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Notation

Here, we will given an overview of the notation used.

sym(X)

skew (X))

tr(X)

Cof(X)

deformation, see, e.g., p. 10, 12

displacement, i.e., p(x) := x + u(x), see, e.g., p. 12
deformation gradient, i.e., Fy := Ve, see, e.g., p. 12

Here, we use Fy instead of F' for the deformation gradient since
we denote by F' the system matrix of the FETI-DP method.
tensorial field, see, e.g., p. 10, 12

Lamé parameters of standard linear elasticity, see, e.g., p. 12
value of y. in the subdomain €2;, see, e.g., p. 63

dimensionless hardening like modulus, see, e.g., p. 12

Young’s modulus, see, e.g., p. 12

Poisson’s ratio, see, e.g., p. 12

positive internal length scale with dimension of a length, see, e.g.,
p. 12

group of all invertible three times three matrices with positive
determinant, see, e.g., p. 11

group of all rotations in three dimensions, see, e.g., p. 13

set of three times three skew-symmetric matrices, i.e.,

X es0(3) & XT = —X, see, e.g., p. 23

identity tensor, see, e.g., p. 12

1
symmetric part of a matrix X, i.e., sym(X) := 3 (X + XT), see,
e.g., p. 12
1
skew-symmetric part of a matrix X, i.e., skew(X) := 5 (X — XT),

see, e.g., p. 12

trace of the matrix X, i.e., tr(X) := ZX”’ see, e.g., p. 12

i=1
cofactor of an invertible matrix X, i.e., Cof (X) := det(X)X 7, see,
e.g., p- 80
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see, e.g., p. 12

standard linear elasticity infinitesimal strain tensor, i.e.,
e(u) :=sym(Vu) := sym(Fy — Id); see, e.g., p. 20
tensor in P-elasticity analogously defined to e(u),

ie., ep(p) :=sym(P 'Fy); see, e.g., p. 21

Frobenius inner product of tvvo n X m matrices ,

IS

i=1 j=1

IX||% = (X, X)p, see, e.g., p. 12
Q

ie, (X,Y)p :=tr(XTY) = Yi;, see, e.g., p. 12

Frobenius norm, i.e.,

Ly-inner product, i.e., (X,Y)r,q) = dx, see,

e.g.,p. 21

Ly-norm, i.e., ||X||%2(Q) = (X, X)L,0), see, e.g., p. 21
N

ZXZ?, see, e.g., p. 19

i=1
H'-seminorm, i.e., [ X |3 = [ [[VX|% dx, see, e.g., p. 13

: 3
H'-norm, i.e., | X| () == 1 X750 + ’Xﬁql(g

H'/2-seminorm, i.e., Ul /29y == inf
veH1(Q)

Euclidean norm of a vector, i.e., | X||} :=

) see, e.g., p. 13

V] 1), see, e.g., p. 82
v\aﬂzu

H'/2_seminorm for three-dimensional functions,

2
E ‘ui|H1/2(6Q)’ see, e.g., p. 82
i=1
maximum eigenvalue of a matrix X, see, e.g., p. 86
minimum eigenvalue of a matrix X, see, e.g., p. 74
infimum of minimum eigenvalue of a matrix X over €, i.e.,

inf Apin(X), see, e.g., p. 74

€]

boundary of the domain €2, see, e.g., p. 13
Dirichlet boundary of the domain (2, see, e.g., p. 13
Neumann boundary of the domain €2, see, e.g., p. 13

space of square-summable functions on €2, i.e.,
{u:Q—R| [, |udr < co}

i.e.’ ’u’zl/g(ag) =
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HY(Q) space of functions on 2 which are square-integrable and have
first weak derivatives which are square-summable, i.e.,
{u € Ly(Q)| D% € Ly(2),0 < || < 1} with a multi index «
and D denoting the weak derivative, see, e.g., p. 13
H'(Q) space of three-dimensional H!-functions on €,
ie., HY(Q) := (H'(Q))3, see, e.g., p. 13
H}(Q,00p) space of three-dimensional H'-functions with homogeneous
Dirichlet boundary conditions,
ie., H§(Q,00p) :={ve HY(Q) : v=0o0n 00p}, see, e.g.,
p.- 13
H}(Q,T) space of three-dimensional H'-functions with homogeneous
boundary conditions on I,
Le., H3(Q,T) :={v e HY(Q) : v|r = 0}, see, e.g., p. 72
HY2(0Q) {u € La(0)[||ul gr1/2(90) < 00} with
HUH?{1/2(39) = HUH%QWQ) + |u|%11/2(39): see, e.g., p. 82
H'/2(09) space of three-dimensional functionals in H'/2(95),
i.e., HY2(0Q) := (H/2(09))3, see, e.g., p. 82
C°(Q,IR***)  space of continuous functions from Q to IR**3, see, e.g., p. 72
L>®(Q,IR**®)  space of bounded functions from  to IR**?, see, e.g., p. 72
Cse () space of arbitrary often differentiable funtions with closed
support from  to Q, see, e.g., p. 72
curl(v) curl-operator for a three-dimensional function,
821)3 — 831}2
ie., curl(v) := | O3v; — Ovs |, see, e.g., p. 23
811)2 — 621}1
T
Curl(v) curl-operator for a three times three matrix X = | x5 |,
I3
(curl(a1))"
ie., Curl(X) := | (curl(zl)T |, see, e.g., p. 23
(curl(]))"
Wh space of finite element functions on a triangulation 7, i.e.,
W= WhHQ) Cc HA(Q,00p), see, e.g., p. 58
W) finite element space of continuous, piecewise quadratic functions
on the triangulated €;, see, e.g., p. 84
w@ trace space W@ := W"(9Q,; UT), see, e.g., p. 84
\%\% product space associated with the trace spaces W,
ie., W:= H,]L WO see, e.g., p. 84
\%\% subspace of W with the finite element approximation of the
elliptic problem which is continuous across I', see, e.g., p. 85
\%\% subspace of partially assembeld finite element functions with an
assembly in the primal variables of FETI-DP, i.e.,

W = {u :Ju® e WO j=1,....N, suchthat u= Zf\il R(i)Tu(i)}
see, e.g., p. 8D
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set of indices of all subdomains with x in the closure of the
subdomain, i.e., N :={j € {1,..., N} : z € 0}, see, e.g., p. 59
set of indices of all neighboring subdomains of €2; including i, i.e.,
Nio={le{l,...,N}, 0, N, # 0}, see, e.g., p. 90

nullspace of the function f, see, e.g., p. 23

volume of the domain Q, i.e., [Q] := [, 1dx, see, e.g., p. 28
maximum value of the gradient of the tensorial field P,

ie., cyp := max max (0,F;)° see, e.g., p. 29
xeQ 4,5,k=1...3

maximum value of the tensorial field P~7,
2

. . =T
ie., cp = I){lgé{zgrizlxxg(P )ij» see, e.g., p. 71
interface obtained by the domain decomposition, i.e., the

N
intersection of the closures of the subdomains I' := ﬂ ;, see,
i=1
e.g., p. b8
set of nodes on I, see, e.g., p. 59
set of nodes on 0f), see, e.g., p. 59
1-th subdomain, see, e.g., p. 58
boundary of the i-th subdomain, see, e.g., p. 59
set of nodes on 0€);, see, e.g., p. 59
face between the subdomains 2; and €}, see, e.g., p. 69
set of nodes on F¥ depending on the triangulation 7, see, e.g., p. 90
partition of unity function which is 1 in the nodes on f,ij/Q
and 0 everywhere else, see, e.g., p. 90
edge between the subdomains §2; and (), see, e.g., p. 64
set of nodes on £%* depending on the triangulation 7,
partition of unity function which is 1 in the nodes on 52’;2
and 0 everywhere else, see, e.g., p. 90
vertex between the subdomains €2; and €, see, e.g., p. 90
partition of unity function which is 1 in V! and 0 everywhere else,
see, e.g., p. 90
triangulation with quadratic tetrahedral finite elements, see, e.g., p. 58
triangulation with linear tetrahedral finite elements obtained by
naturally splitting the quadratic elements in eight linear elements each,
see, e.g., p- 90
the Dirichlet preconditioner, see, e.g., p. 62
FETI-DP system matrix, see, e.g., p. 61
different jump operators depending on the index, see, e.g., p. 61
different assembly operators depending on the index, see, e.g., p. 61
()

scaling factor for the jump operator, i.e., 5T(:v) = o see, e.g.,
J 2 ke, (e )7
p. 63



Chapter 1

Introduction

Modern life is in many ways influenced by the achievements in physics and en-
gineering. The developments in these sciences are often based on experiments
and in recent years more and more on numerical simulations. These simulations
are carried out to avoid high costs which arise from experiments, i.e., from the
construction of explicit prototypes and from the testing process itself. The latter
is often destructive, see, e.g., crash tests in the automotive industry. Such simu-
lations often have to deal with the deformation of bodies under applied forces, a
common problem in physics and engineering. The behavior of the bodies under
such forces can be modeled with different elasticity formulations. In order to ob-
tain models for the simulations which can be solved with well-known techniques
often a linearized elasticity formulation is used. Such formulations are only suit-
able for infinitesimal deformations. Hence, it is obvious that the standard linear
elasticity model has a limited range of application, i.e., it is only correct if the
deformation is small. Depending on the application, this might not apply.

A first improvement may be obtained by using nonlinear elasticity models,
e.g., the Neo-Hookean or Saint-Venant-Kirchhoff models, which yield a descrip-
tion with a broader range of applications. But standard linear elasticity as well
as nonlinear elasticity formulations work with a representation of the body as
a cluster of points only and model the displacement of each point, cf. left fig-
ure in Figure 1.1. This is a mathematical idealization, the points represent an
infinitesimally small volume.

1.1 A micromorphic model

In a realistic physical situation this is not the case. It is not possible to consider
the interaction in a given material at any small length scale, e.g., in an atom-
istic description the mathematical /continuum mechanical representation ceases
to be valid beyond the scale of a cluster of atoms, i.e., the material points of
the continuum represent always a cluster of atoms, where the classical contin-
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p(x) (P(x), o(x))

Figure 1.1: Difference in the description of standard elasticity formulations, i.e.,
modeling only the deformation @, (left, deformation of nodal points only) and the
micromorphic model with the additional parameter P (right) which includes also
an affine mapping of the surrounding structure of the nodes. Moreover, the blue
cells interact with each other.

uum mechanical laws are assumed to be valid. However, the interaction of such
clusters with each other cannot be fully described by classical elasticity since the
clusters have a finite diameter (length scale) and are not infinitesimally small. In
the extended continuum model (micromorphic) one considers directly the finite
size of the clusters and their mutual interaction; cf. Figure 1.1 on the right hand
side. Here, each grid point represents the center of a cluster. Now the interaction
is twofold, the cluster points interact with each other according to (more or less)
elasticity (length change/distance change) and the interaction of the neighbor-
ing clusters is taken into account by an additional field P. Moreover, the two
mechanisms are coupled to each other.

Another problem of all of these descriptions is that they can usually not
be solved analytically. Hence, discrete problems are used instead, computing a
solution of the problem on a mesh representing the body. Thus, the solution
obtained is only an approximation of the solution of the real problem. Here, we
have to face two additional problems.

On the one hand, it is well-known that numerical discretizations often have
problems with special geometries such as cusps. Models may contain cusps as a
result of the geometry or they may occur when cracks are modeled. As a result
of singularities of the exact solution, the numerical approximation then exhibits
a large local error. Generally, as a remedy, a finer mesh is used around the cusp
than in the other areas of the body. Micromorphic elasticity descriptions can be
used to obtain a regularization at such crucial points. Thus, the mesh does not
need to be refined while the error does not increase as before. For a micromorphic
description of cracks, see Mariano [63, 64, 67].

On the other hand, the discretization of the body itself is another challenge
which often leads to difficulties. Unfortunately, the reliability and stability of the
discrete methods depend on the discretization, i.e., the quality of the mesh. Thus,
if the mesh that we use to discretize the body includes very small angles, even in
a small area, the convergence rate of the finite element method may deteriorate
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((1 = h) + zh) cos(1.5my) cos(a + 102) (8 — )

1/)(}() = ( ((1 = h) + zh) sin(1.57y) cos(a + 10z) (8 — ) ) ,
((1 = h) + zh) sin(a + 102) (8 — «)

Figure 1.2: Micromorphic description (special gradient case): Predeformation
induced by a function ¥ and a resulting P = Vap. The parameters o and (3
represent the angles of the dome and h its thickness. In this way it is possible to
model further elastic deformations of the dome with a system of equations given
on the flat reference configuration since the geometric information of the dome is

encoded in P = V.

or we may obtain difficulties to find a good approximation. Often in physics and
engineering the bodies which are deformed have complicated geometries with
small bridges, e.g., foams or other porous materials. Such details in the body
often lead to finite elements with small angles and a bad aspect ratio. Hence, it
would be preferable to model the shape of the body by an additional parameter,
i.e., by a predeformation, instead of explicitly discretizing the structure in detail;
see Figure 1.2. Furthermore, such predeformations may be used to obtain stress-
free descriptions of certain geometries.

These considerations give rise to the idea of considering a micromorphic model
for the description of the elastic behavior of a body. Let us therefore assume a
body denoted by 2 C IR® which is Lipschitz, connected, and of diameter 1.
We now introduce an additional micromorphic field P. We assume P to be
a tensorial field with P : Q C IR* — GL*(3), where GL*(3) is the group of
all invertible three times three matrices with positive determinant. The matrix
P = P(x) € R*? x € Q, is usually not a gradient, i.e., there does not necessarily
exist a function v such that P = Vap. A case in which a gradient structure for
P might be obtained is given when P defines a predeformation as described in
Figure 1.2.

We consider an elasticity model with two variables, i.e., the deformation ¢
as in the standard formulations of elasticity and the micromorphic field P. This
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leads to an alternative minimization problem which occurs in geometrically exact
continua models of micromorphic type and is of the form

min E(P, ) := min / prellsym(P~ Py — Id) |5 + pellskew (P~ Fy — Id) )%
(P,(P) (Pv‘P) Q

Ao )
5 (tr(P~'Fy —1d))

L2 L
Fncht PP T4+ (IVPI+ ZEIVPIE) ax

- / (For@)r + (frr P)p dx:

corresponding models can be found in [15, 25, 65, 68]. The special case for g, = 0
has been introduced by Neff [72, 73, 76] and is of the form (1.1) below. This and
the previous problem admit minimizers which was first shown by Neff in [73], later
generalizations have been given by Mariano [66]. The first existence theorem for
minimizers in geometrically exact micromorphic elasticity for the case p. = 0 has
been given by Neff [73]. It is the case pu, = 0, which we will consider exclusively
in this work, i.e., the minimization problem is given in the following form

Ae
min F(P, ¢) := (I]IDHH)/ pe||lsym(P ' Fy — 1d)||3 + 3 (tr(P~'Fg — Id))2
»P 0

(Pep)

L2 L
Fnh PP 14t (VP + IV ) ax (1)

- / Fn@)r + (frr P)r dx.

where ¢ : Q C R®> — IR® is the deformation and Fy = Ve € IR*? is the
deformation gradient. Note that the deformation ¢ is directly related to the
displacement u(x) € IR? since (x) = x +u(x). With ), and y, we denote the
Lamé parameters of standard linear elasticity if P = Id. They are related to
Young’s modulus E and Poisson’s ratio v by

Ev

wmd A= a2

_FE

He = o +v)
With AT we denote a kinematic dimensionless hardening like modulus. If we
consider (formally) the limit of this kinematic hardening to infinity, i.e., h™ —
00, we obtain the constraint PP = Id, i.e., a true Cosserat model; see [69,
70]. Furthermore, we introduce an internal length scale L. > 0 which has the
dimension of a length. The term including the gradients of P is denoted as the
curvature energy and describes the self-interaction of the affine microstructure.
By f, and fp we denote body forces for ¢ and P, respectively, which we assume
to be independent of ¢ and P, i.e., we only treat conservative loads, e.g., f, may
be gravity.
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Furthermore, we have to define boundary conditions for our problem. There-
fore, we define a part of the body as Dirichlet boundary denoted by 0€2p which
we provide with homogeneous Dirichlet boundary conditions. The remaining
boundary, denoted by 0Qy := 0Q\ 0Qp, is the Neumann boundary and assumed
to be subject to a surface force g, i.e., we provide 0Q2y with natural boundary
conditions. Here, we assume homogeneous Neumann boundary conditions, i.e,
g = 0. Note that we may choose different Dirichlet and Neumann boundaries for
the two variables, i.e., ¢ and P. In this work we will denote the Dirichlet and
Neumann boundary for the displacement by 0€2p and 02y, respectively, and the
boundaries for the incremental change of P by 0€1p p and 0y p.

Hence the appropriate space for our variational formulation for the displace-
ment is H§(Q,00p) = {v € H(Q) : v = 0 on 9Qp}. For the incremental
change in the micromorphic field, i.e., AP, we use the Sobolev space (H'(€))3*? =
(H'(2))?. If we prescribe Dirichlet boundary conditions for P on dQp p, i.e.,
Ploq, » = Py € GL*(3), the appropriate space for the incremental change in
P, i.e., AP contains homogeneous Dirichlet boundary conditions and is given by
(H3(,0Qp.p))? :={v € (H'(Q))” : v=0 on 90p p}. We equip H*(Q2) and
(H'(£2))? with the standard Sobolev space norm

ullz1e) = (|11|%{1(Q) + ||u||%2(9))1/2a

3 3 .
where HU—H%Q(Q) =31 Jo lwil*dx and |u|%11(9) =i HvuiHi(Q) if u € H'(Q)

3 3 :

or ||u||%2(9) = Zi,j:l fQ |u,-j|2dx and |u|§{1/2(89) = Zi,j:l ||V“ij||%2(ﬂ) if ue

(H'(£2))?. Since the two terms of the H'-norm scale in a different way under
1

dilation of {2 we introduce the factor sz in front of the squared Ly-norm if the

diameter of ) is H. Thus, we obtain a scaled H'-norm

1

ull 1) = (|u|§{1(ﬂ) + mHUH%Q(Q))l/Z-

One of the most well-known generalized continuum models is the Cosserat
model [15, 21, 25, 36, 37, 38, 39, 40, 41, 70]. As we have seen, it is obtained from
our micromorphic model if P € SO(3), i.e., P is a rotation with PTP = Id and
det(P) = 1. The main applications for micromorphic models are the description
of cellular materials, metallic foams, material inhomogeneities, eigenstresses and
configurational mechanics; see [17, 34, 35, 41, 42, 43, 44, 46, 64, 76, 90, 91]. Small
scale material oscillations superposed on the macroscopic deformation ¢ may also
be described with the tensorial field P. Additionally, there is a close relationship
of our model to plasticity formulations when we consider P as the plastic defor-
mation in a multiplicative decomposition; see [74, 76], and to gradient enhanced
continua; cf. [8, 75, 77, 78]. Furthermore, these models have recently received
much attention in association with nano-devices and cellular structures since they
model size effects in a natural way, i.e., small samples behave comparatively stiffer
than larger samples.
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We note that in contrast to the model of standard linear elasticity our formu-
lation (1.1) is fully frame indifferent, i.e., the energy is invariant with respect to
transformations (¢, P) — (Q, QP) for all constant rotations @) € SO(3).

1.2 Coupling algorithms - a staggered approach

In our model we have the special situation that of a two-field problem, with a
deformation ¢ and a micromorphic field P as unknowns. In general we have two
different approaches to handle such problems.

On the one hand, we can solve the minimization problem monolithically, i.e.,
solving the minimization problem for both variables ¢ and P at the same time.
In this case, we obtain a minimization problem with twelve unknowns in each
node at a time. Monolithic approaches are, e.g., used by Yoon and Sigmund
for electrostatical problems, see [93], Rochus, Rixen and Golinval for electro-
mechanical coupling in micro structures, see [83|, and Damanik, Hron, Quazzi
and Turek for non-isothermal incompressible flow, see [19]. Furthermore, it is
the standard approach in the engineering like treatment of Cosserat models; see
(69, 70].

On the other hand, we can treat both fields separately. We refer to this kind
of approach as the staggered approach since we solve the problem by solving the
minimization problems in an alternating fashion, one after another, several times,
i.e., using a fixed point iteration to find the minimizing configuration in ¢ and
P. Note, that in P we may not find a minimizer but only a stationary point due
to the lack of convexity in P. Hence, we may find only a stationary point for the
whole problem which may not be a minimizer. Thus, we obtain two minimization
problems in only one variable, i.e., one problem in ¢ and one in P, which are
coupled since both variables occur in both problems. If for example ¢ changes
we have to compute a new P since the minimization problem for P depends on
¢ and vice versa. Furthermore, we have a reduction in the size of our individual
problems since the minimization problem in ¢ leads to three unknowns and the
problem in P to nine unknowns in each node. Considering the discretization it
is obvious that the staggered approach would be preferable with respect to the
memory needed since it leads to two smaller problems which are treated one after
another while the monolithic approach leads to one problem of larger size, i.e.,
for n nodes we obtain in the staggered approach one 3n x 3n matrix and one
9n x 9n matrix while in the monolithic approach we obtain a 12n x 12n matrix
in which the matrices from the staggered approach are included. In this work,
we will concentrate on the staggered approach and leave the monolithic approach
for further research. Our considerations concerning the staggered approach are
mainly based on the article by Klawonn, Neff, Rheinbach, and Vanis [48]. Stag-
gered algorithms are a popular approach to solve nonlinear coupled problems in
a decomposed fashion. A staggered approach was, e.g., used by Askes, Morata,
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and Aifantis [2] for a gradient enhanced model in order to obtain two second
order problems instead of one fourth order problem. Also similar approaches
were used, e.g., by Armero [1] for a solid-fluid coupling, Attouch, Bolte, Redont,
and Soubeyran, see [3], for weakly coupled convex minimization problems, or
Attouch, Redont, and Soubeyran, see [4], for proximal minimization algorithms.

1.3 FETI domain decomposition methods

In the staggered approach we obtain a strictly convex minimization problem in
¢ which simplifies to linear elasticity when P = Id. Hence, we refer to the
this first subproblem as P-elasticity. Since it is known that the Dual-Primal
Finite Element Tearing and Interconnection (FETI-DP) method works well for
standard linear elasticity we introduce this method as an efficient solver for the
single P-elasticity problem. Thus, we especially investigate the first part of the
problem, i.e., the P-elasticity problem, regarding only ¢ as variable and keeping
P fixed. The second problem, i.e., the minimization in P, is a non convex problem
which resembles much of a nonlinear Laplacian problem to which we therefore
refer to as g-Laplacian problem; see e.g., [84, Section 3.1.3]. This problem is
solved by a Newton iteration. The linear system occurring in the Newton iteration
is then solved directly by a LU decomposition implemented in MUMPS or in
UMFPACK; see [26] and [20], respectively. When we consider the whole problem
in the staggered approach, i.e., we minimize the energy alternating for ¢ and P,
we also solve the linear system occurring for ¢ with a conjugate gradient method
without preconditioning implemented in PETSc [5, 6, 7].

We need to define discrete problems which solve the systems on a grid rep-
resenting the body. Note, that the discrete systems are approximations of the
original problem and that we thus only obtain an approximation of the solution.
Furthermore, we linearize the problems, i.e., we solve the minimization problem
as a Newton problem to find the root of the first derivative of the corresponding
energy functional. Thus, the discretization of such problems lead to large linear
systems, i.e., we have to solve matrix vector problems Ax = b with a very large
and often sparse matrix A. These systems can easily have several millions of
unknowns or even more. Systems of this scale can hardly be solved directly. This
is often due to the memory needed or to the fact that direct algorithms can de-
stroy the sparsity of the matrix. Thus, the linear systems are usually solved with
iterative methods such as the conjugate gradient method or other Krylov space
methods. Here, we again obtain approximations to the solution of the linear
system up to a chosen accuracy.

Domain decomposition methods are also often used to solve these linear sys-
tems. The domain decomposition methods pursue the idea of dividing the whole
global problem into many small local problems by dividing the respective body
into small parts. These local problems are then assembled separately without
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regarding the other problems which makes it possible to work in parallel. Hence,
due to the algorithm used it is also possible to solve the local problems in paral-
lel. There remains only a small amount of communication needed to guarantee
the continuity of the solution and hence to obtain an appropriate solution on the
whole domain. When we use domain decomposition methods, we will concentrate
on the FETI-DP method in this work.

The FETI-DP method is a domain decomposition method working on nonover-
lapping subdomains. It belongs to the family of FETI methods and was originally
introduced by Farhat et al. [27] and extended to three dimensional problems by
Farhat, Lesoinne, and Pierson in [28]. For an extensive introduction to different
domain decomposition methods, we refer to the monographs by Smith, Bjorstad,
and Gropp [88], Toselli and Widlund [89], and Quarteroni and Valli [82].

The continuity of the solutions in the FETI-DP methods is enforced by using
Lagrange multipliers and primal variables. Thus, the continuity on the interface
is established in two different ways. On the one hand it is established by using
Lagrange multipliers which guarantees continuity at convergence of the method.
On the other hand we subassemble the values in the primal variables and hence
enforce continuity in these nodes already during the solution process. The result
of this strategy is a mixed linear system in which the primal variables and the
Lagrange multipliers are the unknowns. By eliminating the primal variables the
FETI-DP method iterates on the Lagrange multipliers; usually a preconditioned
conjugate gradient method is used as Krylov space method. Since the elimination
of the primal variables leads to a Schur complement we have to ensure that the
local stiffness matrices are invertible. Therefore, the primal constraints are chosen
such that these matrices become invertible. Note, that the choice of the primal
variables is more elaborate in the case of three dimensional problems than for two
dimensional ones. The coupling obtained by the primal variables is also needed
such that the algorithm becomes scalable.

The FETI-DP method was first provided with a convergence bound for two
dimensional scalar elliptic second order partial differential equations without co-
efficient jumps in Mandel and Tezaur [62]. Later on in Klawonn and Widlund
[55], Klawonn, Widlund, and Dryja [56, 57], and Klawonn and Rheinbach [50] the
family of FETI-DP algorithms was extended by different sets of primal variables,
e.g., face and edge averages or first order moments for elasticity problems. These
new FETI-DP algorithms were furthermore provided with convergence bounds
for three dimensional problems; see [55, 56, 57]. Here, we will use several different
sets of primal variables, i.e., we will use only vertices as in the beginnings of the
FETI-DP methods as well as edge averages and combinations of edge averages
and vertices. The work on the FETI-DP method is mainly based on the article
by Klawonn, Neff, Rheinbach, and Vanis [47].

Note that the FETI-DP methods descend from the earlier one and two level
FETI methods; see Farhat and Roux [33, 32|, Farhat, Mandel, and Roux [30],
Farhat and Mandel [29], and Farhat, Pierson, and Lesoinne [31]. For the one and
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two level methods as well as for the FETI-DP methods the Dirichlet precondi-
tioner is used. This preconditioner was first used without scaling; see Farhat,
Mandel and Roux [30], and then provided with a scaling to obtain convergence
results independent of jumps in the coefficients of the partial differential equa-
tion; see Klawonn and Widlund [54, 55|, Klawonn, Widlund, and Dryja [56],
Klawonn and Rheinbach [51], and Klawonn, Pavarino, and Rheinbach [49]. But
also for homogeneous problems, scaling can be important to improve convergence
and the condition number estimate, see Madel and Tezaur [61] and Klawonn and
Widlund [56].

In this work, FETI-DP methods are only considered for a simple P-elasticity
problem. For future work, it would be of interest to apply the FETI-DP solver
for the P-elastic subproblems in the staggered approach. Furthermore, the con-
vergence of the Newton iteration for P has turned out to be problematic in the
staggered approach depending on the problem. Hence, damping methods for the
Newton iteration might be helpful to avoid this problem. In addition we aim to
compare the staggered approach for our minimization problem with the results of
a monolithic algorithm. Here, we again may have to work with damping strate-
gies in the Newton iteration. The Newton iterations of the monolithic approach
require the solution of a much larger linear system which is of a more complicated
structure than the g-Laplacian and the P-elasticity problem. Hence an efficient
solution of the linear system and a stable convergence of the Newton iteration
might be challenging.

Closely related to the FETI-DP algorithms, are the Balancing Domain Decom-
position methods by Constraints (BDDC); see Cros [18], Dohrmann [22], Mandel
and Dohrmann [59], Mandel, Dohrmann, and Tezaur [60], or Li and Widlund
[58].

The remainder of this work is organized as follows. In Chapter 2, the stag-
gered approach for the solution of the coupled minimization problem in (P, ¢) is
introduced. Additionally, the continuity of the separate decoupled minimization
problems is considered. Furthermore, a basis for the kernel of the bilinear form
of P-elasticity is deduced in Section 2.1.2. Chapter 2 concludes with numerical
results obtained with the staggered scheme. In Chapter 3, the FETI-DP method
is introduced as an efficient solver of the P-elastic subproblem. Following the
arguments given by Klawonn and Widlund [55] a condition number estimate for
the P-elastic problem is obtained. The selection of primal constraints is con-
sidered in Section 3.2 and Korn inequalities needed for the convergence analysis
are introduced in Section 3.3. The condition number estimate for P-elasticity
is provided in Section 3.4 by using the auxiliary technical lemmas presented in
Section 3.5 for piecewise quadratic nodal basis functions. The investigations in
the FETI-DP algorithm for the P-elastic problem are concluded by presenting
numerical results in Section 3.6.
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Chapter 2

Staggered approach

We introduce the algorithm for the solution of the minimization problem (1.1).
In the algorithm, problem (1.1) is solved for only one variable, i.e., ¢ or P, at a
time. This decoupling leads to a fixed point iteration of the following form

while | AP®)||,, > tol and ||Ae®|, > tol
solve 1) .= argmin,, E(P® %)) while P®) s fized
solve P*+Y .= argmin, E(PW, D) while o) is fired
update k =k + 1,

(2.1)

for a given tolerance tol and with E(P, ¢) being the energy function introduced
n (1.1), and APF+D = pl+l) - pk) a5 well as Ap*+) = k) — k),

We may change the order of the minimization problems in (2.1) and start by
minimizing the term for P first and then subsequently for ¢.

This algorithm leads to two different minimization problems each of which
exclusively depends on one variable. The minimization for ¢ results in the for-
mulation of standard linear elasticity if P is the identity. A problem similar to
the well-known nonlinear g-Laplace problem occurs when we minimize the energy
for the variable P. Both problems will be discussed separately in Sections 2.1
and 2.2.

This chapter is based on Klawonn, Neff, Rheinbach and Vanis [48]. Note,
that here we give some more details concerning the continuity of the quadratic
forms. Some of the considerations concerning the continuity of P-elasticity and
its kernel, cf. Sections 2.1.1 and 2.1.2, can be found in Klawonn, Neff, Rheinbach
and Vanis [47].

2.1 P-Elasticity

In this section we consider the minimization problem with respect to ¢ with a
given field P. Thus, the problem in (1.1) reduces to

19
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Ae
min,, (/ pe||lsym(P~ Fg — 1d) |3 + 5 (tr(P~'Fy — Id))2 dx
0

- [ Gooir ax). -

For P =1d, (2.2) reduces to the problem of standard linear elasticity, i.e.,

wing ([ plsym(Fe = 1)l + 5 (er(Fe < 10 ix— [ (e dx)

written in terms of the deformation ¢ since ¢ = x + u, Fy = Id + Vu and
= sym(Vu) = sym(Fy—Id ). Hence, we denote this subproblem as P-elasticity.
In Chapter 3, we introduce the FETI-DP algorithm for this subproblem as an
efficient solver. Additionally, we show that the FETI-DP condition number esti-
mate introduced by Klawonn and Widlund for standard linear elasticity, cf. [55],
can be extended to the case of P-elasticity under certain assumptions on the
matrix P; see Sections 3.3 and 3.4.
We introduce the abbreviation

Ae -
Ji(Pp) = /Q,ueHsym(P_va —1d)||% + 5 (tr(P~'Fg — Id))2 dx. (2.3)

The reduced problem (2.2) is formally solved by a Newton iteration, i.e., the

problem
Oy <J1(P,s0)—/s)(f¢7cp) dX) = 0

Find @ such that
& 0pJ1(P, ) — / fodx = 0.
Q

is solved by
QD = k) _ (@2 (P, ®)))~ <8 Ji (P, p* /ﬁpdx
& GN(PeW) (") — ™) = </chpdx— D1 (P, p* ))cp‘ ) (24)

with ApF+1) = *+h) — pF) .= u*) where u® is the k-th increment.

From (2.2) it is clear that the problem (2.4) only depends linearly on the
deformation ¢. Hence, the unique minimizing solution is obtained in one step
and we do not introduce the counter for the Newton iteration; see e.g., (2.20).
However, we introduce the Newton algorithm to keep the presentation general
enough such that later on we can introduce a nonlinear elasticity formulation.
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The formulation obtained by the Newton algorithm is rewritten as the varia-
tional problem

Find the k-th increment u® € HA(Q,00p) of the elastic body Q such that
for all v.e H§(Q,00p)

/ 2te(ep(u®)), ep(v))p dx + / Ae tr(PIVu)tr(P1Vv) dx = Fg‘:)(v). (2.5)

Q

We will refer to the left hand side of (2.5) as alf )( *) v); see (2.7). The right
hand side Fgf) (v) is given by
k
FQ(v)

= /(f<p7V)F dx — / pe(PH (P Fy + FEP" —2.1d),Vv)p dx  (2.6)
Q Q

- / Mtr(P~ Fo — 1d)(P~7, Vv) dx,
Q

with Fy = Ve®. Here, we define ep(u), analogously to the definition of the
symmetric strain tensor £ = sym(Vu) in standard linear elasticity, as

co() = sym(PV) = (ep)y(u) ::1(zw—wikg_yggyp—wﬁ)

2
k=1
and we obtain

(ep(u),ep(v))r

Il
—
&)

)
N—
S8
—~
SN—
—~

&)
|
S~—
S
Yy
<
N—

We can rewrite the bilinear form ay’(+, ) as

a((j)( (k) v)

(teep(u™), ep(V)) Ly0) + Aetr(PTIVU®), tr(PTIVV)) 1) (2.7)
(egp(u™),ep(V)) o) + (Aetr(ep (™)), tr(ep(v))) o)
see also the notation on pp. 5 to 8.

2.1.1 Continuity of the bilinear form

In this subsection we will establish continuity of the bilinear form ay(-,-) intro-
duced in (2.7) with respect to the H'-norm, i.e., ||| g1(q). We can estimate the
two terms occurring in (2.7) by assuming that P Pt € C°%Q) and using for
A, B e R

e the Cauchy-Schwarz inequality: (A, B)r,) < [|AllL.@ || Bl
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the submultiplicativity of the Lo-norm: [[AB||r,) < [|Al L@ | Bl 22 >
1AM = 1 AllF = AT | La@) = 1Al L)
(AT, B)r = (A, B")r = (A", B)Ly@) = (A, B Ly

||Vu||L2(Q) = |u|H1(Q) 3

o [ulm) < llullao -

We assume that the Lamé parameters . and A, are bounded from above by their
maximum value over ). Hence, we can neglect the parameters when estimating
the terms of the bilinear form a,(-, ) from (2.7).

For the first term in (2.7) this leads to

(ep(u),ep(V))La(@)

1
= —(P7'Vu+ (Vu)!' P, P'Vv+ (V)" P 1)1,

4
= i [(P7'Vu, PT'VV) 0 + 2(P7'Vu, (V) P77 1,0
+ (Vo))" P~ (V)" P 0]
< 411 (1P~ Vull Ly @ [P~V |y + 2P~V @) (YY) P~ Ly (2:8)
+ (Vo) P o [(VV) P @)
< 1PN, IVullLo IV L@

= ||PiTH%Q(Q)’u’Hl(Q)llel(Q)

< ||P_T||%2(Q)||u||H1(Q)||V||H1(Q)-
For the second term in (2.7) we consider the following inequality

tr(A)tr(B) (A, 1d)p(B,1d )

(A, Id)p| [(B,1d)F|
[AllF [1d[[r [|B|[r [[1d || 7 (2.9)
Al 2" || Bllp n'/?
n||Allr|| Bl r

VAN VANRVAR

and obtain for n = 3

/ (P V)t (P-IVY) dx < / 31|~ V||| P~V v dx
Q Q

1/2 1/2
< 3 (/ | P~ Vul|% dx> (/ |P~tVv]|2 dx>
Q Q

= 3[P7'Vul | P VV| @ (2.10)
3I1PTIL o lala @ VIa @

BIP L, o lulle o[Vl -
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By combining (2.8) and (2.10) we obtain

ap(u,v) < CIP L, lm@Vime < CIP T Lelullm@llviime- (2.11)

2.1.2 Kernel of the bilinear form a,(u,v)

For our condition number estimate of the FETI-DP method, see Section 3.4, we
need an explicit representation of the elements r in the nullspace ker (¢p) .
From (2.7) we have

ap(r,r) =0 < ng(r)H%Z(Q) =0 A tr(ep(r))* = 0.

Since tr(ep(r))? = 0 if ||5p(r)||%2(m = 0, we have to consider

lep (@)% =0
& |P~'Vr + Vel P72 =0
s ||PY(Vr+PVrTP D)% =0
& ||PY VPt + PV PT|3 =0
& VrP! + Pvr” =
= 2sym(VrPT) =0

From this it follows that (Vr)P? must be a skew symmetric matrix A(x) €
s0(3) ;= {X € R**®: X7 = — X} and thus we have

Vr(x) = A(x) P71 (x). (2.12)
We use the Curl-operator on both sides of the equation in (2.12), i.e., we use

curl 1 R? — TR?

Y1 Oays — O3y
Y2 = O3y1 — Ohys
Ys Y2 — Oayy

and since we have matrices on both sides of the equation, we define the Curl of
a matrix as the curl of its rows.

If we apply Curl to the left hand side of the second equation in (2.12), we get
the curl of the divergence of a potential in all three rows. Thus, Curl (Vr) =0
under the assumption that r is twice continuously differentiable. We will now
apply the Curl to the right hand side of the second equality in (2.12). For
convenience we introduce a;(x) as the rows of the matrix A(x) and p;(x) as the
columns of the matrix P~7T(x

X)p1(x)  az(x)p2(x) azx(x)ps3(x) | . (2.13)
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We will now calculate the curl of the rows j € {1,2,3} explicitly. Therefore we
use the abbreviation 0;, instead of % and with Oya,, we denote the component-
by-component partial derivative of the row a,,, i.e.,

Okl = (akamla Okma, 3kam3);

an analogous notation is used for the column p,,. We obtain

a;p1 [ 82(ajp3) 33(%292)
curl | a;p; = Os(a;p1) — O1(a;ps)
a;ps L 51(00]'292) 82((13291)
(82a;)ps — (D3a;)ps | a;j(Ozp3 — O3p2)
= (Osa;)py — (Oraj)ps | + | a;(Ospr — Oips)
L (alaj)pZ - (82%‘)291 ] aj<alp2 — Oap1)

Here, we dropped the explicit dependence on x in our notation. We now denote
by p;; the entry in the i-th row and the j-th column of P~ and obtain

(O2a1)ps — (Osa1)pz  (O3a1)p1 — (Ora1)ps  (Orar)pz — (G2a1)p:
Curl (AP™") = | (D2a2)ps — (Dsa2)ps  (Dsa2)p1 — (Draz)ps  (D1a2)ps — (Daas)py
(82613)]93 - ((93(13)]02 (33(13)1?1 - (al%)p:s (31613)272 - (32@3)]91

a1(02p3 - 83]92) al(a?)pl - 51]93) 001(812?2 - 52]91)

+ | a2(0ops — O3p2) ax(0spr — O1ps)  az(O1p2 — Oapr)

ag(Oops — O3p2)  a3(0spr — O1ps)  az(Orp2 — Oapr)

Oia; Oa; Ozay 0 —P3 P2
= Oiay Ohay Ozap | - Ps3 0 —-m (2-14)
Oiaz Osaz Ozaz | L2 ; 0
Iy o
ai Oop1g — O3p12 O3pr1 — Oip1z O1p1a — Oap1y
+ | ax | - | Oapaz — O3pra O3par — O1paz O1paz — Oapan
as Oopsg — O3p3a O3ps1 — Oipss O1psa — Oapsi

= Lpr(DyA)+A-Curl (P7F).

Here, Lp-r(DyA(x)) denotes the linear operator in P~ applied to the deriva-
tive of A(x) defined by the first matrix product. Combining these results we have

Curl (Vr(x)) = Curl (A(x)P T(x))

2.15
& 0 = Lpr(DyA(x)) + A(x)Curl (P77 (x)). (2.15)
If we assume that the matrix P~7 is a gradient, i.e., there exists a function 1 :
R* — IR? such that P~7(x) = Vp(x) with 9 twice continuously differentiable,
it follows that Curl(P~7(x)) = 0. Thus, it is necessary that Lp-r(DxA(x)) = 0.
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Since Lp-r is a linear operator and invertible if and only if det(P~T) # 0, cf.
[71, Lemma 3.7], the condition Lp-r(DxA(x)) = 0 is satisfied if and only if
Dy A(x) = 0 which means that A(x) = const = A. From this follows

Vr=AP T =AVy(x) = r(x)=Ayp(x)+b

with a constant translation vector b € IR? and a constant skew-symmetric matrix
A € 50(3). Thus, we have

B 0 a -0 B a
A= —a 0 v , b= ,
go— 0

with suitable constants «, 3,7, a,b, ¢ € IR, and can write r(x) as

r(x) = AV(x)+b
ay® (X) (X)
= | —apt <x)+w (X)
By (x) — y0P(x) +
P (x) —¢(3)(X) 0
= o] 0w | 28] 0t [a] vk
0 W (x) )
1 0 0
+a |l O | +b| 1| +c]| O
0 0 1

[ 1 0 0
ry = 0 , I'g 1= 1 , I's i=— 0 s
| 0 0 1
POx) T ~0(x) 0o 110
ry(x) = | —pW(x) |, rs5(x) = 0 , 1e(x) = | YO (x)
0 Y (x) ¥ (x)

Clearly, we obtain the basis elements for the nullspace of standard linear elasticity
if 9 (x) = x, i.e., P = 1d. Later on, in our analysis of the FETT-DP method, cf.
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Chapter 3, for r;,[ = 4,5,6, we have to consider shifted versions

1 [ ¢(2()1§X)—¢ (A)
ry(x) = Ty _—¢ X)O (X)_,
[ 0 )] .
" | g ey | )
N TR
rg(x) = i, iﬁwgg)—w 2(22) :

where Hy, is the diameter of the transformed domain 4(€2), i.e., Hy, := diam((€2)),
and X is a shift parameter such that 1) (x) — 1) (%) can be estimated by a con-
stant times Hy, ie., () (x) — ¢V (x))? < CHJ,

2.2 The g-Laplace problem

The second decoupled problem is nonlinear and non convex. We again use the
abbreviation Ji, cf. Section 2.1, (2.3), and further introduce

L2 L
R(P) = [ IPTP -1l (FIVPIE VP ax (215)
Q
Hence, we consider the minimization problem

min <J1(P, p) + Jo(P) — /Q(fp,P) dx) (2.19)

which again will be solved with a Newton iteration, i.e.,

O (L (PEY @) + Jo(PID) AREY

2.20

/ frdx = Op(H(PETD, @) + Ja(PETD)) ) B, (2:20)
with n denoting the n-th Newton iteration step, i.e., for n = 1,2,..., we have
AP .= piFt Pgﬁl) and PO(kH) = P™). Hence, we obtain the new iterate

P = P(kﬂ + AP This Newton iteration has to be solved every time
we compute the minimizer for the micromorphic field P. Again we discretize the
linear system (2.20) and obtain the following problem

Find the n-th Newton increment APS™ = Q € (H(Q))¥3 = (H'(Q))°
such that for all R € (H'(Q))?

ap (@, R) = F)(R).
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Here, we use (H'(€2))? when we have pure homogeneous Neumann boundary
conditions and replace (H'(Q2))? by (H}(22,0Qp p))? when we introduce Dirichlet
boundary conditions on 9€2p p. The choice of the appropriate space is due to the
problem we consider. Note that in the Newton iteration we P + AP € GL™(3)

is not explicitely enforced
The abbreviations al P (Q R) and FgL(R) are used for

QR = [ 2 (sym(PTQP Fe). PR Fo)e
+ (sym(P'Fy —1d),P " (QP'R+ RP7'Q)P ' Fy)r) dx
—f-/ﬂ)\e (tr(P'QP ' Fo)tr(P~'RP™'Fy)
+ (P Py — 1d)tr(P~H(QP 'R+ RPT'Q)P™'Fy)) dx (2.21)

+ /Q 4pcht(PPTQ + PQTP + QPP — Q, R)p dx
+ [ e (24 LITPIF ) (VQ. VR
) + (¢ = 2)LYVP|p*(VP,VQ)r(VP,VR)p) dx
and
FOR) = [ fhvax
/ 2te(sym(P'Fy —1d), P 'RP'Fy)p dx
+ /Q Aetr(P'Fy —1d )tr(PT'RP™' Fy) dx (2.22)
+/Q4,ueh+(PTP— Id, PTR)r dx
~ [ (@24 LI PIEVP R)) ax,

with P := P @ .= APF™Y and Fy = V.

As in the case of P- elast1c1ty we show in the next section that the quadratic
form ap(-,-) is continuous with respect to the H'-norm. Due to the presence of
|PTP —1d||? in J; and since P~! appears in J; the problem is not convex with
respect to P but strictly convex with respect to the highest derivative appearing

in P.

2.2.1 Continuity of the quadratic form ap(Q, R)

In this section we establish the continuity of the quadratic form ap(-, -) introduced
in (2.21) with respect to the H'-norm. We again assume that the parameters p,,
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e, ht, and L. can be bounded by their maximum values over the domain €2 such
that we can neglect them in the further considerations.

We consider every term in (2.21) separately. We use the Cauchy-Schwarz-
inequality and the other tools introduced in Section 2.1.1 and obtain for the first
integral in (2.21) the following two estimates

/(sym(P—lQP—va),P—lRP—lFV)F dx
Q

1
= 3 /(P‘lQP‘lFV,P‘lRP‘lFV)F dx+/(F@P—TQTP—T,P*RP*FV)F dx
Q Q
1
= 3 (P'QP '"Fg, P'RP'Fg) 1,0 + (Fe PTQ" P, PT'RP'Fy) 1,())
< |PT'QPTFY| )| PT RPT Fy | Ly
< NP Lol Fellz,oll Bl o lQll L.
< NP ol Fellz, ol Bl @ 1@l a1 @
and
/(sym(P—va —1d), P (QP 'R+ RP'Q)P ' Fy)F dx
Q
< sym(P'Fg —1d)| 1y |PT'QP'RP™'Fg + PT'RP'QP ' Fy |1,
1
< 5HP—IFV + FEP' =2 1d ||y ([|PT'QP ' RP Fy | 1,0
+[[PTRPT QP Fy | Ly@)
< (1P F9 | o) + 11d | a@) NP2, 1HFw @ 1 Q1 Lo | Bl o)
< 2(1P @ 1 E9 | 2oty + 3IQNIP 7,0 1Fw Lo 1Q1 o | Bl 2 0,

with |Q| being the volume of the domain Q, ie., [Q = [,1 dx. The second
integral of (2.21) again contains products of traces. Thus, we use (2.9) and get

/ tr(P QP ' Fo)tr(P'RP'Fy) dx
Q

IN

3/ |P-1QP~ Fo||p|| P~ - RP~"F|| dx
[9]

3P QP Fy | o | P RP™ Fo Lo
31PN 159 2o | Qll oo | B ot
1P Ly 19 2, 0 Q22 [ Rl )

(VANRRVARVAN



2.2. THE Q-LAPLACE PROBLEM 29

and

/ tr(P'Fy — Id)tr(P Y (QP 'R+ RP'Q)P ' Fy) dx

Q
< 3/ |P'Fy —1d||p||P'QP'RP'Fy + P'RP QP ' Fy||r dx

Q

< 3[|P7'Fy = Id||L,@l|PT'QP'RP ' Fy + P'RP'QP ' Fy| 1,0
< 3P 9l o) + M ([ 2y@) (1P QP RPT Fy | y) + ([P RPT' QP Fyll 1y0))
< 3([P a0 IIFv||L2 )+ 312D CIPH @ Fell @ 1 QN a@) | Rl La@)
< 6( P a1 E9 o) + 3I2DIPHZ 0 19 o) [ RNl 2 @ | Bl 1.0

Now we consider the third integral arising from ||PTP — 1d||?

/ (PPTQ + PQ"P + QP"P — Q,R)r dx

Q

|PPTQ+ PQ"P + QP"P — Q| | Rll .2
(IPPTQ + PQ"P + QP" P 1,0) + ||Qll Lo(@)) |1 Bl Lo
(IPN1Z 0 + 1) QI Lo 1Rl Loy

(1PN, + 1) QI a @I Rl 10

Before we estimate the last integral, we consider the inner product between the
gradients occurring in the integral separately

/Q (VQ. VR dx = (VQ. VR) @) < [VQl s IV Rll sy < 1@l 120 | Rll -

(VAN VAN VAR VAN

Additionally, we define the maximum value of the gradient of P, i.e., VP, by

2
cyp = max max (0yF;;)°.
v x€eQ i,5,k=1.. 3( Z])

Thus, we obtain
3

LIVPI QTR ix = [ (3 @R H(VQ. VR dx

i.j.k=1

< /(27 max (0xP;;)*)" *(VQ,VR)F dx
0

i,5,k=1...3

IN

272 / (VQ,VR)p dx
Q

—2
27¢L 5 11Q| a2 o) | Rl 12 )

IA

/ VP54 (V P, VQ)r(VP, VR dx < / IV P2 |V QU VR dx
Q

< 2745 VQ Lo IV Rl o)
< 27421 Q oy | Bl 2 ) -
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Hence, we have shown that the quadratic form ap(-,-), cf. (2.21), is continuous
with respect to the H'-norm, i.e.,

ap(Q,R) < C(P) ||Qllm o | Rl i ()

2.3 Numerical results for the staggered scheme

In this chapter we present results from computations with our staggered algo-
rithm. We consider three different test computations. In Section 2.3.1 we present
results for computations with predetermined solutions P and ¢. In Sections 2.3.2
and 2.3.3 the results for the computation of a torsion up to an angle of 7 are
presented. Section 2.3.2 uses the micromorphic model as presented in (1.1) in
Chapter 1. In Section 2.3.3 we use a modified micromorphic model where the
volumetric response is governed by a determinant term instead of a trace term
as in Section 2.3.2. This modified model is more realistic for large volumetric
stretch. The computations are carried out on a computer with an Intel Core i7
quad core processor with 2.67 GHz and 12 GB memory.

It is common to all calculations that the linear systems occurring in the New-
ton iterations for ¢ and P, respectively, were solved by using PETSc [7, 5, 6]. We
solve the P-elastic system with a conjugate gradient solver without using a pre-
conditioner. For the system occurring in the subproblem for the micromorphic
field P, i.e., the g-Laplacian problem, we use a direct LU decomposition from
UMFPACK [20] or MUMPS [26]. Let us note that none of the computations was
performed in parallel. For the P-elastic problem we later introduce the FETI-
DP algorithm and thus obtain a more efficient solver; c¢f. Chapter 3. Note, that
we have by now not implemented the parallel FETI-DP solver in the staggered
approach.

All of our computations are tested for the unit cube, i.e., Q = Q. = [0, 1]>.
Additionally, in Sections 2.3.2 and 2.3.3, we consider a cylindrical geometry
with height 2 and diameter 1, ie., Q@ = Q1 = {(z,9,2)7 = x € R’ :

Vaz+y? < 0.5Az € [0,2]}. The meshes for the cylinder are generated with
Netgen; cf. [87, 86]. In contrast to the cylinder we discretize the unit cube in a
regular way. Therefore, we first decompose (2. into hexahedra. These are decom-
posed into tetrahedra by introducing one additional point in the center of each
hexahedron. We connect this midpoint with each vertex of the related hexahe-
dron. This results in 6 pyramids with square bases. By splitting each base into
two triangles we obtain 12 tetrahedra for each hexahedron; cf. Figure 2.1. Since
we use quadratic elements, we have to introduce additional points on the edges
of the tetrahedra. The number of degrees of freedom for a mesh of the unit cube
can be computed from A by

(2 3) (50
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Figure 2.1: Decomposition of a hexahedron into 12 tetrahedra.

The material parameters are £ = 210 kN/mm? and v = 0.29, which correspond
to pe ~ 81.4 kN/mm? and A, ~ 112.4 kN/mm?. Furthermore, we choose
L.=1,hT =0.1, and ¢ = 4. We choose the tolerance tol in (2.1) as tol = 1077,
i.e., we stop the fixed point iteration if || AP®]|,, and ||Ag®||;, are both smaller
than 10~7. The Newton iterations are carried out up to an accuracy of 1075.

In Sections 2.3.2 and 2.3.3 we choose the Dirichlet boundary for the P-elastic
subproblem as the lower face of either the cube or the cylinder, i.e.,
0Qp = {x € Q|z = 0}. Note, that we work with pure homogeneous Neumann
boundary conditions in Sections 2.3.2 and 2.3.3 for the g-Laplacian problem,
i.e., pp = 0. Otherwise, in Section 2.3.1 we have Dirichlet boundary for the
P-elasticity and the g-Laplacian problem. There we provide both subproblems
with homogeneous Dirichlet boundary conditions on the whole surface of the unit
cube, i.e., 0Qp = 0Npp ={x € QJr € {0,1} Vy € {0,1} vz € {0,1}}.

2.3.1 Computations with P and ¢ given

The first tests are carried out for a reduced minimization problem, i.e.,

Ae
min / pellsym(P~' Fg — Id)||7 + = (tr(P~ ' Fy — Id))2
(P) Jo 2

L L
we (S I9PL+ v PIL) ax
—/Q(fcp,so)F+ (fp, P)r dx,

where we have left out the term pu.h*||PTP —1d||% which penalizes the pertur-
bation from P to a rotation. With these tests, we want to confirm that our
staggered approach converges to a given solution. Hence, we choose a pair of
variable (P, ¢). For such a pair (P, ¢) we compute f, and fp such that the right
hand side of the Newton algorithm becomes zero for (P, ¢). Thus, we know that
the pair (P, ¢) is a stationary point of our problem.



32 CHAPTER 2. STAGGERED APPROACH

We start the staggered scheme with an initial guess (P(®, (). This initial
guess equals the chosen solution on the Dirichlet boundary, i.e., (P (x), @ (x)) =
(P(x),p(x)) forx e {xe€Q.:2€{0,1} Vye{0,1} Vz € {0,1}}. In the other
points of the cube we perturb the solution (P, ¢) to obtain an initial guess.

We consider two different sets of given a deformation ¢ and a micromorphic
field P. We will denote these different sets as ¢; and P; with i € {1,2,3}. The
initial guesses we will refer to as goz(-o) and Pi(o), respectively.

Example 1: As first setup we choose a linear function for the deformation ¢;.
P, is in accordance to ¢; chosen as its gradient P = V¢, i.e.,

xr—z
¢ :R* - R? s x— | 2z4+y+32 |,
—y — 2z
1 0 -1
PR —-R> ; x— [ -1 1 3
0 -1 -2

Thus, we have VP, = 0 and PleVJ = Pl_lVgol = Id. Hence, we know in
advance that the minimum energy must be zero. Furthermore, the body forces
fo and fp are zero.

Example 2: For the second setup we again choose P, = V,. The deformation
(2 is chosen as a quadratic function. Hence, we can represent ¢, exactly with
our implementation since we work with piecewise quadratic nodal basis functions,
ie.,

(x+1)(z+1)
p: R*—TR* ;| x— | @+Dy+1) |,
(y+1)(z+1)
(z+1) 0 (x+1)
P RP =R ; x| (y+1) (z+1) 0
0 (z4+1) (y+1)

P; is linear, due to the choice as the gradient of the deformation. Hence, it can
also be represented exactly by our nodal basis functions. Since V P; is non zero
we obtain a minimizing energy of 12u.. Again the body forces are computed to
be equal to zero, i.e., f, =0 and fp = 0.

All calculations lead to the correct solution if the fixed point iteration con-
verges. For both examples we observe that they converge even for strong per-
turbations. As we would expect the fixed point iteration converges for both
examples within one step if we only perturb one variable in the initial guess
and start our staggered algorithm by minimizing the energy with respect to the
perturbed variable.

Comparing Example 1 and Example 2 we notice that Example 2 is more
stable with respect to the perturbations in the initial guess than the first one,
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i.e., in Example 2 we can even start with the identities P(®) = Id and ¢© = x
outside the Dirichlet boundary and obtain a convergent fixed point iteration.
The problem within the fixed point iteration for Example 1 and Example 2 lies
in the convergence of the Newton iteration for the micromorphic field, i.e., the
minimization step for the variable P. We observe that the Newton iterations
for P sometimes do not converge and hence also the fixed point iteration does
not converge. These problems in the convergence of the Newton iteration occur
earlier with respect to the perturbations of the initial guess if we start with
the minimization problem in P rather than starting with the one in ¢. Even
the number of fixed point iteration steps is slightly smaller if we start with the
minimization for ¢ than if we start with the one in P. Hence, we concluded
that it might be always better to start with the minimization problem in .
Furthermore, these observations give rise to the idea to investigate the effects of
damped Newton iterations for the minimization problem in P in future research.

If the fixed point iteration converges, the Euclidean norms of the fixed point
iteration increments Acp(k) and AP® converge to zero with a convergence rate
of order 1; cf. Figures 2.2, 2.3, 2.4, and 2.5, in which the logarithm of the
increments is displayed versus the number of fixed point iteration steps. Note,
that the calculations for Example 2 need less fixed point iteration steps than the
ones for Example 1.

2 2
or ——Agp| ] or ——A@| ]
—2or —-o—-AP| -2+ —-o-AP|
—4r -4
-6 -6
g g
> -8r > -8
o k=]
—-10r -10
-12 -12
-14 -14
—-161 -16
—18 . . . -18 . . . .
6] 5 10 15 (0] 5 10 15 20
# Fixpoint Its # Fixpoint Its

Figure 2.2: FExample 1, mesh

with 1241 nodes, i.e., h = 0.25,

first minimaization in @ then in P.

Initial quess:

o)) = (0.9¢1,1, 1,2, 0.9¢1 3

P = ((P111, P12, 0.9P, 1),
(0.9P1 21, P22, P123)
(Pr31,0.9P 32, P 33)

T
and

i

Figure 2.3: FEzample 1, mesh
with 9009 nodes, i.e., h = 0.125,
first minimization in P then in .
Initial guess:

(0) T
w1 = (09011, ¢12,913)" and
PP =p —011d.

The convergence of the Newton iteration for P in Example 2 is monotone
and quadratic with respect to the Euclidean norm of the correction term, i.e.,
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g -10
-10f E
-15
15}
—-20
o0l
° ' 2 # FiXp%im Its ¢ ° ° o * 2 # Fixp%int Its 4 °
Figure 2.4: FEzxzample 2, mesh Figure 2.5: FEzample 2, mesh
with 1241 nodes, i.e., h = 0.25, with 9009 nodes, i.e., h = 0.125,
first minimazation in P then in . first minimization in ¢ then in P.
Initial guess: Initial quess:
0) __ T o - T
@y = (0.8p21,p22 — 2,Y V23) wy = (09021, 022,023)" and
0
and PQ(O) = (P11, Poa2 + 9y, Poi3), P2( '=P-011d.

(0.9Ps 21, P 22, P2 23),
(Pys1, Pag2, Pags—))T.

IAPY V|, and with respect to the Euclidean norm of the residuum. For Ex-
ample 1 we observe monotone and quadratic convergence for ||AP,§kH) ||z, and the
residuum if we start our fixed point iteration with the minimization problem in
@ as displayed in (2.1). Instead, if we start with the problem in P in our fixed
point iteration, we observe monotone but not quadratic convergence with respect
to HAPT(L’CH)HI2 and the residuum. Note that with respect to the residuum we
also observe quadratic convergence but not with respect to ||AP7§k+1)|| 1,- These
observations confirm us in the idea always to start with the minimization in ¢.

This idea was implemented in the torsion calculations presented in Sections 2.3.2
and 2.3.2.

2.3.2 Torsion with linear volumetric term

In this section, we present numerical results for the torsion of the unit cube and
the cylinder as described before. Since we set the body forces fp and f, to zero
we consider the following energy for our minimization problem

Ae _
E(P ) = /Que||sym(P_1Fv—Id)||%+3(tr(P 1Fv—1d))2

I I
b IPTP =141+ (IVPIE + EIOPIE) ax

6
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with Fy = V¢ as before. Note, that here the P-elasticity problem is linear
(notably in the volumetric term 2 (tr(P~'Fy —1d ))?) ; see the definition of the
bilinear form in (2.7).

In the case of the unit cube we consider meshes with different mesh widths
h. For the cylinder we use two meshes, i.e., one mesh with 876 nodes and a finer
mesh with 3852 nodes. For the cube we choose the torsion axis in z-direction
through the middle of the z-y-plane, ie., {x € Q. : 2 =0.5Ay = 0.5Az € [0,1]}.
We choose the torsion axis in the same way for the cylinder, i.e., {x € Q¢ : 2 =
0Ny =0Az€[0,2]}. We obtain the torsion of our geometry by using Dirichlet
boundary conditions, i.e., in each load step we use the displacement between
the configuration of the current load step and the contorted configuration of
the next load step as boundary value on the upper face of the body in the P-
elasticity subproblem for ¢. As upper faces we define {x € Q. : z = 1} and
{x € Qcy : z = 2} for the cube and the cylinder, respectively. As mentioned
before, we use homogeneous Dirichlet boundary conditions for the displacement
on the lower face of either the cube or the cylinder, i.e., {x € Q: z = 0}. These
homogeneous Dirichlet boundary conditions keep the lower face of the body fixed.

For the minimization problem in P we assume pure homogeneous Neumann
boundary conditions. However, in a large neighborhood of P = Id we obtain an
invertible tangent matrix by introducing h™||PTP — 1d||%.

The overall torsion of 7 is applied in steps of &; and the system is solved using
a fixed point iteration in every step. Every fixed point iteration is started with
the deformation ¢ and the micromorphic field P obtained in the last step. The
start values for the first fixed point iteration are ¢(x) =x and P =1d.

In our numerical experiments, the Newton iterations for P converge monoton-
ously independent of the geometry, the mesh size or the overall torsion angle.
At most we need 6 Newton iterations for the unit cube and 5 for the cylinder.
The number of Newton iterations decreases within each fixed point iteration.
Moreover, the maximum number of Newton iterations needed, decreases with
higher overall angle. For both geometries we observe that the finer we choose our
mesh the earlier we obtain quadratic convergence in the Newton iteration with
respect to the Euclidean norm of AP,

The number of fixed point iteration steps needed, increases monotonously
with the overall angle if we consider the unit cube. The behavior for the cylindric
geometry is slightly different. There, we first observe a decrease of fixed point
iteration steps before the number of iterations increases. Furthermore, the finer
our mesh is chosen, the more fixed point iteration steps we need independently
of the geometry. Note that the minimum number of fixed point iteration steps
needed for the cylinder is higher than the maximum number needed for the cube
in our experiments.

The Euclidean norms of the fixed point iteration increments Ap*) and AP®)
converge to zero with a convergence rate of order 1; cf Figures 2.6, 2.7, 2.8, 2.9,
2.10, 2.11, 2.12 and 2.13 in which the logarithm of the increments is displayed ver-
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sus the number of fixed point iteration steps. These results are nearly completely
independent of the geometry and the overall torsion angle.

0 |

-2t

-4}

-6t

-8}

log(2)
log(a)

—-10}

—12}

—14}

—16}

# Fixpoint Its "o 10 #Fii?)oim Its %0 40
Figure 2.6: Owverall angle g—g, Figure 2.7: Owerall angle g—g,
mesh of the unit cube with 1241 mesh of the unit cube with 2331
nodes, i.e., h = 0.25. nodes, i.e., h = 0.2.

= —10r
1ol
14l
16l
20 1% 10 20 30 40 50
# Fixpoint Its # Fixpoint Its
Figure 2.8: OQwverall angle ;—72’, Figure 2.9: Owverall angle %”,
mesh of the unit cube with 3925 mesh of the unit cube with 9009
nodes, i.e., h = %. nodes, i.e., h = 0.125.

Only in the case of the first loadstep for the cylinder we observe that the
decrease is slower in the beginning than in the further fixed point iteration.
Asymptotically, we observe the same behavior as before; see Figures 2.14 and
2.15.

In Figures 2.16 and 2.17, 2.18 and 2.19, 2.20 and 2.21, 2.22 and 2.23, 2.24
and 2.25, 2.26 and 2.27, 2.28 and 2.29, 2.30 and 2.31, 2.32 and 2.33, we present
results for the unit cube. Here, we compare the results for our new model with
the ones for standard linear elasticity for three different mesh sizes and different
overall angles. The results for standard linear elasticity are obtained by setting
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Figure 2.10: Owverall angle 7, Figure 2.11: Overall anige 7,
mesh of the unit cube with 12691 mesh of the unit cube with 12691
nodes, i.e., h = %. nodes, i.e., h = %.
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Figure 2.12: Qwverall angle %’, Figure 2.13: OQwverall angle 16774“,
mesh of the cylinder with 876 mesh of the cylinder with 3852
nodes. nodes.

P = 1d throughout the whole torsion process. Furthermore, we present results
for larger overall angles in Figures 2.34, 2.35, and 2.36.

Additionally considering the figures that we obtain for finer meshes of the
unit cube, we observe an obvious influence of the mesh size on the accuracy of
the solution; cf. Figures 2.34, 2.35, 2.36, 2.37, and 2.38.

Furthermore, we present cross sections of the contorted cubes. In addition to
the figures presented before, the cross sections contain the values of ||PTP — Id || p
in each node. The quantity ||[PTP — Id||r measures the distance of the matrix
P to a rotation. We observe that the values obtained for ||PTP —Id || decrease
with a finer mesh and increase with an increasing overall angle. Considering the
definition of the Frobenius norm, we record that we seem to obtain matrices very
close to rotations; see Figures 2.39, 2.40, 2.41, 2.42, 2.43, 2.44, 2.45, and 2.46.
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Figure 2.16: Overall angle %,
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Figure 2.15: First fized point it-

eration for a mesh of the cylinder
with 3852 nodes.
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Figure 2.17: Querall angle 3
mesh of the unit cube with 3925
nodes, standard linear elasticity

(P=1d).
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Figure 2.18: Querall angle %, Figure 2.19: Owerall angle %

]
mesh of the unit cube with 9009 mesh of the unit cube with 9009
nodes.

nodes, standard linear elasticity

(P=1d).

39

Figure 2.20: Owerall angle %, Figure 2.21: Owverall angle 3

mesh of the unit cube with 12691 mesh of the unit cube with 12691

nodes. nodes, standard linear elasticity
(P=1d).
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Figure 2.22: Querall angle 7, Figure 2.23: Overall angle 7,

mesh of the unit cube with 3925 mesh of the unit cube with 3925

nodes. nodes, standard linear elasticity
(P=1d).

Figure 2.24: Overall angle 7, Figure 2.25: Overall angle 7,
mesh of the unit cube with 9009 mesh of the unit cube with 9009
nodes. nodes, standard linear elasticity

(P=1d).
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Figure 2.26: Owverall angle 7, Figure 2.27: Owerall angle =

4
mesh of the unit cube with 12691 mesh of the unit cube with 12691
nodes.

nodes, standard linear elasticity

(P=1d).

Figure 2.28: Owerall angle 3?”, Figure 2.29: OQuverall angle %’T,
mesh of the unit cube with 3925 mesh of the unit cube with 3925
nodes.

nodes, standard linear elasticity
(P=1d).
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Figure 2.30: Owerall angle “%’T, Figure 2.31: Qwverall angle %’r ,

mesh of the unit cube with 9009 mesh of the unit cube with 9009

nodes. nodes, standard linear elasticity
(P=1d).

Figure 2.32: Owerall angle %’r, Figure 2.33: Owerall angle %’T ,
mesh of the unit cube with 12691 mesh of the unit cube with 12691
nodes. nodes, standard linear elasticity

(P=1d).
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Figure 2.34: Owverall angle 7, Figure 2.35: Overall angle 7,
mesh of the unit cube with 3925 mesh of the unit cube with 9009
nodes. nodes.

™

Figure 2.36: Overall angle 7,
mesh of the unit cube with 12691
nodes.
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Figure 2.37:

nodes.
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Overall angle 7,

mesh of the unit cube with 1241

Figure 2.38: Overall angle 7,

mesh of the unit cube with 2331
nodes.
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Figure 2.39:

Uncontorted mesh
of the unit cube with 2331 nodes,
with values of ||PTP —1d ||r for an
overall angle of 7.

Figure 2.40: Uncontorted mesh
of the unit cube with 2331 nodes,
with values of ||PTP —1d ||z for an
overall angle of 3.
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3.5782e-03 1.0424e-02

Figure 2.41: Uncontorted mesh
of the unit cube with 3925 nodes,
with values of |PTP —1d || for an
overall angle of .
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—289%0-02____5.7060e-02
4.0314e-02 5.1478e-02 6.2642e-02

Figure 2.42: Uncontorted mesh
of the unit cube with 3925 nodes,
with values of ||PT P —1d||r for an
overall angle of .

3.8781e-02 4.9612e-02 6.0443e-02

Figure 2.43: Uncontorted mesh
of the unit cube with 9009 nodes,
with values of |PTP—1d ||p for an
overall angle of 7.

Figure 2.44: Uncontorted mesh
of the unit cube with 9009 nodes,
with values of | PT P —1d ||z for an
overall angle of 5.

We present results for the cylinder in the Figures 2.47, 2.48, 2.49, 2.50, 2.51,
2.52, 2.53, and 2.54. The figures show contorted meshes of the cylinder of different
mesh size and different overall angle. We again present two different types of
figures. On the one hand we have figures showing the contorted cylinder itself;
see Figures 2.47, 2.49, 2.51, and 2.53. On the other hand the cross sections
introduced before are presented; cf. Figures 2.48, 2.50, 2.52, and 2.54. There, we
observe that the values obtained for ||[PTP —1d||r decrease with a finer mesh
and increase with an increasing overall angle as for the meshes of the unit cube.
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—i604e-02 _____o4383c-02 ,
3.8303e-02 4.9024e-02 5.9745e-02

Figure 2.45: Uncontorted mesh
of the unit cube with 12691 nodes,
with values of |PTP —1d || for an
overall angle of .

Figure 2.47: Ouerall angle 7,

mesh of the cylinder with 876
nodes.

Figure 2.46: Uncontorted mesh
of the unit cube with 12691 nodes,
with values of ||PT P —1d ||z for an
overall angle of 7.

2.4969e-03
—

1.7330e-03 4.7877e-03

Figure 2.48: Querall angle 7,

mesh of the cylinder with 876
nodes, with values of || PT P—1d || .

In Figures 2.51 and 2.53 we observe a slight volumetric increase in the upper
and lower part of the cylinder. Furthermore, we have a constriction in the middle
of the geometry. These effects are due to using a quadratic energy to control the
volumetric deformation, i.e., using

% (tr(P~' Fy —1d))”

Hence, as an alternative, we also considered a more elaborate, nonlinear elasticity
model which will be described in detail in Section 2.3.3.
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Figure 2.49: Owverall angle 7,
mesh of the cylinder with 3852
nodes.

Figure 2.51: Owverall angle 7,
mesh of the cylinder with 876
nodes.
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Figure 2.50: Overall angle 7,
mesh of the cylinder with 3852

nodes, with values of || PT P—1d || .
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Figure 2.52: Qwverall angle 7,
mesh of the cylinder with 876

nodes, with values of |PT P—1d || .

2.3.3 Torsion with nonlinear volumetric term

Here, we present results for a torsion with a nonlinear elasticity formulation which
we use to avoid the volumetric increase observed for the linearized model. We
consider the same setting as in Section 2.3.2 but we make a slight change in the
energy formulation. Therefore, we replace the quadratic volumetric term

A

5 (tx(P7 Py —1d))°

by the general nonlinear volumetric term

A ? 1 |
A ((det(Fv) -7+ (m B 1) ) |
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2.3414e-02 3.6636e-02
i i—

1.6804e-02 4.3246e-02

Figure 2.53: Overall angle 7, Figure 2.54: Overall angle 7,
mesh of the cylinder with 3852 mesh of the cylinder with 3852
nodes. nodes, with values of |PTP—1d || .

Both terms are linearization equivalent in ¢p = x, P = Id, i.e., they lead to the
same linearized formulations when ¢ = x, P = Id. By this change we obtain
a nonlinear P-elasticity formulation which has to be solved with several Newton
iteration steps. Thus, we have to reformulate our Newton iteration introduced in
Section 2.1 (2.4) as for the g-Laplacian problem; cf. (2.20), into

O2J1(P, i) (90%’““) - sog“ff)) = - (&le(P, 905,,'“_*11))) rXans

with n denoting the n-th Newton iteration step, i.e., for n = 1,2,..., we have

Ago%kﬂ) = goglkﬂ) — gogcjll) = ul® and Lp(()kﬂ) = ®). Hence, we obtain the new

iterate Lp%kﬂ) = Lpfffll) + Ago%kﬂ). Furthermore, we obtain a new quadratic form

ac(f, )n(, -) and right hand side Fgf, )n(v) when we discretize the Newton iteration as

in Section 2.2, i.e.,

2

+>\e {tr((Vu(k))Fv_l)tr((Vv)Fv_l) (2 det(Fy)? — det(Fy) —
(

Vul ) Fo (Vv)Fgt) ((det(Fv) —1) (det(Fv) + m))} dx

det(Fy) | det(Fy)?

)
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and

F (v)

Pn

= — / pe(PH (P Py + FEP T —2.1d),Vv)r
—%tr((VV)FV_I) ((det(Fv) —1) (det(Fv) + m)) dx,

with Fy = v@’“_ﬁ”. Note that for Fy = Id we obtain the same bilinear form as
introduced in (2.7) which is consistent with the linearization of the volumetric
term.

Since the new term does no longer depend on P our minimization problem in

P reduces to

. _ L? L
win | plloym(P By < 1OI + . (FIVPI+ 9P )
Q
+ph | PTP —1d |3 dx.

Hence, we obtain the same quadratic form as in Section 2.2, (2.21), without
the trace terms. The same holds for the right hand side of the discretized g-
Laplacian problem in (2.22). There are no more changes necessary in the g-
Laplacian problem when we change the terms as described.

When we analyze the results for this nonlinear formulation we observe that for
the cubic geometry the number of fixed point iteration steps needed in each single
load step is much smaller than in the linear formulation, i.e., we need about half
as many fixed point iteration steps in the beginning. Furthermore, the number
of fixed point iteration steps needed increases only very slowly in contrast to the
linear formulation. Hence, in the last load step we need less than half as many
fixed point iteration steps in the nonlinear case than in the linear case. For the
cylinder we again observe that the number of fixed point iteration steps needed
first decreases and than increases with an increasing overall angle. As in the
case for the cubic geometry the number of fixed point iterations needed is much
smaller than in the linear case. For the linear formulation we observe that the
maximum number of fixed point iteration steps needed for the meshes of the unit
cube is smaller than the minimum number of fixed point iteration steps needed
for the meshes of the cylinder. Here, we observe that for the coarser mesh of the
cylinder, i.e., the mesh with 876 nodes, the minimum number is slightly smaller
than the maximum number for the fine meshes of the unit cube, i.e., the meshes
with 9009 and 12961 nodes. The observations concerning the increase of the fixed
point iteration steps needed when we use finer meshes can as well be made for
the nonlinear case.

The Newton iterations for the deformation ¢ are quadratically convergent
with respect to the Euclidean norm of the residual as well as with respect to the
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Euclidean norm of the correction, i.e., ||Ago£ik)\| 1, for fixed k, independent of the
geometry, the mesh size and the overall angle. We need at most three Newton
iteration steps in the case of the cubic geometry and at most four in the case of
the cylinder.

Note that the Newton iteration for the field P behaves in the same way as
in the linear formulation; see Section 2.3.2. The only difference we observe, is
in the number of Newton iteration steps. Here, we have a slight increase in the
maximum number of iteration steps, i.e., we need at most six or seven steps for
both geometries depending on the mesh size.

The convergence behavior of the Euclidean norm of the increments Agp®*)
and AP® is also comparable to the one for the linear formulation. In contrast
to the linear formulation we do not observe a change in the gradient in the
figures for AP® for the cubic geometry; see Figures 2.55, 2.56, 2.57, 2.58, and
2.59. However, in the case of the cylindric geometry this change is more obvious
than in the linear case for the finer mesh; see Figure 2.61, and vanishes for an
increasing overall angle for the coarser cylindric grid; Figure 2.60. Note, that we
do not obtain an exception as for the first load step in the linear formulation for
the cylinder any longer; see Figures 2.62 and 2.63.

of
-2t o] Ll ——no| |
-at -o-AP| | -e-AP
_al
e} .
g 7 3 -8
B -10, I
-12 -12¢
-14r -14
—16}+ -16
-18}+ -18
0 5 10 15 0 5 10 15 20
# Fixpoint Its # Fixpoint Its
Figure 2.55: Quverall angle g—g, Figure 2.56: Owerall angle %,
mesh of the unit cube with 1241 mesh of the unit cube with 2331
nodes, i.e., h = 0.25. nodes, i.e., h = 0.2.

In Figures 2.64 and 2.65 it is shown, that the volumetric increase due to the
linearization we observed for the cylinder is avoided with the nonlinear formula-
tion.

Furthermore we observe a slight increase in the values of |PTP —Id ||p; see
Figures 2.66, 2.67, 2.68 and 2.69.

As for the cylinder we observe an increase of the values of |[PTP —Id || for
the meshes of the unit cube in comparison to the values obtained for the linear
formulation; see Figures 2.71, 2.73, 2.75, 2.77, and 2.79. Additionally, we present
figures showing the contorted cube which do not obviously differ from the ones
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Figure 2.57: Qwverall angle 135—;, Figure 2.58: OQwerall angle g—g,
mesh of the unit cube with 3925 mesh of the unit cube with 9009
nodes, i.e., h = %. nodes, i.e., h = 0.125.
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Figure 2.59: Owverall angle &,

mesh of the unit cube with 12691
nodes, i.e., h = %.

obtained for the linear formulation; see Figures 2.70, 2.72, 2.74, 2.76, and 2.78.

From these observation it seems that although we would have expected the
computations with a nonlinear elasticity formulation to be more expensive than
these with a linear elasticity formulation that the expense seems to reduce. Since
we need less fixed point iteration steps we also have a decrease of minimization
problems in P. But the minimization problems in P are much more expensive
to solve than the P-elastic problems in ¢. The increase in the amount of work
for the P-elasticity problem due to more steps than in the linear formulation
is in comparison to the decrease due to the less needed g-Laplacian problems
neglectable. The small increase in the number of Newton iteration steps in the
g-Laplacian problem also does not make up the decrease in the overall number
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mesh of the cylinder with 876
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mesh of the cylinder with 876
nodes.
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Figure 2.61: Quverall angle 7,
mesh of the cylinder with 3852

nodes.
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Figure 2.63: Overall angle &,

mesh of the cylinder with 3852
nodes.

of fixed point iteration steps. Furthermore, we observed only a slight increase in
the values of ||PTP —1d || which seems not to be problematic. Hence, we may
conclude from these first observations that the nonlinear elasticity formulation
seems to lead to better results and is less expensive than the linearized approach

for the torsion.
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Figure 2.64: Overall angle 7,
mesh of the cylinder with 876

nodes, compare with 2.51.

3.1409e-03

Figure 2.66: Overall angle 7,
mesh of the cylinder with 876
nodes, with values of |PT P—1d ||,

compare with 2.48.

Figure 2.65: Ouverall angle 7,
mesh of the cylinder with 3852

nodes, compare with 2.53.
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Figure 2.67: Qwverall angle 7,
mesh of the cylinder with 876
nodes, with values of |PT P—1d ||,

compare with 2.52.
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Figure 2.68: Quverall angle 7,
mesh of the cylinder with 3852
nodes, with values of || PT P—1d ||,

compare with 2.50.

Figure 2.70: OQverall angle 7,
mesh of the unit cube with 1241
nodes.
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7.9022e-03

Figure 2.69: Querall angle 7,
mesh of the cylinder with 3852
nodes, with values of || PTP—1d ||,

compare with 2.54.

w
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Figure 2.71: Uncontorted mesh
of the unit cube with 1241 nodes,
with values of ||PTP—1d||r for an
overall angle of 5.
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Figure 2.72: Owverdll angle 7,
mesh of the unit cube with 2331

nodes.

Figure 2.74: Overall angle 7,

mesh of the unit cube with 3925
nodes.
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Figure 2.73: Uncontorted mesh
of the unit cube with 2331 nodes,
with values of ||PTP —1d || for an
overall angle of 7.

L S =0 e 217322 = 0 e
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Figure 2.75: Uncontorted mesh
of the unit cube with 3925 nodes,
with values of ||PTP —1d||¢ for an
overall angle of 5.
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5.2186e-03 1.6008e-02 2.6797e-02

Figure 2.76: Owverall angle 7, Figure 2.77: Uncontorted mesh
mesh of the unit cube with 9009 of the unit cube with 9009 nodes,
nodes. with values of ||PTP —1d || for an

overall angle of 7.

5.1859e-03 1.5960e-02 — 2.6735e-02

Figure 2.78: Overall angle 7, Figure 2.79: Uncontorted mesh
mesh of the unit cube with 12691 of the unit cube with 12691 nodes,
nodes. with values of ||PTP —1d||¢ for an

overall angle of 5.



Chapter 3

Efficient solution of P-elasticity
with FETI-DP

The FETI-DP method has proven to be an efficient domain decomposition method
to solve large linear systems arising for example in elasticity problems. Since our
P-elastic subproblem changes to a standard linear elasticity problem when we
chose P = Id we consider the FETI-DP approach also for the P-elastic problem.

In this chapter we will first give a short introduction to the FETI-DP method;
see Section 3.1. In Section 3.2, we will establish the constraints used in the
FETI-DP method for the case of P-elasticity. The Korn inequalities needed
to guarantee uniform ellipticity are established for the P-elasticity problem in
Section 3.3. In Section 3.4 we establish the condition number estimate for the
preconditioned FETI-DP system. Some of the technical tools needed in our
analysis will be presented in Section 3.5 with proofs for piecewise quadratic nodal
basis functions. To complete this chapter, we present numerical results for the
P-elasticity problem solved with the FETI-DP algorithm in Section 3.6. In this
chapter we will mainly follow the arguments given in Klawonn and Widlund [55].

This chapter is based on Klawonn, Neff, Rheinbach, and Vanis [47]. For the
convenience of the reader we repeat the arguments and outline some proofs in a
more detailed fashion.

3.1 The Dual-Primal FETI Method

In this section, we will give an algorithmic description of the dual-primal FETI
(Finite Element Tearing and Interconnecting) domain decomposition method for
P-elasticity. For related FETI-DP algorithms for linear elasticity problems, see
[50, 52, 55].

In FETI methods the computational domain is partitioned into nonoverlap-
ping subdomains and the continuity of the solution across subdomain boundaries
is enforced by Lagrange multipliers. The dual problem is then solved iteratively

o7
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by a preconditioned Krylov subspace method. As a result, the FETTI iterates are
in general discontinuous across the subdomain boundaries before convergence.

In dual-primal FETI methods, the variables on the subdomain boundaries are
divided into two classes, the primal and the dual variables. As primal variables,
labeled with II, we refer to variables which are assembled before the iteration and
in which continuity is enforced in each iteration step. For dual variables, labeled
with A, the continuity is established weakly by the introduction of Lagrange
multipliers thus enforcing continuity only at convergence. The primal variables
also form a globally coupled problem. This global problem is necessary to obtain
numerical scalability, i.e., independence on the number of subdomains, but should
be kept as small as possible.

3.1.1 Triangulation of

The FETT methods work on discrete spaces as numerical methods do in general.
A triangulation 73, of the domain 2 is assumed to be given. The elements of 73, are
supposed to be shape regular and to have a typical diameter h. We assume that
the domain ) can be represented exactly as union of tetrahedral finite elements.
The corresponding conforming finite element space of finite element functions is
denoted by Wh := W"(Q) c H}(Q,99Q2p). Then we obtain a discrete form of
the problem
Find u, € W"(Q) such that

a(uh,vh) = F(Vh) Vv, € Wh. (31)

When there is no risk of confusion, we drop the subscript h from now on.

We will work with piecewise quadratic nodal basis functions for the problem of
P-elasticity. Hence, we have one additional node on each edge of each tetrahedron
belonging to the triangulation 7,. With these additional nodes we can split each
tetrahedron in a natural way in eight smaller tetrahedrons, cf. Figure 3.1 The
triangulation we obtain by this further splitting will be denoted by 75,/2. We will
use this triangulation exclusively to define linear finite element functions in the
theoretical analysis; see Section 3.4, (3.56).

3.1.2 Decomposition of 2

We assume a Lipschitz domain €2 partitioned into N subdomains €2;,2 =1,..., N,
each of which is the union of finite elements with matching finite element nodes on
the boundaries of neighboring subdomains across the interface I'. The interface I"
is the union of three different groups of open sets, namely, subdomain faces, edges,
and vertices. Here, we follow the presentation given in Klawonn and Rheinbach
[50, Section 2]; see also Klawonn and Widlund [55]. We denote individual faces,
edges and vertices by F,&, and V), respectively. To define faces, edges, and
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N

Figure 3.1: Decomposition of one 10 node tetrahedra into eight 4 node tetrahedra.

vertices, we introduce certain equivalence classes. Let us denote the sets of nodes
on 092,08, and I' by 0%, 0€2; 5, and I'j,, respectively. For any interface nodal
point z € I'y, we define

Ngc = {jE{l,...,N}iﬁean,h}7

i.e., N, is the set of indices of all subdomains with z in the closure of the subdo-
main. For a node x we define the multiplicity as |N|.

Associated with the nodes of the finite element mesh, we have a graph, the
nodal graph, which represents the node-to-node adjacency. For a given node x €
'y, we denote by Ceon () the connected component of the nodal subgraph, defined
by N, to which x belongs. For two interface points z,y € I'j,, we introduce an
equivalence relation by

r~y o N, =N, and y € Ceon(2).

We can now describe faces, edges and vertices using their equivalence classes.
Here, |G| denotes the cardinality of the set G. We define the following.

Definition 1

reF & |N|=2.
ref & |Ny >3 and Jy €T,y # x, such that y ~ .
reV & N >3 and Ay € T,y # x, such that y ~ z.

In the case of a decomposition into regular substructures, e.g., cubes or tetrahe-
dra, our definition of faces, edges, and vertices conforms to our basic geometric
intuition. On the other hand, for subdomains generated by an automatic mesh
partitioner, the situation can be quite complicated. We can, e.g., have several
edges with the same index set AV, or an edge and a vertex with the same A,. In
practice, we can also have situations when there are not enough edges and poten-
tial edge constraints for some subdomains. Then we have to use constraints on
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some extra edges on 0f)y, which otherwise would be regarded as part of a face.
A similar problem might occur for flat structures for which additional constraints
might be required for each subdomain. Therefore, we introduce an alternative
definition of edges.

Definition 2 An edge is the largest connected set of nodes with the same index
set N, where Ny > 3 or Ny > 2 and x is on 0Qy.

If needed, we will increase the number of edges in unstructured cases by
switching locally from definition of edges given in Definition 1 to Definition 2
and by splitting edges into several edges.

3.1.3 The basic algorithm

In this section we will give an algorithmic description of the basic FETI-DP
method. Let us therefore assume that €2 is given and decomposed as described
in Section 3.1.2. For each subdomain we need the local stiffness matrix K®, the
local load vector £, and the vector of the local nodal values u”. We distinguish
between interior nodes and interface nodes, denoted by I and I', respectively.
Additionally, we distinguish between dual and primal nodes on the interface,
denoted by an index A or II, respectively. In the primal variables we will establish
the continuity by assembling before the iteration. In the dual nodes the continuity
is established by an additional constraint which is established by using a vector of
the Lagrange multipliers. This vector of the Lagrange multipliers will be denoted
by A. Thus, we have

7 1)T 2)T % %
B R Ry o o
KO=| kO KO kO, 0@ =¥ | and £fO=| 0
Ky Kix Kin ury fry

Introducing

as well as
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Next, we assemble the primal variables, indicating the assembled variables by a

tilde. This yields
- | Kes Eup |
Knp  Kmn

The assembly process can be described using restriction operators Rg) with

K9 = RgﬁKgg Vi=1,...,N
Kpp = ZR Kb Ry

The matrices Rﬁ) only have entries 0 or 1, the global number of columns equals
the number of primal variables, and the number of rows equals the number of
primal variables belonglng to the subdomain €2;. The entry in the i-th column
and the j-th row of RH is set to 1 if the j-th primal node in the subdomain €2;
equals the i-th primal node in the global problem.

In order to obtain a continuous ua we introduce a discrete jump operator
B = [0 Ba]. The operator B is constructed with entries —1,0, or 1, in such a
way that it will enforce continuity for matching nodes across the interface, i.e.,
ug is continuous if Bug = 0 = Baua.

This leads to a new formulation of our problem

Find u such that

Ku=f and Bug=0

and with A being the vector of the Lagrange multipliers we obtain

KBB [?IZ;B BT up fB
Knp Kmm 0 ug | = | fin |- (3.2)
B 0 0 A 0

In a next step, the variables ug and uy are eliminated by two block Gaussian
eliminations which leads to
F)=d.

With the first block Gaussian elimination we eliminate the interior and dual
variables, i.e., ug.

Kgp Klz;B " B" up
0 Kun— KupKppKly —KupKgpB" i
0 —~BK;LKT, ~BKgpBT A

fp

= f — l?ngKg}ng
—BK 555
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Introducing §HH = f(nn — [?HBK;BI?%B and eliminating in a second step the
subassembled primal variables, i.e., uy, leads to

Kpp [EIY";B _ B" upg
0  Smn ~KnpKgy BT ugy
0 0 —BKpzyBT — BKyp KL pStnKnpK BT A

fp

_ f — KnpKphts
—BK3Lfs + BK5L KT S (fn - KHBKgng)
Hence, we have FA = d with
F = BKyzLB" + BKgL KL Spt Kup KL BT,
d = BEKgphfs — BKzLKLsShk(fn — KupKphts).
Before we are going to construct our preconditioner, we give an alternative
representation of F' which is used in our convergence analysis in Section 3.4. We

describe Fin terms of the Schur complement S;, which we obtain by eliminating
only the interior variables in K, i.e.,

g _ | Kaa— KarKi K&, fgfﬁ - [SAIKﬁlf:(%I
: Kua — KiK' KL, Kun — KKK,

With this Schur complement we obtain the system

3 ua | ﬁA—ffAlKﬁlfI
| dn fii — K K |

To use gg for the definition of F', we need another restriction operator EAF which
restricts partially assembled interface variables to their dual displacement part,
i.e., such that B

RAFU-I‘ = UuA with ur = [UA, ﬁH]T.

With B
Br = BaRar,
we have
F = BrS'BE. (3.3)
To define the standard FETI-DP Dirichlet preconditioner M !, we introduce a
scaled jump operator Bpa = [BS?A, . .,Bg\g]. It is constructed by scaling

the submatrices of Ba, i.e., BX), as follows. Each row of BX)

entry corresponding to a Lagrange multiplier connecting a subdomain €2; with

with a nonzero
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a neighboring subdomain 2; at a point z € 0€2; ), U 012, is multiplied with the
scalar factor

o) = () (3.4)

T = (b
Zkex\/z (,Uf(i ))ﬁY

where N, is the set of all subdomain indices of subdomains which have x on their
boundary, i.e., N :={i € {1,...,N} : x € 0}, and v € [3, ).
Finally, we introduce a block-diagonal Schur complement matrix S, := diag(Sg(i))

with S being the Schur complement which we obtain by eliminating the interior
variables from K@ i.e.,

S = Ky — K (K5) ™ ()"

Then

N
M~' = Bp aRarS-RAprBp A = Z Bg?AR(AZ)FSg)RX)FTBg?g' (3.5)

=1

Here, the RX)F are restriction matrices such that

and ‘
Rar = diag)y (RX)F)

We note that the application of the preconditioner M ~! to a vector only requires
the solution of local Dirichlet problems. B

We can also express the preconditioner M~! in terms of S. using a local
assembly operator R

OT
ROT — RYT 0
0 RWT |’
with
Vi ()
AT (i . i 07, i#j
R(A) u(A) = ; and V(A) = &
) uy, =
VA

cf. Klawonn and Widlund [55], Klawonn, Pavarino, and Rheinbach [49], and Li
and Widlund [58]. This leads to the relationship

N
3. =S ROTSORO — RTS.R, (3.6)

i=1
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with RT = [RWT . RMT],
Relation (3.6) combined with

Bpr = BD,AEAF and RarR” = Rar,
leads to another representation of the preconditioner M1
M~ = BprR"S.RBY . = BprS.Bh . (3.7)

For more detailed information, see, e.g., Klawonn and Widlund [55].

3.2 Selection of constraints

In order to obtain a scalable FETI-DP algorithm for P-elasticity in three di-
mensions, we need to select an appropriate number of primal constraints. It is
well-known that choosing only vertex constraints, i.e., subassembling only in the
vertices of the subdomains, leads to an algorithm which has a condition num-
ber estimate of the order of O(H/h); see, e.g., Klawonn, Widlund, and Dryja
[56], Klawonn, Rheinbach, and Widlund [53], and Farhat, Lesoinne, and Pierson
[28]. To improve the algorithms, in addition or instead of the vertex constraints,
certain averages and first order moments over edges or faces were introduced as
primal constraints for the case of linear elasticity; see Klawonn and Widlund [55],
Klawonn and Rheinbach [50] and Farhat, Lesoinne, and Pierson [28]. Here, we
follow the approach of edge averages and first order moments; see Klawonn and
Widlund [55], and Klawonn and Rheinbach [50] and generalize it to the case of
P-elasticity. In order to control the kernel of the subdomain stiffness matrices
K® we have to control the elements of ker (¢p) and thus we need at least six
constraints. As in [50, 51, 52, 55] for linear elasticity, we will work with edge
average constraints of the form

(i)

G)y . fgik w;” dx
oV =T T
gik X
These constraints can be interpreted as averages over the edge E* of the func-
tion wl(l),l € {1,2,3},i € {1,...,N} which is the I-th component of w(® =

(w)?, wg”, wy) € WO,

n=1,...,6. (3.8)

Definition 3 An edge £ is called a primal edge if at least one of its displacement
components is provided with a constraint.

Such a constraint belongs to a face F if £ is a part of the boundary of this
face. To define a fully primal face; cf. Definition 4, we introduce six constraints
such constraints which have to be linearly independent on the ker (ep), i.e.,

Vr € ker (ep) Zgn(r)2 =0 & r=0 (3.9)

n=1
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Clearly, this is equivalent to
go(r) =0 Vn=1,....6 & r=0.

We can obtain six such functionals by choosing at least three edges which belong
to the boundary of the face F¥.

Lemma 1 Let P~1T = V) and 1 be a C'-diffeomorphism with det(Va)) being
bounded from below and above, i.e., 0 < ¢ < |det(Vep)| < C < oco. Then, for
every subdomain face and for the standard case, cf. Assumption 1 in Section 3./,
we can always find siz edge averages of the displacement components that are
linearly independent when restricted to the space ker (ep).

Proof: First we will consider the elements ry, 15, and rg of ker (ep), cf. (2.17).
For w = (w¥);_; 53 we consider

5 w9 (x) dx
QWOZLU v
ik X

Since we want to control the basis elements of ker (¢p) we have to evaluate g for
these elements

(r,) = Jein rg)(x) dx
i) = Jeu 1 dx

Because 1) is a Cl-diffeomorphism, we can carry out a change of variables

forn =4,5,6.

P —Q, x €= P(x).

By using the transformation formula, cf. Lemma 2, we obtain

() Jecuen v (1 (£)) | det(Vep~L(€))] dé
e [ et (V1(€))] dé

and by using the special form of r introduced in Section 2.1.2, we have

~

VO (@ 1(€)) — P (p1(E)) L—&
(7€) =| W)+ TE) | = | ~G+& | = Ea(é). (3.10)
0 0

For n = 5,6, we obtain analogously

—&+ & 0
5(§) = 0 , T =] &-& |- (3.11)
S —-& &+ &
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For n =4,5,6, we have

0) = Jecwiein B2 (&) [ det (V=1 (€))] dg
) = e [det (Ve 1 (€)[ dE

Since the entries in r,, are constant for n = 1,2, 3 it is obvious that we obtain
r,(x)=1,(§) n=123. (3.12)

The functions r,,, n = 1,...,6, have the form of the standard basis of the space
of rigid body modes from linear elasticity. Since we have assumed that the de-
terminant of P~7 is bounded from below and above we obtain

c fgew(sik) fV(IJ)(E) dg < g fge¢(5ik) f-g) (5) dg

— < g(r,) < . (3.13)
C fgew(sik) 1 dg ¢ fiew(g““) 1 dg
() —3(Fn)

It was shown by Klawonn and Widlund [55, Proposition 5.1}, that the lemma
holds for the rigid body modes 1, of standard linear elasticity and the related
functionals g.

From (3.13) also follows that six linear independent functionals g, exist. Let
therefore g, (r) = 0 hold Vn = 1,...,6. Then (3.13) implies that §,(¥) = 0 holds
Vn = 1,...,6. But since the lemma is true for the g, it follows that r = 0.
Because the transformation only affects the basis vectors but not the coefficients
we obtain that r = 0. Hence, the lemma also holds for the case of P-elasticity
when P~7 is a gradient. |

Note that the selection of a linearly independent set of constraints for a fully
primal face can be automated quite simply by using a QR factorization with
column pivoting. For the details we refer to e.g. Klawonn and Widlund [55,
Section 5].

The linear functionals g, ..., gs yield a basis for ker (¢p)’. Then there exists
a dual basis of ker (¢p)’ spanned by possibly other linear functionals fi,..., fs
which satisfy f,(r,) = dum,n,m = 1,...,6, where the r, denote the basis ele-
ments of ker (¢p). Thus, we can show that there exists a set of scalar values [3,,,
such that

6
FauW) =" Bungn(w)  Ywe WO Ym=1 6. (3.14)
n=1

That these coefficients are benign is known for standard linear elasticity; see [55].
As we have other basis elements for P-elasticity than for standard linear elasticity
we have to show that the (3,,, in the case of P-elasticity are again benign; this is
shown under the assumption that the upper and lower bound of the determinant
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of V) are sufficiently close to each other. For standard linear elasticity we have
with sufficiently small (3,

6
= Z Bmlgl(f‘n) = 5mn>
=1

where the g, are the same functionals as defined in the proof of Lemma 1,
cf. (3.13). Let us now define the functional

6
W) = Z Bmlgl(w
=1

Then, we have for r,, € ker (¢p) that

, (rn) = Zﬁmlgl(rn)-

We transform the ¢g;(r,,) as in the proof of Lemma 1 and obtain

6
fm(rn) - Zﬁmlgl(rn)
=1

B fgezz; gik) ) £) | det(Vap='(§))| d&
N Zﬁml fgequm ]det(V'(,b L)l ag

With the same bounds as in Lemma 1 we get

| Q

6 6
&2 Buad(®) < fuln) < = D7 Brudi(E)
=1 =1

which gives us

) < ) < i)

and hence we obtain for m # n
0< fn(ra) S0 & fiulr,) =0.

Furthermore, for m = n we get
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Thus, there exists a constant Cy € [§, %] such that
fm<rm) = (.
Obviously, we also have
fm(rn) =0.
Next, we define (,,, = Cif Nmn and we have
1 1,
(1) i 01(tn) = —fm(tn) = dmn- 3.15
; fﬁ 191( C’ff (rs) ( )

These (,,, are suitable coefficients as long as the constants ¢ and C' are sufficiently
close to each other.

The constructions in (3.14) and (3.15) leads to an alternative basis. For an
arbitrary r € ker (ep) and m = 1,...6, f,,(r;) = d,y implies

6 6
0= fm(r) = (Z alrz) =Y afu(r) =) b =am  (3.16)
=1 =1

6
=TI = Zalrl =0.
=1

Furthermore, we obtain

- 2
Jein wl(z) dx

Dy2 —
| g (W) Y
j 1/2 2
(ol ) ™ (f 12 )"
<
B ‘fgml CZX‘2
fgzk wl ) dx‘ .
1y,
< Sra < O e

In the last inequality we have used that the length of £% is on the order of H;.
With Lemma 14, we obtain

I8 ey < € (1108 (5] ) (90 + 190N )-

This motivates the following definition of a fully primal face, cf. also Klawonn
and Widlund [55].
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Definition 4 (Fully primal face) A face F is fully primal if, in the space of
primal constraints over F¥, there exists a set f,, , m = 1,...,6 , of linear
functionals on W with the following properties:

2. fou(r) =0 Vm,l=1,...,6, r; €ker(cp) .

Let us note that the largest of the constants C', over all fully primal faces, enters
the final bound of the condition number of the iterative method.

3.3 Equivalence of norms

Since unique solvability follows from the H'-continuity (2.11) and H!-ellipticity
we have to establish both for our bilinear form. Thus, we are left with showing
that a(-,-) can be bounded from below by | - |3 g

The upper bound was already established as a byproduct of the continuity
considerations in Section 2.1.1, i.e., we have

ap(u,u) < CHP7TH%2(Q)|U|%{1(Q)'

This lower bound can be achieved by a suitable generalized Korn inequality,
cf. Section 3.3.1, Theorems 1 and 3, since

aqo(uau) = Ue(EP(u)ﬂ‘gP(u))LﬂQ) + %(tr(P1vu)’tr(Plvu))L2(Q)

> pe(ep(u),ep(u))p,)-

3.3.1 Korn inequalities

In this section, we discuss different Korn inequalities which are needed in our
convergence analysis in Section 3.4.

The results needed can partly be found in Neff [71]. Since we are interested
in the influence of the structural parameter P in the constants obtained, we will
outline the proofs here. In Neff [71], an upper estimate for the expression

(V)P (x) + P(x) (Vo) 11,0 = /Q (Vo) P (x) + P(x)(Vo)" |7 dx (3.17)
is derived. Here, we have
(ep(u),ep(u))ry0) = [P Vu+ (Vu)' P17, 0) = / [P~ Vu + (Vu)" P[5 dx,
Q

which can also be represented as

1P~ Vu+ (V) P[L, o) = [P (VWP + P(Vu)' ) P L) (3.18)
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If we are able to ensure that the following norm equivalence holds

J0<e,C <o c||(Vu)P" + P(VU)THLz(Q)
< [[PTH(Vu)PT + P(Vu)") P71| 1,0
< O)(Vw)P" + P(Vu)" || Ly,

we can use the estimates given in Neff [71] for (3.17) again for (3.18). Note, that
we are also interested to know how the constants ¢ and C' depend on P.
Since we know that the Lo-norm is submultiplicative we have

1P~ (V) PT + P(Va) ") P~ a0
1P sy (V) PT + P(VW) [[1a(@) 1P 2o (3.19)
= 1P L@ I(VWPT + P(Vu)' |1y

IA

To obtain the lower estimate we use that the spectral norm of a matrix, i.e.,
II|l2, is equivalent to the Frobenius matrix norm, i.e., |||, on the space of real,
finite dimensional m x n matrices, i.e., R™*", with m,n < co. For N € IR"™*"
we obtain

A\

1

—=IINllr <INl < [N]F,

vn (3.20)
[N < [[Nlle < vnl[N]2.

For a proof of this estimate we refer to Bunse-Gerstner [14, Lemma 1.8.3].
Now we derive a lower bound for |[LNLT||y with L := P7! and N :=
(Vu)PT 4+ P(Vu)”. Since N is symmetric we have

< LNLTx, x>
|ILNLT|; = sup ’
zcIR3 < :E, T >
z#0
<NLTz, LTz >
= sup
ac€]R3 < x’,l’ >
x#0
< Ny,y >
= su
yeﬂg <L Ty, LTy >
L—Ty+0

Using that N is symmetric, ||L™y|la < ||L77]|2]lyll2, and the lower estimate of
the first part of (3.20), we obtain

sup < Ny,y > ' - 1 sup <Ny,y>’
y€IR3 < L_Tyu L_Ty > HL_TH% yeR3 <y, y>
L=Ty#0 y#0
1 1
= 7z N2> g [N,
IL=7|13 LT
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Thus with n = 3, we obtain the following estimate

1P~ (Vo) PT + P(Vu)") P T > |PH((Vu)PT + P(Vu)") P71,
1
> = (V) PT + P(Vu)' |
[lii2
1 (3.21)
> Vu)P! + P(Vu)®
1
= ————|(Vu)PT + P(Vu)'||F.
Next, we consider
ler(@Z,0 = IPTH((VW)PT + P(Vu)") P71, q)

_ /Q 1P (VW) PT + PVOT)P TR dx (3.22)

1
> | g I(VWPT + PV dx
F

We also have

1 1 N 1
|1P-T|% (Z_l(pT)gj(x)) < ) max(P~ )U(X))z)
> ! (3.23)

(Z s, max(P~);(x)))

v

Combining (3.23) with (3.22), (3.21), and (3.19) leads to the inequality

1 T T 1 T T 2 1/2
- < - -
(TP + PV 1) < </Q(n1/2”PT”%||(Vu)P + P(Vu)")? dx)

1/2
< ( / [P (V)P + P(Vw))P [ d)
Q
lep(W)l Lo (3.24)
= [IP7H(VwP" + P(Vu)") P~ 1y
1P~ @ (V) PT + P(Vw) |0
9H|Q[(VW)P" + P(Vu)' | 1,0
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with |Q] :== [, 1 dx.

Let us now consider the Korn inequalities needed for our convergence analysis.
Since we work with domain decomposition methods, we may have subdomains
Q); with homogeneous Dirichlet boundary conditions on part of their boundaries
and we can use Korn’s first inequality on Hy (€, 0Q2p NOQ;). But, in general, we
also have subdomains with only natural boundary conditions such that we need
Korn’s second inequality. First we consider the following theorem given in Neff
[71] and generalized by Pompe [80].

Theorem 1 (Generalized Korn’s first inequality)
Let Q € IR? be a bounded Lipschitz domain and let ¥ C 0 be a smooth part of
the boundary with nonvanishing two-dimensional Lebesque measure. Let

Hy(Q.T) == {¢ € H(Q) | ¢, =0}

and let P77 = Vo € C°(Q,R*>?) c L>(Q,IR**®) be given with a positive

constant at such that det PT > at and let ¢ : Q C R® — IR? be a C'-
diffeomorphism. Then there exists a constant ¢ > 0 such that

(Vo) P (x) + P(x) (V)" 1,0 = T llllin) Vo € Hy(2.T) .
This theorem combined with the equivalence relation (3.24) leads to

1 ct c
lep(W)l|Z,@) = @H(VU)PT +P(Vu)'|,) = @Hu\\?p(m = m’u’%ﬂ(m
for all u € H§(;, 0Q2p N OQ;).

Proof: The proof given here can be found in [71]; for the convenience of the
reader, it is repeated using our notation and working out the dependence of the
constants on P.

Since 1 is assumed to be a diffeomorphism, we interprete it as a transforma-
tion of variables and define & := 1 (x), cf. Section 3.2 proof of Lemma 1.

As C§°(€,T) is dense in HE(Q2,T'), we can assume that ¢ € C5°(2,T') and we
achieve the estimate for H3(€2,T') by a density argument. With ¢ we construct
another function ¢,

P (1h(x)) = ¢c(§) = d(Y'(§)) = d(¥ " ((x))) = P(x).

This function ¢, is differentiable with a gradient

Vi@

(x) = Vi(¢el8) = (Ve
& (Vxp(x) (Vx(x) " = Vede(§) = (Viop(x))P" (3.25)
& (Vip(x) (Vep '(€)) = Vepe(£).
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Here, we obtain the last equivalence either from

I=Vi(x) = Vi@ ' ($(x) = (Ve ' (§)(Vxth(x))
& (V)™ = (Ve (8)),
or from
Vede(§) = Ved (v (§)) = (Vxo(x)) (Ve (€)) -

Instead of the given Lo-norm, we consider the expression in terms of ¢, and
use the standard first Korn inequality on the transformed domain (2); cf. Cia-
rlet [16], [55, Lemma 2.1]. Note that the constant depends on (2) and on

P(I) C Y(09), ie., C :=C(p(Q),y(I)).
/ IVedpe(§) + (Vede (€)' [|7 d€ > C/ [Vede(€)|I7 d€. (3.26)
EeP(Q

) £cy(Q)

With the transformation formula, cf. Lemma 2, we achieve for (3.26)

/ Ve (€) + (Ve (£))T]12 de
gey(

Q)
- /5 EMI)!Vaﬁe( (x)) + (Vede(9(x)))"[|7 d€ (3.27)
B /||V£¢’e + (Vede(9(x)))" |7 | det(Vip(x))] dx

and
L JITe@ d = | V6 a0l et To) dx (325)
£ep(Q

Since we have
1 =det(Id) = det((Vap(x)) - (Vap(x)) ™) = det(Vap(x)) - det(PT)
1 1
0< = det < —
& 0% g = (Vi) < .
we can estimate det(Vap(x)) by its maximum over all x € Q in (3.27), i.e., the
left hand side, and by its minimum in (3.28), i.e., the right hand side. Combining
these results we obtain

T2 minyeq det(Vap(x)
> .
[ 19e0.060) + (Ve (i) x> € 22 STV [ 96, (gt ax
Using (3.25) yields
minyeco det(Vap(x))

IVx((x))P" + P(Vxp(x))"||1,0) = C IVxp(3) PYIZ, ) (3.29)

maxyeq det(Vap(x))
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As we aim to obtain an upper estimate for ||@|| (o), we have to examine
|Vx(x)PT| 1, () more closely.

(V)P (0|0 = / (V) PT () (V) PT(x))T) dx
=(/u«v¢MP%xﬂ%mxv¢F>mc
~—_————

——
=N

= /QZ Z lkzn”lkj) dx.

k=1 4j=1

With [ being the k-th row of L, we have, since N is symmetric,

3
> lngly = LNIE = < N[ > (3.30)

ij=1
We use a Rayleigh quotient argument for the smallest eigenvalue of N and obtain

. < Nx,x> < NIIIF >
(M) = Tk S SR (331
x#0

It follows that
3
Aunin (Zz ) = Awn(N) <> < < NI > = 7 lhanggla.
ij=1

To obtain a constant which is independent of x, we define Apino(N) as
inf, .5 (Amin(/V))(x). This leads to

Z(ak¢i>2) dx

(V)P ()2, > Amina(PTP) /

k=1 =1
= Amino(PTP) / tr((Vo)(Ve)") dx (3.32)
Q
= )‘min,Q(PTP)Hv¢||%Q(Q) = /\min,Q(PTPNle?{l(Q)

We combine (3.33) with (3.29) and obtain

min,eq det(P~7T(x)) \
maxyeq det(P~7(x))

IVxp(x)P" + P(Vyp(x))" 1,00 min, 2 (PT P)|@]70 g
Since (2 is a bounded Lipschitz domain and we have Dirichlet boundary condi-
tions, we can use a standard Poincaré-Friedrichs inequality; see Theorem 2. The
desired inequality follows by a density argument. O
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Theorem 2 (Poincaré-Friedrichs inequality)
Let Q ¢ R? be a Lipschitz domain and let Tog C 0Q have positive measure.
Then
Je:=c(Q) > 0 |ullmr o) < culm@

for allu € Hy, (Q) := {u € H'(Q) : u),, = 0}.
Theorem 2 can, e.g., be found in Toselli and Widlund [89, Lemma A.14].

Lemma 2 (Transformation formula)
Let Q,Q c IR be open and ¢ : Q@ — Q be a diffeomorphism. Then

v:Q2—1R
15 integrable over € if and only if
(vo @)|det V| : 2 —» R

15 integrable over Q. In this case one obtains

/Q o(y) dy = / F((x))| det Vop(x)| d.

This lemma can, e.g., be found in Rudin [85, 8.27].

In the case of a subdomain which intersects the Dirichlet boundary with
homogeneous boundary conditions we now obtain the H'-ellipticity of a,(-,-) by
using Theorem 1.

Theorem 3 (Korn’s second inequality)
Let us consider the same assumptions as in Theorem 1. Then, there exists a
constant ¢t > 0 such that

I(Ve)P*(x) + P(x)(V) 1,10 + @l L) = cTlIBllin ) Yo € HY(Q),

+

where ¢ is a constant depending on ().

Using (3.24) we obtain the H'-ellipticity of a,(-,-) with Theorem 3 since

lep(WIZ, ) + a2,

> (VWP + P(VO)T [0 + o)
n’cp
i 1
> i { g 1} ([TWPT+ P 0 + ul0)
>

min

1
: + 2
min {5 el

1
et ).
243c4, @
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Proof: We can proceed in nearly the same way as in the proof of Theorem 1.

Since C*°(€Q2) is dense in H(Q), we choose ¢ € C*(Q). Then, we can com-
plete our proof with a standard density argument. The function ¢, may also
be defined as before. Hence, we can also adopt the considerations concerning
¢.. Here, we will use the standard second Korn inequality on the transformed
domain 1 (2); cf. Nitsche [79], and obtain

E!Zé@( &) + Vede ()l d& + 1@elli, i = (W Q)lIPellin oy, (3-33)

which can also be written in the following way

IVede(§) + Vede(§)ll d€ + ||¢e( &)l d€ = c(y()) ||Vs¢>e( Ol + llde (&)1 dg,
gew(®) gep(n gep(0

where now a constant ¢ := ¢(1(€2)) occurs, depending on the shape of the trans-
formed domain. We use the transformation formula of integrals and estimate the
determinant as before to obtain

AII(VX¢)PT(X)+P(X)(VX¢) 5+ llll7 dx

> olap(@) e TEOR [ (TP + 1 dx

> ol () IR (PPl + [91E0)

> c(p() 2 TP i O (PP). 1} (190 + 161
= () 2 ST ED i D PTP), 1 [l -

If the subdomain boundary does not intersect the Dirichlet boundary, as in The-
orem 3, we follow the line of arguments given in Klawonn and Widlund [55].

Therefore, we introduce two alternative inner products on H*(2) for a region
of diameter 1

(U_, V)E1 = (EP(U->7 €p (V))L2(Q) + (u7 V>L2(Q)7
(W, v)g, = (ep(u), €P(V))L2(Q) + Z(u, rz‘)Lg(E) (v, rz’)Lg(Z)7
=1
with (u, ri)Lg(Z) = / UTI'Z' ds.
P

Here, 3 C 0 is assumed to have positive two dimensional Hausdorff measure.
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Lemma 3 ||-||g, and |||, which we obtain by defining ||u||2EJ = (u,u)g, for
j=1,2, ie.,
lall, = llep(IlZ, @ + ulL,q)
6
lallz, = llep(@li@ + D ()i,
i=1

are norms on H(Q).

Proof: To show that ||-||g; define norms for j € {1,2} we have to prove that
L fjullg, =0 u=0 YueH(Q),
2. | Aullg, = [Mullz, VA eR,ueHY(Q),
3. lu+vlg < lullg +||vle, YuveHY(Q).

The implication u = 0 = |Ju||z, = 0 is obvious.
For 7 = 1 we obtain the other implication by using Theorem 3.

0 =[[ullf, = (ep(u),ep(W)) o) + (W) 1y(0) = clullfpg) >0

= HUHHl(Q) =0 ~ u=0.

For 7 = 2 we have

6 2
0=l & llenl o+ 3 ([ wirids) <o
i=1
& Hsp(u)H%Q(Q) =0 A /EuTri ds=0Vi=1,...,6. (3.34)

From the second equality in (3.34) follows

6
(0, V), =0 Vv := Z a;r; € ker (ep).
i=1
From the first equality in (3.34) follows that u € ker (¢p). Hence, we can test
with v = u and obtain
(w,u)p,») =0 & ||u||%2(2) =0 & u=0.

Since the r; are linear independent on Y we obtain that u = 0 on {2 and not only
on Y since the «; are zero.
That the second item holds for j = 1,2 is obvious.
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We are left to prove the triangle inequality for j = 1,2. Therefore, we use

ep(u+v)

and hence obtain

lep(u+ V)||%2(Q)

= sym(P'V(u+v))

= %(P‘l(Vu +Vv) + (Vu+ Vvv) P

N %(P—IWu) + (V)" P74 PTH(VV) + (Vv) TP
— sym(P*IVu) + sym(PAVV)

= ¢ep(u) +ep(v)

= ||5P(11)+5P(V)||iz(9)
< (lep()ll o) + lep(V) o) (3.35)
lep(WI7,0) + 2llep(W)l @ ler (VLo + lep (V174 0)-

For j = 1 equation (3.35) yields

[l + VI,

IA

IA

lep(u+ V)H%Q(Q) + [Ju + VH%Q(Q)

||5P(u)H%2(Q) + HuH%z(n) + Hf?P(V)H%Q(Q) + H"Hi(ﬂ)
+2 ([ler(@)| o) lep(V) a0) + [l o@ V] 220))
[ull%, + VI,

and for j = 2 we obtain

la+vliE,

IN

IN

1/2
+2 [(lep(W)7,0) + lullZ @) ler(W 70 + IVIZ,@)]
[ullf, + [vIIE, + 2[ulle vz
(Iullz, + Ivllz)?

6
lep(u+ V)H%z(m + Z(u tv, ri)QLQ(z)
=1
lep(WI7, ) + 2ller(W) @ ler (VLo + ler(VI 7,0
6
+ Z((u7 ri)L2(E) + (v, ri>L2(2))2
=1
lep(WI7,) + 2ller(W)l@ ler (Vo) + ler (V1,0
6
+ Z ((u, ri)QLQ(z) +2(0,15) £y (2) (V, Ti) Ly () + (V, rz’)%Q(z))
=1
6 6
HSP(U)H%Q(Q) + Z(W ri)i(z) + H5P<V)H%2(Q) + Z(Vari)QLQ(z)
i—1 i=1

6
+2 <H€P(U)HL2<9)H€P(V)HL2(Q> +) (u, ri)Lz@)(V?ri)LQ(E))

i=1
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6
- |ruu%2+||vu%2+2<(nep Wil 0 + (W)
=1

" 1/2
(Il + 30-500)
=1

= ullz, + IvIE, + 2llzv]z
= ([ulle, +vz)*

Hence, |||, and |||z, are norms. O
These norms are equivalent.

Lemma 4 Let Q C IR? be a Lipschitz domain of diameter 1 and let ¥ C OS2 be
of positive measure. Then, there exist constants 0 < ¢ < C' < oo such that

cllullg, < [lullg, < Cllullp, Yu e HY(Q).

Proof: We first prove the right inequality. Using the Cauchy-Schwarz inequality,
Theorem 3, and a trace theorem, we obtain

6

lulz, < lep(l e + (D00 )l
=1
< lep(@ o + COHE) lzp(w) 3@ + l,0)
< (1+C@)lul,

To show the left inequality we return to the case of linear elasticity. Therefore we
consider that the elements r € ker (¢p) are in fact transformed to the elements
I € ker (¢) of standard linear elasticity, cf., proof of Lemma 1. We then know
from Klawonn and Widlund [55, Lemma 6.2] that

IVeud(€) + (Veur(€)T | dé + Z / 2 d¢ (3.36)

£c(Q) €¢(E)
> Cllue(&)13, -

Here, the notation from the proof of Theorem 1 are used. The constant C' depends
on the domains over which we integrate and hence we write C(¢(Q2),9(X)).
This results from the use of Rellich’s theorem in the proof for of standard linear
elasticity and apparently cannot be avoided. The first term on the left hand side
of (3.36) can be treated as already done in the proof of Theorem 1, i.e.,

Isym(Veue ()7, oy < max|det(P~(x)] - [lsym(Vsea(x) P17,

J/

Vo
= Cdet
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For the second term, for ¢ = 1,...,6, we obtain

| et e = [ (i) m@e; | Cof(P () -l dx
gey(X) b2

< maXH Cof (P H/ x))%dx,

= Ccof

where the cofactor of an invertible matrix A is given by Cof(A) = det(A)A~T.

Furthermore, we use Nanson’s relation, cf., [45, (2.55)], i.e
ds = det(A)A™TdS

which gives the relation of the vector elements between the infinitesimal areas ds
and dS on the current and the reference configuration, respectively. Here, the
submultiplicativity and the fact that n is a unit normal surface vector are used.
Combining these results, we obtain

) 1 1
G 2 min (=) o

cof Cdet

> COp@ ) min () Ol e

cof Cdet

> c<w<ﬂ>,¢<z)>min( L1 )mm|det<P (N eI,

Ccof Cdet ) X€Q

The last inequality can be obtained by the using the transformation formula, cf.
Lemma 2. O

Lemma 5 (trace theorem)
Let Q ¢ R? be Lipschitz. Then there exists a bounded linear mapping

v HY(Q) — Ly(09)
with
(yu)(x) = u(x) vxe€Q

for allu € C*(Q) and since v is continuous further there exists a constant C' > 0
such that
IvullLo0) < Cllullme) Yue HY(Q).

See, e.g., Braess [10, 3.1 Spursatz].
Using these results, we obtain the following lemma.

Lemma 6 Let Q C R? be a Lipschitz domain of diameter 1, and let ¥ C 09 be
of positive measure. Then, there exists a positive constant C' > 0 such that

[l + 3, < C((ep (W), 2p()naey + ) V€ HY(Q),
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Proof: By using the standard inequality between norm and seminorm, the ex-
pression obtained by Theorem 3, and Lemma 4, we obtain

[uli ) + Tl )

hallzr @) + Tl )

IN

IN

1
— max{n’cp, 1}(ep(w), £p(w)) 1y(0) + Hul\%m)) + a7,

1
— max{3ch, L ully, + [l

6
C
< Smax{243ch, 1} ((ep(w), ep(w) o) + (i), m)) + ul, )
=1

By using the Cauchy-Schwarz inequality, we obtain
’uﬁil(ﬂ) + ||u||%2(2) < Ci(ep(u),ep(u))rye) + CQHUH%Q(E)
< max{C1, Co} ((er(0), 2p(W) Lage) + [ull,x)).

where the positive constants C', Cy both depend in different ways on cp. ]
We obtain a new generalized Korn inequality by combining the results ob-
tained so far.

Lemma 7 Let Q C IR? be a Lipschitz domain and let P~T = V) with Vi €
COQ,IR*?) c O=(Q,IR**?) be given with det(P~") > at >0 and let 4 : Q C
R? — IR? be a C'-diffeomorphism. Then there exist constants C,c > 0, invariant
under dilation, such that

clulm@) < llep(u)llzye) < Clulmg),

where u € {v.e HY(Q) : (v,r)p,) = 0Vr € ker (¢p)}.

Proof: The right inequality was proven in Section 2.1.1. There it was shown that
lep(@)[za@) < CIPHIL 0 lula@)-

There remains to prove the left inequality. We obtain

6
||5P(u>||%2(§2) = HgP(u)H%g(Q)+Z(u7ri)%2(2)
i—1

v

c (HSP(U)H%Q(Q) + HUH%Q(Q))
1
> c*min{—,l}\uﬁl .
36031) HY(Q)

Here, we used that (u,r;),) = 0 for all ¢ = 1,...,6, as well as Lemma 4
and Theorem 3. The invariance under dilation can easily be seen by using the
transformation formula for a dilation of a domain with diameter H. O

At this point, we have completed our proof of the H!-ellipticity not only for
u € H§(Q2) but also for u € {v.e HY(Q) : (v,r)1,s) =0 Vr € ker (¢p) }.
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3.3.2 Trace spaces, harmonic and P-elastic extensions

In the following, we will make extensive use of trace spaces equipped with trace
norms. We will recall some definitions in the scalar valued case which can be
extended to the three dimensional case by summing over the components. Let
Y again be a subset of 0 with positive measure as before. The norms on the

Sobolev space H'/2(9€2) and HY2(0Q) := (H'?(09))? can be defined as

[ulprzpq) = inf |u[giq) for v e HY2(09), (3.37)
veHL(Q)
U\BQ:u
3
|u‘§11/2(89) = Z |ui|§11/2(aﬂ) for u € H1/2<8Q) (338)
i=1

Another useful seminorm on H'/2(99), is given by

2 A : 2
upon = it fler(@l, o (3.39)

V\BQ:u
These seminorms motivate the definitions of the harmonic and P-elastic exten-
sions of a function u € H'/2(9Q) denoted by (Uparm) and (Up_gast ), Tespectively.
These extensions belong to the space {v € H*(2) : v|po = u} and are defined as

u arm :: u b
[Uharm| 1 () lulg1/200) (3.40)
lep(up_clast) |2, = [U]Ep@0)-

Note that the harmonic and elastic extensions minimize the energies defined by
the respective seminorms.

By using Lemma 6 and the fact that the H'/?-seminorm of a function u is
smaller or equal to the H!'-seminorm of any function which equals u on 99, e.g.,
Up_clast, We obtain for u € HY2(99)

|U|§p/z<am = [Wamlii) < [upeast i) (3.41)
< CHEP(UPfelast)H%Q(Q) = C‘UEEP(@Q)

Combining (3.41) with a standard scaling argument, we also have two inequalities
similar to the Korn inequalities on the trace space HY/2(9().

Lemma 8 Let Q C IR? be a Lipschitz domain of diameter H and ¥ C 0 an
open subset with positive surface measure. Then there exists a constant C' > 0,
wmvariant under dilation, such that

1 1
[y + iy < € (|“|3sp(z> + E||u||%2(2)> :

where u € HY2(X).
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We also have an additional Korn inequality.

Lemma 9 Let Q C R? be a Lipschitz domain of diameter H. Furthermore, let
PT =V € C%Q, R € L=(Q,IR**®) be given with det PT > a* > 0 and
let ¢ : Q C R® — R® be a C'-diffeomorphism. Then there exists a positive
constant C', independent of H, such that

it = rllz o) < CHJulg, o0y Ve H'2(00).
Proof: We can prove the lemma for a domain €2 of unit diameter and then extend
it to a domain with diameter H by a standard scaling argument.

Let u € HY2(99) be arbitrary but fixed and define r € ker (¢p) to be the
minimizing element for which (u —r,r;)7,) = 0 holds for all i € {1,...,6}.
From the standard trace theorem, cf. Lemma 5, with the P-elastic extension we
get

1=1

lu =l < C(100=1)p il + 10 = 1)pauliym)
< C(lep (@ = 1)p-aest) ey + 1 = Tp-atas )
6
< C <H€p((u - r)P—elast) H%Q(Q) + Z((u - r)P—elash ri)%2(89)>

= C<|u rl%, o0) +Z —r,1)7, asz))

= C’|u - r|Ep((9§2)7
by using Lemma 4 and the second Korn inequality, cf. Theorem 3. We also have

[u = 1|, 00) = lep(u = 1)L, = llep(w) = ep(r)] L@

and since r € ker (¢p) we obtain

U —1|p00) = llep() |l = [l 00)- (3.42)

Combining (3.42) with the estimate above leads to

[u— 7, 60) < Clulf, o).

Since we use Theorem 3 the constant depends on P. O

In our convergence analysis in Section 3.4 we use the Schur complement S
which is obtained from the discretization of a vector-valued Laplace operator
scaled by .—' max; ,ué). As in the case of P-elasticity, we get local Schur
complements S% and SO by eliminating the interior variables. Since S is block-
diagonal with blocks S@, we work with the norm |ul% := 2N, [u® ]2, where

|u(">|§(i) = (SOu® ).

S(@)
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A proof of the equivalence of the S®- and the H'/2(9Q;)-seminorms of ele-
ments of W) and for floating subdomains €2; can be found already in [9] for the
case of piecewise linear elements in two dimensions, and the tools necessary to
extend this result to more general finite elements are provided in [92]; see also
[89, Section 4.4]. In our case, we of course have to multiply |[u()|2, s2(90,) PY the

factor ue) The extension to boundary subdomains is also immediate.

Thus we have to consider the relation between S and S.. Smce We consider in
the basic assumption, cf. Assumption 1, that the values ué and )\ are constant
on the subdomains we can consider the norm scaled by p. and obtain

/\(i)
uli vw e W (3.43)

e

lulg. < 9c¢p max(1 +
(2

To complete our notation, we introduce for u € W a norm
lulg, == (Scu,u)”. (3.44)
And for u € W we get, by using (3.6), the relation
luz, = |Ruls,, (3.45)

where Ru € W.

3.4 Convergence analysis

In this section, we provide an analysis of the convergence of our FETI-DP al-
gorithms. We first present an abstract theoretical framework that almost ex-
clusively uses algebraic arguments except for one condition, which requires the
analytic tools of Sections 3.3.1 and 3.5. Then we establish this condition for a
special configuration of primal constraints.

We first review the abstract theory developed in Klawonn and Widlund [55],
which provides a condition number estimate for the preconditioned FETI-DP
matrix M~1F. We will work with the representations of ' and M~! given in
(3.3) and (3.7), respectively. We note that the proof of Lemma 11 is new and
generalizes Lemma 8.5 from [55] to the case of P-elasticity. In contrast to the
results in [55], here we use piecewise quadratic finite element functions. The
technical lemmas needed for our analysis, cf. Section 3.5, are extended to this
case and the proofs are new.

Let us repeat the notation of spaces usually used in the analysis of FETI-
DP methods. We denote by W := Hfil W the product space associated with
the trace spaces W ie., W@ := W"(9Q; UT) where W"(Q;) denotes the
finite element space of continuous, piecewise quadratic functions. Note, that the
elements in W might be discontinuous across the interface. The finite element
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approximation of the elliptic problem is continuous across I', and we denote the
corresponding subspace of W by W. Furthermore, we define

N
W .= {u :Fu® e WW ; =1,...,N, suchthat u= ZR(i)Tu(i)} .
=1

as the subspace of partially assembled finite element functions with an assembly
in the primal variables of FETI-DP.

As indicated before, we let V := range (M ') C range (Bpr) be the space of
Lagrange multipliers. If we choose the initial guess A(?) in the conjugate gradient
algorithm in V, e.g., (¥ = 0, then all iterates A*) will remain in V. As in [54,
Section 5], we introduce a projection

Pp:W — W, Pp:=Bb.Br.

A simple computation shows that Pp preserves the jump of any function u € \ 4
with respect to the jump operator Br, i.e.,

BrPpu = Bru Yu€ W. (3.46)
Similarly, the transpose P} preserves the scaled jump, i.e.,

BprPlu= Bpru. (3.47)

Since the elements of W take common values across the interface we have Ppu =
0forallue W.
Let w € W, then we have

(RO Ppw)(x) = Y 01(RYw)(x) — (RVYW)(x)), x €09, NIy, (3.48)
JENX
see [55, (8.3)] and [54, (4.4)]. Here, Ny := {j € {1,... N} : x € 09} denotes
the set of the indices of the subdomains which have x on their boundary. Fur-
thermore, 5} is the scalar factor introduced in (3.4). We note that formula (3.48)
is independent of the particular choice of Br.

To show our condition number estimate, we require the operator Pp to satisfy
the following stability condition; see also Lemma 11.

Condition 1 For all w € \7\7, we have

H 2

with % ‘= max; (%), H; being the subdomain diameter of and h; the typical

element diameter in the subdomain €;.
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This condition will be shown for a particular set of primal variables in this section.
When this condition holds for a set of primal constraints we obtain the following
condition number estimate. Note that the proof is taken from [55, Theorem 8.2]
and only repeated for the convenience of the reader.

Theorem 4 The condition number of the preconditioned FETI-DP matrix sat-

1sfies
. H\\’
r(M F)gC(l#—log(ﬁ)) :

Here, C' is independent of h, H,~ and the values of . and A\, but it depends on
PT =vV4.

Proof: Since

Amax (M ~1F)

)\min (MﬁlF)

we obtain an upper estimate of the condition number by using an upper estimate

for Anax and a lower estimate for A;,,. We use a standard Rayleigh quotient
argument to characterize the eigenvalues as follows

k(M™'F) =

M'F
Amax(MTUF) = max—< v.V)r
vy (Ve
M-1F
and  Apn(M'F) = min M EVVIE
veEV <V,V>F

v#0

where (v, v)r := vl Fv. Obviously it is sufficient to prove

I\ 2
YWeV:(v,vip < (M 'Fv,v)p < C (1 + log (ﬁ)) (v,v)p, (3.49)
With (3.49) we obtain the estimates

1 2
Amax (M 1F) = maxM <C (1 + log (%)) ,  (3.50)

“',i‘of <V7V>F
M-F
Amin(M™1F) = minw > min v, V)r =1 (3.51)
vev <V,V>F vev (V,V>F

v#0 v#0

From (3.50) and (3.51) follows directly the estimate for k(M ~1F).

k(M™'F) = % <C (1 + log (%))2

It remains to prove the bounds introduced in (3.49). Remind that V = range (M~!) C
range (Bpr).
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Lower bound. For all v.€ V C range (Bpr) exists a v such that Bp rv = v.
With (3.47) we have

vV = BD’[‘V = BDIPII;V = BD,FBEBD,FV = BD’FBII:V

Using the definitions of M~ and F’; see (3.7) and (3.3), respectively, we obtain
together with the Cauchy-Schwarz inequality

<V7 V>?~“ =

BprS.Bh 1 Fv, Fv){(BrS-'Blv,v)
M Ev,v)p (v, v)p.

(
(
(
< (SY?BY L Fv, 51/2BT Fv><s 12BTy, S22 BIv)
(
(

Cancelling the common factor (v, v)p gives the lower bound.

Upper bound. For v € V holds S-'BIv € W. By using Condition 1 and
again the definitions of M ~! and F we obtain for all v € V

(M7'Fv,v)r = (BprS.BhBrS'BLv, BrS-'BEv)
= (S(B}Br)S ' Biv, (Bh rBr)S- BLv)

— Py (ST BIVE
H\\? =
< C (1 + log (h )) |S£_IBITV|%E
I\ 2
< C (1+log (E)) (S.S-'Blv,S'Blv)
I\ 2
= C (1 + log <E>) (BrS-'Blv,v)
I\ 2
= C(l—l—log (ﬁ)) (v, V)F
Thus, we have the upper bound of (3.49). a

We will now give a proof of the condition number estimate, i.e., of Condition 1.
We follow the structure of the proof in Klawonn and Widlund [55] and give the
full details for a special case, see [55, Section 8.1] and Assumption 2. The other
cases considered in Klawonn and Widlund [55, Sections 8.3, 8.4] can be treated
analogously.

As in [55], Condition 1 will be established under the following assumptions;
cf. [55, Assumption 3.3, Assumption 8.3]
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Figure 3.2: Planar cut of three domains sharing an edge.

Assumption 1 (1) Each subdomain §2; is the union of a number of shape regular
tetrahedral coarse elements, the number of which is uniformly bounded, and all
the edges of €2; are straight line segments.

(2) Each face has a boundary that is a closed curve formed by at least three
edges except when part of the boundary of the face belongs to O2p. In the latter
case the part of the boundary that belongs to the interface 'y, is the union of
edges and vertices. We will refer to them as the standard and the Dirichlet case,
respectively.

(3) The Lamé constants do not vary inside one subdomain, and the triangu-
lation of each subdomain is quasi-uniform.

Assumption 2 In the decomposition of 2 into subdomains, no more than three
subdomains are common to any edge and with each of the three subdomains shar-
ing a face with the other two; see Figure 3.2. Furthermore, all subdomain vertices
are primal and all faces are fully primal; cf. Definition 4.

Considering Assumption 2, we know that each face F“ which is common
to two subdomains €; and €; has six linear functionals f,(-) which satisfy the
conditions of Definition 4. In addition, for all w € W, the f,, share the same
values on the face F¥, i.e.,

F(wD) = For (WD) where w® = Ri)w , wi) = Rw.

With these assumptions we can prove Condition 1; see Lemma 11.
_In order to obtain our estimate, we need a relation between the coefficients
,ug),ugk), and the functions 5};. Note that again the proof is taken from [55,

Lemma 8.4] and only repeated for the convenience of the reader.
Lemma 10 For vy > % holds

(61 < min(pl?, p?).
Proof: For this proof we recall the definition of (5,1 in (3.4)

Dy
5y e )
B Sren, (1)
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Since p) > 0 for all [ € {1,...,N} and {i,j} C N, we can estimate the
denominator of 5; from below by

M\
Do) = () () = (W) (1 + (%) ) :

kEN,

Hence, we have

u (3))? s ()
o @) Gy = e @) G j ' ’
min(ul, p?) T min(ul, 1) (002, (1+(25))
o fe (3.52)
N Me 1
= . i j i z
min(pe”, ) (1+(%))
,uej)
We now consider separately the two possible cases Ngj) = min(ug),ugj)) and
pt) = min(ul, u).

Let us first assume that ,ugj) = min(,ug),ugj)), ie., ugj) < uﬁf). Hence, z :=

(1)

%Zland

He

r>1= 2P >29 for p>q.

From ~ > % now follows

[N

7 > 2.

(@)
Inserting the substitution x = £& and the result obtained in (3.52) gives
pe

0 1

e T T T

A = < = 3.53

W (1 () CreP ~ O vap ~ Tevava 259
ué”))

Hence, the inequality holds since

x
—— <1 & 0 < 142yx.
l+x+2yx — < T+2ve
i j 2 .
In the other case, i.e., ,ug) < ug), we use x = X5 € (0,1]. And since

@

pd) = min(ut”, u9) equation (3.52) reduces to

1 2

which holds since 7 > 0. |
Now we can prove that Condition 1 is satisfied.
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Lemma 11 Given the Assumptions 1 and 2, we have for all w € \ 4

H 2

Proof: Let w € W be arbitrary. Considering (3.45) we have
|Ppwl|s. = |[RPpwl|s. and |w|g = |Rw]s,. (3.54)

Hence with (3.43) and v := R® Ppw it is sufficient to show that

N H\\?2
SO = lrPowl < € (1 dog (31) ) 1wl

i=1

Since Rw = [RPw,..., RMw] = [w, ..., w™] € W it is sufficient to prove
foreachi=1,...N

v 12, <C(1—|—10g( )) > jwl) S (3.55)

JEN;

where N is the set of the indices of neighboring subdomains of €2; including i
itself, ie., M = {l S {1, c. ,N}, ainh N an,h 7é @}

To prove the estimate, we introduce partition-of-unity functions 60z, Ogi,
and 6y associated with the decomposition of the interface I' into faces, edges,
and vertices, cf. Definition 1, Section 3.1.3. These functions are finite element
functions on the decomposition 73,/5. Here, 73/2 denotes the decompositon which
is obtained when we split each tetrahedron naturally into eight new tetrahedra by
using the midpoints of the edges of the quadratic elements as new vertices. The
functions Oz, Ogir, and Oya are supposed to be piecewise linear finite element
functions on 73/, taking the value 1 in each point of the respective sets of interface
nodes and vanishing elsewhere, e.g.,

1 ifxeFY
05 (X) = _ hf2 3.56
F () {O 1fX¢./"ZJ/2 ( )

With these functions, we can write v(® as
V(l) = Z Ih(QJ_—z]V(Z)) + Z I ngkv Z QVZZV(Z VZl (357)
Fiicony, gk, ViledQ,

Since all vertices are primal, cf. Assumption 2, we see from (3.48) that v
vanishes at all vertices and

v = 3" 1M0pvD) + Y T(0eav?). (3.58)

FiiCoy EkCoQ,
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Face Terms. Since the faces F% are shared by the two subdomains €); and
€2;, there remains only one term in (3.48)

I"(0Fu 65 (w® —w)). (3.59)

All faces are chosen to be fully primal, cf. Assumption 2, and thus we have
six linear functionals fZ7(-) = f,u(+) on F¥ which satisfy fZ”7(w®) = f7* (wl))
for m=1,...,6. Next, we consider

6 6
Wl _ W) — <W<i> — 3 (W@)rm) - (w”) =2 (W(j))rm> . (3.60)
m=1 m=1

From Defintion 4 follows for the basis elements of ker (ep)
2 (t0) = 8 ¥myn=1,...6.

Using the representation of an arbitrary element r € kerep, with r® € W@,
in terms of the basis (r,,;)m=1..6, We obtain

-----

6 6 6
= Zanrn = Z Zamf}—” rm
e P s (3.61)
-2 7 Zamrm = ),
=1 m=1

n=1
We extend the first term of the right hand side in (3.60) by using (3.61)
6 6

w(® _ Z ffj (w)r,, = (w® — @) — Z fﬁj (w® —r@)p,,. (3.62)

m=1 m=1

We can estimate the first term on the right hand side in (3.62) by using Lemmas
16 and 7

1" (07 (W —20))) /2 00,)
1
< C (1 + 10g ( )) <|W - I‘ |H1/2(8Q ) + _HW - I‘( ||L2 o0, ))
1 . . (3.63)
< C(1+log( )) < — ‘EPQQ)+H'HW()_I‘()H%2(697L)>

H 7
< 0 (1108 (1)) (W0 0m) + 90 190, )

To estimate the second part in (3.62), we need two auxiliary inequalities. By
using Lemma 12 and considering that ||r,,|/. < C we obtain

H;
’Ih(e_']:ijrm)ﬁ_[l/g(agi) < CH; <1 + log (h_)> . (3.64)
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By using Definition 4 and Lemma 8 we get

VACREES

< CH;* (1 + log

~
N~
N

i) _ i L w® — e
WO = O s 0, + 7 W =1 >||%2<ani>)
(

)) (199 = 98 0y + 7 1910 =101, 0,

)) (99 Bam0 + 9 =P m, )

3.65)

5
< e (1o
(

FlEFE Iz

< CH;! (1 + log

Hence, we have

6 2
Ih (9_7:”' < Z fr‘z_;” (W(z) — I‘@)I‘m))
m=1 H1/2(09;)
6
< DR =PI O ritn) [z o0, (3.66)
m=1

IA

H\ 2 , 1 - ;
C <1 + log (#)) <|W(z)|12Ep(8Qi) + E||w(l) — r(l)H%Z(aQi)) .

Combining the results of (3.63) and (3.66) with the triangle inequality for (3.62),
we obtain the estimate

6 2
Mg) Ih (inj (W(@') _ Z A (W(i))rm>>
m=1 HI/Q(BQZ‘)
6 2
= Wt (gfij ((W(i) —r®) — Z I (W — r(i))rm>>
m=1 H1/2(8Q7,)
< 2 B (W — 1) Py (3.67)
6 2
_}_Qu(el) ]h (ap'j <Z f:{:” (w(l) — r(i))rm)>
m=1 Hl/2(aQi)

H; ’ i i 1 i i
< ¢ (110g (30)) 10 (WOym + w0 =101, )

Since r® € W is arbitrary, we can assume that we have chosen the minimizing
r) as in Lemma 9 and obtain

[w® — e D)7 o0, < CHIWD L, 0,
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This yields

6 2
Ih <9_7:¢j (W(i) - Z f;?] (W(i))rm>>
m=1

HY/2(89)

. HN\? o1
0 <C (1 + log (h—>> pO W%, 00, (3.68)

7

We can proceed in the same way for the second term of the right hand side in
(3.60) and obtain

6 2
" (¢9fij (w(j) — Z 1 (w(j))rm>>

m=1 H/2(0¢;)

. HAN\\? . .
pl) <C (1 + log (h_]>) ng)|W(J)|%EP(an)- (3.69)

J

The estimates (3.68) and (3.69) together with the triangle inequality, (3.60), and
Lemma 10 yield

(@) rh B A () R ) AN P
He ’[ (eflﬂ(sj(w w )) Hé({Q(]-"ij)

6 6
5;[[h <9fij ((W(i) . Z n];'id (W(i))rm> _ <W(j) _ Z ff:” (W(j))rm)>>
m=1 m=1

2

= !

Hyl? (Fid)

6
< i) P (w0 3 0
m=1 H1/2(09;)
6 2
Iy ((W(j) _ nf” (w(j))rm>)
m=1 H1/2(0%;)
6 2
< | ( (w0 32w )
m=1 H1/2(8Qi)
6 2
+u) |10 1 ((W(j) - (W(j))rm>>
m=1 H1/2(09;)
HA\® o0 HAN\? . .
< C (1 +log (h—)> u W%, 00, + C (1 +log (h—j)) pI WL, 00,)-

Edge Terms. Since we assume that at most three subdomains are common
to a single edge, cf. Assumption 2, two subdomains sharing an edge also share a
face. Thus, we can reduce our edge estimates to estimates on the corresponding
faces using Lemma 14 and the results obtained in this section so far.

From (3.48), we see, by using Lemma 13, that we have to estimate

AW = WO ey + 6w = w2, .

The analysis for the first term will be carried out in detail. The second term can
then be treated in an analogous way.
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Let us assume that the edge £%* belongs to the boundary of the face F%
common to €; and ;. Using Lemma 10, (3.60), and the triangle inequality we
obtain

I~ W)

< min(ul), p)|w = w7 e (3.70)

2 2
Z 0 Z 0

IA

+2uy)

Lg(é‘ik) Lo (Eik)

To estimate the first term, we use the identity (3.62) and choose r® ¢ W®
arbitrarily. Combining this with the triangle inequality and Lemma 14, we obtain

6
D5 7wy

2

Qlu(l)
=1 Lg(gik)
2
< AW — O+ 40 fo“ O — ),
LQ(gilc)
< C (1 + log (h_z)) ,uﬁ) (!W() — )!21/2(390 + EHW() — ! )\|2L2(aszi)>

6
+ Cul Y I (WO — )P e, ey
=1
Since the length of £ is of the order of min(H;, H;), it can easily be shown that
[ril|7, gy < Cmin(H;, Hy) , 1=1,2,3, (3.71)

with a constant C' independent of H, h and ug), cf. [55, (8.14)]. The shifted basis
elements of ker (¢p), cf. (2.17), lead to

1 ,
ik "Z) ik
for [ = 4,5,6. Thus, we have

2|7, vy < Cmin(H;, Hy), 1=1,...,6. (3.72)

We can proceed with all terms obtained so far as before and obtain

i X H;
Z ]:J Scllg) (1+10g(h ))|W |EpaQ)

Lo(Eik)

2
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and in an analogous way

2
2uY)

6
wi) — Z fl]:” (W(j)>1‘l
=1

< C/Lg) (1 + log <h_j)> |W(J)‘2EP(BQ¢)'
J

Combining this results with (3.70) gives
lﬁg)HCﬁ(W(i) - W(j))H%z(gik)

i H, i j H; j
< Cuf! (1 + log (h_)) (w5, 00, + Cpt? (1 + log (#)) (w00, 0
) J

3.5 Some auxiliary lemmas

L2(5ik)

In this section some technical lemmas are provided which are needed in the con-
vergence analysis. These results are borrowed from different other papers and
most of them can be found in the book of Toselli and Widlund [89]. Here,
they will be formulated using trace spaces on the subdomain boundaries, i.e.,
H'Y2(0€);) instead of the space H'(£2;) with the discrete harmonic extensions and
we provide them for piecewise quadratic finite element spaces.

Lemma 12 is related to earlier lemmas for scalar functions and standard linear
elasticity; see Dryja, Smith, and Widlund [24, Lemma 4.4], Klawonn and Widlund
[55, Lemma 7.1] and also the book of Toselli and Widlund [89, Lemma 4.25].
Here, we present a new version for the rigid body modes of linear P-elasticity
and piecewise quadratic finite element functions.

Lemma 12 Let F be the face common to Q; and Q; and let O5i; be the piecewise
linear finite element function on the triangulation 7,5 introduced in Section 3.4

that is equal to 1 at the nodal points on the face FV = .7-';‘5/2 and vanishes on

(0 hy2 U O ps2) \.7:71]/2 In the interior of Q; and §;, Oxi; is assumed to be the
discrete harmonic extension of the given values on the boundary. Furthermore, let
r € {ry,...,r6} be a rigid body mode, cf. (2.17), with ¥ being at most piecewise
quadratic. Then

H;
|Ih(9]:ijr)|§{1/2(agi) S C (1 + log (7)) I{2
Proof: From (3.37) and (3.38) follows
‘Ih(efijr)‘in/z(agi) < ‘[h(efijr)@ll(m)-

Since 07T is at most piecewise cubic, we can follow the arguments given in [89,
Lemma 3.9] and obtain for r” = (r() 7@ OGN that

3
|[h(‘9fifr)|§{1(9i) <C |9}"iﬂ'r‘%{1(m) = Z |9Pﬂ“(k)ﬁ{1(m)a
k=1
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cf. [89, Lemma 4.31], by summing over the elements T" of the triangulation. Thus,
for k = 1,2, 3, we have to estimate

075 Gy = / (V0r0)r® + 07 (VP da
Q;

S 2 (/ |v9]:u 2|T‘(k)|2 d:L‘+/ |9}-ij
Qi Qi

For the first term in (3.73) we can use that the shifted version of the rigid body
modes r, cf. (2.17), are constructed such that ||r®||;(q,) < C with a constant
C independent of H; and h;. Thus, we obtain

~ H;
Q 2

< (1+1og(2))C (1 + log <]Z—>) H;,

7

2| vk |2 dx) .(3.73)

2|7’(k)|2 dx S Cw]_—zj

where the penultimate inequality can be found in [89, Lemma 4.25].

The second term in (3.73) can be bounded by first representing the integral
over €); as the sum of the integrals over all elements T' € 7, with T'N €Q; # 0.
Then, we obtain

/ 07 2| VrP P da =) / 2=
Q; T

TC;
where we use that |0z (z)| < 1. Now we consider that r is a rigid body mode of
P-elasticity, i.e.,

V0P dr < 3 / Vr®2 gy,
T

TCS;

r(x) = ri(x) = ri(¢(x)),

with r;,7 = 1,...6, being the rigid body modes of standard linear elasticity.
Thus, we have

Var(x) = (Vy1i(y)) (Vxtp(x)) = (VyTi(y)) P71 with y = 9p(x).

Since the r;,7 = 1...6, have elements which are at most linear functions their
derivatives are either constant or zero. Hence, we obtain

/T|V7“(k')|2 dxgéc%/Tldx:CA'chL

with cp as defined in (3.23) and |T'| being the measure of the element 7". Since
log(%) is positive, |T| < h$, and h; < 1, we have

IT| <h}<h <H <H <1+log (g—))
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Hence, we have

-4 H;
’[h(e_’]-'ijr)ﬁ{l/?(aﬂi) < max{(1 + log(2))C, Cc3} H; (1 + log (h—>) : O

We also need two additional results to estimate the contribution to our bounds
from the edges of €);. For the next lemma we refer to the same references as before
24, Lemma 4.7], and [89, Lemma 4.19].

Lemma 13 Let Ogix be the linear function that is equal to 1 at the nodal points
on the edge 82’;2 and vanishes on (082 2 J0SY 5 /2) \82’;2. Then, for allu € W@,

|[h<05iku)|12q1/2(89i) < OHUH%Q(SUC)

Proof: As before we prove the estimate for the H'(£2;)-seminorm and obtain our
result for the H'/2(9€);)-seminorm using (3.37) and (3.38). Since I"(fginu) is a
finite element function in W”, we have

I"(Oganu) = Zwmw(m b;,

where P; are the nodes of the triangulation and with ¢; = (¢;,), ¢ = 1,2, 3,
where (¢;,) is the piecewise quadratic nodal basis function associated with P;.
Using Proposition 3.4.1 in [81] we can bound |¢; 4|3, ( as follows

chr < |jqltn(r) < Chr,
where the constants ¢ and C depend on the H'(T,cf)-seminorms of the reference
basis functions.
Let T € 7,, T C Q; be an element of the triangulation such that 9TNE* £ O is

a straight line from a point a € IR? to a point b € IR*. Then, for u” = (uy, ug, us)”
and ¢ = 1, 2,3, we have

10
|Ih(95ikuq) |12H1(T) < C Z | (Ogirug) (F) |2’¢j,q‘12LI1(T)
j=1

< chy (ug(a) +u2(b) + u? (a -2+ b))

< o[ ln@F o = clul e

We obtain our result by summing over the elements belonging to the subdomain
2; and using (3.37) and (3.38). O

We also need a Sobolev-type inequality for finite element functions.
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Lemma 14 Let £F be any edge of Q; that forms a part of the boundary of a face
Fi9 C 0. Then for allu € W,

H; 1
ol ey < € (1108 (32 ) (1Bivsomy + om0 )

Proof: For simplicity, we assume for the rest of the proof that u is a scalar finite
element function. The result immediately carries over to the vector valued case
by applying it component-by-component. To prove this lemma we first need a
discrete Sobolev inequality in two dimensions. This estimate can be found in
[13, Lemma (4.9.1)] for P, Lagrange finite element functions. From [13, Lemma

(4.9.1)], we have for a domain Q C IR? with diam(Q) = H

H
ol ey < € (14108 (7)) Bl

for all u € {v € H(Q) : v piecewise in P,,}. With this estimate we can follow
the line of arguments given in [89, Lemma 4.16], Bramble, Pasciak, and Schatz
[11], and Bramble and Xu [12]. For convenience we assume that our edge £¥* is a
straight line. Hence we can assume that £% can be described as {x = (z,y,2) €
R*®: 2z € IAy = f(x) Az = g(z)} with a real open interval I and linear functions
f and g each mapping from IR to IR. With this parametrization we have

2 2
2, oo / fu(e, f(2), g(x))P da.

Hence, we can estimate |u(x, f(x), g(z))| by its maximum over a two dimensional
cross section of €2; denoted as €; , associated with a point (z, f(x), g(z)) for each
x, and obtain

H;
ol e < [ Nulfeia do < [ (€ (14108 (5)) Wil ) o

And since the integral over I combined with the integral over €2, , leads to an
integral over €2; we have

H;
ol e < € (14108 (52 )l

(2

This argument holds for any function with the same trace and therefore, for the
harmonic extension Hu we obtain

H;
ol e < € (14108 (52 ) ) 1l

)

and we conclude by using (3.37), (3.38), and the fact that the harmonic extension
has the least energy. O

The next lemma can also be found in the monograph by Toselli and Widlund
(89, Lemma 4.28].
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Lemma 15 Let V' be a vertex of a subdomain Q; and let u € WO . Then

|U(Vil>9wl

1
12511/2(891') =C (’Uﬁﬂ/?(aﬂi) T ﬁ““”%g(aﬂi)> ‘

Proof: As in the proof of the previous lemma, we assume without restrictions
that u is a scalar finite element function. From [89, (4.16)] we obtain for a finite
element 1" € 7,9

1
2 2
el zeery < el .

Using this estimate, we obtain

"U/(Vil)evil

?{1(9,-) < ‘U(Vil)|2|9vil 7

H 1(Q )
INP 2
= Z [u(V)[7] 0y HY(T Z |U||H1(T)|9W HY(T)-
TCQ; TCQ;
TETh/2 TE‘rh/2
It remains to estimate |0y |? (@ . The function 6yu is linear and takes the value

1in V" and 0 in every other node Its support is bounded by the volume of a
tetrahedron and its gradient can be bounded by % Hence, we obtain

‘Qw‘z HY(T < C—h3 = ch. O

h2

The following result can be found in Dryja, Smith, and Widlund [24, Lemma
4.5], Dryja [23, Lemma 3], and Toselli and Widlund [89, Lemma 4.24]. Here, we
present a version for piecewise quadratic finite element functions. For this case,
it can be proven by combining the arguments given in the proof of [89, Lemma
4.24] with the same element by element techniques as applied for the previous
lemmas of this section.

Lemma 16 Let Oi; be the function introduced in Lemma 12. For allu € W,
h 2 H\\ 2 1 2
[ (9]-""1“)|H1/2(agi) <C|1+log N |U|H1/2(agi) + EHuHLg(aQi) :

3.6 Numerical results for P-elasticity

In this section we report on a series of computational experiments which are
carried out to confirm numerically our theoretical findings. The computations
were performed on a compute cluster consisting of 8 dual Opteron processor
nodes with 2.2 GHz and 4 GB memory for each processor and a shared memory
computer with 4 Opteron quad core processors with 2.5 GHz each and an overall
memory of 128 GB. The algorithms are implemented in PETSc [5, 7, 6].
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As for the staggered scheme the computations are carried out on the unit
cube, i.e., 2 = [0, 1]3. We discretized the unit cube as before; see Section 2.3. The
material parameters are £/ = 210 and v = 0.29 which corresponds to p. ~ 81.4
and A\, ~ 112.4.

Since we use quadratic elements, additional points on the edges of the tetra-
hedra are introduced and the number of degrees of freedom for a subdomain can
be calculated using % by

3 <(2 : ﬁ)?’ +(2 0+ 1)3) : (3.74)

here H is the diameter of the subdomain and h is the diameter of the elements
of the subdomain.

The presentation of our results is divided into three subsections. First, we
present results for the case which is completely covered by our analysis, i.e.,
P~T = Vi where 1 : R* — IR? is at most piecewise quadratic. The second
subsection deals with the case P~7 = V) when 1) can be an arbitrary differen-
tiable function. In the last subsection, we present results for other cases when
P~T is not a gradient but P itself is. Two sets of experiments are carried out.
For the first one the subdomain size is kept fixed, i.e., % = const., and the num-
ber of subdomains, i.e., %, is increased. According to our theoretical estimate,
cf. Theorem 4, we would expect that the condition number and thus the number
of iterations is asymptotically bounded by a constant. In the second set of exper-
iments the number of subdomains is kept fixed, i.e., % = const., and the size of
the subdomains, i.e., %, is increased. According to Theorem 4, we would expect

the number of iterations to grow slowly and the condition number to grow as
2
O((l + log (%)) ). Furthermore, if only vertex constraints are used, we know

that we obtain a condition number estimate of the order of O(H/h); see, e.g.,
Klawonn, Widlund, and Dryja [56] for a theoretical estimate, Klawonn, Rhein-
bach, and Widlund [53] and Farhat, Lesoinne, and Pierson [28] for numerical
evidence. For our FETI-DP algorithms we consider five different sets of primal
variables.

1. A set with only vertex constraints.
2. A set with edge average constraints in the interior of the cube.

3. A set with edge average constraints in the interior and on the Neumann
boundary of the cube.

4. A set with vertex and interior edge average constraints.

5. A set with vertex constraints and edge average constraints in the interior
and on the Neumann boundary.
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3.6.1 Results for P77 = Vi with 1 at most piecewise
quadratic

In this section, we choose P~7 as the gradient of an at most piecewise quadratic
function 1. This is the case covered by our theoretical estimates, cf. Chapter
3.4 and Section 3.3.1. Let us first introduce functions ; : ]RS‘ — IR* which are
at most quadratic polynomials in each of their components @DZ(J ), 7 =1,2,3, then
we define P,7 = Vap;. Here all six basis vectors of the kernel of the P-elasticity
operator; see (2.16), are represented exactly by the finite element basis.

We provide the lower face of the cube, i.e., {(z,y,2)" =x € IR*: z = 0}, with
homogeneous Dirichlet boundary conditions. To provide the Dirichlet boundary
with zero boundary data we choose the initial value of ¢ accordingly. This means
that, for z = 0, we choose ¢ in accordance to the solution if it is known or near
the solution if possible. In all other points the initial value for ¢ is the identity,
i.e., p(x) = x if 2 # 0. Note that we know the solution in advance when P is a
gradient, i.e., there exists a function ) such that P = V). Then the solution ¢
is given by ¢ = 1/; since with this deformation our energy reduces to zero

Ae
min / pel|sym(P~' Fg — Id)||7 + = (tr(P™ ' Fy — Id))2 dx
(P) Jo 2

= min / Hellsym((Veh) ™ (Vo) — 1d)||% + % (t((Ve) ! (Vep) — 1))

2

~ min / e llsym((Ve) ™ (V) — Td) |3 + 2 (tr((Ve) (V) — 1d>)2

(P) 2

= min/,ueHsym(Id —1d)||% + 2e (tr(Id —Id))* dx
(Pe) Jo 2

= 0.

Hence, we obtain the smallest energy for the solution ¢ = 1,5 If P is not a
gradient we do not know the solution in advance. In these cases we either choose
Dirichlet boundary values with V|sq, approximately P|aq, or ¢(x) = x.

A first example is given by

iz 0 0
Po(x) = y =PT=(0 1 0
20 — 4y + 4z 2 -4 4
Thus, we have
2 0 —1
P=101 1
0 0 }1
and from Py = Vi, follows
20 — 2
Po = y+z |;
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-T
R

Figure 3.3: Transformation induced by .

see also Figure 3.3.
We now perform computations using different sets of primal variables. We
use the following notation

e d.o.f. = degrees of freedom

d.o.f./dom = d.o.f. per subdomain
e N = number of subdomains
e c.p.s. = coarse problem size

It = iterations

® \..x = maximum eigenvalue

In Tables 3.1, 3.2, 3.3, 3.4, and 3.5 we present the results for PO_T with a fixed
subdomain size, i.e., % = const.. We present the maximum eigenvalue instead of
the condition number since the minimum eigenvalue for the preconditioned FETI-
DP matrix is, in accordance with the theory, almost exactly 1 in all experiments.
The results in the tables match our theory, i.e., the condition number and the
number of iterations are clearly asymptotically bounded. If we fix the number of
subdomains instead and increase the size of the subdomains, i.e., increase %, see
Figures 3.5, 3.6, 3.7, and 3.8, we obtain straight lines in plots of log(%) versus
VAmax. Thus, these experiments numerically confirm the quadratic-logarithmic
dependence on % Additionally, we present in Figure 3.4 the linear dependence
of the maximum eigenvalue on the subdomain size in the case of only vertex
constraints.

In fact, for several different constant matrices P we always observe condition
numbers identical to those in Tables 3.1, 3.2, 3.3, 3.4, and 3.5.

Next, we choose P~7 as a linear function, i.e., P~7 is the gradient of a function
consisting of at most piecewise quadratic polynomials. In these cases P is not
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8
27
64
125
216
343
512
729
1000
1331
1728
2197

N
8

27

64
125
216
343
512
729
1000
1331
1728
2197

c.p.s.
18
84
216
432
750
1188
1764
2496
3402
4500
5808
7344

c.p-s.
18
108
324
720
1350
2268
3528
5184
7290
9900
13068
16848

H
h

d.o.f.

3723
11775
27027
51783
88347
139023
206115
291927
398763
528927
684723
868455

=2
567 d.o.f./dom.

It.
40
49
50
93
o4
53
53
54
54
o4
5)
95

)\max

14.31
16.49
17.16
17.48
17.71
17.89
18.02
18.14
18.22
18.29
18.35

18.40

H
w=3

1677 d.o.f./dom.

d.o.f.
11775
38073
88347
170373
291927
460785
684723
971517

It.
50
67
70
73
72
74
75
75

)\max

27.11
31.37
33.17
34.20
34.88
35.35
35.69
35.95

H
w=A4

3723 d.o.f./dom.

d.o.f.
27027
88347
206115
398763
684723
1082427

Table 3.1: P~T = V), with vertex constraints.

d.o.f.

3723
11775
27027
51783
88347
139023
206115
291927
398763
528927
684723

868455

q_ 9
h
567 d.o.f./dom.

It.
34
39
39
40
41
40
39
39
40
39
39
40

>\max

12.34
11.01
9.69
9.58
9.52
9.51
9.51
9.51
9.51
9.51
9.51
9.51

d.o.f.
11775
38073
88347
170373
291927
460785
684723
971517

T=3
LA
1677 d.o.f./dom.

It.
36
41
43
43
43
43
43
43

Amax

14.02
12.23
10.99
10.84
10.79
10.77
10.76
10.76

H __
T =4

It.
55
80

103

)\max

41.50
48.36
51.55
53.34
54.50
55.29

3723 d.o.f./dom.

d.o.f.
27027
88347
206115
398763
684723
1082427

It.
36
43
44
46
45
45

Amax
15.37
13.33
12.19
12.03
11.98
11.96

Table 3.2: P~ = Vi), with edge average constraints without boundary edges.
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ot £=s £
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dof.  It. Apax | dof Tt Anax d.o.f. It.  Apax
8 78 3723 20 3.07| 11775 23  3.93 | 27027 25 4.67
27 288 11775 23 340 | 38073 26 4.41 | 88347 29 5.27
64 684 27027 23  3.57 | 88347 27 4.66 | 206115 30 5.57
125 1320 | 51783 24 3.66 | 170373 28 4.79 | 398763 31 5.73
216 2250 | 88347 24 3.72 (291927 28 4.86| 684723 30 5.82
343 3528 | 139023 24 3.74 | 460785 28 4.92 | 1082427 31 5.88
512 5208 | 206115 23 3.76 | 684723 28 4.96
729 7344 | 291927 24 3.79 | 971517 28 4.98
1000 9990 | 398763 24 3.80
1331 13200 | 528927 24 3.81
1728 17028 | 684723 24 3.81
2197 21528 | 868455 24 3.82

Table 3.3: P~T = V), with edge average constraints with boundary edges.

H _ 9 H_3 I _y

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N cp.s. | dotf  Tt. Apax | dof It Anae | doof It.  Anax
8 36 3723 26 738 | 11775 30 9.45| 27027 32 11.10
27 192 | 11775 29 6.49 | 38073 33 8.18| 88347 36 9.56
64 540 | 27027 30 5.73 | 88347 34 7.13| 206115 37 8.35
125 1152 | 51783 30 5.77 | 170373 34 7.20 | 398763 37  8.40
216 2100 | 88347 30 5.68 [ 291927 33 7.11| 684723 36 8.33
343 3456 | 139023 30 5.69 | 460785 33 7.11 | 1082427 36  8.33
512 5292 | 206115 29 5.68 | 684723 34 7.10
729 7680 | 291927 30 5.68 | 971517 33 7.10
1000 10692 | 398763 30 5.68
1331 14400 | 528927 29 5.68
1728 18876 | 684723 30 5.68
2197 24192 | 868455 29 5.68

Table 3.4: P~T = Vap, with edge average constraints without boundary edges
and with additional vertex constraints.
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180} |7 1/H=2

2 4

10 12

Figure 3.4: P~T = V1), with only vertexr constraints.

——1/H=2

—=-1/H=3

—©-1/H=4
45

c

8.5 i 115 é 25
log(¥)

V Amaz
IS

Figure 3.5: P~1T = Vi, with
edge average constraints without
boundary edges.

vV )\maa:

Figure 3.7: P T = Vi), with
edge average constraints without
boundary edges and with additional
vertex constraints.

0.5 1 2 25

15
log(ih)
Figure 3.6: PT = Vi,
with edge average constraints with
boundary edges.

% /\maz

0.5 1 2 25

1.5
log(#)

Figure 3.8: P T = V)
with edge average constraints with
boundary edges and with additional
vertex constraints.

necessarily a gradient and therefore we do not know the solution in advance. As
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H _ 9 H_ g H _ ¢y

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dof.  It. Apax | dof It Anax d.o.f. It. Apax
8 96 3723 16 2.09 | 11775 21 293 | 27027 23 3.71
27 372 11775 18 231 | 38073 22 3.18 | 88347 26 4.13
64 900 27027 18 2.47 | 88347 22 3.29 | 206115 26 4.32
125 1752 | 51783 19 2.55 | 170373 23 3.35 | 398763 26 4.41
216 3000 | 88347 19 2.59 | 291927 22 3.39 | 684723 26 4.48
343 4716 | 139023 20 2.62 | 460785 23  3.42 | 1082427 27 4.51
512 6972 | 206115 19 2.64 | 684723 23 3.43
729 9840 | 291927 19 2.66 | 971517 23 3.44
1000 13392 | 398763 19 2.67
1331 17700 | 528927 19 2.68
1728 22836 | 684723 20 2.68
2197 28872 | 868455 20 2.69

Table 3.5: P~T = Vpy with edge average constraints with boundary edges and
additional vertex constraints.

examples we consider

22 — 2y + 3z 20 =2 3
Yi(x)=| =y 32 = Pf=11 -2y ——3 |,
a:z—l—%y—i-?)z 2x % 3
ho(x) = x + 9> = Pl = 1 2y 0 ],
2+ 3z 2¢. 0 3
2x — 127 2 0 —3z
Ps(x) = | S22 +4y— 12 = Pil=| 324 -1 |,
Sp? 4 4r — 1z 3z 4 -1
2 8 8
2?2 -3z +y 20 —3 0 z
Pi(x)=| v +2y+2z = PT= 1 2y+2 0
%x+22—4z 0 1 2z — 4

In Tables 3.6, 3.7, 3.8, 3.9, 3.10, 3.11, 3.12, and 3.13 we present some of the results
obtained for 1)1, 19, 13 and 14 in the case % = const. The results confirm the
earlier observations.

Next, we increase % while keeping the number of subdomains fixed. The
results in Figures 3.11, 3.12; 3.13, 3.14, 3.15, 3.16, 3.17, and 3.18 match well
with the theoretical estimates. It can be clearly seen that the square root of the
maximum eigenvalue increases linearly with the logarithm of the subdomain size
% for edge average constraints. In the cases where we used vertex constraints we
again obtained a linear relation between the subdomain size and the maximum
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8
27
64
125
216
343
512
729
1000
1331
1728
2197

N
8

27

64
125
216
343
512
729
1000
1331
1728
2197

c.p.s.
18
84
216
432
750
1188
1764
2496
3402
4500
5808
7344

c.p-s.
18
108
324
720
1350
2268
3528
5184
7290
9900
13068
16848

2 =2

567 d.o.f./dom.
d.of. It.
3723 43
11775 52
27027 54
51783 56
88347 56
139023 57
206115 57
291927 58
398763 58
528927 58
684723 58

)\max

15.19
16.94
17.33
17.54
17.74
17.91
18.05
18.17
18.26
18.33
18.39

868455 59 18.44

4 =3
1677 d.o.f./dom.
d.of. It.
11775 52
38073 70
88347 75
170373 78
291927 79
460785 80
684723 81
971517 82

)\max

26.64
31.42
33.19
34.23
34.93
35.43
35.79
36.07

107

iy
3723 d.o.f./dom.

d.o.f. It.  Anax
27027 58 40.49
88347 87 48.29
206115 94 51.52
398763 96 53.39
684723 99 54.62
1082427 100 55.46

Table 3.6: P~T = V), with vertex constraints.

4 =2

567 d.o.f./dom.
d.o.f. It.
3723 36
11775 40
27027 41
51783 41
88347 41
139023 41
206115 41
291927 41
398763 41
528927 41
684723 41

>\max

15.73
13.07
11.80
11.34
11.03
10.81
10.64
10.50
10.40
10.31
10.23

868455 41 10.17

=3
1677 d.o.f./dom.
d.o.f. It.
11775 38
38073 45
88347 45
170373 44
291927 45
460785 45
684723 45
971517 45

Amax

18.04
14.83
13.44
12.90
12.54
12.28
12.08
11.92

1=y
3723 d.o.f./dom.
d.of. It.
27027 41
88347 47
206115 48
398763 48
684723 47
1082427 47

>\max

19.94
16.37
14.86
14.26
13.86
13.58

Table 3.7: P~T = Vi), with edge average constraints without boundary edges.
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H_9 H_ g H _ ¢y

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dof.  Tt. Apax | doof. Tt Apax d.o.f. It Anax
8 18 3723 36 14.31 | 11775 39 16.14 | 27027 41 17.70
27 108 | 11775 41 1236 | 38073 44 14.03 | 88347 46 15.53
64 324 | 27027 41 11.02 | 88347 44 12.57 | 206115 47 13.97
125 720 | 51783 41 10.48 | 170373 44 11.94 | 398763 47 13.28
216 1350 | 88347 41 10.22 | 291927 44 11.63 | 684723 47 12.92
343 2268 | 139023 41 10.07 | 460785 44 11.44 | 1082427 47 12.71
512 3528 | 206115 41  9.98 | 684723 44 11.33
729 5184 | 291927 41  9.91 | 971517 44 11.25
1000 7290 | 398763 41  9.87
1331 9900 | 528927 41  9.83
1728 13068 | 684723 41  9.79
2197 16848 | 868455 41  9.77

Table 3.8: P~T = V), with edge average constraints without boundary edges.

H _ 9 H _ 3 H _y

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dof  Tt. Apax | dodf Tt Anax d.o.f. It Apax
8 78 3723 21 3.14 | 11775 23 4.01 | 27027 25 4.76
27 288 11775 23 3.43 | 38073 27 4.44 | 88347 29 5.30
64 684 27027 23 3.58 | 88347 28 4.67 | 206115 31 5.58
125 1320 | 51783 24 3.66 | 170373 28 4.80 | 398763 31 5.74
216 2250 | 88347 24 3.71 | 291927 28 4.88 | 684723 31 5.83
343 3528 | 139023 24 3.75 | 460785 28 4.92 | 1082427 31 5.87
512 5208 | 206115 24 3.77 | 684723 28 4.96
729 7344 | 291927 24 3.79 | 971517 28 4.98
1000 9990 | 398763 24 3.80
1331 13200 | 528927 24 3.80
1728 17028 | 684723 24 3.82
2197 21528 | 868455 24 3.81

Table 3.9: P~ = V), with edge average constraints with boundary edges.
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N
8
27
64
125
216
343
512
729
1000
1331
1728
2197

N
8

27

64
125
216
343
512
729
1000
1331
1728
2197

Table 3.11: P~T = Vb3 with edge average

c.p.s.
18
84
216
432
750
1188
1764
2496
3402
4500
5808
7344

c.p.s.
36
192
540
1152
2100
3456
5292
7680
10692
14400
18876
24192

H _ 9
h
567 d.o.f./dom.

d.o.f.

3723
11775
27027
51783
88347
139023
206115
291927
398763
528927
684723
868455

It.
43
51
54
95
56
57
57
57
o8
58
o8
o8

Table 3.10:

d.o.f.

3723
11775
27027
51783
88347
139023
206115
291927
398763
528927
684723
868455

H=2
o
567 d.o.f./dom.

It.
27
29
30
30
30
30
30
30
30
30
30
30

/\max

14.46
16.51
17.16
17.48
17.71
17.89
18.03
18.14
18.23
18.30
18.35
18.40

H _
o_3

1677 d.o.f./dom.

d.o.f.
11775
38073
88347
170373
291927
460785
684723
971517

It.
51
70
1)
77
78
30
80
81

/\max

27.25
31.40
33.18
34.20
34.88
35.36
35.70
35.96

o=y
1
3723 d.o.f./dom.

d.o.f.
27027
88347
206115
398763
684723

It.
29
86
94
96
98

1082427 100

P~T = V)3 with vertex constraints.

>\max

7.41
6.56
5.88
2.85
5.79
2.78
2.76
5.75
5.75
5.74
2.73
2.73

1=3

1677 d.o.f./dom.

d.o.f.
11775
38073
88347
170373
291927
460785
684723
971517

and with additional vertexr constraints.

It.
31
34
34
34
34
34
34
34

>\max

9.50
8.29
7.40
7.35
7.28
7.26
7.24
7.22

H—4
o
3723 d.o.f./dom.

d.o.f.
27027
88347
206115
398763
684723
1082427

It.
34
37
37
37
37
37

109

>\max

41.68
48.38
51.55
53.35
54.51
55.31

)\max

11.18
9.73
9.72
8.63
8.56
8.53

constraints without boundary edges
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H _ 9 q2_3 L —y
h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dof. Tt Apax | dof It Anax d.o.f. It Anax
8 36 3723 28 9.15| 11775 31 11.71 | 27027 35 13.80
27 192 | 11775 30 7.35| 38073 35 9.18 | 88347 38 10.68
64 540 | 27027 31 6.59 | 88347 35 826 | 206115 38  9.66
125 1152 | 51783 31 6.37 | 170373 35 7.99 | 398763 38 9.35
216 2100 | 88347 31 6.22 291927 35 7.81| 684723 38 9.15
343 3456 | 139023 31 6.12 | 460785 35  7.69 | 1082427 38  9.00
512 5292 | 206115 31 6.05 | 684723 35  7.59
729 7680 | 291927 31 5.99 | 971517 35  7.52
1000 10692 | 398763 31 5.94
1331 14400 | 528927 31 5.90
1728 18876 | 684723 31 5.87
2197 24192 | 868455 31 5.85

Table 3.12: P~T = Vap, with edge average constraints without boundary edges
and with additional verter constraints.

H _ 9 H_ g H _ ¢y

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dof.  It. Apax | dof It Anax d.o.f. It. Apax
8 96 3723 16 212 | 11775 21 298 | 27027 24 3.78
27 372 | 11775 18 2.33 | 38073 22 3.20 | 88347 26 4.16
64 900 | 27027 18 248 | 88347 23 3.31 | 206115 27 4.34
125 1752 | 51783 19 2.55 | 170373 23  3.36 | 398763 27 4.41
216 3000 | 88347 19 2.60 | 291927 23 3.40 | 684723 27 4.48
343 4716 | 139023 19 2.63 | 460785 23 3.42 | 1082427 27 4.52
512 6972 | 206115 19 2.65 | 684723 23 3.43
729 9840 | 291927 20 2.66 | 971517 23 3.44
1000 13392 | 398763 20 2.67
1331 17700 | 528927 20 2.68
1728 22836 | 684723 20 2.69
2197 28872 | 868455 20 2.69

Table 3.13: P~T = V), with edge average constraints with boundary edges and
additional vertexr constraints.
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eigenvalue; see Figures 3.9 and 3.10.

180} | H=2

12

Figure 3.9: P~ T = Vi, with
only vertex constraints.

5.5

——1H=2
—=-1H=3
S5/ |-e-1H=4

4.5

\% /\maz
S

3.5

3s 1

:5 é 2.5
Togeit)

Figure 3.11: P~ T = V), with
edge average constraints without
boundary edges.

3.6.2 Results for P~7 =V

111

—>—1/H=2

/\ma;z:

2 4 6 H 8 10 12 14

Figure 3.10: P~T = Vi, with
only vertex constraints.

55

3.5f

3 . .
0.5 1 2 25

bty

Figure 3.12: P~ T = Vi, with
edge average constraints without
boundary edges.

In this section we will present results for examples which do not completely match
our assumptions made for our analysis in Section 3.4. The assumption that P~7
is the gradient of a function 9 : IR* — IR? will still be satisfied. The function
however does no longer consist of piecewise at most quadratic polynomials.

A special case, when only one entry of 1) is not a polynomial with at most
degree 2, will also be considered. Note that for the case discussed here, the
infinitesimal rotations r4(x),r;(x),rg(x), see (2.16), may not be representable
exactly in the finite element space. As a consequence, the dimension of the kernel
of the stiffness matrix may be smaller than six. The dimension is at least three
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——1/H=2
2.8rf|—8-1H=3
-©-1H=4

togry 2 28

Figure 3.13: P T = Vi,
with edge average constraints with
boundary edges.

——=1/H=2

4.5

0.5 1 15 2 25
log(3h)

Figure 3.15: P~ T = V), with
edge average constraints without
boundary edges and with additional
vertex constraints.

3

2.8

2.67

2.4f

2.2r

Vv )\max

2

1.8¢

185 1

‘5 é 2.5
10901

Figure 3.14: P T = Vs
with edge average constraints with
boundary edges.

‘0.5 i :5 é 2.5
og(5)

Figure 3.16: P~T = Vi, with
edge average constraints without
boundary edges and with additional
vertex constraints.

since we can always represent exactly the translational basis vectors. But instead
of the three zero eigenvalues associated with the three rotations we may have
up to three additional positive eigenvalues. For example, in the case of 14 the
basis vector T4 is a composition of z/)él) and z/)éQ) which are quadratic polynomials.
Hence, numerically we have a four dimensional kernel in this case.

The examples in this section can be divided into two parts. First, we consider
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2.8

2.61

2.4r

2.2r

vV )\max
N
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tog(t)

Figure 3.17: P T = Vi
with edge average constraints with
boundary edges and with additional
vertex constraints.
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Vv )\mar

25

Vips

ottt
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with edge average constraints with
boundary edges and with additional
vertex constraints.

Figure 3.18:

the case when 1 consists of polynomials of different degrees, i.e.,

s =

e =

hr =

s =

3 +y
34y + 22
3z + 32°
2? + 2y + 4z
x2+%y—6z
—r+ 23
:173—9y—|—%z
dr + 2y
3 1
T’ —y+ 3z
4z + y°
%xS—Sy—%z
a::)’—i—%z
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=
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and then we consider a function 1) which does not consist of polynomials

((1 = h) + hx) cos(2my) cos(a + z(B — ) Acos(B) cos(C)
g = | (1 —h)+ hax)sin(2my) cos(a + 2(f — «)) | =:| Asin(B) cos(C)
(1 = h) + hx)sin(a + 2(6 — «)) Asin(C)
hcos(B)cos(C) —2mAsin(B)cos(C) —(8 — a)Acos(B)sin(C)
= Py7 = [ hsin(B)cos(C) 2mAcos(B)cos(C) —(3 — a)Asin(B)sin(C)
hsin(C) 0 (B —a)Acos(C)
Here, we Consider two different sets of variables h, «, and 5. To the case with
h = and B = 7 we will refer as g ; and to the example with i = 8, o=
16’ and ﬂ g as 1/;92



114CHAPTER 3. EFFICIENT SOLUTION OF P-ELASTICITY WITH FETI-DP

4 =9 1 =3 =y

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N cps. | dof. It Apax | doof. It Apax | dofe Tt Apax
8 78 3723 21 3.22 | 11775 23 410 | 27027 25 4.86
27 288 11775 23 348 | 38073 26 4.51 | 88347 29 5.38
64 684 27027 23 3.56 | 88347 27 4.771 | 206115 30 5.63
125 1320 | 51783 24 3.69 | 170373 28 4.82 | 398763 31 5.77
216 2250 | 88347 24 3.71 | 291927 28 4.89 | 684723 31 5.85
343 3528 | 139023 24 3.76 | 460785 28 4.94 | 1082427 31 591
512 5208 | 206115 24 3.77 | 684723 28 4.97
729 7344 | 291927 24 3.80 | 971517 28 4.99
1000 9990 | 398763 24 3.80
1331 13200 | 528927 24 3.81
1728 17028 | 684723 24 3.81
2197 21528 | 868455 24 3.82

Table 3.14: P~T = V)5 with edge average constraints with boundary edges.

The results we obtained for for 5, 1g, ¥7, and g differ only slightly from
the ones presented in Section 3.6.1; see Tables 3.14, 3.15, 3.16, 3.17, 3.18, 3.19,
3.20, and 3.21. In some cases the asymptotic range seems to be reached later
and the condition number seems to vary more. Although these experiments are
not covered by the theory, numerically, the bound for the condition number still
seems to hold, and the number of iterations is clearly bounded. Again, a linear
dependence of the square root of the maximum eigenvalue on log(#) can be
observed numerically, see Figures 3.22, 3.21, 3.23, 3.24, 3.25, 3.26, 3.27, and 3.28,
as well as the linear dependence on % of the maximum eigenvalue in the case of
only vertex constraints; see Figures 3.19 and 3.20.

—>—=1H=2

2 4 6 HS8 10 12 14 2 4 6 H 8 10 12 14
h h

Figure 3.19: P~T = Va5 with Figure 3.20: P71 = Va3 with
only vertex constraints. only vertex constraints.
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N
8

27

64
125
216
343
512
729
1000
1331
1728
2197

Table 3.15: P~T = V)5 with edge average

c.p.s.
36
192
540
1152
2100
3456
5292
7680
10692
14400
18876
24192

H _ 9

n
567 d.o.f./dom.

d.o.f.

3723
11775
27027
51783
88347
139023
206115
291927
398763
528927
684723
868455

It.
28
30
31
31
31
31
31
31
31
31
31
30

>\max

7.92
7.16
6.56
6.32
6.17
6.06
5.97
5.90
5.84
5.80
5.76
5.73

1=3
i
1677 d.o.f./dom.

d.o.f.
11775
38073
88347
170373
291927
460785
684723
971517

and with additional vertex constraints.

N
8

27

64
125
216
343
512
729
1000
1331
1728
2197

c.p.s.
18
84
216
432
750
1188
1764
2496
3402
4500
5808
7344

H _ 9

n
567 d.o.f./dom.

d.o.f.

3723
11775
27027
51783
88347
139023
206115
291927
398763
528927
684723
868455

It.
46
54
56
o7
57
o8
o8
o8
o8
58
99
99

/\max

24.22
19.35
18.12
17.84
17.85
17.93
18.02
18.10
18.18
18.24
18.30
18.35

It.  Amax
32 10.48
35 937
35  8.57
35 8.22
35 799
35 7.82
35 7.69
35 7.58

constraints

=3
i
1677 d.o.f./dom.

d.o.f.
11775
38073
88347
170373
291927
460785
684723
971517

It.  Amax
59  39.40
73 34.06
77 33.67
79 34.08
80 34.55
81 34.97
81 35.32
82 35.61

I —yq
1
3723 d.o.f./dom.

d.o.f.
27027
88347
206115
398763
684723
1082427

It.
35

115

)\max

12.63
11.26
10.28
9.84
9.54
9.32

without boundary edges

d.o.f.
27027
88347
206115
398763
684723
1082427

Table 3.16: P~1 = Vaps with vertex constraints.

4=y
i
3723 d.o.f./dom.

It.
66

>\max

55.60
50.80
51.44
52.57
53.57
54.39
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H _ 9 H_3 T _y
n n n
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dof.  It. Anax d.o.f. It.  Apax d.o.f. It.  Apax
8 96 3723 19 2774 11775 22 3.64 | 27027 25 4.52
27 372 11775 19 2.63 | 38073 24 3.62 | 88347 27 4.58
64 900 27027 19 241 | 88347 24 3.49 | 206115 28 4.44
125 1752 | 51783 19 247 | 170373 23 3.44 | 398763 27 4.46
216 3000 | 88347 19 2.52 | 291927 23 3.44 | 684723 27 4.50
343 4716 | 139023 19 2.55 | 460785 23 3.45 | 1082427 27 4.53
512 6972 | 206115 19 2.57 | 684723 23 3.46 | 1610307 27 4.55
729 9840 | 291927 19 259 | 971517 23 3.46 | 2286795 27 4.56
1000 13392 | 398763 20 2.61 | 1328943 23 3.46
1331 17700 | 528927 20 2.62 | 1764777 23 3.46
1728 22836 | 684723 20 2.63
2197 28872 | 868455 20 2.64

Table 3.17: P~T = V) with edge average constraints with boundary edges and
additional vertexr constraints.

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N cps. | dof  It. Apax | dof. It Apae | doof It.  Anax
8 18 3723 43 65.10 | 11775 47 77.16 | 27027 52 86.67
27 108 11775 50 35.54 | 38073 54 40.50 | 88347 58 44.61
64 324 27027 50 25.75 | 88347 53 29.46 | 206115 56 32.55
125 720 51783 49 2221 | 170373 52 25.39 | 398763 55 28.04
216 1350 | 88347 48 19.92 | 291927 51 22.76 | 684723 55 25.14
343 2268 | 139023 47 18.31 | 460785 51 20.91 | 1082427 54 23.11
512 3528 | 206115 46 17.12 | 684723 50 19.55
729 5184 | 291927 46 16.20 | 971517 49 18.49
1000 7290 | 398763 45 15.46
1331 9900 | 528927 45 14.86
1728 13068 | 684723 45 14.36
2197 16848 | 868455 44 13.93

Table 3.18: P~ = Vap; with edge average constraints without boundary edges.
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H _ 9 q2_ 3 I _y

n n n
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dof.  It. Apax | dof It Anax d.o.f. It.  Apax
8 96 3723 18 234 | 11775 22 3.60 | 27027 25 4.61
27 372 11775 19 236 | 38073 24 3.60 | 88347 28 4.66
64 900 27027 19 243 | 88347 24 3.49 | 206115 28 4.53
125 1752 | 51783 19 2.49 | 170373 24 3.47 | 398763 28 4.53
216 3000 | 88347 19 2.53 | 291927 24 3.47 | 684723 28 4.55
343 4716 | 139023 20 2.57 | 460785 24  3.47 | 1082427 28 4.57
512 6972 | 206115 20 2.59 | 684723 24 3.47
729 9840 | 291927 20 2.61 | 971517 24 3.45
1000 13392 | 398763 20 2.63
1331 17700 | 528927 20 2.64
1728 22836 | 684723 20 2.65
2197 28872 | 868455 20 2.66

Table 3.19: P~T = V), with edge average constraints with boundary edges and
additional vertexr constraints.

H _9 H _ g H _ g4

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dof  It. Apax | dodf It Anae | doof It.  Apax
8 78 3723 22 423 | 11775 25 539 | 27027 28 6.37
27 288 | 11775 25 4.26 | 38073 28 5.50 | 88347 31 6.54
64 684 | 27027 25 4.09 | 88347 29 530 | 206115 32 6.33
125 1320 | 51783 25 3.96 | 170373 29 5.17 | 398763 32 6.19
216 2250 | 88347 24 390 | 291927 29 5.11 | 684723 32 6.12
343 3528 | 139023 24 3.87 | 460785 29 5.09 | 1082427 32 6.09
512 5208 | 206115 24 3.86 | 684723 29 5.08
729 7344 | 291927 24 3.84 | 971517 28 5.06
1000 9990 | 398763 24 3.85
1331 13200 | 528927 24 3.83
1728 17028 | 684723 24 3.85
2197 21528 | 868455 24 3.82

Table 3.20: P~T = Vg with edge average constraints including boundary edges.
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L—9 =3 =y

n h n
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dof.  It. Apax | dof. It Apax d.o.f. It Apax
8 36 3723 30 949 | 11775 34 1277 | 27027 37 16.02
27 192 11775 33 9.18 | 38073 38 12.60 | 88347 41 15.56
64 540 27027 33 890 | 88347 38 12.09 | 206115 42 14.82
125 1152 | 51783 33 8.66 | 170373 38 11.67 | 398763 42 14.23
216 2100 | 88347 33 8.40 | 291927 37 11.25| 684723 41 13.67
343 3456 | 139023 33 8.17 | 460785 37 10.87 | 1082427 41 13.16
512 5292 | 206115 32 7.95 | 684723 37 10.53
729 7680 | 291927 32 7.75 | 971517 37 10.23
1000 10692 | 398763 32 7.58
1331 14400 | 528927 32 7.43
1728 18876 | 684723 31 7.30
2197 24192 | 868455 31 7.18

Table 3.21: P~T = Vapg with edge average constraints exclusive of boundary
edges and additional vertexr constraints.

12 : : : 12
——1H=2
11t -B-1H=3
- 1UH=4

11r

101 10f

2 25

0.5 i 115 é 25 0.5 i 1:5
log(3}) log(3})
Figure 3.21: P~ T = Vi) with Figure 3.22: P~ T = Vi, with
edge average constraints without edge average constraints without

boundary edges. boundary edges.

The results obtained for 191 and b5, for % kept fixed, also match the the-

oretical expectations; cf. Tables 3.22, 3.23, 3.24, 3.25, 3.26 and 3.27.

In the case when % is increased and the number of subdomains is kept fixed,
the bound for the condition number still seems to hold; cf. Figures 3.29 and 3.30
for 191 and Figures 3.31 and 3.32 for 1pg5. The slope for the case % = 2in
Figures 3.31 and 3.32 differs clearly from the cases % = 3 and % = 4. This
suggests that the case % = 2 is still away from the asymptotic range with respect
to the number of subdomains. The results for % = 3 and % =4, ie, N =27

and N = 64 subdomains are then very similar. Again for only vertex constraints
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N
8

27

64
125
216
343
512
729
1000
1331
1728
2197

c.p.s.
18
108
324
720
1350
2268
3528
5184
7290
9900
13068
16848

H_9

567 d&xf/donl
dof. It Apax
3723 62 96.32
11775 86 114.24
27027 89  93.69
o1783 87 75.26
88347 84  63.79
139023 83  60.37
206115 81  57.16
291927 78  54.20
398763 75 51.46
528927 74 48.92
684723 71 46.57
868455 69  44.38

119

=4

3723 d.o.f./dom.
d.o.f. It.
27027 89
88347 110
206115 115
398763 111
684723 105
1082427 100

)\max

410.33
182.68
132.50
99.89
78.85
67.87

=3
1677 d.o.f./dom.
dof. It Anax
11775 79 234.54
38073 98 145.58
88347 102 111.02
170373 98  86.11
291927 93 68.75
460785 91  64.45
684723 88  61.21
971517 84  58.30

Table 3.22: P~T = Vapg, with edge average constraints without boundary edges.

N
8

27

64
125
216
343
512
729
1000
1331
1728
2197

c.p.s.
36
192
540
1152
2100
3456
5292
7680
10692
14400
18876
24192

q=2

567 d.o.f./dom.
d.of. It.
3723 38
11775 42
27027 43
51783 44
88347 44
139023 43
206115 42
291927 42
398763 42
528927 41
684723 40
868455 39

)\max

13.34
16.18
14.54
13.59
12.89
12.24
11.64
11.03
10.48

9.95

9.51

9.32

43

1677 d.o.f./dom.

d.otf. It.
11775 46
38073 50
88347 49
170373 48
291927 47
460785 47
684723 47
971517 46

)\max

19.58
16.28
15.34
14.84
14.44
13.94
13.46
12.96

4=y
3723 d.o.f./dom.
d.of. It
27027 53
88347 57
206115 55
398763 53
684723 52
1082427 51

)\max

25.31
19.38
18.23
17.49
16.87
16.59

Table 3.23: P~ = Vapg | with edge average constraints without boundary edges
and with additional vertex constraints.
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8
27
64
125

216
343
512
729
1000
1331
1728
2197

N
8
27
64
125
216
343
512
729
1000
1331
1728
2197

c.p.s.
18
84
216
432
750
1188
1764
2496
3402
4500
5808

7344

2=2

567 d.o.f./dom.
d.o.f. It.
3723 73
11775 104
27027 113
51783 117
88347 118
139023 120
206115 120
291927 120
398763 120
528927 119
684723 118
868455 116

)\max

239.95
217.96
200.25
188.09
175.76
162.95
150.32
138.38
127.32
117.25
108.15

99.98

H
w=3

1677 d.o.f./dom.

g
-
3723 d.o.f./dom.

d.o.f. It.
11775 120
38073 181
88347 197
170373 198
291927 194
460785 189
684723 183
971517 177

)\max

715.31
533.01
485.51
442.55
404.37
366.07
329.90
297.28

d.o.f.
27027
88347
206115
398763
684723
1082427

Table 3.24: P~ = Vapg, with vertex constraints.

c.p.s.
18
108
324
720
1350
2268
3528
5184
7290
9900
13068
16848

)
h
567 d.o.f./dom.
d.o.f. It. Amax
3723 63 130.10
11775 86 108.46
27027 90 101.35
51783 92  95.61
88347 92  88.63
139023 90  81.38
206115 89  74.60
291927 89  68.55
398763 86  63.25
528927 85  58.63
684723 85  54.63
868455 84  51.27

‘-

1677 d.o.f./dom.

d.o.f. It.
11775 80
38073 100
88347 105
170373 105
291927 104
460785 104
684723 102
971517 100

)\max

334.83
168.72
137.65
122.60
109.52
98.00
88.28
80.15

It.
156
244
270
273
268
258

H _
5 =4

)\max

1627.29
982.77
850.75
748.23
669.91
596.44

3723 d.o.f./dom.

d.o.f.
27027
88347
206115
398763
684723
1082427

It.

96
117
121
121
120
119

)\max

628.16
215.07
164.42
142.83
125.47
111.14

Table 3.25: P~T = Vg, with edge average constraints without boundary edges.
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q_ 9 H _ g q _ ¢y

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dotf Tt Apax | doof. Tt Anax d.o.f. It Anax
8 36 3723 39 1331 | 11775 49 24.53 | 27027 60 36.24
27 192 | 11775 42 1231 | 38073 53 15.87 | 88347 65 27.54
64 540 | 27027 42 11.41 | 88347 51 13.92 | 206115 66 27.28
125 1152 | 51783 42 10.59 | 170373 50 13.16 | 398763 64 24.27
216 2100 | 88347 42 991 | 291927 48 12.35 | 684723 61 21.07
343 3456 | 139023 41  9.40 | 460785 47 11.95 | 1082427 58 18.36
512 5292 | 206115 40  9.04 | 684723 47 11.56
729 7680 | 291927 40  8.74 | 971517 46 11.56
1000 10692 | 398763 39  8.56
1331 14400 | 528927 39  8.39
1728 18876 | 684723 39  8.35
2197 24192 | 868455 38  8.37

Table 3.26: P~ = Vapg, with edge average constraints without boundary edges
and with additional verter constraints.

1 =2 13 =4
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dof.  It. Apax | dof. Tt Apax d.o.f. It Apax
8 96 3723 34 7.62| 11775 44 13.70 | 27027 52 16.53
27 372 | 11775 38 838 | 38073 51 14.58 | 88347 61 22.62
64 900 | 27027 38 8.23 | 88347 51 13.91 | 206115 61 21.21
125 1752 | 51783 38 8.03 | 170373 50 13.16 | 398763 58 18.30
216 3000 | 88347 37 7.67 | 291927 48 12.23 | 684723 54 15.39
343 4716 | 139023 36 7.31 | 460785 46 11.24 | 1082427 53 14.57
512 6972 | 206115 35 6.95 | 684723 44 10.39
729 9840 | 291927 34 6.56 | 971517 43  9.85
1000 13392 | 398763 33 6.20
1331 17700 | 528927 32 5.86
1728 22836 | 684723 31 5.55
2197 28872 | 868455 30 5.25

Table 3.27: P~T = Vapg, with edge average constraints with boundary edges
and additional vertex constraints.
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Figure 3.23: P T = Vs Figure 3.24: P T = Vg

with edge average constraints with
boundary edges.

with edge average constraints with
boundary edges.
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Figure 3.25: P~ T = Va5 with
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Figure 3.26: P~T = Vi, with

edge average constraints without
boundary edges and with additional
vertex constraints.

edge average constraints without
boundary edges and with additional
vertex constraints.

we obtain the linear relation between % and A\pay; see Figures 3.35 and 3.36.
Summarizing the results in this section we can state that the numerical results
differ only slightly from the results obtained in Section 3.6.1 although the theory

does not apply.

3.6.3 More general cases

Here, we will discuss results obtained for the case that P itself is a gradient, i.e.,
P = V. This has the advantage that the solution of the minimizing problem
in ¢ is then given by ¢ = 1; see Section 3.6.1 page 101. However, the examples
in this section do not match the assumptions for our analysis, i.e., P~ is not a
gradient.
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Figure 3.27: P 1T = Vi Figure 3.28: P 1T = Vi

with edge average constraints with
boundary edges and with additional
vertex constraints.

with edge average constraints with
boundary edges and with additional
vertex constraints.
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Figure 3.29: P 1T = Vi,
with edge average constraints with
boundary edges.

Figure 3.30: P T = Vg,
with edge average constraints with
boundary edges and with additional
vertex constraints.

The first example is constructed by the functions 19, and g5 introduced
in Section 3.6.2, i.c., 1 := g, and ¥y := 1Pg,. These function transform the
cube into a spherical dome with different thickness and angles if P = Va)g; or
P = Vapyo; see Figure 3.37. Here, in addition to the aforementioned Dirichlet
boundary conditions we introduce further Dirichlet boundary conditions for the
y-direction on {x € IR? : y € {0,1}} to prevent small gaps or element overlaps
originating from inaccuracies in the numerical solutions.

Another example for P = V) is given by 3
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Figure 3.31: P T = Vg,

with edge average constraints with
boundary edges.
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Figure 3.33: P~T = Vapy, with
edge average constraints without
boundary edges.

) xcos(§z) — ysin(52)
P3(x) = xsin(gz)—i—ycos
z
5
= P = sin(§z)  cos(
0

12
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101
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Figure 3.32: P~T = Vg, with
edge average constraints without
edges and with additional vertex
constraints.

60

——1H=2
—B-1H=3
-©-1H=4

50

2 25

N
(o)
<
Y
%
T

Figure 3.34: P~1 = Vapy, with
edge average constraints without
boundary edges.

(3.75)

1

which describes a linear increasing twist of the unit cube around the z-axis; see

Figure 3.38.

The results for P = Viﬁg in the case of a constant subdomain size match
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6000 T T T T 16000
—>—=1H=2

12

Figure 3.35: P~1 = Vapy, with Figure 3.36: P~T = Vg, with
only vertex constraints. only vertex constraints.

S O

Figure 3.37:  Transformations induced by 1,51 and 1,52.

Figure 3.38: Transformations induced by 1/;3.

the expectations from the theory in Section 3.4 even though the assumptions do
not match. For growing % and fixed % the condition and iteration numbers are
clearly bounded by a constant; cf. Tables 3.28, 3.29, and 3.30.
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g _ 9 H _ 3 qg _ ¢y

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dof.  It. Apax | dof. It ALk d.o.f. It Apax
8 18 3723 35 14.15 | 11775 36 17.51 | 27027 40 19.47
27 108 11775 41 13.01 | 38073 43 14.49 | 88347 45 15.82
64 324 27027 41 11.81 | 88347 44 13.17 | 206115 46 14.43
125 720 51783 40 11.26 | 170373 43 12.57 | 398763 46 13.80
216 1350 | 88347 41 10.90 | 291927 44 12.19 | 684723 46 13.41
343 2268 | 139023 41 10.65 | 460785 43 11.94 | 1082427 46 13.15
512 3528 | 206115 40 10.48 | 684723 43 11.75
729 5184 | 291927 40 10.35 | 971517 43 11.61
1000 7290 | 398763 40 10.24
1331 9900 | 528927 40 10.16
1728 13068 | 684723 40 10.10
2197 16848 | 868455 40 10.04

Table 3.28: P = Vs with edge average constraints without boundary edges.

H _ 9 H_3 L —y

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dotf  Tt. Apac | dof It Anax d.o.f. It Anax
8 36 3723 27 748 | 11775 31 10.18 | 27027 34 1237
27 192 | 11775 30 7.80 | 38073 34 9.81 | 88347 37 11.37
64 540 | 27027 31 6.82 | 88347 34 854 | 206115 37 9.92
125 1152 | 51783 31 6.53 | 170373 34  8.17 | 398763 37  9.50
216 2100 | 88347 31 6.22 291927 34 791 | 684723 37 9.21
343 3456 | 139023 31 6.20 | 460785 35  7.75 | 1082427 37  9.03
512 5292 | 206115 31 6.10 | 684723 34  7.62
729 7680 | 291927 31 6.03 | 971517 34  7.53
1000 10692 | 398763 31 5.97
1331 14400 | 528927 31 5.93
1728 18876 | 684723 31 5.91
2197 24192 | 868455 31 5.90

Table 3.29: P = VT,L;} with edge average constraints without boundary edges and
with additional vertex constraints.

For 7151 and 1[12 we obtain similar results for fixed %; see Tables 3.31, 3.32,
3.33, 3.34, and 3.35, where the results are given for sets of primal variables which
use edge averages or edge averages with combined vertex constraints.

In Figure 3.40 the behavior for an increasing % is shown for 4 for the set of
primal variables consisting of edge averages with boundary edges and combined
with vertex constraints. In Figure 3.41 results are shown for ¢p,. Further results
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H _ 9 H _ g H _ ¢y

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N cp.s. | dof  It. Apax | dodf It Apae | doof It Apax
8 96 3723 16 2.09 | 11775 20 293 | 27027 22 3.72
27 372 | 11775 17 234 | 38073 21 3.18 | 88347 24 4.13
64 900 | 27027 18 249 | 88347 22 3.29 | 206115 25 4.32
125 1752 | 51783 18 2.56 | 170373 22 3.34 | 398763 26 4.42
216 3000 | 88347 19 2.60 | 291927 22 3.37 | 684723 26 4.43
343 4716 | 139023 19 2.63 | 460785 22 3.39 | 1082427 26 4.48
512 6972 | 206115 19 2.65 | 684723 22 3.41
729 9840 | 291927 19 2.66 | 971517 22 3.39
1000 13392 | 398763 19 2.67
1331 17700 | 528927 19 2.68
1728 22836 | 684723 19 2.69
2197 28872 | 868455 19  2.69

Table 3.30: P = V’(/~)3 with edge average constraints with boundary edges and
additional vertex constraints.

H_9 H_3 H _ 4

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dof.  Tt. Apax | dof It Apax d.o.f. It Anax
8 34 3723 30 5.72 | 11775 37 10.29 | 27027 40 15.13
27 184 | 11775 34 879 | 38073 44 1594 | 88347 52 24.71
64 522 | 27027 36 9.20 | 88347 48 16.73 | 206115 59 26.13
125 1120 | 51783 36 9.00 | 170373 49 15.34 | 398763 61 23.72
216 2050 | 88347 35 8.64 | 291927 48 14.12 | 684723 59 20.93
343 3384 | 139023 35 8.20 | 460785 47 12.61 | 1082427 57 18.24
512 5194 | 206115 34 7.79 | 684723 45 11.63
729 7552 | 291927 34 T7.43 | 971517 43 10.73
1000 10530 | 398763 33 7.12
1331 14200 | 528927 32 6.87
1728 18634 | 684723 32 6.66
2197 23904 | 868455 31 6.49

Table 3.31: P = V@El with edge average constraints without boundary edges and
with additional vertex constraints.
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H _ 9 H _ 3 H _y

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.ps. | dof Tt Apax | dodf Tt Apax d.o.f. It Apax
8 70 3723 28 5.09| 11775 33  7.53 | 27027 37 11.23
27 292 11775 30 5.67 | 38073 40 11.87 | 88347 47 19.00
64 738 27027 30 6.10 | 88347 43 12.74 | 206115 54 20.20
125 1480 | 51783 31 5.97 | 170373 44 12.19 | 398763 55 19.01
216 2590 | 88347 31 5.69 | 291927 44 11.57 | 684723 55 17.89
343 4140 | 139023 31 5.54 | 460785 44 10.96 | 1082427 54 16.82
512 6202 | 206115 30 5.36 | 684723 43 10.48
729 8848 | 291927 30 5.21 | 971517 42 10.02
1000 12150 | 398763 29 5.07
1331 16180 | 528927 29 4.93
1728 21010 | 684723 28 4.80
2197 26712 | 868455 28 4.67

Table 3.32: P = V@Ll with edge average constraints with boundary edges and
additional vertexr constraints.

=2 -3 L4

567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dof. Tt. Apax | doof. Tt Anax d.o.f. It Anax
8 18 3723 41 17.01 | 11775 50 33.88 | 27027 54 49.96
27 108 | 11775 53 2279 | 38073 69 51.27 | 88347 85 85.68
64 324 | 27027 57 20.57 | 88347 79 49.35| 206115 99 87.07
125 720 | 51783 57 19.62 | 170373 82 46.29 | 398763 104 80.16
216 1350 | 88347 56 18.73 | 291927 85 43.73 | 684723 107 75.13
343 2268 | 139023 55 18.11 | 460785 83 41.43 | 1082427 108 70.72
512 3528 | 206115 55 17.39 | 684723 82 39.61
729 5184 | 291927 54 16.80 | 971517 81 37.78
1000 7290 | 398763 53 16.21
1331 9900 | 528927 52 15.69
1728 13068 | 684723 51 15.18
2197 16848 | 868455 H1 14.71

Table 3.33: P = V), with edge average constraints without boundary edges.
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H _ 9 H_3 H_»y

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dotf. Tt Apax | doof. Tt Apax d.o.f. It Apax

8 54 3723 38 11.34 | 11775 44 20.67 | 27027 48 30.28

27 216 | 11775 48 17.01 | 38073 62 40.88 | 88347 73 67.66
64 540 | 27027 52 18.74 | 88347 72 44.85| 206115 91 76.17
125 1080 | 51783 55 18.70 | 170373 76 44.31 | 398763 99 75.83
216 1890 | 88347 54 18.37| 291927 82 4278 | 684723 101 73.01
343 3024 | 139023 54 17.81 | 460785 81 40.97 | 1082427 105 69.90
512 4536 | 206115 54 17.25 | 684723 80 39.27
729 6480 | 291927 53 16.68 | 971517 80 37.64
1000 8910 | 398763 52 16.14
1331 11880 | 528927 52 15.62
1728 15444 | 684723 51 15.13
2197 19656 | 868455 50 14.66

Table 3.34: P = VT,LQ with edge average constraints with boundary edges.

H _ 9 HZ_3 Ty

h h h
567 d.o.f./dom. 1677 d.o.f./dom. 3723 d.o.f./dom.
N c.p.s. | dof  It. Apax | dodf It Apa | doo.f. It Anax
8 70 3723 29 526 | 11775 36 870 | 27027 41 13.19
27 292 11775 31 599 | 38073 42 1241 | 88347 51 20.04
64 738 | 27027 32 6.28 | 88347 44 12.92 | 206115 57 20.73
125 1480 | 51783 32 6.13 | 170373 45 12.70 | 398763 58 20.80
216 2590 | 88347 32 6.04 | 291927 46 12.78 | 684723 58 20.59
343 4140 | 139023 31 6.06 | 460785 46 12.56 | 1082427 58 20.15
512 6202 | 206115 32 6.00 | 684723 46 12.42
729 8848 | 291927 31 5.92 | 971517 46 12.29
1000 12150 | 398763 31 5.91
1331 16180 | 528927 31 5.85
1728 21010 | 684723 31 5.78
2197 26712 | 868455 31 5.73

Table 3.35: P = V’J)g with edge average constraints with boundary edges and
additional vertex constraints.
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are presented in Figure 3.39 for only vertex constraints for 4, and for a combined
set of edge average constraints without boundary edges and additional vertex

constraints for ¥, in Figure 3.41. The results are very similar to the ones obtained
in the previous section.

Figure 3.39: P = V), with ver- Figure 3.40: P = V), with edge

tex constraints. average constraints with boundary
edges and with additional vertex
constraints.

0.5 1 }L()Sq(%) é 25 0.5 1 ]Zgg(%) 2.5
Figure 3.41: P = Vi, edge Figure 3.42: P = V), with edge
average constraints without bound- average constraints with boundary
ary edges and with additional ver- edges and with additional vertex
tex constraints. constraints.

See Figures 3.44, 3.45, 3.46, 3.47, and 3.48 for results for 153 which are nu-

merically in accordance with the theoretical findings although the theory does
not apply.
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12

Figure 3.45: P = V'J)g with ver-
tex constraints.
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Figure 3.47: P = Vs with edge
average constraints without bound-
ary edges and with additional ver-
tex constraints.
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Figure 3.46: P = V)5 with edge
average constraints with boundary
edges.
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Figure 3.48: P T = Vi,

with edge average constraints with
boundary edges and with additional
vertex constraints.
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