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Abstract

Smart structures are components used in engineering applications that are capable
of sensing or reacting to their environment in a predictable and desired manner.
In addition to carrying mechanical loads, smart structures may alleviate vibration,
reduce acoustic noise, change their mechanical properties as required or monitor their
own condition. With the latter point in mind, this article examines the scattering of
flexural waves by a semi-infinite crack in a non-ferrous thin plate that is subjected to
a constant current aligned in the direction of the crack edge. The aim is to investigate
whether the current can be used to detect or inhibit the onset of crack growth. The
model problem is amenable to exact solution via the Wiener-Hopf technique, which
enables an explicit analysis of the bending (and twisting) moment intensity factors
at the crack tip, and also the diffracted field. The latter contains an edge wave
component, and its amplitude is determined explicitly in terms of the current and
incidence angle of the forcing flexural wave. It is further observed that the edge wave
phase speed exhibits a dual dependence on frequency and current, resulting in two
distinct asymptotic behaviours.

1 Introduction

Recent advances in non-destructive testing include the implementation of smart struc-
tures. In addition to their primary purpose, such components are designed to facili-
tate or perform at least one more function. A load bearing engineering element may,
for example, be designed to allow continual crack diagnosis by the incorporation of
an integrated system to record changes in mechanically induced flexural waves. The
latter are scattered at a crack interface, thereby providing vital information about
the integrity of the structure. Smart structures could detect the scattered vibrations
in several ways: for example by measurement of its electrical properties if it is either
manufactured using integrated piezoelectric materials or an external electromagnetic
field is generated around the body which interacts with the elastic field. Recent
research [1] has demonstrated that the presence of such an external field in a thin
plate containing a finite length crack has a significant effect on the bending moment
intensity factor at the crack tip. Such phenomena could, in principle, be a means not
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only to detect the crack but to control the onset of crack growth within a structure.
To date, however, the effect of an electric current on the diffracted field and/or on
the amplitude and phase speed of waves localised along the crack faces (edge waves)
has received little or no attention.

Konenkov [2] is widely attributed! to have been the first, in 1960, to have demon-
strated the existence of a flexural wave guided by the free edge of a semi-infinite
isotropic thin elastic plate. Perhaps due to the inaccessibility of his work to western
researchers, this result was independently rediscovered some fourteen years later by
Sinha [5] and by Thurston and McKenna [6] resulting in two articles appearing in
western journals. Such waves, now termed edge waves, have properties analogous to
a Rayleigh surface wave on an elastic half-space; that is, they decay exponentially
with distance from the edge. Interest in the topic of edge waves picked up in the
1990s and since then a wide variety of results concerning the existence of edge waves
have appeared in the literature [7]- [10].

The model problem considered herein comprises an infinite elastic plate with a
semi-infinite straight crack. The plate is not subject to fluid-loading but a uniform
current flows in the plate in a direction parallel to the crack edges. The presence
of the current is reflected in the form of the governing plate equation - a modified
(orthotropic) version of the usual plate equation. A time-harmonic flexural wave is
incident at arbitrary angle to the crack and undergoes scattering at the crack tip.
The model problem is solved exactly using the Wiener-Hopf technique. The aim
of this paper is to determine how the presence of the electric current affects both
the generation of edge waves on the crack faces and the edge diffracted field. The
Kirchhoff bending and twisting stress intensity factors are also studied.

This investigation differs from [1] in that Ambur et al. considered a crack of finite
length and only the case of symmetric forcing; they formulated the problem as an
integral equation and employed a numerical solution procedure. The present model
problem is simpler in form, which allows an exact solution and thus enables a more
detailed understanding of the physics of the problem. Further, the focus of [1] was
the effect of the current on the bending moment intensity factor (herein referred to
as the Kirchhoff stress intensity factor, £1) whereas here, as well as the bending and
twisting moment stress intensity factors, the diffracted and edge wave fields are also
examined.

It is convenient to decompose the problem into its symmetric and anti-symmetric
component parts and, in section two, these sub-problems are formulated. In section
three, the Wiener-Hopf procedure is used to obtain a closed form solution to both sub-
problems. The physical features of the Wiener-Hopf solution are discussed in section
four and a range of numerical results are presented, whilst, in the final section, the
findings are discussed and some conclusions drawn.

2 Formulation of the boundary value problem

An isotropic, elastic plate, of thickness 2h, Poisson’s ratio v, Young’s modulus F
and density p, is assumed to lie in the Zy—plane of a Cartesian coordinate system.

Tt has recently been pointed out, see [3], that an earlier work on stability of static plate deflections
by Ishlinskii [4] presented eigenfrequencies and dispersion relations that are closely related to those
of Konenkov.



The plate carries a uniform, constant electric current of density (/y,0,0), see fig-
ure 1. The dimensional in-vacuo time-harmonic flexural displacement of the plate,
R{w(z,y)e ™}, is governed by the modified plate equation derived in [1]. That is,

ot ot ot h? 0%w
D 2 0 — 20h* w0 — TP (0 + ——— | = 2.1
(8:&4 + 972077 + 8374) w — 2phww — J; (w+ 3 8%2) 0 (2.1)

where w is the angular frequency of the steady-state flexural wave field, D = 2Eh3/(3(1—
v?)) is the plate bending stiffness and Jy = /2~ pioly in which pg, p, are respec-
tively the magnetic permeability in vacuo and the relative magnetic permeability of
the plate. The reader is referred to [1] and [11] for full details of the derivation of
this and related equations; note, however, that herein the unscaled (scaled) current
density are denoted by as I (Jy), whereas in Ambur et al. it is written as Jy (jo). It

is convenient to non-dimensionalise variables with respect to time and length scales
w™! and k™! respectively, where

2 phew? 2\ 1/4
j (%ﬂo) | (2.2)
and thus kw = w etc. Then,
O*w *w *w 0w
2 —w— e = 2.
ot oo T oyt YT a2 0 (2:3)
where 22
e = 310%2. (2.4)

This somewhat unusual scaling (2.2) ensures that the dimensionless governing equa-
tion contains the single parameter €, which has different limiting behaviours according
to whether w — oo or Jy — oo.

Forcing is introduced in the form of a plane flexural wave, of unit amplitude,
incident at angle 6 to the z-axis (the crack is chosen to lie along the negative x-axis).
Thus, the incident wave has the form

Wine(2,y) = exp{—iA(x cosh + ysinf)} (2.5)

where, on substituting (2.5) into (2.3), the wavenumber A is given by

2 a2 4 o
)\(9):\/_6 coS 9+ et cos 9_‘_1. (2.6)

2 4

Note that, here and henceforth, if A is written without an explicit argument it will
be taken to be this function of the incident angle #. At a traction free crack the
bending moment M, and the effective Kirchhoft shear force? Vy = Qy+M,y, , must
both vanish. Thus,

9w 9*w
Aw PPw
_8y3 +(2-v) —ayaa:Q = 0, (2.8)
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Figure 1: Geometry of the plate showing the location of the crack, the incident wave
and direction of the current.

where the quantity w(z,y) denotes the total plate displacement, that is, the incident
wave Wie(x,y), and the scattered field wg(x,y).

For ease of exposition the cases of symmetric and anti-symmetric displacements
are considered separately. Thus, the plate displacement may be expressed as

w(x,y) = s(z,y) + cos(Aysin 0)e 0 1 q(z,y) — isin( Ay sin #)e=A7?  (2.9)

symmetric anti—sg;;nmetric
where s(z,y) and a(z,y) denote the symmetric and anti-symmetric components of
the scattered field respectively. The boundary value problems for the symmetric and
anti-symmetric scattered fields can now be formulated.

2.1 Symmetric case

The symmetric component of the displacement satisfies the modified plate equation
(2.3). Since the displacement is symmetric about the line y = 0, its odd derivatives
in y must be zero along y = 0, = > 0 (where the plate is continuous). This implies
that (2.8) holds for > 0 as well as along the crack. Thus, expressed in terms of
s(z,y), the appropriate boundary conditions for symmetric displacement are

ds
= =0 =0, x>0 2.10
8y ) Yy y L ) ( )
035 s
— s —1Ax cos — 212
a2 + Vo A f(0)e , y=0, z<0, (2.12)

2For a derivation of this condition see, for example, the book by Graff [12]; note that the notation
used herein differs slightly from that in [1] but is consistent with [12].
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where f*(6) = sin® 6§ + v cos? 6.

2.2 Anti-symmetric case

The anti-symmetric component of the displacement also satisfies the modified plate
equation (2.3). In this case, however, displacement (and even derivatives in y) must
be zero along y = 0, > 0. This implies that (2.7) holds for z > 0 as well as along
the crack. Thus, expressed in terms of a(z,y), the appropriate boundary conditions
for anti-symmetric displacement are

a = 0, y=0, >0, (2.13)
0%a 0%a
a—yZ—i—y@ = 0, y=0, —o00o <z < 00, (2.14)
830, a3a ‘\3 ra —i\x cos O
a_ng_F(Q_V)M = —iAf*0)e ,y=0, z <0, (2.15)

where f%(0) = sin®6 + (2 — v) cos? §sin 6.

3 The Wiener-Hopf Procedure

Both the symmetric and anti-symmetric cases described above constitute typical
Wiener-Hopf problems. For readers who are unfamiliar with the Wiener-Hopf tech-
nique, reference [13] provides a useful history whilst [14] is the definitive introductory
text. The procedure commences via Fourier transformation in the z-direction, where
the transform of the total scattered displacement is here defined as

W(Oéay) —/ ws(x,y)eiar dr = / 8(]:7y)€iar dx‘i‘/ CL(I,y)eia:p dr

—00 o0 —0o0

= S(o,y) + A(a,y). (3.16)

The inverse Fourier transform is similarly defined as

1 [~ »
ws(z,y) = %/ W(a,y)e " da, (3.17)

where the path of integration in the a-plane lies along the real line indented above
(below) any poles on the negative (positive) real axis. Note that the pole due to the
incident wave term, which may lie on either the positive or negative side of the real
line, is always traversed by indentation of the contour below this singularity. The
reasons for the choice of indentation will become clear later.

It is necessary to also define half range Fourier transforms, that is,

Wila,y) = / w(z,y)e' ™" dr
0
= S+<Oé,y) + A+<a7y>7 (318)

and

0
W* (Oé, y) = / Ws ($, y>eiaz dZE

—00

= S_(a,y) +A_(a,y). (3.19)
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Here and henceforth the subscript + and — indicate functions which are analytic in
overlapping upper and lower halves of the complex a-plane, respectively. Note that
the integration path of (3.17) lies in the overlap region.

On taking the full-range Fourier transform of (2.3), it is easily seen that

m

W —202W" + (a* — 1+ EX)W =0, (3.20)

where prime indicates differentiation with respect to y. The solution to this ordinary
differential equation that decays or has outgoing wave behaviour as y — oo is

W(a,y) = Cla)e "™ + D(a)e 7Y (3.21)

where 71 = /a2 + 73, 72 = /a2 — y3and 73 = V1 — €202 = VA1 + €22 cos? § — e2a2.
The branch-cut locations and chosen Riemann sheets of these functions, which yield

the required property for W(a,y), will be described in Section four. Note that, due

to the fact that the full problem is to be solved in terms of its symmetric and anti-

symmetric component parts, it is sufficient to consider only the half-plane y > 0.

The functions C'(«) and D(«) are now determined using the boundary conditions

and will take different forms for the symmetric and anti-symmetric cases.

3.1 Symmetric case

On applying the full range Fourier transform to (2.11), it is found that
?2-v)S —S"=0, y=0 (3.22)
and it follows, on substituting (3.21) into (3.22), that

Do) = ~ 2@ =D 0] o (3.23)

Yo[a? (v — 1) — 73]

where the superscript s denotes that these functions are specific to the symmetric
problem. Thus, the symmetric part of equation (3.21) now becomes

S(a,y) = — ncte) {73 L= v)o” ey 4 BT (1= v)o? evgy}
’ [a?(v = 1) = 73] M g : ’ )
3.24
which may be recast as
Es 1 _ 2 _ 1 _ 2
S(a,y) = 2(@) {73 + (1 —v)a ey 4 3 (1-v)a e‘wy} 7 (3.25)
V3 g Y2

where the quantity F*(«) is unknown and is determined using the remaining bound-
ary conditions and the Wiener-Hopf procedure.
On taking the appropriate half range transforms of boundary conditions (2.10)
and (2.12), it is found that
S\ (@,0) =0 (3.26)
and
" —iA2f5(0)

A2 B S pnS — D)
S (a,0) — a*vS_(a,0) + vb® —ivc’a (6 = hcos0)_ (3.27)



where ¢® = s(07,0), b®* = s,(07,0), and the — subscript on the right hand term
indicates that the incident wave pole lies above the inverse contour, i.e. in the upper
half-plane.

On differentiating (3.25) with respect to y, setting y = 0 and using (3.26), it is
found that

S (a,0) = —E*(a). (3.28)
Similarly, on using (3.25), it is found that
% (o) + S (a,0)—a’*vS_(a,0) = (3.29)
B ot (0] = =)o)
273 g 2
Ef(a

_|_

2%) {nls+ 1 —v)a?] + 1l — (1 -v)a’]}

where ®% () = S (a,0) — &®vS,(«,0). This can be rearranged as

®* (o) + 5" (@, 0) — @®vS_(,0) = =S (, 0)K () (3.30)
where . | 1o | 1o
K(a)z—{hﬁ( —v)oT = ( _V)a]}. (3.31)
273 N 72
The Wiener-Hopf equation is now obtained by using (3.27):

iXf(6)

P8 (o) — e vb® +ivcta = =S5 _(a,0)K (). (3.32)

In the usual manner, a product factorisation (see the Appendix for details) may be
uniquely defined as

K(a) = Ku(@)K_(a),  K_(—a) = K(a), (3.33)

where K1 («) are analytic and zero free in their indicated half-planes. Then, on
dividing (3.32) through by K («) and performing a sum-split on the forcing term,
the Wiener-Hopf equation can be rearranged as

P () wvela —vb® N [(0) { 1 1 }
K, (a) K, (a) oz—.)\cosé’ K. (a) Ky(Acosb)
= F*(a)= () — 5 _(a,0)K_(a). (3.34)

K (Acosf)(a— Acosf)_

This has been organised so that the left hand side is analytic in the upper half-plane
whilst the right hand side is analytic in the overlapping lower half-plane. Thus, both
sides offer an analytic continuation into the whole of the complex « plane and so
must equate to an entire function, F*(«) say. It follows that

i f2(0) F*(a)

I 0) = R K (@)(a — heos). K (a) (3:35)

and on using (3.35) and (3.26) it is found that

0s 1 [ iN2f5(0) Fo(a) | iow
gy "0 = %/_ {K+()\0089)K_(04)(oz “cosl).  K_(a) } e da. (336)

[e.9]
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Clearly, this is zero for x > 0. Further, since the integral must exist for all z and
K_(a) = O(a'/?) as |a| — oo, it is straightforward to show that F*(a) = 0. It
follows, from (3.28) and (3.25) that the symmetric component of displacement is
given by

1 N f*(0)
s(@,y) = %/OO Ki(AcosO)K_(a)(a — Acosb)

y {73 + (1 —v)a’ e MY 4 7= (1= v)a? @_Wy} ¢ da. (3.37)
T Y2 273

3.2 Anti-symmetric case

The Wiener-Hopf procedure follows in an analogous manner. Equivalent to (3.25)
and (3.28), it is found from (2.13) and (2.14) that

A_(a,0)

A<&7y> = 273

{ls—(=v)a e ™ + s+ (1 —v)a’]e ™}, (3.38)

On using the remaining boundary condition (2.15) the Wiener-Hopf equation is for-
mulated as

A fe(0)

i) - (v — Acosf)_

+ (2 —v)(iac” = b") = A_(a, 0) K (v),

where ®2 () = A7 (a,0) — a?(2 — v) A (, 0), ¢* = a,(07,0), b = a,,(0*,0) and
K%(a) = n7K(a). (3.39)

A product factorisation for K*(«) is defined in the same manner as (3.33). This
enables the Wiener-Hopf procedure to be performed, and it follows that

Fle) A fe(0)
Ke(a) K¢(AcosO)K(a)(aw— Acosh)_’

A_(a,0) = (3.40)

where F'*(a) is an (as yet unknown) entire function. On considering the behaviour of
Kirchhoff’s shear force as x — 07, and ensuring finite energy density at the crack tip,
it is found that F“(a) = 0. Thus, the exact solution to the anti-symmetric problem
1S

Rt N AP fe(0)
alw,y) = g/_oo K¢ (Acos@) K (o) (v — Acos b)) (341)
x{[ys — (1 —=v)a?] e + [y3 4 (1 —v)a®] e 2V} o

273

4 Analysis of the solution

For both the symmetric and anti-symmetric sub-problems considered above, the sym-
metric kernel K («) is fundamental to the underlying physics. Recall that

K<&):2L%{[73+(171_V)a] _[’73_(172_V)Oz] } (442>




where 71 = /a2 + 73, 12 = v/a? — 73 and 73 = V1 — €2a?2, and hence

K(a)w%@—i—u)(l—y) as  |a| — .

Note that the branch-cut functions are related via
77 =207 and ] =3 =27, (4.43)

in which 7, and 7, have branch-points at a; and ay respectively, where

4 2 . ie2
N AGEES SNy B I (4.44)
2 i€+ 55, €— 00
and
et +4 —¢2 1—£ e—0
— A 4 )

The branch-cuts from +q;, i = 1,2, and those at & = +1/e, are taken to infinity
respectively in the upper/lower half planes. The sheet of the Riemann surface is
chosen which, on the real line between the respective branch-points, yields either
positive real or purely negative imaginary values for the three square-root functions.
This means that the kernel has zeros at +a.qy and +a., which correspond to an edge
wave and an evanescent mode. These roots can be located analytically; it is found
that

1/2 1/2 3/2¢2
Qlog = (\/]7464 +4p?(p* — 4) — p262> - { (p2114)1/4 - 4(52,4)3/47 e —0,

22— 1) LGy ¢ o0,
(4.46)
and
ipl/2 ip3/2e2
ded 1 Ap2(p2 — 4) 4+ p2e? 1/2 21141/44_41;_43/47 €—0,
0 (VP p*(p p ) w7 T A
ev 2(p? —4) ipe 4 ¢ p?—4 € — 00
\/}02*4 2p€3 9 bl
(4.47)

where p = 2(1 — v + /1 +2v(v —1))/v?% Tt is straightforward to show that the
quantity (p? —4)/p? tends to unity as v — 0 and from there decreases monotonically
as v — 1/2. Thus, after a little algebra, it follows that 0 < ay < aeq < 1/€ as € — o0
for 0 < v < 1/2. In fact, it can be verified numerically that the edge wave pole lies
between the branch-point ay and the branch-point of «3, 1/¢, for all values of e.

4.1 Steepest descent analysis

The exact solution of the boundary value problem was obtained in Section 3. The
form presented in (3.37) and (3.41) is not particularly helpful for evaluation purposes,
so the standard approach is to obtain the diffracted far-field behaviour together with
any propagating wave terms. To achieve this end the integration contour is deformed
into the steepest descent path(s). It can be seen that the combined scattered field
ws(z,y) = s(z,y) + a(z,y) is composed of an integral with two exponential terms in
the integrand: e 7Y~%% and e~72Y~%% The usual approach is thus to separate w;
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into two integrals before deforming each into its own steepest descent path. Doing

this, however, introduces the branch-cuts in 73, whereas the combined integral is free

of these singularities. It is preferable, therefore, to keep the integrals together and

deform into the steepest descent curve for the v, term, on which it can be shown, in a

similar fashion to that discussed in detail in [15] and [16], that the contribution from

the v1 exponent is always exponentially smaller than that from the ~9 exponent.
On introducing the change of variables

T =17Tcos, y = rsiniy, (4.48)

the saddle point is deduced from the vanishing of the derivative of the phase factor
x(«), where
rx(a) = ya(a)y +icx = r(vy(a) siny + ia cos ). (4.49)
This yields
a(2vs3(a) + €2)

= —jcot 4.50
272007 500) |oca, 0

at the saddle point oy, which, following [16] we choose to write as
as = —A(B) cos 3 (4.51)

with A(5) given in (2.6). Substituting (4.51) into (4.50) yields a relationship between
1 and 3, namely

cot 3 (1 + #2(6)) = cot ¥, (4.52)
or, writing 2
Q) = % (4.53)
then
R e fzﬁ(ﬁ) i wos?g(f)c;?ﬁﬁ) e M

Note that [ is a transformed angle, which takes account of the anisotropy of the
governing plate equation. The saddle moves from —ay when 3 = 0 to +as when
(8 = m, and the shadow boundary is located at

g=m—0, 0<p<m, (4.55)

(and at § = 6 — 7 in the region y < 0) not at the physical angle ¢» = 7 —6 (or 6 — ).
Near the saddle point the phase function behaves as

(@) ~ x(a) + (0 — (), (1.56)
where
. cos’(8) + Q(B)sin* B B
) = —iN(0) T s = —iA(B) cos(5 — ), (4.57)
and so the steepest descent path is defined as the contour on which
Sx(@) = S(x(as)),  R(x(a)) = Rx(as)). (4.58)
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The details of the contour are similar to those found in other articles (e.g. [16] and
[17]) and so are omitted here for brevity. Once on the steepest descent path, a uniform
result for the saddle point contribution is obtained in a straightforward manner. This
gives, after a little algebra,

W, ~ F(as)efrx(ocs)efir()\ cos 0—as)2[X" (@) /20 e [\/gei”/4()\ cosf — Ots)\X”(Oés)\l/Q
(4.59)

where

X0 (ses) — (L—v)al)  iNf(0)(ys(as) + (1 = v)a)
4y (avs)ys(as) K- (as) K (Acos0)  dvys(as) K2 (as) K§ (A cosf)

F(ov) (4.60)

The reader is reminded that the appearance of A without an argument should be
read as A(6).

The complementary error function, erfcz], is a decaying function as Sz < 0, but
is equal to 2 — erfc[—z] for §(z) > 0; the latter has the contribution of the specular
reflected wave term contained within it when the shadow boundary has been crossed.
From this, and the asymptotic result

ei7r/4

Tz

e~ erfc(ze /) ~

|z| — o0, Rz >0, (4.61)

we deduce (for Acosf > )

2 F(ay)emx(@s)eim/4
.~ = , <7-0, 4.62
v mr (A cos B — o)X (as)[1/? p<m ( )

and (when Acosf < ay)

We ~ 2F(C¥ )ei)\(az cos O+ysin 0)
S S
2 Fay)exlas)gim/4
\/ — (@) , B>m—4, (4.63)
7 (s — Acos @) x" () |2
as r — oo as long as (3 is not too close to m — 6.

It can be shown that deformation of the Fourier integral contour onto the steepest
descent path crosses the edge wave pole a4 for observation angle v close to 7, i.e.
near the crack edge. Further, it is found that the deformation never crosses the
evanescent pole at a.,. Thus, the contribution from the edge wave must be added to

the far-field diffracted and specular terms (4.62, 4.63) to obtain the total scattered
field.

4.2 The edge wave

Of primary interest is the effect on the edge wave of varying the scaled current density
Jo. There are two features to be investigated: the phase speed and the amplitude.
For the numerical results presented herein an aluminium plate of thickness 0.004m is
considered. Thus, typical values are chosen as: h = 0.002m, p = 2.743 x 103kgm~3,
FE =69 x 10"°Nm~2, y, = 1 and v = 0.33. For consistency with Ambur et al. [1],
the maximum current density I, will be taken as 2 x 10°Am™~2, although such high
values will almost certainly be unfeasible for most engineering applications.
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Asymptotic expressions for the phase speed c¢ as the radian frequency w — oo or
current density Jy — oo are readily available since these limits correspond respec-
tively to € — 0 and € — oo. Thus,

w w(p? — 4)D\
= ~ 4.64
c T ( 20T ) , W — 00 (4.64)

and
w wh

- kaed - %’

These two limiting behaviours are demonstrated in figure 2. Note that the constant
asymptotic limit (4.65) is clearly visible in figure 2(b), but in order to attain this
limit the values of Jy exceed those that are physically realistic in this context. Also
of interest is the ratio of the phase speed of edge waves to the phase speed of flexural
waves, which can be determined exactly:

c ::¢¢%¢é+4@2—®uﬂ—@)

- (Ve Ti-e)

c Jo — o0. (4.65)

(4.66)

cincl@z()

This, as for the original Konenkov wave [2], shows remarkably little deviation from
unity whatever the current.

Phase Speed Phase Speed
_ 30
//
400 =
= 25
—
—
300 = 20
-
//
P 15
200 - (a) (b)
/
Vi 10
/
100
/ 5
/
5000 10000 15000 20000 25000 30000 200000 400000 600000 800000 Jo

Figure 2: (a) Phase speed of the edge wave plotted against frequency for Jy = 0
(dashed curve) and Jy = 20000kg’/?s~'m~!, and (b) the phase speed against J, for
frequencies of 50Hz (lowest curve), 150Hz and 250Hz (uppermost curve).

The symmetric and anti-symmetric components of the edge wave amplitude are
obtained from (3.37) and (3.41) by deforming the path of integration onto the steepest
descent contour, and picking up a contribution from the residue o = a4 in the vicinity
of the crack. On putting y = 0 and using (4.43), it is found that the flexural edge
wave term is

Wed = Seqd + Qed, (467)
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where

_ N (0) K (0rea)
Sed = K'(ateq)(@teqg — Acos ) K (Acosf) (4.68)

Y1 (aed)’YQ(a/ed) + azdlj
V271 (eq) 2 (ea) v/ 02y + Y1 (ea) 12 (ea)

X

and
—i)\3f“(0)Ki (eq)

- K% (Acos0)(aeg — Acos ) K% (veq)

(4.69)

Qed

Figure 3(a) shows the absolute value of the dimensional amplitude of the edge
wave ([Seq + Geq| = |Sea + aeq|/k) against angular frequency and Jy for = 7/1000. Tt
is clear that the amplitude decreases monotonically as either the frequency or current
is increased. It is important to note that most of the dependence on frequency arises
due to the dependence on k. Thus, the non-dimensional equivalent of this graph is
nearly frequency independent, especially as J; — oo. Figure 3(b) shows the non-
dimensional amplitude of the edge wave, at a frequency of 500Hz and J, = 100kg'/?
s m™!, plotted against . The edge wave is excited principally for incoming waves
in the first and fourth quadrants (|0| < m/2), with little energy conversion into the
edge wave in the back-scattered direction. This picture is typical for all values of J,
and w.
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Figure 3: (a) Dimensional amplitude of the edge wave plotted against w and Jy
and (b) the non-dimensional edge wave amplitude as a polar plot against angle of
incidence at 500Hz and Jy = 100kg'/? s~* m~'.
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4.3 Kirchhoff stress intensity factors

Of significant engineering interest are the crack tip stress fields generated in a loaded,
cracked plate. These can be modelled using 3-D elasticity [12] or a plate theory such
as Reissner-Mindlin or Kirchhoff. Plate theories are not valid for thick plates or in the
crack tip plastic zone, the latter deficiency being related to the stress field singularities
located at the crack tip. Further, Kirchhoff theory cannot exactly satisfy the stress
free conditions at the crack, whereas the more sophisticated Reissner-Mindlin theory
(and other higher order models) can. Nevertheless, both plate theories yield stress
fields that are valid outside the plastic crack tip and free edge zones. In particular,
for r > h where r is the radial distance from the crack tip, Kirchhoff theory gives a
good approximation to the three dimensional stress fields, see e.g. [19]. Additionally,
Kirchhoff theory is easy to implement and provides the correct energy release rate?
[20]. Thus, the Kirchhoff stress intensity factors are viewed as a useful guide as to
the strength of the stress or bending/twisting moment fields close to (though not at)
the crack tip.

There is some variation in the definition of the stress intensity factors (cf. [21],
[20]); however, the following definitions are used herein

R1 = xli]f(x)l+ V2rx 5,y(2,0,h) and Ry = gclirg[)l+ V21 Gay(,0, h), (4.70)
where, as in (2.1) the overbars indicate that these are dimensional quantities. The
Kirchhoff stress intensity factors k; and ko are respectively the coefficients of the
singularities in the stress fields just ahead of the crack for a bending mode and an
anti-symmetric twisting-transverse shear mode. Ambur et al. [1] considered only
symmetric forcing and thus only &, was relevant to their study.

Kirchhoff theory gives the following expressions for the shear stresses:

_ Eh (0% 0%s Ekh [0%s 9%s
Oyy(T,y,h) = 1% (8y2 + V@:ﬂ) =—1T. (8y2 + IJ&EQ) (4.71)
and Eh 0%a Ekh 0*
0oy, y,h) = - - (4.72)

1+ 0070y - 1+ v 0zdy
where s(z,y) and a(z,y) are given by (3.37) and (3.41) respectively, and 5(z,y) and
a(x,y) are their dimensional counterparts.

It is a straightforward procedure, using the asymptotic properties (A.12) and
(A.13), to show that

Ps s A2f5(0) \/(1 —1)(3+ )
(8y2 * Vé?:c?) Ky (Acosb) 21 » y=0z=0 (4.73)

and
9a iNfe0)(1 +v)

920y~ \/2ma(l - )3 + 1)K (Acosb)’
It follows that

y=0, 2 —0. (4.74)

_ EERN2f5(0)\/(1 —v)(3 +v)
"= (1 —v?)K (Acosh)

(4.75)

3The energy of the newly created crack surface per unit area.
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and
iEkhA3 f(0)

_Ki()\cosé)\/(l —)(B+v)
The stress intensity factors vary with current, frequency and the angle of the
incident wave. Figure 4 shows a polar plot of |r;/E| and |gy/FE| for a frequency of

500 Hz and three different values of current. The innermost curve corresponds to Jy =
Okg'/? s~ m~"! and the magnitude increases sequentially for J, = 20000, 50000kg"/? s~

Ro =

(4.76)

025

Figure 4: Polar plot of (a) |gi/E| for J, = Okg"/?s™'m~! (innermost curve),
Jo = 20000 and Jy = 50000 (outermost curve); (b) |fyo/E| for Jy = Okg'/?s ' m™!
(innermost curve), Jy = 20000 and Jy = 50000 (outermost curve).

Finally, the behaviour of the moments can be deduced as w — oo (equivalently
¢ — 0). It is found in this limit that A — 1, ay — 1 and «; — 4. It is clear then that
the stress intensity factors depend on w only through the factor kh and consequently
are of order w'/? as w — oo. Thus,

R 20\ 2 F2(0) /(T = 1) B+ v)
BT (5) Ko(cost)(1—v2)  ° “ 7% (4.77)
and Ro 2p 1/4 R5/4w1/2 fa(f)
"~ (5) Ki(cosh)V/ (LB 1) (4.78)

5 Discussion

The plate equation (2.1) was derived in [1] strictly for a non-ferromagnetic material.
For this reason, all numerical results presented both in [1] and this article have
been generated for an aluminium plate. Furthermore, the reader is reminded that
the quantity Jy is proportional to the current density through the expression Jy, =
V2hepio Io, in which pg, p, are respectively the magnetic permeability in a vacuum
and the relative magnetic permeability in the plate. Ambur et al. use currents up
to Iy = 100v/E/h Am~2? for which Jy = /2huj1o Iy =~ 930000kg'/?s 'm~". (As
mentioned earlier, a different notation is used herein, where I, Jy are equivalent to
Jo, Jo used in [1].) Thus, the choice of J, = 0—50000kg"/?s~' m~" used in figures 2-4
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are well within the scaled current density range chosen in [1] and are more realistic
than the upper values in Ambur et al.’s results.

It has been found that the phase speed of the edge wave is highly dependent on
frequency and current. Two distinct asymptotic behaviours are observed depending
on whether w — oo with Jy fixed or vice-versa; these limits correspond respectively
to e — 0 and € — 0o. As w — oo the phase speed grows as O(w'/?), whereas as
Jo — o0 it tends to a constant value: wh/ V3. The two stress intensity factors are
both highly dependent on frequency, current and angle of incidence. Similar to the
phase speed, they grow as O(w'/?) as w — oo.

To conclude, the results presented herein indicate that, although the current does
alter the scattered field in a significant way, for physically reasonable current ampli-
tudes it is unlikely to offer a mechanism for either suppressing crack growth, or for
the continuous monitoring and detection of a new crack. It may, however, offer a
useful means by which the flexural wave field can be localized or channelled along
free edges.

A Factorisation of the kernel

A key feature of the kernel is that, using (4.43), it may be written in a form that is
independent of 3. Thus,

K(a) = VI {1 +(1- V)L“Z ”20‘4} . (A1)

1+ a?/(7172) M2 ViV

It is immediately apparent that v, and v, appear in this expression only as a product.
Further, this product is exactly equivalent to the product of two simpler square root
functions: n;(«) and n9(a). That is,

Y172 = (a* + a® — 1)1/2 = (o* - 04%)1/2(042 - @3)1/2 = Tz, (A-2)

and so the branch-points are easily seen to be

N e S Vel +4— ¢
a1 =1 #, Qg = f (AS)

In order to facilitate the product factorisation, it is expedient to rearrange the kernel
in terms of the function L(«) where L(a) ~ 1 as |a| — oo. Thus,

V(1 —v)B +v)(e? — of))(a” — ag,)

K(a) = 20® = a2)(a? — al) L(«) (A.4)
where
L(Oé) _ \/§(Q2 B a%)(Oﬂ B a%) (A5)
(1=v)B+v)(a? —aZ)(a? = a,)\/1+ a?/(mn)

20% V2ot
mme P

Note that the terms preceding L(«) in (A.4) can be factorised by inspection, and the
behaviour of L(«) as |a| — oo is expediently chosen to allow it to be factorised using
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Cauchy’s integral formula. Further, L(«) is defined so that it does not have zeros at
a = £aeq or @ = %, but it does contain branch-points at a; and ay. In fact, L(«)
is a function of the combined branch-cut term 77, (A.2), which conveniently can be
chosen to have finite cuts lying between s and aq, and between —ay and —ay. That
is, for both functions 7; and 7, the upper half plane cuts are chosen to lie along the
straight line that connects the point as to a; and continue into the second quadrant
of the complex plane. Thus, the branch-cuts overlap and lie at an angle v to the real
line (see figure 5) where

Vet + 4+ e

et +4—¢€2

ol
%)

1 = m — arctan ( ) = 7 — arctan

(Note that this quantity is not related to the polar angle of section 4.1.) Similarly, the
overlapping lower half plane cuts lie along the line joining —as to —ay and continue
into the fourth quadrant. A consequence of this choice of branch-cuts is that for
quantities such as n;7, and 1 /1, the overlapping sections of the branch-cuts “cancel”,
and so, as mentioned, these quantities have only finite length cuts lying along the
line segments joining +as and +a4. Having defined the branch-cuts, the appropriate

sheet of the Riemann surface branches is now chosen such that 7;,(0) = —iay and
772(0) = —iOzg.
N
AN
AN
N
AN
N aq
(&%)
/A
—_ - N —
o
N
N
AN
N
AN

Figure 5: The overlapping branch-cuts for 7y, 17, and the path of integration for
P_(«).

Cauchy’s integral formula can now be exploited to obtain the product factors of
L(«). The lower function is defined [14] as

L@ = e -5 [logr@i 2 —ew{-mr @) @

where « lies in the lower half plane and the path of integration is indented above
(below) any singularities on the negative (positive) real line, see figure 5. On de-
forming the path of integration into the upper half plane and noting that there is no
contribution from the arc at infinity, it is found that

P_(a) = / " loglg(O)) =% (A7)

)
2 C_a
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where ¢(¢) = L*(¢)/L*(¢) and the superscripts ¢ (lower) and u (upper) indicate on

which side of the cut the function must be evaluated. On noting that

u

ng = =",
g(¢) can be expressed as
Ve + o2 {ing — 2(1 — v)a2nn, — a2}

where here and henceforth 7, will be taken to denote n3. Thus,

9(¢)

Kofa) = /LB (g (o —oelo o)

2 (@ —a1)(a — az)

1 o d
<o { - [ osla(1 %},

where the cut function, with cuts shown in figure 5, is given by

(Vi) = e () (o — 041))1/4 (™) (o — ozz))l/4 .

Similarly,

(Vimma), = e (7 (o + 041))1/4 (e (a+ a2))

Note that

1/4

K () ~ \/(1 - V)2(3 + V)al/zem/ﬂt, o — oo,

where the branch-cut for /2

kernel is given by K%(«) = 172K («), and so it follows that

o

ko) = BT 0~ cule o) oxp {5 [ oo

a9 C—Oé

2 (vmmz)

1—v)(3 .
-~ \/( V)Q( +V)a3/263”/4, o — co.
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