)

ig=1 j=1

and E5~1: Hs~1(Q) — H*~1(Q) is a bounded extension operator, which is unique by Theorem 2.16. Note
that by (2.2) one can rewrite (3.5) also as

(Au,v)q = ®(u,v) Yo e H>5(Q),

where ®(u,v) = £(u, ) is the sesquilinear form.
If s=1,ie u,ve H(Q), evidently

n

E(u,v) = E(u,v) = /Q Z (a;j0ju) - Ojv + Z(bjaju) ‘v+cu-v| dr.

ij=1 j=1

12
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The aggregate operator A : H*(Q) — H*2(Q) = [H25(Q)]* is bounded since div € H'75(2), v €
H?75(Q) c H'%(Q). For any u € H*(Q), the functional ANU belongs to H¥~2(Q) and is an extension of the
functional Au € H*~2(Q) from the domain of definition H>~*(Q) C H?7*(f2) to the domain of definition
H?75(Q).

The distribution Awu is not the only possible extension of the functional Au, and any functional of the
form

Au+g, geHS” (3.7)

gives another extension. On the other hand, any extension of the domain of definition of the functional
Au from H?75(Q) to H?>7%(2) has evidently form (3.7). The existence of such extensions is provided by
Lemma 2.15.

For u € H*(Q), s > 3, the strong (classical) co-normal derivative operator

n

True) = 3 ay(@)y* [Oju(@)n(x) (3.8)

,j=1

is well defined on 99 in the sense of traces. Here y+[9,u] € HS*%(E)Q) C Lo(89) if 2 < s < 3, while the
outward (to ) unit normal vector v(z) at the point z € 92 belongs to Lo (092) for the Lipschitz boundary
99, implying T Fu € Ly(09). Note that for Lipschitz domains one can not generally expect that T:fu
belongs to H*(0%2), s > 0, even for infinitely smooth wu.

We can extend the definition of the generalized co-normal derivative, given in [13, Lemma 4.3] for s = 1
(cf. also [11, Lemma 2.2] for the generalized co-normal derivative on a manifold boundary), to a range of
Sobolev spaces as follows.

DEFINITION 3.1. Let Q be a Lipschitz domain, % <s< %, u € H%(Q), and Au = f\ﬂ in Q0 for some
f e H"2(Q). Let us define the generalized co-normal derivative T (f,u) € Hsfg((‘)Q) as

(TH(Fw) w) = Eurmaw) = (foyawia = (Au— foywia Ywe HI(09),  (3.9)

where y_q : H%_S(OQ) — H?7%(Q) is a bounded right inverse to the trace operator.
The notation T (f, u) corresponds to the notation T (f, u) in [17].

THEOREM 3.2. Under the hypotheses of Definition 3.1, the generalized co—normal derivative T+(f, w)
is independent of the operator y_1, the estimate

17 (F W)l < Cllull sy + Coll fll o 20y (3.10)

73 (00)

takes place, and the first Green identity holds in the following form,
<T+(f, u), ’y+v> = E(u,v) — (f,v)q = (Au— f,v)q VY wveH*35(Q). (3.11)

Proof. For s = 1 the theorem proof is available in [13, Lemma 4.3], which idea is extended here to the
whole range % <s< %

By Lemma 2.6, a bounded operator v_; : Hgfs((?Q) — H?75() does exist. Then estimate (3.10)
follows from (3.9).

To prove independence of the co-normal derivative T ( f, u) of y_1, let us consider two co-normal
derivatives generated by two different operators 4/ ; and +”;. Then their difference is

<T,+(f’ u) - T,/+(f7 u)a w>39 = <AU - ]E, ’Y/_l’w - 'yﬁlwm YVwe H%_s(aﬂ)

13
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By definition, Au — f € H§52, which by Corollary 2.11 implies that

(Au— f, 9w — v w)g = (Au— f,yw — 4"y w)gre = (Y5 (Au — f), 7w — 4" jw)pe =
. . 5 3_g
(V1 (Au — f), 7w =y w)an = (V1 (Au — f),w —w)an =0 ¥V w e H27*(0Q).

To prove (3.11), let V € H?7%(R™) be such that v = V|q implying yTv = yV. Taking again into
account that Au — f € H5§2, we have by Corollary 2.11,

(T*(Fow), o) = (Au=firmy o)a = (Au= fron Ve
= (Y71 (Au = ), V)ge = (Au— f,V)rn = (Au = f,0)q
as required. O

Because of the involvement of f , the generalized co-normal derivative T ( f ,u) is generally non-linear
in u. It becomes linear if a linear relation is imposed between u and f (including behavior of the latter
on the boundary d9), thus fixing an extension of f], into H*2(Q). For example, f |, can be extended as
f := Au, which generally does not coincide with f. Then obviously, T (f,u) = Tt (Au, u) = 0, meaning

that the co-normal derivatives associated with any other possible extension f appears to be aggregated in
f as
(F.vda = (Fo)a+ (T (Fu), 7o) (3.12)

o0N

due to (3.11). This justifies the term aggregate for the extension f, and thus for the operator Au.
As follows from Definition 3.1, the generalized co-normal derivative is still linear with respect to the
couple (f,u), i.e.,

T+(alf17 ajuy) + T+(6¥2f27 Qo) = T+(041f1 + g fa, yuy + Qo)

for any complex numbers a1, .

In fact, for a given function u € H5(Q), % <s< %, any distribution 7 € HS_%(GQ) may be nominated
as a co-normal derivative of w, by an appropriate extension f of the distribution Au € H*72() into
H5"2(Q). This extension is again given by the second Green formula (3.11) re-written as follows (cf. [2,
Section 2.2, item 4] for s = 1),

(f,v)q = E(u,v) — (1,7 0) g0 = (Au—~T10)q YVoe H>735(Q). (3.13)

Here the operator v** : H*~2(99) — H*~2() is adjoined to the trace operator, (y**7,v)q := (r, Y 0) 0y
for all 7 € H“”*%(@Q) and v € H275(Q). Evidently, the distribution f defined by (3.13) belongs to H*~2(£2
and is an extension of the distribution Au into H*~2() since vtv = 0 for v € H25(Q).

For u € C1(Q) € HY(Q), one can take 7 equal to the strong co-normal derivative, T. u € Lo (99), and
relation (3.13) can be considered as the classical extension of f = Au € H-Y(Q) to f. € H(£2), which is
evidently linear.

3.2 Boundary value problems

Consider the BVP weak settings for PDE system (3.1) on Lipschitz domain for % <s < %
The Dirichlet problem: for f € H*72(Q) and ¢q € H‘F%(aQ), find v € H*(2) such that

(Au,vyg = (fivdg Yo e H5(Q), (3.14)
ytu = o on Q. (3.15)

14
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The Neumann problem: for f € H*2(Q), find u € H?(Q) such that
(Au,v)q = (f,v)a Vo€ H*5(Q). (3.16)

Here Au and Au are defined by (3.4) and (3.5), respectively.

To set the mixed problem, let Op€2 and Iy = IN\Ip be nonempty, open sub-manifolds of 5,
and H§(Q,0p0) = {w € H¥(Q) : vFw = 0 on dpN}. We introduce the mized aggregate operator Ag,q
H*(Q) — [Hy (2, 0pQ)]*, defined as

<A8DQU,U>Q = <Au,v>g = g(u,v) Yoe HgiS(Q, op).

The mixed operator AaDQ is bounded by the same argument as the aggregate operator A. For any
u € H*(R), the distribution Ag,ou belongs to [Ha *(Q,0pN)]* and is an extension of the functional
Au € H*2(Q) from the domain of definition H2 5(Q) = H35(Q) € HZ*(Q,0pQ) to the domain of
definition HZ *(Q,pQ), and a restriction of the functional Au € H*2(Q) from the domain of definition
H?75(Q) D Hi *(Q,0p) to the domain of definition HZ *(Q, dpQ).

For v € HZ*(Q,0p), the trace y v belongs to flgf‘s(@NQ). If Au = f|, in Q for some f € H"2(Q),
then the first Green identity (3.11) gives,

(Agpau, v)o = (fm, v)a,
(s )e = (Fv)a+ (T (fou), 7o) ¥ o€ HE*(2,0p9), (3.17)

N

where, evidently, f,, € [Ha™ (€, pQ)]*. This leads to the following weak setting.
The mized (Dirichlet-Neumann) problem: for fn, € [H3 *(Q,0pQ)]* and g € HS_%((‘?DQ), find u €
H* () such that

<A8DQU,’U>Q = <fm,U>Q VUGHgis(Q,aDQ), (3.18)
ytu = o on dpfl. (3.19)

The Neumann and the mixed problems are formulated in terms of the aggregate right hand sides f and
fim, respectively, prescribed on their own, i.e., without necessary splitting them into the right hand side
inside the domain €2 and the part related with the prescribed co-normal derivative. If a right hand side
extension f and an associated non-zero generalized co-normal derivative T ( f ,u) are prescribed instead,
then f and f,, can be expressed through them by relations (3.12), (3.17). Thus the co-normal derivative
does not enter, in fact, the weak settings of the Dirichlet, Neumann or mixed problem, implying that the
non-uniqueness of T ( 1 u) for a given function v € H*(Q), % <s< %, does not influence the BVP weak
settings, (cf. [2, Section 2.2, item 4] for s = 1). On the other hand, for a given u € H*(2) the aggregate
right hand sides f and f,,, are uniquely determined by (3.16), (3.18), as are, of course, f and g by (3.14),
(3.15)/(3.19).

Note that one can take v = w to make the settings (3.14)-(3.15), (3.16) and (3.18)-(3.19) look closer to
the usual variational formulations, cf. e.g. [12].

3.3 Canonical co-normal derivative

As we have seen above, for an arbitrary u € H*(Q), % < s < %, the co-normal derivative T (f,u) is

generally non-uniquely determined by u. An exception is T7(Au,u) = 0 but such co-normal derivative
evidently differs from the strong co-normal derivative T. u, given by (3.8) for sufficiently smooth u. Another
one way of making generalized co-normal derivative unique in v € H' () was presented in [7, Lemma 5.1.1]
and is in fact associated with an extension of Au € H~1(Q) to f € H~'(Q), such that f is orthogonal
in H~1(R") to Hyy C H~'(R"™). However it appears (see Lemma A.1), that even for infinitely smooth

15
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functions f such extension f does not generally belong to Ly(R™), which implies that the so-defined co-
normal derivative operator 7 from [7, Lemma 5.1.1] is not a bounded extension of the strong co-normal
derivative operator.

Nevertheless, it is still possible to point out some subspaces of H*(2), % < s < %, where a unique
definition of the co-normal derivative by wu is possible and leads to the strong co-normal derivative for
sufficiently smooth u. We define below one such sufficiently wide subspace.

DEFINITION 3.3. Let s € R and A, : H*(Q) — D*(2) be a linear operator. Fort > —i we introduce

a space H (0 A.) = {g: g € HQ), Augla = fylo, fg € H(Q)} equipped with the graphic norm,

”gH%{SJ(Q;A*) : HQH%F(Q) + ||fg||12qt(9)'

The distribution fg e HY(Q), t > —%, in the above definition is an extension of the distribution
Asgla € HY(2), and the extension is unique (if it does exist), since otherwise the difference between any
two extensions belongs to Hfm but HéQ = {0} fort > —% due to the Theorem 2.10. The uniqueness implies
that the norm |[|g[| f7s.(;4,) is well defined. Note that another subspace of such kind, where A.g|o belongs
to L,(Q) instead of H'(), was presented in [6, p. 59]. A particular case, H*"(Q; A,), was extensively
employed in [4].

If 51 < s and t; < to, then we have the embedding, H®2(Q; A,) C H*"1(Q; A,).

REMARK 3.4. Ifs€ R, -5 <t < 1, and A, : H*(Q) — H'(Q) is a linear continuous operator, then
HY(Q; Ay) = H*(Q) by Theorem 2.16.

LEMMA 3.5. Let s € R. If a linear operator A, : H*(Q) — D*(Q) is continuous, then the space
H*Y(Q A,) is complete for any t > —3.

Proof. Let {gi} be a Cauchy sequence in Hsvt(g; A,). Then there exists a Cauchy sequence {f;} in ﬁt(Q)
such that frlo = A.gkla. Since H*(Q) and~Ht(Q) are complete, there exist elements g9 € H*(Q2) and
fo € H'(Q) such that [|gr — gollg=(a) = 0, lfx — fonp(Q) — 0 as k — oco. On the other hand, continuity
of A, implies that |(A,(gx — g0), )| — 0 for any ¢ € D(Q). Taking into account that A,grlo = fila, we
obtain

<
< HfO*fk”fp(g)ﬂﬁf’HH—t(Q)+|<A*(9k*go),¢>|HU, k— oo V¢ ecDQ),

i.e., Avgolo = fola € H'(), which implies A, gy is extendable to fy € H'(Q) and thus gy € H*'(Q; A,). O

We will further use the space H*!(Q; A,) for the case when the operator A, is the operator A from
(3.2) or the operator A* formally adjoined to it (see Section 4).

DEFINITION 3.6. Let s € R, t > —%. The operator A mapping functions u € HSHQ; A) to the

extension of the distribution Au € H'(Q) to ﬁt(Q) will be called the canonical extension of the operator A.

REMARK 3.7. If se R, ¢t > —%, then HAuHHt(Q) < [ullgst(;4) by definition of the space HSHQ; A),
i.e., the linear operator A : HSYQ; A) — HYQ) is continuous. Moreover, if —% <t< %, then by

Theorem 2.16 and uniqueness of the extension of H'(Q) to H'(Q), we have the representation A := E'A.

As in [17, Definition 3] for scalar PDE, let us define the canonical co-normal derivative operator. This
extends [6, Theorem 1.5.3.10] and [4, Lemma 3.2] where co-normal derivative operators acting on functions
from H]}’O(Q; A) and H9(Q; A), respectively, were defined.
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DEFINITION 3.8. For u € HS’_%(Q;A), % <s < %, we define the canonical co-normal derivative as
T+u = T+(Au,u) € H2(0Q), i.e.,

(Tu, fw>8Q = E(u,y_1w) — (Au, y_1w)q = (Au — Au,y_qw)q Y w e H%*s((‘)(l),

where y_q : Hs_%(aﬁ) — H*(Q) is a bounded right inverse to the trace operator.
Theorem 3.2 for the generalized co-normal derivative and Definition 3.3 imply the following statement.

THEOREM 3.9. Under hypotheses of DeﬁnitiorlL 3.8, the canonfécal co-normal derivative TV u is indepen-
dent of the operator y_1, the operator T+ : H®~2(Q; A) — H* 2(09Q) is continuous, and the first Green
identity holds in the following form,

<T+U,, 7+U>BQ = <T+(AU,U) ) 7+U> - g(ua U) - <AU,U>Q
o0
= (Au — Au,v)g Vv e H*5(Q).

Thus unlike the generalized co-normal derivative, the canonical co-normal derivative is uniquely defined
by the function uw and the operator A only, uniquely fixing an extension of the latter on the boundary.
Definitions 3.1 and 3.8 imply that the generalized co-normal derivative of u € H*72(Q; A), % <s< %,

for any other extension f € H* 2(Q) of the distribution Au|g € H -2 (Q) can be expressed as
<T+(f, u), w> = (T"u, w>aﬂ + (Au— f,y_qw)g Ywe H%_S(ﬁﬁ).
o0
Note that the distributions Au — f, Au — Au and A — f belong to Hggs since Au, Au, f belong to
H2_S(Q), while AU|Q = Au’g = f’Q = AU’Q € Hs_2(Q).
Since by Theorem 3.9 the canonical co-normal derivative does not depend on the extension operator
~v_1, the latter can be always chosen such that v_;w has a support only near the boundary, which means

that the co-normal derivative T is determined by the behavior of u near the boundary. We can formalize
this in the following statement.

THEORlEM 3.10. Let Ql and Q' C Q be bounded or unbounded open Lipschitz domains, 092 C OV,
ue H*72(QA), u e H* 2(Q; A), % <s< %, while T u and T'u be the canonical co-normal derivatives
on O and Y respectively. Then Tu =r,, T u.

Proof. By the definition of the restriction operator r,, and Definition 3.8 we have,

(T u, w) ey = Eor(u, v jw) — (Agu, v jw)ey Y we H%_S(BQ') T w =0,

claanea T T

where ' ; : Hsfé(c’m’) — H*(Y) is a bounded right inverse to the trace operator. Since vy ;w = 0
on 9Q\0Q, we can extend v/ ;w by zero on Q\Q' to y_jw. The operator vy_; : Hs—%(aa) — H*(Q) is
continuous, and we arrive at

Vwe H25(09),
O

Theorem 3.10 can be considered as an alternative definition of the canonical co-normal derivative, where
the domain €’ can be chosen arbitrarily small, and particularly can be take bounded when  is unbounded
(with compact boundary). Note that similar reasoning holds also for the generalized co-normal derivative.

To give conditions when the canonical co-normal derivative T u coincides with the strong co-normal
derivative T.Fu, if the latter does exist in the trace sense, we prove in Lemma 3.12 below that D(Q) is
dense in H*!(); A). The proof is based on the following local regularity theorem well known for the case
of infinitely smooth coefficients, see e.g. [20, 1, 12].
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THEOREM 3.11. Let Q be an open set in R", s1 € R, function u € H;! ()™, m > 1, satisfy strongly
elliptic system (3.1) in Q with f € H2(Q)™, s > s1 — 2, and infinitely smooth coefficients. Then
ue H22(Q)m.

loc

Now we are in the position to prove the density theorem

THEOREM 3.12. If Q) is a bounded Lipschitz domain, s € R, —% <t< % and the operator A is strongly
elliptic on Q, then D(Q) is dense in H'(2; A).

Proof. We modify appropriately the proof from [6, Lemma 1.5.3.9] given for another space of such kind
associated with the Laplace operator.
For every continuous linear functional [ on H**(); A) there exist distributions h € H~*(Q) and g €
H~%(Q) such that ) .
l(u) = (h,u)q + (g, Au)q.
To prove the lemma claim, it suffice to show that any [, which vanishes on D(Q), will vanish on any
u € H5'(Q; A). Indeed, if I(¢) = 0 for any ¢ € D(2), then

Let us consider the case —% <t< % first and extend g outside Q to §j = E~'g € ﬁ_t(Q). Equation (3.20)
gives by Theorem 2.16,

<h7 ¢>Q’ + <§7A¢>Q/ = <iL7 ¢>Q + <§7 A¢>Q = <iL7 ¢>Q + <E_tg7Ad)>Q =
(h,0)a + (g, E' Ad)a = (h, d)a + (g, Ap)a = 0

for any ¢ € D(€') on some domain €' O Q, where the operator A is still strongly elliptic. This means
A*G=—h in¢Q (3.21)

in the sense of distributions, where A* is the operator formally adjoint to A. If £ < s — 2, then evidently
G € H>=5(Q). Ift > 5—2, then (3.21) and Theorem 3.11 imply § € H>*(Q') and consequently § € H>~*(1).

loc

In the case t = —3, one can extend g € H%(Q) outside Q by zero to g € fléf“'(Q), 0 < €, and prove as

2
in the previous paragraph that § € H>~%(Q).
If —% <t< % or [t = —%, s < %] then for any u € H*!(Q2; A), we have,

I(u) = (—A*§,u)q + (g, Au)g = —(§, Au)q + (§, Au)g = 0.

Thus [ is identically zero.
1

On the other hand, if t = —35, s > %, let {gr} € D(2) be a sequence converging, as k — 0o, to g in

1 -
Hi(Q) = H%(Q), cf. Theorem 2.12, and thus to § in H27%(Q2). Then for any u € HS’%(Q; A), we have,
l(u) = (=A*g, u)q + (g, Au)o = Jim {<—A*§k,u>ﬂ + <§k7AU>Q}

= lim {= Gk, Au)q + (Gr, Au)a} = 0,

which completes the proof.

LEMMA 3.13. Letu € HS’_%(Q;A), 1 <s< 3, and {u;} € D(Q) be a sequence such that

||lur — ul| —0 ask— oo. (3.22)

HS 5 (2:4)

Then | T up — T ul| — 0 as k — oo.

H53 (09)
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Proof Using the definition of THu and the classical first Green identity for uy, we have for any w €
H 5*5(89)

‘<T+u — TFug, w> = c‘:’(u — U, Y—1W) — <f~1(u —ug), Y—1w)q| <

o0
Cllu - UkHHsﬁ%(Q.A)HwHH%*S(aQ)'
This implies

| T g, — Tl < lw — ugl| 1 —0 as k— oo.

H* 3 (09) H® ™3 (Q;A)

O]

Note that a sequence satisfying (3.22) does always exist for bounded Lipschitz domains by Theorem 3.12.
The following statement gives the equivalence of the classical co-normal derivative (in the trace sense)
and the canonical co-normal derivative, for functions from H*(Q2), s > %

COROLLARY 3.14. Ifu € H%(Q), s > 3, then TTu = T u € Ly(99Q).

Proof. If u € H5(Q2), 3 < s < 5, then v [0ju] € H"2(09), THu € Ly(0Q) and u € H>*"2(Q; A) C
Hs*%(Q; A) C Hl’fé(Q; A) by Remark 3.4. Let {uz} € D(Q) be a sequence such that [lu — u s — 0
and thus

< Jluk — ull

[ — ull < Cllug = ullgs@) = 0, Kk — o0.

HY=5(0;4) H~5(0;4)

Then

T4 = Tl ey < 1T 0= Tl g o+ I G = )]

~3(0Q) H3(09)°

where the first norm in the right hand side vanishes as k — oo by Lemma 3.13, while for the second norm
we have,

ITE (ue = wll, biom) = | Z aigy [0 (ur — w)njl y00) <
t,j=1
Cullall o) IV — w00y < CallallL o0y luk — ullgs@) =0, k= oo.

For s > % the corollary follows by imbedding. O

For a Lipschitz domain €2, the membership u Eflf(;z(ﬂ;A) with % < s < %, —s <t < 5 implies by
Theorem 3.11 that u € H{12(Q). Thus uw € H.F?(Qy) for any Lipschitz subdomaln O of © such that
Q1 C Q. On 99y then THu = TFu € Ly(982;) by Corollary 3.14.

LEMMA 3.15. Let Q and {2} be Lipschitz domains such that Q C Q and Q, — Q ask — oo (cf. Defini-
tion 2.1). Ifu € H;' (% A) for some s € (3,3) and t € (=3, 1), then (THu,v+)oq = limyoo (T u, v a0,

loc

for any v € H?>=5(QF).

Proof. By Theorem 3.10 it suffice to consider only a bounded domain Q. Let €} := Q\ € be the layer
between 00 and 0. By Theorem 3.11, u € H/'?(Q2), which by Corollary 3.14 implies T*u = Tifu €
Lo (09y;) on 0. Then

<T+u,'l)+>ag - <Tc+u7v+>8ﬂk - <T+u, U+>BQ§C =

Eqr (u,0) — (Agru,v)qr = Eqr (u,0) = (Au, Bgy )y, (3.23)

where fl%u = Eg, ro; Au € H '(Q),) and gy = E TV € H~ t(Q),) are the unique extensions of roy Au €
k
HY(Q)) and ro v € H>75(Q) € HH(), respectlvely.
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By (3.6) and Theorem 2.16 we have for the first term in the right hand side of (3.23),

oy, (u,0)] < C > laijll 1o e 105ull o= ) 1030l -5 g+
ij=1

CZ HijLoo(Q;C) HajUHHsfl(Q;C)HvHHlfs(Q;C) + CHCHLOO(Q;C) HUHHSA(Q;C)HUHHPS(Q;C)a
j=1

where C' does not depend on k for sufficiently large k. Then for % <s <1,

oy, (u,0)] < C > Nlaijll o @ 105ull o1 ) 19301 15 () +
ij=1

C > sl L@ 105l =10 1V ir1-s(0) + Cllel Lo ull =1 10| 150y <
j=1
{CillVullgs-1(qp) + Collullgs-1ap) HIvl z2-s0) = 0, & — 00

by Lemma 2.17 since the Lebesgue measure of ) tends to zero. For 1 < s < % similarly,

oy, (u,0)] < C > Naijll o @ 105ull r5-1 () 1030l 11— g+
i,j=1

Cz 10511 2o (105l 51 () V] 1= 0p) + Cllel Lo @) 1wll zrs—1 @ [0 150 <
7j=1

{CslIVol mi-s(ay) + Callvllmr-sp) Hiullgs @) = 0,k — o

For the last term in (3.23) we have by Lemmas 2.18 and 2.17,

[(Au, Doy oy | < ||AUHHt(Q;€)H17Q;€Hﬁ—t(%) < Ol Aul| gy vl a-1@) <

CllAullge oy llvll 2-s@) = 0, k — o0,

if —% <t <0. On the other hand, if 0 <t < %, then again by Lemmas 2.18 and 2.17,

[{Au, Dy )y | = [(Agqus v)ay | < [ Aay ull ooy 0l -0y <

CllAullme @ llvlla-t,) — 0, &k — oco.
O

Lemma 3.15 allows to show that the classical and canonical co-normal derivatives coincide also in
another case (apart from the one from Corollary 3.14). First note, that CYQ) c HY(Q) for bounded
domain ©Q and C'(Q) ¢ H'() for any bounded subdomain €’ of unbounded domain €2, but C*(Q)
is not a subset of Hllo’z(ﬁ; A). For u € C'(), evidently, limy, oo (T u, v a0, = (T u,vt)aq for any
veE H*>3(Q1) if Qp — Qas k — 0o, O C Q. This immediately implies the following statement.

THEOREM 3.16. If Q is a Lipschitz domain and v € C' () ﬂHllo’é(ﬁ, A) for some t € (—%,1), then
THu=Tru € Lo(9).
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4 Formally adjoined PDE system and the second Green identity

The PDE system formally adjoined to (3.1) is given in the strong form as
Atv(x) ==Y Olaj(x) Op(x)] = > 9i[b] (x)v(z)] + e (2)v(x) = f(z), =€
ij=1 j=1
Similar to the operator A, for any v € H>7%(€), s € R, the weak form of the operator A* is
(A*v,u)q == E*(v,u) Vu € H(Q),

where
E*(v,u) = E(u,v)
is the bilinear form and so defined operator A* : H2=5(Q) — H—5(Q) = [H* ()] is bounded for any s € R.
For % <s < % let us consider also the aggregate operator A* : H>~5(Q) — H—*(Q) = [H*(Q)]*, defined

as,
(A*v,u)q = E*(v,u) Yu € H*(Q), (4.1)
where by (3.6),
E*(v,u) = E(a,v) = (d,v) =
Z dijﬁju,ﬁl_s&-v —|—Z Z_)J-@ju, El_S’U + ( cu, El—sv (4.2)
5 (o B, 32 B (B,

which implies that A* 1 H>5(Q) — H%(Q) is bounded. For any v € H27%(Q), the distribution A*v
belongs to H*(2) and is an extension of the functional A*v € H*°(Q2) from the domain of definition
H*(Q) to the domain of definition H*(€2).

Relations (4.1), (4.2) and (3.5) lead to the aggregate second Green identity,

. - 1 3
(Au,0)g = (u, A*0)q, ue€ H(Q), ve H*5(Q), 3 <s<3 (4.3)
For a sufficiently smooth function v, let
Tho(x):= ) aj(@) v Du@)vilz) + Y b (2)7 o(@);
ij=1 i=1

be the strong (classical) modified co-normal derivative (it corresponds to B,v in [13]), associated with the
operator A*. 5 o
If v € H>75(Q), % <s< %, and A*v = f,|, in Q for some f, € H*(Q2), we define the generalized mod-

ified co-normal derivative T (f.,v) € H%”(({)Q), associated with the operator A*, similar to Definition
3.1, as

<T*+(f*,v), w>8Q = Ev*(v,'y_lw) — (f*,'y_lwm Vwe HS*%@Q).

As in Theorem 3.2, this leads to the following first Green identity for the function v,
(T (fuv) ut) =€) = (faua ¥ ue H'(Q), (4.4)
which by (4.2) implies

<u+,Tj(f*,v)>8Q = E(u,0) — (u, f)a ¥ ue H(Q). (4.5)
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If, in addition, Au = f|,, in Q with some f € H*~2((2), then combining (4.5) and the first Green identity
(3.11) for u, we arrive at the following generalized second Green identity,

(Fov)e = fa = (uh T () = (THF W), 07) (4.6)

o0 oQ

Taking in mind (4.4), (4.1) and (3.11), (3.5), this, of course, leads to the aggregate second Green identity
(4.3).
If % < s < % and v € Hz_sv_%(Q;A*), then similar to Definitions 3.6 and 3.8 we can introduce

the canonical extension A* of the operator A*, and the canonical modified co-normal derivative T, v :=
T+ (A*v,v) € H25(09), i.e.,

(TFv, w),, = EX (v, 7-1w) — (A*v,y_w)g Y w e HS_%(ﬁQ).

Then the first Green identity (4.5) becomes,

(wt TF0), = (o) — (u, A)q ¥ ue H D).

For u € H%(Q), Au = f|,, in Q, where f € H¥2(Q), the second Green identity (4.6) takes form,

(f. o) — <u E*U>Q - <u+,ﬁ>m - <T+(f, u),F> : (4.7)

oQ

This form was a starting point in formulation and analysis of the extended boundary-domain integral
equations in [15].

If, moreover, u € H Sﬁ%(Q;A), we obtain from (4.7) the second Green identity for the canonical
extensions and canonical co-normal derivatives,

</~1u,z7>n — <u, g*v>9 = <u+,E>8Q — <T+u, F>a§z . (4.8)

Particularly, if u,v € H'0(Q; A), then (4.8) takes the familiar form, cf. [4, Lemma 3.4],

/Q[v(:c)Au(a:) —u(z)A*v(z) |dz = <U+7E>BQ - <T+“’ F>ag '

A APPENDIX

LEMMA A.1. There exist a distribution w € Ha_Ql and a function f € Lo(R™), f =0 on Q~, such that
(w, f)a-1(mn) # 0.

Proof. Under the definition (2.3) of the inner product in H*(R"),
(0, ) -1y = (@, T 2 f)ro (A1)
By Theorem 2.10, for any distribution w € H 8_5% there exists a distribution v € H~/2(9Q) such that

(@, T e = (0,7T 2 f)oa, (A.2)

where v is the trace operator.
Denoting ® = J2f € H?(R"), we have, 72® = f in R", and taking in mind the explicit representation
for the operator J2, the latter equation can be rewritten as

1
T*® = —mAchrcb =f inR" (A.3)
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and its solution as

T2f(y) = B(y) = Pf = / F(z,y)f(z)dz, yeR".
Q

Here P is the Newton volume potential and F(z,y) is the well known fundamental solution of equation
(A.3). For example, for n = 3,

Fla,y) = 0 (A1)
,y) = O :
|z —y]
Then (A.1), (A.2) give,
(U}, f)H*l(]R”) = <’U, 7;7_2f>89 = <U, ’Ypf>dQ (A5)
If we assume (w, f)g-1(gny = 0 for any w € Ha_(%, then (A.5) implies yPf = 0, which is not the case for
arbitrary f € Lo(€2) and particularly for f =1 in Q due to (A.4). O
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