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Introduction

In Approximation Theory positive linear operators play an important role; a fact
demonstrated by the vast literature available on this topic.

One simple and old example - its exact year of origin is not recorded - is the piecewise
linear operator. It has been used in approximately computing the value of a loga-
rithm. The method was to interpolate two neighbouring entries of the logarithmic
table. Now in the computer era this approach has become obsolete.

The key moment in the development of Approximation Theory was in 1885 when
Karl Weierstrass [157] presented the first proof of his (fundamental) theorem on
approximation by algebraic or trigonometric polynomials. This was a long and
complicated proof and provoked many famous mathematicians to find simpler and
more instructive proofs. We list some of the great mathematicians that relate their
names to this most celebrated theorem: Carl Runge (1885), Henri Lebesgue (1908),
Edmund Landau (1908), Charles de la Vallée-Poussin (1908), Lipot Fejér (1916) and,
of course, Sergej N. Bernstein (1912). On this occasion the (now) very well-known
Bernstein polynomials were constructed:

Bt =3 (7)ot —ar s (1)),
k=0

for any f € C[0,1], x € [0,1]. Via these polynomials S. N. Bernstein succeeded to
give the most elegant and short proof of Weierstrass’s theorem. A complete overview
on the existing additional proofs can be found in A. Pinkus’s article [119] or in the
monograph [150].

The importance of these remarkable operators could not have been anticipated in
the first half of this century. Their relevance became obvious starting with the
contributions of Paul de Faget Casteljau at Citroén and Pierre Bézier at Renault
who had been using Bernstein polynomials as a very useful tool for their industrial
design.

We want to emphasize the fact that in the development of the theory of approxima-
tion by positive linear operators the Romanian mathematicians brought very impor-
tant contributions. Tiberiu Popoviciu founded in Cluj-Napoca a remarkable school
of thought in Numerical Analysis and Approximation Theory. Some of many other

remarkable Romanian mathematicians in this field are: D. D. Stancu, O. Agratini,
P. Blaga, Gh. Coman, S. G. Gal, A. Lupas, R. Paltanea, I. Raga, R. Trambitas etc.

Although we do not focus our present work only on the Bernstein operators, we often
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consider them for comparison reasons or we use them as building blocks in order to
obtain new operators. The material in this thesis is divided into five chapters.

In the first chapter we concisely present preliminary notions and auxiliary results
that will be used throughout this thesis. Our main instruments we use in providing
quantitative estimates are: the modulus of continuity wy (see (1.5)) , its least concave
magjorant @y (see (1.9)) and the moduli of smoothness ws (see (1.6)) or even of higher
order wy, k>3 (see (1.11)). To put everything into a correct historical perspective
we mention that w; appeared already in Dunham Jackson’s thesis [75] in 1912, a
thesis that laid the foundation for the Quantitative Approximation Theory, as we
know it today. Studies about @; can be found among others in the works of V.K.
Dzjadyk [41] and N.P. Korneicuk [89]. Definitions of moduli of smoothness of higher
order can be found in the book of L. L. Schumaker [137].

For some estimates in terms of different moduli of smoothness we need a liant, more
exactly a special smoothing function that was constructed by V. V. Zhuk in [159].
Therefore we present in this chapter its definition (see (1.12)) and some of its relevant
properties, see Section 1.5. Supplementary results on ”smoothing of functions by
smoother ones” can be found in Lemma 1.28.

Another important instrument in Approximation Theory by positive linear operators
is Peetre’s K-functional, named after its author J. Peetre who introduced it in 1963
in [116]. It represents another means to measure the smoothness of a function in
terms of how well it can be approximated by smoother functions. Its definition is
given at (1.19) and its most important properties are collected in Lemma 1.30. We
mark the fact that there is a close relationship between the K-functional and the
moduli of smoothness in Theorem 1.31, a special emphasis is given to Brudnyi’s
representation theorem, see Lemma 1.32, which enables us to represent the first
order K-functional via @.

In Section 1.7 we present in chronological order some quantitative Bohman-Korovkin
type theorems, starting with Shisha’s & Mond’s result 1.35 only in terms of w; and
continuing with Gonska’s direct estimates via @w; in Theorem 1.36.

Many of the known operators (including the Bernstein operator) reproduce also
linear functions; it was desirable that this property should also be reflected in a
pointwise estimate of the concerned operator. Such a requirement could not meet
estimates given in terms of wy or @;. Therefore, it was advantageous to measure the
degree of approximation by means of ws, as it annihilates linear functions. The first
estimates involving ws were established by H. Esser [42] in 1976, and later in 1984
improved by H. Gonska in [57]. The latter one was refined by R. Paltanea [111] in
1995 as far as the constants are concerned. In this thesis we shall often refer to the
latter result as Paltanea’s theorem, see Theorem 1.38.



It is also worthwhile to mention that the first uniform estimates in terms of w; for
the Bernstein operators were established by T. Popoviciu [123] in 1934 and in 1942
in [124] he gave a second solution. Its result can be summarized in the following:

NG

In 1961 the ezact value of the constant in front of w; was computed by P. C. Sikkema

[141], namely ¢ = W ~ 1,089. Moreover, T. Popoviciu - see [126] or [127] -

observed that the method applied for the Bernstein operators can be easily extended

Bulfio) - @l <51 (=) FeClo, el

to any positive linear operator L, reproducing constant functions:

|Ln(f32) = f(2)] < 2w (Vsup{Ly((x — )% 2), 2 € [0,1]}),

which is a precursor of Shisha’s & Mond’s result, see [140].
With regard to we we mention that Y. A. Brudnyi [24] showed that there exists a
constant C' > 0, such that

1Bof — fll < C - (f; %) feciul

The pointwise version was given by Jia-ding Cao [26]:

z(1—x)

|Bn(f7$>_f<x>|§0w2 <fa ),JIE[O,l],fGO[O,l].

The first concrete constants which can appear in both estimates were given by

H. Gonska in [54] or [58]. These result were optimized and it was proven that the
constant in the pointwise estimate can be chosen as % = 1,375, cf. [113, Corollary
4.1.2], and in the uniform one the constant can be replaced by % ~ 1,0909, cf.
[113, Corollary 4.1.6], or even 1 cf. [113, Theorem 4.2.1].

Besides the degree of approximation we are also interested in investigating some
shape-preservation properties of some selected positive operators, for this purpose
we present in Section 1.8 some relevant parts (for us) of the Theory of totally positive

kernels cited from Karlin’s exhaustive work [81].

The second chapter is dedicated to some rational type discretely defined mappings
called NURBS-functions from ”non-uniform rational B-splines”. They have their
roots in CAGD: Computer Aided Geometric Design. Farin cites in his book [44] the
thesis of Vesprille [154] and articles by Tiller [153] and Piegl & Tiller [117] as early
papers on the subject. The standard source on this method is now the book by

Piegl & Tiller [118]. Further monographs on the subject are those by Fiorot &
Jeannin [50] and by Farin [43]. NURBS are today in use in commercially available
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software libraries such as SISL from SINTEF in Oslo (see, e.g., [143]). Another
noteworthy source that gives a very instructive insight in the history of CAGD is
[46].

From our point of view the abbreviation NURBS is an unfortunate acronym. The
term is misleading since it suggests that one is exclusively dealing with non-uniform
knot spacing, which is not true. We thus prefer the term rational B-spline func-
tion. They constitute a generalization of Schoenberg’s variation-diminishing splines.
Adapted to the context of approximation (of functions) theory which we discuss here,
the generalization noted by Ra, j can be given as in (2.2).

In the first section we present all the 5 special cases covered by definition (2.2). We
mention that all five methods considered play a fundamental role in CAGD. In order
to gain a better overview on all particular cases and their relationship we depict the
so-called NURBS-graph in Figure 2.1.

In Subsection 2.1.3 we are interested among other things in answering the question
if Ra, r reproduces linear functions. We are able to give only a partial answer, for
k = 3, based on an identity proven by G. Tachev in [152]. Due to some specific
dimension arguments this method works only for £ < 3 and it is largely exposed on
p. 24. On the other hand, it is possible to prove a global statement regarding linear
preservation for a special case of Ra, , namely the rational Bernstein operators
R . Regarding this aspect see Proposition 2.12.

The approximation theoretical knowledge about the spline methods mentioned is in
contrast to their importance in applications and to the many experimental results
available. Therefore, in the following two subsections we start to discuss rational
B-spline functions from the viewpoint of quantitative Approximation Theory. The
estimates are given in terms of @; (Proposition 2.13 and Theorem 2.15) and w; and
wy (Proposition 2.20).

In Section 2.2 we define and study a new family of (modified) rational Bernstein
operators that, in comparison to the classical one, reproduces also linear functions.
Their definition is given at (2.23) and one can observe that it depends on two
sets of strictly positive weights {w; : 0 < ¢ < n} and {w; : 0 < j < n —1}
and on the abscissae set {z; : 0 < i < n}. However, as will be further seen the
three sets are inter-correlated, as we impose the conditions in Theorems 2.28 and
2.30 that R, reproduces constant as well linear functions. More shape-preservation
properties, like retaining the positivity, monotonocity and convexity or the variation-
diminishing properties are proven in Proposition 2.34 and Corollary 2.35.

In Subsections 2.2.2 and 2.2.3 we state some convergence results for a specific class of
denominators (Theorem 2.38) and we give some error estimates in terms of moduli
of smoothness for continuous and C? functions (Theorem 2.41 and Theorem 2.42).
Supplementary results on this topic can be found in [121].
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In the last two sections of this chapter we study two types of modified opera-
tors. The first one is the so called BLaC-wavelet operator as it was introduced
by G. P. Bonneau [20]. The abbreviation "BLaC” is derived from ”Blending of Lin-
ear and Constant”, which is a suggestive name as one can see from the definition of
its fundamental functions at (2.36-2.37). The reproduction of constant functions is
shown among others in Proposition 2.45 and in Subsection 2.3.1 some error bounds
are given in terms of w; and ws.

Finally, in the last section we study one possible modification of the Bernstein
operators given by King’s operators. J.P. King [86] defined this interesting (and
somewhat exotic) sequence of linear and positive operators V,, : C[0,1] — C]0, 1].
The definition of this mapping is recalled at (2.42). One main difference between
B,, and V,, is that the latter is a non-polynomial operator reproducing constant and
quadratic functions, but not linear functions. These facts are being highlighted in
Theorem 2.52 and in the subsequent remark. In Subsection 2.4.1 we establish some
quantitative estimates via w; and ws.

In the third chapter we deal with some special positive linear operators. Most of
them are defined by means of the Beta function B(p,q) with p,q > 0. Their general
definition cf. (3.3) is

B(*N .= B, 0 B, oB,, a, A >0,

where B, and B, represent a modification of Lupas’s Beta operators of the second
kind, see (3.2). All the particular cases covered by (3.3) are depicted in Table
3.1. Among these are the genuine Bernstein-Durrmeyer operators U,, that were
independently introduced by W. Chen [28]in 1987, and by T. N. T. Goodman &
A. Sharma [74] later in 1991. They possess many interesting properties and were
therefore investigated by many authors, noteworthy is [115]. A detailed overview
and many references can be found in [80]. Another famous operator hidden in the
definition (3.3) is S<*%9> They were introduced by D. D. Stancu in 1968 in [144]
and were further investigated in the subsequent papers [145], [146] and [147]. Also
many other authors studied them intensively, see e.g., the survey of B. Della Vecchia
[35] and the references therein.

In this thesis we shall also focus our attention upon another Beta-type operator,
which, however, does not fit exactly into the scheme from above, namely a multi-
parameter general Stancu operator S,f“ﬂ’w. Its compact writing mode, for o« > 0,
0< (G <7,and any f € C[0,1] and z € [0, 1], is given in (3.8-3.9):

S=eBr>(f.x) = By B, (fo( n + b ),x)

€1
n -+ n+qy

In Section 3.2 we show that B,, their generalizations B and S<aBr> preserve

convexity - in the spirit of T. Popoviciu [123], [125] - up to any order (see Example 3.8
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and Remark 3.9). For this purpose we make use of the powerful tool that represents
total positivity, a result proven by A. Attalienti & I. Rasa (see here Theorem 3.6)
and the fact that a finite product of the same order convex operators is also convex,
see Proposition 3.5.

In the following section we compute the rate of convergence of the composite Beta-
type operators and of S<%7>. The estimates are given in terms of w; and w, and
the technique we employ is a standard one: we use Theorem 1.38 or an appropriate
K-functional, see Theorem 3.11, Theorem 3.13. The rates of convergence of the
special cases can be taken from Corollary 3.14.

In this chapter we are interested not only in direct estimates but also in simultaneous
approximation, as one can read in Section 3.4. We mention that for the first time Bl.
Sendov & V. Popov formulated in [139] a (non-quantitative) Korovkin type theorem
for the Banach space C"[K], K = [a,b]. Later, G.I. Kudrjavcev [91] (for r = 1) and
H.-B. Knoop & P. Pottinger [87] (for the more general case r > 1) were the first
who proved estimates for simultaneous approximation involving wy, in the spirit of
Shisha’s & Mond’s theorem from [140]. In 1984 H. Gonska generalized the result
of Knoop & Pottinger by measuring the degree of (simultaneous) approximation in
terms of wy, the second order modulus of smoothness, see [57]. D. P. Kacs6 improved
this last assertion by employing Paltanea’s Theorem 1.38, see [77] or [79]. We shall
slightly generalize her result in Theorem 3.15.

To have a historical background we mention that the first quantitative estimate
for simultaneous approximation by Bernstein operators was proved by T. Popoviciu
[122] in 1937 and was in terms of the first order modulus of continuity of D" f. A
very good historical review on estimates for Bernstein operators can be found in [8].
More applications on simultaneous approximation can be found in the following
subsections 3.4.1-3.4.3.

In the context of simultaneous approximation another natural question had risen
and has been studied during the recent years: whether simultaneous approximation
processes also preserve global smoothness of the derivatives of an r-times differen-
tiable function f. This aspect is studied for B and some instances of Sab>
in Section 3.5 and the subsections therein. The first assertion was obtained by
C. Cottin & H. Gonska, see Theorem 2.2 in [33]. More information on this subject
can be found in the recent book of G. A. Anastassiou & S. G. Gal [6].

In Chapter 4 our aim is to study the behavior of the powers of L, having the
following layout: n € N is fixed and m goes to infinity. In other words, the oper-
ators considered are over-iterated. For any positive linear operator L,, : C[0,1] —
C10,1], n € N, we define inductively the powers of L,, by

L :=1Id, L} :=L,and L™ := L,o L™, m € N.

n?
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In the subsequent three sections of this chapter we describe three methods to inves-
tigate the over-iteration of L,,:

1. the contraction principle,
2. a general quantitative method,
3. a method that uses the spectral properties of the operator.

The contraction principle represents a general method to investigate the behavior of
the over-iteration of a fixed operator, see e.g., [11], [12]. The assertions in Section
4.1 were inspired by a recent result of O. Agratini & I. Rus [4] (see also [132]) who
proved convergence for over-iteration of certain general discretely defined operators.
In the sequel we prove a generalization of the first theorem in [4] also for a whole
class of summation-type operators, see their definition at (4.1) and Theorem 4.1.
One advantage of the method is that it can be applied for many known summation
type operators, cf. Subsection 4.2.2. On the other hand, the proof is restricted to
a fized operator L, and its iterates L]". Furthermore, the proof is only valid for
operators having a contraction constant ¢ < 1. In the following section we show
that there are cases, where we do have ¢ = 1, but still convergence of the iterates
takes place.

In Section 4.2 we prove general inequalities for the iterates of positive linear operators
preserving linear functions, which are given in the spirit of the paper by S. Karlin
& 7. Ziegler [82] and were obtained for classical Bernstein operators in a slightly
weaker form first in [54]. The results of this section are gathered in Theorems 4.6,
4.8 and Corollary 4.9.

Due to this general assertion, we are able to prove in Subsection 4.2.1 the convergence
of the over-iterates of (4.1) and to provide a full quantitative version of it. Our
estimate is given in terms of the second order modulus. However, due to the use
of the contraction constant some pointwise information is lost, see Proposition 4.13
and Corollary 4.14.

Both of the two following subsections have an applicative character. In Subsection
4.2.2 we consider a group of operators to which both methods, the contraction
principle and the quantitative method work. The advantage of the latter one is that
we immediately obtain the degree of approximation. In Subsection 4.2.3 we consider
some classes of operators to which the approach via the contraction principle is
not applicable for two reasons: the Beta-type operators (implicitly Lupag’s Beta
operators of second kind) are not discretely defined and for the Schoenberg spline
operators one cannot find a contraction constant ¢ < 1.

In the last section of this chapter we propose a method to study the behavior of
the over-iterates of those operators for which both the contraction principle and



the quantitative method fail. Our method uses some spectral properties of the op-
erators considered (general Stancu operators, Kantorovich operators, (generalized)
Durrmeyer operators), such as: the unique representation of a polynomial operator
w.r.t. the basis of its eigenfunctions and the fact that the corresponding eigenval-
ues are strictly less than 1. A similar technique was used in the recent paper of
Sh. Cooper & Sh. Waldron [32] for the iterates of Bernstein operators and also in
the paper of S. Ostrovska [109] for the iterates of ¢-Bernstein operators.

Chapter 5 has an eclectic character. In Section 5.1 we estimate the Peano remainder
(from the Taylor expansion) by means of the modulus of continuity of the n-th
derivative of a function f (Theorem 5.2) and the least concave majorant of the

70" notation.

modulus (Theorem 5.3), avoiding in this way the
As an application we prove in Section 5.2 a quantitative variant of the classical
Voronouvskaja theorem for operators reproducing linear functions.

We recall the following very well-known result that describes the asymptotic
behavior of Bernstein polynomials:

If f is bounded on [0, 1], differentiable in some neighborhood of z and has a second

derivative f”(z) for some x € [0, 1], then

lim - [By(f,2) — fla)] = T2

n—oo 2

. f//(x)

If f € C?[0,1], the convergence is uniform. It was first proven in 1932 by

E. V. Voronovskaja [156], but we find it also in the book of DeVore and Lorentz [38,
p. 307].

We mention that S. N. Bernstein [14] generalized the uniform version of it in an
article that follows directly after that of Voronovskaja, such as:

If g € Nis even, f € (0, 1], then uniformly in x € [0, 1],

nq/z{ (i ZB . [ >}

T 1—x)5x) - . — 0, n — oo.
More on this topic one can find in the recent work [62]. We will further deal in
this thesis with the simplified version, namely s = 2. In Theorem 5.8 we prove a
quantitative description of Voronovskaja’s result in terms of &y.
This general result is followed in the subsequent subsection by some applications,
among others for Bernstein operators (Proposition 5.10) and Beta operators of the
second kind (3.2).
In the first chapters we were mainly interested in determining the rate of convergence
of a positive linear operator towards the identity operator, by means of different
instruments (K-functionals and/or different moduli of smoothness). In Section 5.3
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we widen our research and compare the convergence velocity between two positive
linear operators. The means remain the same: K-functionals and different types of
moduli of smoothness. In the first four results (Theorem 5.25 and the Corollaries
5.26, 5.27, 5.28 ) from Subsection 5.3.1 we study the rate of approximation for
the difference of two positive operators that agree on the first n moments. These
estimates are given in terms of @; and for f € C"[0,1]. Assertions for every function
f € C|0, 1] are obtained by means of moduli of smoothness of higher orders and by
employing a result of H. Gonska [59]. For this purpose see Theorem 5.29.

The following two subsections have an applicative character. We give estimates for
differences between different positive linear operators, like B, .1, the (n + 1) — th
Bernstein operator and B,, Lupas’s Beta operator of the second kind, Proposition
5.31. Finally, in Subsection 5.3.3 we try to answer a question formulated by A.
Lupasg in the article [97], regarding an estimate for the commutator:

[BH’H_B”] = Bn o PBn - Bn o Bn = Un - Srfl/n7070>7

where U, are the genuine Bernstein-Durrmeyer operators and Sy L/m00> 4re some
special Stancu operators. This is done in Proposition 5.37 after proving that the
two operators agree up to the third moments, Lemma 5.36.

Towards the end, we list ten problems to which we have not yet found an appropriate
or complete answer during the preparation of this thesis.

Acknowledgement. Finally, I would like to thank to all my colleagues from the
Department of Mathematical Computer Science at University Duisburg-Essen who
supported me in my work. My special thanks are dedicated to my Ph.D. advisors
Prof. Univ. Dr. Petru Blaga and Prof. Dr. Dr.h.c. Heiner Gonska, from whom
I have learnt a lot. I also thank for their valuable support: Prof. Univ. Dr. Sorin
G. Gal, Dr. Privatdozent Daniela Kacsd, Prof. Univ. Dr. Alexandru Lupas, Prof.
Univ. Dr. Ioan Rasa and Prof. Dr. Paul Sablonniere.
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Notations and symbols

In this work we shall often make use of the following symbols:

€n

Ajf (@)

D" or f

is the sign indicating equal by definition”.

a:=b” indicates that a is the quantity to be defined or explained,
and b provides the definition or explanation. b=:a” has

the same meaning.

the set of natural numbers,

the set of natural numbers including zero,

the set of real numbers,

the set of positive real numbers,

the interior of the set X,

a closed interval,

an open interval.

Let X be an interval of the real axis.

the set of all real-valued functions defined on X.

the set of all real-valued and bounded functions defined on X.

the class of the p-Lebesque integrable functions on X, p > 1.

is the norm on LP(X) defined by || f||, := ([ |f(x)|da:)1/p, p>1.
the set of all real-valued and continuous functions defined on X.
the set of all real-valued and continuous functions defined on the compact
interval [a, b].

For f € B(X) or f € C(X)

is the Chebyshev norm or sup-norm, namely

| flle = supf{|f(2)] : & € X},

the set of all real-valued, r-times continuously differentiable function,
(r € N).

the set of all C|a, b]— functions that verify the Lipschitz condition:
|f(z2) = f(x1)] < M|zg — 1|7, Yai,29 € [a,b],0 <7 <1, M > 0.
(I1,la,b], n € Ny) the linear space of all real polynomials

with the degree at most n.

denotes the n—th monomial with e, : [a,b] > z — 2" € R, n € Ny.
For a function f: X — R, X an interval of the real axis we have:
is the finite difference of order k € N, step h € R\{0}

and starting point z € X. A computing formula:

Ak f(z) = i(—l)k‘i(';)f(erih), r+ih€X,i=0,....,k, heR, h #0.

=0

r—th derivative of the function f € C"[a,b].

[0, ..., Tm; f] m—th divided difference of f € F(X) on the not necessarily distinct
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knots zq, ..., T, € X.
are the falling factorials denoted by the Pochhammer symbol.

b—1 -1
(a)p == [](a—1), a € R, b € Ny, where [] := 1.
i=0 i=0
m—1
the factorial power of step h € R defined by: yI™" := [] (y — ih),
i=0

-1
m € Ny. As above [] := 1.
i=0



Chapter 1

Preliminary and auxiliary results

1.1 Positive linear operators

In this section we will give some basic definitions and some elementary properties
concerning positive and linear operators. For more information on this topic see [30]
or [150].

Definition 1.1 Let X, Y be two linear spaces of real functions. The mapping
L:X —Y iscalled linear operator if L(af + Bg) = aL(f) + BL(g), Vf,g € X
and Vo, € R.

It Vf>0, fe X = Lf >0, then L is a positive operator. X,Y are one of the
spaces mentioned before.

Remark 1.2 a) Theset £(X,Y):={L:X — Y | L is a linear operator } is
a real vector space.

b) In order to highlight the argument of the function Lf € Y we use the notation
L(f;z) but also in some rare cases (Lf)(z).

Some elementary inequalities are recalled in the following:

Property 1.3 Let L: X — Y be a positive and linear operator.
(i) If f, g € X with f<g then Lf < Lg. (monotonocity)
(1)) Vf € X we have |Lf| < L|f|.

Definition 1.4 Let L : X — Y, where X C Y are two linear normed spaces of real
functions. To each operator L we can assign a non-negative number ||L|| defined by

IL]| := sup [[Lf]| = sup [ILf]|.
fex fex

[IFlI=1 o<l fll<1



By convention, if X is the zero linear space, any operator L which map X to Y
must be the zero operator and is assigned the zero norm.

It can be easily verified that || - || satisfies all the properties of a norm and hence is
called the operator norm.

Choosing X =Y = C|a, b] the following can be stated regarding the continuity and
the operator norm:

Corollary 1.5 If L : Cla,b] — Cla,b] s linear and positive then L is also
continuous and ||L| = || Leo||.

The next result provides a neccessary and sufficient condition for the convergence of
a positive linear operator towards the identity operator. It was independently discov-
ered and proved by three mathematicians in three consecutive years: T. Popoviciu
[126] in 1951, H. Bohman [19] in 1952 and P. P. Korovkin [90] in 1953.

This classical result of approximation theory is mostly known under the name of
Bohman-Korovkin theorem, because T. Popoviciu’s contribution in [126] remained
unknown for a long time.

Theorem 1.6 Let L, : Cla,b] — Cla,b] be a sequence of positive linear operators.
If lim Lye; = e;, i = 0,1,2, uniformly on [a,b], then im L,f = f uniformly on

n—oo

la,b] for every f € Cla,b].

Remark 1.7 Due to the above result the monomials e;, j = 0,1,2, play an im-
portant role in the approximation theory of linear and positive operators on spaces
of continuous function. They are often called Korovkin test-functions.

This elegant and simple result has inspired many mathematicians to extend the last
theorem in different directions, generalizing the notion of sequence and considering
different spaces. In this way a special branch of approximation theory arose, called
Korovkin-type approximation theory. A complete and comprehensive exposure on
this topic can be found in [5].

Throughout this paper we will focus on quantitative versions of Theorem 1.6, which
will be presented in one of the following subsections.

Example 1.8 Maybe the best-known and celebrated positive operators are the
Bernstein operators, introduced by S. N. Bernstein [13] in 1912 in order to prove
Weierstrass’s fundamental theorem, see [157]. For any f € C[0,1], n € N and
x € [0, 1], they are given by

(1.1) Bo(fi0) = ;pn,k(x)f (),
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where the polynomials

(1.2) Pus(z) = <Z) 2Pl —2)"* 0 <k <n,

form the Bernstein basis. To be formally correct we set for £ < 0 or £ > n that
pnk = 0. It is not difficult to define the Bernstein operators on an arbitrarily
compact interval [a,b], a < b. Throughout this paper we shall come back many
times on the properties of these operators and their generalizations.

1.2 A Holder-type inequality for positive linear
operators

In many estimates the Cauchy-Schwarz inequality is employed:

(1.3) (L(f9))* < L(f*)L(¢*) . f.g € Cla,b].

The disadvantage is that for certain positive operators such estimate creates dis-
astrous upper bounds. For this reason here we prove a Holder-type inequality for
positive linear operators which - at least in principle - provides extra flexibility and
reduces to the inequality of Cauchy-Schwarz in case p = ¢ = 2. For simplicity we
restrict ourselves to the case [a, b] = [0, 1].

Theorem 1.9 Let L : C[0,1] — C[0,1] be a positive linear operator, Leq = eq. For
D, q > 1,%+$ =1,f € C0,1],z € [0,1] one has

L(|fgl; ) < L(f7;2)7 - L(|g]% x)7.

Proof. For z fixed we consider the linear functional

A(f) = L(f;x), f € C[0,1].
(i) Suppose A(|f|?) > 0 and A(|g|?) > 0. Then define o := W,
8= W. By Young’s inequality we know that

ol q
&ﬁ§_+ﬁ_’ OéaﬁZO-
p q

Hence

/9] L1
A(fP)e - Allgl)e = p A(fFIP) a0 Allgl?)




Applying the positive functional A to both sides of this inequality shows that

A(lfg])

1
— = 1
A(|fIP)VP - Allgl)te — p

+

1
p ;
from which the desired inequality follows.

(i) Suppose that A(|f|’) = 0. As a positive linear functional, with A(ey) = 1, A can
be represented as A(h) = fol hdy, where 1 is a probability measure on [0, 1]. So we
have fol | f|Pdp = 0, which entails |f|” = 0 on supp p a.e. Then |f-g| =0 on supp p
a.e., so that A(|fg|) = fol |fgldi = 0. Thus the inequality of Theorem 1.9 is valid
also in this case. O

1.3 Moments of higher order for positive linear
operators: inequalities and a recurrence for-
mula

For positive linear operators L : Cla,b] — C|a, b], the following quantities play an
important role. The moments of order n,n > 0, namely

L((ey —x)";x) := L((ey — x)")(x),z € [a, ],
and for n > 1 also the absolute moments of odd order n, that is
L(ley — x|™;x) = L(|e; — x|™)(x), x € [a, b].

As one can see, e.g., in Subsection 1.7 very important are the first absolute moments
L(Je; —z|; x) and the second order moments L((e; —z)?; z). In most of the cases it is
a difficult task to compute the first absolute moment, therefore the Cauchy-Schwarz
inequality is used to estimate as follows:

(1.4) Lley — z|;2) < \/L(eZ ) - v/L((ey — )% 2).

But sometimes this approximation is to harsh. We mention in the following some

alternative ways.

Proposition 1.10 If L,p,q, f and x are given as in Theorem 1.9, and let 0 < n =
ny + ny be a decomposition of the non-negative number n with ny,ny > 0. Then

- L(ley — z[™; z)7.

3=

L(ley — z|™;z) < L(|ley — z|™7P; z)

For the case n = 1,n=ny +ny =0+ 1,p = q = 2, this reduces to (1.4).



Remark 1.11 Note that in Proposition 1.10 the quantities p,q,n; and ny, may
depend on x € [0,1]. That is, under the assumptions of Theorem 1.9 we have for z
fixed that

3 =

L(ley — x| 2) < inf {L(ley — z|™P;2)7 - L(|ey — x|”2q;x)%},

1.1_
p,q>1, ptg=1
ni,mn9>0;n1+no=n

Another way to relate moments of different orders to each other is described in:

Proposition 1.12 Let L : C[0,1] — C[0,1] be a positive linear operator such that
Ley =ey and 1 < s <r. Then

L(ler — z|%2)* < L(ley — 2|73 2) 7,z € [0, 1.

Proof. Let r > s> 1,p:= > 1. If Ais given as above, then A(|f|*) < A(|f|ps)% =
A(|fI")7, so that

A5 < A(f) feco1],1<s <

In particular, for f(t) := |t — z|,t € [0, 1],z fixed, this means

1
T

L(le; — :E|S;$)é < L(leg —x|"2)r, 1 <s<r

Example 1.13 (i) For a positive linear operator L : C|[0,1] — C10, 1] with Ley =
eq one has

=
=

L(ler — z];2) < L((ey — 2)%2)2 < L(ler — 25 2)% < L((e1 — 2)*2)1 < ...

(i) An alternative way to bound the third term via Cauchy-Schwarz is

=
o=

L(ley — 2% 2)5 < L((ey — )% @)s - L((ey — x)% x)s.

In [70] it is shown that for some operators the approach from (ii) is the better one.
Further we shall prove a recurrence formula for moments of higher order.

Proposition 1.14 For a linear operator L and k € Ny one has

L((e; — 2)%;2) = L(ey; x kzi() (e — 7)),

=0



Proof. Write
L(ex;z) = L((eg —z+ x)k; )

_ zxg;(ﬁ)xkl-@l—xvuw

; Z(I;)w s~

I=
k—1
= L((e; —2)2) + () o L((ey — a)h @),
1=0

which implies the representation of the k-th moment. O

Remark 1.15 (i) Note that the equality of Proposition 1.14 holds without the

assumption Le; = e;,1 € {0,1}.
(ii) The proposition means that L((e;—x)¥; z) can be computed if we know L(ey; x)

and the lower order moments L((e; — x)52),0 <1<k —1.

Corollary 1.16 For a linear operator L with Le; = e;,i € {0,1}, the third and
fourth moments can be computed as

L((e; —2)%x) = L(es;x) — 2° — 3xL((e; — 2)% 1),
L((ey —2)%2) = L(egw) —2* — {4o - L((eq — 2)*;2) + 627 - L((e1 — )% 2)}.
Proof. It is a immediate consequence of Proposition 1.14. 0

The facts exposed and proved in this section will be used also in Subsections 5.1
and 5.3. For more information on this topic see also [71].

1.4 Different types of moduli of smoothness

The main tools to measure the degree of convergence of positive linear operators
towards the identity operator are the moduli of smoothness of first and second order.
For f € Cla,b] and 6 > 0 we have

(L5p(f:0) = sup{lf(+h) — F@)] 2,0+ h € [a,8], 0 < h < 6}
(L.6wao(f;0) = sup{|f(z+h)—2f(x)+ f(x —h)| :z,2 £ h € a,b], 0 <h <}
The first modulus of smoothness (continuity) has a long history. It appeared already
in 1911 in the Ph. D. thesis of D. Jackson [75], the work that laid the basis for what

is known today as Quantitative Approximation Theory.
wy inherits its name from the first part of the following property:
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Proposition 1.17 Let f € Cla,b] and 6 > 0.
a) If 6lim+ wi1(f;0) =0, then f is continuous on |a,b.
—0

b) The following equivalence holds: f € Lip, M iff wi(f;0) < M - 07, where
0<7<1and M > 0.

A useful modification represents the least concave majorant of wy(f;-) given by

sup  EEMUNH= o g <e<hg,
(A7) afie) = §

o(f,b—a) =w(f,b—a) if e>b—a.
The definition of @(f,-) shows that
(1.8) w(f;) <o(f;) <2-wi(f;0).

For some further properties of &(f;-) see, e.g., V.K. Dzjadyk [41, p. 153ff] or [60].
It was shown by N.P. Korneicuk [89, p. 670] that for any ¢ > 0 and & > 0 the
function w(f;-) and its least concave majorant @(f;-) are related by the inequality

(1.9) @(f;6-e) < (148 -w(f;e),
and that this inequality cannot be improved for each e > 0 and £ =1,2....

Remark 1.18 One can construct an (abstract) modulus of continuity by taking
into consideration the following known property: Any non-decreasing, subadditive
mapping €2 : [0, 00) — R such that ©(0) = 0 is the modulus of continuity of its own.

In this spirit and having further applications in mind (see Section 5.1) we present
the following example.

Example 1.19 Letn >0 and 0 < ¢ < L 50 that also -~ < % Then let

27 n+1
(n+1 .
?.t’ Oéténi17
(1.10) Q) =1 3 <t
| B t-1)+1, 1- 25 <t< 1

In order to show that Q) is indeed a modulus of continuity, note that the function
is continuous, non-decreasing and such that (0) = 0. It can be seen by inspection
that Q is also subadditive, so that Q is a (non-concave) modulus. As expected ) is

9



the modulus of continuity of itself, that is w(Q(-);0) = Q(9),0 < J <1 (see [93], p.

43).

Moreover, for =5 <t <1, the graph of Q differs from that of Q in the sense that

there we have 1

R T )

Hence Q) = 4 = Q(nil)

(n+1)(t+1) — 2).

Most of the error estimates in this work are given in terms of the two moduli of
smoothness or in term of w;. However in the last chapter we give estimates, where
moduli of higher order are involved. Therefore we give the definition of wy, k € N,
as given in 1981 by L. L. Schumaker in his book [137]:

Definition 1.20 For k£ € N, § € R, and f € C|a,b] the modulus of smoothness of
order k of is defined by

(1.11) wr(f;0) :==sup{|AFf(z)| | 0 < h <6, x,2 + kh € [a,b]}.

Remark 1.21 For clarity sometimes we will write wi(f;d; [a, b]).
It is obvious for § > 2% one has wy,(f;8) = wi(f; 52).

We collect in the following proposition some useful properties of wy:
Property 1.22 (see [150])

1) wi(f;0) =0.

2) wi(f;+) is a positive, continuous and non-decreasing function on R, .

3) wi(f;-) is sub-addititive, i.e., wi(f;01+2) <wi(f;01)+wi(f;02), 6 >0, i =
1,2.

4) V6 >0, wra(f;9) < 2wi(f;9).
5) If f € Ca,b| then wr1(f;0) < - wip(f56), § >0.

6) If f € C"[a,b] then w,(f;0) < 6" sup |fT)(6)].
d€la,b]

7) ¥6 >0 and n € N, wi(f;nd) < nfwi(f;0).

8) V6 >0 andr >0, wy(f;70) < (14 [r])*wi(f;0), where [a] is the integer part
of a.

9) If § > 0 is fized, then wi(f;-) is a seminorm on Cl|a,b).

10



Corollary 1.23 (see [150])
1) V8 > 0,win(f:6) < Zwn(f:8), kor €N,

2) Y0 < 6 <1, wrr(f;0%) < wp(f;9).

1.5 Zhuk’s function and its applications

Some of the estimates in terms of different moduli of smoothness can be elegantly
proven by using as an intermediate a special smoothing function that was con-
structed by V. V. Zhuk in [159]. Therefore we find it instructive to present here its
definition and its relevant properties, see also [67].

Zhuk’s approach was the following: For f € Cla,b] he first defined the extension
fn:la—h,b+ h] — R, with h > 0, by

P (z), a—h<z<a,
fr(x) =< f(z), a<z<b,
P.(z), b<x<b+h,

where P_, P, € ], are the best approzimants to f on the indicated intervals.
Then Zhuk defined its function Z, f(-) (sometimes also denoted by f5(-)) by means
of the second order Steklov means

(1.12) Znf(z) = % / (1 - %) fn(x+t)dt, x € [a,b].

h

It can be shown that Z, f € Wy oo[a, b], where

(1.13) Wy la,b] = {f € Cla,b] : f" absolutely continuous, ||f"| . < oo}, and
(L.14) [[fllzaclatt = [[fllLe = vraisup{|f"(z)] : x € [a,b]}.

The following estimates were proven in [159] Lemma 1 (or [67] Lemma 2.1)

Lemma 1.24 Let f € Cla,b], 0 < h < (b—a). Then

(1.15) \f = Znfllee < ~wa(fih),

(1.16) I(Z0f) e < 5072 walf3h).

DO Lo W

Supplementary estimates for lower order derivatives of Zj f are given in
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Lemma 1.25 (see Lemma 2.4 in [67]) Let f,h and Z, f be given as in Lemma 1.24.
Then

(117 [Zf) e < 3 |2-(Fih) + 5 - wn(:h)
(118) 1Zfl < 17l 45 a5 )

Corollary 1.26 As an immediate consequence of the latter lemma, one has the
simpler inequalities

1(Znf) lloe < % ~wi(f; ), and [[Z fllee <4 - [|f]lco-

As an application of of the upper inequalities the authors proved in [67] the following

Lemma 1.27 (see Lemma 4.1 in [67]) Let g € Wa o and the polynomial B,g, where
B,, is the Bernstein operator defined on [a,b]. Then for any e > 0 and a sufficiently
large n the following inequalities hold:

lg = Bngllse < & 1 Bnglloo < llgllse: 1(Bng)'lloc < llg'lloo;

and
1(Brg)" lloo < 19" [l 2.c -

In other words, the latter lemma affirms that functions in Ws «[a, b] can be approx-
imated well by functions in C?[a, b], while "retaining important differential charac-
teristics”, see [67].

Supplementary results on ”smoothing of functions by smoother ones” can be found
in Lemma 3.1 in [59]. Having further applications in mind, we shall present this
assertion below:

Lemma 1.28 Let I = [0,1] and f € C"(I),r € No. For any h € (0,1] and s € N
there exists a function fy,.s € C* V(1) with

(i) 119 = 7], Moo < ¢+ wrpa (D5 h) for 0 < j <,

(ii) || £7) oo < ¢ 77 wj(f5h), for 0 < j <7+,

(i) | £ oo < € hm0F) o (FU775h), forr 45 < j <2 4.
Here the constant ¢ depends only on r and s.
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1.6 K-functionals and their relationship to the
moduli

In 1963 J. Peetre introduced in [116] an expression called Peetre’s K-functional,
which represents another important instrument to measure the smoothness of a
function in terms of how well it can be approximated by smoother functions. Al-
though it is possible to define the K-functional in a very general context, for the
applications we have in mind in the current paper, it is sufficient for us to consider
the following definition:

Definition 1.29 For any f € Cla,b], 6 > 0 and integer s > 1 we call

(119)  K(fid)uy = K(f;6:Cla,b],C*[a,b)
= ]~ gl + 699 : g € C*la ]},

Peetre’s K-functional of order s.

Whenever there is no doubt about the interval of definition of f we shall use for
K(f;0)[ay the abbreviation K(f;6).

It is clear that the quantity in (1.19) reflects some approximation properties of f:
the inequality K,(f;0) < e, § > 0 implies that f can be approximated with error
|f — glloo < € in Cla,b] by an element g € C?%[a,b], whose norm is not to large,
9]0 < 5.

The following lemma collects some of the properties of K(f;-). They were proven
by P.L. Butzer & H. Berens [25], but they can also be found in more recent work on
approximation theory as in: [137], [38] and [60].

Lemma 1.30 (see Proposition 3.2.3 in [25]) Let K (f;-) be defined as in (1.19).
1) The mapping K,(f;0) : Ry — R, is continuous especially at § =0, i.e.,

lim K(f;0) = 0= K(f;0).

6—0t

2) For each fized f € Cla,b] the application K(f;-) : R, — Ry is monotonically
increasing and concave function.

3) For arbitrary \,§ > 0, and fized f € Cla,b], one has the inequality

K (f;X-0) <max{l, A} - K(f;9).

4) For arbitrary fi, fo € Cla,b] we have K(fi1+f2;0) < Ks(f1;0)+K(f2;6), § >
0.
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5) For each 6 > 0 fized, K4(+;0) is a seminorm on Cla,b], such that

K(f;0) < [[f oo
for all f € Cla,b.
6) For a fized f € Cla,b] and 6 > 0 the identity K(|f];0) = Ks(f;0) is true.

The following theorem establishes the close relationship between the K-functional
and the moduli of smoothness. K and wy are related by the following equivalence
relation, see H. Johnen [76]:

Theorem 1.31 There exist constants Cy and Cy, depending only on s and [a, ]
such that
(120) Ol 'Ws(f; 6) S Ks(f; 58) S 02'ws(f; 5)7

for all f € Cla,b] and § > 0.
In general there are no sharp constants known in the above (double) inequality.
However, there are two exceptional cases for s = 1,2. We present them below.

The following lemma known as Brudnyi’s representation theorem establishes the
connection between K (f;0)qs and the least concave majorant defined at (1.7).

Lemma 1.32 FEvery function f € Cla,b] satisfies the equality
1
(1.21) K1 (f,6;Cla,b],C'[a,b]) = 3 -@1(f;26), 6 > 0.

More details and also proofs of the above lemma can be found in many different
sources, as for example: in the article of B. S. Mitjagin & E. M. Semenov [105], or
in the book by R. T. Rockafellar [130], or in the monograph of R. A. DeVore & G.
G. Lorentz [38, p. 175].

Also for the case s = 2 there is something known about the constants in front of the
moduli of smoothness. Thus, H. Gonska proved in [54] p. 31 the following

Lemma 1.33 Let f € Cla,b] and 0 < 6. Then we have
1 5 9
ZWQ(.]C’(;) < Ko f:?vC[CL)b]?C [&,b] and

Ks(f, 0% Cla,b], C?[a, b]) < @ + 2 - max {1, ([)5—2)2}> - wa(f36).

In another context, but also very useful for our next applications is the following:
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Lemma 1.34 For any f € Cla,b] and § > 0 the following identity holds,
(1.22) K(f56: Cla,b), C2a,b)) = K (36 Cla, b, Wa,ncla, ).

where the K-functional on the right hand side can be defined in an analogous way to
the other one.

Proof. It is trivial to see that C*[a, b] C Wa oo[a, b] implies K (f;d; Cla, b], Wa oo[a, b]) <
K(f;8;C[a,b],C?[a,b]). In order to prove the inverse inequality let & > 0 be
fixed and g € Wyo[a,b]. Obviously we have B,g € C?[a,b] and furthermore
|(Brg) lloo < [l¢"]|L., see Lemma 1.27. Having this in mind, for a sufficiently
large n € N and 0 < ¢ the following inequality holds:

K(f;8;Cla, b], C*[a, b]) 1f = Bnglloo + 6 - [(Bng)" s
1f = gllse + 119 = Bnglloo + 6 - [(Bng)” [l

1f = 9llc +e+6- (19" L

VAN VAN VAN

This implies, by passing on the right hand side to the infimum for all functions in
WQQO[CL, b] that

K(f, 5 Cla,b), C*[a, b)) < K(f,6;Cla, b, Wacla,b]) + &, 2 > 0.

But € was arbitrarily chosen, so letting ¢ — 0 we arrive at the desired inequality. [

1.7 General quantitative theorems on Cla, ¥]

In this section we present in chronological order some quantitative Bohman-Korovkin
type theorems (see 1.6). This direct estimates are given by means of different moduli
of smoothness.

One of the first estimates only in terms of w; were given by R. Mamedov [99] for
the case Ley = ep, and later O. Shisha & B. Mond [140] obtained the following more
general result. Let K = [a,b] and K’ C K be also compact and let L : C(K) —
C(K') be a positive linear operator.

Theorem 1.35 If f € C(K), then for every v € K' and for every h > 0, the
following holds:

[L(f;2) = f(@)] < [f(2)] - |[L(eo; z) — 1]
N (L(eo;x) N V/ L(eg;z) - L((e —x)2;x)> o (fih),

h
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It is also possible to give direct estimates via w; as in the following result, see H.
Gonska [56] or [58]:

Theorem 1.36 For L defined as above also reproducing constant functions the fol-
lowing inequality holds:

L(fi) = )] < max {15+ Llle — alia) - 0(7: )
for all f € C(K), x € C(K') and h > 0.

Due to (1.8) and with the same assumptions as above we have

Corollary 1.37 For any f € C(K), x € K’ and h > 0 there holds

L(fiz) - f(a)] < 2- m{ﬁ (e —xr;:m} a(fih).

Due to the fact that ws annihilates linear functions, it is advantageous to measure
the degree of approximation by means of this modulus of smoothness. The first
estimates involving ws were established by H. Esser [42] in 1976, and later in 1984
improved by H. Gonska in [57]. The latter one was refined by R. Paltanea [111] in
1995 as far as the constants are concerned. In the sequel we shall often refer to the
following result as Paltanea’s theorem:

Theorem 1.38 For any f € C(K), allz € K’ and 0 < h < Llength(K) we have
1
(1.23) [L(f32) = f(2)] < [L(eos2) — 1] - [f(2)] + |L(er — @;2)| - pen(f, D)

+ (L(eo;x) + % : %L((el - x)Q;x)) wa(f, h).

Remark 1.39 The condition 0 < i < %length(K ) can be eliminated for operators
which preserve linear functions.

It is possible to improve the latter inequality by substituting the term in front of ws
with 5 L(](e; — )%|; &), with an integer s > 2, see e.g., in [113, Corollary 2.2.1].

1.8 On totally positive kernels

The theory of totally positive functions plays an fundamental role in many fields
of mathematics, among others also in Approximation Theory. By means of totally
positive kernels one can easily investigate some shape-preservation properties of
positive linear operators, see e.g., Section 3.2. Therefore, in the sequel we present
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and select some basic definitions and some properties that are relevant for us. A
general survey of the theory of totally positive kernels and its several applications
can be found in the book of S. Karlin [81].

According to [81, p. 11] we have

Definition 1.40 A real function K : X x Y — R, where X and Y are intervals or
sets of positive integers, is called (strictly) totally positive kernel if

K(zy,y1) K(ri,42) .. K(21,Ym)
K(l’:zyyl) K($:273/2) K($2:7ym) (>) >0,
K(xm, 1) K(xm,y2) .. K(Tm,Ym)

for all m > 1 and any selections 1 < 9 < ... < Ty, Y1 < Yo < ... < Y, T; €
X, y; € Y. In particular, we have K(x,y) > 0 for all (x,y) € X x Y.

If both X and Y are finite sets, then K can be considered a matrix, in which case
it is allowed to speak about totally positive matrices.
The following example is noteworthy, see [81, p. 287].

Example 1.41 For any n > 1 fized and all sequences T, = {0 < x7 < 29 < ... <
T, < 1} the matric (p,,i(x;))o<i<n is totally positive. In other words, the Bernstein
0<j<n

basis forms a totally positive system.

There are different ways to combine two totally positive kernels in order to produce a
new totally positive kernel. Chapter 3 of [81] is dedicated to this topic of constructing
a variety of interesting kernels with sign-regularity properties.

In order to use it later, in the sequel we present a simplified version of Theorem 1.1
in [81, p. 99].

Theorem 1.42 a) If K(x,y) is a totally positive kernel on X XY, and ¢(x), ¥ (y)
are nonzero positive functions for v € X and y € Y, respectively, and if L(x,y) =
o(x) - Y(y) - K(z,y), then L(x,y) is also totally positive on X X Y.

b) Let K(z,y) be totally positive (x € X, y € Y), and let u = ¢~ (z) and v =
Y=Yy) each define a strictly increasing function transforming X and Y into U and
V', respectively, where ¢~' and 1)~ are the inverse functions of ¢ respectively 1.
Consider

L(u,v) := K[¢(u),y(v)], ue U, veV.
Then L(u,v) is also totally positive.

As a consequence of Theorem 1.42 b) we can state (see (1.5) in [81, p. 100])
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Corollary 1.43 The kernel
K(z,y) = @YW e X yeY

18 totally positive provided the function ¢ and 1 are strictly increasing on X andY,
respectively.

The property of total positivity is strongly related with the variation-diminishing
property as one can see from the following

Lemma 1.44 (see Theorem 3.1 in [81, Chapter 1]) Let L be a linear operator,
reproducing constant functions, of the form

(1.24) L(fsa) = /Y K(r.y)- f(y)do(y). f € D(L), z € X,

where X 1s a real interval, Y 1s a real interval or a set of positive integers, depending
if L is a continuous or discrete operator. Suppose that K is a totally positive function
defined on X XY, do(y) is a o—finite measure on'Y and finally, the domain D(L) of
L is a linear space of real functions defined on a real interval I 2O'Y . Supplementary,
we suppose that the integral on the right-hand side is absolutely convergent. Under
these assumptions the operator L has the variation-diminishing property, i.e.,

ST(Lf) < 5 (f) on X.
More exactly, having a function g defined on I the symbol S~(g) means
57(9) = 57lg(0)] = sup{g(tr), g(t2), .-, g(tm)}

where T :={t;1 <ty < ...tpm, t; €1, i=1,...,m, m > 1} and S™(x1,x2,...,ZTpm)
1s the number of sign changes of the indicated sequence, zero terms being discarded.

Remark 1.45 The latter definition of wvariation-diminishing property was intro-
duced by 1. J. Schoenberg [136].

Other important applications of the total positivity concern shape-preserving prop-
erties, i.e., preservation of monotonocity and (classical) convexity, as presented in
the following:

Theorem 1.46 (see Theorem 3.4 (a) and Theorem 3.5 (a) in [81, Chapter 6]) Let
L be given as above and K be a totally positive function.

a) If L reproduces constant functions, then L transforms increasing functions into
increasing functions.

b) If L reproduces constant functions and Lei(x) = ax +b, z € X, a >0 and b
real, then L maps convex functions into convex functions.

Additional results involving total positivity will be discussed and proved in Section
3.2.
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Chapter 2

On rational type operators and
some special cases

2.1 Rational B-spline operators

In Computer Aided Geometric Design (CAGD) so-called NURBS (”non-uniform
rational B-splines”) were introduced. G. Farin cites in his book [44] the thesis of K.
Vesprille [154] and articles by W. Tiller [153] and L. Piegl & W. Tiller [117] as early
papers on the subject. The standard source on this method is now the book by L.
Piegl & W. Tiller [118]. Further monographs on the subject are those by j. Fiorot
& P. Jeannin [50] and by G. Farin [43]. NURBS are today in use in commercially
available software libraries such as SISL from SINTEF in Oslo (see, e.g., [143]).

2.1.1 Definition and some special cases

The abbreviation NURBS is an unfortunate acronym. The term is misleading since
it suggests that one is exclusively dealing with non-uniform knot spacing which
is not true. We thus prefer the term rational B-spline function. They constitute a
generalization of Schoenberg’s variation-diminishing splines. Adapted to the context
of approximation (of functions) theory which we discuss here, this generalization is
as follows. Many of the results that will be presented in the sequel can be also found
in [64].

Definition 2.1 Let A, : O =z <z < ...<z, =1, n €N, be a finite partition
of the interval I =1[0,1], k € N. We extend this partition by

T_p=...=x_1=x9=0,

Ty =Tpy1 = ... = Tprk = L.
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Define "nodes” (Greville abscissae = evaluation parameters) by

Tjt1 +-"+xj+k

&k = 2 , k<jsn-1
To each Greville abscissa associate a weight w;j > 0. Putting
(2.1) Niw(@) = (wjnrr — 2) [, @500, ] (= 2)4,

for f € ROY we define

n—1
2 Wik f(&k) - Njg(x)

—

(2.2) Rn, k(fix) = J —

> Wik Njk(x)

=k

n—1
= Z f&x) Rik(z), 0<z<1, and
j=—k
Ra, k(f;1) = lim Ra, i (f; ).

<l
R, i is the rational B-spline operator and Ra,, 1(f;-) is a rational B-spline function.
Remark 2.2 Throughout this thesis we shall use the following convention: in the

case of an equidistant knot distribution the symbol {A,,, k} is replaced by the simpler
one {n, k}.

For special choices of the weights of £ and n we obtain interesting particular cases:

Case 1: Suppose that w;; = w > 0 for =k < j <n —1. Then

w - g:l f(&x) - Njn()

Jj=—k

we 'S Njple)

P

(2.3) = Y F(6) - Nsle)

j=—k
= SAmk(f;x)a S [07 1]

Ra, k(fi2) =

The latter is the famous (polynomial) variation - diminishing Schoenberg spline. It
was introduced by Schoenberg and Greville in 1965 (see [135]).

Case 2: Suppose that w;; =w >0, k =1, n € N. Then the "knots” are given as

T =29 <T1 <...<ZTyp=2Tp+1,
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and the "nodes” are

i1 =xjp1, 1 <j<n-—1
The fundamental functions are now N;;, —1 < j < n — 1, and the operator Sa, 1
describes piecewise linear interpolation at the points

O=xp<m1<... <2, =1

The following representation is known, due to T. Popoviciu, see [128] on p. 151:

(2.4) Sa,1(f5z) = f(xo) + (x — 20)[T0, 71; f]

n
T — Tp—
+ Y ] o — o) - s 2, 2 )
k=2

Case 3: Suppose that w;; =w >0, n =1, k € N. Then the "knots” are given as
T_p=...=x9=0,
xlz...:ka:l,

so there are no knots in (0,1).

For the "nodes” one has

1 ..
E k=0, Epprp = Ik ok =1 (equidistant).

For the fundamental functions one gets from the Mansfield identity:

Njr(z) = ( '

,+k>-xj+k(1—x)_j, -k<j<0=n-1.
J

Hence

S FE) - Nle) = ik f(g)(j ’ k)‘w(l_gj)_j

j==Fk J

k :
. J k j k—j
(2.5) - Zf(g) - (j) (1 g
= Bi(f;z), 0<z <1
The latter is the Bernstein polynomial of degree k.

Case 4: Suppose that the weights are not identical, but again n =1, k € N.
Writing py j(x) = (lj) 29 (1 — )% we arrive at

SINTORE
(2.6) Rip(f;@) = Raga(fi2) = ——
D Wik - Pr(x)

i=0

This is a rational Bernstein function.
All five methods considered play a fundamental role in CAGD.

21



2.1.2 NURBS-graph

For a better overview on all particular cases and their relationship we shall depict
the so-called NURBS-graph.

Rational
B-Splines

knots

Knot vector uniform: Knot vector non-
URBS uniform: NURBS
w,=wVj “(W/=ij) "(Wj=WV.D

Uniform polynomial Uniform rational Non-uniform Non-uniform
Schoenberg splines Schoenberg splines rational Schoenberg polynomial Schoenberg

Sk Rk splines Rank splines Sank

S No interior k=1

k/ No interior Kknofs No interior

knots

Piecewise linear
interpolation at
non-equidistant
knots Sant

Piecewise linear

interpolation at

equidistant knots
SnAI

Rational Bernstein
functions R

w,=wVYj

Bernstein polynomials
Bk

Figure 2.1: NURBS-graph

2.1.3 (Shape-preservation) properties and some negative re-
sults about linear precision

We gather in the following some fundamental properties of Ra,, x:

Proposition 2.3 (i) Ra, x is a positive linear operator reproducing constant func-
tions.

(i) Both the numerator and the denominator are splines of degree k and in C*~1[0,1].
(i1i) R, k. interpolates f at the endpoints.

() Ra, i 1s discretely defined, i.e., it depends only on the n+k values f(&x), —k <
Jj <n—1 (and on the weights wjy, associated with &;}).
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Regarding the fundamental functions R, ;(z) = %@k)m, —k < j <n-—1, where

n—1
Qn(z) == > wji - Nji(z), we can prove the following:
j=—k

Proposition 2.4 For any fived k > 1 the kernel
0,1] x {—k,....,n—1} 3 (z,j) — Rji(z) €R

s totally positive. Hence, the operator Ra,  posseses the variation-diminishing
property.

Proof. It is well-known that for any fixed £ > 1 the kernel
0,1 x {=k,....n—1} > (z,j) — Nji(z) e R

is totally positive, see, e.g., Theorem 4.1 in [81, Chapter 10] or [21]. The weights
wj, and @, (x) are both positive, and thus thanks to Theorem 1.42 part a) we arrive
at the desired result. The second part follows immediately from Lemma 1.44. [
Hence,

Corollary 2.5 Ra, j transforms increasing functions into increasing functions.

Proof. It is a consequence of the latter proposition and Theorem 1.46 issue a). [

An important issue regarding the operator Ra, j is, if it does not preserve linear
functions. In [152] the following conjecture was formulated:

Conjecture 2.6 The operator Ra,  reproduces linear functions, if and only if all
weight numbers are equal.

In the last cited paper was proved that the conjecture is true for k£ = 1, 2 for arbitrary
partitions of the interval [0,1]. For both of the cases the following representation
was used (see [152, Theorem 2.1]):

Theorem 2.7 Forn,k > 1 the following equality holds:

R, k(e1;x) —er(x)

3
—

2
(2.7) = 00 > 1(wj,k — i) (§ip — &i) - Njp(®) - Nig(z),

—1 n—

j=—ki=j

+

for x € [0,1].

By using a different approach that also involves the latter representation we were
able to prove the conjecture also for the case & = 3. We shall present it in the
following:



a) It must be verified, if the (3) = 6 products of two different B-splines that live”
on [0, x;], are linearly independent, i.e.,

0 0
> aiNis(r) - Nis(a) =0 a;; =0, —=3<j <i <0.

j=—3i=j+1
b) If a) holds, then if we relate to (2.7) we arrive at
R, s(er;z) —ei(x) =0, 2 € [0,21] © (wj —w;)(§,—&) =0, —3<j <i<0,

where w; 3 =: w; and § 3 =: §. Whence and dueto §;—§;, <0, -3 <7 <i<0
we arrive at w_s = w_9 = wW_; = Wy =: W.

c¢) Further, it will be proved by the induction principle that the remaining weight
numbers are also equal to w. Thus, we will show the implication

wsg=..=w1=w=>w=w, 1<[<n-—1.

Suppose that Ra, 3(e1;x)—ei(z) = 0onz € [x;, x141]. On this interval relation
(2.7) reads:

(w — ) Nifa) [ij (6 - @)Ni<x>] -0

i=l—3

It is obvious now that w; = w, because N;(x) # 0 and also [] # 0 on [z, z;11].

d) By the induction principle it was proven that Ra, s(e1;2) —ei(z) = 0 on [0, 1]
iff w,=wforalli=-3,...,n—1. ([l

We have proved issue a) by brute force method and with the help of the computer
algebra system Mathematica 5.0 and we shall present it here for the equidistant knot
sequence x; = %, 1 =0,...,n, for simplicity sake.

Proof of issue a) for k=3. We assume that

aN_33-N_53+bN_33-N_13+cN_33-Noz+dN o3 N_13+eN _53-Noz+fN_13Noz=0
(2.8)

on the specified interval, the coefficients are real numbers.

Case 1: Here we consider n > 4. In this context, the piecewise polynomials of
degree 3 the N; 3 are:

1 3r  3x?
3 3
(29) N-24(@) " (n3 nt ) ’
3r  9x?  Tad
2.1 N_ = = - 4
(2.10) 23(7) " (n2 2n 4 ) ’



32 1123
2.11 N_ = 3= —
( ) 1:3<x> n (2” 12 )7
3
X
(2.12) Nos(z) = n3-E.

0.1 —

0.0 —

L L L L L L L L L
00 01 02 03 04 05 06 07 08 09 10
X

Figure 2.2: Cubic B-splines that "live” on [0, ﬂ ,n=4

Substituting these identities into (2.8) and reordering them according to powers of
x we arrive at:

RG(_E_Fl_lb_E_E_FE_ﬁ):UG

4 12 6 48 24 72

TR
4 4 2 4 4 4

4 4 2 2 2 4 12+6+2

27a  3b
2 [ 4la S0\ o _
( 5 +2)x + 3anz = 0,

4( 87a 290 ¢ 19d e) 4 3(97a 650 ¢ 9d) 5
+ n|l-——Ft—--——+- )+ | — =+ -+ |

for all x € [0, %] This is equivalent with: all the coefficients of the 6—th degree
polynomial are equal to 0. It can be easily seen that a = b = 0. The remaining
coefficients are: ¢ =d =e = f = 0. This can be justified by

n3 9n>
6n4 129n4 7?4 ! 5n18
2 2 2, 0 _on £ 0
n° 27n° _ 3 n° 2304 :
2 4 4 4
nS  _7tmS S 11nS
6 48 24 72




Case 2: n = 1 corresponds to rational Bernstein functions, see (2.6). This case will
be largely discussed (in a more general context) a little further below (in Proposition
2.12).

Case 3: For n =2, N_; 5 and Ny3 have a different form as in Case 1 (they have

both multiple knots in 1). Simple computation give us N_; 3(z) = 16 (% — %)

and Ny _3(x) = 223 for x € [0, %] N_33 and N_y 3 can be obviously obtained from
(2.9) and (2.10) by substituting n = 2. All four B-splines that live on [0, 3] are
depicted in the following figure, however on [0, 1]:

0.1 —

0.0 —

L L L L L L L L L
00 01 02 03 04 05 06 07 08 09 10
X

Figure 2.3: Cubic B-splines that "live” on [0, ﬂ ,n=2

Applying the same strategy as in the first case and we obtain the identity:

0 = 6ax + (—5da + 6b)z* + (194a — 44b + 2¢ + 36d)x”
+  (—348a + 120b — 12¢ — 156d + 12¢)x*
+ (312a — 144b + 24c + 228d — 36e + 12f)x°
+ (—=112a + 64b — 16¢ — 112d + 28¢ — 16 f)z°,

for all x € [O, %} Right away one can see that a = b = 0. Regarding the rest of the
coefficients we see from

2 36 0 0
—12 —-156 12 0

24 228 =36 12
-16 —112 28 —16

= 1152 # 0,

which means c=d=e = f =0.
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Case 4: For n = 3 all the B-splines that are not equal with zero on [O, %] can
be obtained from (2.9-2.12) by substituting n = 3. Therefore, is no need to treat
this case separately. Thus, we arrive at the desired assertion. Moreover, we have
implicitly proved Conjecture 2.6 for £ = 3 on an equidistant partition. ([l

Remark 2.8 An unfortunate disadvantage of this method is that it cannot be ex-
tended for k£ > 4. For these cases the argument of linear independency fails, i.e.,
there are too many B-spline products on [0, 2] in comparison with the dimension
of the space [,

We shall focus now our attention, up to the end of this subsection, on the special
case of rational Bernstein operators. We want to prove that R;; has the total
variation-diminishing property (TV), namely

Proposition 2.9 For a function f with bounded (total) variation in I = [0, 1] we
have
TV(Rynf) <TV(S),

where for a function g the symbol TV (g) means:
TV (g) =: sup{TV,(g), o a subdivision of I}

and TV, (g) represents

k

TV, (g) := Z 19(sit1) — g(si)|, for o ={0=s9 <s1<...<sp <spy1 =1}
i=0

As it is well-known that for a function g differentiable having an integrable derivative,

= [t

Therefore we first need the following representation:

its total variation is equal to:

Lemma 2.10 The first derivative of Ry, is given by

(2.13) (Rukf)( Z‘W ((Zzl)_f(%))

where the functions 0;5,0 <1 <k — 1, are defined by

(2.14) oir(x) = mm Z Wi pP2k—2,p—1(T)
’ p=i+1
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with the coefficients
(l=J) (P\(2k-p
(2.15) Wip 1= E —— " Wi kW ks
. 2k _ k _ ’ ’
Goerin PR PN J

for the set of indices

K(,p) ={(G,0): j+1l=p,0<j<i,i+1<1<k}

k
We denoted N := Y wjy - pij(x).

J=0

Proof. According to a result of M. S. Floater [51, Proposition 3|, the derivative
(Rixf) can be written

=i (1) (1))

where the functions o, are defined by

oi(x) = 2(1— ) N2 Z Z 9Pk, (2)pra(2)w; gy .

7=0 l=i+1

As1 <i+1<j+1<i+k<2k—1, there is always a factor x(1— ) in the product
Pk.;(2)pr,(z), so the expression can be slightly simplified as follows:

@) = -0 () () - e

z(1
(@)
l—7)5—~ 2k—2,j+1—1\T
= ( )(fffl)p J+i-1(z)

(B2 (I—7) % —j—1\[j+1
_(2k—2)!(j~|—l)(2k—j—l)( ko )( ) )pzk—2,j+z_1(x).

Now, as p = j + [ varies from 7 4+ 1 to ¢ + k, we can collect all the terms which are

coefficients of poj_2,-1 and we obtain

i+k

1
Ui,k( ) N2 Qk Z Wi pP2k—2,p— 1 )

p i+1
where, using the set of indices K (i,p) :={(j,0) : j+l=p, 0<j<4,i+1 <1<k}
(L —J) (p) <2k —p)
Wip = E e - wjkwig,
2k — k—
iperan PR =PI J
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which is the desired result. OJ
Now we can proceed in writing down
Proof of Proposition 2.9. Comparing the two expressions for (R ;)":

o= Sptoms (2) i (1 () ()

1=

Pr,j ()

where for simplicity, we denoted p;(x) := , and we omitted the double index

N
for o and the weights, we deduce
oo(x) = —pp(x)wy
oo(x) —ou(x) = py(x)w
op—2(z) — op-1(z) = pj_y(z)wy—1 and
op-1(z) = M%(m)wk
By induction we can easily prove that o;(x) = —(ug(z)wo + ... + pi(r)w;) with

7=0,....,k—2and o_1(x) = pj(z)wg. On the other hand, fo oj(x)dx = (po(0)wo+

i (0)w;) = (po(Dwo + ... + py(Dwy) = 2 =0 =1, j = 0 ...,k —2 and
fol Op—1(x)dx = pp()wr — pr(0)wy = ”“u'j—: — 0 = 1. Now, since the functions o; are
positive (see (2.14)),

Bl
AR
7 N
<
w‘—l—
[a—
~__
|
K,__‘
VR
x| .
~__
O\J
>
Q
S
S—
QU
)

/0 Ry @ldz < SIf

> .
I

and we obtain the desired result. O

Corollary 2.11 The first derivatives at the endpoints are proportional with the
slopes of the control polygon at those points. More exactly,

(a0 = 22 |7 (1) = 10| and (s =222 | ry - 7 (B4,

Wi

Proof. The proof is straightforward, if we substitute into (2.13)with x = 0 and
x = 1, respectively. O
The situation is similar for the rational Bézier curves, see for instance [43, (7.29)
and (7.30)].

In comparison with the general Ra, i, for R, it is possible to prove a global state-
ment regarding linear preservation:

29



Proposition 2.12 The rational Bernstein operator reproduces linear functions if
and only if all weights are equal.

Proof. Since R;rey = ep and R, is linear, it suffices to consider the function

e1(z) = x.
We have
k , k
Zowj Pk (1) 2 WiPkj (z)
) = j=
Ryy(er;x) —x = p — T
w;pr,;(T) > Wipk;(T)
=0 =0
1 k j k
= N {Z Wy P(2) =@ > wjpk,j(fﬂ)}
j=0 Jj=0
T -Ty
— N

We raise the degree of T} from k to k + 1 and get
S j—1 j j
Ty = JZO {k?—“ cWi-1 - T + (1 — k—ﬂ) twy - E:| 'pks—l—l,j(l’).

Here we put w_; := wg and wg,1 := wy to be formally correct.
T, can be written as

k

k , .

I = E wj( ) T (1 — )t
=0 J

k .
J+1(k+1 G41 k—j
~ Y wd . 1 )i
w]k+1<j+1 (1 -x)

j=0

k+1 .
_ J k+1 j k+1—j
= Z“&'—lﬁ( i )'93](1—33) g

j=1

k+1 .
. J k+1 j k+1—j
- Z“’ﬂ'*ﬁ( j )‘”“”“"” ]

j=0
k+1

= Zw'—lL * Prt1,5 ()
— k1 !
7=0
Combining the representations of T and 75 we obtain
Ryp(e;x) —x
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= x(l—x)-N~ (wjr1 — wj) - pr—1,4()

Hence Ry i(e1;2)—x = 0for all x € [0, 1] if and only if w1 —w; = 0for 0 < j < k—1,
ie, wg=w =...= W ]

For the sake of completeness we mention that for rational Bernstein-Bézier curves
the situation is somewhat different; see [45].

2.1.4 Degree of approximation by Ra

ny

(and some of its particular cases) in terms of &

The approximation theoretical knowledge about the spline methods mentioned is in
contrast to their importance in applications and to the many experimental results
available. Therefore, in the present section we start to discuss rational B-spline
functions from the viewpoint of quantitative approximation theory. To that end we
use Theorem 1.36.

Proposition 2.13 Let Ra, i be given as above. Define
wzlifk = min{w;,: —k<j<n—-1} >0,
wpaYy, = max{w;: —k <j<n-—1} >0,

and the "weight ratio” by

Then for f € C|0,1] there holds

. 2
(2.16)  |[Ra,if — fIl < pans- @1 (f; \/m{i (k+ 1>12||Anll }) |

Proof. All that remains is to give an estimate for Ra, x(|ex — z|;2). We have

n

—1
> Wik &k — 2] - Njg()
=k

Ra,k(ler —zf52) = —
> wik - Njg(z)

==k
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n—1
> WA |k — 2] - Njg(z)

< I=F
- n—1 )
> wrty - Njk(w)
=k
n—1
= pank Y &k — 2] Nix(e)
p—

= Pank - Sauk(ler —zfz)
< PAnke \/SAn,k((el —x)% ).
For the latter quantity Marsden [101] proved the uniform estimate

. 2
(2.17) Sa,1((e1 — 2)% ) < min {i, (k + 1)12||An|| )} ,0<z <1

Hence we conclude from Theorem 1.36 that

|Ra, k(f;7) — f(o)]
. 2
< maX{l, %mn,k-\/min{%, (k+1)12”A”H }}-Jn(f;h), Vh > 0

and putting h = \/min {i, W} leads to

|Ba, k(fi2) = f(@)] < pa, k- @1 (f; \/min {i’ _— 1)1'2HA”H2 } ) .

The right hand side is independent of z, and thus we arrive at our claim. O

Corollary 2.14 (i) If all weights equal w > 0, then for Schoenberg’s variation-
dimanishing spline operator we get

ISa.uf — 711 < 51 (f; \/mm (L ér\Anr\Q}) |

Similar inequalities were given by Marsden in [101].

(i) For the Bernstein operators the above reduces to

1
Bpf —fl| <@ — |-
This is also a classical inequality similar to the one given by T. Popouviciu

[123].
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Further, we consider URBS - uniform rational B-splines. In this case much better
information is available than in the general case.
Thus we can state

Theorem 2.15

min{2z(1 — z), £}
n+k—1

(2.18) |Rui(fi7) = f(2)] < pak- @ f;\/

Proof. One has to proceed as in the general case and to take into consideration the
available pointwise refinement of (2.17). Thus, according to [16, Theorem 2| in the
case of S, forn>1, k> 1, x € [0, 1] we have

min{2z(1 — ), £}

: —x)%7) <
(2.19) Snr((er —x)52) <1 iy A1

O

Remark 2.16 It was noted in [17, Remark 3.6] that the upper bound of (2.19)
matches Marsden’s uniform order in all cases k,n > 1 and is hence a pointwise
refinement.

A special case of URBS functions is given by rational Bernstein functions Ry f,
defined at (2.6). In this case we have

(2.20) Frilf32) = f@)] < pavi- &1 (f | W) |

The best constant is obtained if the "weight ratio” pa, » = 1, that is, if all weights
are equal. This is the case of the polynomial Bernstein operator.

2.1.5 Degree of approximation by some particular cases of
R, 1 in terms of w; and wy

For some special cases of Ra, k, €.g., R,1 (kK = 1) and the rational Bernstein func-
tions Ry x(f;-) inequalities (2.16), (2.18) or (2.20) from the previous section can be
brought into a more adequate form involving first and second order moduli.

In [152] G. Tachev proved by involving relation (2.7) and by applying Theorem 1.38
the following:
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Proposition 2.17 For f € C[0,1], 0 < h < %, there holds

n—1

[Roa(fiz) = flz)] < % > (wy = wia1)Nja(x) - Njyra ()] - % ~wi(fih)
j=—1
i — 1
(2.21) + <1 + #pm . mln{Zx(i z), n}) cwa(fi 1),
with N := ni:l wjy - Nji(x)
j=—1

Example 2.18 Choosing w;; = 1 + @, —1<7<n,c>0, a>0 and letting
h:= 1L in (2.21) the author proved in [152] that

Rua(fia) = ) < L v (i) (1425 v (117

4ne 2 n

It can be easily seen that for a > 0 sufficiently large p,1 ~ 1.

If all weights equal w > 0 we arrive at S, 1, the piecewise linear interpolator on
equidistant knots. In this case due to A. Lupas we have a beautiful representation
of the second moments, namely

(nx — [nz])(1 + [nz] — nx)

(2.22) Sni((er — )% 2) = 2 !

where [a] means the integer part of a € R. The formula can be found in [96, p. 46].
Thus, we can state

Corollary 2.19 For any f € C[0,1], x € [0,1] and n > 1 the estimate

» ( I ) nx))

1S (f52) = flz)] <

[\CR V]

holds.

It is also interesting to discuss the rational Bernstein case. The upper bound of the
second moments can be computed as follows

k . 2
1 J
Rii((er —x)%x) = N ;wj : (E - 517) “Prj(T)
< pue- Bi((er — )% @)
x(l—=x
]

Thus we can apply Theorem 1.38 to arrive at
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Proposition 2.20 For f € C[0,1], x € [0,1], 0 < h < %, there holds

k—1
Bulfin) — £@)] < T S g — ) - peay @) B - (£:R)
7=0

+ (1 + % h72 prg —uk_x)) ~wa(fsh).

(11‘

In particular, for h = , this implies

k-1
[Rie(f;2) — flo)] < % Var(l—x)- |Z(wj+1 —wj) - pr—1,4(7)]

+ (1 + % 'Pl,k) "Wy (f; w>

< \/E-\/M-max{‘%“_wj‘}wl (f; $(1]€—$)>

win{w;)
+ (1+%-p17k) - Wo (f; w> .

max{|w;1 — w]l} 1
min{w, } k’

Corollary 2.21 [If

then

|R1k(f;2) — f(x)] < ¢ @'M (f; W)

+<1+%-p1,k) S ws (f; w>

Example 2.22 (i) If, withc > 0, wjy == w; = 1+ %, 0 < j <k, then — with the
same ¢ — the assumptions of the corollary are satisfied. Moreover, py = c+1.

(i1) In the Bernstein polynomial case we have ¢ =0, so pyx = 1. Hence here the

latter estimate reads
(1l —x)
(f, : ) |

MIOO

|Bi(f;7) — f(a)] <



Remark 2.23 The constant in front of wy can be replaced by % = 1,375, see [113,
Corollary 4.1.2].

Further in the sequel we give some examples illustrating the impact of the weights
on the behavior of rational Bernstein functions.

Example 2.24 Here we show that with inappropriate choices of the weights not
even for the function ey(x) = x uniform convergence can be expected.
Indeed, for 0 <w =w;, 0 <j<k—1, and w, > w to be determined later we have

E
—_

1
Riglenz) —2 = —————— - 2x(1—2)- ) (wjy1 — w;j)pr—1,;()

k
wj - prj(T)
=i

.
Il
=)

J

_ 1 c2(1 — x)(wk — w)pr—1,5-1(x)

k—1
w - Y pry(x) + wg - prg(T)
=0

1
= 0= pea@) T pea@ T D~ P ()
1
T ow+ (wg — w) - prx(z) ol —a) - (W — W) prork ()

(wk - U)) 'pkfl,kfl(l')

— z(l_x)'er(wk—w)-pk,k(iE)'
Hence
Ry ( 1) 1 (wk—w)-(%)k—l
L) =5 = ] w—l—(wk—w).(%)k
Sl () ) e —w
T 4w (wy—w) - (3)F!
1 w
— 4_1 (1_U}+(wk_w) (%)kl)

Now choose wy, such that w, —w = 251 and arrive at

101 1 w 11
Rigler;=)—= > ~-(1-—2)==.——_ 20, Vk
wleng) =5 2 g ( w+1> Pwr1? "

Thus 1 1
Ry j(eq; 5) e 3 for k — oc. O

Example 2.25 While the last example showed that a "wrong” choice of the weights
can lead to divergence, the next illustration indicates that the approximation might
be better if the weights are adjusted to the function.
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This can be expected from the trivial relationship

nf{| Ripf — flloo = (wo, ... wy) € R} < [|Bpf = fllo.

Here we consider the function
foy =4 2"
xr) =
2 — 2z,

By(f;x) = 22(1 — ),

8 8
IAIA
= e

o= O
IA A

Hence

and with wg = we = 1 and wy > 0 we have

2wy - x(1 — x)
(1—2)+2w;-z(1 —x)+ 2%

Rl,2(f§$) =

It can be seen by inspection that the approrimation of f is better for wy = 2 or
wy = 3 (for example), than it is for wy =1 (the Bernstein polynomial of f).

Example 2.26 In the last example we illustrated the fact that choosing non—equal
weights can lead to better approrimations. Here we show that these can be even best
possible.

We look again at Ry 2 associated to the weight sequence (wg, wy,ws) = (1,wy, 1) and
consider the function

wy - 2(1 — ) + 22
1—2)2 42w, - x(l — ) + 2%

Gu, (T) = (

For (wp, wy,wy) = (1,1,1) we have g1(x) = x, so in this case Ry 2(g1, ) = g1(x) = x.
But even for all wy > 0 it is true that g, (0) =0, guw,(3) = 3, gu, (1) =1, so that
also in this case Ry 2(Gu,, ) = Gu, ().

Hence with (wo,wy,ws) = (L,wy, 1), Ria has ey and gy, as eigenfunctions with
respect to the eigenvalue 1.

2.2 Some modified rational Bernstein operator

In the latter section we have seen that one main drawback of the rational Bernstein
is that they do not reproduce linear functions. We shall try in this section to avoid
this disadvantage by constructing a specific class of rational Bernstein operators.
For more information one can read [121].
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2.2.1 Definition and some (shape-preservation) properties

Definition 2.27 For f € C[0,1] and z € [0, 1] we define

Z WjPn-1,i(x)
where the weights and the abscissae w;, T;, 1 = 0,...,n will be determined as
functions of w;, j = 0,...,n — 1 that we assume to be strictly positive. p,; is the

Bernstein basis, see (1.1).

Theorem 2.28 The operator R, reproduces constant functions if and only if the
weights w;, 0 <1 < n, are defined by

Wy = Wy, Wy = Wpy_1and

(2.24) W = 3wi1+(1— )wl,jzl,...,n—l.
n n

Proof. In order that R,ey = ey, i.e., that R,, be exact on constants, we must have:

szpnz Zw]pn 1,]

As we have, respectively,

J Jj+1
(1 - x)pn—l,j(x) = (1 - E) pn,j(x) and xpn—m(if) = Tpn,j+1($)»

we increase by 1 the degree of the right hand side polynomial by multiplying it by
z+ (1 —xz) =1 (degree elevation) to get

n—1 n—1 . -1 .
ij[(l — )+ a]po1(z (1 - _> Wjpn,; (2 Z —wfp”JH( z).
j=0 Jj=0

Now, the denominator can be written as

Wopn,o(T) + Z [ wj—1 + (1 - %) wj:| P (%) + Wn—1Pnn(T)

and by equating with the numerator, we obtain the desired result. 0
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Remark 2.29 We emphasize the fact that since the weights w; are strictly positive,
the weights w; are also strictly positive, whence the positivity of the operator R,,.
It has to be noticed that R, f is a particular case of the classical rational Bern-
stein approximant (introduced in the latter section) since, by degree raising in the
denominator, it can be written as

) Z Wi f(Z3)Pni
(2.25) Ryf="%
;) W;Pn,i

with the specific choice of weights given above. However, the choice of abscissae of
control points is also fundamental for the linear preservation:

Theorem 2.30 The operator R, reproduces linear functions if and only if the ab-
scissas x; of the numerator P, f are defined by zy =0, z,, =1 and
wi—1 1W;—q

iw;—1 + (n—i)w;

(2.26) T =

S
g

Proof. In order that R,e; = ey, i.e., that R, be exact on linear functions, we must

have
n n—1 n j
Z WiTipn,i(T) = T Z Wipp-1,5(T) = Z Wj-1-Pn.j (z),
=0 7=0 7=1
from which we deduce the desired result. O

As we want the sequence T; to be increasing we must have:

Property 2.31
i—1W; 1 —1 :
Wit (1+-.> <L) l<i<n—2
w; { n—1v—1
Tw; —1 (Z'—‘rl)'u)i

zwl_1+(n—z)wl < (i—l—l)wi—l-(n—i—l)wi_._l’
simplification at

Proof. From 0 <i<n-—1, we easily arrive after

in—i—Dw_wi <(@+1)n—dw) 1<i<n-2 .0

Remark 2.32 From now on we assume that the positive weights satisfy the above
property.
Pnf

Qn—l
abscissas T; are determined as above, we collect some of its basic properties:

Given the operator R, f = as in (2.23), where the weights w;, w; and the
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Proposition 2.33 (i) R, is a positive linear operator reproducing constant and
linear functions.

(i) Both the numerator and the denominator are polynomials of degree n and n—1,
respectively.

(iii) R, interpolates f at the endpoints and has the convex hull property.

(iv) R, is discretely defined, i.e., it depends on the m positive values w;, j =
0,...,n—1.

By denoting
W; * Pri(T
(2.27) pin() = D Pril®)
anl

one can easily prove in analogy with Proposition 2.4 and with the help of Example
1.41 the following:

, 0<i1<n,

Proposition 2.34 For any fizted n > 1 the kernel
[0,1] x {0,...,n} > (z,1) — pin(z) €R

is totally positive. Hence, the operator R, posseses the variation-diminishing prop-
erty.

Hence,

Corollary 2.35 The operator R, retains positivity, monotonicity and convezity of
a function f € C[0,1]. Moreover, when f is conver, we have R,(f;z) > f(x), v €
[0, 1].

Proof. It was already shown above that R, is a positive operator. The preservation
of monotonicity and convexity follows from Theorem 1.46. If f is convex, then by
the inequality of Jensen and due to the already proven identities

szn(x) =1, Z@Pzn(ﬁ) =z,
i=0 =0

we have:

n

Fulfi) = D2 J(@) - puila) = f (Z i pn,xx)) = (@) =

1=0

Theorem 2.36 For any function f with bounded total variation on [0, 1] the oper-
ator R,, possesses the total variation diminishing property.
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Proof. In analogy to the proof of Lemma 2.10 one can find the following represen-
tation of the derivative (R, f)’, namely

(229 (Raf) (@) = Y 010() (f(@i) — F@)

where the functions o;,,0 <7 <n — 1, are defined by

<n'>
(2.29) am@g:( }:wwmn2pl)

2

with the coeflicients

j— 2n —
(2.30) Wip = 5 % (p) ( " p> Wj, Wy s
n— n—
Gerp ¥ PPN J
and the set of indices

K(i,p) ={(,0): j+1l=p,0<j<i,i+1<I1<n}.

Comparing the two following expressions of (R, f)’ we can write

=3 H@)E) = Y o) (f ) - @)

where we omitted agam the double indexing.

Using the fact that Z pi = 1 and therefore, Z p; = 0, we immediately deduce
=0 =0

J
—Zp;, for 0<5<n—-1.
i=0
Moreover, from the expressions of the rational basis functions p;, we know that

pi(0) = pi(1) =0 for 1 < j < n—1. In addition, po(0) = p,(1) = 1 and po(1) =
pn(0) = 0. Hence we obtain

/aj sz pi(1)) =pe(0) =1, for 0<j<n-—1.

Now, since the functions o; are positive,

- [ 1Ryt < Zlf(xm) 1@ | @

(231) = Z f(@0) = FE) S TV(S). O
=0
The following is obvious from (2.28).
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Property 2.37 The first derivatives at the endpoints are exactly the slopes of the
control polygon at those points. More exactly,

571 1— -i'n—l

2.2.2 Convergence of R, for a specific class of denominators

Let us assume that there exists a fixed strictly positive continuous function ¢ defined
on [—2,2] such that:

wgn)ch( ! ), 0<:<n-—1.
n—1

(we add an upper index n to the weight because it depends on n). The question
then arises: for which functions ¢ does Property 2.31 hold? In that case, the
corresponding inequality can be written

iln—i—1)p (;:11) © (;tll) < (i+1)(n —1i)p? (nil) .

Setting h = —L= and & = ih, we obtain

(1 —z)p(x — h)p(x +h) < (x+h)(1 -+ h)p(z)?.

Using Taylor’s expansions we have

pla+ ) = @) + () + ) + O),

ol —h) = pla) — hg'(x) + (@) + O,

we obtain
o1 - 2) [p()? + W {p(@)0" (@) — & (@) + O(W®)] < (2 + WY1 — &+ B)p(a)?,
or equivalently, with a;(z) := ¢(2)? + 2(1 — ) (p(z)¢"(x) — ¢'(x)?):
0 < () + hay(x) + O(h?).

Therefore, Property 2.31 is satisfied for any twice differentiable function ¢, provided
h is sufficiently small, i.e., n is large enough.

Given f € C[0, 1], we now study the uniform convergence of R, f to f when n — oco.
The denominator of R, can be written as B, _1¢, so that nlggo B, 19 = ¢. In that

case we have the following result:
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Theorem 2.38 Let be given a positive continuous function ¢ defining Qn_1 =
B._1p. Then, for any f € C[0,1], the sequence of rational approzimants R, f
converges uniformly to f when n — oo.

Proof. We give a direct proof without using Bohman-Korovkin’s Theorem 1.6.
Setting @, (z) = ¢ (%), x e |[-1,1],

(232 Pul) = wpnle— 1)+ (1 - )pu(a)
nr — 1 ne
— e (B ) ra-oe (),
_ rou(r —2)
(239 PR E (R N
_ pue—d)
Pale)

Then the numerator of R,, can be written as

i (%son (Z — 1) i (1 - %) on (%)) / < 3 e ('1 = (%)> Pri(a),

which is equal to B,,(1,; ), where

S|

Un(x) = @n(x) f (0,(x)), with z € [0, 1].

When n — +00, ¢, and ¢,, both converge uniformly to ¢ and 6,, converges uniformly
to x, thus ,(z) converges uniformly to ¢(z)f(x), so Bpi,(z) also converges to
o(x)f(x) =: (). It becomes obvious from

| Br(thn; ) — Br(th; 2)| + [ Bn(t; 2) — ()]
H¢n - wHoo + HBn@b - @DHOO

| Bn(¢n; ) — ()]

<
<

As the denominator converges to ¢(x), we see that R, f — f, f € C[0,1], asn — oo.
0]
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2.2.3 Degree of approximation

In this subsection we shall give two error estimates, the first for f € C]0,1] and
the second for f € C?[0,1]. Let us define the following ratio associated with the
continuous function ¢:

M max{plr), o € [0.1])
m  min{p(x), z €[0,1]}"

p=plp) =
First we shall prove the following lemma:

Lemma 2.39 The following majoration holds:

1 1 1 1 z(1—x)
Rn - % < ! S om .
((e1 — ) 7x)—/){16m2wl (‘p’n_1)+2mw1 (So’n—l)Jr n }’

for any x € [0, 1].

Proof: The function has the following expression:

) S @i (#: — ) pui()
Ru((ex —2)%2) = = :

n—1

> Wipn-1,;()

J=0

Aswj:go(n%l)meorallogjgn—landwi:%wi,l—l—(l—ﬁ)wigMforall
0 <17 <n, we deduce

(234)  Ru((er—2)%) < pz )Pni(x) = pBu((0n(t) — 2)* ),

where the function 6,, was defined at (2.33).
Therefore we obtain

0,(0)—t] = (1) — 2 w) %<2| < Lo ‘SO (nt - 1> iy < nt )\

tSDn(t - %) + (1 - t) n(t) -m

and finally

0u(6) — 1] < (1 — t)en (3 ).

This implies that



As it is known that for any function g € C'[0, 1], we have | Brglloo < ||9]|co, therefore,

with g(¢) = t*(1 — t)?, we obtain B, (t*(1 — ¢)% z) < 1= and furthermore
1 1
Bu((0a(t) = t)%2) < ! )-

wi (;
With these preparations we are able now to find an upper bound for R, ((e;—zeg)?; z)

—16m2 N\ n—1

as follows.
B ((0,(t) — 2)%2) = B, ((0,(t) —t+1t— 9:)2; x)
S Bn((9n<t) - t)2; ZL’) + 2|Bn((0n(t) - t)(t - .I‘); {L‘)| + Bn((t - m)Q; I)
1 1 (1l —x)
< 2 . ol
S o) 2BL(0(0) — t] |t alia) +
r o, 1 ‘ z(l — )
Rl ) + 2B (0u(r) — th ) + D
1, 1 5 z(l —x)
1 1 1 1 z(1 - 2)
< 2 (g5 — :
- 16m2w1(%n—1)+2m wil; n—1)+ n
Combining this with (2.34) we arrive at
(2.35) R.((e1 — 2)% 1)
1 1 1 1 (1l —x)
—_— — .0
p 16m2 1(907 _ 1) 2 wl(@ _ 1) + n

Remark 2.40 In the result proven in the latter lemma the Bernstein case is also
hidden. Indeed by considering the associated weight function ¢ to be a constant
function our rational operators reduces to the classical Bernstein operator, i.e., R, =
B, and obviously p = 1. In this particular situation inequality (2.35) reads as

follows: .
Bul(er — 2%:)] < (=) 227

n
a very well known identity.

Taking h := \/w#w%(gp; L)+ wi(p; ) + @ in the inequalities of Theo-

rems 1.35 and 1.38 and recalling that * (1 z) <3 1 , we obtain the following two error
estimates:

Theorem 2.41 For all f € C[0,1] and x € [0,1], there holds

= 1 1 1 1 1
|Bnf(x) = f(x)] < (1+4p)-w (f;\/mw%(%m)Jr%wl(%m)jLE

R f () — f(2))]

IN

1 1 1 1 1 1
(1+30) <f Vg D)+ e )+ g
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By Peano’s kernel theorem (see e.g., [34] or [38]), if f € C?[0,1], we have

Rof(z) — f(z) = / (e, £) (),

where k,(z,t) = R,[(- — t)4](x) — (z — t); which is positive since the function
(+—t); 12 — (x —t), is convex and R, is shape preserving. Therefore, we obtain

1
" 1 " D,
Ruf(@) = @) = £(0) [ bl t)dt = 37" 0) Rucala) = eala).
0
Using the Lemma 2.39, we get the following

Theorem 2.42 For f € C?[0,1] and ¢ € C[—1,1], there holds:

_ P " 1 1 1 1 1
R.f — fllo < = 00 ;— — ;— —.
[Bnf = Flloe < 2 1771 [16m2w1 (SO n— 1) * om ™\ 1 * 4n
Moreover, if ¢ is a C' function, we obtain:

= p " 1 HSO,HEO 1 ”SO/HOO 1
R,f — o S 00 ’ o 1 ’
1#nf = Flloo < 2 171 {167712 (n—1)2 2m n—1 4dn

The latter estimate reads as follows: under strong ”smoothness” conditions for the
function f € C?0,1] and for ¢ € C'[—1,1] - the associated weight function - the
achieved approximation order is (9(%)

Remark 2.43 A qualitative version of Voronovskaja’s theorem for R,, ca be found
in [121].

2.3 A modification of S, ;: the BLaC-wavelet op-

erator

G. P. Bonneau introduced (see, e.g., [20]) the so called BlaC-wavelet operator, where
"BLaC” is derived from ”Blending of Linear and Constant”, which is a suggestive
name as we shall see in the following. First we need some preliminaries.

For the real parameter 0 < A < 1 consider the scaling function pa : R — [0, 1]

given by
%7 0 S T < A7
1 A<z<l
2, =q o<l
(2.36) pa(r) —Li(z—1-A), 1<z<1+A,
0, else.
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Remark 2.44 The two extreme situations are obtained for A = 1 and A — 0, when
wa reduces to B-spline functions of first order, the hat-functions, and to piecewise
constant functions, respectively. The gap in between can be smoothly covered by
letting A be in the interval (0, 1].

Furthermore, for i = —1,...,2" — 1, n € N, we define by dilation and translation
of ¢a the following family of (fundamental) functions:

(2.37) or(z) == a2z —1i), = €]0,1].

In Figure 2.4 the functions ¢}, i = —1,...,2" — 1, with a parameter 0 < A < 1 are
depicted. Notice that the support of ¢, ..., @5, is fully inside [0, 1], whereas ™,
and @5, ; can be viewed as ”incomplete”.

17 ’_

08 |

0.6 L

04 L

02 L

0 7‘ k 1 ‘ ‘ k \ 1 1
0 A A+l i i+1A+i+1 2 ] 1

on 2n on o  on 2n

Figure 2.4: Fundamental functions

Also of great relevance are the midpoints 7} of the support line of each ¢}. Thus,
fori=0,...,2" — 2, we have

N 1 14+A
Sr 2 2

and for ¢ € {—1,2" — 1} we set
n", = 0and ny._; := 1.

Equipped with these notations we can introduce the following operator. Concerning
this topic the reader is directed to [108] or [63].
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For f € C[0,1] and = € [0, 1] the BLaC operator is given by

271

(2.38) BLy(f32) =Y f(}) - &} ().

i=—1

We first list some elementary facts.
Proposition 2.45

(i) BL, : C[0,1] — C10,1] is positive and linear;

(ii) BL, interpolates f at the points nt, i = —1,...,2" — 1 (thus also at the
endpoints 0 and 1);
on 1

(i) > o(x) =1, i.e., BL, reproduces constant functions.
i=—1

Hence |BL,| = 1.

Proof. (i) This is obvious from the definition and the positivity of ¢

(ii) One can easily observe that o' (n7) = 0;; (the Kronecker symbol) for i, j =
—1,...,2" = 1. Thus BL,(f;n7) = f(n}) - €5 (nf) = f(n}), forj = —1,...,2" — 1.
2n—1
(iii) For z =1 we have > (1) = ¢5._4(1) = 1.
i==1

Let x € [ﬁ ﬂ) , k€{0,...,2" — 1}. We discuss separately:

Case 1: F?)r x2€ (£, 5£2) | we have

2n—1

Y o¢ir) = @)+ @) = eal2'r — (k= 1)) + pa(2"z — k)

i=—1

— —%(2% k- A)+ Z%A_ LY
2n—1

Case 2: For z € [E£2 EEL) e get Z o (x) = ¢f(x) = 1, due to the definition of
PA- =

2n—1
Hence ) ¢'(z) =1 for all z € [0, 1]. O

i=—1

2.3.1 Quantitative estimates

In the present subsection we investigate the degree of approximation by the BLaC-
operator BL,. We establish next two quantities statements, one in terms of w;, the
second one involving both w; and ws.

Thus we have
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Proposition 2.46 For any f € C[0,1] — C[0,1] and = € [0, 1] there holds

(2.39) BLu(f:2) — ()] <21 (f; ;) |

Proof. First we prove that

1
|BLy(Jex — z];2)| < o for all x € [0, 1].

We have BL,(|e; — z|; x)

2m—1

> I — x| @i (z). We assume that z € [4,55) | k €

1=—

{0,...,2"—1}. This excludes only x = 1 in which case we have BL,(|e; —1|;1) = 0.

Case 1: For x € [£, 22 we get

BLy(lex —x|;2) = (v —ny_y) - op_1(2) + (g — ) - @) (z)
= (@—mp_y)-op (@) + (g —2) - (1 — ()
< max{ny —z,x—mp_ } < — A+ —ny) =0E — My
Thus, for k = 0 we have BL,(|le; — z|;z) < ny

get BLy(ley —zfiz) <mp—mp_y = 95 — 54 = 5%
Case 2: ¢ € [HA @) Then

P 2n on '
2n 3y 9n

BL,(lex — z|;2) = [ — x| - (z) = Iy — x| < ol =

Thus BLy(le; — z|;z) < 5=, for all z € [0,1]. Applying Corollary 1.37 with § =

yields the estimate (2.39). O

Proposition 2.47 For any f € C[0,1] — C[0,1], all z € [0,1] and 0 < 6 < 3 the
following inequality holds:

1-A 1 1 1
(240) [BL,(f;2) ~ F@)] < 5o - 5wl f:6) + [1 TS I

| catrio)
Proof. In order to apply Paltanea’s Theorem 1.38 we have to find suitable upper
bounds for BL,(e; — z;z) and for BL,((e; — z)%; ). In both cases the approach is
the same as for BL,(|e; — z|;z). First note that BL,(e; — 1;1) = 0 and

BL,((e; — 1)%1) = 0. We consider again two cases:

Case 1: z € [£,E2) ke {0,...,2" —1}.

First we deal with the case k£ = 0. Here we have

BL,(ey —w;w) = (") —x) - 0" (2) + (g (7) — ) - g ()
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and after some elementary computations we obtain in this case

z(l—A A 1-A 1-A
Bl —aia) = S < £ 8 ST

For 1 <k < 2" — 1 we write successively:

n

BLn(er —x;2) = (m_y — ) - pp_1(2) + (n — @) - ()

11 . .
= 2n+1'z[(2’“_1+A_2“x>(—2 z+k+A)
+ (2k+14+A=2""2) (2" — k)]
1,
= 2N+1'Z[(2 r—k) (2=2A)+ A(=1+ A)]

1 1-A
= oo i 27— k) - A

1 1-A L kA 1—A
R

We proceed in a similar way for the second moments. Hence we get

BLy((ex —)*2) = (z—m )" wp () + O — 2)* - gh(x)
< max{(@ —n_,)% 0 —2)°} < (max{(z = i_,), (o = 2)})°

1\> 1
< [=) = —.
— n 22n

Case 2: x € [k;nA, %) , ke€{0,...,2" —1}. For the first moment we arrive at
— A
|BL,(e1 — x;2)| < BLy(Jer — z|;2) < ETR

and for the second moment we have
1-A\? 1
BLa((er = 052) = (o =1 o) = o= 1= (G ) < g

Thus, we proved that for all = € [0, 1]

1-A 1
|BLy,(e1 — x;2)] < it and BL,((e; — z)%z) < Jn-
An application of Theorem 1.38 gives statement (2.40). O
Proposition 2.48 For the particular choice 6 = 5=, n > 1, the estimate (2.40)
becomes
1-—A 1 3 1
2a) (L) - £ < U5 v (g ) 4 5 (55 )
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Remark 2.49 BL, is an approximation operator, i.e., BL, f converges uniformly
towards f, f € C[0,1] as n — oo, see (2.41). For A = 1, i.e., for piecewise linear
interpolation at 0, 37, =, ..., 25+, 1 the first term in (2.41) vanishes and we obtain
a well-known inequality for polygonal line interpolation at the knots listed above.
In fact, it was our aim to obtain for the first moments of the operator an upper
bound involving the term 1 — A, in order to have it vanish for the piecewise linear

interpolators.

2.4 A modification of B,: King type operators

In [86] J.P. King defined the following interesting (and somewhat exotic) sequence
of linear and positive operators V;, : C[0,1] — C[0, 1] which generalize the classical
Bernstein operators B,,.

(2.49) Vit =3 (1) tatan = oyt (£)

k=0

for all f € C[0,1], 0 <z <1, where r,:[0,1] — [0,1] are continuous functions.
We list some of their properties.

Proposition 2.50 If {V, },en are the operators defined in (2.42) we have

Vi(eo;z) = eg(x)
(2.43) Viler;z) = rp(z)  and
Valesia) = 20 2l e

n

The equation V,(ej;x) = r,(x) shows that the classical Bernstein operator B,

which is obtained for r,(z) = z, is the unique mapping of the form (2.42) which

reproduces linear functions.

Theorem 2.51 One has lim V,, f(x) = f(x) for each f € C[0,1], x € [0,1], if and

only if lim r,(x) = z.

Choosing the "right” r, function, J. P. King proved the following;:

Theorem 2.52 Let {V*},cn be the sequence of operators defined in (2.42) with
r¥(z) = 2, n=1,

(2.44)  ri(x) =

n

* _ 1 n 1 _
T‘n(x')——m—i—\/mxz—l-m, TL—2,3,...

Then:
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(i) V.¥(eg; ) = ea(x), n € N; z € [0,1],
(ii) Vi(e;x) # ex(z),
(i1i) lim V*(f;2) = f(x) for each f € C|0,1].
Remark 2.53 Since Ve = 1}, it is clear that V" is not a polynomial operator.

J. P. King also gave quantitative estimates for V* in terms of the classical first
order modulus w;(f;-) using a result of O. Shisha & B. Mond [140] in the current
paper it is given as Theorem 1.35.

Theorem 2.54 For {V’},cn defined in (2.42) we have

(2.43V; (f;2) = f(2)] < 2w (f; V2a(z ~ V;(el;x))> , feC01], zel01].

Remark 2.55 From the fact that V*(e;;x) =} (z) and > r}(x) the square root
in (2.45) indeed represents a real number.

From Theorem 2.54 one can easily obtain that V" interpolates f at the endpoints:

Proposition 2.56 With {V*},en from (2.42) we have V¥(f;0) = f(0) and
VE(f;1) = f(1), d.e., V. interpolates at the endpoints 0 and 1.

Proof. We put a,(z) := \/2z(x — V#(e1;x)). For £ =0 we have a,(0) =0, so
wi(f;,(0)) = 0. That means V,*(f;0) = f(0). For x = 1 we have V*(e1;1) = r%(1),
and if we insert in (2.44) the value 1, we obtain r(1) = 1. That leads us again to

wi(f;am(1)) = 0 and V¥(f;1) = f(1). O

Remark 2.57 For a linear and positive operator L : C[0,1] — C|0, 1] with Le; =
e;, © = 0,1, it is known that L interpolates f in 0 and 1. This follows easily, if we
insert x =0 and x =1 in

IL(f;2) = f(2)] <2-wi(f; L(ler — x5 7)),

see e.g., [99] or here Corollary 1.37. We observe now, with the help of the operators
introduced by J. P. King, that the above property is only necessary and not sufficient.
Indeed, the V', n € N, interpolate f in 0 and 1, they are linear and positive, but
Vie) # ey.
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2.4.1 Quantitative estimates

Paltanea’s Theorem 1.38 reads as follow for V*:

Proposition 2.58 Let V" be the operators defined as above. Then for any f €
C'0,1] the following estimate holds

Vilfia) = F@) < (= i) penlfin) +

and for h:=\/x —ri(z) we arrive at

Vi (fiz) — flo)] < Vo —ri(x) - (fi Ve —ri(x) + (14 x)wa(f; Vo — ri(

Remark 2.59 If f e C'0,1] then due to the fact that w;(f;h) =0(h) and also
wa(f;h) =0(h) we have the approximation order O(y/x — 7%(x)), when n — 0.
For f € C?[0,1] having similar properties for the moduli wi(f;h) =O(h) and
wy(f;h) =0(h?*) we obtain O(x — 7% (z)), n — co.

2.4.2 Polynomial operators of King’s type

In the following we shall concentrate on the question: Can we find polynomial op-
erators of the form (2.42) that reproduce e;? The answer is negative.

Indeed, by the last two equations of (2.43) and the condition V(es;z) = 2?2, 1,
must be a polynomial of first degree. We put r,(z) = ax +b and we get:

—~1 2(n—1 ~1
xzzn—a2x2+<g+u>x+(é+n bz).
n n n n n

This leads to the equations:

(1= n=1,2
0= @ + 2(n—1)ab’
0= 242=dp?

n

So a==+,/-"5 and b=0 or b= ﬁ But for these values the second equation
is not satisfied. One open question remains: Can we find another type of linear and

positive polynomial operators L for which Ley = e5?
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2.4.3 General case

In the sequel we want to "optimize” the second moments V,,((e; —z)%; ), x € [0,1],

of the general V,, and study in this case which properties remain.

The second moments are in the general case
ro(x) n—1

Q3(w) = Valler —o)a) = T4 T

(1 (2))? = 227, (7) + 2° =

(2.46) = (@)1 = 7o)+ (o) — )

where 0 < r,(z) <1 are continuous functions. We want to find 7, so that o? is

minimal.
We define g, : [0,1] — [0,1], z € [0,1] a fixed parameter, by g,(y) = Zy(1 —
y) + (y — x)%.. We can write g,(y) = (1 — %) y? + (% — 21‘) y + 22,  Because

11— % >0, n=2,3,..., the function g, admits a minimum point:
a2 2na—1
i =T T2 T op g

We need 0 < 9, < 1, which means % <z §1—%, n=273,...
We define r™" : [0,1] — [0,1] by

0,  welod),
(2.47) () = 2;;_—21, re [z, 1— 5],
1, e (1—5,1].

Theorem 2.60 The function r™™" defined in (2.47) yields the minimum value for
2

a:.
Proof. For x € [Ql, 1— QL] this was proven before. It remains to show the above
affirmation for x € [ ,Zi) and z E (1 — %, 1}.

First case: z € [0,5) = 7™ (z) = 0 and we have to prove that g,(y) > g.(0)
for each y € [0 1] or ty(l— y) —|— (y —x)?> > 2% for each z € [0,1]. But the latter
is equivalent to 2n +vy (— — —) > x, which is true due to our choice of x.

Second case: x € (1—5,1] = r™"(z) =1 and we have to prove that g,(y) >
g-(1) for each y € [0,1] or iy(l—1y)+ (y—2)*> > (1 — 2)?. This means
(1 — %) (1—1y) (— — —) < x, which is again true due to our choice of =x. U

The operators V,, defined via r™" we denote by V"

Proposition 2.61 For the (minimal) second moments o2 of V™" we have the
representation
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(22, ze0,4),
an(@) = s (@1 =2)—5), € [51-5],
| (1—x)%, ze(l—5,1].

Proof. This follows immediately from the general form

1
—rn(2)(L = (@) + (ra(w) —2)°
and the above representation of r™"(x). UJ

Using Paltanea‘s theorem 1.38 again we arrive at

VI ()~ F@)] S e @) e (FR) +

+ (1%%-@3(@) cwon(fih), h>0.

For h = |a,(x)| we obtain

(V2 (fr) = ()] < @] (s lan(@)]) + 5 - walf; lan(@)]).
Note that |z—r™(z)| = [V, (e1—;2)] < V" (|er—xf;2) < VVirin((ep — z)2x) =
|, ()|, and thus % <1, =ze€]0,1]. O

Remark 2.62 (i) From the definition of r™" we have lim r™"(z) =z and
from Theorem 2.51 lim V,(f;x) = f(z).

n—oo

The latter fact is also a consequence of our second application of Theorem 1.38
for Vi,

(i) V™" does not reproduce ey. Starting from (2.43) we see that V" (eq; x) =
0422 z€(0,5).

(iii) The interpolation properties at the endpoints remain. Indeed, V,™"(f;0) =
(5) x (1 =7r,(0))"f(0) = f(0), and Vyn(f;1) = (7) f(2) = f(1).

(iv) For f € C'[0,1] we have, with a constant ¢ independent of z,
Vi (fia) = f@)] < e (o =™ (@)] + |om(2)]) =
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2, x € [0,%), henceO(%),
=c- %%‘f‘jL\/ﬁ(a:(l—x)—ﬁ), xE[%,l—%],henceO(\/Lﬁ),
2(1 — x), x € (1—%,1} , henceO(%).

So the degree of approximation is better close to the endpoints, a fact shared
by the Bernstein operators where r,(z) = x.

(v) If f € C?0,1], then

Vo (fix) = f@)] < e (lr =™ (@)] + log (2)]) =

T+ 2% 936[0,%),
=c ) B (el -a) ) we [ g5],
(1—2)4+ (1 —2x)3 ze (1—5,1]

So for C2-functions we get a global degree of approximation of order O (%)
which is also the case for the classical Bernstein operators.
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Chapter 3

Selected results for some general
Beta-type operators

The aim of this chapter is to establish some quantitative estimates for some special
linear positive operators. Most of them are defined by means of special functions,
namely by the Beta function B(p,q) with p,q > 0. The subject of this sequel is not
only the classical quantitative estimates, but also simultaneous approximation, and
also we try to answer the question about the global smoothness preservation of the

operators considered.

3.1 Definitions and some relevant particular cases

A. Lupas introduced in his German Ph. D. thesis two types of Beta operators, both
with remarkable properties:

1) the Beta operator of the first kind [95, p. 37] defined by

1
Bnx+1,n+1—nx

BN(JCQ T) =
(3.1)

1
)-/ "= (1-t)"=2) f(t)dt, f e C[0,1], and
0

2) the Beta operator of the second kind [95, p. 63] given by

£(0), x =0,
(3:2) Bu(fi2) = Bpmmmme jl’tm‘—l(l —t)nTiE f()dt, 0<a < 1,
0
f(1), x =1,

for any f € C[0,1], n € N.
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We recall the definition of the Beta function:

1
B(p,q) :=/ (1 —t)7"'dt, p,g > 0.
0

One important advantage of the last one is that it reproduces linear functions. In
this work we are mostly interested in the second type of Beta operator and its
generalizations. In this context, we introduce the following composite Beta-type
operator. If f € C[0,1], € [0,1], and o and \ are strictly positive real numbers,
then we denote by

(3.3) B{V(f; ) := (Ba 0 By o By)(f; ),

where B,, is the n—th Bernstein operator and B., respectively B, are instances of
the same modification of (3.2):

f(0), r =0,
~ 1 T 1—x
(3.4)  B.(f;z):= B(;l_m) M=) f(Ddt, 0 <x <1,
T T 0
f(1), x =1,

for any 7 > 0.

In the following we shall adopt the following conventions: By := Id and Ba, := Id,
where Id is the identity operator.

It is important to observe that

Proposition 3.1 If f € C[0,1] and o > 0, then B,f € C[0,1].

Proof. Let o > 0 be fixed, n > 1 natural and f € C[0, 1] then B, f € B([0,1]). We

have
HBa(an) - IEBOszoo < ”Ba”oo : ”an - f“oo = ”an - f”oo
Thus it follows that
lim B, (B,f) = B, f uniformly.

As B, B, f € C[0,1] it follows that B, f € C[0, 1]. O
We could not find a satisfactory answer regarding the derivability. Hence,

Conjecture 3.2 If f € C'[0,1], then Bof € C'[0,1]2 Or more generally, if f €
C7[0,1], then Bof € C"[0,1], r > 1 a natural number?

In order to obtain an overview of all particular cases covered by Definition (3.3) we
depict them in the following table:

o8



o n A | Notations/Observations

£0 | £00| £0 | B> see its definition above.

#0|#00| % | They were studied by Z. Finta in [48], [49]. For these opera-
tors we use the notation B'"/™ =: F and call them Finta’s
operators. Explicit representation:

F(f;2) = fO)w(@) + f(Dwi(z)
n—1 1
£ Y uld@) [ 0 Dm0 @)t
k=1 0
where o S
k.—« n—kK,—«
@, (n\z" (1 —x)

(3.5) w, . (7) = (k:) TFal )

#0 | #00 | 0 | They were introduced by D. D. Stancu in 1968 in [144]. They
were further investigated in the subsequent papers [145], [146]
and [147]. They were studied by a long line of authors, see e.g.,
the survey of B. Della Vecchia [35] and the references therein.
An alternative notation used in this work is B =: §<e:0.0>
Discret representation is:

<a,0,0>(f. ) - @¢y . ﬁ

36) S50 (fia) = Y ulle) £ (£) e

k=0
where the polynomials wﬁa,z are the same as in (3.5).

% #o00| 0 |It is obviously a subcase of the previous one, namely
B0 = 5 /m00> - Appears also in [144]. Admits the fol-
lowing compact representation:

2n! < (n k
<1/n,0,0>/ ¢. _ _ . _

7000 f52) = i 3 () et —monea - (1),
where z € [0,1] and (a), is the Pochhammer symbol, see the
table of notations.

0 |#o0|#0 B = U? a possible generalization of row 6.

0 | # o0 % For this choice of the parameters we arrive at the genuine

Bernstein-Durrmeyer operators denoted by U,,, these were in-
dependently introduced by W. Chen [28] in 1987,
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o n A | Notations/Observations

and by T. N. T. Goodman & A. Sharma [74] later in 1991.
They possess many interesting properties and were therefore
investigated by many authors, noteworthy is [115]. For a de-
tailed overview and many references the reader is guided to
the recent work [80]. Can be explicitly written:

Us(fs) = F(O)puo(@) + F(1)pun()
(3.7) L -1 pule) / P (0 (1)t

k=1

with = € [0, 1]. pyx is the Bernstein basis, see (1.2).

# 0 | No special notation needed IEB o) _. B, o B,.

#0| o0
81 0 oo | # 0 | Reduces to BOY =: B, see (3.4).
91 0 00 L | Are Lupag’s Well—known B,, see (3.2).
100 0 | #o00| 0 | It is obvious that BYY = : B, are the Bernstein operators,

ie., B,(f;x) = épn,k(ﬂf) : (%)

11, 0 00 0 | This is the identity operator.

Table 3.1: An overview

Remark 3.3 In this thesis we shall also focus our attention upon another Beta-type
operator, which, however, does not fit exactly into the scheme from above, namely
a multi-parameter general Stancu operator given, for a > 0 and 0 < 3 < ~, by:

<> (f1 ) (@) i+p
(3.8) Sy (f;z): ank <n+’y)’

for any f € C[0,1] and x € [0,1]. The wfla,z are defined at (3.5).

We find them defined in [148] by D. D. Stancu. However, they appear there in a little
more general form: they depend upon a fourth parameter p € N. The disadvantage
of choosing p > 0 is that the domain of definition depends on n, namely f € C [0, %] :
Therefore we will restrict ourselves to (3.8). The interested reader can find a well
structured overview on all known Stancu operators in [104, Table 4.3, p. 111]. See
also [68].

The compact variant of (3.8) is

(3.9) SZP (f12) = BoB, (f( n_ 4B )x)

n =+ n—+7
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1,z _ 1-z n
= B(z.C=) Jo teTt 1=ty B, <fo (n—ﬂel + %) ;t) dt, »e(0,1) |

n+8 _
f <n_+’y> ’ xr = 17
which is very similar to the formula in [144, p. 1182].
Evidently, due to the above convention By := Id, for « = 0 we arrive at

n p
3.10 S<0BY>(fa)y =B, | fo er+ eo | ).
(3.10) 0 (i) = B, (fo (e + e
This decomposition can also be found in [129].
An implication deriving from the representations from above is that neither S<®#7>
nor S=%%7> interpolate the function f at both of the endpoints. On the other hand,
S<a0.0> does interpolate f in {0,1}.

Remark 3.4 Also nowadays new modifications of Stancu operators are invented
and investigated. For example, in the recent paper [106] the authors define a more
"flexible” extension of S<07>  Flexible, in the sense that 0 < 3 < ~ are not
fixed numbers, but infinite sequences, which depend on n, the degree and k, the
summation index.

3.2 Preservation of higher order convexity by B,
()
and B,

In the present section we shall prove that B, and their generalizations preserve
convexity up to any order. First we need some basic definitions and some preliminary
results.

Let K = [a,b] be a compact interval of the real axis and K’ C K also compact.
We consider the Banach space X = C"(K') with the norm ||g||x := max (|| D?g| k).

0<j<r
Here || - || is the Chebyshev norm in C(K) := C°(K). j

Let Kt = {f € C(K) : [zo,...,x;; f] > 0 forany zp < ... < x; € K}, where
(%o, ..., x;; f] is an i—th order divided difference of f. In other words, the class K%
represents the set of all 7—convex functions on K, a definition that was also given
by T. Popoviciu (see [123], [125]). Note that KY% is the set of all positive functions,
K1 is the set of non-decreasing functions, and K% are the usual convex functions.
Very often instead of K the notation C(eg, e, ..., e;1) is used.

An operator L : V — C(K’), V C C(K) can be verified to be r-convezity preserving
or convez of order r — 1, r € NU {0}, if the following holds

feKKnVimplies Lf € K.,

61



compare also with A. Lupag [94].

H.-B. Knoop & P. Pottinger [87] have slightly weakened the notion of convex op-
erators by almost convexr operators: an operator L : V — C(K') is called almost
convez of order r — 1, r > 1 if there exist p > 0 integers i;, 1 < j < p, satisfying
0 <14 <...<i, <rsuch that

p
fe (ﬂ ICK) NKh NV implies Lf € KF..
j=1

p .
For p =0 we put () K :=V and in this case L is convex of order r — 1.
j=1
Relatively to the composition of two (almost) convex operators the following can be
said

Proposition 3.5 If A, B : C(K) — C(K) are both (almost) convex of order r — 1,
then Ao B is also (almost) convez of order r — 1.

Proof. Let f be a function in K. It means that Bf € K} and moreover, A(Bf) €
K. O
It is obvious that the above assertion remains true for a finite product of (almost)
convex operators.

A common way to verify if an operator is (almost) convex of order r — 1, employs the
differential operator. More exactly: Lf € C"(K') is an element of K, iff D"Lf > 0.
Of course, this approach is only possible when Lf € C"[a,b]. Therefore, another
possible and useful alternative to study the convexity of a certain order is via total
positivity. Having future applications in mind we focus more on this aspect.

A. Attalienti & I. Rasa proved the following very instructive theorem, see [7, Theo-
rem 2.3]:

Theorem 3.6 If L is a positive linear operator of the form (1.24), which addition-
ally to the assumptions in Lemma 1.44 satisfies also the following:

(i) L(D(L) N C(I)) € C(X).

(ii) There exists an integer v > 2 such that for each k = 0,1,...,r the power
function ey belongs to D(L) and Ley, is a polynomial of degree k with leading
coefficient aj > 0.

Then we have:

a) The operator L is r—convexity preserving on D(L) N C(I).
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b) L(D(L)NC(I)NLip,M) C Lip,(a,M) for any M > 0.

¢) If f € D(L)NC"(I) has a bounded derivative of order v, i.c., ||f7| =
sup |f")(x)] < oo, then Lf € C’“’z()o() and (Lf)"=2 has a right derivative

zel
which is right-continuous on )O( and a left derivative which is left-continuous
on X. Finally, if Lf € C™(X) too, then ||(Lf)"|| < a, - || f™].

Remark 3.7 Due to [7, Remark 2.4], a) and b) still hold if » > 1 in (ii). Moreover,
an inspection of the proof shows, in order to preserve r—convexity one needs to
require the preservation of the polynomials in (ii) up to the degree r — 1, which in
this case is cf. with Theorem 1.46.

The previous theorem generalizes Theorem 3.3 from Chapter 6 Section 3 in [81],
where the interested reader can find an exhaustive theory on totally positive kernels
and its several applications.

Example 3.8 The upper theorem provides us an accessible mean to prove that
Be, and implicitly also Lupag’s Beta operators of the second kind (3.2) preserve
the convexity up to any order, without using the differential operator, which in the
light of Conjecture 3.2 would be somewhat hard. Earlier in 1992 J. A. Adell, F.
G. Badia & J. de la Cal have already shown in their joint work [1] (see also [2]) by
means of probabilistical methods that these two type of Beta operators preserve the
monotonicity and the classical convexity. For the Beta operators of the first kind
defined at (3.1) the same property holds, see [7].

Totally positive kernel: According to (1.24), for any fixed o > 0 the corresponding
kernel is given by

(0,1) x (0,1) > (z,t) D g,
B(3,5)
or, equivalently, by
(0,1) X (0,1) 3 (x,) r e& (nt-In(1=0) F (=) 1

The functions z +— £, z € (0,1), « > 0and ¢t — Int—In(1—1), ¢ (O 1) are strictly
increasing on (0,1). Thus, due to Corollary 1.43 the kernel (0,1) x (0,1) > (z,t) —
—)

In(1

ea nt=In(1=0)) jg totally positive. Furthermore, the functions ¢ et(l—t) € (0,1)

and z — Txli_—,), x € (0, 1) are strictly positive functions on the indicated domains.

Thus, on behalf of Theorem 1.42 part a) the kernel
ta~l(1 —t) a

(0,1) x (0,1) > (z,t) — BE L)
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is totally positive on (0,1) x (0,1).

The leading coefficient ay: Direct computations, using the properties of the Beta
function, yields for any a > 0 and k£ > 1

k—1 .
~ 1 ot

3.11 Byer = ; , cll-

( ) o g<az+1el+az—l—1eo> H

k

Obviously we also have Byeg = eo. The leading coefficient of these polynomials are
k—1

ag =[] mH >0, for k>1and ag =1, for £ = 0.

i=0
The conclusion: The modified Beta operators preserve convexity of any order and
map Lipschitz classes into Lipschitz classes. This affirmation is also true for Lupas’s

Beta operators of the second kind as B. =: B,. O

Remark 3.9 It is well-known that the Bernstein operators B,, retain convexity up
to any order, an aspect to which we shall come back in Subsection 3.4.3. However,
due to Proposition 3.5 and the accumulated knowledge about the Beta-type oper-
ators B, we can now affirm that B( , and subsequently all the operators listed
in Table 3.1, including the general S<*#7> o >0, 0 < 3 < v, have high shape-
preserving properties: they retain the convexity up to any order.

3.3 Degree of approximation via moduli of smooth-
ness and via K-functionals

In this section we shall compute the rate of convergence of the composite Beta-type
operators B and of S<abr>see (3.3) and (3.8). The estimates are given in
terms of wy and wy and the technique we employ is a standard one: we use Theorem
1.38 or an appropriate K-functional.

Therefore, we need the following results:

Lemma 3.10 Forn > 1 natural the operators B(a’)‘)

are positive linear and polyno-
mial type operators reproducing linear functions, i.e., IBS( A)(eo; z) =1 and ]B,(f"”(el—

x;x) = 0. Their second moments can be computed by

(312)  BIY((er—2)%2) =2(1-x)- (1 e +a>1<1 N 1) ’

where z € [0, 1].
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Proof. Positivity and linearity are easy to Verlfy As B, f S H for any f € C|0,1],
then in combination with (3.11) we have BN f e IL. = ey, is a fact that
follows from (3.11). The same property obviously holds for Bn, whence we obtain
1837(1&’)‘)61 = e;.

Before we compute the second moments of B we recall the following basic results:

B.((e; — x)%x) = @ and B, ((e; — x)%2) = %, 7 > 0. The first relation
was already used by T. Popviciu as early as 1942 (see [124], cf. also [127]), and the
second one can be easily obtained by elementary computations (for 7 = £ see [95]).
Further, we apply the recurrence formula for second moments proved in [61, Theorem
3.3], a generalization of the identity shown by D. Kacsé in [78]. Namely, for three

linear operators F;, ¢ = 1,2, 3, with Pie; =e¢;, 1 =1,2,3, and j = 0,1, one has

(H P) e1 —2)%x) = PUPy(Ps((er —uw)?u);v);x) + Pi(Pa((er — v)%0);2)
(3.13) + Pi((ep —2)% 7).

For our operators the above relation reads

BN (er — 2)%50) = B, (Bn (M) ;x) B, (M)

14+ A n
azr(l —x)
T Tira
. A\ a2, 1- ) azx(l —x)
= B, <1+/\B( ,v),x>+ﬁEa(U—Ua$)+1+—a
A 1 1
RO (A (1_5)+m$(1_@
N ax(l —x)
I+a

nla+A+a-A)+1

= #(l—2) n(l+a)(1+ M)

For the particular cases of B we deduce:
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L L((e; — x)%x)
Fr | 522 (ot 5h)
§0,0> (1 —x) n?‘f‘j:;)
Sy 00> z(l—1)-%4
U} (1 — 1) n’éi\:[)l\)
U =U" | 2(1-2)%
BooBy | (1 - 2)fi5qS
B. (1 —2)78
|

Table 3.2: Second moments

The first and second moments for S=*#7> were already computed in [104, p.122/126]
or [68]. The situation is a little bit different as above, as they do not reproduce linear

functions. This can be read from:
S (e — 2)i0) | = — Hu
550 (e~ 2% 0) | [l — 2 1]+
[(&25)); + i nQ_fv} ot G

Table 3.3: First and second moments of S=%/7>

1

In terms of a K-functional we arrive at the following pointwise inequality:
Theorem 3.11 For all f € C[0,1] we have
Beia) — o <2 Ko (Fial1 =) (1- 1),
(I+a)(1+ M) n
where Ky is Peetre’s second order K-functional, see (1.19) and x € [0, 1].
Proof. The (standard) method is to consider the Taylor expansion with integral

remainder. Let = € [0,1], n € N be fixed and g € C?[0,1]. Thus we have,

m@+wt—wyu»+/kr—@¢@m&

g(t)

Hence, by B{™Ve,; = e;, i = 0,1, we obtain

V([ =),
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In view of Lemma 3.10

BN (g5 ) — g()]

IN

t
e (| 1= ol oot
< B - 252 o

1 n—1 "
-0 (1= ) e

Furthermore,

B (g 2) — g(x)] BN (f = gs2) = (f = 9)(@)] + BV (g; ) — g(x)]

1 n—1 "
< 20 ~glle o0 -0) (1= ) 19

Taking in the above inequality the infimum over all g € C?[0, 1] we arrive at the

IN

desired inequality. ([l

Remark 3.12 If we use the equivalence relation between K, and ws, see relation
(1.20), the latter inequality can be continued:

BN (f;2) — f(x)] < Cuwy (f;\/w(l_m)' (1_ (1+a)1(1+)\)'n7:1>)7

where C' is an absolute constant. However the disadvantages of this approach are

obviously: we do not obtain sharp constant.

Therefore, for the next pointwise estimate we apply Theorem 1.38 both for S<®#7>
and B

Theorem 3.13 For f € C[0,1], and x € [0,1], there holds

sy
n+y n+p

RS [ R B
[1+26 na(n—1) 26 ]-x+6—2)2}}'w2(f’h)’
<

W) IS (fa) — )] < of (1)

(n+v)?2  (m+7)?*(1+a) n+y (n+v
with 0 < h

1
2"

DI (fi2) - )] < |14 gz =) (1= g )| i)
h > 0.
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For an adequate choice of h > 0 the following pointwise error estimate are succes-
sively obtained, with no claim that the constants in front of wy are optimal:

Corollary 3.14 For f € C[0,1] and = € [0,1], we have

AN (fra) — §-w ajx(l —x — 1 .n_l
o) B () — f ()] < 5 2<f7\/(1 (- i ))

b) | (fi2z) — f(z)] < g'w2 (fa\/M <a+i)>. Compare with [48,

1+« n+1
Theorem 1].

) 155209 (f52) — f(&)| < 5 - (f; \/xa - >L“>>

n(l+ «

d) |SmO0> (£ 0y — f(z)| < gwug (f, \/x(l —ZE)n_Q’_1>;

A g, 3 ' nA+1
e) U, (f;2) — f(z)| < g w2 (f’\/ﬂﬁ(l—w)m);

£ Uufs2) = F@)] < 2 - (f; ol — )

5 Studies were made in [80,

Theorem 37, p. 51] regarding the lower bound of the constant in front of wy in
uniform estimates.

B o Ba) i) — £0)] < 2 [ f5 o1 — ) 200D
9) 1Ba o B)(f32) — f(@)] < z(f,\/(l >(1+a)(1ﬂ)),

2
W Balfia) = F@)] < 5 e (o112,

) B(2) — [@)] < 3 - (f; M)

3.4 Degree of simultaneous approximation

Bl. Sendov & V. Popov formulated for the first time in [139] a (non-quantitative)
Korovkin type theorem for the Banach space C"[K], K = [a,b]. Later, G. I. Kudr-
javcev [91] (for » = 1) and H.-B. Knoop & P. Pottinger [87] (for the more general
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case r > 1) were the first who proved estimates for simultaneous approximation
involving wy, in the spirit of Shisha’s and Mond’s theorem from [140]. In 1984 H.
Gonska generalized the result of Knoop & Pottinger by measuring the degree of (si-
multaneous) approximation in terms of ws, the second order modulus of smoothness,
see [57]. D. P. Kacs6 improved this last assertion by employing Paltanea’s Theorem
1.38, see [77] or [79]. We shall recall her result, but first let us prove the following

Theorem 3.15 Let r € N and the operator L : C"(K) — C"(K') be almost convex
of order r — 1. If L is degree reducing, i.e., L(]][,_,) € [[,_,, then for all f €
C'(K), ze K', 0 <h< %length(K) and s > 2 even the following holds:

|D"L(f;2) = D" f(z)] <

LD Lferia) - 1\ D F@)] + % -0 (x) - (D7 i)

1 1
(3.14) + |D'L{—=e;x )+ - Br(z)| -wa(D"f; h),
rl 2hs
where
1 1
(315) ’}/L(I) = ’DTL (m(%uﬂ — FLC * Cpy ZZ') and

316) ) = DL (Z(—w“(s_i)‘fém)!xsfem;a:).

i=0 ’
Proof. In the following we shall adapt the proof from Theorem 2.1 in [87]. Consider
I, : C(K) — C"(K) defined by (I, f)(z) = [ &=, f(t)dt. Let Q : C(K) — C(K')

r—1)!
be () := D" o Lo I,. Since L is almost Corfvex of order r — 1, it follows that @) is a
linear and positive (convex of order —1) operator. Since L(I,D"f — f) € [],_; and
L(I1,_,) € 1I,.,, we have L(I,D"f — f) € [[,_,. It follows D"LI,D"f = D"Lf,
hence QD" f = D"Lf, for all f € C"(K).
We apply now Theorem 1.38 for an arbitrary function g € C(K), s > 2 even and
for any 0 < h < ilength(K):

QUg2) — 9@ < 1Qew; ) — 1]+ g(w)] + 5 - 1Qer — w:2)| - (g )
(3.17 + Qi) + 5@ - 27| et ).

Putting ¢ = D"f for f € C"(K) and taking into account that QD"f = D"Lf,
the left hand side in (3.17) is equal to |D"L(f;x) — D" f(z)|. Furthermore, from
L(I1,_,) €1I,_; we also conclude that

S

Q((e1 —x)%z) = D"L (Z(_l)s_i(s — z)f('z N T)!$S_i€r+z‘;$> = fr(x),

i=0 ’
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Q((eg —x);2) = D'L ((7’ j 1)!er+1 - %x : er;x)

= +vy.(2).

Note that Q(eg;z) = D'L (%!er;x). Substituting these quantities into (3.17) we
arrive at the desired estimate. 0
It is obviously that by choosing s = 2 in (3.14) we obtain D. Kacsd’s result; see with
Theorem 3 in [77]. In the sequel we shall only consider s = 2.

In the following subsections we shall compute/recall the degree of approximation

for some selected Beta-type operators, namely for U and U, for some instances of
S<aBr> and also for B,,.

3.4.1 Estimates for general Stancu operators

The first results in simultaneous approximation by Stancu operators (more exactly
for S<*0.0> " o = a(n) = o(1/n)) were provided by G. Mastroianni & M. R. Occorsio
in 1978 in their joint work [102]. Their estimates were given in terms of w;. Later,
in 1996 O. Agratini proved in [3] that under appropriate assumptions on the three
involved parameters, D"S=%87>f  f € C7[0,1], 0 < r < n converges uniformly
toward D" f. The degree of approximation was computed in terms of w;. In this
sequel we shall often relate to some results obtained in [102] and integrate some of
their notations in the sequel.

In the following we will refine the known results, namely we will compute the degree
of simultaneous approximation by S=*09> and S<%67> via w; and ws. In order to
avoid long computations we make use of Zhuk’s function Z, f, see its definition in
Section 1.5, and we ignore for the moment Theorem 3.15.

Corollary 3.16 Letr € NU{0}, n>r+2, feC"[0,1], z€[0,1], 0 <h <1
and the positive parameter o. Then

1 2r
ND" flloo + 5 - o ~wi(D"f; h)

|DrS§a,O,O>(f;x) _ D’”f(x)lg( -

1 1 ro 1 Gue(x) 1
31— po oy (DR
* { +2((1—om)7“ ’”>+2n T h2] wa(D"f; b,
a . (M)r 1 . (+a(n—r)z(d—z) | 3r
where B, = 5 G @moTD @nd Onp(2) 1= Ity T -

Proof. For f € C"[0, 1] due to relation (2.13) in [102, p. 277] we have the following
upper bound for |D"S<®00>(f:x) — D" f(z)|:

1
(3.18) | DrSg%0>(fix) — D" f(x)| < (4 T T ey ) 1D fll-

(1
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Taking into account (2.17) on p. 280 in [102] for a function g € C"*2[0, 1] we arrive
at:

19l
2

1
_— — D" |-
+ (e — o) 107l

Now for any f € C"[0,1] and g € C™*2[0, 1] we can write

T (0% s r T
(319) DTS5 (gi0) = Dgla)| < Gunle) D)

D700 () - D7)
| DS (f = 9)s2) = D™ (f = g) ()| + [ D7 S50 (g;2) — DTg(x))|

! D2l v
< (44— 8 VD (f = 9)lloe + Gnn(a) 2 Ilee Tyt
< (14 g ) 100 = 9l 02 4 Ly

1
—_— — D" gl|so-
+ (e — 0 1074l

We substitute now ¢ € C?[0,1] by B,(Z,(f")) € C?[0,1]. Due to the inequalities
in Lemmas 1.24, 1.25 and 1.27 we arrive for a sufficiently large n, a fixed ¢ > 0 and
0<h< % at:

IN

=9l < 17 = Za(F )l + 1 Z4((F7)) = BalZ0(7))
< (D) e,
1) e < I o < 5 152D S5 ),
16 e < Z ) e < 5 |21 (D" fi) + 5 - n(D7f )| and,
99l < 120l < 1D flle + 5 D S5 1),

We let ¢ — 0 and afterwards we substitute the obtained inequalities into (3.20). By
regrouping the terms we arrive at the desired estimate. ([l
We can easily see that we obtain similar assertions as in [3], regarding the uniform
convergences: choose h = \/Lﬁ and consider a := «a(n) = o(1/n). Under these

conditions the following inequality holds:

Sun(z) < 2(1 — ) — +ﬁg;+3—7“:0(1>.

n—r n ~2n-r) n n
With the same assumptions as in Corollary 3.16 we arrive at
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Corollary 3.17

1 27’ 1
Dr5<o¢70,0> —Dr - < P D" - D" f-
+ 3|1+ +3r+ =

=) T v 1(@‘ )]“’ (Drf %)

Remark 3.18 For a := a(n) = o(1/n) we have also hm m By, = 0.

We consider in the sequel the special case S=%%7> with 0 < 8 < « real numbers.
For these operators and their derivatives we shall give error estimates using directly
Theorem 3.15 and not by making a detour via the Zhuk function as above.

For this simpler situation we are able to give an explicit representation of the images
of the monomials e, 0 < k < n under S;O’ﬂ’w, which is similar to the one for the
Bernstein operators.

Lemma 3.19 For any f € C[0,1], z € [0,1] and er(z) := 2%, 0 < k < n we have

(3.20) S0BY> (s x) = Z(n)J [Z (I:) uzvkﬂ%] !,

=7

where u = =, v = F and S(i,j) are the Stirling numbers of the second kind.

Proof. Due to the close relation between S=%7> and Bernstein operators (S%47>(f;z) =

B,(f o (ue; + veg); x)) we can write

k
k . .
S<0B7>(epix) = By((uey +vey);x) = B, ( g (‘)ulvkﬂei; x)
i
i=0

_ i (’;) B (e 1) — i <];)uivk_i%i(n)j5(i, i)

= %:(n)j li (f) u’v’“%’;)] . -

We used above the expansion in terms of the Stirling numbers of the second kind for
Byei (see [82]):

(3.21) By, (e;;x) = iZ(n)j-S(i,j)xj, i=0,...,n

nt
J=0

Thus we have proved (3.20). O

Now we can make statements for quantitative simultaneous approximation for S;=%%7>:
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Corollary 3.20 Let r € NU {0}, f € C"[0,1], z € [0,1], 0 < h <
max{r + 2,7(r +1)}. Then

1
2

—1+7) 1 |8+ 5]
Dr8<08e> (£ ) — D ()] < T LEY gy L 1AL
D7 SE009 (fi) = D f )] < D @)+ -
N 1+L. n—r(r+1) 2(7’+’y)(fy—ﬁ) N 128(8+1)+r(3r+1)
2h? \ 4(n+7)? (n+7)? 12(n +7)?
wa (D" fh).
Proof. For the quantities appearing in Theorem 3.15, one has
1 . 1 1
—D"SP () — 1] = 1-— ) _y_ =1-
T! (TL + 7)T = n+ = +17
115 IT(1+:3%)
=0 =0

Also due to relation (3.20) we have

1 1
e e (e S e
(n), 1 r B+5
- . _ < .
et B R PR e

Finally, for ¢4<0s.> () we have

2 2 1
ﬁs,foﬁw(x) = D" (m&w - mﬂf “Cry1 HHJZ : er) (z)
 (n), {12 (_n—rQ—r N 27(7“4—7)) . (n—rz—r B 25(7“4—7))

(n+9) (n+7)>  (n+9)? (n+7)?* (n+9)?
N 125(ﬁ+1)+r(3r+1)]
12(n +v)?
(n>r n—r?—r r+-
— (n+7)rl(n+7)2 z(1—2x)+ 2z CF=IE (vx — )
N 125(5+1)+r(3r—|—1)}
12(n + 7)?
_ 1=t or 4G =0) 1288+ 1) +rBr+1)
4 (nty)? (n+7)2 12(n + 1) '
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Hence, we are lead to the desired inequality. O
It is obvious that in the above estimate the ”Bernstein case” is hidden. If we
substitute § = v = 0 we obtain a similar estimate to [79]. However, the degree of
simultaneous approximation by Bernstein operators will be shortly described in one
of the following subsections.

3.4.2 Estimates for U} = B, o B,

From the representation of U and due to Remark 3.9 it is obvious that the operators
verify the requirements of Theorem 3.15 (with s = 2), i.e., they are (almost) convex
of any order and are degree reducing. Thus we can prove the following:

Corollary 3.21 Let r € NU {0}, f € C"[0,1], z € [0,1], 0 < h < 5 and n

sufficiently large, e.qg., n > r + 2. Then

1
2

() 1
nr ' 1lr—a]

DU (i) - 0 i) < (1
(n)r rna+1) 1
nm 2n(ar+1) 1=

(n), 1 1 (n—r)n—r—1) 2(n—r) 9
* F'W{H@ Kn2(ar+1 @r+1)+1) nlar+1) “)“"
1 ((na—l—l)(n—r)(r—l—l) —ozr)x

ar+1\ n2(a(r+1)+1)
r (37~+1Jr 7’+1)a+(3r+5)a2)]}w2(Drf;h)7

JREEC]

11 —2z|-wi (D" f;h)

SRS

_l_

~—

~—

S

—

(ar +1)(a(r+1)+1) \ 12n2 2n 12

where y™ = are the factorial power.

Proof. We recall relation (3.11):

-z (v+alr—1))
Baleri®) = 030y, @G =1 + 1) 61:['

For our further computations we need at least the first three coefficients (in de-
scending order) of the polynomial B,e,. By employing the relation of Viéte we
arrive at

(3.22)  Ba(ey;x)
o (r—=2)(r —1)r(3r — 1)

X S —2
1lr—a] 2 24 *

x’f‘




But U} means B, 0B, so after applying the Bernstein operator on (3.22) we arrive
at

Unleriz) = 1[7%1—“] ' {@x " (g)(n)—_l (an+1)2""

(221_22 ' (rn: 2)5;‘ 1)r {§2M5+a(rn 1) +a2(32—1)}xr2+__}_
1)

Above we reused relation (3.21) and also the well-known identity

+

1 L.
S(k,j) = i 2 (‘Q(—l)f‘%"“,osj's&

compare with L. Comtet [31].
These preparations were necessary for computing the quantities that appear in The-
orem 3.15. Thus one has:

1 rrra 1 (n)T
ﬁD Ug(ersz) =1 = Tl
. 1 1
gy = e 20D Ly o and

n’ 2n(ar+1) 1n=a
), 1 (-nn-r=1)  2n-r)
fug () = nr 1b—al { Kn2(ar +(a(r+1)+1) n(ar+1) i 1)

1 ((na—l—l)(n—r)(r—{—l) —f—ozr)x
ar +1 n?(a(r+1)+1) n

(ar + 1)(a€r DD (3;2221 + L ;1)@ + & 4{25)042)} } :

Substituting them into (3.14) we arrive at the desired estimate. O

In order to have a more instructive insight into the above estimate we set o =
a(n) := % Thus we arrive at the genuine Bernstein-Durrmeyer operators and the
inequality in Corollary 3.21 reads as in the following

Corollary 3.22 Let r e NU{0}, f € C"[0,1], z € [0,1] and 0 < h < 5. Then
DUf5) - D) < (1 ) Do)
%' (n+(7;): 1), n:—r 'wl(Drf;h)jLﬁ
_1 N # 2(2r% 4 2r — n)(f;f)((znrit%r;) n)x +r(r+ 1)] n(D"f: 1)
< @)+
G i s Rt

5



Choosing in the upper inequality h := we obtain the uniform estimate of

T

Corollary 3.23

r(r—1) r 1
DUf - D flle < D' fll + —— vVt 1w (D'
IDU.f - D7 D ot VT T (D7)
5) 1
v 2 (D ——— ).
4 w2( f\/n+1>

These estimates for the U,’s (both the pointwise and the uniform) were computed
by D. Kacsé in her recent work [80]. For this purpose she used the explicit repre-
sentation of the r—th derivatives of U, (see [80, p.60]), namely

DrUn(f; 'T) an rk / pn+r72,k+r—1<t> . f(T) (t)dt

n+r—

3.4.3 Estimates for the Bernstein operators

G. G. Lorentz gave in [92] (p. 12) the following beautiful representation for the
derivatives of the Bernstein polynomials:

{ .,k+r,f] < r)xk(l—x)”rk,

It immediately implies that B, is (almost) convex of order r—1. D. Kacs6 computed

B (f;z) =

the following estimates in [79]:

Corollary 3.24 Letr € NUO, n > max{r+2,r(r+1)}. Then for all f € C"[0,1]
and x € [0, 1], one has

r . r T(T_l) r r T, 1
DB - D f@) < ) 4 (08

9 oo 1
v g (2 75)

and

DB,(fi) - Df@)] < D D) v (L)

9 re 1
+ §w2<Df7\/m)



3.5 Global smoothness preservation

In the context of simultaneous approximation another natural question had risen
and has been studied during the recent years: whether simultaneous approximation
processes also preserve global smoothness of the derivatives of an r-times differen-
tiable function f. The first assertion was obtained by C. Cottin & H. Gonska, see
[33, Theorem 2.2]. More information on this subject can be found in the recent book

of G. A. Anastassiou & S. G. Gal [6].

Proposition 3.25 Let r > 0 and s > 1 be integers, and let K and K' be given
as above. Furthermore, let L : C"(K) — C"(K') be a linear operator having the
following properties:

(i) L is almost convex of ordersr —1 and r+ s — 1,
(1) L maps CU+9)(K) into CU+9)(K'),
(ZZZ) L(Hrfl) g Hrfl and L(Hrqtsfl) g HrJrsfl

(iv) L(C"(K)) £ I1,_1-
Then for all f € C"(K) and all § > 0 we have

1 |’DT+SL6T+SH )
K

KS(DTLfa 6)](’ < —. ||D7'L6T” . Ks (f(r)’ (’I“‘l‘ S) ||DTL€ ||

1
7!
In the above, K, is the Peetre K-functional of order s, s > 1, defined by
K.(f:6) = K(f;6:C[0,1],€*[0,1]) = inf{|| f = gllow + 0 - [|g" ]| + g € C*[0, 1]},
and [[_,:=0.

In the following subsections we can prove that S<*%7> with a > 0, 0 < 8 < v,
and BV = B, o B, o By, with a, A > 0 and n € N, meet the requirements of
Proposition 3.25.

3.5.1 Application to general Stancu operators

Theorem 3.26 Let r > 0, s > 1 be fixed integers. Then for allm > r + s, f €
C"10,1] and § > 0, the following estimates hold:

K (D"S5%%7 f18)

—_ ['r,—a}
(n+7)r 1lr=a] nT7 [0,1]
Ky (D" f;0)0,1-

A

7



Proof. In [102] was proved that S$*%%> are (almost) convex of all orders. The
same is true for the more general S=*%7> see e.g., Remark 3.9. The rest of the
conditions (ii)—(iv) are easily verified: Since n > r + s and both operators map a
polynomial of degree i, 0 < i < n, into a polynomial of degree i, both conditions
(ii)-(iii) are satisfied. Regarding (iv) it is clear that B,e, € [[.\]],_; and further
it follows that Bo(By,e,) € T[ \I,_;-

In proving inequality (3.26) we use the representation:

D" S0 (e 1) = D'B,B, [( n e1+ i 60) ;x}
n -+ n -+ -y

= DTPBQ ( n . (n)y - e, 4 terms of lower degree; :L‘)
(n+v)" n"

r , 1
_ pr (( n - (n)r e - e,(z) + terms of lower degree)
n+y) n’ ne

(), 1

3.23 = rl. . .
( ) r (n + ,}/)T 1[7“,7&}

Substituting these expressions into the inequality of Proposition 3.25 yields our
estimates. 0
Putting in the above s = 1 we are lead to the following estimates in terms of w;
respectively @y, the least concave majorant of wy(f;-).

Proposition 3.27 Letr > 0 be a fized integer. Then for alln > r+1, f € C"[0,1]
and 6 > 0 we have

1 n-—r
DTS<a7ﬂ7’y> ’5 < (n)?" . O (Dr ; . 5)
wi(D"S; 139) = (n 4~ 1=l “ / (n+7)(ar+1)

< 1 (D'f;6) < 2-wi (D" f;9).

Moreover, the leftmost inequality is best possible in the sense that for f = e, 1 both
sides are equal and do not vanish.

Proof. Obviously for s = 1 relation (3.23) become

o< (nr) 1 h M 1
K (DTS5 £:0) < (n+7), Cqlr—al G (D f: n+v ar+1 '5) '
If we take into account the known relation between K; and &y, see (1.21), and the
(double) inequality from (1.8), then we arrive to the desired estimate.
The strong statement for f = e.,; can be easily proved by using the property
w(c-er+d-ey;d) =|c|-0, ¢,d € R (the same for @;). Thus, for n > r + 1, both
sides in the leftmost inequality from above are equal to

(n>r+1 . 1

(TL + 7)1”-1-1 1lr+1,—q] 0>0

(r+1)!-
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for 6 > 0. |
Hence it follows

Corollary 3.28 For a fized integer r > 0 the following affirmations are true for all
n € N. If f) € Lip.M for some M >0 and some 0 < 7 < 1, then D"S=%P7> f s
in the same Lipschitz class.

Proposition 3.29 Let r > 0 be a fized integer. Then for alln > r+2, f € C"[0,1]
and & > 0 the following estimates in terms of wy hold:

wy(D" S0 f6) <3 (n(i);)r ' 1[7«,1—(1}
ST é;@:)ﬁ)—(&;iﬁ) | 2P 0)
< S (Df50)
Proof. From Theorem 3.26 with s = 2 we arrive at
Ko(D"SoP7> f18) oy < (n(—?;)r : 1[7«71_0{]
e e e RS = e O

< Ky(f™; 8)0,1]-

In our further argumentation we shall employ Zhuk’s function Z,f (see Section
1.5) and avoid to use the equivalence relations between K5 and wy. This technique
provides (generally) better constants. First recall the identity

K(f;6;C[0,1],C*[0,1]) = K(f;8; C[0, 1], Wa,x 0, 1)),

proven in Lemma 1.34.
Let now f € C"[0,1], 0 < § < 1 be arbitrarily given, and let |h| < §. Further, we
write the expression that appears in the definition of wy(D"S %P> f:§):

DS54 (frw — h) — 2D S (fiw) + DISZ00 (fra + )
= {DISEO(f — gro — h) - 2DSSP(f — gia) + DUSEO(f - gia + b))
H{DrSTP (g — h) — 2D S0 (giw) + DISEP (gie + b)Y
— {4} +{B}],

where g € C7[0, 1] with g™ € Wy [0, 1] arbitrarily chosen.
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|A| can be estimated from above as follows:

X r o<a,B,y> _ (n>7“ . 1 . o (r)
Al 4D (F = g) oo <A G I = 9)
For the absolute value of B we have
|B| = |D"S;*%7(g;x — h) — 2D" S50 (g x) + DTS5 (g 4 h))

1
= 2!.p*. §|DT+QS§O"W’>(9; &)| (for some & between x — h and x + h)

r @ (n>7“+2 1 r
< IDSEt gl < N g R g e

We substitute now the function ¢g{" € Wy [0, 1] by Zhuk’s function Z,(f), hence

r r r 3 r
I(F =)Mo = 1F" = Zu(FO) < - wa(f5 1), and
" 3 1 r
g7 P lroe = NZ0(FT) e < 5 - 55 - wa(F75 1),

cf. the inequalities within Lemma 1.24. Combining these estimates and taking into
account the preceding steps we obtain

MQ(DTS§G7/@:V>f;5) S 4 . z . (n(Z);)r . 1[7”710[] . WQ(Drf,(;)

3 (), 1 o
+ 5 . (n —|—f7+>i+2 ' 10r+2,—q] ) w2(D fa 6)
_ 4. () 1

(n+7) 10l
(n—r)n—r—1) .

{IJF 2(n+ )2 (ar+1)(a(r+1)+1)} ~wa (D" f39)

S g o(D" ;0).0

We recall the definition of the Lipschitz classes w.r.t. the second order modulus:
1
Lip; M : {feC[O 1]t wa(f;0) <M -07, 0§6§§}, 0<7<2,
Proposition 3.29 can be rephrased as follows:

Corollary 3.30 For a fized integer r > 0 the following assertion holds for alln € N.
If f) € LiptM for some M >0 and some 0 < 7 < 2, then

DrSzeP> f € Lipti(4.5M).

In the recent work [29] one can find similar results for the particular case S;=®00>.
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3.5.2 Application to BN — B, 0 B, o B,

Theorem 3.31 Letr > 0, s > 1 be fized integers. Then for alln > r+s, f €
C"10,1] and § > 0, the following estimates hold:

(n), 1 o (n—=r), 1lnmel o qln=A
nr ) 1lr,—=a] . 1lr=2] Ks D f’ ns 1[r+s,—a] ) 1[r+s,f)\]5 0.1]

< Ks(Drf; 6)[0,1]‘

KD B f;0)p,)

IN

Proof. The requirements (i)—(iv) of Proposition 3.25 can be easly verified, by means
of Lemma 3.10 and Remark 3.9. The desired estimate is obtained in combination
with the inequality in Proposition 3.25 and with:

1 (n),

m7€r+,x

D'B@N(e,;x) = D'BoB, [mer+...;x] = D'B, {

1 1 (n),
' 10m=A] ' 1[r—qa] ' nr

= 7l

O
Using the same technique as for the general Stancu operators we arrive at the fol-
lowing estimates in terms of moduli of continuity.

Proposition 3.32 Let r > 0 be a fized integer, f € C"[0,1] and § > 0.

a) For alln > r+ 1 we have

rm (@) £, (n)r 1 o rp, 0 !
w1 (D"BI*Y f;6) e e e T VR D" f; n (ar + 1)(\r + 1)5
< 1-@(D"f;6) < 2-wi(D"f;6).

IN

The leftmost inequality is best possible in the sense that for e, both sides are
equal and do not vanish. More exactly, both sides are equal to

(n)r+]_ ) 1 1

(N)pyq 110l S+ 0>0

(r+1)!-

foré > 0.

b) For allm > r + 2 the following estimates in terms of we hold

rm(a,\) £, . (n)r . 1 . !
(,uQ(D Bn f, 5) <3 nr 1lr=a]  1lr=A]
(n—r)(n—-—r—1)

2n2(ar 4+ 1)(a(r+ 1)+ )M+ 1)(A(r+1)+1)
~wa(D" f59)

1+ wa (D" f;0)

<

N | ©
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In terms of Lipschitz classes w.r.t. the first and second order modulus, respectively,
the latter proposition can be rephrased

Corollary 3.33  a) For a fized integer v > 0 the following affirmations are true
for alln € N. If f) € Lip, M for some M > 0 and some 0 < 7 < 1, then
D”Bga’)‘)f 15 in the same Lipschitz class.

b) For a fized integer r > 0 the following assertion holds for all n € N. If
) e Lip:M for some M >0 and some 0 < 7 < 2, then

D'B™N f € Lip!(4.5M).

For the sake of completeness, we briefly present the results regarding the degree of

smoothness preservation for 3 particular cases of IB%%O")‘).

Application to Finta’s operators [ = Iﬁ%a oB, o Iﬁ%l/n

Theorem 3.34 Let r > 0, s > 1 be fixed integers. Then for allm > r + s, f €
C"10,1] and § > 0, the following estimates hold:

K (D"E0) .

n), 1 . n—r, 1lr—a
( ) 1 : 1[r—al : Ks (D f; ( ) 1 ) 1lr+s,—q] ’ 5)
(n+7r—1), ; (n+r+s—1) ) 0.1]

< Ko(D"f;0)p0.

In terms of moduli of continuity the above theorem reads as given in
Proposition 3.35 Let r > 0 be a fized integer, f € C"[0,1] and § > 0.

a) For alln >r+1 we have

r o (n)T 1 ~ rop. n—r
R e i (s (D U (n+7“)(ozr+1)5>
< 1-@(D"f;0) <2-wi(D"f;90).

The leftmost inequality is best possible in the sense that for e, both sides are
equal and do not vanish. More exactly, both sides are equal to

(n)rs1 1

. 60> 0
(n + T)r—l—l 1[7"—}—1,—@]

(r+1)!-

for d > 0.

82



b) For allm > r+ 2 the following estimates in terms of we hold

(n), 1
(n+r—1), 1n=—el
(n—r)n—r—1)

M e r s D D )+ 1) wo(D" £ 6)

~wo(D" f;9)

wa(D"ESf6) < 3-

<

| ©

Application to U = B,, o B,

Theorem 3.36 Let r > 0, s > 1 be fized integers. Then for allm > r +s, f €
C"10,1] and 6 > 0, the following estimates hold:

n), 1 n—r), 1l
KD 0o < 0 g (001 PR <KD 0
0.1

nr Trar e il

In terms of moduli of continuity the above theorem reads
Proposition 3.37 Let r > 0 be a fized integer, f € C"[0,1] and § > 0.
a) For alln > r+ 1 we have

(n), 1 . n—r

DUCf§) < VoL D'f; ——-
wi (DU f;6) < o 1 Y f’n(ar+1) ’
< 1-0(D7f;6) <2-wi (D" f;6).

Moreover, the leftmost inequality is best possible in the sense that for f = e,4q
both sides are equal and do not vanish. More exactly, both sides are equal to

l. (n)TJrl 1

nrtl ' 1lr+1,—q] 0>0

(r+1)

for d > 0.

b) For alln > r+ 2 the following estimates in terms of wy hold

rrTOQ L. (n)T‘ 1 (n_T)(n_r_l) T,
w(DULS0) = 3T = Y e s e s 1) 10| 2P0
< g~w2(DTf;5)

Remark 3.38 In the above two subsections we implicitly presented the properties
of smoothness preservation for the genuine Bernstein-Durrmeyer operator, e.g., con-

sider Up/™ or FY and get the corresponding estimates. Compare also with the results
of D. Kacsé [80]
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Application to Bernstein operators B,

Regarding the classical Bernstein operators one can find in [33] the following results.

Proposition 3.39 Letr > 0 and s > 1 be fized integers. Then for all m > r + s,
all f € C"[0,1] and all § > 0 the following inequality holds:

n)y r n—"rs T
K (D" By f;8)pq < (n> - K, (D Ik (n—> : 5> < Ko(D"f;6)p0,1-
[0,1]

(s S

Further the authors took into consideration in [33] the two special cases s = 1,2
which will be presented compactly in the following proposition:

Proposition 3.40 Let r > 0 be a fized integer, f € C"[0,1] and § > 0.

a) For allm > r+ 1 we have

wi(D"B,f) < (), Fw1 (DTf? — '5) <1-@i(D"f;6) <2-wi(D"f39).
n’ n

The leftmost inequality is best possible in the sense that for e, both sides are

equal and do not vanish.

b) For allm > r+ 2 we have

CUQ(DTan;(S) SS'%'{1+ (n—r)(n—r—l)

2n2

«wa (D" f;0).

N ©

a0 ri0) <
In particular, for r =0 we have

el Bofi0) £ 4|14 22 a£38) < 45 -l f10).

Remark 3.41 The constant 4.5 in front of the last wy can be replaced by 3, ac-
cording to [112]. Thus, for all f € C[0,1] and § € [0, 1] we have

wa (B f;0) < 3-wa(f;9).
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Chapter 4

Over-iteration for some positive
linear operators

For any positive linear operator L, : C[0,1] — C]0,1], n € N, we define inductively
the powers of L,, by

L :=1d, L} :=L,and L™ := L, 0 L™ m € N.

Our aim is to study the behavior of the powers of L, having the following layout:
n € N is fixed and m goes to infinity. In other words, the operators considered are
over-iterated.

In the subsequent three sections we describe three methods to investigate the over-
iteration of L,:

e the contraction principle,
e a general quantitative method,

e a method that uses the spectral properties of the operator.

4.1 The contraction principle

A general method to investigate the behavior of the over-iteration of a fixed operator
is via the contraction principle (see, e.g., [11], [12]). The following assertions were
inspired by a recent result of O. Agratini & I. Rus [4] (see also [132]) who proved
convergence for over-iteration of certain general discretely defined operators. In the
sequel we prove a generalization of the first theorem in [4] also for a whole class of
summation-type operators. They are defined by L, : C|0, 1] — C]0, 1] with

(41) Ln(f; ZL’) = Z¢n,k<x> ' an,k(f)a
k=0
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where 1, () > 0, a, are linear positive functionals with a,rep =1, k=0,...,n,
and a,o(f) = f(0), ann(f) = f(1), f € C[0,1]. With the supplementary condition
that these operators reproduce linear functions we have the following relations:

an,k( ) =1, and Z¢nk cang(er) =z, x €[0,1].
k=0

For these we can state the following

Theorem 4.1 Let L,, n € N fized, be the operators given above. Define u, :=
min (Y o(z) + Yun(x)). If u, > 0, then the iterates (L' f)m>1 with f € C0,1]

z€[0,1]
converge uniformly toward the linear function that interpolates f at the endpoints 0

and 1, i.e.,

lim L2(f:2) = £(0) + (f(1) — f(0)a, f € C[0,1].

m—0o0

Proof. Consider the Banach space (C[0,1], || - ||c) Where || - ||oo is the Chebyshev
norm. Let

Xop={f€C0,1]: f(0) =, f(1) =5}, a,feR.
We note that

a) X, p is a closed subset of C|0, 1];

b) C[0,1] = U Xap is a partition of C|0, 1];

a,BeR

¢) X,z is an invariant subset of L,, for all o, § € R, n € N, since the reproduction
of linear functions implies interpolation of the function at the endpoints, i.e.,

Ln(f;0) = f(0) and Ly(f;1) = f(1).

Now we show that

L |x0 5t Xapg — Xap

is a contraction for all a, 5 € R.
Let f,g € X, 3. We can write

|Ln(fax) - Ln(gax)‘ = ank * Ok f g)

< Z%,k(l’) Nanell - 1f = gllo
= (1= tno(@) = Yun(@) - If — 9l
(4.2) < (=) [If = 9lloo
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Hence [[Lnf — Luglleo < (1 — up) - ||f = glloo With w, > 0 and thus L, |x,, is
contractive.

On the other hand a + (5 — «) - e; € X, 5 is a fixed point for L,. If f € C[0,1] is
arbitrarily given, then f € Xy, 1) and from the contraction principle we have

lim Lt f = f(0) + (f(1) = f(0))er. O

m—00

Remark 4.2 One advantage of the method is: what we have proven in the latter
theorem is true for many known summation type operators, see for example Sub-
section 4.2.2. On the other hand one can note that the above proof is restricted
to a fized operator L, and its iterates L)'. Furthermore, the proof is only valid for
operators having a contraction constant (1 — u,) < 1. However, there are cases in
which we do not have u,, > 0, but still convergence of the iterates takes place, as
one can see in the following section.

Another interesting issue to take into consideration is that the limiting operator
does not necessary need to be equal to By (the linear interpolator at the points 0
and 1), like the following two examples illustrate.

King’s operators
The first example represents the King’s operators [86], see Section 2.4 of this thesis.
In [69] it was proved that its over-iterates converge to a parabola:

Theorem 4.3 Ifn € N is fized, then for all f € C[0,1], x € [0, 1]

lim (V.7)"(f;2) = f(0) + [f(1) — f(0)] - 2* = V{*(f; ),

m—00

where Vi f = f(0) + (f(1) = f(0))ez.

Rational Bernstein operators

For more complex operators like the rational Bernstein operator (see their definition
at (2.6)) we can only prove via the contraction principle the existence of the limiting
operator as one can see in

Theorem 4.4 If k € N is fized, then for all f € C[0,1], z € [0,1],
Tim Y (fiz) = (@),
where f* € C[0,1] and Ry ,(f*;x) = f*(z).

min
w

In this case the contraction constant is equal to ¢ 1= 1— === -2,%1, where the positive

quantities w™" and w™ represent the minimum respectively the mazimum of all

weights.
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Remark 4.5 We have managed to find the fized point for these rational operators
only for some particular cases, for some special choices of the associated weight
sequence:

e We look now at Ry (k =2) and at the sequence (wg 2, wy 2, w22) = (1,wy, 1).
For
wy - x(1l —x) + 2
(1—2)%+ 2w -z(1 —x) + 22

Gun (JI ) =
one can easily prove by direct computations that ;29 = Guw, -

e We have also discovered an interesting link between the rational Bernstein
operators and some instances of Stancu operators So, if we take in (2.6)
Wk = k or wyy = 1~— E or finally w; = (1 — —) then the corresponding
rational Bernstein functions are reduced (in thls order) to

Bk+1(€1 ) f) _ S<0’1’1>f- Bk+1((€0 - 61) : f)
Biiie F 7 Bk+1(€o - 61)

Biii((e1 —e2) - f)
Bii1(e1 — ez)

0,0,1
= S0 f; and

<0,1,2>
= G2y

The over-iterates of these operators are discussed in a larger context in Sub-
sections 4.3.1 and 4.3.2.

4.2 A general quantitative method

In this section we prove general inequalities for the iterates of positive linear oper-
ators which are given in the spirit of the paper by S. Karlin & Z. Ziegler [82] and
were obtained for classical Bernstein operators in a slightly weaker form first in [54].
In the sequel we will consider again L,, : C[0,1] — C[0,1]. However, relaxing the
assumption of the previous section we will consider general positive linear opera-
tors which reproduce linear functions. Note that in this section there will be no
contraction argument. Supplementary details can also be viewed in [65].

The following estimate holds.

Theorem 4.6 If L, is given as above, for m,n € N we have

(4.3) L1 (f; ) — Bi(f:2)| g wr (Fi V(e (o —en)ia))
where f € C[0,1], z € [0,1], By is the first Bernstein operator, and e;(t) = t*, i > 0.
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Proof. For g € C?(0, 1] arbitrarily chosen we have the following estimate

|Ly'(f;2) — Ba(f;2)| (L3 = B)(f — g;2)[ + |(Ly — Bi)(g; 7)|
(1L oo + 1 Billoo) - 1f = glloo + [(Ly" — B1)(g; )]
2-[If = glloo + (L3 — B1)(g; )|

Since both of operators L and B; reproduce linear functions, we have
L} (Big) = Bi(Bug) €[],

the polynomials of degree < 1. Now we can evaluate

(L = Bi)(g;z)| = |Ly'(g;2) — Bi(g; x) — L) (Big; ¥) + Bi(Big; o)
= |Ly(g — Big;x)| < L7 (lg — Bugl; )

< Iy ( 119" o - ex(e0 - e1>;x)

= 5 19"l - Li(er(eo = ex); ).

IAIA A

Thus
m 1 m
Ly (fsz) = Bi(fi2)| <2 || f — glloo + §||9"Hoo Ly (ei1(eo — e1); 7).

We substitute now g := B, (Z,f) € C?0,1], where Z f is Zhuk’s function, see its
definition at 1.12. According to the Lemmas 1.24 and 1.27 for a sufficiently large n
and a fixed € > 0 we have

1f =gl < [If = Znflloe + 1 Z0f — BalZnf)lloo
< §-w2<f;h>+s

4
3
19"loe < W(Znf) i < 5 - P77 walf5 1),
Letting ¢ — 0 we arrive at
m 3 13 1 .
1Ln'(fi2) = Bi(fs@)] <20 -wa(fsh) + 5 - 50 g Li(ea(eo — e1); @) - walfi R),

with A > 0. If L™(es(eg — e1);z) > 0 taking h := /L7 (e1(eg — €1); x) yields the
desired result. If L™(ei(eg —e1);x) = 0, then |L™(f;2) — Bi(f;2)| < 2 -wa(f; h) for
all h > 0. For h — 0 we obtain L*(f;x) = By(f;z) for all x € [0, 1]. 0O

Lemma 4.7 Under the same assumptions on the operator L, as above, we have

i —x — min Lul(er = I>2;x)
(44 0= Lu(ealeo —en)iw) <a(l =) | 1= min == 07
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Proof. Due to the linearity of the operator L, and the fact that it preserves linear
functions, one can easily observe that L, (e;(eg—e1);x) = x(1—2) — L,((e; —x)?; z).
Thus,

Ln((ex — 2)% @)
(1= 1) },$€(0,1),

< 2(1-2) {1 - min, L”(;e(ll__“z;”)} . O

0<Ly(er(ep —e1);x) = z(l—x) [1 —

For our further discussion we will exclude those operators whose second moments
have zeros in the interior of the interval, [0, 1] in our case.

Theorem 4.8 Let L, : C|0,1] — C]0, 1] be positive linear operators which preserve
linear functions. We also suppose that there exists £, > 0 such that

(4.5) en-2(1 —2) < Ly((er — )% 1), 2 €[0,1].
Then we have
(4.6) 0< LM(ei(eg—er);z) <ax(l—=z)-(1—¢e,)™ meN,

Proof. We will prove the above statement by induction. First we take m = 1.

Condition (4.5) can be rewritten as ¢, < %:?)2’3) for x € (0,1) implying

RV S
en < min Lul(er = 2)57)
2€(0,1) z(l—x)

Thus inequality (4.4) yields
Ly(ei(eg —er);z) < z(l—x)(1 —e,).
We assume the relation
Ly (ex(eo —€1);2) < a(l—z)(1 —en)™
to be true for a fixed m € N and shall prove it for m + 1. Indeed, we have
L™ (er(eg —e1);2) < (1 —e,)™ - Ly(er(eg —e1);2) < o(l —x) - (1 —e,)™

Hence it follows that the estimate (4.6) is true for all m € N. O

In case that €, < 1 (which occurs often), by combining the above theorem and
Theorem 4.6 we get the following
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Corollary 4.9 With the same assumptions on the operator L, as above and (4.5)
we get

@n ) - Bl < e (£ Va0 e,
fec], zelo1]

Note that the operator L, now is not necessarily fixed. We can thus - as was done
by Karlin and Ziegler - consider lim L7*» where m,, depends on n such that

n—oo

lim (1 —&,)™ — 0 and still get uniform convergence towards B f.

n—oo

4.2.1 Discretely defined operators

In the sequel we show that the previous general result implies the convergence as-
sertion of Agratini and Rus, also providing a full quantitative version of it. Our
assertion is given in terms of the second order modulus, the best to be expected
under the present conditions. However, due to the use of the contraction constant
(1 — u,,) some pointwise information is lost.

We return to the operators considered in the previous section. For a given partition
on [0, 1] such that 0 = 2,0 < xp1 < ... < x,, = 1 we specialize the functionals a,, x
by assuming

an,k(f) = f(.l?mk), l{ = O, e, n.
We obtain

(48) Ln(f,l’) = an,k(x) : f(xn,k>7 f S 0[07 1]7 x € [07 1]

Guided by a result of R.P. Kelisky & T.J. Rivlin [83], O. Agratini and I. Rus studied
these operators L, in [4]. Tt is known that operators L, of this type have attracted
attention for at least 100 years now. We mention here the interesting note of T.
Popoviciu [126] who in turn refers to the classical book of E. Borel [22] , see also [23].
(Polynomial) operators of the given type also appear in H. Bohman’s now classical
paper [19] and in Butzer’s problem (see, e.g., [53] and the references cited there for
details). Further historical information can be found in A. Pinkus’ most interesting
work [119]; see also the recent paper of J. Szabados [151].

Lemma 4.10 As in the first section we assume that the operators (4.8) reproduce
linear functions. This implies that 1, 0(0) = ¥, (1) = 1.

Proof. It is known that L,e; = e;, 1 = 0, 1, implies interpolation at the endpoints
of the function, i.e., L, (f;0) = f(0) and L,(f;1) = f(1). This means that

£0) = Lu(f;0) :wn,o-f<0>+2wn,k<0>-f(xn,w or
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(4.9) (1 —1pn0(0)) Z%k f(xnp), forall f e C[0,1].

We define f € C[0,1] by

—m x + 1 T € [0,1’1771]
0, x € (z1,,1].

and substitute it into (4.9). Thus we easily arrive at ¢, (0) = 1. In a similar way
we can prove that ¢, ,(1) = 1. O
Thus the conditions 1, 0(0) = ¥,,,(1) = 1 are automatically satisfied. Furthermore,
we will give pointwise and uniform estimates for these operators L,, which imply the
result of O. Agratini and I. Rus.

First we have

Proposition 4.11 For L, : C|[0,1] — C|0, 1] defined as in (4.8) one has

(4.10)  Ly(ea(eo —er);z) < 7+ (1= wn)™ " (1 = thno() = Ynn(2)),

with m € N, f € C[0,1] and x € [0,1]. Like in Theorem 4.1 the inequality u, =

m[[i)rh(wn,o(:v) + VYpn(x)) > 0 is assumed.
x€|0,

B |

Proof. We will prove this statement by induction. For m = 1 we have

n

Lu(ei(eo — e1);2) = Lo(er —exa) = (2np — 20 4)  Yni()

=0

(xn,k - xi,k) 77/}71 k\T Z ¢n k\T

[y

n—

(]

1

(1= Yno(@) = Yun(@))-

»l>|>—tﬁ-

We suppose now that the relation

I (ealer — e2);2) < 1+ (1= )™ (1= thuo(x) — ()

is true for a fixed m € N. We show it for m 4+ 1. We apply on this relation the
operator L,,, obtaining

L?Jrl(el(eo - 61); LC) < Z(l - un)mian(l - 2bnO - wn,n; .CC)

- i(1—unm 'L, (Z%k’ )
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—1n-1
- _(1 U Zzwn,k Tl wnl( )
I=1 k=1
n—1
= - m lz¢nlx)'zwn,k Tn,l
< 1 - un Z@Z)nl 1 - un) ’ (1 - ¢n,O(I) - wn,n(l‘))
We have thus proved that relation (4.10) is true for any m € N. O

Remark 4.12 Uniformly one has

(4.11) L (e1(eg—e1)) < = (1 —uy,)™

]

The following pointwise estimate is a consequence of Theorem 4.6.

Proposition 4.13 For the operators L, in (4.1) we have

L2 (50) — B < § -n (Fig /1= )" (0= bale) — a0 )

This inequality reflects the fact that the iterates interpolate By f (and f) at x = 0
and x = 1.

Corollary 4.14 The uniform estimate is also easily obtained from Theorem 4.6 and

(4.11) as
1228 = Buflle < §on (Fiy VT 007 )

Note that the contraction constant 1 — u, < 1 figures repeatedly in the above
inequalities.

4.2.2 Applications I

In this section we consider a group of operators to which both methods, the con-
traction principle and the quantitative method are applicable. The advantage of the
latter one (which we shall use in the sequel) is that we immediately obtain the degree
of approximation.
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An instance of general Stancu operators

We start with the operators Ss®%0>: C[0,1] — [],, considered by D. D. Stancu in

[144], see here row no. 3 in Table 3.1.
It is obvious that the S=®00> gatisfy the requirements of Theorem 4.8: they are

positive and linear, preserve linear functions and by selecting ¢, := 1 . e <1

n 1+a
condition (4.5) is also verified.

Taking into account Corollary 4.9 we arrive at

Proposition 4.15 Let S7*%%> n e N, a > 0 be a sequence of Stancu operators.
Form e N, f e C[0,1] and z € [0, 1] we have

<a,0,0>7M( . , 9 ' 1 14+na\™
|[Sn ] (f)x)_Bl(fvx”SZ'W2<JC’\/I(1_$)(1__' ) )

n 1+«

Remark 4.16 It is worthwile to mention that already in 1978 G. Mastroianni &
M. R. Occorsio [103] have introduced and investigated the iterates of S 09> by
extending a procedure used by R. P. Kelisky & T. J. Rivlin [83] for the Bernstein
operators. In the next section we shall focus our attention on the multi-parameter
variant of this operator, that do not reproduce linear functions.

The classical Bernstein operators

For o« = 0 we arrive at the classical Bernstein operators. An early paper on over-
iterated Bernstein operators is - besides the one by R.P. Kelisky & T.J. Rivlin - an
article of P.C. Sikkema [142]. Using Proposition 4.15 immediately yields

Proposition 4.17 Let B,, n € N, be the sequence of Bernstein operators. For
meN, feC0,1] and x € [0,1] we obtain

D)

A similar result was first obtained by H. Gonska in [54] with a constant 4 instead

N

1B (f;2) — Ba(f;x)] <

of %, and as a special consequence of a more general quantitative result for the
approximation of finitely defined operators (see [107] and [55] for further details).
More information on iterated Bernstein operators can be found in the recent note

[73).
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The generalized genuine Bernstein-Durrmeyer operators

In the same category fit U} defined in Table 3.1 row 5, and implicitly its famous
particular case U,. In Table 3.2 we computed its second moments, thus by choosing

n’\(’fﬁ) <1, n > 1 we get the following error estimation:

En =

Proposition 4.18 Let U) be the sequence defined as above. Let m € N, f € C[0,1]
and x € [0,1]. Then we have

NS , 9 _ n—1\"
U] (fux)_Bl(fvx)‘SZ'WZ (f,\/95(1—913) (m) )

The genuine Bernstein-Durrmeyer operators

Substituting in the latter proposition A := 1, we arrive at

n?

Proposition 4.19 Let n,m € N, f € C[0,1] and = € [0,1]. The following inequal-

1ty holds
2 m
-w2<f;\/<1—n+1) -x(l—x)).

The latter pointwise estimate was earlier established by D. Kacso in her recent work

[30).

=)

U (fi2) = Bi(fiz)] <

Remark 4.20

(i) I. Gavrea and D. H. Mache [52] discussed a certain special case of the general
operators (4.1). Restricting ourselves to a special situation, their operators were

defined by
(4.12) An(fiz) =) (Z) 21— 2)"" - ana(f).

i=0
Here a,; : C[0,1] — R are positive linear functionals verifying a, ;e = 1 and
Api€1 = %, i = 0,...,n (the latter condition being our special situation). Hence

linear functions are reproduced so that Theorem 4.6 is applicable. We also note that
A, (f;0) = f(0) and A, (f;1) = f(1), which is true for every positive linear operator
reproducing linear functions. This implies that a,o(f) = f(0) and a,,(f) = f(1).
The special form of the fundamental functions implies that we can take u, = 2%1

to arrive - in a way analogous to Proposition 4.13 - at

|A;n(f;$)_Bl<f§x>|§Z'w2 f;l~\/(1— ! )m_ (1-(1—a)"—am)

2 gn—1
Note that both U} and U, have this particular form.
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(ii)) A further class of positive linear operators which generalize the Bernstein op-
erators was recently introduced by N. Vornicescu [155]. His operators use general
knots 0 = 29 < 71 < ... < x, = 1. More specific, his operator is defined by

T:C[0,1] — [ with
= Zf(ﬂfi)ui(fﬂ)

where = € [0,1] and w; are the set of polynomials described by

n—1
1
u(z) = (1—=x) [1— 1—@:102; €R
=1 v
(@) = ——% (1 - 2)gx), 1<i<n—1, and
u;(z =) x)q; (), i<n an

{q1(x),...,ga_1(x)} is a set of polynomials that must verify > ¢;(x) = 1, for all
i=1
€ [0,1]. In Lemma 2.1 from [155] it was proved among other that 7" reproduces

linear functions. Hence, the general results from Theorem 4.6 and Proposition 4.13
are in this case also applicable.

4.2.3 Applications II

Here we consider two types of operators to which the contraction principle is not
applicable. The Beta-type operators in the next subsection are not discretely defined
and the Schoenberg spline operators are such that u,, = 0, so that the contraction
argument fails in this case.

Beta operators of the second kind and there modifications

Here we discuss an example which is not covered by the ansatz of Section 4.1,
namely for the Beta operators of the second kind, see (3.2). It is easy to check
that all the conditions of Theorem 4.8 are verified. Thus we can set in this case

Ep 1= <1, n > 1. Due to Corollary 4.9 we arrive at:

n+1

Proposition 4.21 Let B, be a sequence of Beta operators of the second kind. Let
meN, feC0,1] and x € [0,1]. Then we have

(1= (1-25)")
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Analogous assertions are obtained for B,, as they have similar properties with B,:

Proposition 4.22 For the iterates of B, the following inequality holds:

CWo (f, \/x(l—x)m> )

where m € N, f € C[0,1] and x € [0, 1].

B (f;2) — Bi(f;2)] <

e ©

It is obvious that for o > 0 the convergence of the process is assured, when m — oo.

Composite Beta-type operator

=

In analogy with B, we obtain the following, by substituting ,, := 1— ( 1 <

+a)(1+N) =
1,n > 2 - see relation (3.12) - in Corollary 4.9:

Proposition 4.23 For m € N, f € C[0,1] and x € [0,1] the following estimate
holds:

a,A)m( r. i 9 ) 1 n—1\"
BV (f52) = Bufi2)] < - ws (f’\/x“_x)((ua)u“)' . ) )

CRY;

Remark 4.24 We shall not discuss further the rest of the particular cases of B
Information for the behavior of their over-iterates can be obtained from the above

inequality, by making the "right” substitution for the parameters o, A and n, see
Table 3.1.

Schoenberg spline operators on equidistant knots

The contraction principle, very efficient in many cases, is not applicable in the case
of Schoenberg splines, since one cannot find a contraction constant strictly less than
1. One motivation for this section is to propose a method that yields relevant results
also for the iterates of Schoenberg splines. So far, we succeeded for certain cases
with equidistant knots.

Consider in (2.3) the equidistance knot sequence A,, = {x;}"t*, 2 <k <n—1 with

Apx p=...=20=0< 21 <2< ...<Tp=...0p4p =1,

andxi:%forogign.
The following proposition provides a possible choice for &,,.

97



Proposition 4.25 For the second moments of the latter operators we have the lower
estimate

[ 2 1
mm{mﬂpka_U}~ﬂbﬂmSSM«m—xﬂx%2§k§n—1

Proof. The following lower bound of the second moments was given in [18] (see
also [15]). For 2 < k <n — 1 one has

Spx((er —z)% 1) o min {2z(1 — z), o min {27 k. x(ll_x)}
c(1—z) — " plk-Dz(l—2) =

WhefeCkZ%Zl—loforkZSand@:%lzé.

We consider now two cases:
First case. For 2k > n and 2 < k < n — 1 we have min {2, % p— } = 2. Thus,

Spr((er — )% ) - 1

for n < 2k.
z(l —x) ~ 2ln(k—1)
Second case. If n > 2k, then min{2, % . ﬁ} > %. We have W >
Cp - % . ﬁ This estimate can be carried out further, since % > 1 and ¢, > ﬁ.

We arrive at

2.
Sni((er —x)% ) > 2 for n > 2k. [
z(1 —x) 21n?

Remark 4.26 The above proposition implies one possible value of

2 1
nk — i > < 1,
Ene = TR { 212 21n(k — 1) }

with 2 < k <n — 1. One can observe that for k = 1 condition (4.5) is not verified,
because the second moment of the piecewise linear operator has zeros in the interior
of the interval (e.g., see A. Lupas [96]). It is also clear that S}, f = S, 1 f, m > 1.

Now we can easily derive a convergence result for the iterates of the Schoenberg
spline operator.

Proposition 4.27 For S, ;, 2 <k <n —1, defined as above we have

S0 = Bu(fi)] < e (f; un —o) (1= min{ 2 e 1>})m) .

Remark 4.28 For 2 < k < n — 1 fixed we have lim (1 —¢,,)™ = 0. Thus
lim S7% f = Bif. An analogous convergence result also holds for more general

m—00

knot sequences, as shown by H. J. Wenz in [158]. Due to the lack of a suitable

lower bound for more general second moments we have not yet been able to give
quantitative results in this general case.
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4.3 Via the eigenstructure

We propose now a method to study the behavior of the over-iterates of those op-
erators for which neither the contraction principle, nor the quantitative method is
applicable. More exactly this means the operators in question do not have at least
one of the following two properties:

A) reproducing linear functions,
B) interpolating the function in 0 and 1,

but they have the property of reproducing constant functions. However, no A)
means that the quantitative method fails and lack of B) makes it hard to achieve
global results, i.e., for every = € [0, 1], via the contraction principle, see for example
[131].

The method uses the unique representation of a polynomial operator w.r.t. the basis
of its eigenpolynomials, and in our case, the fact that the corresponding eigenvalues
are strictly less than 1. In the frame briefly described the following operators fit:
some general Stancu operators, the classical and the generalized Durrmeyer oper-
ators and also the Kantorovich operators. The same approach one can find in the
recent paper of Sh. Cooper & Sh. Waldron [32] for the iterates of Bernstein oper-
ators and also in the paper of S. Ostrovska [109] where, among others, the iterates
of ¢-Bernstein operators are investigated. The reader is also directed to [72].

4.3.1 Bernstein-Stancu operators

First we consider the "less general” S<0%7> with 0 < 8 < v defined at (3.10). Most
of the results presented here will be be reused for the more general case o > 0 in
the following subsection.
First we recall that G. Calugareanu determined in [27] the eigenvalues of the Bern-
stein operator as follows:

Proposition 4.29 The Bernstein operator B, has n + 1 eigenvalues, all of them
lie in the interval (0,1] and have the following form

_(n); . _
(4.13) Vng =" 50 = 1,...,n,

and vno = 1. Equivalently it means that the leading coefficient of the n-th degree
polynomial Bye; is equal to vy, j, i.e., Bpe; = vy, je;+P, j_1 where P, j_1 € Hj—p 7=
1,...,n.
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Remark 4.30 An exhaustive research on the eigenstructure of the Bernstein oper-
ator was done in [32]. There, for example, we find that the (monic) eigenpolynomial
for v, ; is a polynomial b, ; of degree j given by

bpj(7) = 27 — 271 | lower order terms.

The rest of the coefficients are described in [32] via a recurrence relation that involves
the Stirling numbers of the second kind.

Now we can prove the following

Proposition 4.31 The eigenvalues of S0P are A\, o =1 and

(n);

Mj=—"—,7=1,...,n.
RO T
The corresponding (normalized) eigenpolynomials are q¢,o = eg and ¢,,; = e; +
aif;-flej_l +...+ aff})eo, j=1,...,n, with uniquely determined coefficients.

Proof. Obviously S5%%7>¢q = eg, i.e. Ao = 1. Furthermore, we want to prove
that there exists ¢, ; € []; such that

(4.14) S0P g s = Apj gy =1,
Denoting v := = and v := % and using the identity (3.10) we arrive at

B,.(qn,j © (uer +veg)) = A j - gnj- This can be extended as follows:

By[(uey +wveg)! + ,(f;;,l(uel +veg)l TH 4L+ ag)l (uey + veg) + a%eo]
()

a
= A\, (ej+ ag}_lej,l +...+ anj;lel + a%eo).
As a consequence of Proposition 4.29 and the fact that B, ([[.) € [[;, i =0,...,n,
(is degree reducing ) we get the equation

ujun,jej + cﬁi}_lej,l +...+ cff;)lel + cg)oeo

g;_l[uj’lyw,lej,l + cg;_l%ej,g +...+ cgf;o_l)eo]
+ ...+ aff;)l[uel + veg| + ag%eo

+ a

= )\n,jej + a%_l)\n,jej,l + ...+ afhi)l)\n,jel + Clg}))\n’jEO
Now we have to identify the coefficients in front of the monomials e;, + =0, ..., 7.
First of all w/ Unj = An,; Must be satisfied and thus we arrive at:
() (n);

Ao = RNLIE i=1,....n,
ST ) e (aty? !
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which are the eigenvalues of the operator S=%#7>. In analogy to the Bernstein
operator we observe that each two of them are distinct and that all are (strictly)
less than 1 except A, .

Equating now the coefficients in front of the lower degree monomials we ob?%in the
j

following linear (triangular) system (with n equations and n unknowns a,;, i =

1,...,5—1):

0, (Mg = Angor) =
) ‘ -
aff,} Q(An,j - )‘mjf?) = ij,?j—Q + afzjz—l ) Cff,j_)
aii%()\n,j — o) = cff})—l—agz.fl -cfj;o_l) —I—...+a£f;)1 .

Its determinant is (A, ; — Anj—1)(Anj — Anj—2) - .. (Anj — Anpo) # 0, and hence there
exists a unique (monic) eigenpolynomial ¢, ;, 1 < j < n corresponding to the
eigenvalue A, ;. 0
Now we can state the following result regarding the powers of the operator S;=0#7>.

Theorem 4.32 Ifn € N is fized, then for all f € C[0,1], z € [0,1]

(4.15) lim [SSOP>1™(f; x) = boeo(x),

m—00

where by = bo(f) is a conver combination of the values of the function f that appear
i the operator’s definition, namely

N, (It5
(4.16) by = ]Z;djf <n+7) .

Proof. If f € C[0,1], then S5%%7>f € T],. Moreover, due to the fact that the
eigenpolynomials {¢,0,Gn1,---,qnn} form a basis in ], we can write S 07> f =
boGn,o + b1gn1 + ... + bngnn. It follows that

m m—1 m—1
SO = IS0 S0 ) = (85097 (g + s+ D)
= bO)\nm:al%i,O + b1>\:1YfI1Qn,1 Tt bnAZf;l(bL,n

Passing to the limit we get lim [S0%7>]" f = byey, because A, ; € (0,1) for j =

m
1,...,n.
n .
Since S0P f =N p, i f (%) we assume and we will prove that by has the form
=0

n—+vy

bo= > d;f (M) with suitable d; € R, the same for all f.
7=0
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In order to simplify the notation we put a; := %, 0 <j <n, and we write

SBNf =" d;f(aj)eo. Under these assumptions, taking f := ey and recalling that
j=0
Sjoﬁ’weo = ¢y we also get SPVey = e, which, in combination with the positivity
of S implies
dj >0and dy+ ... +d, = 1.

Further we shall prove the existence of such coefficients that satisfy these conditions.
Since lim [S0%7>])" f = 807 f and lim [S9%7>)" f = lim [S;Oﬂ’w]m_l(&foﬂ’wf) =

SEN(S<0B7> £} we have SW@) (808> f) = SBN f - f € C[0,1]. Carrying out the
computation we arrive at

5(677)(S§0ﬁﬁ>f) — (Zd S<0ﬁv>f ) (Zd me a;)f ) €
= (Z (Zdjpn,i(aj)) f(az)> €o, and

i=0 \j=0
SONf = (idﬁ(aﬂ)e
i=0

As a result we obtain the linear system

(4.17) > pnilej)d; =di, i=0,1,...,n

J=0

Consider the matrix

Pn,o(ao) pn,1<a0) . Pn,n(ao)
T.— pn,0<a1) Pn,l(%) cee pn,n(al)
pn,0<an) pn,l(an) s pn,n(an)

The system of equations (4.17) can be rewritten as

(4.18) | | =

The matrix T is stochastic, i.e., has non-negative elements and the sum on each row
is 1. Consider now the following three cases:

(i) If 0 < B < 7, then all the elements of T" are strictly positive and the system
(4.18) has exactly one positive solution which also satisfies dy + ...+ d,, = 1. This
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is a fact known from the Theory of Markov Chains, for more more information on
this issue see [85], Theorem 4.1.6.
(ii) If 5 =0 (4.18) becomes

1 pn,0<a1) v pn,O(an> dO dO
(419> 0 pn,l(al) CRC pn,l(an> . _ ,

. 0 0

0 pn,n(al) s pn,n(a'n)
where all the elements on the columns 1, 2, ..., n are strictly positive. It is easy to see
that this system has exactly one solution which fulfills d; > 0 and dy+ ...+ d,, = 1,
namely dy = 1 and d; = ... = d,, = 0. In this case S®V f = f(0)eo, f € C[0,1].
(iii) If 8 =~ we find in a similar manner that S f = f(1)ey, f € C[0,1]. O

Example 4.33 Ifn =1 (4.18) can be written as

14— —
) (5)-(2)
e we dy dy

This leads to dg = 1 — g and dy = g Thus

0BT _ BN B\ B, (140
i 5 f_Kl_’y)f<1+’y)+vf(1+v)]eo'

4.3.2 General Stancu operators
In analogy to Proposition 4.31 we can formulate the following for the general S=%#7>:

Proposition 4.34 The eigenvalues of S*P7> are Xy =1 and

o _ (n) .
Anj = (+ ) " {Gal’ 1=1...,n.

The corresponding (normalized) eigenpolynomials are ¢y, ;(z) = q(x)%—A%flej_l(x)—i—

oo+ Ag’%eo(x), j=0,...,n, with uniquely determined coefficients.

Proof. Due to S5%P7>¢y = 1 ¢y we have Ano = land g,0 = €. Like in the
previous case we want to prove that there exist g, ; € [] y such that

S (g a) = Ao - ng(x), j=1,...,nand z € [0,1].

Using the integral representation (3.9) we can write

1 L, e
— / ta b (1— t)lT_an[qw- o (uey + veg); t]dt = )\zjqn,j(az),
BEE |

’ o«

QI8
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n

e and v =

where u = .
n+-y

This can be expanded into

1 /1 z_q -z _ 4
— 1 [t (=)
B(3.55) Jo
Bu[(uey + veg) + Affg_l
Ai,]

(4.20)

(e5(x) + A} _1eja () +

which is equivalent to

(4.21) !

a’ «

[Ujl/mj@j (t) + Bf«f; 16— 1(t) +.

_|_
_|_

(ue; +vep) ™' +

...+A7(f;)1€

1
— . s —y !
B(z 1—_2) /0 ( )

A(]) (ujfll/n,j,lej,l( ) + B(jj 2€5— Q(t) —+ ...

S+ Agf;)l(uel + veg) + A%eo; t]dt
(@) + Ageo(2)),

(t)

+ BY Ve (t))

.+ B(]%61 (t) + Bq(j’())Go

4+ AV (uel(t) +veg(t)) + An,oeo(t)]dt
= Az:j (e <>+An] (@) 4.+ Ae

In order to determine the eigenvalues A%
coefficients in front of e; and get the values

(z) + AY%eo(2)).

; We equate in the above equation the

o — Ji, . 1
Mg = U T D)1 a s D2 a ). (e G =D+ D)
_ nn—1)...(n—j+1) 1 '
(n+7) (a-0+1)(1-a+1)2-a+1)...(a-(j—1)+1)

All of them are distinct and strictly less than 1
employed the recurrence formula

11—z Z+7-1

z4j—2

(except A ). In computing A ; we

11—z

(0%

B( + 7,

):

Lij-1

and the fact that S=%7> maps polynomials of degree i =

mials of degree i (is degree reducing).
We equate the coefficients in front of e;, i = 0,.

é-f-j—Q”

(07

)

,n into polyno-

X
o x
0,1,...

..,j —1in (4.20) and we obtain a

triangular system with the unknowns Aﬁf st=1,...,7—1
Ag] 1()\2 - )‘%] 1) = BS; 1
el el ] p(—1
ASJ 2()\71 - An; 2) = Ba(m,jf2 + Ag,;fl : szj,jf%
AT =) = BY + AV BYTY w4 AY) .



Its determinant is (Ag,j — Anjo1

)Xoy = A%

mica) - (An; — Ang) # 0. The implica-
tion is similar to the one in the previous subsection: there exists a unique (monic)
eigenpolynomial g, ; of degree j, 1 < j < n with the eigenvalue A7} ;. Thus we have
proved that Si*%7> (g ;; ) = A% - gnj(2). And this is valid on the whole compact

interval [0, 1], due to the continuity of S=*#7>¢,, .. O

About the over-iterates of S=*#7> we can assert the following generalization of
Theorem 4.32

Theorem 4.35 Ifn € N is fized, then for all f € C[0,1], z € [0, 1]

(4.22) lim [S2997]" (f1) = beo (),

m—00

where b = by (f) is a convex combination of the function f values that appears in
the operator’s definition,

o N~ gag(ItD
(4.23) b= dsf (n+7) .

J=0

Proof. In proving this statement we will use the same "trick” as in the previous
subsection. We can write

o m o m—1 o
S50 (i) = (55000 (S50 ()
= [SEPT T (0 g + bt + A D G T)
= b5 (A o)" ano(@) + 0T (A )™ g (@) + o+ 0 (A" G (),

forany f € C[0,1] and x € [0,1]. Letting m — oo we obtain lim [S=*#7>]"(f;x) =
b - eo(x). Here we used (again) the representation of the polynomial S =*#7> € ],

with respect to the basis of the eigenpolynomials {g, 0, ¢n1;---,qnn}. Further we
put @87 f .= bdey and we will assume and prove that

0 = dgf(ao) +di far) + ... + d f(an),

2=
presented in th+eV proof of Theorem 4.32. In order to reduce redundancy we shall
point out only the important steps.

ScaBr>ey = eg leads to S ey = ey, i.c., di > 0and df +...+d;; = 1. Using the
fact that S(@87)(S<afr> f) = S(@B7) f holds, we get a system of equations similar
to (4.17), namely

where a; = 0,...n. To justify this we can rely on many arguments

(4.24) > wl(ay)dd = d, i=0,1,...n.
=0
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The equivalent matrix form is

dgy dyy
dyy dyy

where T is stochastic and has the form T = (wffi) (@;))ij=o0....n-

(i) If 0 < B < =, then all the elements of T" are strictly positive and the system
has exactly one positive solution which also satisfies df + ...+ d = 1. For more
information about stochastic matrix see [85].

(ii)—(iii) The cases 8 = 0 or § =  can be approached in a similar way as in the
preceding proof. For = 0 we get S0 (f:2) = f(0)eo(x), € [0,1] and for the
last one S©@AA)(f:x) = f(1)eo(z), = € [0, 1]. O

Remark 4.36 For the sake of completeness let us give a brief explanation, why all
coefficients d} in (4.23) (respectively the ones in (4.16) for a = 0) are the same for all

functions f. Consider the two bases, that of eigenpolynomials {gno,...,qnn}, and
that of fundamental Stancu polynomials {wffg, . ,w,(f%} of [],,, see its definition at

.....

and is defined by
Wpg = 000 Gno+ - 00 Gun

@)

wn,n - QO,n *qn,0 +... .+ en,n *Gn,n-
Then the coordinates of S=%7> f with respect to the two bases are related by
bg 0070 R 90,71 f(ao)

bg 971,0 en,n f(an)

Thus dj = 6o p,...,d; = 0y, and they are independent of f. Thus we have discov-
ered this second possibility to determine (algebraically) dg, ..., d" by decomposing
wy, ; with respect to the basis {@nos - Qun}-

4.3.3 Kantorovich operators

In 1930 L. V. Kantorovich introduced in [84] an operator closely related to the
Bernstein operator. It satisfies K,,(Df) = D(B, 1 f) for any f € C'[0,1]. We recall
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their explicit representation. The Kantorovich operators K,, with n € N, map any
function f € L'[0,1] into C[0, 1] and they are defined by

Kolfia) = (4 1) Y pas(o) [ F(00
k=0 ,

n+1

where p,; are the fundamental Bernstein polynomials.
From the spectral properties of the Bernstein operator one can easily derive the
spectral properties of the Kantorovich operator.

Corollary 4.37 (see [32, p. 158]) The eigenvalues of K,, are

n! 1

Mi = G a1y

, 1=0,1...,n,
and the corresponding eigenpolynomials q, ; of degree j are described by

Gn,j = Dbnyi i1,

where b1 j41 are the eigenpolynomials (of degree j + 1) of the Bernstein operator
B, 11, see Remark 4.30.

Moreover, it can be shown that for every f an integrable function on [0,1] the ap-
proximant K, f can be decomposed as follows:

n
an = E >\n,j *Unj “Qn,j,
j=0

where vy, g = fol f(t)dt.
Now we can investigate the behavior of the over-iterates of the Kantorovich operator:

Theorem 4.38 If n € N is fized, then for all f integrable on [0,1] and x € [0, 1]
we have

(4.26) lim K™(f;z) = ( /0 1 f(t)dt) eo(z).

m—00

Proof. From the last Corollary we deduce that
K f = ()™ Unj - G-
§=0

The eigenvalues are distinct and 0 < A, ; < 1, 5 = 1,...n, only A\, = 1. Thus
letting m — oo it is implied that lim K™(f;z) = (fol f(t)dt) eo(w). O
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4.3.4 Durrmeyer operators

In his thesis in 1967 J. L. Durrmeyer [40] introduced on L?[0, 1] a modification of
the Bernstein operator which has some remarkable properties (e.g., is self-adjoint
and commutative).

For f an integrable function on [0, 1] the Durrmeyer operators are defined by

n

1

Da(fi) = (4 1) Y pas(o) [ pas() )t
k=0 0

where p,; are the fundamental Bernstein polynomials.

Due to their interesting properties they were intensively studied by many authors.

Therefore we shall cite here only a small subset of all the mathematicians and their

works: A. Lupag [95], M. M. Derrienic ([36], [37]), Z. Ditzian & K. Ivanov [39].

Compare the following result with Theorem 4.38.

Theorem 4.39 Ifn € N is fized, then for all f integrable on [0,1] and x € [0, 1]
we have

(4.27) lim D™(f;z) = ( /0 1 f(t)dt) eo(z).

m—0o0

Proof. The answer comes easily because the eigenvalues and the eigenpolynomi-
als are well known for these operators (see M.M. Derrienic [37]). Due to the fact
that constant functions are reproduced we have A,y = 1 and the other values are

n+1)n! . . . . .
Anj = %, j =1,...n. It is obvious that A,; € (0,1) for 7 > 1. Their

eigenpolynomials are exactly the Legendre polynomials normalized in L?[0, 1]:

V2741 J . ,
PéO,O)(x) — @0(;(;) and PJ.(O’O)(;U) — —‘;‘+ . %(xj<1 — LC)]), ] = 1, Lo,n, T E [O, 1]

Furthermore, they admit the following representation (diagonal form) for any f
integrable on [0, 1]:

(4.28) D.f = zn: A </1 f(t)Pj(o,o) (t)dt) PJ(O,O).
7=0 0

Thus we can write

n

Di'f = D?‘1<an>=Dx—l<ZAn,j'(/olf&)a-‘o‘”(t)dt) P)

j=0
= f(xn,ﬁm : ( / f()POO <t>dt) P,
j=0

Letting m — oo and recalling that 0 < A\,; < 1, 7 > 1, we get n}Ll—{noo D'(f;x) =
<f01 f(t)PéO’O) (t)dt) PO(O’O)(:U). But Péo’o) = ep, and so we get the desired result. O
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4.3.5 Durrmeyer operators with Jacobi weights

The Durrmeyer operators were generalized in the following way:
Let w®#(z) =2%(1 —2)% «,8 > —1, be the Jacobi weight on the interval (0, 1)
and let L' ,(0,1) be the space of Lebesgue-measurable functions f on (0, 1),

1
such that the norm || f|| @0 := \/f f2(x)w@P) (z)dx is finite.

The operators DY : L! s (0,1) — C[0,1] defined by

1

J Pra(t)f ()@ (t)dt

(4.29) DA (f:x) = Zn:pkn(a:) 0 - ,
k=0

| P ()P (t)dt
0

where p,j is the Bernstein basis, are the generalized Durrmeyer operators w.r.t.
the Jacobi weight w®?),

Due to the fact that for any f € C|0, 1],D,({l’ﬁ ) f can be represented as a linear
combination of Jacobi polynomials they are also called Bernstein-Jacobi operators.
If we take a = 3 = 0 we obtain the "classical” Durrmeyer operators, from whom
these generalized operators inherit many of their properties, e.g., are self-adjoint and
commute with each other. But more interesting results can be found in the literature,
here we mention some authors: P. Sablonniére [133] (an unpublished report), R.
Paltanea ([110], [113]) and H. Berens & Xu (][9], [10]). The limit case o, f — —17
provides hm D (fiz) = U,(f: ), for any fixed f € C[0,1], z € [0,1], see

B——1t

[113]. The over-iterates of U,’s were already studied in Subsection 4.2.2.
In this case Theorem 4.39 can be reformulated as follows

Theorem 4.40 If n € N is fized, then for all f integrable on [0,1] and x € [0, 1]
we have

1
(4.30) hm[Dfmf%ﬁx%=(/‘ﬂﬂ~wu—wﬁﬁ)%u»
m—0o0 0
Proof. In [110] and also [133] it was proved that for any f € C[0,1], = € [0, 1] we
have .
DT(La,ﬁ)f — Z )\’EL (/ f (ay B)ta - t)ﬁdt> . Pj(aﬁ)’

=0

where

(o T+ D+ Atnt2)
F'n—j+ 1)l a+8+n+7+2)

<Jj<=n,

and Pj(a’ﬁ ) are the Jacobi polynomials of degree j with respect to the weight function
t*(1—1t)%, te[0,1].
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Using this representation we arrive at

m—1

(D" f = (Dl (D(“"”f)

= [Dga,ﬁ)]mfl (i)\g’ / Ft) £ )ﬁdt)p ﬂ))
= ( / F P (1 —t)%) P,

Jj=

It is easy to check that A% ’ﬂ) = 1 (whence Péa”g) = eg) and )\%’-ﬂ) <l,j=1,...n
for a, 8 > —1. Usmg these facts and letting m — oo we get the desired result:
Tim (DS = (3 ) 121 = )t eo. 0
Remark 4.41 In conclusion, the over-iterates of the operators taken into consider-
ation in this section tend toward a constant function.

This method involving the eigenstructure of the considered operator, can be suc-
cessfully applied also to other classes of operators, and - what is also important-
not only for over-iteration, but also for iteration in general. For more information
concerning this the reader is directed to [32] and [109].
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Chapter 5

A new form of Peano’s theorem
and applications to positive linear
operators

5.1 About the Peano form

In Marsden’s article [100] a certain function s is introduced which arises from Peano’s
form of the Taylor remainder for univariate functions which are n-times continuously
differentiable. In both old books (see, e.g., [47, p. 230] or [88, p. 489]) and new
books (cf. [114, p. 84]) this remainder is given using "little 0” Landau notation.
This unfortunate abbreviation always appears at the end of the story, since hardly
any further serious considerations can be based on a little-o-statement unless further
information is given concerning "0”.

Further we recall Theorem 1.6.6 from Davis’” book [34] where the remainder term is
attributed to Young.

Theorem 5.1 Let f(x) be n times differentiable at x = xo. Then

1
(n—1)!

f(@) = f(zo) + fl(xo)(w—m0)+...+ FO (o) (2 — o)™

5.0 b BB ) 4 cfa)

where lim e(x) = 0.

T—T0

From the latter relation the ”0” notation is derived, but also Young’s form does not
exhibit the relation between ¢ and f.

It is thus the aim of this section to estimate the Peano remainder in a different form
by relating it appropriately to the expanded function. This will be done using the
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modulus of continuity of the n-th derivative f(™ of the function f and the least
concave majorant of the modulus. Details will be given below, but the interested
reader is also directed to [70] or to [71].

By using the direct approach we can prove

Theorem 5.2 Forn € Ny let f € C"[a,b] and x,xy € [a,b]. Then for the remainder
i Taylor’s formula we have

|z — xo|"

R, (f; w0, 7)| < w1 (f™; |z — 2ol; [a, b]).

n!

Proof. For a function f € C"[a,b], the space of n-times continuously differentiable
functions, the remainder in Taylor’s formula is given by (z¢,x € [a,b],n € N)

Ralfimo,2) = f(@) = 37 2 O a) - (& — )

Hence, for n > 1,

Rl 0,) = s (Fr00,2) = 20 (a0) - (2 — )"

The remainder R,,_1(f; o, x) figuring here can be represented in its Lagrange form
as

n

Fo (&) - % with &, between z and x.

We will denote the closed interval with endpoints x and xy by < x,xq > . So

[z, x0], if x < zp;
& E< Ty >=
[zg,x], i 1z <.
We can thus write
r — x9)"
Ru(fra0,2) = I e ) 00,
or .
|Ro(fimo, )] < EEl FO(&) — F) ()|
< BBl G(fms e, — ol < @m0 >)
< ‘x_n;'o‘n cw(fMs o — wol; < @, w0 >)
< ol (£ o — o [a, B)).

Since f(™ is continuous on [a, b] we have w(f™;|z — z¢l; [a,b]) = o(1) for z — (.
So the above are our first more precise versions of the Taylor remainder in Peano’s
form. O
An even more precise form will be given in the next theorem via a K-functional.
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Theorem 5.3 Forn € Ny let f € C"[a,b] and z,xq € [a,b]. Then for the remainder
i Taylor’s formula we have

|z — xo|" |z — x|

|R(f; 20, 7)| < a(fm; 1)

n!
where &(f™;-) is the least concave majorant of the modulus of w(f™;-), see (1.7).
Proof. Consider f € C"[a, b] first. First (see the latter theorem) we have

el (f(” |z = ol; [a, ])
2.l ;j“‘ 1 oo

| Rn(f; %0, @)l

<
<

Moreover, for g € C™"*1[a, b] we get - using the Lagrange form of the remainder again
- that

x—xo|" 1 n
’Rn<g7x07:c)| = % ‘g +1)( )|7 9% e< T, Ty >,
< le—w"t I n+1)”
> Tt g 00

Keeping f fixed and letting g be arbitrary in C"[a, b] we have

|Ry(f; 2o, )| |Ru(f — g+ g5 20, 7)]
|Rn(f — g; 70, 2)| + |Rn(g; 70, )|

2-|lx—zo|™ n T—X n
2letol f(f = ) oo + 8L+ [l gD oo}

IA

IN

Passing to the infimum over g € C""'[a, b] gives

n!

[Ro(fi20, )] < 2ol i (00, Sk Cla, 0], € a, )
— |x—7§0|n ) (f(n)’ \3;;3010|> . O

Example 5.4 The latter estimate is best possible in the sense that, e.q., for the
function e,y : [—1,1] 3 x — 2" equality occurs for xg = 0. Indeed, for e, we
have R, (eny1;0,2) = 2", and

x—0|™ ~ n x—0 x|™ x
B0 H(el; 220y = B G ((n 4 1)tey; 2
= B D

= |x|”+1, and thus

|Ry(ens1;0, )| = (e ). O
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We use Korneichuk’s observation [89] to relate the inequality of the latter theorem
to that included in Theorem 5.2. We have

N (n)‘|a:—$0| < 1

) w(fs |z — o),

so the inequality in terms of w(f™;-) which we derive via &(f™);-) is slightly worse
than what is obtained using the "direct approach”.
We shall further compare the two approaches by means of two well chosen examples:

Example 5.5 The example f = e, 1 from above also shows that the K -functional
approach can be better than the direct one. Indeed,

w(el ;e — 0 [=1,1]) = w((n + Dley; |z, [-1,1]) = (n + 1)!]],

leading to the upper bound
|[Ralent1;0,2)| < (n+1) - 2",

which for x # 0 is larger than |x|"*! = % -J)(esﬁzl; n%) O

Example 5.6 Here we give an example of a function f for which

|z — x0]

n). | < o £(n).
C(J(f 7‘:U onD _W(f 3 n+1

).

This will show that in certain cases the direct approach can lead to a result at least as
good as the second one via the K-functional. For this purpose consider the (abstract)
moduli of continuity Q and Q constructed in Example 1.19. Suppose further that for
z,xg € [0,1] we have |v — xo| = €. Furthermore, let f € C™[0,1] be such that
f™(t) = Q(t). Then

€ (n). |z — x0]

w(f™; |z = xo]) = w((-);€) = Qe) = N )= ol n+1

),

which confirms our claim. 0

5.2 Voronovskaja’s theorem revisited

The result of Voronovskaja for the Bernstein operators is well-known, was first
proved in [156] and is given in the book of DeVore and Lorentz [38, p. 307] as
follows.
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Theorem 5.7 If f is bounded on [0,1], differentiable in some neighborhood of x
and has a second derivative f"(x) for some x € [0, 1], then

lim - [Ba(f,2) — 1) = “2 i)

n—oo 2

If f € C?0,1], the convergence is uniform.

In the following we will describe the degree of this uniform convergence:

Theorem 5.8 Let L : C[0,1] — CI0,1] be a positive linear operator such that
Le; =e; fori=0,1. If f € C*0,1] and x € [0,1], then

L(fi2) ~ f(x) = - (@) L{(er — )2 )
L((er — 2% 2) - o7, 5[ W)

Proof. For a linear operator L : C[0,1] — C[0,1], f € C™[0,1] and = € [0,1] we
write

<

N =

L(f;x) — f(z) = L(f(t);z) — f(x)

= L(E AIOG) - (- o))+

L(f = f - f9w) - (= 2)') — f()
= f(@)[Lley;z) — 1] + z L0 (2) - L((er — 2)*; 2)+
L(f - z LF®) () (ey — x)¥;x)

k=1

= L(f = 3 AP - 2)'s2)

= (9" () a),
where .

EZ Dty = (1) = 1 F @) - 1 )"
k=0
As we know from Theorem 5.3,
oy < L= g g, Lty



where @(f™; %) =o(l)ift — z.

If L reproduces polynomials up to degree n — 1 the above equality leads to
IL(f;2) — f(z) — & - f™(x) - L((ey — )" x)|
= |L(lazt -Mx(-);fv)l
Moreover, if L is a positive operator and n = 2 we are led to the inequality
IL(f;x) = f(z) — 5 - f"(x) - L((e1 — x)% )]
SL&S”-WAMJ>
< L(@g . p(fr; sty ).

For the last expression we will now derive a more convenient upper bound.
For g € C?[0,1] arbitrary we write

L(%f B(f"; 52); )
L{{er = 2)* - K(f"; 1252, C[0, 11, €0, 1)); )
(<e1 =02 {0 = )l + 952 Nlg" o s )
Li(er = 2)%52) - 10 = 9)lle + & - Ller = 2P52) - 19"
L((er - a)%2) - {I(f - g)"||oo+— Ht gl }
Passing back to the inf over g € C3[0,1] yields

L s gt a)

1, f"iL(lei—zfsz). ~0 1
6 L((el 1:17)2 C C )
w(f"

L(ler—z|*;z ))
" L{(er—) %)/

Writing L(le; — z3;2) = L((ey — x)? - |e; — x|,x) and using the Cauchy-Schwarz
inequality for positive linear functionals shows that

L(ley — z*;2) < /L((er — 2)% 2) - /L ((e1 — )% ).

Hence - due to the monotonicity of @(f”,-) - we arrive at the desired statement. [

Remark 5.9 In the recent paper [62, Theorem 3.2] we find an estimate that gen-
eralizes this inequality, namely for ¢ € Ny and f € C?]0, 1] the following inequality
holds:

(") (g L(le1—z|%;x ~ . L(le;—z|9 1z
L(fiz) = 3 Lller — aria) - 52| < Megelte) g (0, Ly Yooty

q=2 produces the inequality in the proof of Theorem 5.8. Other interesting cases

are discussed in [62].
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5.2.1 Application to some positive linear operators

Applications of our refined Voronovskaja-type theorem are given here for the classi-

cal Bernstein operators, for some selected special cases of the composite Beta-type
() s

operator B, and also for the piecewise linear operator S, ;.

Proposition 5.10 For the Bernstein operators B,,,n > 1, we have

- [B(fia) = f@)] = 5 @) (1 =) < 2o o

2
Proof. For the 4th moments one has the representation (see [150, Lemma 6.24])

).

(5.2)  Bu((e1 —2)h2) = %[37123:2(1 — )2 +n{z(l —2) — 62*(1 — 2)?}];

for the second ones there holds

1
(5.3) Bul(er — o)) = S
n
And so
B.((ey —x)42) 3 1 1
=—z(l— —(1—6z(1— < = f > 1.
B,((e; — )% x) nm( *)+ n2( r(l—-2) < n orn =
This shows that
1 x(1—2), z(l—x) _ 1
B, (f: . L . < . "
Bulfix) = f(@) — 5 - f'(@)- P < T ),
and multiplying both sides by n gives the claimed inequality. 0

Remark 5.11 We recall that the inequality of Proposition 5.10 was achieved by
considering the term 4 / % which replaced the smaller expression %
(see the proof preceeding Theorem 5.8). The numerator of the latter ratio can be
estimated as follows close to the endpoints 0 and 1: Let 0 < x < % Then

|2 — ] puy(2)

i

B.(lex — z)*;2) =
0

J

=3 “Pno(z) + Do (% — x)g * Pnj(@)

pg= 107

3~

J
=22 puo(z) +

(£ —2)° - pnj(x)

n
0

[
Il

= 20%- (1 - 2)" + By((e2 — 2)%; )
=2x3-(1—x)”+w

= 20 9n22(1 — 2)" ! 4 1 — 24]

n

<Wforn21.
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The same inequality is true for z € [1 — £, 1]. For z € [0, 2] U [1 — 1 1] this yields

By(ley — z]*; 2) . _
B,((e1 — )% x) = n? r(l—x)

3z(l —x) n 3
n

and hence we arrive at

IN
8
=
T
8
N3
&
—~
~
3
_
W
3
—~
o
o
I
8
W
8
2
S~—

IN
by
|
2
&
Y
3|~
S~—

So close to 0 and 1 an estimate better than the global one in Proposition 5.10 is
available. O

There is room for an even better global estimate as it was shown in [62, Theorem
5.1]:

Proposition 5.12 For f € C[0,1], = € [0,1] and n € N one has

”Wdﬁ@—fmﬂ—ﬂilﬂ-ﬂfSﬂLlﬂ-@<ﬂ' 1+£Q:@>_

2 2 "V on2 n

In the context of this subsection it is maybe interesting to collect some information
regarding absolute (odd) moments of Bernstein operators, especially for the third
absolute moments.

Remark 5.13 (see [38, p. 304]) For r = 0,1,... one has, uniformly in z,
2r+1 1
Bu(ler — P ) =0 (=), n— oo
n'f’

Remark 5.14 For the Bernstein operators the first absolute moments can be writ-
ten in the form

By(ler — xf;x) = %(n —7) (Z) 21— )"

where 7 := [nz]| denotes the largest integer not exceeding nx. This was proved by
Schurer & Steutel in [138]; for details of the computations see [104, p. 12-20].

Remark 5.15 For the third absolute moments B,(|e; — z|*;x) no explicit repre-
sentation analogous to the one for B, (|e; — z|; z) is known to us. All we know from
Remark 5.13 is that there is a null sequence (g,,) such that

1
sup Bn(’€1—$’3,$> <én-—, n €N
xz€[0,1] n
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It is thus desirable to have a pointwise inequality of the form

1
B, (ler — x|3;x) <eéeup(zr)-—, neN,
n

in which e,(x) <&, for x € [0, 1].
A first step into this direction can be obtained via the Cauchy-Schwarz inequality:

Proposition 5.16 For the third absolute moments of the Bernstein operators the
following pointwise estimate holds:

Bu(ley — z* ) < M : <3:U(1 — )+

nz

1—61:(1—1:))5’

n

z € [0, 1].

Proof. Using the right hand side of Example 1.13 (ii) we arrive at:
Buller—2f52) < Baller — 2)%52)} - Bal(er — 1))}

D=

_ x(l;w) . <33§'(1 . iL‘) + 1—6w7(11—x)) —. A,

n2

which is a better approach as using (i) from Example 1.13. Indeed, we have

By(ley —al*;z) < Bu((er —a)ha)

NI

=: B.

>

_ (z(l—;v)) . (333(1 _ .’17) + 1—62:7(11—50))

n2

Dividing A by B gives

4 = (@l1- )i @a(1 - x) + o=y

1=

4
- (390(1_;&%) <1lforallzel0,1]. O

Remark 5.17 For - <z <1-1 n > 2 we obtain 3x(1—x)+%(l_z) <Adz(l-x).
Clearly, this inequality is not true if x € [O, %) U (1 — %, 1].
At least for z € [1,1— 1] we have

z(1—2)]%?
—(1 )} =2-B,((e —x)2;$)3/2. U

B, —ztr)<2-
(s = afsz) < 2 [ 22

It is thus legitimate to conjecture that there is an absolute constant ¢ such that for
all z € [0, 1] one has

B(ley — z*;2) < ¢ By((en — )% 2)%2,

However, this conjecture is wrong. Even more will be shown in the following.
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Example 5.18 Let n > 1 be fixed. For any o > 2 there is no absolute constant c
such that
B(ley — z’;2) < ¢ Bu((er — )% 2)% for all z € [0, 1].

Observe that for a = 2 the inequality with ¢ = 1 is obvious. So in that sense a = 2

18 a sharp bound. W.l.o.q., for n fized we consider x € [O, %] only and write

3

"k
: pn,k(x)

Bu(ler —x*2) = Z -

——x
k=0

= - (1—a)"+ (%—x)3-n-x(1—x)”—1
() (e

k=2

N1l

Dividing this for o > 2 by B,((e; — )% 2)2 = [w(l—x)}

n

for0<ax < % shows that

lim Bn(|el - x|3;x)a
z—0+ Bn((el — 13)2; g;)E
1 3
= lim n®/? {mg_g(l —z)"% 4 (— - x) ne'"2(1—z)" 17 4. } :
x—0+ n

The second term tends to infinity if x — 0+ for all a > 2, and this confirms our
claim. At 1 the situation is analogous. 0

Now we return to Theorem 5.8 and we will present quantitative Voronovskaja the-
orems for further classes of positive linear operators. We start with B, see its
definition at (3.2):

Proposition 5.19 For B,, n > 1 and x € [0, 1] there holds

(n+1) - [Bulf32) = F@)] = - (@) -2l = 2)| < Sl = 2) - 20", § -\ [355).
Proof. In [95] it was shown that
(1l —x)

n+1
3na?(1 —z)? 4 62(1 — x)(32% — 3x + 1)

(5.5)  Bu((er—a2)ha) = (n+ 1)(n+2)(n+3) ’

(54)  B,((er —2)%7) =

Hence

B, ((e1—x)%;x) _ 3nx(1—z)4+6(322—3x+1)
Br((e1—x)2;z) (n+2)(n+3)
2
S n+3?



which together with Theorem 5.8 leads us to the desired inequality. U

In the sequel we want to achieve similar results for other two very well-known Beta-
type operators. Hence, for the genuine Bernstein-Durrmeyer operators -see row 6
in Table 3.1- we can state

Proposition 5.20 For the U, the following version of Voronovskaja’s formula holds
for f e C?0,1],z € [0,1],n > 1:

- 2 1
((n+1) - [Un(fi2) = f(@)] = f(2) -2l —2)| S 2(1 —2) - &(f"; 5 - ———==).
3 /(n+3)
Proof. For the moments in question, due to Theorem 5.8, we have in this case:
2x(1 —
(5.6) Un((ey —2)*2) = %, see Table 3.2
1222(1 —2)* - (n—7) 24z(1 — z)

(5.7)  Un((ey —2)%2) = Mt Dm+2)(m13)  mi)ni2)ns3)

For the last identity consult [80, Proposition 3.5]. So now

Un(f;2) — f(z) = 1 f'(x) - Un((er — 2)% 2))|
= Un(f;2) — f(z) — f"(z) - L=

< SU((er — 2)%3) - G(f"; 31/ a=az )
o). g f; 4/ o el el (i)
— o g(fr; 3 [l )
_ :1:(n1_J:1x) (L n+3 z(1— xnfz 7) +2)
< xsltlz) '@(f//7§ 73+3)’
assuring the desired result. ([

In [62, Theorem 5.3] we find an improvement of this inequality, namely
Proposition 5.21 For f € C?[0,1], z € [0,1] and n € N, n > 2, the following

0+ D[Ua(f:2) = (@) =21 = 2)f" (@) < L5261 (1754 ok + 52)
holds.

Further, we consider one special case of the Stancu operator, namely Sy 1 "’0’0>,
introduced at row 4 in Table 3.1.
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<1/n,0,0>
Sist/n

Proposition 5.22 For Stancu’s operators ,n > 1, we have

(1) [S™0 (fr2) = f(2)] = f'(2) - 2(1 —2)| < w(1—x) - O(f"

Wl N
:‘

n+
Proof. In [98, p. 68] the following representations can be found:

22(1 —x)
<Un0,0>((, _ 2.\ _
(5:8) SO (e —apir) = 2T

22(1 — z)[6n(n — T)z(1 —z) + 13n — 1]
n(n +1)(n+2)(n +3)

(5.9) S0 (e —a)hiw) =

Hence )
SE/mO0> (o)) 6n(n—T)z(l—x)+13n—1 4
Sn((e1—x)2;z) o n(n+2)(n+3) < n+3’ =

Our last application of Theorem 5.8 is for the piecewise linear interpolant on equidis-
tant knots, Sy, 1, see (2.4). In this case we have

Proposition 5.23 Let S,; be given as in Table 5.1 and f € C?0,1], = € [0,1].
Then

02 [Sua(fra) = f@)] — 5 f(2) za(x)(1 = zu(2))]

2n(@)(1 = 20(2)) - @ (f ! ) .

5.10 < p—
( ) - 3n

N — N

Here z,(x) = nx — [nz|, where [nx] denotes the integer part of nx.

Proof. Write z,(z) := nz — [nz]. The following representations of the second and
the fourth moments of S, ; can be found in [95, p. 46]:

1
(5.11)  Spi((eg —2)%2) = —an(x)(l — zp(x)), and

n

(5.12)  Spa((er —2)h2) = %zn(x)(l — zp(2))[1 = 3z, (2)(1 — 2z, (2))].

Substituting these into the inequality of Theorem 5.8 yields the result once we take
into account that

SA"((€1_$)4;x)—i — 3zp(x)(1 — 2z, (x i or x
S (o o) — el 3@ — @) < G forae 0] O

Remark 5.24 Non-quantitative versions of Voronovskaja-type results are also known
for other cases of Schoenberg’s variation diminishing spline operators. It would be
of interest to find quantitative statements also for other cases than .S, ;.
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5.3 On differences of positive linear operators

One of the purposes of the previous sections was to compute the rate of convergence
of a positive linear operator towards the identity operator, by means of different
instruments (K-functionals and/or different moduli of smoothness). In the present
section we wish to widen our research and to compare the convergence velocity
between two positive linear operators. The means remain the same: K-functionals
and different types of moduli of smoothness. The interested reader is guided to [71].

5.3.1 General inequalities

In the sequel we give some more general results concerning the issue in question.
We start with:

Theorem 5.25 Let A, B : C[0,1] — C[0, 1] be positive linear operators such that
(A=B)((ey —2)52) =0 fori=0,1,...,n and x € [0,1].
Then for f € C™[0,1] there holds

1 (A+ B)(le; — z|"*h; )
n+1 (A+ B)(leg — z|*; x)

(A= B)(f;0)] < (A B)er — al"s ) - 5/ )

Proof. Using the Taylor expansion with quantitative Peano remainder, proven in
the first section of this chapter, see Theorem 5.3, we first have

(A= B)(f;2)| = (A= B)(f(t); 7)|
= (A= B)(E2" -, (8); ).

Here we defined

(t — x)nux Z k'f(k (t — )"

n!
Hence
(A — B)(f'fv)l
< (A+B)(E o oy )
=<A+B><2'“ﬂ| K (f0; S )
gm+BW“Wlwu 9) o + 452 [l s ). g € C71[0,1] arbitrary,
=m+Bx2 @) - [1(f = 9o + M+BM%%FWWMW“M

Z,'rH»l n

— (A+ B)(Ht ) {J|(f = ) |oo + gk CopBUal ) gy,
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Passing back to infimum over g € C™*1[0, 1], and using Brudnyi’s representation
theorem, Lemma 1.32, again shows that

x ~ n —z|"
(A= B)(f;2)| < m+Bx” i) o(f; oy - P
) &

(A+B)([t—z|™;z)
—x|™ 1.1.

(A+B)([t—z|";z)

Corollary 5.26 With L :== A+ B we have for n+1 odd

L(|t—x|"+1 < VLt —z)*; ) - \/L t—x)?

so that the bound in Theorem 5.25 can be modified accordingly.

Proof. Write
Lt — 2" 2) = L(|t — 2" - |t — 25 2)
< VL(t — x> 2) - /L[t — 2%2) = V/L((t — 2)?;2) - /L((t — 2)?

which arises from the Cauchy-Schwarz inequality. 0

If n is odd the absolute moment L(|t — x|™;x) appears in the denominator. The
operators A and B are such that A(eg, ) = B(eg, x), x € [0, 1]. We assume now that
A(eg,x) = Bleg,x) = 1,2 € [0, 1].

So L = %(A + B) reproduces constant functions. Hence by Holder’s inequality for
positive linear operators we have proven for 1 < s < r that

1

L(ler — 2[%2)+ < Lller — 2[32) 7,

see Proposition 1.12. Thus

n

(A+ B)(le1 — ™ 2) =2 L(ley — | 2) > 2- {L((e; — o))" ;)71 }.
Under these conditions we have

Corollary 5.27 If under the assumptions of Theorem 5.25 n is odd, we also get

(A= B)(f;2)|

1 oo L (). 1 (A+B)((e1—a)"+1;x)
< A+ B)ler = o) - G0 35 * iaayer oy o

n ~ n nl A+B)((er—z)" 1z
= (A B)(Jer —aly0) - B(0; e e e
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Note that the moments inside @(f™;-) are now both of even order and can thus
be evaluated conveniently. The absolute moment in front of &(f™;-) can also be
estimated using Holder’s inequality.

Corollary 5.28 If A and B are given as in Theorem 5.25, then for g € C"10,1],x €
[0,1], there holds

(A= B)(g;7)] < (A+B)(Jt — 2" 2) - |97V |oe.

(n+1)!

The question remains how to estimate the difference for all functions in C[0, 1]. So we
will carry the result over from C"1[0, 1] to C[0, 1]. In order to do so we use moduli
of smoothness of higher order, see its definition at (1.11), and employ Lemma 1.28
for r =0 and s = n+ 1. We obtain thus for h € (0,1] and f € C[0,1] functions
fhnt1 with

Hf - fh,nJrlHoo S C- wnJrl(f; h)> Hfhnnt_lluoo S C- h (nJrl) wn+1(f h)

In this context we can state

Theorem 5.29 If A and B are given as in Theorem 5.25, also satisfying Aeq =
Begy = e, then for all f € C[0,1], 2 € [0, 1] we have

n+1 1
(A= B)(f;0)] < e1-wani(f; "\ 5(A+ B)(lex — 2" 2)).
Here ¢y is an absolute constant independent of f,x and A and B.

Proof. Let f € C|0, 1] be fixed and g = fi,4+1,0 < h < 1, be given as above. Then,
with the constant ¢ from Lemma 1.28,
(A= B)(f;2)] < [(A=B)(f = g;2)| + (A = B)(g; )|
< AT+ 1B - NIf = glloe + oy - (A+ B)(lex — 2" 2) - 19"V loo
<2-c-wpsi(fih)+c- (n+1 (A4 B)(ler — x| 2) - =57 - wera (f5 1)
If (A+ B)(ley — x|™™;2) = 0, then — h > 0 being arbitrary — we also have [(A —
B)(f;x)] = 0.
Otherwise we put h = "*{/% - (A+ B)(Jer — z|™*tx) < 1 to arrive at

(A= B)(f;2)| < 1 wani(fs "/ 3(A+ B)(lex — 2| @),
where ¢y =2-c+c- (_H),C (2—|—(n+1)) O
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5.3.2 Estimates for the differences of some positive opera-
tors

This subsection is dedicated to some concrete applications of the theoretical results
presented above. We start by estimating the difference between B, 1, the (n+1)-th
Bernstein operator and Lupas operator B,:

Proposition 5.30

|(Bas1 — Bo)(f;2)]

IN

v(1—-z) _ [, [(n+1)(6ns(l—2x)4+7)
n+1 -w(f,\/ 18n?

) , fec?o,1]

z(l—z) [6bnz(l—x)+7
3nvn +1 2n

Proof. Corollary 5.26 can be applied for the two operators (with n = 2), as its

AL Nlsss f € C*[0,1].

second moments agree, see e.g., (5.3) and (5.4). Consequently we obtain

22(1 —x)

(Bn-i—l +Bn)((€1 - :U)Q;flj) = n+1

Y

and from (5.2) and (5.5) we arrive at

(S(n —1) 3

(Br 4 Bo)(ler - 0)'n) = (T + gy ) <0 - o)

1 6
+ ((n+1)3 T 1)(n+2)(n+3)> (L —z)

3 3 1 6

x(1—2x) 6ne(l—x)+7
n? n '

Using the above mentioned corollary and properties of @, see Section 1.4, we obtain
the desired inequalities. O
For all f € C]0, 1] Theorem 5.29 implies the following

Proposition 5.31

’(BnJrl _Bn(fam))l < (f;\g/ B ""B ’61 —.1"3;1‘)>

(f §/x2 (1—x)? 6nx(1—x)+7>
Y n *
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Proof. The first inequality is a direct consequence of Theorem 5.29. The second

one can be obtained via Cauchy-Schwarz, see item (ii) in Example 1.13, where L is

(Bn+1+]En)
2

replaced in this case by L := . Involving parts of the proof of the previous

proposition we get to the desired result. O

One further application of Theorem 5.29 for the case n = 1 is the following:

Proposition 5.32

5/3x(1 — x)

|(Bn = Un)(f;2)| < - walf; 5

).
Proof. Taking the corresponding second moments from Table 3.2 for the operators
involved we see that & - (B, +U,)((e1 —2)?% x) < £-2(1—x), which implies the claim.
O
Another interesting operator which has certain similarity with U, is
D, :=B,oB,..

Therefore we shall investigate in the following the difference

Dn - Un = Bn o Bn+1 - Un - Bn o Bn+1 - Bn OBTL - Bn © (Bn—l-l - ]En)v

hence providing further applications of Theorems 5.25 and 5.29 for n = 2.

Proposition 5.33

(Du = U(fi2)] < 200y (pr, | fetlntons, ;e o2 )
< SR PR f € CPo, 1],

Proof. All operators involved reproduce linear functions, so
(D, — U,)((ey — z);2) = 0 fori = 0, 1.

By rewriting formula (3.13) for the composition of two operators we can easily derive
that
_ 1—x)

(5.13) Boii((er — )% 2) = Ba((er — 2)% ) = x(n 1

and hence also (D, — U,)((e; — z)%;x) = 0. Thus Theorem 5.25 is applicable with
n = 2, once we have estimated

Y

(Dn + Un)(Jex = al*;2) < /(Do + Un)((e2 = 2)%2) - /(Do + Un)((e2 — @)% 2),
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which obviously follows from the Cauchy-Schwarz inequality. The fourth moments
of D,, were computed in [66] and are equal to:

1

Dy((ey—z)%x) = 2+ 1)

{12(n*—6n*+4n—1)2*(1—2)*+(15n*~9In+2)x(11—x)}.

Consequently we obtain

(Do +U)((e2 — 2)%2) = alloa)

12(n3 —6n24-4n—1 12(n—7
(D + Un)((er = 2)h2) = (PUad= + a1 - 2)°

15n2—9n+2 24
+( B + mmeae) e — o)

< (B+2)'(1—a)+ (B + 5)2(1—2)

n2

z(1—z) 24nz(1—x)+39
n2 n ’

This leads us to the desired inequalities. 0]

An application of Theorem 5.29 yields

Proposition 5.34

(D~ Ua)(F52) < -l §f 3D + Undllr — o)

< c-ws <f, {’/M~(24nx(l—x)+39)> .

(n+ 1)n?

Remark 5.35 For the difference D, — Sy Ym00> gmilar estimates can be given,
since the second moments of both operators are the same (see Row 4 in Table
3.2 and formula (5.13)) and the structures of the second and fourth moments are
analogous to the cases considered before.

5.3.3 Estimates for the commutator of positive linear oper-
ators: Lupag’s problem

The last application of this section is motivated by Problem 3 in A. Lupag’s article
[97]. One of the questions raised by him was to give an estimate for the commutator

(5.14) [B,,B,] := B,oB, — B, 0 B, = U, — S=1/m0:0>,
First we prove the following lemma:
Lemma 5.36 For U, and S;"/™% with z € [0,1] we have

(Un = S5m0 (e — 2)';2) = 0 for i =0,1,2,3.
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Proof. The affirmation for « = 0,1, is trivial, as both operators reproduce linear
functions. The second moments of the two operators are equal as one can extract
from Table 3.2.

The third moments of U, are computed in [80, Proposition 3.5] and are equal to

5 6z(l—2)(1—-22)
Un((e1 — z)%;z) = (n+ 1)(n+2)

A possible way to compute the third moments for Sy Y/m00> 49 via Corollary 1.16.
In [98, p. 68] it is shown that

6z(1 — z) 6nr*(1 — )
m+1(n+2) (n+1)(n+2)

Ssl/n’0’0>(€3;l‘) — $3 +

Hence, by Corollary 1.16 we find that

<1/m,0,0> 3. _ 6z(1—x) 6na?(1—x) 2z(1—x)
Sn (1 =2)%2) = Giesy T ooDmey — 3% " nit
6z(1—z)(1—2x)
(n+1)(n+2)
whence obtaining the desired identities. 0

We are now in the state to estimate the commutator of B,, and B,, and thus give a
solution to Lupag’ problem.

Proposition 5.37 For any f € C[0,1] and x € [0, 1] we have

./3x(1 —x)

Bas Bal(f3:2)] = (5270 = U)(fi2)| < ex-enlfi {) S0

).

Here ¢y is an absolute constant independent of n, f and x.

Proof. All that remains to be done is to add the fourth moments of S; 1/n,0,0> and

Uy, see for this purpose the relations (5.9) and (5.7). We thus arrive at

<1/n,0,0> . _ 2z(1—z)[12n(n—T)z(1—x)+25n—1] 6z(1—x)
(Sn +Up)((e1 —x)hz) = (1) (n+2)(n+3) S )

Substituting this into Theorem 5.29 with n = 3 gives the desired inequality. 0
Remark 5.38 We mention that by a similar approach the commutator

(5.15) [Bn,Ba] := By o B, — B, 0 B, = UY — S7000>

can be estimated, see the definitions in Table 3.1.
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We shall not carry out here all the computations. We will only prove that
Us((ey — ) 2) = ST ((ey — x)52), i =10,1,2,3.

The identities up to the (inclusively) second moments are valid, as it is visible from
Lemma 3.10 and Table 3.2. In order to evaluate the third moments of the two
operators we need the following ingredients:

a) the decomposition formula into simpler operators, see (5.15);

b) the image of e by B, is equal to

(n=1n=2) ,
(5.16) Byes(z) = > TSt

see (3.21), and finally,
c¢) the recurrence formula for the third moments proven at Corollary 1.16.

Thus, after carrying out some elementary computations we arrive at:

Un((er —a)%a) = S50 ((er — @) 2)
B (an+1)(20m+1)(1—2x)x(1_x)
B (14 a)(1+2a)n? '
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10 open problems

In this final section we propose a list of problems which has risen during the prepa-
ration of the present work and to which we have not yet found an appropriate or
complete answer.

Problem 1: We start with Tachev’s Conjecture 2.6 which states:

The operator Ra,  see (2.2) reproduces linear functions if and only if all weights
number are equal.

We recall that the cases k = 1,2,3 were already verified in [152] respectively here
in Subsection 2.1.3. My colleague M. Wozniczka has almost solved this problem for
any k > 1 natural.

Problem 2: To develop a suitable approzimation theory for Schoenberg spline de-
fined over an partition that also accepts interior knots of higher multiplicity. One
attempt in this direction was made in [120].

Problem 3: We have seen in Subsection 2.2 that the modified rational Bernstein
operators R, shares many beautiful (shape-preserving) properties with the classical
Bernstein operators: reproduction of linear functions; preservation of the positivity,
monotonocity and convexity; has the variation-diminishing property etc. In this
context, the following problem has risen:

If f is a convex function, then the sequence (R, f)n>1 is decreasing.

We have performed some experiments in Mathematica 5.0 and for the chosen exam-
ples the problem has a positive answer.

Problem 4: We recall Conjecture 3.2:
If f € CY0,1], then Bof € C0,1]? Or more generally, if f € C7[0,1], then
B.f € C"[0,1], r > 1 a natural number.
Problem 5: In Table 3.1 Row 7 appears the composite operator B, o By with a
and \ positive. In this context we wondered, if the operator can be written under

the following form:
Ba o B)\ - Bf(oz,A)a

where f(a, X) represents an expression depending on the two constants.

Problem 6: Motivated by the previous work of A. Lupas, we have stepped on the
following interesting mapping, which employs both the Beta operator of the second
kind and the piecewise linear interpolant at equidistant knots, i.e.,

(5.17) L, :=B,0S,:.
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We observed that this operator seems to be a very good approzimate and (maybe)
a non-trivial decomposition of the Bernstein operator B,,. Therefore, we can think
that it is interesting to make further research on this matter.

Problem 7: Is it possible to improve for example for the Bernstein operators the
known simultaneous estimates by choosing in Theorem 3.15 instead of s = 2 a higher
value, maybe s = 47

Problem 8: In Subsection 3.4.1 we provided simultaneous estimates in terms of w;
and wy for the instances S=*00> and S967> . Maybe it is useful to find analogous
results for the more general S<*P7>  see its definition at (5.8).

Problem 9: In Theorem 4.35 we have studied the behavior of the over-iterates of
S<aB7> and the following question has naturally appeared:
How can we determine the degree of approzimation for |[S§aﬂ”>]m — S(aﬁ”)| ¢

Problem 10: This last proposed problem refers to the possibility to give quantita-
twe Voronovskaja theorems for a larger class of operators, e.g., for Sa, , with & > 1
and A,, an arbitrary partition of [0, 1].
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