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Introduction

The subject of this thesis is placed at the interface between the theory of inequali-
ties and approximation theory. Chebyshev-, Griiss- and Ostrowski-type inequalities
have attracted much attention over the years, because of their applications in math-
ematical statistics, econometrics and actuarial mathematics.

The classical form of Griiss’ inequality, first published by G. Griiss in [62], gives
an estimate of the difference between the integral of the product and the product of
the integrals of two functions in Ca, b]. In the succesive years, many variants of this
inequality appeared in the literature.

The aim of this thesis is to clarify the terminology that was not exactly presented
in a transparent way until now, to remember well-known Chebyshev-Griiss- and
Ostrowski-type inequalities that have already been studied and to introduce new
results, in both the univariate and bivariate case. These results can then be general-
ized to the multivariate case, but this remains to be studied in the future. We also
want to point out that all of the inequalities of Chebyshev-Griiss-type given here are
for two or more functions of the same type.

When considering the classical Griiss inequality, we observe that on the left-hand
side of the estimate is the well known classical Chebyshev functional [25], while
the right-hand side is of Griiss-type, i.e., it includes differences of upper and lower
bounds of the two functions in question. The Griiss inequality for the Chebyshev
functional explains the non-multiplicativity of the integration. In our research, we
are interested in how non-multiplicative can a linear functional in the worst case be.
In order to give an answer to this question, we consider the generalized Chebyshev
functional

T(f,8) = L(f-8) — L(f) - L(8),

for a positive linear functional L, and use the terminology "Chebyshev-Griiss-type
inequalities", when we talk about Griiss inequalities for special cases of generalized
Chebyshev functionals. We therefore obtain a general form of such estimates,

ITe(f,8)] < E(L, f,8),

where the right-hand side is an expression depending on different properties of L
and some kind of oscillations of the functions in question.

Another renowned classical inequality was introduced by A. M. Ostrowski in [89]
and can be given in a variety of forms. The Ostrowski-type inequalities we recall
and introduce all give different upper bounds for the approximation of the aver-
age value by a single value of the function in question. The approach considered
by A. M. Ostrowski and a lot of other investigations on the topic were carried out
assuming differentiability properties of the functions. In comparison, A. Acu and
H. Gonska [2] show that such conditions are not necessary and give a generaliza-
tion of Ostrowski’s inequality for an arbitrary continuous function f € Cla, b] and
certain linear operators. On the right-hand side the least concave majorant of the
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modulus of continuity of the given function is used. Thus the upper bounds of our
general form of Ostrowski’s inequalities will involve least concave majorants, func-
tions from certain classes, their norm or an expression derived from the functions in
question.

Both cases have been intensively investigated by S.S. Dragomir and other authors
(see Chapters 2 — 9 in the recent monography of G. Anastassiou [9], Ch. XV on
"Integral inequalities involving functions with bounded derivatives" in the book by
D. S. Mitrinovi¢ et al. [84]; the reader can also consult the books [85], [22] and the
references therein).

In the present thesis we continue to consider the recent method in which the func-
tional L is obtained by composing a point evaluation functional with a positive lin-
ear operator in both the Chebyshev-Griiss and the Ostrowski process.

The first approach in this direction was made in a paper by A. Acu, H. Gonska
and I. Rasa [2] from 2011 and is extended in the present thesis. One essential feature
of it is the systematic use of the least concave majorant of the first order modulus
of continuity which first appeared in this context in a paper by B. Gavrea and 1.
Gavrea [40] (mostly in the Ostrowski case). The use of the concave majorant has the
advantage, that the deviation in the Chebyshev-type functional is also measured for
all continuous functions on a compact metric space and not only for those having
certain regularity properties, such as satisfying a Lipschitz condition with exponent
1. Such inequalities are obtained via the use of a suitable K— functional (see the
paper of R. Paltdnea [91]).

In all our estimates for the Chebyshev-Griiss-type inequalities the second mo-
ments of the positive linear operators in question or a closely related quantity play
an essential role. That these two quantities may lead to different upper bounds
will be shown by the use of several interpolation operators which do not reproduce
linear functions. We consider both the cases of a compact interval [a,b] and the
half-open semiaxis [0, o).

A second approach considered in the present work is that of Chebyshev-Griiss
inequalities via discrete oscillations. The latter indeed competes with that via the
concave majorant in that there are situations in which the first is better than the
second and vice versa. All the results are applied to a variety of well-known positive
linear operators in both the univariate and the bivariate cases. In contrast to that,
we show that also for certain non-positive Lagrange operators similar results can be
obtained which, however, are of a less elegant form.

The Ostrowski-type inequalities given in the end of the thesis complete our pre-
sentation in the spirit of the many papers dealing with both types of inequalities.
Our results given there build up a short parallel of the ones given in the Chebyshev-
Griiss case. The applications included are not only for special positive linear oper-
ators, but also for their iterates and for differences of such operators. Some of these
applications are extended to the bivariate case.

The thesis consists of five chapters.

The first chapter comprises preliminary instruments that will be further used for
deriving our results. This thesis is based upon some main tools: the moduli of
smoothness, the K— functional and its connection to the moduli, positive and not-
necessarily positive linear operators. The moduli are given in two different settings,
i.e., for functions defined both on compact intervals of the real axis and on a com-
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pact metric space, in the univariate case. K— functionals and the way they are con-
nected to the moduli are given in both frames. For the bivariate case, that will be
also treated later on, we are only interested in the moduli of continuity of functions
defined on the product of two metric spaces (see Subsection 1.1.5).

Section 1.2 recalls many positive linear operators that have intensively been stud-
ied in the literature. All of them reproduce constant functions, some of them do not
reproduce linear functions and this last property will be an advantage in order to
improve some inequalities.

The operators that we illustrate here represent an interesting variety. Most of
them are defined on compact intervals, but we also consider operators for functions
defined on infinite intervals. We discuss the well-known Bernstein operators but
also some interesting generalizations. The BLaC operators give an exotic touch to
the survey. In the end of the chapter, the Lagrange interpolation operator is also
studied, in order to see what happens if positivity is not taken into consideration.

In the second chapter we talk about Chebyshev-Griiss-type inequalities in the
univariate case. First some auxiliary and historical results are given, in the two
settings that were mentioned before. These results are recalled in order to moti-
vate our research and because some of them will be slightly improved. Applica-
tions of the auxiliary results involving some positive linear operators are reviewed.
Some remarks and results concerning Chebyshev’s inequality are also presented.
We give another proof for a Chebyshev-Griiss-type inequality involving a positive
linear functional L, an inequality that was proven in another way in [2]. We then
introduce (pre-)Chebyshev-Griiss-type estimates in both settings, using second mo-
ments, first absolute moments and quantities involving differences of second and
first moments. We then apply the main results to the (positive) linear operators dis-
cussed in the first chapter. For these applications, oscillations expressed by the least
concave majorant of the first order modulus are used in the first place. The use of
such oscillations includes all points in the considered intervals, and this is the reason
why a new approach involving less points arises. The discrete oscillations defined in
Subsection 2.2.6 represent the grounds upon which this approach was constructed.
The discrete linear functional case is introduced and applied to the Lagrange oper-
ators. In case of positivity, we apply the discrete positive linear functional case to
some positive linear operators. Of great interest here are the sums of squares of the
fundamental functions of the operators, which need to be minimized. Due to this
new approach, we can also give Chebyshev-Griiss-type inequalities for operators
defined for functions given on infinite intervals (see Subsections 2.2.7.4, 2.2.7.5 and
2.2.7.6). When talking about discrete oscillations, we give Chebyshev-Griiss-type
inequalities for more than two functions at the end of this chapter. This is motivated
by the last section of article [2], where the authors introduced an inequality on a
compact metric space for more than two functions, using the least concave majo-
rant. We compare our result to theirs.

The third chapter extends the results from the univariate to the bivariate case. We
use the method of parametric extensions involving the product of two compact met-
ric spaces. Auxiliary and historical results are also recalled in the first part. We then
choose some of the operators presented in the beginning and construct their tensor
products. For these operators we also define the first, second and first absolute mo-
ments, which we will need for our main results in Section 3.3. The applications are
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given for both the approach with the least concave majorant and the one via discrete
oscillations.

The purpose of the fourth and fifth chapters is to complete this work, in the sense
that we also consider univariate and bivariate Ostrowski-type inequalities. In Sec-
tions 4.1 and 5.1 we again recall some historical results, inequalities that were further
studied and modified. In Section 4.2 we give a result that modifies in some sense the
inequality given by A. Acu and H. Gonska in [1]. Some additional results are given
in the form of corollaries. Corollary 4.2.4 is applied to iterates of different positive
linear operators. Moreover, Corollary 4.2.2 is also applied in the case of differences
of positive linear operators, as can be seen in Section 4.4. The last chapter introduces
two examples of Ostrowski-type inequalities in the bivariate case. The two appli-
cations given here are for products of Bernstein-Stancu and Bernstein-Durrmeyer
operators with Jacobi weights. In both cases, we get Ostrowski-type inequalities
with or without involving the iterates of the operators. The limit of the iterates of
the positive linear operators is also investigated.

There is a connection between the Ostrowski and the Griiss inequalities, which
explains the term "Ostrowski-Griiss-type inequalities" that was often used in the lit-
erature. For clarity, we emphasize that we exclusively use the term when the lower
bound is the error term in a rather simple quadrature formula (like in Ostrowski’s
article [89]), while the upper bound contains differences of bounds as used in the
paper by G. Griiss [62]. In order to complete the historical remarks, the following
reminders appear to be in order. It seems that the term "Ostrowski-Griiss-type in-
equality” was coined by Dragomir et al. in [33]. The term also appeared in a paper
by Cerone et al. (see [23]). A more substantial paper from 2000 using the term is one
by Mati¢ et al. (see [79]). For more details, the reader should consult the papers [55],
[56], [3] and the references therein.
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Notations and symbols

In this work we shall often make use of the following symbols:

= is the sign indicating equal by definition".
a:=b" indicates that a is the quantity to be defined or explained,
and b provides the definition or explanation. b=:a" has
the same meaning.

IN the set of natural numbers,
N the set of natural numbers including zero,
R the set of real numbers,
R, the set of positive real numbers,
[a,b] a closed interval,
(a,b) an open interval.
Let X be an interval of the real axis.
B(X) the set of all real-valued and bounded functions defined on X.
LP(X) the class of the p-Lebesgue integrable functions on X, p > 1.
£l is the norm on L7 (X) defined by |||, := ([x |f(x)|dx)1/p, p>1
C(X) the set of all real-valued and continuous functions defined on X.
Cp(X) the set of all real-valued functions, defined by C,(X) := C(X) N B(X).
Cla, b] the set of all real-valued and continuous functions defined on the compact

interval [a, b].
For f € B(X) or f € C(X)
(X,d), (X,dx)Metric spaces equipped with metric d (or dx).

d(X) Diameter of the compact metric space (X, d).

|fleo is the Chebyshev norm or sup-norm, namely
Il := sup{|f(x)| : x € X}.

C’[a, b] the set of all real-valued, r-times continuously differentiable function,
(r e N).

Lip, M the set of all C[a, b]— functions that verify the Lipschitz condition:
|f(x2) — f(x1)| < M|xp — x1]", Vxq1,x2 € [a,0],0<7r <1, M > 0.

I, (I'T,[a,b], n € Np) the linear space of all real polynomials
with the degree at most 7.

1x R>x—1€R, X # @ an arbitrary set .

fx, f¥ Partial functions of bi-or multivariate functions.

en denotes the n—th monomial withee, : [a,b] > x — x" € R, n € N.
For a function f : X — R, X an interval of the real axis we have:

w... exclusively used to denote moduli of smoothness of various kinds.

wy(f, 1) (Metric) modulus of continuity, defined for functions f € C(X),
(X,d) a compact metric space, t > 0.

Wy, W Least concave majorant of a metric modulus of continuity.

wi(f;t) (univariate) 1-st order modulus of smoothness, defined using

11
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Apf(x) Difference of order 1 with increment / and starting point x.

wi(f;t1,t2)  (Bivariate) total modulus of smoothness of order k, defined for
functions f € C(X), X C R? compact,and t; > 0,i = 1,2.

D" or f")  r—th derivative of the function f € C[a, b].

[X0, .., Xm; f] m—th divided difference of f € F(X) on the not necessarily distinct
knots xg, ..., x; € X.

a are the rising factorials
_ b—1 -1
a’:= [[(a+1i), a € R, b € Ny, where [] := 1.
i=0 i=0
at are the falling factorials
b-1 -1
at:= [[(a—1i), a € R, b € Ny, where [] := 1.
i=0 i=0
m—1
ylmh] the factorial power of step h € R defined by: y™" := IT (v —ih),

i=0

-1
m € INp. As above [] := 1.

(X 1-11x), Function space X equipped with the norm ||| x

((X,]-]x))  (the seminorm [-|y).

B(X), BrR(X) Space of all real-valued and bounded functions om the set X # @.
(X

C(X),Cr

Lip, Space of Lipschitz continuous functions (with exponent r).

) Space of all real-valued and continuous functions on the topological space X.

C’,C"(I) and Space of all real-valued functions on I = [a, b] having continuous derivatives

C"[a, b] up to order r.

|-l If not otherwise indicated, denotes the Chebyshev (max, sup) norm.

|l II-llx ~ Sometimes used to denote the Chebyshev norm, and the Chebyshev
norm over the set X, respectively.

1811y, Lipschitz seminorm of a function ¢ € C(X, d);

smallest Lipschitz constant.
I, Ix, Iy Identity operator (canonical embedding) on a function space.
X1, Y1 Parametric extension of the univariate operator L.

ILllix,y}, [IL]| Canonical norm of an operator L, usually mapping

a normed space X into a normed space Y; the second notation is used when it is

clear what X and Y are.

0,0 Landau notations.

[x] the integral part of a real number x (i.e., the greatest integral number,
that doens’t exceed x).

Supp(f) Support of a function f.

Supp(u) Support of a measure .

12



1 Preliminaries

1.1 Moduli of smoothness and K-functionals

The moduli of smoothness (continuity) and K-functionals, used in connection to the
moduli, will be of interest in the whole thesis. We recall definitions and properties
of these moduli for real-valued and continuous functions defined both on a compact
metric space (X,d) and on a compact interval [a,b],a < b, of the real axis. We will
extend the results obtained in the compact metric space to the bivariate case.

1.1.1 Moduli of univariate functions defined on compact intervals of the
real axis

When we want to establish the degree of convergence of positive linear operators
towards the identity operator, we use first kind moduli of smoothness.

Definition 1.1.1. For a function f € Cla,b] and t > 0, we have
wi(F58) = sup{|f(x+ 1) — F(x)| s x,x + I € [a,b],0 < h < 1),

Above we gave one definition of the first moduli of smoothness. This was pre-
sented in the Ph. D. thesis of D. Jackson [65]. The name of the modulus comes from
the following proposition.

Proposition 1.1.2. Let f € Cla,b] and t > 0. Then the following properties hold:
a) If lir(§1+ w1 (f;t) = 0 then f is continuous on [a, b].
t—
b) The following equivalence is given: f € Lip,M if and only if wi(f;t) < M -, for
O<r<land M > 0.

A very important tool that we use is the least concave majorant of the modulus of
continuity ws (f;-). This is given by

wi(f;t) = w(f;t)

sup (tfx)wl(f;y;tiyft)wl (f;x), for0<t<b-—a,
1= { 0<x<t<y<b—ax#y (1.1.1)
w(f;b—a) =wi(f;b—a), ift >b—a,

from which we get a relationship between the different moduli:

wi(f;-) <w(f;) <2-wi(fs-).

For more properties of the moduli, including w(f;-), see [45]. N.P. Kornei¢uk
gave a proof in [70] for the relationship between the function w(f;-) and its least
concave majorant w(f; -)

w(f;6-e) < (1+¢)-w(fre),

13



1 Preliminaries

forany e > 0and ¢ > 0. It was also showed that this inequality cannot be improved
foreache >0and ¢ =1,2,....
1.1.2 K-functionals and the connection to the moduli

When we are interested in measuring the smoothness of functions, we can also use
the so-called Peetre’s K-functional. It was introduced, as the name suggests, by ]J.
Peetre in 1968 [92] and can be defined in a very general setting. However, we need
the following form in this thesis.

Definition 1.1.3. For any f € Cla,b],t > 0 and s = 1, we denote

Ks=1(f; 1)) 1= K(f; £;C[a, b], C'[a, b])

o . _ . /
- geéﬁ‘[fa,b]{”f Slloo + 18|}

to be Peetre’s K-functional of order 1.

We first recall some properties of the above K-functional, proven by P.L. Butzer
and H. Berens for s > 1 (see [19]). For other references, see [32] and [102].

Lemma 1.1.4. (see Proposition 3.2.3 in [19])
(i) The mapping Kq(f;t) : Ry — Ry is continuous especially at t = 0, i.e.,
lim K;(f;t) = 0= Ki(f;0).

t—07*

(ii) For each fixed f € Cla,b], the application Ki(f;-) : R4 — Ry is monotonically
increasing and a concave function.

(iii) For arbitrary ty,t, > 0and f € Cla,b|, one has the inequality
Ki(f;t1-t2) <max{l,t1} - Ki(f;t2).
(iv) For arbitrary f1, fo € Cla,b] and t > 0, we have
Ki(fi+ fat) < Ki(fi;t) + Ki(fast).
(v) Foreacht > 0 fixed, Ky (+; t) is a seminorm on Cla, ], such that
Ki(f:8) < [Ifll
holds, for all f € Cla, b].
(vi) Forafixed f € Cla,b] and t > 0, the identity K1(|f|;t) = Ki(f;t) is true.

The following equivalence relation gives a first important link between the K-
functional and the moduli (see [66]).

Theorem 1.1.5. There exist constants c1 and co depending only on the integer s = 1 and
[a,b], such that

cr-wi(f;t) < Ki(f;t) <ea-wi(fit),
forall f € Cla,b]and t > 0.

14



1.1 Moduli of smoothness and K-functionals

Remark 1.1.6. In general, for s > 1, no sharp constants ¢; and c, are known, that
satisfy the above inequality. In particular, for the cases s = 1,2, so also for our
case, such sharp constants exist, as we will see in the following result known as
Brudnyi’s representation theorem. This theorem is of crucial importance for the
rest of this thesis, as a nice connection between Kj (f; t)[a,b] and the least concave
majorant defined in (1.1.1).

Lemma 1.1.7. Every function f € Cla, b] satisfies the equality
K(f;tCla,b], C'[a, b]) = % LB(f:2), £ > 0. (11.2)

For details and proofs concerning this lemma, see R. Péltanea’s article [91], the
book [103], the book of R.T. Rockafellar [98] or the book [32].
The above equality (1.1.2) can be written in the following way

L &), >0

N

K <f; %,’C[a, b],Cl[a, b]> =

1.1.3 Moduli of univariate functions defined on compact metric spaces

In this subsection we consider real-valued, continuous functions of one variable
and recall definitions and properties in compact metric spaces. Let f € C(X) =
Cr(X,d), where Cr(X,d) is the space of all real-valued and continuous functions
defined on the compact metric space (X, d), with diameter d(X) > 0.

We have the following definition for the (metric) modulus of continuity (see [45])
and its least concave majorant. This is a generalization of Definition 1.1.1 and equal-
ity (1.1.1).

Definition 1.1.8. Let f € C(X). If, for t € [0, 0), the quantity

wa(f;t) =sup{|f(x) — f(y);x,y € X, d(x,y) < t}

is the (metric) modulus of continuity, then its least concave majorant is given by

sup (tfx)wd(f;yy)irj(cyft)wd(f;x) for 0 < t < d(X),
wWa(fit) = § 0<x<t<y<d(X)x#y

1.1.4 K-functionals and the connection to the moduli

For 0 < r <1, let Lip, be the set of all functions g € C(X) with the property that

18lLip, == sup [g(x) —g(y)[/d"(x,y) < oco.
d(x,y)>0

Lip, is a dense subspace of C(X) equipped with the supremum norm ||-|,,, and
|| Lip, 18 @ seminorm on Lip,. We also need to define the K-functional with respect to

(Lipy, || Lz.pr), which is given by

K(t; £;C(X), Lipy) := inf {||f — 8l + 1" [8]1ip, }s
g€Lip,
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for f € C(X)and t > 0.

The lemma of Brudnyi [83] that gives the relationship between the K-functional
and the least concave majorant of the (metric) modulus of continuity will also be
used in the proofs that follow.

Lemma 1.1.9. Every continuous function f on X satisfies

K <;;f;C(X),Lip1> = % ~wy(f;), 0 <t <d(X).

For more details about the (metric) moduli of smoothness, see [45].

1.1.5 Moduli of continuity of functions defined on the product of two
metric spaces

In this section we consider products of two compact metric spaces and describe
various moduli of smoothness (continuity) of functions defined on such products.
For more details about parametric extensions and tensor products, see [45] and [30].

We take (X,dx) and (Y,dy) two compact metric spaces. The cartesian product
X x Y, equipped with the product topology, and dx .y a metric on X x Y that gener-
ates this topology, is also a compact metric space. The metric satisfies the following
properties:

dxxy((x,7),(%,7)) = dx(x, %) forallr € Y and for all (x, %) € X?,
dxxy((5,y),(s,9)) = dy(y,9) forall s € X and for all (y,9) € Y>.

Also for the metric dxy it holds

dXxY(<xly)/ (3?/]2)) = dx(x,ﬁ?) + dY(]//]?);

for (x,y),(%,7) € X x Y.

These properties insure that we have interesting relationships between wy, . and
moduli defined using dx and dy, as we will see in the sequel.

We now define the total modulus of continuity of a function f € C(X x Y).

Definition 1.1.10. For any function f € C(X x Y) and t1, t, € R, the total modulus
of continuity of f with respect to dx and dy is given by

Wrotal dydy (fit1,t2) = sup{|f(x,y) — f(£,9)] : dx(x, ) < t1,dy(y,7) < ta}.

Regarding the relationship between wx .y and the total modulus of continuity, we
have the following result.

Proposition 1.1.11. (see Lemma 2.2 in [45]) Let (X, dx), (Y, dy) and dx .y given as above.
Then for any t1,t, € R4 we have

wtot(l],dx,dy (f; tl/ tz) S deXy(f; tl + t2)

In our applications we will mostly use the Euclidean metric. For x = (x;)"" ; and
v = (y;)!",, this is given by

da(x,y) = <'ml (xi—]/i)2> :
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The Euclidean metric can be generalized, in the sense that we get the more general
metrics dy, 1 < p < oo, given by

m

dp(x,y) = (Z |x; —yi\p> ,1<p<ooand

i=1
doo(x,y) = max{|x; —y;| : 1 <i < m}.
In the same way, one can obtain different metrics, all generating the same topol-
ogy and corresponding moduli, denoted by wy, .

Remark 1.1.12. For details concerning the relationship between moduli of smooth-
ness and K-functionals of different orders in the bivariate (multivariate) case, we
give as references the book of L.L. Schumaker [102] and the references therein.

1.2 Positive linear operators

We give some definitions and properties regarding positive linear operators (see
[110]). Some examples of such operators will also be considered, operators that will
be used in order to illustrate our results.

Definition 1.2.1. Let X, Y be two linear spaces of real functions. Then the mapping
L: X — Y is alinear operator if

L(af + pg) = aL(f) + BL(3),

forall f,g € Xanda,p € R. Ifforall f € X, f > 0, it follows Lf > 0, then L is a
positive operator.

X and Y can be different kinds of spaces, as we will show in the sequel.

Proposition 1.2.2 (Properties of positive linear operators).
Let L : X — Y be a positive linear operator. Then we have the following inequalities:

i) Iff,g € Xwithf < g, then Lf <Lg.
ii) Forall f € X, we have |Lf| < L|f|.

Definition 1.2.3. Let L : X — Y, where X C Y are two linear normed spaces of real
functions. To each operator L we assign a non-negative number ||L||, given by

L= sup L= sup UL
fex|Ifl=1 fexo<|fi<t ISl

We make a convention, that if X is the zero linear space, then any operator L :
X — Y must be the zero operator and has the zero norm assigned to it.

||-]| is called the operator norm.

If we take X = Y = C[a, b], we can state the following:

Corollary 1.2.4. For L : C[a,b] — Cla, b] being positive and linear, it follows that L is also
continuous and it holds:
IL[] = [|Leol| -
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1.2.1 The Bernstein operator

The Bernstein operator is maybe the most well-known example of a positive linear
operator. It was introduced by S. N. Bernstein in 1912 (see [15]) and it was used
to prove the fundamental theorem of Weierstrass (see [119]). For properties and
further details about the Bernstein polynomials, see the book of R. A. deVore and G.
G. Lorentz [32].

Considering the degree n € IN, x € [0,1] and a function f € R we have the
following definition:

Definition 1.2.5. The n—th degree Bernstein polynomial B,f : [0,1] — R of the
function f is defined by

L k
Bufi= 3 (%) bus
k=0 \"
where the Bernstein fundamental functions are

byi(x) = () - k(1 —x)"*F  for0<k<mn,
" ~ o , otherwise.

Proposition 1.2.6. (Properties of the Bernstein operator (see [32]))

a) ROV is endowed with the canonical operations of addition and scalar multiplication for
functions, so the Bernstein operator By, is a linear operator from RV onto the subspace
IT,[0,1] of polynomials of highest degree n on the interval [0,1].

b) The Bernstein operator is discretely defined, since B, f only depends on the (n+1) func-
tion values f (%) ,0<k<n.

c) For the case n = O, the Bernstein operator is not defined. Sometimes, it is set to be
Bof := £(0).
d) If f is non-negative, then this also holds for By, f.

e) We have endpoint interpolation as follows:
Bu(£;0) = f(0), Bu(f;1) = f(1).

f) The Bernstein operator reproduces linear polynomials, i.e., for every linear polynomial
L € I11[0, 1], we have
B,L = L.

Remark 1.2.7. Because of the above proposition, we say that the Bernstein operator
is a positive, linear operator.

The second moment of the Bernstein operator is given in the sequel.

Proposition 1.2.8. It is well known that the second moment of the Bernstein polynomial is

equal to
x(1—x)

Bu((e1 — x)%x) = =

where e;(x) = x', fori > 0.
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1.2 Positive linear operators

Definition 1.2.9 (Forward differences of r—th order with increment n). Let (a;) a
finite or infinite sequence of real numbers. For suitable indices k and n, we denote
with A,a; the difference ay.,, — ax between two elements of a sequence with differ-
ence (step size) n. More generally, for suitable r € INy, denote

, Ay, ifr = 0,
Anﬁlk = 1 .
Ay (A ag),  otherwise,
the (Forward-) Difference of r— Order with increment step (step size) n.

Proposition 1.2.10 (Derivatives of the Bernstein Polynomial). Let 0 < r < n. Then
the r—th derivative (B, f)") of the n—th Bernstein polynomial has the form:

(an)(r) — i nlArlf <k> bn—rk:
k=0 n n §

where nt =n(n—1)-...- (n —r+ 1) is the r—th decreasing factorial of n terms.
Corollary 1.2.11. We obtain for the Bernstein polynomial of the first derivative in the end-
points:

a) (Buf)(0) = LSO

1
n

b) (B.f) (1) = LA U)

[
—
|
T
—~
—
|
S
N—"

1.2.2 King operators

P. P. Korovkin [71] introduced in 1960 a result stating that if (L,) is a sequence of
positive linear operators on C|a, b], then

lim L, (f)(x) = £(x)

n—oo

for each f € Cla, b] holds, if and only if
lim L,(e;j(x)) = e;(x)

for the three functions ¢;(x) = x', i = 0,1,2. There are a lot of well-known opera-
tors, like the Bernstein, the Mirakjan-Favard-Szasz and the Baskakov operators, that
preserve ep and e; (see [67]). However, these operators do not reproduce e;. We are
now interested in a non-trivial sequence of positive linear operators (L, ) defined on
CJ0,1], that preserve ey and e;:

Ly(eo)(x) =ep(x) and L,(e2)(x) = e2(x), n=0,1,2,....
In [67] ]. P. King defined the following operators.

Definition 1.2.12. Let (r,,(x)) be a sequence of continuos functions with 0 < r,(x) <
1. Let V,, : C[0,1] — CJ0,1] be given by:

vt = 1 (1) -y ()

k=0
= You -/ (4)

for f € C[0,1],0 < x < 1. v, 4 are the fundamental functions of the V,, operator.
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Remark 1.2.13. For r,(x) = x, n € IN, the positive linear operators V,, given above
reduce to the Bernstein operator.

Proposition 1.2.14 (Properties of V;,).
1. Vu(eo) = 1and Vy(e1;x) = ru(x);
2. Valegx) = =00 4 n=1(y, (1))
3. 7}1_{%0 Vu(f;x) = f(x) foreach f € C[0,1], x € [0,1], if and only if

lim 7, (x) = x.

n—o00o

4. The second moment in the general case is given by

ra(x) n—1

Vil((ep — x)%x) := - (rn(x))? = 2x7, (x) 4 x2

= () (1= (@) + () — ), (12.1)

where 0 < r,(x) < 1are continuous functions.

For special ("right") choices of r,(x) = r;(x), J. P. King showed in [67] that the
following theorem holds.

Theorem 1.2.15. (see Theorem 1.3. in [50]1) Let (V). be the sequence of operators
defined before with

() ri(x) = x?, forn=1,
x) =
" r,*;(x):—z(r}ﬁ+\/%x2+ﬁ, forn=2,3,...

Then we get V;i(ex;x) = x%, forn € N, x € [0,1] and V; (ex; x) # e1(x). V,\isnota
polynomial operator.

The fundamental functions of this operator, namely

() = () G0 = ),

satisfy Y}, vj;’k(x) =1,forn=1,2,....

Proposition 1.2.16 (Properties of ;).
Do<ri(x)<1lforn=12,...,and 0 <x <1
ii) nlgr.}or,’;(x) =xfor0<x<1.

The second moment of the special King-type operators V' is given by
Vii((er = x)%x) = 2x(x — 1;(x)),

so we discriminate between two cases.
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1.2 Positive linear operators

The first case is n = 1, so r/;(x) = x* and the second moment is
Vi((e1 — x)%x) = 2¢%(1 — x).

For the second case, n = 2,3, ..., we have

* 1 n 1
1) :‘2<n—1>+\/(n—1> SR TTE

so the second moment is (see Theorem 2.2.14):

VE((ey — x)%x) = 2x(x — 75 (x)) = 2x(x — V' (e1; x)).

The interest is now in finding r,,, such that the second moment is minimal. Such
an approach was given in the thesis of P. Pitul [93]. There it was proven, that if the
function

1
. 0 , X € [O’E)
it (x) == Z;nxjg X € [%,1 — %]
1 ,x € (1—5,1]

is given, then the minimum value of the second moment is obtained. For the mini-
mal second moments of V", the following representation was given

x2 ;X € [OI %)
Vi (e —x)%x) = Ao (x(1—x) — &) x €[, 1 2]
n 1 ’ n—1 4in ’ 2n’ 2n
(1—x)? X E(1—4,1

1.2.3 The Bernstein-Stancu operator

The following generalization of the classical Bernstein operators was introduced
by D.D. Stancu in 1972 (see [109], [49]). For w, B,y positive numbers with & > 0
and 0 < B < 1, the definition of the Bernstein-Stancu positive linear operators

SyvPY= L Clo,1] — IO, is:

S ()= s £ (12 ) v o 122)
=0

where s, (x) are the fundamental polynomials

[k,—IX] . — [”—k,—ﬂé]
s (x) 1= (”)x 1-x) ,xe0,1,k=0,...,n

k 1[n,—4a]

[k, —a]

Here x is the factorial power of order k with step —« of x, i.e,,

xl0—a] — 1,

xlb=d =y (x4+a)-...- (x+ (k—1a), ke N.

When a = § = v = 0, we obtain the definition for the Bernstein operators. This is
the reason why they are called "Bernstein-Stancu"-type operators.
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We are interested in the case « = 0. Then the operators S;; 0F7> can be written
according to (1.2.2) as

ST (fix) = ¥ boa(x) - f ("*ﬁ)

frar n—+-y

for b, x the fundamental Bernstein polynomials.

One important result that we will use later on involves powers of the operator

S P77 For a detailed proof see the proof of Theorem 4.32 in [93].

Theorem 1.2.17. If n € IN is fixed, then for all f € C[0,1], x € [0,1]

lim [S,fo’ﬁ’w] " (f;x) = boeo(x),

m—oo

where by = by(f) is a convex combination of the values of the function f that appear in the

operator’s definition, namely
n : + IB
(i)
0 ].Z(:) if n+q

with suitable dj € R.

1.2.4 The Bernstein-Durrmeyer operator with Jacobi weights

The Durrmeyer operators, which were introduced by J.L. Durrmeyer in 1967 in his
thesis [34], were given on 12 [0,1] as a modification of the Bernstein operators. They
were then generalized as follows:

We consider the Jacobi weight on (0,1) to be

w®P) (x) = x*(1 — x)P,a, B > —1,

and denote L! . (0,1) the space of Lebesgue-measurable functions f on (0, 1), such
wle,
that the norm

1
[Fllater = | [ £ )00 (x)lx
0

is finite.
The operators D,(f"ﬁ ) L;W) (0,1) — C[0, 1] are defined by

[ b ()£ () ()
. 0

4

b (H)w@P) (t)dt

T
=
o .

where b, are the Bernstein fundamental functions, and they are called the general-
ized Durrmeyer operators w.r.t. the Jacobi weight w(*#).
They are also called Bernstein-Jacobi operators because for any function f €

C[0,1], D,(fx’ﬁ ) f can be written as a linear combination of Jacobi polynomials. These
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1.2 Positive linear operators

operators have the properties of being self-adjoint and commutative, properties in-
herited from the classical Durrmeyer operators. More details and properties can be
found in [90], [13], [14].

In order to investigate the behaviour of the over-iterates of the Bernstein-Durrmeyer
operator, we recall the following theorem that was proven in [93].

Theorem 1.2.18. (see Theorem 4.40 in [93]) If n € IN is fixed, then for all f integrable on
[0,1] and x € [0, 1], we have

m—oo

1
lim [D,S“'ﬁﬂm(f,-x) - (/f(t).t“-ut)ﬂdt) eo(x).
0

As one can conclude from the above result, the over-iterates of the operator tend
toward a constant function.
1.2.5 The Hermite-Fejér interpolation operator

L. Fejér (see [38]) gave one proof of Weierstrass’s approximation theorem by means
of interpolation polynomials. We recall here his result as follows.

The classical Hermite-Fejér interpolation operator is a positive linear operator de-
fined by

n X P
HZn—l(f/' X) = Zf(xk)(l —X- xk) <n(Tn())> ,

=1 X — Xg

where f € C[—1,1] and x; = cos (%n) ,1 < k < n, are the zeroes of T,,(x) =
cos(n - arccos(x)), —1 < x < 1, the n—th Chebyshev polynomial of the first kind.
Remark 1.2.19 (Properties of Hy,_1, see [38], [59]).

* Hy,_1(f,x) is the unique polynomial of degree < 2n — 1 such that
H2n—1 (f, Xk) = f(xk), fork = 1,2, ..o.o.n,

and
Hén—l(f;xk> — O, k= 1,2,...,1”1.

e Itis well-known that, for all x € [—1,1],

(1—x-xk)<T”(x)))220

n(x — xi
and )
n
= n(x — xi)
The result of L. Fejér is presented next.

Theorem 1.2.20. (L. Fejér, [38]) If f € C[—1,1] then lim ||Hp,—1(f) — f|| = 0, where
n—oo

||- || denotes the uniform norm on the space C[—1,1].
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Next, let x; be the node nearest to x, for —1 < x < 1. If two such nodes exist, let
x; be either of them.

Another result we will need in the sequel is a lemma given by O. Kis (see [68], p
30).

Lemma 1.2.21. (O. Ki$) Let —1 < x = cosf < 1, x, = cosby, O, = 21;7;1 - 7T, for
k=1,2,...,nand X; be the node closest to x. Then

s
16 —6;| < " |cos 0| .

The second moment of this operator is given as follows.

Hap-1((e1 — x)%; Zi: X =) (1= 3 (71TH(X))>2

(% — xx
1., n
= ﬁTn(x) Z(l—x-xk)
=
=n
1
= ET;%(X)

1.2.6 The quasi-Hermite-Fejér operator

The quasi Hermite-Fejér operators were first considered by P. Szasz in [114]. The
interest was to find a uniquely defined polynomial of degree less than or equal to
2n + 1, that satisfies the conditions

L(f;xy) = f(xp), for0<v<mn-+1,
L,(f;xv) =0, forl<v<mn,
for the fundamental nodes x1,...,x, € (—1,1),x0 = =1, x,41 = 1.

The quasi-Hermite-Fejér interpolation operator Q,, : C[—1,1] — IIy,41 with arbi-
trary nodes has the form:
T 1—x > 1+x
Qufi3) = F(=1) - gy - WP+ F1) - 5

)
L — x? w(x 2
+ Zf(xv)i 2 [1+Cv(x_xv)]‘ <<))) ’

v=1

forw(x) =c- ﬁ (x —xp), ¢ # 0and

v=1

2%, w"(xv)

,1<v<n.
1—x2  w'(xy) =o=n

Cy =

Forall x € [-1,1], 1 4 ¢,(x — x) > 0. From this inequality we can say that Q, is a
positive linear operator.

All of this holds especially for the zeroes of a Jacobi-Polynomial PiP, for 0 <
a, B <1
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We are interested in the approximation behaviour of a special case of knots, mean-
ing Chebyshev knots of the second kind. For the zeroes of the Jacobi-Polynomials
11

P?? (for « = B = ), the quasi-Hermite-Fejér interpolation polynomial has the form
n+1l

Qu(frx) = ;)f(xv) “Fup(x) - U,%(x),

where U, (x) is the n—th Chebyshev polynomial of the second kind with roots x, =
cos (ni-i-l . 7'(), for 1 < v < n and with

17 p—
W ,forv =0,
1—x2)(1—x,-
Fup(x) = % yforl <o <mn,
St ,forv=n+1.

2(n+1)2

Qy is a positive linear operator, for all n > 1.
It holds
_ sin((n + 1) arccos x)

Un () sin(arccos x)

and we have the relations:

U,(£1)2 = (n+1)*and
(1=x3) - Up(xo) = (=1)""(n +1).

This operator also reproduces constant functions. The second moment of the op-
erator is given by
Uz (x)
n+1’

Qul(er —x)%x) = (1—x%) -
while the first moment is

(1—x*)Un(x)

Quler —x;x) = o

{Tuar(x) = x- Un(x)},

for T, 11 (x) = cos((n + 1) arccos x).

1.2.7 The almost-Hermite-Fejér operator

The so-called almost-Hermite-Fejér interpolation was studied by many authors. For
reference, we recall a paper in which a survey presenting results in this setting,
including our particular case, is given, paper written by H. Gonska in 1982 [43].

Let us consider an (r, s) —Hermite-Fejér interpolation operator

Fr,s;n : C[—l, 1] - H2n+r+s—1

and the image of a function f € C[—1,1] under such an operator. Then we get the
uniquely determined algebraic polynomial that, for a fixed sequence of nodes

l=xp>x1>...>%x; > xp41 = —1,
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satisfies the 2n + r + s conditions

Fr,S}”(f; xv) = f(xv)/ (Fr,s;nf),(xv) = 0, fOI' 1 S (% S n,
Fron(f;1) = f(1) forr >1, (Fsnf)® (1) =0, for1<p<r—1,
Froon(f;—1) = f(=1) fors > 1, (Fosnf)(=1) =0, for1 <o <s—1.

Given the fact that the nodes x1, x3,...,x, € (—1,1) are distributed like this, it is
natural to analyse (7, s) —Hermite-Fejér formulas based on the endpoints 1 and the

roots x1, ..., x, of the Jacobi polynomials Pff’ﬁ , &, > —1. This process was treated

by many authors (see [43], [117], [69], [81] and the references in these papers). Then

the corresponding operators are Fr(ps‘,[f ). We consider the particular case (r,s) = (1,0)

and the corresponding operators Fl(%’fl) are the almost-Hermite-Fejér-interpolation

operators. They are given by the formula

— X

w 2 n
A () 1= F(1) - s+ 2 ) L = )] )

v

where [, denotes the v—th Lagrange fundamental polynomial and

n

w(x) =] (x—x0).

v=1

Furthermore,
"
C* — 1 o w (xv)
Cl-x,  w(xy)

If 1+ ci(x —xp) > 0 forall x € [—1,1], then the above operator is positive and

linear. If the nodes x1, .. ., x; are the zeroes of a Jacobi polynomial P,E“’ﬁ ), then this is
the case for all n if and only if (a, ) € [0,1] x (—1,0].

One interesting case that we now cover is for («, ) = (%, —%), in which case the
corresponding operators are positive and the property of uniform convergence for
every f € C[—1,1] holds. For this choice of («, B) the operators have the following
form (see [115]):

1_

1—x 1—xx,

A R R K

where

sin 25t arccos x

T , Xy = COS

w(x) =
(x) sin 5 arccos x 2n

v
17t,1§v§n,

and [, is the vth Lagrange fundamental polynomial. For the above positive opera-
tors it holds

1 1

Fl(,é;,n i)(80; x) =1.

1.1 1.1
O :) based upon the roots of the Jacobi polynomials P,Sz' :)
and the endpoint 1, we have for all n > 2 that the first absolute moment (see [43]
and [73]) is given by

1
For these operators Fl(

1+vV1—2x2.1Inn
2n+1

NI—=

(2-1)
Fl o (leg —x];x) <c¢ ,
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for a suitable constant c. The second moment is given by the following equality (see
[42]):
2(1 —x) - w(x)?

) (e - x50 =

o 3n ’
while the absolute value of the first moment (see [42]) satisfies
(2-2) -1 2
Pl,é;n e —xx)| = W . ‘(1 —x)-w(x)-[2(1 —x%) - @' (x) + 2nx — 1)w(x)H

, n>2.

< 41 —x - |w(x)|

1.2.8 Convolution-type operators

These types of operators were treated by many authors, like J. -D. Cao, H. Gonska
and H. -J. Wenz (see [21]). The following concepts, as well as the given applications,
can also be found in [101].

One of the first authors to give the following definition was H. G. Lehnhoff in
[74]:

Definition 1.2.22. For the case X = [—1,1], given a function f € C(X) and any
natural number 7, the convolution operator G,,,) is given by

Gy (f3 %) 1= % : /t{f(cos(arccos(x) +0)) - Ky (v)dv,
where the kernel K;,(, is a positive and even trigonometric polynomial of degree
m(n) satisfying
/_7; Kyy(ny(v)do = 7,
meaning that Gm(n)(eo;x) =1, forx € X.
Itis clear that G,,(,)(f; -) is an algebraic polynomial of degree m(n) and the kernel

Kjy(n) has the following form:

1 m(n)
Km(n)(v) = E + I; Pl;m(n) COS(kU),

forv € [—m, m.
We also need another result that goes back to H.G. Lehnhoff [74]:
Lemma 1.2.23. For x € X, the equality

3 1 1 1
Gm(n)((el - x)Z;x) =« {2 -2 P1;m(n) + 2 ‘PZ;m(n)} + (1 - xZ) ’ {2 ) 'pZ;m(n)}
holds. Here ey denotes the first monomial given by eq(t) = t for |t| < 1.
The first moment of the convolution-type operator (see [20]) is given by:
Gy (€1 — %) = X - [01m(n) — 1]-

The above lemma gives the second moment of the convolution-type operator,
which, along with the first moment, will be needed in the sequel.

Furthermore, we take into account different degrees m(n) and different convolu-
tion operators, respectively.

27
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1.2.8.1 Convolution operators with Fejér-Korovkin kernel

If we consider degree m(n) = n —1, for n € IN, the Fejér-Korovkin kernel is given

by ,
1 (sin (725) - cos ((n+ 1);))

Ky (v) = n+1

cos(v) — cos (357)

with

2 1
0P1;n—1 = COS T ; P2n—1 = Lcos i + .
’ n+1 ’ n+1 n+1 n+1

Using the latter relations, we get

3 1
Gno1 ((e1 —x)%x) < +3 11— 02n—1]

;
< §—2 cos & + ! + ! cos 2
-2 n+1 2(n+1) 2(n+1) n+1

+1 1—71 . Ccos 727[
2 n+1 n+1 n+1

1.2.8.2 Convolution operators with de La Vallée Poussin kernel

We now have degree m(n) = n € Ny and we define the de La Vallée Poussin

kernel by )y o
Va(0) = g (208 (E)) ’

with
_n B (n—1)n
Tt PP T iy Dt 2)

Using the two relations, we have for the second moment:

pl;n

‘ 3 2n 1 n(n—1)
O

1 n(n—1)
+2‘1_(n+1)(n+2)‘
3 2n+1
- (n+1)(n+2)’ (n+1)(n+2)’
2
. n+1

We also know "

n+1

Gule;x) = p1n-x = - X,
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1.2 Positive linear operators

which implies that

n n 1
Gn(el,x)—x—n+1-x—x—x-< —1>_—x-n+1.

1.2.8.3 Convolution operators with Jackson kernel

Finally, the last operator we consider is of degree m(n) = 2n — 2, with n € IN. For
this, the Jackson kernel has the form

3 sin (7’12) !
Jon-2(v) = 2n(2n2 +1) < sin (%2) ) ,

with
2n2 —2 2n® —11n+9

P12n—2 = m; 02.2n—2 = m,

and the second moment satisfying

3 4n?— 1 2n® —11n +9
Gon—2 ((e1 — x)? ‘2 '

2n2+1 T e
1 2n® —11n+9
=17
Ty n(2n2 +1)

9
2n(2n?+1)
6 3
<2 <=
—2n?2+1 " n?

VAN

12n -9
2n(2n? +1)

1.2.9 Shepard-type operators

We present some Shepard-type operators defined in the general setting. An example
of such operators goes back to the work of I. K. Crain, B. K. Bhattacharyya [28] and
D. Shepard [104] and was first investigated by W. ]J. Gordon and J. A. Wixom [60].
Other important references are, e.g., the Habilitationsschrift [45] and the paper [44],
both of H. Gonska. In both of the latter references, we have the following:

Definition 1.2.24. (see Definition 3.2. in [100]) Let (X, d) be a metric space and let
x1,..., X, be a finite collection of distinct points in X. We further suppose that for
each n-tuple (x1,...,x,) we have a finite given sequence (y1, ..., 4n) of real num-
bers y; > 0. Then the Crain-Bhattacharyya-Shepard (CBS) operator is given by

if(xi)'nd(i) Jx & {x1, .., x ),
Su(fx) := SElAn(f;x) 1= { i=1 L d(xx)
f(xi) , otherwise.

Here x € X and f is a real-valued function defined on X.
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Remark 1.2.25. (see Remark 3.3. in [100])

From the above definition, we can state that S, is a positive linear operator on
C(X) that satisfies S, (1x;x) = 1, for all x € X. Also it holds that S,,(f; x;) = f(x;),
forall x;,1 <i<mn.

If we restrict ourselves to the simpler case 1 < y = p; = ... = p,, we denote the
corresponding operator by S!. This looks like

n

Zf(xi)-M S X E{x1, .., X0},

SZ(f;x) = {i=1 l);d(xlxz)*”
f(xi) , otherwise,
n
xi)-sh(x) ,x g {xy,..., xn},
_ [ ES0sx) g ) (123)
f(x) , otherwise,
while the second moment of this CBS operator can be written as
iM ,xg{xlf---/xn};
Sp(d? (-, x);x) = ¢ i=1 Ldlvx)™ (1.2.4)
0 , otherwise.
For a second special case, we take X = [0,1] and the metric d(x,y) = |x —y|,

for x, yeX Then we get the CBS operator S" 41 based on 1 + 1 equidistant points
xi = 5,0 <i<mn,givenby

n K
U Zf(xl)yin[,y ,xg{XQ,...,xn}
Sn+1 (f' x) =9 =0 zgo |X7H (1.2.5)
f(xi) , otherwise.

1.2.10 A piecewise linear interpolation operator S,

We consider the operator S5, : C[0,1] — C[0, 1] (see [46]) interpolating the function

at the points 0, %, een, %, eee, ”;1 , 1, which can be explicitely described as

1 &G k-1

-1 k k+1 k
SA”(f’x)_ﬁkg) P r’“—x|Lf<n)/

where [a,b,¢; f] = [a,b,¢; f(a)], denotes the divided difference of a function f :
D — R on the (distinct knots) {4,b,c} C D, D C R, w.r.t. a.

Proposition 1.2.26 (Properties of S, ).
i) Sy, is a positive, linear operator preserving linear functions.
ii) Sy, preserves monotonicity and convexity/concavity.

iii) Sp,(f;0) =0, Sa,(f;1) = f(1).

iv) If f € C[0,1] is convex, then Su, f is also convex and we have: f < Sy, f.
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1.2 Positive linear operators

The operator S,, can also be given as follows:

0./ = L (3 ) waxt),

for f € C[0,1] and x € [0,1], where u, ; € C[0,1] are piecewise linear and continu-
ous functions, such that

Uy k <i) :(Skl/ k,l =0,...,n.

We now give the second moment of the operator. For x € ["_71, X

sAn<(el—x>2,-x>=n<x_";1> (i—x) [(i—x) _ (";1 _x)}
(56

which is maximal when x = 21;7;1 This implies

1
—x)%x) < —.
Sa,((e1 = x)%x) < -5

1.2.11 The BLaC operator: Definitions and Properties

The idea to examine BLaC operators comes from the BLaC-wavelets (Blending of
Linear and Constant wavelets), introduced around 1996 by G. P. Bonneau, S. Hahmann
and G. Nielson (see [16]). They present a multiresolution analysis that implies a
function representation at multiple levels of detail. This is a tool for handling large
sets of data. The wavelet coefficients are the ones who store the loss of detail in each
level of representation. The wavelets are basis functions encoding the difference
between two succesive levels. Throughout their work, they discriminate among
Haar and linear wavelets. The Haar wavelets are not continuous, but have perfect
locality, while the linear ones are continuous, but the regularity they possess can be
a drawback. A compromise between the locality of the analysis and the regularity
of the approximation is desired.

This compromise is obtained by using a blending parameter 0 < A < 1. We now
introduce the operator. The results that appear in the sequel are also present in [101].

Definition 1.2.27. (see [47]) For f € C[0,1] and x € [0, 1], the BLaC operator is given
by

Now we explain the definition.
For the real blending parameter, the scaling functions ¢, : R — [0, 1] are given by

x for0 < x <A,
], fora<x<1,
Pa = _%.(x—l—A), for1 <x <144,
0, else .
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Remark 1.2.28. For A = 1, ¢4 reduces to B-Spline functions of first order (or hat-
functions), while for the case A — 0 the piecewise constant functions are obtained.
That’s why we choose A € (0, 1].

For the index k = —1,...,2" —1, n € N, by dilatation and translation of ¢, we
obtain the family of fundamental functions:

Pk (x) = @a(2"x — k), x € [0,1].
The midpoints 17} of the support line of each fundamental function ¢} are given by

k[ 1 14+A

n.

U TR T
Fork € {—1,2" — 1} lety", :=0and 5}, _; :=1.

,fork=0,...,2" —2.

Proposition 1.2.29. (Properties of the BLaC operator, see [47])
i) BL, : C[0,1] — CJ0,1] is positive and linear;
ii) BL, is a modification of the piecewise linear interpolation operator Sy, 1;
iii) BL, interpolates f at n}}, k = —1,...,2" — 1 (also at the endpoints 0 and 1);
iv) BL, reproduces constant functions;
v) The first absolute moment of the BLaC operator is:
271

BL,(ler — x|;x) = Z g — x| - @f(x) < 2%, forall x € [0,1];
k=1

vi) The second moment of the BLaC operator is given by:
) 2"—1 ) 1
. — n n
BL,((e1 — x)55x) = k:§71 (g —x)" - i (x) < 2Tn,for all x € [0, 1].

1.2.12 The Mirakjan-Favard-Szasz operator

The Mirakjan-Favard-Szasz operators (see e.g. [6]) were independently introduced
by G.M. Mirakjan (see [82]) in 1941 and by J. Favard and O. Szdasz (see [37] and
[113]). The classical n—th Mirakjan-Favard-Szasz operator M, is defined by

® (nx)k
Myu(fix):=e ™) (k!)f <k> (1.2.6)

k=0 n

for f € Ep, x € [0,00) C Rand n € N. E; is the Banach lattice

E, = {f e C([0,00)) : L&)

142

endowed with the norm ||f]|, := sup ‘{1(73;)2'
x>0

is convergent as x — oo} ,

The series on the right-hand side of (1.2.6) is absolutely convergent and Ej is iso-
morphic to C[0, 1]; (see [6], Sect. 5.3.9).

32



1.3 Lagrange interpolation

1.2.13 The Baskakov operator

In the book of F. Altomare and M. Campiti [6] (Sect. 5.3.10), the classical positive,
linear Baskakov operators (A;),eN are defined as follows:

> (k\ (n+k—1 xk
=2 () (" e
for every f € E; and x € [0, 00].

1.2.14 The Bleimann-Butzer-Hahn operator

In the same book [6] (Sect. 5.2.8), the Bleimann-Butzer-Hahn operators are also pre-
sented. For every n € IN the positive linear operator BH,, : C;([0,00)) — Cy,([0, 00))
is defined by

B, (1)) = - (=g ) Viost),

for every f € Cp([0,00)), x € [0,00), n € IN.
The fundamental functions are given by

bhy (x) := (1—|—1x)” <Z> x*.

1.3 Lagrange interpolation
Consider f € C[—1,1] and the infinite matrix X = {xy,}}_,5_; with
1< <xpp<...<x5, <1, forn=12,....

The Lagrange fundamental functions are given by

wn(x)
= < k<
hn(%) = G~y LS ks

where w,(x) = [Tf_; (x — xx,,) and the Lagrange operator L, : C[—1,1] — IT,4
(see [112]) is

Lo(f;x) = éf(xk,nﬂk,n(x).

The Lebesgue function of the interpolation is:

n

An(x) = Z |lk,n(x)‘/

k=1

and the Lebesgue constant is given by

Ay(X) = _max, Ap(x).

It is also known (see [27], p. 13) that ||L,|| < oo and
ILall = [[Anlos
hold.
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Proposition 1.3.1 (Properties of the Lagrange operator).

i) The Lagrange operator is linear but only in exceptional cases positive.

ii) Lﬂ(f;xk,n) = f(xk,n)/ 1<k<n.

iii) The Lagrange operator is idempotent: L2 = L.

n
iv) Y. lyn(x) = 1holds, so L, satisfies Ly (ep; x) = 1.
k=1

Remark 1.3.2. The Lebesgue function has been studied for different node systems. In
the sequel, we will use some known results for Chebyshev nodes.

First, we recall a result from [64] (see relation (3.1) there), for the fundamental

functions of a Lagrange interpolation based upon any infinite matrix X. It holds, for
« = 2, that

n

1
Y |l (x)* > plsx<t (1.3.1)
k=1

This was proven for a general « > 0 using Lemma 4 in a paper by PErdos and P.
Turan (see [36]).

We only consider the Lagrange operator with Chebyshev nodes (see [17], [27])
and the corresponding Lebesgue function.

Let T,,(x) = cos(n(arccos x)) and X = {cos[rt(2k — 1)/2n]}, i.e., when

2k—1
2n

Xy = €os b = cos nw(k=1,2,...,n;n =€ N)
are the Chebyshev roots. For each 7 these nodes are the zeroes of the n-th Chebyshev
polynomial of the first kind.

In [107], the author illustrated the maximum of the Lebesgue function, which is
attained in £1 (also see the citations in this paper). Asymptotic results can be given
for the Lebesgue constant

2 2 8 1
Ay (X) = %logn+;- ('H—logn) +(’)( ),

n2

where 7y denotes Euler’s constant 0,577.... For more results and references, see [17]
and [118].
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2 Univariate Chebyshev-Griss Inequalities

2.1 Auxiliary and historical results

Here we list some classical results which we will need in the sequel.
The functional given by

x—i/f x)dx - _a/g( x)dx,

where f, g : [a,b] — R are integrable functions, is well known in the literature as
the classical Chebyshev functional (see [25]).
We first recall the following result.

Theorem 2.1.1. (see [85]) Let f,g : [a,b] — R be bounded integrable functions, both
increasing or both decreasing. Furthermore, let p : [a,b] — Ry be a bounded and integrable
function. Then

b

b b b
| pdx [Cpe) - £ -gdx = [ p(x)- flx)dx [ px)-glxdr. @1

a

If one of the functions f or g is nonincreasing and the other nondecreasing, then inequality
(2.1.1) is reversed.

Remark 2.1.2. Inequality (2.1.1) is known as Chebyshev’s inequality. It was first
introduced by P. L. Chebyshev in 1882 in [24]. If p(x) = 1 fora < x < b, then
inequality (2.1.1) is equivalent to

_a/f dx><_a/f dx)-(_a/g(x)dx>.

We now cite another classical result involving the Chebyshev functional.

Theorem 2.1.3 (Chebyshev, 1882, see [9]). Let f,g € [a,b] — R be absolutely continu-
ous functions. If f', ¢’ € Lo ([a, b]), then

IT(f, 1< 50 —=a) ] [18']leo-
The next result is the Griiss inequality for the Chebyshev functional.

Theorem 2.1.4. (Griiss, 1935, see [62]) Let f, g be integrable functions from [a, b] into R,
such that m < f(x) < M, p < g(x) < P, forall x € [a, b], where m, M, p, P € R. Then

T(£,8)] < {(M—m)(P~p).
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The functional L, given by L(f) := ;- f: f(x)dx, is linear and positive and sat-

isfies L(eg) = 1; here we denote ¢;(x) = x/, for i > 0. In the sequel, we recall some
bounds for what we call the generalized Chebyshev functional

TL(f,8) == L(f-g) — L(f) - L(g)

and give some new results.

Remark 2.1.5. We will use the terminology "Chebyshev-Griiss inequalities", referring
to Griiss inequalities for (special cases of) generalized Chebyshev functionals. These
inequalities have the general form

ITL(f, 8)| < E(L,f,8),

where E is an expression in terms of certain properties of L and some kind of oscil-
lations of f and g.

2.1.1 Results on compact intervals of the real axis

Another result we recall is a special form of a theorem given by D. Andrica and C.
Badea (see [10]):

Theorem 2.1.6. Let I := [a,b] be a compact interval of the real axis, B(I) the space of
real-valued and bounded functions defined on I, and L a positive linear functional satisfying
L(eg) = 1 whereey : I > x +— 1. Assuming that for f,¢ € B(I) onehas m < f(x) < M,
p < g(x) < P forall x € I, the following holds:

ITL(f,8)] < 7 (M —m)(P —p). (21.2)

=

Remark 2.1.7. Note that the positive linear functional is not present on the right hand
side of the estimate.

The following pre-Chebyshev-Griiss inequality was given by A. Mc. D. Mercer
and P. R. Mercer (see [80]) in 2004.

Theorem 2.1.8. For a positive linear functional L : B(I) — R, with L(eg) = 1, one has:

ITu(f,9)] < 5 min{(M —m)L(Ig — GI), (P~ p)L(If ~ F|)}
wherem < f(x) <M, p < g(x) <Pforallx € I,F:=Lfand G := Lg.

Remark 2.1.9. This is a more adequate result than (2.1.2) because the positive linear
functional appears on both the left and the right hand side of the inequality.

Using the least concave majorant of the modulus of continuity, the authors of [2]
obtained a Griiss inequality for the functional L(f) = H(f;x), where H : C[a,b] —
Cla, ] is a positive linear operator and x € [a,b] is fixed. B. Gavrea and I. Gavrea
[40] were the first to observe the possibility of using moduli in this context.

For X = [a, b] the following weak inequality was given in [2]. It shows how non-
multiplicative the functional L(f) is, for a given x € [a, b].
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Theorem 2.1.10. If f, g € Cla, b] and x € |a, b] fixed, then the inequality

IT(f, g x)]| § <f2 \/ZH ((eg — x)? x)> -cTJ(g;Z-\/ZH((e1—x)2;x)>

holds, where T(f,g;x) == H(f - ¢;x) — H(f; x) - H(g x).

This was the first result in this setting, which we have further improved. In this
sense, we recall the following remark that was also given in [2].

Remark 2.1.11. The above result can be remarkably generalized by replacing ([a, b], |])
by a compact metric space (X,d), H((e; — x)?;x) by H(d?(-,x); x), and
K(-, f;Cla, b],C'[a, b]) by K(-, f; C(X), Lip1).

Another pre-Chebyshev-Griiss inequality was given in [2] (see the proof of Theo-

rem 3 there).
We have

T(f, 8 x)|
=< % min{||f|l, - @4 La(ler — x| ;2)); Iglls - @(f, 4 Lu(ler — x| ;x))}, (2.1.3)

for f,g € C[—1,1] and x € [—1,1] fixed.
These auxiliary results can be applied to positive linear operators, just like in [2].
We will present such applications in the following section.

2.1.2 Applications for positive linear operators
2.1.2.1 Bernstein operator

By taking H = B, in Theorem 2.1.10, a first Chebyshev-Griiss inequality for the
Bernstein operator was obtained (see Remark 2 in [2]).

Theorem 2.1.12. The Chebyshev-Griiss inequality

|Bu(fg;x) — Bu(f;x)Bu(g;x)

jiw <f 2\/ZBn ((er — x)? ) <g 2\/2Bn (1 —x)% X)>
S () o)
SEERREN

holds, for two functions f,g € C[0,1].

2.1.2.2 Hermite-Fejér interpolation operator

If in Theorem 2.1.10 one takes H := Hj,_1, then the following inequality holds.

37
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Theorem 2.1.13. For two functions f,g € C[—1, 1], the inequality

IT(f, &x)| = |H2n 1(f - &x) — Han1(f;x) - Hap-1(g5 %))

2\/ . 2\/

This result is dissapointing (see Remark 4 in [2]), because Hj,_1 approximates
much faster than Bernstein. This is the reason why another approach was presented,
implying a pre-Chebyshev-Griiss inequality applied to our operator.

In the case of the Hermite-Fejér operator, the inequality (2.1.3) looks like:

IT(f, 8 %)|

g;min{HfHoo‘@(8;40'|Tn,5x)|lnn> gl < 40 - \Tn](1 )\hnn)}/

(2.1.5)

holds.

for f,g € C[—1,1] and x € [—1,1] fixed (see Theorem 8 in [2]). The first absolute
moment of the Hermite-Fejér interpolation operator was used here. In [45] it was
proven that the following estimate holds (see also the appendix in [2] for a detailed
proof).

4 lnn
Hpu—1(len — x| ;x) < " | T (x)] (\/1 —x21nn+1) < 10| Ty (x )] —

The following remark states an important observation (see Remark 9 in [2]).

Remark 2.1.14. If one of the functions f or gin (2.1.5) isin Lip1l, we have | T(f, g; x)| =

O (h‘—”>, n — oo. The inequality (2.1.4) implies in this case only |T(f,g;x)| =

n
0 (ﬁ) Also the relation (2.1.4) implies |T(f,g;x)| = O (1) for f,¢ € Lipl. This
cannot be concluded from (2.1.5).

2.1.2.3 Convolution-type operators

If in Theorem 2.1.10 one takes the convolution operators with the Fejér-Korovkin
kernel K,,,,,y for m(n) = n — 1, then it holds (see Remark 6 in [2])

IT(f, &%)l ~1(f- &%) = Gua(fix) - Gua (g %)

@ <f;4ﬁn”+1> @ <g,-4f2n:fl)
(@(r3)-a(e3))

This is an improved result with respect to the ones for the Bernstein and the Hermite-
Fejér operators.

IN
@) »M'w E
=
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2.1.3 Results on compact metric spaces

Let C(X) = Cr(X,d) be the Banach lattice of real-valued continuous functions
defined on the compact metric space (X,d) and consider positive linear operators
H : C(X) — C(X) reproducing constant functions. For x € X we take L = ey 0 H,
so L(f) = H(f;x). We are interested in the degree of non-multiplicativity of such
operators. Consider two functions f, g € C(X) and define the bilinear functional

T(f,&x):=H(f -gx)—H(f;x)-H(gx), x € X.

We recall a pre-Chebyshev-Griiss inequality on a compact metric space which was
proven in [2].

For a linear bounded functional L : C(X) — R, reproducing constant functions,
where C(X) is a compact metric space with metric d, there exist positive linear func-
tionals L, L_, |L| such that the following relations hold

L=L,—L and |[L|=L, +L_.

In the case of positivity of L, the relation |[L| = L, = L holds. Using the same idea
as for the proof of A. Mercer and P. Mercer’s inequality in Theorem 2.1.8, because
M—-m = w(f;d(X)), P—p = w(g;d(X)), where m = inf f(x), M = sup f(x),
p =infg(x), P = sup g(x), the following inequality was proven in [2] (see Theorem
1 there).

Theorem 2.1.15. Let L : C(X) — R be a linear, bounded functional, L(1) = 1, defined on
a compact metric space C(X). Then the inequality

-min{w(f;d(X)) L] (Ig = G]), w(g;d(X)) [L[ (If — F[)}

N[ +—

IL(f8) — L(f)L(g)] <
holds.

It was also shown through an example that the above inequality is sharp in the
sense that a non-positive functional A that reproduces constant functions exists,
such that equality occurs.

2.2 Main results

2.2.1 On Chebyshev’s Inequality

In this section we generalize Chebyshev’s inequalities from Theorem 2.1.1 and first
give bounds for T;(f, g) for continuously differentiable functions. The two results
in this section were already published in [57].

Although the proposition below appears to be well-known, we were unable to
locate a reference.

Proposition 2.2.1. Let L : C[a,b] — R be a positive linear functional with L(eg) = 1. If
f.,g € Cla, b] are both increasing (decreasing) functions, then the inequality

L(f-8) = L(f)-L(g)
holds.
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Proof. From the monotonicity of f and g we have

f(x) = fW)]-[8(x) —¢(¥)] =0,

forall x,y € [a,b], ie.,

f(x)-g(x) = f(x)-g(y) — f(y) - g(x) + f(y) - g(y) > 0.

Applying L with respect to the variable x to this last inequality gives

L*(f-g) —g(y) - L*(f) — f(y) - L*(g) + f(y) - g(y) >0,

for all y € [a,b]. Here we used that L(ep) = 1. If we now use L with respect to the
variable y, we get

L(f-g) = L(g) - L*(f) = LY(f) - L*(g) + L(f - 8) =2 0,
and this is equivalent to
L(f-8) = L(f) - L(g).
O

Using the above Proposition 2.2.1, we will give a Chebyshev-Griiss inequality for
the functional L, so we now prove the following theorem (for a different proof, see
Theorem 4 in [2]):

Theorem 2.2.2. If L given as above is a positive linear functional with L(ey) = 1, then for
the bilinear functional

Tu(f,8) = L(f-8) = L(f)-L(g)
we have the inequality

/ /

mrl < |G| & imem,
where f,g,h € Cla,b] and I (t) # O for each t € [a, b].
Proof.
We may suppose that 1/(t) > 0, t € [a,b]. Let F := )%’ ,G = ‘% . Then all

four functions Fh £ f, Gh £ g are increasing. According to Chebyshev’s inequality,
we have

LI(Fh+ f) - (Gh+g)]
L{(Fh— f) - (Gh = g)]
Adding these two inequalities yields
L[(Fh+ f) - (Gh+g)] + L[(Fh — f) - (Gh — g)]
> L(Fh+f)-L(Gh+g)+ L(Fh— f)-L(Gh — g)
&= L(FGI* + Fgh+ Gfh + fg) + L(FGh* — Fgh — Gfh + fg)
> [L(Fh) + L(f)] - [L(Gh) + L(g)] + [L(Fh) — L(f)] - [L(Gh) — L(g)]
<= FG-L(W*)+F-L(gh) + G- L(fh) + L(fg) + FG - L(h?)
—F-L(gh) = G- L(fh) + L(fg)
> FG - [L(h)]* + L(Fh) - L(g) + L(f) - L(Gh) + L(f) - L(g) + FG - [L(h)}?
— L(Fh) - L(g) — L(f) - L(Gh) + L(f) - L(g)
<= 2-FG-L(K?)+2-L(f-g) >2-FG-[L(h)]>+2-L(f) - L(g)

L(Fh+ f)-L(Gh+g),

>
> L(Fh— f) - L(Gh — g).
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and dividing both sides by 2, we get
FG - [L(K*) = (Lh)*) > (Lf) - (Lg) — L(f - g)- (2.2.1)
Changing now g by —g in (2.2.1) yields
FG-[L(K*) = (Lh)*] > —(Lf) - (Lg) + L(f - 8- (222)
From (2.2.1) and (2.2.2) we derive
IL(f-g) = (Lf) - (Lg)| < FG - (L(h*) — (Lh)?),

ie.,
/

f g

nl<|f) |5

and this is the desired inequality. O

| Tu(h h)],

[ee]

o] ‘

2.2.2 (Pre-) Chebyshev-Griiss inequalities on compact intervals of the real
axis

For X = [a,b], we give a sligthly better result that improves Theorem 2.1.10, by
removing the constant v/2 in the arguments of the least concave majorants. This
proof was already presented in [100] (see Theorem 4.1. there). Again, the interest
is in the degree of non-multiplicativity of a positive linear operator H : Cla,b] —
Cla, b] reproducing constant functions. We state and prove the following:

Theorem 2.2.3. If f,¢ € Cla, b] and x € [a, b] is fixed, then the inequality

(8] < 3@ (F2y/H(e - 050 ) @ (2 /H@ -050)) - @29)

holds. The constant % is sharp, i.e., there exist non-trivial pairs of functions f and g, such
that equality holds.

Proof. Let f,¢ € Cla,b] and r,s € C!|a,b]. Just like in the proof of Theorem 2.1.10
(see proof of Theorem 2 in [2]), we use the Cauchy-Schwarz inequality for positive
linear functionals:

H(f;x)| < H(f ;%) < \/H(f5x0) - H(Lx) = \JH(f% ),

so we have
T(f,f;x) = H(f*x) = H(f;x)* > 0.

Thus T is a positive bilinear form on Cla, b]. Using Cauchy-Schwarz for T, we obtain

T(f, 0| < /T £0T(88%) < [flle - lIg -

As stated before, H : Cla, b] — Cla, b] is a positive linear operator that reproduces
constant functions, so that H(-; x), with fixed x € [a, b], is a positive linear functional
that can be represented as

A = [ FOdpalo),
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2 Univariate Chebyshev-Griiss Inequalities

where i, is a probability measure on [a,b], i.e., fab dux(t) = 1. The interest is in
finding an upper bound for the following:

IT(f,&x)| = IT(f =r+1,8—s+5x)|
<IT(f=rg=s)|+|T(f —r,5x)| +[T(r,g —5x)| +[T(r,sx)].

What is different from the proof of Theorem 2.1.10 is that we replace a part of the
proof with the following results. We first consider Theorem 4 from the same paper
[2]. Let the function & in this theorem be equal to e;. Then we can write

IT(r,s;)| < || || o - I || - 1T (1, €15 %)
and we know that
0 < T(ey,e1;x) = H(ep; x) — H(ey; x)*> < H((e1 — x)%; x).
This last inequality is true, because
H((e; —x)%x) = H(ep —2-e1 - x + x% x)
(e2;x) —2-x-H(ey; x) + x* - H(eg; x)
(e2;x) — H(el;x)2

H
H

v

is equivalent to
x> —2-x-H(ep;x) + H(e;;x)* = (x — H(e;x))? > 0.

We then get
IT(r,5%)| < ||| 8]l - H((e1 — x)% x).
For f —r € Cla,b] and g — s € C|a, b] we have

IT(f—r,g=52)| < [If =7l 1§ = Slleo-
Moreover, if f —r € Cla,b] and s € C![a, b], then

|IT(f —71,5x) < \/T(f—r,f—r;x) -T(s,s;x)
<NIF =l I8l - /H (1 = 2)%2)

and similarly, for r € C![a,b], ¢ — s € C[a, b], we obtain

7,8~ 50| < 7'l I8 — $lloo - \/H((e2 — 0)% ).

If we combine all these inequalities, we have
T, &) < f =7l I8 =Sl + 1f = 7lloo - [|8']] o - \/H((61 —x)%x)
7l 18 = sl - (/H((er = 2% 2) 4 [y - 15 - H((er = )%)

=17 =l {llg = sl + - B Cer = 0%

7 e =050 {lg = sl + - HlGer = 25) |
{17 =l t I H (G = 005) |

g =5l + 1 H(Ce =050}
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We now pass to the infimum with respect to each of r,s and we obtain the wanted
result:

T(f,&x)]
<K<\/H (e1 — x)%%), f;C°, C! K<\/H er — x)%x), g CY, c1>

fa) (f 2\/H ((e7 — x)? ));w (g;Z\/H((el—x)z;x)>
:ZLG) (f;z\/H((el—x) ) w g,Z\/H((el—x)z;x)>.

This ends our proof. O

The following two remarks and the example proving that inequality (2.2.3) is
sharp can also be found in [58].

Remark 2.2.4. Here the moduli of continuity are oscillations defined with respect
to functions f on the whole domain X = [a,b]. In order to improve some results,
we will later propose a new approach, in which the oscillations are related to the
support of the involved functional.

Remark 2.2.5. The inequality (2.2.3) is sharp in the sense that a positive linear opera-
tor reproducing constant and linear functions and functions f, g € Cla, b] exist such
that equality occurs.

Example 2.2.6. Consider f = g := e;. Then we have

w(f;t) = wley;t) = sup{lx —y[: [x —y[ <t} =1
Since w(f;-) is linear, we get w(f;-) = w(f;-). The left-hand side in Theorem 2.2.3
is
IT(f, & x)| = H(ez; x) — (H(er; x))?
and the right-hand side is

w(fz\/H er — x)2 > (2\/H er — x)2 )
<\/H er — x) x> — H((e1 — x)% %)

By choosing a positive linear operator H : C[a,b] — [a,b] such that Hey = ¢y and
Hep = e1, we get

H((e; — x)%x) = H(ep — 2xe; + x%; x)
(e2;x) — 2xH(ey; x) + x2 = H(ep; x) — &2

(e2;x) = (H(e1;x))?,

so we obtain equality between the two sides.

H
H
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2 Univariate Chebyshev-Griiss Inequalities

2.2.2.1 A Chebyshev-Griiss-type inequality involving differences T (e, e1)

In this subsection, we introduce some results already published in [57].
Next we will give a new upper bound for |T;(f, )| involving .

Theorem 2.2.7. If L : C[a, b] — R is a positive linear functional with L(ey) = 1, then for
f,g € Cla, b] we have

T < 5@ (2T ) @ (52 Tueren))

where w is the least concave majorant of the modulus of continuity, w, and

Ti(e1,e1) = L(ez) — [L(er)]*.

ep1—a e —a 1
T < Z
L(b—a'b—a) — 4’

with equality holding if and only if L = % - (€, + €), where ex(f) = f(x), x € {a, b}.

Moreover,

Proof. First we use the Cauchy-Schwarz inequality for positive linear functionals:

L(f) < L(If) < {/L(f2) - L(eo) = \/L(),

so we have
Ti(f, f) = L(f*) = L(f)* > 0,

for all f € Cla,b]. Hence, Ty, is a positive bilinear form on Cla, b]. Using Cauchy-
Schwarz for Ty, for all f, g € C[a, b] we get

ITe(f,8)] < \/TL(f/f) TL(8/8) < Iflleo - 18]l

For f, g € Cla, b] fixed and r,s € C![a, b] arbitrary, we decompose as follows:

\TL(f, &) = |TL(f —r+7,8 —s+53)]
<|To(f —r,8 = )| +|TL(f —71,8)| +|T(r,g —s)| + |TL(r,s)|.

Now f —r,g —s € Cla, b], so that
ITL(f =18 =) < IIf =7lleo - I8 =5l
For the second summand we have
ITL(f = 1,8)| < JTL(f =7, f = 1) - Ti(s,s)
<|f =7l -/ Tils/s)
<N =7lleo I8l -/ T(er e1),

where the last step follows from Theorem 2.2.2 with f = ¢ = sand h = e;. Likewise,

TL(r,g =) < llg = slloe - 7]l - / Tiler e0)-
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Finally,

|T(r,8)] < \/TL(r,r) Te(s,s) < |7 || - ||s]| - Teler en),
by taking f =7, ¢ =sand h = e; in Theorem 2.2.2. Hence,

ITL(f,8)]

<N =l 118 = Sllas +1F = 7l 15l - y/Teler, )
18 = slleo 17l -/ TeCensen) + 7]l - 115"l - TeCersen)
< (1 =l 17y Teteren)) - (U =Sl 4 1 Telerven) )

Passing to the infimum over r and s yields

Furthermore we have

n (s - ((5)) (=0 (520)
L) (=) (6=)
(3=2)-b-+(=)

since 0 < L (eb1_—a) < 1. Equality holds if and only if

e1—a _1
L(b—a>_2'

Clearly, if L <(gb1:;)2) =L (%) = %, then

ep1—a e;1—a _1
TL(b—a'b—a) 4

Assume now that the latter inequality holds and that

((5=2)) <2 (520)

IN

I
h

IA
N

Then
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2 Univariate Chebyshev-Griiss Inequalities

which is a contradiction. Thus
€1 —da 2 €1 —da
L((b_a>>:L(b_a>,or
2
e1—a e1—a _1
c(5=0) -] =
e1—a 1
L = -,
— (b—a> 2
Now, if L = 1 - (e, + €,), then
L e1—4a 2 L €1 —4a 2
b—a b—a
_1_1_1_]" ep—a e —a
2 4 4 b—a"b—a)’
If the latter inequality holds, then we saw above that

((=2)) e (=0),
(55 (50)) =

The function in the argument is strictly positive in (a,b). So the above inequality is
equivalent to L being supported by {a,b}, i.e.,

which is equivalent to

L=wa-e+(1—a)-eyp,

for some a € [0, 1]. On the other hand,

((=0)) -1 (=0 ~a-n- 4
1

andsoa = 1 and L = 1 - (&, + €3). This concludes the proof. O

Example 2.2.8. If the functional L : C[a,b] — R is again given by

L = 5 [ f

then the inequality in Theorem 2.2.7 holds with

1 v, 1 b 2 (b—a)?
TL(@l,E])—ml xdx_m <A .xd.x) — 12 .

46
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This means that

e st s [ [ scons
—a

cLa(25) o
=< }L-&; (f;b\;;> ‘@ <g;b_\/;> f,8 € Cla,b].

If f is absolutely continuous with f’ € Le([a, b]), then for any difference | f(x) — f(y)|, y <
x, figuring in the definition of w(f; f) we observe that

F(x) - f3)] = ] [ = [ roa

= ’/y f’(t)dt' g/y |f/(t)] dt
< Hf/HLm([a,b]) (x—y)
< 1 ey

As a consequence, for any expression figuring in the sup defining w(f;t) we have,
forx <y,

(t—x) w(f;y) +y—t) w(f;x)

y—x
_ (t=2) N oy Y+ =8 N f e (ap)) - X
y—x

= 1f"ll o o)

So, for f',¢’ € L ([a, b]) we obtain

1Y
1 4(b—a)?

< 1A e gl
(b—a)?

s

Hence our result from Theorem 2.2.7 is best possible since we rediscovered the

Chebyshev-Griiss inequality for the integration functional in which the constant

(bzzu " is best possible.

We will now give an immediate corollary of Theorem 2.2.7 (see Corollary 5.1. in
[57]) in which we replace the second moments H((e; — x)?; x) in Theorem 2.2.3 by
the smaller quantity H(eo; x) — H(ey; x)?, proving that the choice involving second
moments is not the ideal one. Nevertheless, the order of approximation is as bad as
in inequality (2.1.4) (see the application for the Hermite-Fejér interpolation opera-
tor).
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2 Univariate Chebyshev-Griiss Inequalities

Corollary 2.2.9. If H : Cla,b] — Cla,b] is a positive linear operator which reproduces
constant functions, then for f,g € Cla,b] and x € [a, b] fixed we have the inequalities:

IT(f, &) = [H(f - g x) — H(f;x) - H(g; x)|
< L @ <f;2- \/H(ey_;x) —H(el;x)2> ., (g;Z- \/H(ez;x) —H(el;x)z)

fi2-\/H((er x)Z;x)) @ (f;z- VH((er — x)2;x)> .

<@

AR

Proof. Clearly

T(ey,e1;x) = H(ex; x) — H(el;x)2
< H(ep;x) —2-x-H(ey; x) + x> - H(eg; x)
= H((ey — x)z;x),

and the statement in the corollary follows from the monotonicity of w with respect
to the real variable. O

Remark 2.2.10. If H reproduces linear functions, we have no improvement of Theo-
rem 2.2.3. If on the other hand H(ej; x) # x, then the inequality in Corollary 2.2.9 is
a better estimate. We will apply the above corollary to some positive operators that
don’t reproduce linear functions, like the classical Hermite-Fejér, the quasi and the
almost Hermite-Fejér interpolation operators, convolution operators and the BLaC
operator.

2.2.3 Applications for (positive) linear operators

2.2.3.1 Bernstein operators

By letting H = B,, in Theorem 2.2.3, the improved Chebyshev-Griiss inequality for
the Bernstein operator looks as follows:

Theorem 2.2.11. For two functions f,g € C[0,1] and x € [0, 1] fixed we have

|Bu(f - 8)(x) — Buf(x) - Bug(x)]

Bu(
Si-@<f;2-\/x(1ni_x)>‘@<g;2‘ x(1n—x)>, (2.2.4)

which implies

1 - 1 - 1
B 8)0) = Buf() - Bus()| < -0 (£ )@ (9 =) @29)
The above application for the Bernstein operator was already given as a remark
in [100] (see Remark 5.1). The following remark can also be found in [58].

Remark 2.2.12. In equation (2.2.4), the right-hand side depends on x and vanishes
when x — 0 or x — 1. The maximum value of it, as a function of x, is attained
for x = %, as (2.2.5) illustrates. On the other hand, we observe that in (2.2.4) the
oscillations, expressed in terms of @, are relative to the whole interval [0, 1].
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2.2.3.2 King operators

Theorem 2.2.13. If we take H = V,, in Theorem 2.2.3, then we obtain the following result.

Va(fgx) = Vu(f;x) V(g x)|

gl <f 20/ Val(e1 — x)>-@(g;z\/vn((el—x)z;x)>,

where in the general case the second moment of the V,, operator is given by:

n(x) +n—1

n n

_ %rn(x)[l — ()] + [ra(x) = 2%

for0 < r,(x) <1land f,g € C[0,1] continuous functions.

The following result and the remark that follows were already given in [58].

Vi((e1 —x)%x) = (rn(%))? — 2x7, (x) + %

Theorem 2.2.14. If we consider the operator V,;, that reproduces not only constant func-
tions but also ey, we obtain the inequality

IT(f,80)| = Vi (f&x) = Vi, (f0) Vyy (&5 %)

gi.(;;(f,-z\/v;((el—x) ) $:2y/ Vi ((e1 — x)? ))
:i <f 2\/2x (x = Vyi(e; x )))‘(D<g;2\/2x(x—VJ(e1;x)))

for H(ey; x) = Vi (e1; x) = r;i(x) and two functions f,g € C[0,1].

Remark 2.2.15. In this case, one can see that the order of approximation of V,(f;x)
is as good as that of the Bernstein polynomials, so the order of approximation of

the Chebyshev-Griiss inequality for V; is also as good as in the case of using the
Bernstein operator.

If we consider 7" and the minimal second moment, we get the following results.

Theorem 2.2.16. The following Chebyshev-Griiss inequalities for the case of H = Vmin,
the positive linear operator that only reproduces constant functions and has minimal second
moments, are given as follows:

IT(f,&2)| = [V (fgix) = V™ (f; %) V™™ (5.2) |
< }L (f 2,/ Vimin((ey — x)%x) ) - @ (g;z\/V$i“((el - x)z;x)>

IN

(f 2\/ x(1—x) ])'@<g;2\/ﬁ[x(1—x)—ﬁ]> forx € [£,
(f,2(1—x)) w (g2 (1—x)) forx e [1—
for two functions f, g € C[0,1].

»N»—l »-N»—l »MH
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2 Univariate Chebyshev-Griiss Inequalities

2.2.3.3 Hermite-Fejér operators
For H = Hj,_1 in Theorem 2.2.3, we get a slightly improved inequality.
Theorem 2.2.17. If f,¢g € C[—1,1] and x € [—1,1] is fixed, then the inequality

(5] < 3@ (i = 110 ) @ (8= 1T )
holds.

By replacing the second moments by a smaller quantity, we obtain a new Chebyshev-
Griiss inequality, that was previously given in [57]. We are applying Corollary 2.2.9
to our operator.

To that end, it was shown in DeVore’s book ( [31], p.43) that for x € [—1,1] the
following holds:

Haualer — x50 = |- (1) - Tu() - Th(a) — - T3(x)
— @) | (1) T 3 T(x)
= )] [n ! (1= 2) - sin(n - arccos(x)) - \/11_7 4 x - cos(n - arccos(x))
_ % |Ta(x)] [T =2 sin(n - arccos(x)) + x - cos(n - arccos(x))
_ % | Tu(x)]| - |sin(arccos(x)) - sin(n - arccos(x)) + cos(arccos(x)) - cos( - arccos(x)))|
= - ITa(®)] - cos((n — 1) -arccos(x)|
= T T ()]
Hence
(F (o1~ ) = 5 T2y (x) - TA()
So we have
T(ex,e1;%) = Han 1((er = 0)%5x) = [Han 1 (o1 = ) = 1 Tox) = - T3() - T (v)
— T 1 TR

and we arrive at the following result.

Theorem 2.2.18. For the Hermite-Fejér operator, we have

|Hon—1(f - &%) — Hon—1(f;x) - Hau-1(g x)]|

< }L.g, (f;jﬁ | To(x)] - \/1— i-T,f_l(x)> @ (g;;ﬁ T ()] - \/1— i-Ti_l(X)) :

This improves inequality (2.1.4).
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2.2.3.4 Quasi-Hermite-Fejér interpolation operator

If we take H = Q,, in Theorem 2.2.3, we have

Theorem 2.2.19. The inequality
(8] < 3@ (£2/Quller =259 ) @ (g12y/Quller — 050 )

i o= 38 o oo 23]

< 3@ (f V12 n(x)|)-cv(;m-|un<x>|> 226)

~—

vn+1 vn+1
holds, for f,¢ € C[—1,1] and x € [-1,1].

A pre-Chebyshev-Griiss inequality for this operator can also be given. Applying
our interpolation operator to inequality (2.1.3), we get the following result:

Theorem 2.2.20. The pre-Chebyshev-Griiss inequality

WU@WHS%mmﬂﬂu%ﬂg4QMﬁ—ﬂwwwﬂuiﬂﬁM%WrﬂM@H
holds.

Proof. We need to estimate the first absolute moments for this operator. This is given
by

)= 1o T e Ll X e
Qﬂ(|el_x|/x)_’ 1 x‘ 2( _|_1) U( )+‘1 x| 2(n+1)2 un(x)
" 1—2x,-x) u(@)z
— x| (1=«2 ( v ( n
+U;1\Xv x| -(1=x7) (n+1)2 X — Xy
=:A+B+C.
We first estimate the sum denoted by C.
n
C::(l—xz)Z]xv—x|-hv(x)
v=1
n
= (1—x?) Y Wo(x)
v=1
j—1 n
=(1-x Y Wol(x) +Wi(x) + ) Wo(x)
v=1 v=j+1

=: (1—3()-(11—1—[2—1—[3).
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For1 < v < n,wehave

(1—xy-x) - Ui(x)
(n+1)2 (x — xy)?2

hy(x) =

(1 —x%) - Ui(x) x - Ui(x)
T2 —x) A 12(x =)

so that we get

Wo(x) = |x0 — x| - Bo(x)
(1-x)Uz(x) XUz (x)
(m+1)2(x —x)2  (n+1)2(x — xp)
(1-x)Up(x) | |x[Uz(x)
T (n+1)2?|x—x] (mn+1)2°

= |x, — x| -

Because the following estimation

(-2 _VI—2W(x)r 1

(n+D]x—m]_ n+1)2  6-6,
holds, we obtain
VI— 2 (x)r I3
L+1< 5
(n+1)2 21]9 6, | U;rl\f) 6, |

| x| U7 (x)
—-1)——+4.
+(n=1) (n+1)2

In order to estimate the above accolade, we need two cases.

The "left case" implies §;_; < 6 < 6j,for1 <j<nandv <j—1(v =j—i). Then
we have

0 — 0, > (6;_1— 6) + (@—@4)

S (2i-1m .
= 2(n+1)
Forv > j+1(v =j+1i), we get
T
90_929'0_9]:”_'_1'11
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so in the "left case" we obtain

2(n+ 1)1~ [1+ln(2] 3)+ = (n(n—j)—kl)}

<2(n+1)m! B—i—ln( >

In the "right case", we obtain analogously

E L

vl|0—Gv] +1|9 6|
L om+1 Y|
Y ¢y Al
v=1 v:j-i-l(z_ )

-1 _
:2(n+1)7t_1-] i%—nZ:] L ]
=20 i 20-1

<2(n+1)r ! B—Hn <\1ﬁn>] :

Taking the results for the two cases together, one gets

V1 —x2U2(x) 1 |x| U2 (x)
< 7 — had o (ANt
L+ 13 < P <3+2h’1<\/§>7’l>+ w1

For I, we have

(1—x-x)Uz(x)
(n+1)%(x — xj)?
= ‘cosﬂ—cos@]-h < |6; - 6]

L = Wj(x) = |xj — x| -

< m |cos(n + 1)6

2n+1) | Tay1(x)],

]' .
for x; = cos <n+l7r),l <j<n.
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2 Univariate Chebyshev-Griiss Inequalities

So, for n > 1 we have:

V1 —x2U2(x) 1 x| U2(x)
h+bh+ < — 22 (342In|—- e
1t s ey < * n<ﬁ n>>+ n+1
T

2+ 1) | T1(x)]
V1 —x2U2(x) 1 V1 —x2U2(x)
S TaEn (2”1“(@”)) T

2
+ ’x;ﬁ?(ﬁ) + z(ni 1) (Unt1(x) + |x[ - Un(x))

< \szcl)y [m (2+21n<\}§~n>> +2+7ﬂ
< 41U ()] [\/7362 lnn—I—l]

n—+1
< 101n(n+1)’
- n+1

+

and from here it follows:

1—x2)-10In(n +1)
n+1

C<(

Then the first absolute value of our operator is

Qn(|€1—X|;X)§(1—x2)-{(u'%<x) OOl (i 1)

+1)2 n+1
<(1-x)- |ui1 (1+4(VI—2-Inn+1))
<10(1—x)]lln( )|ln(n+1)
- n+1

By putting this first absolute moment into the above given formula, we get a pre-
Chebyshev-Griiss inequality. O

The last result we give here is meaning to give an improvement, by replacing the
second moment in inequality (2.2.6) by something smaller.
We need the quantity

T(e1,e1;%) := Qu((e1 — x)% x) — [Qu(er — x;x)]?
Up(x)  (1-—x%)?

= (1_x2)' n4+1 - (1’1—|—1)2 u%(x) [Tn-i-l(x)_x'un(x)]z
2 _ 42
— e 1= 35T M -5 b

< e 1= 2 ) - x w0

so we get
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Theorem 2.2.21. If we take H = Q,, in Corollary 2.2.9, we have
T(f, &2 = 1Qu(f - &%) = Qu(f;%) - Qulg; %)

<@ ( i I >|-\/ ij(THl(x)x-un(xW)

1—x2

~ 2
w (g?m |[Un(x)] - \/1 - m(TnH(x) x-un(x))2> :

2.2.3.5 Almost-Hermite-Fejér operator

1.1
If we take H = Pl(,é;,n 1) in Theorem 2.2.3, we have
Theorem 2.2.22. For two functions f,g € C[—1,1], we have

T(f 0| < 3@ (f;?-ﬁf,é;n”((m—x)%x)) (g, /el ”((a—x)%x))

e e
= 4@ (f;zv 2(1 ?/’% |w(x)‘> & <g;2V 201 ?/’3% ‘w(x)’> . (2.2.7)

We also present a pre-Chebyshev-Griiss inequality for this operator, by applying
our interpolation operator to inequality (2.1.3).

Theorem 2.2.23. We have the following pre-Chebyshev-Griiss inequality
IT(f, &)
< 1 4 F( ’7%> - . . P 41:(%’7%) - .
5 min o [flle- @ von  (ler=x[5%) ) lIglles - @ { fi4F g, ™ (Jer —x]5x)
<1m1n Hf” 1+\/1—x2-lnn || H & f.4c].+\/]_—x2.lnn
o W 18 lleo ’ n+1 /
for f,g € C[—1,1] and x € [—1,1] fixed.

We now replace the second moment in inequality (2.2.7) by a smaller quantity.
We have

_2(1-x) w(x)? _ (-2 wi(x) 2(1—x%) - @' (x) + 2nx — 1) - w(x)]?

3n (2n +1)
:W. 2n+1—x 1+2.ixk>]
k=1
02 w2 (x
_ (1 (2n>+ 1)4( ).[2(]—3(2) w/(x)+(2nx_1) w(x)]Z
— . 2 " B
:W.{Zn+1_x.<1+z. k;m_M[Za_xz)w,(x)+(2nx_1),w(x)]2}
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2 Univariate Chebyshev-Griiss Inequalities

in order to give a better result in comparison with (2.2.7). Putting

h::2n—|—1—x-(1+2-ixk) 1-x 2(1 — x®)w'(x) + (2nx — 1) - w(x)]?,

= C (2n+1)2

we arrive at the following result from the next theorem, since / is positive.

1.1
Theorem 2.2.24. By taking H = Fl(’é;'n ) in Corollary 2.2.9, the following inequality
1.1 1.1 1.1
T = [Fi D g - B ) B Y )
1o (2 w(x) ~ (.2 [wx)]
< = PRl Lk Nl B —x)-h)- Pl b Sl o —x)-
< 4@ (f, il (1—-x)-h)-w|g (1—x)-h

holds.

2.2.3.6 Convolution-type operators

In this section we take into account different degrees m(n), different convolution
operators and Chebyshev-Griiss inequalities, respectively.
We now state the following results, already published in [100].

Theorem 2.2.25. If we consider f,g € C[—1,1] and the convolution operator of degree
n — 1 with the Fejér-Korovkin kernel in Theorem 2.2.3, we have

IT(f, & x)| = |Gn-1(f - &%) = Gp-1(f5 %) - Gu-1(8 %)
g <f;n4+nl) @ <g’ n4—|7—Tl>
(@ () -ale3))

Theorem 2.2.26. If we consider the convolution operator of degree 2n — 2 with the Jackson
kernel in Theorem 2.2.3, we have

IT(f, & x)| = [Gan—2(f - §x) — Gon—2(f; x) - Gan—2(&; x)]|

< 3@ (f;2f> @ <g;2‘n/§>
ofe(s2)=(e3)

Theorem 2.2.27. If we consider the convolution operator of degree n with the de La Vallée
Poussin kernel in Theorem 2.2.3, we get

IT(f, &%) = [Gu(f - & x) = Gu(f;x) - Gu(g; x)]
<1 f 2\f & . 2\/§
4 vn+1 & vn+1

o (e(r) =(e)
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2.2 Main results

This theorem can be slightly improved, if we consider the smaller quantity with
respect to the second moment

T(ey, e1;x) = Gu((e1 — x)%x) — (Guler; x) — x)?
< 2 e
“n+1 (n+1)%

Taking this into account, we give the following Chebyshev-Griiss inequality for the
convolution operator with de La Vallée Poussin kernel:

Theorem 2.2.28. If we consider the convolution operator with the de La Vallée Poussin
kernel and apply Corollary 2.2.9 to it, we have

IT(f, & x)| = Gu(f - &%) — Gu(f; %) - Gu(g X))

< 411&7 (f;2- \/T(e1,el;x)> ") (g,'Z- \/T(el,el;x))
V2- 21\ V2 - 2
< 411&7 (fzz\/ﬁ—{l) W (g;Z-\/ﬁf) .

The above theorem was already introduced in [57]. The next remark can also be
found in [100].

Remark 2.2.29. As we can see, the best degrees of approximation are obtained when
dealing with the Chebyshev-Griiss inequality for convolution operators in the cases
of Fejér-Korovkin and Jackson kernels.

2.2.3.7 S, - piecewise linear interpolation operator

In order to obtain a classical Chebyshev-Griiss inequality using Ss,, we need the
second moment of the operator. We have seen in Section 1.2.10 that the following
relationship for the second moments holds:

1
2
Sa, (e1 —xep)™(x) < ot
The proof of the previous inequality and the theorem that is given in the sequel
have also already been introduced in [58].
By putting H = S,, in Theorem 2.2.3, the Chebyshev-Griiss inequality for S, is
given by the following result.

Theorem 2.2.30. If f,g € C[0,1] and x € [0,1] is fixed, then the inequality

(5501 < 3@ (1325, ((er = 0% ) @ (52 /S, (e~ 2%5))

(1) (e}

N

<

holds.
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2 Univariate Chebyshev-Griiss Inequalities

2.2.3.8 The BLaC operator

All of the results from this subsection were already published in [101].
If we take H = BL,, in Theorem 2.2.3, we obtain the following result:

Theorem 2.2.31. For f,g € C[0,1] and x € [0,1] fixed, the following inequality
IT(f, &%)l

< %ay (f;Z\/BLn<(€1 - x)z;x)> F W (g;2\/BLn((81 - X)Z;X)>
<33 (figr) @ (s5)

We can also give a pre-Chebyshev-Griiss inequality, using equation (2.1.3) (see
Theorem 6.1 in [100]).

holds.

Theorem 2.2.32. Let f, g € C[0,1]. Then the inequality

00
< L min{||Fllu @ (g4 - BLu(Jer — x155)), gl @ (- BLo(les — x]:))}
< gmin {17103 (5135 ) sl @ (figis )

holds.

An improved Chebyshev-Griiss inequality for the BLaC operator will now be
given. In a recent paper [57] we proved that replacing the second moments H((e; —
x)?; x) in Theorem 2.2.3 by the smaller quantity H(es; x) — H(ey; x)? is sometimes a
better choice. For the BLaC operator considered in Corollary 2.2.9, the situation is
as follows:

We want to estimate the quantity

T(ey,e1;x) := BLy((e; — x)%x) — [BLy (e — x; x))?

1
< o — [BLy(eq x;x)]z,

for all x € [0,1].

Suppose x € [2%, kj%), fork € {0,...,2" — 1}. This only leaves out the case x = 1,
when we get BL,(e; — 1;1) = 0. We distinguish between two cases:

Case1l: x € [%, k;f),fork €0,...,2"—1.

1. First we treat the case k = 0. We have:
BLy(er —x;x) = (14 —x) - "4 (x) + (175 — x) - 95 (x)

n
x(1—A4)
24
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2.2 Main results

so we get
1
T(e1,e1;x) < T [BL,(e; — x; x)]?
1 [x(1-4)7
-2 2-A
—L-l— 2n'x'(1_A) ?
- 2-A
r 2
_ 1 1 (A(x) +A+2k)(1-24)
-2 4-A ’
L (*)

where we denote A(x) := 2""lx — 2k — A. We need the quantity (*) to be
positive. This is the case when 0 < A < 1and x € (0, 4 ), because

o
A(x)+A+2k #0
& A(x) #—-A—2k
Sx#£0

In the sequel we apply Corollary 2.2.9 to our BLaC operator and we obtain the
following result.

Theorem 2.2.33. For f,g € C[0,1] and x € [0, 2%), we have the inequality

2
IT(f, g x)| < }1‘7’ <f;2. J 2% [1_ ((A(x)+A£:A2k)(1—A)> D

[ 1 (A(x) + A+2k)(1—A)\?
-w(g,Z-JZZIqF( 1A )])

This is an estimate better than the one in Theorem 2.2.31 for 0 < A < 1 and x # 0.

2. For1 <k < 2" —1, we have:
1 (1-4)

BL,(e1 —x;x) = =y [2(2"x — k) — 4]
BLu((e1 — )% x) = (iq — 2)* - @}y + (1 — %)% - 9 (%)
1
S ﬁ/
so we get
1
T(ey,e1;x) < T [BL,(e; — x; x)]?
1 1 [1=A)[202" x—k) — 4]
= 92n  22n+2 A
2
_ 1 Alx)-(1-4)
o2 2-A
N———
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2 Univariate Chebyshev-Griiss Inequalities

where we denote A(x) := 2"tlx — 2k — A. We need the quantity (**) to be

positive. This is the case when 0 < A < 1 and x # £ %, because
A(x) #0
&2y —2k—A£0
2k + A
X 7& on+1 °

We apply Corollary2.2.9 to our BLaC operator to obtain the following

Theorem 2.2.34. For f,g € C[0,1] and x € [zkkzﬂ) withk € {1,...,2" -1},

we have the inequality

(50| < L (f;z- J 1 [1_ (A0-0-0)) D
~ | o 1 A(x)-(1-20)\?
e )

1.
This is an estimate better than the one in Theorem 2.2.31 for x # 2% + 22,? and

W~ |

0<A<.
Case2: x € [kzﬁA, k;;l), fork€0,...,2" —1. We have:
BLu(er —x;x) = (x — 1) - ¢ (%)
202"x —k) —A—1
- 2n+1
BLu((e1 — x)%x) = (x — 7{)* - 9} (x)
1
S ﬁ/
so we get
1
T(ey,e1;x) < T [BL,(e; — x; x)]?
1 1

2
< oo~ mira  LAK) — 1]

2
1 1— A(x)—1

_2%
———

(k)

where we denote A(x) := 2"*1x — 2k — A. We need the quantity (x * *) to be posi-

1,
tive. This is the case when x # % + 2 g;* A), because
Ax) #1
2y —2k—A#£1
2k+A+1
x 7é 2n+1

Applying Corollary 2.2.9 to the BLaC operator gives
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2.2 Main results

Theorem 2.2.35. For f,g € C[0,1] and x € [k;ﬁ‘, kztl) with k € {0,...,2" — 1}, we
have the inequality

2
IT(f,&x)| < }L& (f;z- J 2% [1 _ <A(’2—1> D
ol -)])

1
This is an estimate better than the one in Theorem 2.2.31 for x # £ + 7'(? ),

2.2.4 (Pre-) Chebyshev-Griiss inequalities on compact metric spaces

In [100] (see Theorem 3.1.) the following was shown, in order to generalize Theorem
2.1.10 in the case of a compact metric space (see Remark 2.1.11).

Theorem 2.2.36. If f, g € C(X), where (X, d) is a compact metric space, and x € X, then
the inequality

T, g50] < 3@ (b /HER x5 ) - @3 (g HEEC0i0))

holds, where H(d?(-,x); x) is the second moment of the positive linear operator H, which
reproduces constant functions.

Proof. Let f,g € Cla,b] and r,s € Lip;. We use the Cauchy-Schwarz inequality for
positive linear functionals:

H(f;2)] < H(If ;%) < \JH(fx) - H(Lx) = H(f% ),
so we have
T(f,f;x) = H(f*x) = H(f;x)* > 0.

Hence T is a positive bilinear form on C(X). Using the Cauchy-Schwarz inequality
for T gives us

IT(f,8x)| < \/T(f/f;X) "T(8,8%) < [Ifllo - 18leo -

Because H : C(X) — C(X) is a positive linear operator reproducing constant func-
tions, H(f; x), with fixed x € X, is a positive linear functional that we can represent
as follows

H(fix) o= [ f(0dns(t),

where ji, is a Borel probability measure on X, i.e., f X dpy(t) = 1. For r as above, we

61



2 Univariate Chebyshev-Griiss Inequalities

have

T(r,r;x) = H(r*;x) — H(r; x)* = /sz(t)dﬂx(t) — (/X r(u)dyx(u)>2

SIACC / i) et

= [ (0w = an)) anty

< [ ([ o=y dux<u>)dyx<t>

<Irity, [ (i) it

< ety [, (100004 e 0 s o)) 1)

- r\%ipl//{dztx +2-d(t x) - d(x, 1) + d2(x,u) Y dpg (1) (£)

”|sz [/dztxdyx —|—2// (t,x) - d(x,u)dpy(u)dp(t +/d2xudyx()}
= Irf,, [ ,x);x +z</ d(t,x)dyx(t)) : (/Xd(u,x)dyx(u)> —|—H(d2(-,x);x)]

= |12, [H ;%) + 2H(d(, x); x) - H(d(, x);x) + H(d(, x); )]
= (]2, [2H(d(, x); x) + 2H(d(-, x); x)’]
< [r[7sy, [2H( x) +2H(d* (-, x); x)]

_4’7|sz] (dz(/ ); )

For r,s as above, we have the estimate

|T(r,s;x)] < \/T(r,r;x) T(s,8x) < 4r|pp, - [5]Lip, -H(d?(-,x); x).

Moreover, for f € C(X) and s € Lip, the inequality

T(f,52)] < T, £2) - T(s,5%) < 2l I8l - /H@(x);)

holds. Similarly, if » € Lip; and g € C(X), we have

T(rg:x) < \/T(r %) - T(8,8%) < 28l Irlisy, - \/H@ (- %); %),
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Now let f, g € C(X) be fixed and r, s € Lip; arbitrary. Then

IT(f. & x)]
=|T(f—r+r,g—s+s;x)]
< |T(f —r,g—50)| + |T(f = r,5:2) | + [T(r,g — ;)| + [ T(r, )]

<f =7llao - g = slloo + 21 = 7lles - [8]Lip, -/ H(d2(+, x); %)

28 = Sl 7l /HEEC,0)52) + 41l 5]y, - H@(, )5 %)
=17 =l { g = sl + 21sly, - /HEC,000) |

20, HEC,0:0) g = s+ 2l - /H@C 00
{1 =l + 21l v @00

-{||g—s|roo+2|s|upl H<d2<-,x>;x>}.

We now pass to the infimum over r and s, respectively, which leads us to

IT(f, 8 x)|
<K < 4H(d2(-,x);x),f;C(X),Lip1> -K < 4H(d2(-,x);x),g;C(X),Lim)
= %&7 (f;2- 4H(d2(-,x);x)> . %cﬁ (g;z- 4H(d2(-,x);x)>

= 411&7 (f,-4 H(dz(-,x);x)) W | g4 H(dZ(-,x);x)>.

This ends our proof. O

Similar to relation (2.1.3), we can also give a pre-Chebyshev-Griiss inequality in a
compact metric space. We then apply it to the special case of the CBS operator based
on n + 1 equidistant points.

Theorem 2.2.37. Let X = [0,1] be a compact metric space, endowed with the metric

d(s,t) := |s—t|, for s,t € X. For two given functions f,g € C(X) and x,y € X
fixed, the inequality

IT(f, g %)
< %min{l\flloo@ (g:4H(ler — x];x)); I8l @a (f4H(Jer — x[; %))}

holds.

Because this inequality will be applied only to the CBS operator, we will give a
proof for it there.
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2 Univariate Chebyshev-Griiss Inequalities

2.2.5 Applications for (positive) linear operators
2.2.5.1 Shepard-type operators

Let H := S}, in Theorem 2.2.36. Then we have the following main result, previously
published in [100] (see Theorem 3.4. there):

Theorem 2.2.38. Let f,g € C(X) be two given functions. Then the inequality

2—pu
IT(f,&x)| < waz <f4 ZM) ( ZM)

holds, for x & {x1,...,xn}. For x = x;, |T(f, g x)| = 0.

Proof. If we substitute the CBS operator Sﬁ,‘ in the result of Theorem 2.2.36, the fol-
lowing inequality

IT(f, &%) = [Sh(f-gx)—Sh(f;x)-Sh(gx)|

< 411 <f 4W> - Wy (&M/W)

holds. The second moment of the CBS-operator was given by equation (1.2.4). We
then get the claimed result and this ends our proof. O

Remark 2.2.39. 1t is also possible to apply the Chebyshev-Griiss inequality for the
CBS operator defined on X = [a, b].

We now try to find a pre-Chebyshev-Griiss inequality for the CBS operator. For
this we consider the second special case of the CBS operator, just like it was given in
(1.2.5).

Taking H := S" ne1 0 Theorem 2.2.37 to be the CBS operator based on n + 1
equidistant points x; = 111 for0<i<mand1l < pu <2, we get:

Theorem 2.2.40. (see Theorem 6.1. in [100]) Let f, g € C|0, 1. Then the inequality

IT(f, g %)
< %min{l\flloo@ (8:4S) .1 (ler — x| ;%)) ;|8 |0 @a (5481 (Jler — x[ ;%)) }

holds.

Proof. We want to estimate

T(f &) = [Shir (f - &5%) = Shy (fix) - Shya (g5%)] -

For two fixed functions f,g € C[0,1] and an arbitrary s € C![0,1], we have

IT(f,&x)| =|T(f,g§ —s+sx)| <|T(f,g—s;x)| +|T(f,8x)]. (2.2.8)
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First, if we have f € C[0,1] and s € C![0, 1], we continue with

T(f,s:x)] }Snﬂf-sx) n+1(f'x> n+1(5'x)|
=[S (f(s = S} (5)))]
s,i’ﬂt(f(t)(() s(x) +5(x) = )1 (5:%)); )
< [ fllo - Shiaa(5(5) = s()] + [s(x) = S}y (5:3) ;)
S U flleo - Suaa (sl - lex = x| {15l - S (len = x]5x);%)

=2 ||fHoo ) HS Hoo ) l/l-|-1(|e1 |;X).

If we now use this result in (2.2.8), we get

IT(f182)] < 1 flleo I8 = 5lleo + 2 1 flloo * [I8"ll o0 - Ssa (lex — x[3 %)
= [ flleo {llg = slleo + 2 [[s"[[ o - Shsa (ler — x[52)}-

Passing to the infimum over s € C![0, 1], it follows

IT(F,8)] < fll K(2+ S}y (Jer — 205x),8C10,1],C"[0,1)
= 2 Ul @i (4 Shy(ler = x|5)

The same estimate holds if we interchange f and g. Putting both inequalities to-
gether, we get the result we were looking for. O

In the above result, the first absolute moment of the CBS operator appears, which
can be represented by

,x & {x0, ..., xn}

, otherwise.

55+1(\€1 —x|;x) = { =0 1"
0

The idea is to further estimate this quantity. For that, we use an idea from [44] (see
proof of Theorem 4.3).

We distinguish three important cases for different values of y.
The first case is = 1. The first absolute moment of the CBS operator becomes

"ot L, x & {x0,..., %}
S84 (Je — x]3) = {0 SRR

, otherwise

-1
_J(n+1) (2?_0‘;”) ,x & {x0,..., xn}

0 , otherwise.
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Let now [y be defined by %0 <x< I(’TH Then we have

1 i 1 i
n+1 IZ(:)‘X_Z Zn+1 Z:lo+1 IE lo

lp+2 n—Ilp+1
> " {/0 1dx / ' 1dx}
n+1 |1 X 1

- nilln((lo—f—Z)-(n—lo—i—l))

n
> .In(2n+2
n+1 n(2n+2),

and the first absolute moment is then

n+1
S, —x|;x) < —————,
wer(ler = x[32) < n-In(2n +2)

for x & {xg,...,x,}. In the end we get
IT(f, & x)|
1 . — 4(n+1) 4(n+1)
< = ) P S L _ xR
—2mm{Hf“°° v (g'n-ln(Zn—l—Z)) I8lle -0z (f n-In (2 +2)
For the other two cases we will consider, first let [y be defined by

= min{

Then for the case x & {xo,...,x,}, we have

lo
x_i
n

x—l‘:Oglgn}.
n

n
x — x| Y x =]
i=0

le1 — x| ;x) <

n+1(

| /\

i<ly i>ly

< 4. =

< -+ {kgo<2+k> + Z < ) }
with 0 < Iy < n. Either of the two last sums may be empty. Estimating the result in
the accolades from above, we get

1 1\2-H
+1. [2%’+2y () } forl<p<2

P ; (2.2.9)
n+1(|1 | ) {111 [4+2 h'l( _|_1)] ,fory:2

For1 < p < 2, we obtain

IT(f, & x)|
< %min{llf\!w-@ (8:4S) .1 (Jlet = x[5%)) , 18]l - @a (f54S) 44 (Jler — x[;x)) }
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where the first absolute moment can be estimated from above as in (2.2.9). For
i = 2 we obtain

IT(f, ;%)
< ymin {17l -@ (o

2 -In(n+1 — 2 ‘In(n+4+1
0+38 n( + )),Hglloo-wd (f; 0+8 n( + ))}

These cases and the inequalities that arise were already discussed in [100].

One can also obtain results for 4 > 2. This was done by G. Somorjai [106] (see
also J. Szabados [111] for u > 4). If we take in [106] the positive linear operators
defined there L, := S/ ;, x; := L and f € C[0,1] such that f(t) = |t — x|, then the
we need to estimate the first absolute moment Ly (|e; — x|;x) := S, (|e1 — x|; x),
for « := p > 0 a real number in the cited article, 0 < x < 1,n = 1,2,.... What we
want is to estimate

n [x—% |H4
Sty (jen = x|37) = { H0 T o]
0 , otherwise,

,forx & {xo,...,x,}

for u > 2. The method used here is similar to the one in [44]. Let [y be defined by
|x — xj,| = min{|x —x;| : 0 <[ < m}.

Then for x ¢ {xo,...,xn},

n 1— 1 n 1—
Y= —; . <=t )l —x
i=0 Y |x— x| i=0
1= ;l;éi| d
holds, because we have
1 1
< — = |x—x|".
i |x — x| | — 20, | 7" '
1=0
Fori = Iy we get
1

‘x_xlo‘y"x_xloyliy = x_xlo‘ < -,

S

so [x — xp, " < (1)". From this we obtain

1—u u
X — Xj 1 1 _ _
— 5n+<n> '{Zix—xz'll D MEEE ”}

z ‘x — xl‘iy i<ly i>ly
1=0;l#i

n

I

1 1 U lp—1 3 n 3
:+<> . Z|X—xi|1 H+ Z |x_xi|1 M
i=0

i=lp+1

1) (2)

67



2 Univariate Chebyshev-Griiss Inequalities

For the sum (2) we have

because

N T N AN RS AN
k;)kJr% _,§]<k+1) _k;)(k) —

The first sum (1) can be written as follows:

lo—1

b 7k 1\ 1 *
2 ]x—xifliy < 2 (+2>
i=0 k=1 \" n

From both sums (1) and (2) we get
)G R R G
—+(=) (=) - ~+k)  + ~+k
n n n kgo 2 kzo 2
1 1 lp—1 1 1-p n—Ilp—1 1 1—}[
:+{ <+k> + <2+k>
noon | 5 \2 k=0
1 1[& /1 @ on
<-4 - - .
_n+n{2(2+k> +) 2+k> }

A first result is

n x — x|t H 1 2 1
Z n| l’ _MS——I——-CH:—(l—{—ZCV).
i=0 Li—oi | X — xi non n

We want to find ¢, for 4 > 2. For this we use the Riemann Zeta function.

We know that ) )
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2.2 Main results

Itis also well known, in particular, that {(2) = Y50y n ™2 = %2 ~1,645,(3) ~ 1,202
which is Apéry’s constant, and {(4) = g—g. There is also a formula due to Euler to
compute {(2k), for k = 1,2, ..., using Bernoulli numbers. However, no formula for
{(2k 4+ 1) is known until now. R. Apéry has a result that states that (3) is irrational,
but otherwise nothing else about {(2k + 1) is known, k > 1.

If in our case we give different values to 4 — 1, we observe that the series repre-
sented by ¢, decreases and tends to 1.

This means that

1 ]x—x,-\lf"

n+1(‘el_x| ):Z <

0 Loz X — x| " T

3
n

forx & {xo,...,x,} and u > 2.
Then the pre-Chebyshev-Griiss inequality for y > 2 becomes

IT(f, 8 x)]
< gmin{ Il @i (s57) @i (737)

2.2.5.2 Lagrange operator

A Chebyshev-Griiss inequality for the Lagrange operator at Chebyshev nodes, sim-
ilar to the one in Theorem 2.2.36, is given by:

Theorem 2.2.41. For f,g € C[—1,1] and all x € [—1,1], the inequality

IT(f,&x)| < 411 1Ll (L ([ Lall)@ (£52) - @0 (852)
< % (1 + %logn—k ilog2n> w(f;2) w(g;2)

holds; here w denotes the first order modulus.

Proof. The idea of this proof is similar to the one of Theorem 2 in [2] and that of The-
orem 3.1. in [100]. Recall, however, that we have to work without the assumption of
positivity. We consider the bilinear functional

T(f,8:%) = Lu(f - &%) = La(f;%) - Lu(g; X)-

Let f,¢ € C[-1,1]andr,s € Lip;, where Lip; = {f € C[— LSup, L V@) —fxo)l oo}

[x—2xo]
and the seminorm on Lip; is defined by |f] Lipy *= SUPytyg % We are inter-
ested in estimating

\T(f,&x)| =|T(f —r+71,8—s+sx)
<|T(f —r,g =) +|T(f —1,8x)|+|T(r,g —s;x)| +|T(r,s;x)|.
(2.2.10)

First note that for f,¢ € C[—1,1] one has

IT(f, &) < ALall (L+Lal) A1 - Ml
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2 Univariate Chebyshev-Griiss Inequalities

For r,s € Lip; we have the estimate
| T(r,s;%)| = [T((r = 1(0)), (s = 5(0); )|

= |La((r = 7(0)) - (s =5(0));x) = Lu(r = (0); x) - L (s — 5(0); x)|

< Lull - llr = (0] - Is =s(O) | + | Lull* - I = r(O)]] - Is = s(O) |

< AZall (U Lall) - 71y, - I8]Lip, -

Moreover, for r € Lip; and g € C[—1,1] the inequality
T(r, & x)| = [T(r —7(0), 8 %)

= [La((r =7(0)) - &%) = Lu(r = 7(0);x) - Ln(&; %)
< \Lull - 11 = 7(0)) - gll =+ [ILull* - Ir = r(0) ] - Il
< ILall (LA [IZal)) - lIg1] - llr = r(0) |
< Eall (U [Lall) - 18I - 17l L,

holds. Note that in both cases considered so far we used

|Aw—wmﬂ=“ﬁ2ja”Vu—m
< |r|Lip1 xl,

forx € [-1,1], i.e,
[r = r(0)]| < ”"Lipl :

Similarly, if f € C[—1,1] and s € Lip; we have

IT(f 85 0) ] < Lall (LA (ILall) - [L£1 - T8 1Ly, -

Then inequality (2.2.10) becomes
IT(f, &) < |T(f =rg=s;0)|[ +[T(f —r,8%) [+ [T(r,g —5;x)| + |T(r,5;x)|
< Nl DLl - {15 = 71+ Il - L8 =+ sl -
The latter expression involves terms figuring in the K - functional

K(f, t;C[—l,l],Lipl)
= inf{||f — gll +¢- 8], & € Lipr},
for f € C[—1,1],t > 0. It is known that (see, e.g., [91])

k(1.5) =5 @t

an equality to be used in the next step.
We now pass to the infimum over r and s, respectively, which leads to

IT(f, &%) < ||Lall (1 +||La]|) - K(f,1;C, Lip1) - K(g,1;C, Lipy)
= ILall (14 L) - 5 - @(F52) - 5 - @(g:2)

= }1 ILall (14 || La| e (£52) - w(g;2).
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T. Rivlin (see [97]) proved the following inequality in the case of Lagrange interpo-
lation at Chebyshev nodes:

2
0.9625 < ||L,|| — Elogn <1,

so using this result we get
L]l < Zlogn +1
n = g
1
=14 ||L,]| <2 (ﬂlogn—i—l)

3 2
= ||La|| (1 + ||La]]) <2 <1 + ;logn%— 7T210g2n>

which implies the result. ]

Remark2.2.42. If L, (f-g;x) = (f-g)(x) = f(x)-g(x)and L,(f;x) = f(x), Ln(g;x) =
g(x), the left hand side of the inequality vanishes, while the right hand side grows
logarithmically. The above theorem, together with the proof, can be found in [58],
paper that was submitted for publication.

2.2.6 Chebyshev-Griss inequalities via discrete oscillations

A Chebyshev-Griiss inequality via discrete oscillations is introduced, one that in
some sense improves the classical inequalities known until now in the literature
and gives a different approach. On the other hand, there are cases when Chebyshev-
Griiss inequalities, involving the least concave majorant of the modulus of continu-
ity (see for ex. Theorem 2.2.3), give better estimates. In our article [58], we presented
this approach and gave the applications that follow.

2.2.6.1 The compact topological space case

Let pt be a (not necessarily positive) Borel measure on the compact topological space
X.
Let [du(x) = 1, and set L(f) = [ f(x)du(x), for f € C(X). Then, for f,g €
X X

C(X), we have

X2 X2
= [ F(8(0) — sw)d(w @ W) ).
X2
Similarly,
L(fg) = LINL) = [[ F0)(5v) = gtx)alu @) (x,y).
X2
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2 Univariate Chebyshev-Griiss Inequalities

By addition,
2(L(fg) ~ LIALE) = [[ (F(x) = Fn)(g() — gwd(m@ m)(x,y). @221
X2

Let
oscr(f) :=max{[f(x) — f(y)| : (x,y) € supp(up @ p)},

where supp(p @ u) is the support of the tensor product of the Borel measure y with
itself (see [6]), and let A := {(x,x) : x € X}. From (2.2.11) we get

L(f) — LUALE) = 5 [[ F(0) = ) (5() — )@ 1) (x,y)
X2\A

Then we have the following result.

Theorem 2.2.43. The Chebyshev-Griiss inequality in this case is given by

coscr(f) -oser(g) [n @ pl (X2\ 4),

N =

IL(fg) = L{fIL()] <

for f,g € C(X) and |u @ | is the absolute value of the tensor product of the Borel measure
u with itself (see Chapter 1 in [6]).

Example 2.2.44. Let X = [0, 1] and consider the functional
! 1
L(f) :ﬂ/ fHdt+ (1 —a)f <2> ,for0<a<1.
0

Then L(f) = fol f(t)dp, where the Borel measure y is given by

p=ar+(1—a)e

1
2

on X, with A the Lebesgue measure on [0,1] and ¢ 1 the measure concentrated at %
Then the tensor product of y with itself is

HO U= <a)\+(1—a)£%) ® (aA+ (1—a)8%>

= az()\®/\)+a(l—a)()\®s%)+ (1—a)a(s% @A)+ (1—a)(er @ey).

N =
N|—

i ® p is a positive measure, so |y @ u| = u @ u, and

pou(012\4) =[*(A®A) +a(1-a)(A®ey)
+a(l —a)(s% @A)+ (1 —a)z(s% ®e%)] ([0,1]%\ 4)
=a®+2a(1—a) =a(2—a).

The inequality becomes :

IL(f8) = L(/)L(R)] < 5 -a(2 —a) - oscL(f) - 0scL(8),

for two functions f, ¢ € C[0,1].

N =
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2.2.6.2 The discrete linear functional case

Let X be an arbitrary set and B(X) the set of all real-valued, bounded functions on
X. Take a, € R, n > 0, such that Y, |a,| < coand Y, (a, = 1. Furthermore,
let x, € X, n > 0, be arbitrary mutually distinct points of X. For f € B(X) set
fn = f(xn). Now consider the functional L : B(X) — R, Lf = Y_»" s a, f. L is linear
and Ley = 1.

Then the relations

L7 -) = L) L) = - anfuse — L anfi 3 o
= i (i am) Anfngn — i Al fugm
n=0 \m=0 n,m=0

[ee] (e}
= Za%fngn+ Z amanfngn
n=0 n,m=0;m#n
o0 (o]
=Y arfugn— Y. Antmfu§m
n=0 n,m=0;m#n
o

= L unfu(8n—gn)

n,m=0;m#n

= Z Anlm frn(§n — &m) + Z At fr(8n — §m)

0<n<m<oo 0<n>m<oo

= Y @wfu(@n—8m) = Y, andnfu(Sn — gm)
0<n<m<oo 0<n<m<oo

= Z Antn (fu — fin) (§n — §m)
0<n<m<oo

hold.

Theorem 2.2.45. The Chebyshev-Griiss inequality for the above linear, not necessarily pos-
itive, functional L is given by:

IL(fg§) — L(f) - L(g)| < oscr(f) -oscr(g)- ). lananl,

0<n<m<oo

where f,g € B(X) and the oscillations are given by:
oscr(f) :=sup{|fu — fu| : 0 < n <m < oo},
osci () = supd g — gml 10 < n < m < oo},

Theorem 2.2.46. In particular, if a, > 0, n > 0, then L is a positive linear functional and
we have:

1 o9}
IL(f&) = L(f)- L&) = 5~ (1 -2 a%) ~oscr(f) -oser(g),
n=0
for f, ¢ € B(X) and the oscillations given as above.

Remark 2.2.47. The above inequality is sharp in the sense that we can find a func-
tional L such that equality holds.
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2 Univariate Chebyshev-Griiss Inequalities

Example 2.2.48. Let us consider the following functional
Lf:=(1—-a)f(0)+af(1), for0<a<1.
For this functional we have

L(fg) —Lf-Lg
= (1-4a)f(0)g(0) +af(1)g(1) = [(1 —a)f(0) +af(1)] - [(1—a)g(0) +ag(1)],

so after some calculations we get that the left-hand side is

IL(fg) —Lf - Lgl = |a(1l —a) -[f(0) — f(1)] - [8(0) — g(1)]

>0

— a(1—a) [£(0) — £(1)] - g(0) — g(1)]

and the right-hand side is
1 = 5
5 1— Zan -oscr(f) -oscr(g)

n=0

=5 [1=a® = (1=a)’]- [f(0) = F(1)] - 13(0) — g(1)]

2.2.7 Applications for (positive) linear operators
2.2.7.1 The Bernstein operator

Consider the classical Bernstein operators

Buf(x) = é)f (:) box(x), f € RO, x e 0,1],

where by, x(x) := (})x¥(1 — x)"~*. According to Theorem 2.2.46, for each x € [0,1],
f,g € B[0,1] we have

1 n
|Ba(f - 8)(x) = Buf(x) - Bug(x)| < 5 (1 - bﬁ,k(x)> -oscp, (f) -0scp, (g), (2.212)
k=0
where
oscp, (f) :==max{|fy — fi| : 0 <k <l <mn}
and f := f (%) ; similar definitions apply to g.
Example 2.2.49. 1If we consider f, g € B[0, 1] to be Dirichlet functions defined by

_J1 forxeQ,
f(x)'_{O forx e R\ Q

and analogously for g, with f; := f (%) (the same for g), then we observe that the

oscillations in the above inequality vanish, so the right hand-side is zero. In other
words, in this case (2.2.12) is a very good estimate and covers a case which cannot be
handled by the use of the least concave majorant, as the function f is not in C[0, 1].
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We are now interested in estimating the sum of the squares of the fundamental

functions of the Bernstein operator. In order to do this, let ¢,(x) = Y}, bfl,k(x),
€ [0,1]. Since
%
1 &, 1 & 1
> =
<n +1 Ig)b”'k(x)> “n+1 kg%)b”’k(x) n+1’
we get
1
> 2.
¢n(x) > 11 X € [0,1], (2.2.13)

and therefore

IBu(f - ¢)(x) — Buf(x) - Bug(x)| < 2<n”+1) -0scp, () - 0scg, (g), x € [0,1]. (2.2.14)

Let us remark that equality is attained in (2.2.13) if and only if n = 1 and x =
3. In fact, inspired also by some computations with Maple, we state the following
conjectures:

Conjecture 2.2.50. ¢, is convex on [0,1].
Conjecture 2.2.51. ¢, is decreasing on [0, 3| and increasing on [3,1].

Conjecture 2.2.52. ¢,(x) > ¢, (3), x € [0,1].

Since ¢, (% —1) = ¢n (% +1),t € [0,%], we see that
Conjecture 2.2.50 = Conjecture 2.2.51 = Conjecture 2.2.52.
On the other hand, it can be proven that

1__7127’1 /1_ //1_2—112”_2
o) 2 (V) ) o (o) = (05) -0

and so 7 is a minimum point for ¢,. Conjecture 2.2.52 claims that it is an absolute
minimum point; in other words,

Pn(x) = 4% <2nn>, x €[0,1]. (2.2.15)

The following confirmation of Conjecture 2.2.52 is due to Dr. Th. Neuschel (Katholieke
Universiteit Leuven).

Lemma 2.2.53. For n € IN and x € [0, 1], we have
2
(e = L(2),
= \k 4n \ n

NI—

Proof. For symmetry reasons, it suffices to prove the statement only for 0 < x <
In the sequel we denote P, to be the n—th Legendre polynomial, given by

P(x) = o y (’Z)z(w 1) (x — 1)1F,

k=0
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2 Univariate Chebyshev-Griiss Inequalities

_1-2x4242

We make a change of variable, namely set y := “==7>~ > 1 and we get
n n 2
I n ne
k=0

so we have to show that

o) =3 3)

holds, for y > 1. The inequality holds for y = 1 and y = co. In the last case, the
inequality is even sharp. Now it is enough to show :

d
— — 2 _ 1\ < .
gy U=V m D Ply)} < Ofory > 1

This is equivalent to the following statement:
P (y) < LPn(y) fory > 1.
y>—1

Using the formula

2 _
/ . 1P,i(y) = yPu(y) — Pi1(y),

we now have to prove the following:

(v —¥* = 1)Puly) < Pya(y) fory > 1,

which is equivalent to

Py(y) < (y+4/y>*—1)P,1(y) fory > 1. (2.2.16)

The inequality (2.2.16) can be proven by induction. For n = 1 the inequality holds.
We assume that the inequality holds also for n and we want to show:

Puy1(y) < (v +1/y*> — D)Pu(y) fory > 1.

Using Bonnet’s recursion formula

2n+1

n
Praly) = 7 vBa(y) — 7 P (),

n+
we now have to show that the following holds:

<2:j11y— v+ \/ﬁ)> Puly) < g P9,

After evaluation

(qully — W+ - 1)) Paly) < i 1= =Dh(y)
n

(VAN
N
S+
—_
~~
<
[
<
N
|
—_
N—
~~
<
_|_
<
N
T
—_
N—
=
L
Y
=

we obtain the result. O
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Actually, Dr. Th. Neuschel also validated Conjecture 2.2.51 (see the paper of G.
Nikolov [88] for more details). Conjecture 2.2.50 was discussed and proved in recent
papers by I. Gavrea and M. Ivan in [41], and by G. Nikolov in [88], independently.
Conjecture 2.2.52 is the weakest of the three, and it is also the one of interest for us.

In order to compare (2.2.13) and (2.2.15), it is not difficult to prove the inequalities

LIRS <1<2n><1 n>?2
n+1 "~ 2yn 4"\ n Van+1' ~

More precise inequalities can be found in [35]:

1 1 <2n> 1
—_— < < n>2
n(n+3) 4"\ n m(n—1)

Because we have proven that Conjecture 2.2.52 is true, we have the following
result.

Theorem 2.2.54. The Chebyshev-Griiss inequality for the Bernstein operator is:

[Bu(f - 8)(x) — Buf(x) - Bug(x)| < % <1 - 4% <2n>> -oscp, (f) - oscp,(g), (2.2.17)

n
for x € [0,1].

We now compare this new approach with the classical Chebyshev-Griiss inequal-
ities for the Bernstein operator (2.2.4) and (2.2.5) from Theorem 2.2.11.

Remark 2.2.55. In (2.2.12) and (2.2.4), the right-hand sides depend on x and vanish
when x — 0 or x — 1. Their maximum values, as functions of x, are attained for
X = %, and (2.2.14), (2.2.17), (2.2.5) illustrate this fact. On the other hand, in (2.2.12)
the oscillations of f and g are relative only to the points 0, %, el ”7*1, 1, while in
(2.2.4) the oscillations, expressed in terms of w, are relative to the whole interval
[0,1]. Of course, those approaches can only be compared for functions in C[0,1].
It can also be shown that in this case, the estimate in terms of discrete oscillations

yields a result quite similar to (2.2.4).

2.2.7.2 King operators

Weneed )}, (v;ilk(x))2 to be minimal. Let ¢, (x) := Y}, (v,’:,k(x))z.
For n = 1, we have that

—2x2+1

and this attains its minimum for x = g This minimum is
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2 Univariate Chebyshev-Griiss Inequalities

Theorem 2.2.56. The Chebyshev-Griiss inequality for n = 1 then looks as follows:

IT(f, &%) < 7 -oscvy (f) - oscy (g)

—Oa]

=~ |fo— fil - Ig0 — &1 -

o~

Forn = 2,3, ..., the problem of finding the minimum is more difficult, since

=~
o

ou(x) =Y (@,

— nk(x))z
n n 2

k

o

In any case, the estimate

pulx) = 1 (@) >

holds, for x € [0,1] and n = 2,3, .... As a proof for this,

Y k=0 v:i,k(x>)2 > Y= V(%) _ 1
n+1 - n+1 n+1
Then we get
L 1 n
1— * 2<1— = .

Theorem 2.2.57. Forn = 2,3,... there holds

Vi (f8)(x) = Vi (%) - Vi (& %)] <

1) %V (f) - oscy; (8).

2.2.7.3 Piecewise linear interpolation at equidistant knots

In this case, we need to find the minimum of the sum 7, := Y\, u% .- For a particular
i=1 i

interval [ = ﬁ] , we get that

Tu(x) ==Y uf,(x) = (nx —i+1)*+ (i —nx)? fori=1,...,n.

M

0

Fori = 1, x € [0,1] and 7,(x) = (nx —1)?, while fori = n, x € [=21,1] and

Tu(x) = (nx —n+1)% So 1, (x) = (nx — i + 1) + (i — nx)? is minimum if and only

if x = % and the minimum value of 7,(x) is %
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Theorem 2.2.58. The Chebyshev-Griiss inequality for S, is

50,0 *8) = Sa,() - Sa, ()] < 5 (1 i Z()U) -oscs,, (f) - oscs,, ()
< % <1 — ;) -oscs, (f) - oscs,, (8)
— i ~oscs, (f)-oscs, (8),

with

oscs,, (f) :=max{|fy — fil :0 <k <1< n}
oscs, (g) = max{|gx —gi| : 0 <k <I<n},

where fi 1= f (%)

Remark 2.2.59. This inequality implies a classical Chebyshev-Griiss-type inequality
because |fy — fi| < M —m and |gx — g1| < P — p, respectively. Here M, P denote
upper bounds of f and g, and m, p lower ones. It is easy to give examples in which
this approach via discrete oscillations gives strictly better inequalities.

2.2.7.4 The Mirakjan-Favard-Szasz operator

This is our first application of Theorem 2.2.46 for operators defined for functions
given on an infinite interval. We set

and we want to find the infimum:

inf 0, (x) :=1>0.
x>0

Because 0y, (x) > 1, we obtain the following result.

Theorem 2.2.60. For the Mirakjan-Favard-Szdsz operator we have

IT(f, &) < 5 (1= 0u(x)) - 0scm, (f) - 0sem, (8)

IN
NI —= N =

(1 =) - osca, (f) - 05ca, (8),

where f,g € Cp[0,00), oscp, (f) = sup{|fx — fi] : 0 < k <1 < oo}, with fy := f (%)
and a similar definition applying to g. Cy[0,00) is the set of all continuous, real-valued,
bounded functions on [0, o).

Lemma 2.2.61. The relation

J1Cr21(f)(7n(x) =1=0.

holds.
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Proof. We first need to prove that

lim e 2" [y(2nx) =0
X—00
holds, for a fixed n and Iy being the modified Bessel function of the first kind of
order O (see the paper by E. Berdysheva [12] and the references therein). The power
series expansion for modified Bessel functions of the first kind of order 0 is
) xzk
IO(x) = Z 22k(k!)2’

k=0

so for a fixed n we have

> (nx)?
Ip(2nx) = k;o k)2

and
[ee]

e P o(2nx) = e P )
k=0

nx 2k
((k!§2 = 0y (x).

We now use Lebesgue’s dominated convergence theorem and the integral expres-
sion

1 /1 1
Ip(2nx) = —/ e 2. dt,
-1

T 1—¢2
1
e 2nx I()(an) _ 1/ e—an(l—i—t) . 1 dt,
T/ 1—1#

for n fixed and we conclude that 0;,(x) — 0, as x — oo, because we see from above
that e=2"* - [y(2nx) — 0, for x — oco. O

Corollary 2.2.62. The Chebyshev-Griiss inequality for the Mirakjan-Favard-Szisz operator
is:

IT(f, &%) < 5 -osem, (f) - 0sem, (8),

where f,g € Cy[0,00), oscpm, (f) = sup{|fi— fi| : 0 < k < | < co} and a similar
definition applying to g.

N =

2.2.7.5 The Baskakov operator

We set

1 ® m4k—1\2 X 2k
= — = 0.
0, (x) (1+x)2”k2%)< ) > <1+x> , forx >0

We need to find the infimum:

i =e>0.
chrg(f)ﬂn(x) €>0

Because 9, (x) > €, we obtain the following result.
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2.2 Main results

Theorem 2.2.63. For the Baskakov operator one has

IT(f, g x)|

IN

(1=0a(x)) -0sca,(f) - 0sca, ()

(1—¢)-osca,(f) - 0sca,(g),

I
NI~ N -

where f,g € Cy[0,00), 0sca, (f) = sup{|fk — fil : 0 <k <1 < oo}, fi :f(g) and a

similar definition applying to g.

Lemma 2.2.64. The relation inf,>¢ 9,(x) = € = 0 holds, for all n > 1.

Proof. In [12] the following functions were defined. For I, = [0,0)(c € R,c > 0),

n >0,k e Npand x € I, we have

P,[f]k( )= (—1)k< kz>(cx)k(1 +ex) ek c£0.
Forc =1, we get
;£u>—pmu>=@4v(f)ﬁu+xywk
= (TR

so we obtain the fundamental functions of the Baskakov operator. The following

kernel function was defined in [12]

Tue(x,y) Zp[c] pnk (y), for x,y € I..

We are interested in the case ¢ = 1 and x = y, so the above kernel becomes

)= Y Px) = Y@ (x) = ().
k=0 k=0

Forn =1, we get

1 &/ x \* 1
Forn > 1,
1 /1 dt
T,1(x,x :—/ X, x, 1)) —,
o) = 2 [ )

where, for ¢(x, x,t) = [1 +4x(1 —t) +4x*>(1 — t)] 7}, it holds:
0 < ¢(x,x,t) <1,Vt€]0,1],Vx > 0.

Therefore

To1(x,x) > T31(x,x) > Tyq(x,x) > ... >0,Vx > 0. (2.2.18)
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2 Univariate Chebyshev-Griiss Inequalities

Now for n = 2, we have

Top(x,x) = Zp2k (FL Z(k+1)2(1+x> )

Let (ﬁ)z =y. Then

(k+1)%yF = :
,;0 RN FEE
Thus ,
2xc+2x+1
Tz/l(x, x) - W — 0, for x — oo. (2.2.19)

For n > 3 it follows from (2.2.18) that 0 < T,1(x,x) < Tp1(x, x). Combining this
with (2.2.19), we get
lirrb Tu1(x,x) =0,Vn >1,
X—
and so the proof is finished. O
An inequality analogous to the one in Corollary 2.2.62 is now immediate.
2.2.7.6 The Bleimann-Butzer-Hahn operators

We set )
_ 1 Al LARPY
w0 = g (1) ™

for t > 0. We make a change of variable, namely set x = t%l € [0,1). Then we get

¢n(t):§<z>2 <t+tl>2k (H_11>2n_2k
_ i <Z>2x2k(l B x)Zn—Zk.

So Yu(t) = @u(x), ie., infioo Pu(t) = infcioq) @u(x) = = (2”) as shown in Lemma

2.2.53.
This leads to

Theorem 2.2.65. The Chebyshev-Griiss inequality in this case is:

(g1 < (1= 5 (2)) -oscan, () - oscmm, (),
with f,g € Cp[0,00), x € [0,00) and

oscpp, (f) :==sup{|fx — fil : 0 <k <1 <mn},

for fr:=f (n T +1) and a similar definition applying to g.
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2.2.7.7 The Lagrange operator

If we consider the Langrange interpolation operator formed upon any infinite ma-
trix X and relation (1.3.1), then we get the following result:

Theorem 2.2.66. The Chebyshev-Griiss inequality with discrete oscillations for the La-
grange operator is given by

2
|T(f, g x)| <oscr,(f)-osc,(g) - <A”2(x) _ 33)

for f,g € B[-1,1]and -1 < x < 1.

Proof. We need to estimate the sum

Y () )] = (iMM@O <i@dﬂ>]ﬂ

1<k<m<n

From (1.3.1), we know that

so we get

1
Y lhn(x)  bua(@)] < 5 - g,

1<k<m<n

and this ends our proof. ]

2.2.7.8 The Lagrange operator at Chebyshev nodes
If we consider Chebyshev nodes, we have the following theorem:

Theorem 2.2.67. For f,g € B[—1,1] and x € [—1, 1] fixed, the following inequality

IT(f &%) < oscr,(f) -oscr,(§) - Y. |ln(x) - L ()]

1<k<m<n
2(x) — cos?nt) - &
<%%U%%%@%{M()CPZ( né}}
A2(X) —c |14 (cos?nt) -
<mmﬁ»wm@»{ {2 J}

holds, for a suitable constant ¢ and x = cos t. Here we recall the asymptotic result given for
the Lebesgue constant

2 2 8 1\1°
A2(X) = [nlogn%—n(logn—l—v)%—(?(nz)] .
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2 Univariate Chebyshev-Griiss Inequalities

Proof. The first inequality follows from Theorem 2.2.45 (with an obvious modifica-
tion). The sum on the right-hand side of the first inequality can be expressed as

follows:
2
(B - (gae)]

_ |2 - (ilﬁnm)] 2
i i=1

In order to estimate the sum ) ; liz,n (x), we use the proof of Theorem 2.3 (case
a = 2) from [64] to get :

n n
Y 2 (x)>c <1 + |cos nt|? Zi_2> ,
i=1 =1

1

Yo Nlen(x) D (x)| =

1<k<m<n

where x = cost and c is a suitable constant. After some calculation, the sum be-
comes
2 2
A2(y) € <1 + (cosnt)? - ?)
Z L (%) + L (x)| = nz( ) o 2 '

1<k<m<n
We now use the asymptotic result for the Lebesgue constant A, (X) = max An(x),
<1<
so we obtain our desired inequality. O

2.2.8 Chebyshev-Griiss inequalities via discrete oscillations for more than
two functions

In the last section of the article [2], a Chebyshev-Griiss inequality on a compact
metric space for more than two functions was introduced. We obtain a similar result,
using the new approach implying discrete oscillations. This result is better than
what was obtained in [2] in the sense that the oscillations of the functions are relative
only to certain points, while in [2] they are relative to the whole compact metric
space X. The results in this section can also be found in [4].

Moreover, in what follows X is an arbitrary set, B(X) the set of all real-valued,
bounded functions on X and f?,..., f* € B(X). Take a, € R, a, > 0, n > 0, such
that )" ya, = 1. Furthermore, let x, € X, n > 0 be arbitrary mutually distinct
points of X. For f¥ € B(X) set ff := f*(x,), k =1,..., p. Consider a positive linear
functional L : B(X) — R, such that L(f) := Y5 anfu-

In this section we will use the following notation:

oscr (f5) :=sup{|f¥ = 5| : 0 <n < m < o},
The following result holds, concerning the oscillations.

Lemma 2.2.68. Let B(X) be the set of all real-valued and bounded functions on X and let
fi € B(X), fori=1,...,p. Then the following inequality holds

p |4

p , .
oscr (T 155 < Yooser(F) TT sup {I£I}.

k=1 i=1 j=1, j¢i0§n<oo
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Proof. The above inequality can be proven by induction. If we consider two func-
tions fl,f2 € B(X), we have

£ Gon) £ ) = () f2 (o)
= [ ) () = £ + (F () = £ (o)) 2 (om)|
< sup {[fH1}|f20en) = )| + sup {IFI} |F (o) = £ ()|

0<k<oo 0<k<oo

We take the supremum on both sides and get

oscL(f1f?) < oscr(f?) - sup {|fal} +osc(f') - sup {|f3l}.

0<n<oo 0<n<oo

Now consider the inequality to be true for p and prove it for p + 1.

oscL(ft- f2... fF. frih
<oscr(f'...fF) - sup {|ff"[} +osec(fF) - sup {Ifil}... sup {|ff]}

0<n<oo 0<n<oo 0<n<oo
p+1 optl )
=Y osce(f) IT sup {Ifal}
i=1 j=1,j#i 0<n<co

This concludes the proof. ]

The next result is a Chebyshev-Griiss inequality via discrete oscillations for more
than two functions.

Theorem 2.2.69. For a positive linear functional L : B(X) — R, L(f) = Yo oanfn,

ay € R, a, >0, Y oa, = 1, the Chebyshev-Griiss-type inequality, involving more than
two functions is

‘L(fl.'_'.fp)_L(fl).,..-L(fP)‘
0 4 p
;<1_ Y a %) - Y oscr(f)rose(f)- TT sup {If5[}-

n=0 i,j=1,<j k=1k+#i,j 0<s<eo

Proof. We prove by induction the following inequality:

‘L(fl-...-fr’)—L(fl)-...-L(fP)‘ (2.2.20)
P p
< Y awan- Y oscr(f)-oser(f)- T sup {Iff}
0<n<m<oo i,j=1,i<j k=1,k#i,j 0<s<oo

It was proved in [58] that

LU =L LU € X awan-oscr(fHoser(f),

0<n<m<oo
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2 Univariate Chebyshev-Griiss Inequalities

therefore the inequality (2.2.20) is true for p = 2. We suppose that the inequality
holds for p and we prove it for p + 1. We have

LOFE e ) = LU - UL | =
’L(fl'"pr)—L(fl"'fp)L(fp+l)+L(f1"'fp)L(pr)—L(fl)"'L(pr)
< Y anap-oser(fh.. fP) -oser (fPTY)

0<n<m<oo

FlLE P - L )| sup (177

0<s<oo

p P .
< )Y twawme (EOSCL(J“) [1 sup {Ifs]|}> -ose (f7*1)

0<n<m<oo i=1 ]‘:1,]‘7&1'0§5<oo

p ) ) P
+ ¥ ( Y oscr(f)oser(f) ] sup {!fL‘!})-Osup{!fs”“I}

0<n<m<oo i,j=1;i<j k=1;k#i,j 0<n<oco <s<o©
p+1 , , pt+1

= Y awaw Y oser(f)-oser(fl)- T sup {IffI}

0<n<m<oo ij=Li<j k=1;k+#i,j 0<s<eo

Using in (2.2.20) the following identity

Y. anam:;(l—zﬂﬁ>,

0<n<m<oo

the theorem is proved. ]
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3 Bivariate Chebyshev-Gruss Inequalities
on compact metric spaces

3.1 Auxiliary and historical results

In this section we recall a method for approximating functions defined on the prod-
uct of two compact metric spaces (X,dx) and (Y,dy). We assume that X x Y is
endowed with the product topology generated by the two compact metric spaces.
For references about parametric extensions of univariate operators, see the papers
[86], [108], [63], [78] and [45].

Consider the compact metric spaces X and Y. We define £ : C(X) — Rby £(f) =
f(x),and £ : C(X xY) — C(Y) by (£f)(y) = f(x,y). In a similar way, we have 7 :
C(Y) — R defined by (f) = f(y) and  : C(X x Y) — C(X) by (4f)(x) = f(x,).
Now let L; : C(X) — C(X) be a linear operator and define the parametric extension
of Liby L1 : C(X x Y) — C(X x Y), such that

(L1f)(x,y) := 21§ f.

Similarly, we get the parametric extension of a linear operator Ly : C(Y) — C(Y),
Ly : C(X xY) — C(X x Y) defined by

(Laf)(x,y) == GLaRf.

The above approach can be found in [26], [29] and [45].

Some estimates in terms of @y, , are given now. We consider, just like before, that
X x Y carries the product topology of the spaces (X, dx) and (Y, dy). This topology
can be generated by a multitude of metrics, for example by

dy((x,), (£,9)) == (dx(x,2)P +dv(y,§)P)7 , 1 < p < oo,
and by
doo((x,), (£,9)) := max{dx(x, £),dv(y,9)}.

The Euclidean metric will mostly be used in the sequel. For p = 2 in the first
example of metrics from above, we have

N—=

d2((x,y), (£,9)) == (dx(x,2)* +dy(y,9)?)

Whenever we have estimates for continuous functions f € C(X x Y), in terms
of wy, ,, where dx.y is a metric on the compact space X X Y, these estimates will
depend upon the concrete metric dxy. We suppose also in the bivariate case that
our operators reproduce the constant functions 1x and 1y.

In [45] an inequality in terms of w,, , was given.
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Theorem 3.1.1. (see Theorem 6.2 in [45]) Let X and Y given as before, and let Ly : C(X) —
C(X) and Ly : C(Y) — C(Y) be positive linear operators reproducing constant functions.
Let dx .y be a metric on X X Y such that

dxxy((x,7),(£,7)) = dx(x, %) forall ¥ € Y and for all (x, %) € X2,

and
dxxy((5,9), (5,9)) = dy(y,9) forall s € X and for all (y,9) € Y.

Then for f € C(X x Y), (x,y) € X X Y, and the product Ly o L, of parametric extensions,
we have for any € > 0

(1= (Lo L)) (fix,y)|
< max{1,e"" - (Li(dx(-,x);2) + La(dy (, ¥)iy) } - @y, (fr€)-
For the case X x Y = [a,b] x [c,d] we have

Corollary 3.1.2. Let X x Y = [a,b] x [c,d], and let the metrics on [a,b] and [c,d] be
given by d(x,y) = |x — y|. Then under the assumptions of the above theorem, we have the
following. For 1 < q < oo and for any € > 0 it holds:

(I = (L1 o L2)) (f; %, y)
< max{1,e”" - (L(dx (-, x);2) + La(dv (-, y);y)} - @a, (fr€)-
Here w,, (f;€) is the least concave majorant of the modulus of continuity.

Remark 3.1.3. i) One can see that in the above corollary, the quantity in front of
w4, (f; €) does not depend on g.

ii) If in the above theorem we choose € = Ly (dx(-,x); x) + La(dy(-,y);y) (if this
quantity is > 0), then we obtain

( ;
< CTdexy(f Li(dx (-, x);x) + La(dy (-, y);y))
< (-, x); %)) + @ay, (f; L2(dy (-, ¥); y))-

3.2 Bivariate (positive) linear operators

3.2.1 Bivariate Bernstein operators

Let X = [0,1] and I = [0,1] x [0,1] a compact metric space endowed with the
Euclidean metric

da((s,1), (x,) 1=\ (s = %)+ (t =y )2,

for (s,t),(x,y) € I. The bivariate Bernstein operators, introduced by P. L. Butzer in
[18], are given by

! ki k
By (f - Z (52 b (s, f € R v € X,

—0ky— 711 n

where by, 1, (x) := ()% (1 — %)™~ and by, 1, (y) == (2)y*2(1 —y)= 7
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The second moment of the bivariate Bernstein polynomial in this case is given by

B (B, (5,0); (1,9) = . zcﬂ(("l 2,00 ) by (0110

k1 =0k, - nz

(1—x)+y(1—y) <1<1+ 1),

ni 175 — 4

n nyp
ki k k 2k 2

2 21 R2 I e 2
dz((”l'm)'(x'y)) <”1 x) +(”2 y) ‘

3.2.2 Products of King operators

for

Let ry, (x), 4, (y) be sequences of continuous functions with 0 < r,, (x) < land 0 <
n,(y) < 1. The bivariate King operator V;, », : C([0,1] x [0,1]) — C([0,1] x [0,1]),
11 # ny can be defined by

ki k
an nz 2 2 v”l k1 U"szz(y) f (1/2> ’

—0ky— ny np

with
Uy oy (X) = (Zi) (rnl(x))k1(1 — rnl(x))nrh,
mia(9) = (1) )21 = ()

for f € C([0,1] x [0,1]),0 < x,y < 1. vy, k, and vy, , are fundamental functions of
the V,, », operator.

Remark 3.2.1. For ry, (x) = x, 1y, (y) =y, n1,n2 = 1,2, ..., the positive linear opera-
tors V;, », reduce to the bivariate Bernstein operators.

We now give some properties of the above defined operators, that are generaliza-
tions of those from the univariate case.

Proposition 3.2.2.
i) The operators V,,, and V,,, reproduce constants, so Vy,, », also reproduces them.

ii) If we consider the projection maps, i.e., pr1(x,y) = x and pra(x,y) =y, then we have

Vﬂwlz(prl; (x/ ]/)) =Tn (x)
Vn1,712(pr2; (x/ y)) = Ty (y)

iii) For the function e(x,y) = x* + y?, we get

Vﬂllﬂz( (x ]/)) - 711(62/ )+ Vﬂz(ez;y)
= (P2 R + (2 w2

ny ni np np
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iv) Um V. (f;(x,y)) = f(x,y), foreach f € C([0,1] x [0,1]), x,y € [0,1], if and

ny,ny—0o0
only if

i () = »
and

lim r,,(y) =y.

Ny —00

v) The second moment in the general bivariate case is given by

Vi (B2, (3,9)); (x Z:Zdﬁxh-b)<xw)wmuw%uw

k=0 ky 1
— ”;Z(lx) [1— 7y ()] + [rn, (x) — x]2 + r”;(zy I - Ty ()] + 1 () — %,

where 0 < 1y, (x) < 1and 0 < ry,(y) < 1 are continuous functions and for

#((em) o) = o)+ ()

Again the interest is to find a sequence of positive linear operators defined on
C([0,1] x [0,1]) that reproduce both constant and e functions, defined as above. For
this we need special choices of 7, (x) = r;; (x) and 7, (y) = ;,,(y). We have the
following result.

Theorem 3.2.3. Let { Vi, n, }uynpeN be the sequence of operators defined above, with

(%) = {%) =2 form =1
T * _ 1 1 _
rnl (x> — _2(1”1171) + \/Hlnil x2 + 4(711—1)2 ,fOT ny = 2, 3, ceey

and the same holding for vy, (). Then we get

VTTl n2< (x ]/)) <62/ )+ V,;kz(ez;]/) = X2—|—y2,

for ny,ny € N, ny # npand x,y € [O 1]. Also, Vi, nz(prl;(x,y)) # pri(x,y) = x and
Vi (Pr2; (x,y)) # pra(x,y) = y. Vy; ,, is also not a polynomial operator.

If we talk about the fundamental functions of these operators, given by

i) = () 0 () (1= oy

and the same for v}, ; (x), then they satisfy 2211:0 0, 1, (x) =1land Zk 0Tk, (Y) =
1forny,ny, =1,2,....
Proposition 3.2.4 (Properties of 7, , r

)0<r (x)<1land0<r, (y) < 1,f0rn1,n2 =1,2,...,and 0 < x,y < 1.

ii) imy, oo 1y, (%) = x and limy, oo 15, (y) =y, for 0 < x,y < 1.
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The second moment of the bivariate special King operators V;;, , is:

Vi (B0, (2,9)); (x,y)) = 2x(x =13, (x)) + 2y (y — 77, (y)). (321)

We can discriminate between more cases, but the interesting one is for ny,n, =
2,3,...,n1 # ny. Then we have

" _ 1 ni 1
Ty () = 20m 1) + \/(”1 — 1) X2 + im =192 (3.2.2)

and for r;, (y) we have an analogous relation.

If we replace (3.2.2) in (3.2.1), we get the second moment for this special case.

We now want to find r,,, and r,,,, such that the second moment in the general case
Vi o (d3(+, (x,)); (x,y)) is minimal. We have seen in the univariate case that

0 ,xef05h),
rt(x) = 22”]111":21 ,X € [2171,1 — ﬁ],
1 e (=510,

and something similar holds for r”“” (y). Using these functions, we get the minimum
value of the second moment. For thlS, we have the following representation

Vi (= (1, 9))% () 1= Vil ((er = x)% ) + Vi ((en = )% ),

where V""" ((e; — x)%;x) and V""" ((e; — y)% y) are given as in the univariate case.

3.2.3 Products of Hermite-Fejér interpolation operators

We consider tensor products of two parametric extensions of classical univariate
Hermite-Fejér interpolation operators defined with respect to Chebyshev roots of

the first kind x; = cos (2k ), 1 <k < n,and given by

Hor(fr) = 37 () (1 vz (D) Y
2n—1\J = = k k Tl(x — xk) ’
for f € RI=11 and with T, (x) = cos(n - arccos(x)) the n-th Chebyshev polynomial
of the first kind.
The tensor product of two parametric extensions of univariate Hermite-Fejér op-
erators is given by

H2n171,2n271 (f/ X, ]/)

-y ”22f<xk1,yk2><1—x-xm>'<1—y'-‘/kz>‘( o >>2'<nz<m” >>2

k1:1 kzil nl (x - xkl ykZ

forn; >1,i=1,2, f € C([-1,1?) and all (x,y) € [ = [-1,1]>.
In [45], H. Gonska showed that for such Hermite-Fejér operators, the following
inequality involving the first absolute moment holds:

lnn

4
Hz,l_l(\el—x];x)gﬁ |- {V1—=x2-Inn+1} <10|T,(x)|-
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As one can see from the proof of the above result (see Lemma 6.9 in [45]), we can
say that the first absolute moment of the bivariate operators is given by

Hop,—12m,-1 (d1(-, (x,y)); (x,v))
= H2n1—1(|'1 - X| ; ) + H2712 1(|'2 _y| y)

<= L T ()] (V=22 lnnl—l—l}—i—— /1= s+ 1)

:4-{( T ()] (V122 1nn1+1}) (nz-\Tn2<y>\-{ﬂ~1nnz+1})},

if considering the metric

di((s, 1), (x,y)) = |s = x[ + [t —y].
Then we can now recall another result from [45] (see Proposition 6.19 there).

Proposition 3.2.5. If Hy,,—124,—1, 1i > 1,1 = 1,2, denotes the product of two parametric
extensions of univariate Hermite-Fejér operators Hy,, —1 and Hp,, 1, both based on the roots
of Chebyshev polynomials T,, and T,,, respectively, then for all f € C([—1,1]?) and all
(x,y) € [—1,1)? there holds

|<I - H2n1*1,2n2*1)<f; x,y)|

< 4wy, (f;n1 AT ()| {V1 =22 Inny + 1} + 1,0 | Ty (y)] - {4/1 — y2 lnn2+1}>

where I denotes the identity mapping on C([—1,1]?).

The second moment of the bivariate Hermite-Fejér operator can also be evaluated.
If we now consider

da((s,1), (x,)) = /(s — 02 + (= )2,
we have

1 1
Hany—1,20,-1(d3 (-, (x,9)); (%)) = o Th () + 0 T, (y)-

3.2.4 Products of quasi-Hermite-Fejér interpolation operators

We consider tensor products of two parametric extensions of univariate quasi-Hermite-
Fejér interpolation operators defined with respect to Chebyshev roots of the second
kind x, = cos (;%77), 1 < v < n, and given by

Qu(fix) = Zof(xv) “Fup(x) - U,%(x),

for f € RV and U, (x) the n-th Chebyshev polynomial of the second kind, where

1_ JR—
W ,forv=0,
1-22)(1—x,-
Fup(x) = ((wfl))z((ixj;ﬂ ,for1 <o <n,
2(?%)2 ,forv=mn-+1.
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The tensor product of two parametric extensions of univariate quasi-Hermite-
Fejér operators is given by
n+1ny+1
2 2
Q”l Vlz Z Z f xUvaz 711 Ul( ) Fﬂzrvz (y) ’ um (x) ’ unz (y)

0172 0

forn; >1,i=1,2, f € C([-1,1?) and all (x,y) € I = [-1,1]*>. We have

1 J—
(n1+x1) ,forv; =0
1
Fn1,v1 (x) = % Sforl < v <m
2(1111%1) ,forvy =n1+1

and a similar definition for Fy, , (y)-
The first absolute moment of the bivariate operators is given by

inﬂz <d1(" (x,y)); (X, ]/))
= Qn1(|'1 - x| ;x) + an("z _y| 'y)

< (1) Uy ()] 2D (1) U, )]

10In(ny + 1)
ny+1 '

The second moment of the bivariate quasi-Hermite-Fejér operator can also be
evaluated. We have

Quyny (5, (x,)); (2, ))
= Qu ((1=2)%%) + Qu((2 = y)%y)

-l a2 e+ (1 =y - U (y).

n+1

np+1

3.2.5 Products of almost-Hermite-Fejér interpolation operators

We consider tensor products of two parametric extensions of univariate almost-
Hermite-Fejér interpolation operators given by

1(%) %)(f,x) = Zf(xv) “Eou(x),

v=0

where [, is the vth Lagrange fundamental polynomial, x, = cos 5; +17T 1<ovo<n

and
sin 4 arccos x

sin % arccos x

w(x) =

In the above definition, we have

w?(x) _
Eyn(x) i= 4 %00 forv =0,
’ 11:;‘1} . 1;"}(’%” (x) ,for1<v<n.
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3 Bivariate Chebyshev-Griiss Inequalities on compact metric spaces

The tensor product of two parametric extensions of univariate almost-Hermite-Fejér
operators is given by

1 11
Fl(Onl 1o f X, y Z Z f xvyyvz 'Evllﬂl(x) ’ Evzlnz(y)r

1= 12)2 1
where )
- wle) ,for vy =0,
(X)) = o 1—x-xp
vy, 11_7;:1 . 1fx§11 -Z%l(x) yforl < v <m
and ,
Fonly) = |51  for 02 =0,
m\Y) =9 1y 1-y
et 1—yzz 2 y 2 (y) L forl < vy < my.
The first absolute moment of the bivariate operators is given by
By iy (1 (2,9)); (x,9))
YD — a0 B -y
=B o (I —xlx) + B, (Il —yliy)
<. 1+\/1—x21n(n1)+c 14+ +/1—y?In(ny)
I : ’

2n1+1 2 2ny +1

for suitable constants ¢y, c5.
The second moment of the bivariate almost-Hermite-Fejér operator can also be

expressed. We have
1.1
E it (@3 () (x,9)
_ =2 _ Fl2 %) 2.
= F 3,2 (1= 0)%0) + B30 (2= 9)%y)
ZG—x%wwV+ZO—yVWWV

3m 3ny

:2,<@—XVwWV+X1—w-WWV>'

3 nq no

3.2.6 Products of convolution operators

Take X = [—1,1] and C(X) the space of real-valued continuous functions defined
on X. The convolution operator G,,,) is defined as before. If we consider a bivari-
ate function defined on [—1,1] x [—1,1] = I, then the parametric extensions of the

operator G,,(, f are given by
(xGy (n )f)(x ) —/ f(cos(arccos(x) +v1),y) - Km(nl)(vl)dvl,

(yGm(nn) ) (x,y) —/ f(x,cos(arccos(y) +12)) - Kyyny) (v2)dva,

where the kernels K,,,(,,,), Ky;,(n,) are positive and even trigonometric polynomials
of degrees m(ny) and m(ny), satisfying

/ K vldvl—nz—12
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3.2 Bivariate (positive) linear operators

meaning that G,,(,,)(1,x) = 1and G,,(,)(1,y) = 1,for x,y € [~1,1]. Both G, (f, "),
i = 1,2 are algebraic polynomials of degree m(n;), i = 1,2 and the kernel K,,,(,,) has
the form:

m(n;
Ky V) = Z -cos(kvi), i =1,2,

N\*—‘

forv; € [—m, 7]
Since we know that G,,(,,) is a positive linear operator, we have that its parametric
extensions xG,,(,,) and G, are also positive linear operators.

Proposition 3.2.6. The parametric extensions xG,(n,), yGpu(n,) Satisfy the relation
xGm(nl) 'y Gm(nz) =y Gm(nz) ‘X Gm(nl)'

Their product is the bidimensional operator Gy () m(n,), Which, for every function f € C(I)
looks as:

Gm(nl),m(nz) (f/ (x, y))
1 T T
= /_7I /_nf(cos(arccos(x) +v1), cos(arccos(y) +v2)) - Kyyny) (V1) * Kyy(y) (v2)dvydva.
For different degrees m(n;), i = 1,2, we get different convolution operators and

different second moments, respectively. This is why we talk about second moments
in a subsequent section.

3.2.7 Bivariate Shepard operators

Let us take the domain I = [0,1] x [0,1] and consider the metric

di((s,1), (x,y)) = |s — x| + [t —yl,

for (s,t), (x,y) € 1. We then obtain a first special case of the CBS operator. If we
have a function f : [0,1] x [0,1] — R and consider the bivariate CBS operator based
on equidistant pairs of points as a tensor product of two univariate operators (see
[39]), we get
, . ki ky
(Sgifinfrl f X, y Z 2 Sk1, Vl Skz ) y)f <7’11’ le)/

=0ko=

where 1, yp > 1 and with

k[
ny
Sk1 ]11(x> = nzl; k Y
x _— L
k1=0 m
_ k|
Y=,
Skz yz(y) = % % .
y —_ =&
ko=0 "
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M

For the univariate CBS operators S ,(f;x), based on n; + 1 equidistant points

ny+1
and ng +1(f;y), based on n, + 1 equidistant points, with respect to a univariate func-

tion f, we have

Shts o (fixy) =Sk (fix) - SI2 L (Fiy)
The first absolute moment of the tensor product CBS operator given above is

S i (@i () () = Sy (|- = x5x) + 852 4 (- =yl y).
A proof for this will be given later on (see the proof of Theorem 3.3.11).
For this special case, we will give a pre-Chebyshev-Griiss inequality in one of the
sections to follow (see Theorem 3.3.11).
If we now consider the compact metric space I = [0,1] x [0, 1] endowed with the

Euclidean metric, we give another bivariate CBS operator as a tensor product of two
CBS operators defined as in (1.2.3):

Zf:l 2222:1 f (ks Yx,) 'S;Pff(x) 'SZf(y), x ¢ {x1,..., X0},
S (f; (x,y)) == vy, ..., Ynl,
f (xkyykz), otherwise.

We can give a relation for the second moment of this bivariate CBS operator S},",2.

It holds

P e 3 (0 y) s (x) -slo(y), xE {x, X
S;‘Zl]l:ﬁj(d%(, (x/y))’ (x/y)) = y g {yll--'/ynz}/
0, otherwise.

For the second moment of this CBS operator S,!;? we also have an equality simi-

lar to the one for the first absolute moment:

S (@3, (%,)); (x,y)) = Sy ((e1 — x)%x) + Siz ((e1 — y)%y).-

We will consider different cases, meaning for y1 = pup = 1,1 < u1 = pp < 2,
H1 = 2 = 2and py = po > 2. For these cases we will have different second and first
absolute moments and different (pre-) Chebyshev-Griiss inequalities, respectively.
Remark 3.2.7. The original bivariate operators that were considered by Shepard in
[104] were not constructed as tensor products of unvariate operators. For more de-
tails about other ways of describing such Shepard operators, see [39]. They look as
follows

Shf(x,y) == iés,?fﬂx,y)ﬂxi,yn, if (x,y) # (xi, 1),

Sﬁf(xi,yi) = f(x;,y;), where p > 0 fixed, f : D — R, D C R?, (x;,y;) € D,
i=0,....m,x0<x1<...<x5, Y <Y1 <...<VYp,

sfffl.)(x,y) =[(x—x)*+ @y —v)?*] 2 /l,(f')(x,y),

H

n
B (oy) = 1[G — ) + (= wa?]
i=0
Such Shepard operators are used in Computer Aided Geometric Design. Neverthe-
less, because of the scarce distribution of the points (x;,y;), fori =0,...,nin D, the
convergence properties we are interested in are relatively poor.
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3.2 Bivariate (positive) linear operators

3.2.8 Products of piecewise linear interpolation operators at equidistant
knots

Let X = [0,1] and I = [0,1] x [0,1] be a compact metric space, together with the
Euclidean metric.
The bivariate piecewise linear interpolation operator at equidistant knots SAu Ay

C(I)—>C(I)atthepoints0,ni1... LI L1ando,L... R, . 11, respec-

V4 nll *7 nl 7 nz 7 n2l *7 n2
tively, can be explicitely described as
Y y

S, (f3 (X)) =

1 nzl i ki —1 E k1+1"a_x| ko —1 kfz kz—i—l.‘[x_ I h kfz
nl 4 4 7 o nz 7 7 4 y . 7 .

mn2 1 =0 k=0 nym ny N2 ny nz
Denote by
1 [k1—1 ky ki+1
unlkl(x) = 1 /71/ 1 ;|Dé—x| 7 unlkl EC[O/]-]/
g ni ni ni nq " ’

with a similar definition holding for u,, x, (v).
The bivariate operator S, ,4,, can also be defined by

ki k
SA"l A"z x ]/ 2 2 f( ! 2) "1,k1(x)'”n2,kz(y)/

—0ky— 1’11 n

for f € C(I), x,y € X, up, € C[0,1],i =1,2,

nk<l>_5kl/klll_0 ni/i:1/2~
nl

We now give the second moment of this operator in the bivariate case.
k=1 k _ k=1 &k
Forxe[ln1 1] y—[2 i},weget

7 nl 7 ny 4 ny

Savan (B (205 o) = 1 32 s (s ) (312 ) o)

012

. 2 . 2
A1 12
= Yu ——x) + (==
112101; u”lll n2,ip y){(nl > (7’12 y) }

. 2 nmo np ) 2
—l 1
- Z Z iy ()1t () <n1 a x) + 3 D i () Uiy () (1122 —y)
n=

11 012 1 OizZO

ny 1 2 ny iz 2
= U x)| —— + U — —

2 ) (2 -) L tnal) (2-v)

m . 2 . 1 . 1
B3 () (Pl )

=0 2 ni ni ni ny

I n2<i2 )2{i2+1 ’ iy ‘ i —1 ‘}
+Y 22— —y| 2|2 —y|+ -

i;) 2 ny Y ny ny 1%] Y

(=) G e () ()
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2k;—1

This quantity attains its maximum when both x = S/— and y = 21321;1, which

implies

1 1
S B (0y)i () < a3+ 17
By (B (0 (00) £ o+

3.2.9 Bivariate BLaC operators
We define the bivariate BLaC operator and then derive a Chebyshev-Griiss inequal-
ity.

Let X = [0,1] and I = [0,1] X [0, 1] be the compact metric space equipped with
the Euclidean metric

da((5,1), (x,) =\ (s = )2 + (£ = y)2,

for (s, t), (x,y) € I. The two-dimensional scaling functions ¢ (x,y) are given by

(pA(x), fOI'ASy <1,

oaly), forA <x <1,

%, for0 <x,y <A,
a(x,y) = 9a(x) - @aly) = { —% - (y—1-4), for0sx<Alsy<i+4,

_%.(x—l—A), for0<y<A 1<x<1+A4,

L (x—=1-28)(y—1-4), forl<x,y<1+A4,

0, else,

and the bivariate fundamental functions (PZ]' (x,y) are defined by:

Pij(x,y) = @a(2"(x —i27")) - @a(2"(y — j277))-

The interpolation points 77; € IR? look as follows:

0o 2i+14+A 2j+1+A
771‘,]‘_ on+l 7 on+1

77’11,—1 =(0,0), ’7’21*'1—1,2'1—1 =(1,1),
2j+1+4+A 2i+1+A
= (0'zn+1)r M1 = (271—H’0>’

2j+1+4 2i4+1+A
’73*1—1,]' = (1’.2”“) , ’732"—1 = (2”“’1) .

Definition 3.2.8. (see [87]) For f € C(I) and x,y € X the bivariate BLaC operator is
given by

>, fori,j=0,...,2" -2,

2n—12"—1

BLuf(x,y) = BLuf (x,y,1n) := Z 2 f(771n]) : ¢Zj(x/y)~

i=—1j=—1

Remark 3.2.9. The properties of the BLaC operator in the univariate case also apply
here.

The second moment of the operator will be described in the proof of Theorem
3.3.13, in one of the next sections, for the different cases.
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3.2 Bivariate (positive) linear operators

3.2.10 Products of Mirakjan-Favard-Szasz operators

In [116], a bivariate Mirakjan-Favard-Szasz operator is considered, using the ap-
proach of parametric extensions.

Take X = [0,00) and RX the space of real-valued functions defined on X. The
Mirakjan-Favard-Szasz operator is defined as before. If we consider a bivariate func-
tion defined on [0, 00) x [0,00) = I, then the parametric extensions of the operator
M, f are given by

(M) =eme 3o e (B,

(Manf)(x,7) : *nwi ”2y ( "2>.

np

Since we know that M, is a positive linear operator, we have that its parametric
extensions yM,,, and ,M,, are also positive linear operators.

Proposition 3.2.10. The parametric extensions yMy,, My, satisfy the relation
me 'y an ~vy an ‘X Mnl-
Their product is the bidimensional operator My, n,, which, for every function f € R! looks
as:
k

> (n1x) nay)k2
M) e e 8 8 S R (G2)

ni1 np

J. Favard was the first to introduce these bivariate operators (see [37]).

3.2.11 Products of Baskakov operators

In [61], Baskakov operators for functions of two variables are studied.

We consider X = [0,00) and RX the space of real-valued functions defined on
X. The Baskakov operator is defined as before. If we consider a bivariate function
defined on [0, ) x [0,00) = I, then the parametric extensions of the operator A, f
are given by

Ay = Y ("1 e 1) <1+3;k)+kf (2”)

k1=0

wanf o) = 2 (") (1+}§/k)+kf (v12)

k=0

We know that A, is a positive linear operator, we have that its parametric exten-
sions yA;,, and yAn, are also positive linear operators.

Proposition 3.2.11. The parametric extensions xAy,, yAn, satisfy the relation

xAm 'y Anz =y An2 X Anl-
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Their product is the bidimensional operator Ay, ,, which, for every function f € R!, looks
as:

AnLTZz (fr (x/ 3/))
.:i i(”l‘i‘]ﬁ—l)(i’lz—i—kz—l) Xk ykz f(kl k2>
=T k k2 (1+x)mth (14 y)mthk? \ny" n
- ki ks
i ()i () (5,32,
klz:OkZZ: e e ny np

for (x,y) € I, n1,n, € N.

3.2.12 Products of Lagrange operators

A bivariate Lagrange interpolation operator is considered (see [39]), using the ap-
proach of parametric extensions.

Consider X = [—1,1] and IR¥ the space of real-valued functions defined on X. The
univariate Lagrange operator is defined as before. If we consider a bivariate func-
tion defined on [—1,1] x [—1,1] = I, then the parametric extensions of the operator
L,f are given by

( Lnlf X, y E lkl 1’11 xkl nlly)
k] 1

( nzf X, y Z lkz Tl2 x Yy, 712)
ko=1

Since we know that L, is a linear operator (only in exceptional cases positive),
its parametric extensions y Ly, and yL;, are also linear operators that are only some-
times positive.

Proposition 3.2.12. The parametric extensions xLy,, yLy, satisfy the relation
me ‘Y an =y an X Lnl-

Their product is the bidimensional operator Ly, ,,, which, for every function f € R! looks
as:

L, ”2 Z Z f Xky,n10 Yk, ﬂz) lkl/nl(x) : lkz,nz (y)

k1=1k=1
The Lagrange fundamental functions are given as usual

w”l (x)

I X) =
1,11 ( ) w;] (xk1,n1 ) (x - xkl,nl)

, 1<k <my,

where w,, (x) = 1—[211:1 (x — Xk, n,)- The fundamental functions I, ,, (y) are defined
analogously.
The corresponding Lebesgue functions are

n1

A”l(x) = Z |lk1,711|

k=1
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and

13
A”z(y> = Z ‘lkz,nz|~
ko=1

Regarding the sums of the squared fundamental functions of a Lagrange interpo-
lation based upon any infinite matrix X, we recall a result from [64]. It holds, for
& = 2 in the relation (3.1) in the cited article, that

ny 1
Y, G (%) 2 v for —1<x<1,
ki=1

and the same holds for the squares of the fundamental functions with respect to .

3.3 Main Results

3.3.1 (Pre-)Chebyshev-Griss inequalities in the bivariate case

We have the following result for the bivariate case, result that can be directly ob-
tained from Theorem 2.2.36.

Theorem 3.3.1. Let (X,d) be a compact metric space and denote I := X x X. If f, ¢ €
C(I) and x,y € X fixed, then the inequality

IT(f,8 (x,y))|
< 3 (FaH@EC )i o)) - @ (g HEEC ()i (500)

— 3600 £ HUBC00) + HUB () ) - o (54 HOBLC,050) + HEB G )

holds, where H(d?(-, (x,y)); (x,y)) is the second moment of the bivariate operator H. We
consider here the Euclidean metric d».

A pre-Chebyshev-Griiss inequality, that directly follows from Theorem 2.2.37, can
also be given.

Theorem 3.3.2. If f,¢g € C(I), where (X,d) is a compact metric space and I = X x X,
and x,y € X fixed, then the inequality

holds, where

A= ||flle - @a(g:4- H(A(, (x,y)); (x,y)))
B:=|8llo - @a(f;4- H(d(, (x,¥)); (x,y))),

and the metric that we need is dq((s, t), (x,y)) :=|s — x| + [t — y|.
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3.3.2 Applications to bivariate positive linear operators
3.3.2.1 The bivariate Bernstein operator

The Chebyshev-Griiss inequality involving second moments for the tensor product
Bernstein operator looks as follows.

Theorem 3.3.3. If we take H = By, 1, in Theorem 3.3.1, we get

’Bm,”z (f & (x,y)) - Bﬂbﬂz (f/ (x/]/)) ’ Bm,nz (g; (X, ]/))|

<1z, (fﬂ_\/x(lxuy(ly))_% <g;4,\/x(1x>+y<1y>),
nq ny ny nz

(3.3.1)
which implies
1 1 1 1 1
. < 2@ . . 1.5 4, — .
T(f, 8 (1 y))] < 4 a, <f14\/4n1 +4n2> Wa, (g/ \/E>
1_ 1 1 _ 1 1

for two functions f,g € C(I), I =[0,1] x [0,1] and x,y € [0,1] fixed.

3.3.2.2 Bivariate special King operators

Theorem 3.3.4. Ifwe take H = V7, in Theorem 3.3.1 and consider the second moments of
these operators for the case ny = np = 2,3,..., ny # na, we obtain the following inequality.

IT(f, & (x1,x2))]

< 1@12 (f;4 ini(x,- r;;(xi))) - @y, (g;4J ini(xi r;j(x,-)))
4 \i:l l i I
1 2 1 n; 1

— 3V (f;4 i;zxi (xi -1 \/ni Nt A(n; — 1)2>>

% 4 iZ‘ SIS S (0 N W
Wi \ 85\ T\ T g0, 1) mi—17  4m—12) |

For the other cases, as well as for the general bivariate operator V,,, ,, and for

Vi, results can be obtained in a similar way.

3.3.2.3 Products of Hermite-Fejér operators

The Chebyshev-Griiss inequality involving second moments for the tensor product
Hermite-Fejér operator is given in the sequel.
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Theorem 3.3.5. If we take H = Hpy, 14,1 in Theorem 3.3.1, we get

|H2n1—1,2nz—1(f & (%,y)) — Hon, 120, -1(f; (x,y)) - Hany—1.20,-1(85 (%, 1)) |

< 4 (f 4\/ () + jﬁ(y)) G, (g;4\/ ST () +,32T,%2<y>)

for two functions f,g € C(I), I = [-1,1] x [=1,1] and x1, x5 € [—1,1] fixed.

Theorem 3.3.6. If we replace H = Hj,, _124,-1 in Theorem 3.3.2, the pre-Chebyshev-
Griiss-type inequality looks as follows:

IT(f, & (x, )] < %min{llflloo W4, (8:4-D); |8l - @ay (f74- D)}

1 ~ ~
< gmin {||flla - @a, (140 E); ] - @, (8740 )},
whereD::%-|Tnl(x)\-{\/l—x2 lnn1+1}+ : |- {V/1—9y? Innp, + 1}
T (x)|Inn Tu, (y)|Inn
andE.—|1n1| 1_|_|2n2‘ 2_

3.3.2.4 Products of quasi-Hermite-Fejér operators

The Chebyshev-Griiss inequality involving second moments for the tensor product
quasi-Hermite-Fejér operator is given in the sequel.

Theorem 3.3.7. If we take H = Qy, », in Theorem 3.3.1, we get

|Qﬂ1,ﬂ2(f & (x/y)) - Qﬂwlz(f; (x,y)) ’ in,nz(g) (x/y))|
< 30 (f 4\/<n11+1<1—x2>-u,%1<x>+n21+1<1—y2>-u,%2<y>))

G (g;‘*\/(ml““ — 22 U () g (1-12)- u,%2<y>))

for two functions f,g € C(I), I = [-1,1] x [-1,1] and x,y € [—1,1] fixed.

Theorem 3.3.8. A pre-Chebyshev-Griiss inequality in the bivariate case looks as follows.

1 . ~ ~
IT(f, 8 ()| < 5 min{|[fllo - @a, (8540 - F); [|glleo - @, (£;40- ),
where F = (1—x%) - ;-1 - [Uy, (%) - In(ny +1) + (1 = %) - g - [Un, ()| - In(ma + 1),
3.3.2.5 Products of almost-Hermite-Fejér operators

The Chebyshev-Griiss inequality involving second moments for the tensor product
almost-Hermite-Fejér operator is given in the sequel.
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1
Theorem 3.3.9. If we take H = Fl(O - Zn) in Theorem 3.3.1, we get

Y p-b
10n1n2(f g’ xy 10

< 3@ ( 4f\/1—x <1y>w<y>2)
(o av2 [0 -nwE? (- ywy)?
Wy, (g, \/g \/ " + )

for two functions f,¢ € C([—1,1]?) and x,y € [—1,1] fixed

Theorem 3.3.10. A pre-Chebyshev-Griiss inequality in the bivariate case looks as follows

IT(f, & ()] < %min{HfHoo'@dl(g;‘l'G)‘HgHoo @, (f74-G)},

o \/lfxz-lnn1+1 A y?Inny+1
where G := ¢y - TS} .

2n2+1

3.3.2.6 Bivariate Shepard-type operators

Some pre-Chebyshev-Griiss inequalities for the bivariate CBS operator based on
pairs of equidistant points are given as follows

Theorem 3.3.11. Let [ = [0,1)%, f,g € C(I) and x,y € [0,1] fixed. Then if we take
= S”lﬁ ny 11 i Theorem 3.3.2, then the inequality

IT(f, 8 (x,y)| < ymin {4, B)

holds, where

= fle - @a, (8348005

e (1 (x,); (x,))
= 18l @, (£: 4sz;fi,nz+l<d1<-, (x,9)); (x,y)))
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Proof. The first absolute moment of the bivariate CBS operator is given by:

’ SIS kl k2
Sle'ﬁ'nZ‘H (d1(, (v y); (v y)) = Z kz Sklrlll(x) 'Skz,ﬂz(y) ' [ m — X T Ny B yH
k1=0k,=0
Y - kl k2
klgo . <kzz—:o e m 1y
nq kl nyp 1y kz
= % st ) |1 =] 2 sgn)+ 3 s |12 )
i K | TH2
y! k1 - ‘y ~ ko
= Z Skl,]ll <X> a - + " T ;,Tz -y
e L =0 Y 201k, |Y T g
T—p
ny k1 1y y o % 2
= kzo Sk p <x> 1/?1 + = an EE
- =l T
I =Sy |

=S (= x;0) + 82 (| —yliy)

We need to discriminate between some cases for y1 and pp, so we will obtain differ-
ent inequalities in each of the cases.
In the first case, for 3 = y» =1, we have

1 1 12 1
1,1 . —
Sn1+1,n2+1 (dl('/ (x/y))/ (x,y)) - kZO nl—l—l + kZO 1y ;T

—1 -1
— (m+1) (le) (ma+1) (2211)
zzo‘x—n—1 1=0 ‘y—n—z

Let Iy be defined by 2—01 <x < l%l Then we obtain

1 moq m lo 1 moooq
> + —_—
n+1 (IZOXZ) n1—|-1{lzolo—|—1—l l%&—ll_lo}

nm
n1 lp+2 1 /?l110+1 1
—d —d
np+1 {/1 x X 1 X X

n
= (o +2) - (m — o +1))
n

n1+1

v

v

11’1(21’[1 + 2),1’11 > 1+ lo,
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3 Bivariate Chebyshev-Griiss Inequalities on compact metric spaces

so it holds
ni+1

1 . . <—
Sn1+1 (dl( ’x)'x) T om ln(ZVll + 2)

Analogue, we have

1
Sn2+l (dl( ’ y)' ]/) — 1y 11'1(2712 + 2)
and taking both results together we get
ny+1 ny+1

Sl,l d r\ Ay (X, < .
n1+1,n2+1( 1( (x y)) (x 3/)) = m ln(2n1 +2) + 1y ln(2n2 _|_2)

For the next two cases, for 1 < p; <2and 1 < pu» < 2and p; = pp = 2 we consider
ly defined by

= min {
Then we have

1
Sipﬁ—&-l(dl("x);x) < |x - xlo|y1 ’ Z |x — XKy |1_V1
k1:0

1 1 _ _
—+ <nl) { Z |x_xk1|1 H1+ Z |x_xk1|1 Vl}

m kn<lo k>l

1 1 lo*l 1 l—‘Ml I’ll—l(]—l 1 1—]/11
ni <”1> 1;) <2 l;) 2

and after some calculations we obtain

X — —

Oglgi’ll}
ni

IN

IN

2—p
1—|-ni] i (”12“) ]} Jforl <y <2

S (dy(-x);x) <™ 2=
m1 (1, x);x) < {5+21n(n1+1)
ni

Jforpy =2

and

2—p2
Ly 1 2 (mpt1
Ly 1jomy 2 (mtl ] forl <y <2
SZ§+1(d1(vy>;y) < {”2 2 2 ﬂz( 2 )

5+21In(ny+1) ’
np

,for pup =2

respectively.
In the case p1, 42 > 2 we can also give the bivariate pre-Chebyshev-Griiss in-
equality. The first absolute moment for the bivariate CBS operator is given by

St (@1( (0 y))i (6, y) = S} (dr (-, x);2) + 8374 (d (-, y);y)

1 1
nq ny ny ny

and using this we get a bivariate Chebyshev-Griiss inequality. O

Let us now consider the bivariate CBS operator S},1? defined on I = [0,1] x [0, 1]
and take the metric

da((5,1), (x,)) = /(s = 1) + (£ = y )2

Now take this special case of the CBS operator and apply Theorem 3.3.1 to it. Then
we get
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3.3 Main Results

Theorem 3.3.12. If f, g € C(I), then the inequality
\T(f & (%))l
< 3 (F5ySIR B0, (o) (o)) ) - @ (s [SELRE(BC, o) ) )

holds.

Proof. Just like in the proof of the pre-Chebyshev-Griiss inequality for the bivariate
CBS operator with equidistant points, one can prove that

S (@3-, (x,)); (x,y)) = Siy (d3 (-, x); %) + Si3 (d3(-, )3 y)

is true. If we discriminate between different cases, for y1 = pup = 1,1 < py, 2 < 2
and yq1 > pp, and the last case p1, u2 > 2, we obtain again additional inequalities.
The details are similar to the ones for the pre-Chebyshev-Griiss inequalities. O

3.3.2.7 Tensor product BLaC operator

We apply Theorem 3.3.1 to the bivariate BLaC operator and obtain:
Theorem 3.3.13. If f, ¢ € C(I), where I = [0,1)?, then the inequality

IT(F,8 ()] < 304y BLAC, (,9)); (1)) - Gy (4 BLa(B(, (x,9); (1,9))
< i% (fﬁ)  Way (8@@)

Proof. The second moment of the bivariate BLaC operator is of interest here.
Letx € [X, B8],y e [[L, 1), k1€ {0,...,2" —1}. Forx = land y = 1, take
k =2"—1and ! = 2" — 1, respectively. The second moment of the bidimensional

BLaC operator is:

holds.

2"—-12"—1

BLy(d5(-, (x,)) =Y Y Bl (oy) - ¢li(xy)

i=—1j=-1

(1)

= (d5(n}_v 11, (%,9) i1 11 (x,y) + A5 (i1, (5, ) @ 1 (x, y)

< 21 3 =1 Szz%yl
+ a3 (1¢_1, (4, ) i1, (X, y) + A3 (7, (1)) 9 (x, )
322;1173'1 S22;1#—3'1
4 1 2

< 22n—3 - 22n=5 " 92(n—2)’

so the sum (1) has at most 4 terms. The idea of the above calculations is that the
maximum distance in each component is smaller than or equal to 2,,%1, so we have:

1 \? 1 \? 2 1
d%(m?—l,l—lr (xry)) < <2n—1> + <2n—1> = 22n—2 = 22n—3"
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3 Bivariate Chebyshev-Griiss Inequalities on compact metric spaces

Then we get

N—=

= /BL(3(-, (x,9)); (x,9))
on_1 211
J Y. Y Bl (ny) - eli(xy)

i=—1j=—1

The Chebyshev-Griiss inequality becomes:

BL,(d5(-, (x,9)); (x,v))

for f,¢ € C(I), where I = [0,1]2. Our proof is completed. O

The bivariate case is of particular interest because it can be applied in the image
compression process (for examples, see [16] and [87]).

3.3.2.8 Bivariate piecewise linear interpolation operator at equidistant knots

We consider H = Sy, ,,, in Theorem 3.3.1 and, using the second moment of this
bivariate operator, we get the following Chebyshev-Griiss inequality.

Theorem 3.3.14. If f,¢ € C(I), where I = [0,1] x [0,1] and x,y € [0, 1] fixed, then the
inequality

!(fg;xy)l
< 3@ (F14 \fSanan (@0 09 (0n) @ (54 [Sa a0, (B (00): (0)))
<dou (5 o) = (o2 )
1 2 1 2
holds.
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3.3 Main Results

3.3.2.9 Bivariate convolution operators

The second moment of the tensor product convolution operator is given by

Gy ) m(n) (A5, (31, %2)); (1, %2)) = Gpy(ny) (- = %)% %1) 4 Gy (- — x2)% x2)

3 1 1 1
42 2
=X {2 -2 01,m(ny) + ZPZ,m(nl)} + (1 - xl) ’ {2 - ZPZ,m(nl)}

3 1 1 1
+ X% {2 =2 01 m(ny) T 2p2,m(n2)} +(1- xz) : {2 - 2p2,m(n2)}

When considering different degrees m(n;), i = 1,2, we obtain different convolu-

tion type operators.
For example, if we let the degrees of the two operators be m(n;) = n; —1 and

m(ny) = np — 1, for ny, ny € N, we get the Fejér-Korovkin kernels, given by

2
ooy = 1 (Fn ) ot 4 1) 3)
~1(n) = ’
m n +1 cos(v1) — cos (#)
2
K1 (v2) 1 Sin(n;fa) -cos ((n2+1)- %)
—1(12) = /
) ny+1 cos(1p) — cos (n;kl)

with

Fl,]li*l COS nl ] 7
].

_ M Cos 27 + i=1,2
PZ,ni—l—ni+1 ni+1 le‘—|—1’ T

In this case the second moment can be estimated by

Gy —1mp-1(d3 (- — (x1,%2)); (x1,%2)) = Gy -1 (d5(- — x1); 1) + Gy 1(d3(- — x2); x2)

3 1 1

< ‘2 —2014,-1+ 2P2m-1 + > 11— p2,1,-1]
3 1 1

+ 5~ 201,,-1 + SP2m-1 + 5 11— p2,n,-1]

= (3' (n111>2+ (mn+1)2> " (3' (n211)2+ <n£1)2)
§4<n17:—1>2+4<n2711>2

1 1
=42 (G * vy

Theorem 3.3.15. For f,¢ € C(I), where I = [—1,1], the Chebyshev-Griiss inequality for
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3 Bivariate Chebyshev-Griiss Inequalities on compact metric spaces

the tensor product convolution operator with the Fejér-Korovkin kernel is given by

IT(f, & (x1,%2))]

1 1 1 ~ : :
< 39 (f;4\/4ﬂ2 <(7’11 T2 1)2>> Y (g;4\/4n2 <("1 +12 " (n, +1)2>>

1_ 1 1 % ! :
e (ﬁgn\/(m T2 (m b 1)2> o (g;SN\/(”l T2 (et 1)2> |

Remark 3.3.16. For the other kernels, and other bivariate convolution-type operators,
respectively, similar results can be obtained.

3.3.3 Bivariate Chebyshev-Griiss inequalities via discrete oscillations
3.3.3.1 Bivariate discrete (positive) linear functional case

In [58] the authors obtained a Chebyshev-Griiss-type inequality that involves os-
cillations of functions. We give here a generalization of the results obtained in [58],
considering the bivariate discrete linear functional case. Such results were published
in [4].

Let X be an arbitrary set and B(I) the set of all real-valued, bounded functions
on I = X2 Takea, b, € R, n > 0, such that y0°, |an| < oo, Yolgan = 1 and
Yoo |bn| < 00, Y0 by = 1, respectively. Furthermore, let x, € X, n > 0 and y,, €
X, m > 0 be arbitrary mutually distinct points. For f € B(I) set fum := f(Xn, Ym)-
Now consider the functional L : B(I) — R, Lf = Y00 Yo—o @nbm fum- Then L is
linear and reproduces constant functions.

Theorem 3.3.17. The Chebyshev-Griiss inequality for the above linear functional L is given
by:

4

L(fg) ~ L() - L(g)| < goser(f) -oscu(s) L [anbpaidy

1,m,i,j=0,(n,m)#(i,j)

where f,g € B(I) and we define the oscillations to be:

OSCL(f) = sup{}fn,m _fi,]" : n,m,i,j Z 0}/
oscr(g) = sup{}gn,m - gi,]" tn,m,i,j > 0}.
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3.3 Main Results

Proof. We have

[ee] [ee] [e°]

L(fg) = L(f)-L(g) = Y anbufum@um— Y, @nbufum- Y aibjgij
n,m=0 n,m=0 i,j=0
- ¥ <Z aiw) A I
nm=0 \i,j=0 n,m=0 i,j=0
= Z aibifn,mgn,m‘i‘ Z Z aibj anbmfn,mgn,m
n,m=0 n,m=0 \ i,j=0,(i,j)#(n,m)

_ Z a%bifn,mgn,m_ Z ( Z anbmuibjfn,mgi,j>
i,j=0,(

n,m=0 n,m=0 i,j)#(n,m)

[ee]

= Z aibjanbmfn,m(gn,m _gi,j)'
n,m,i,j=0,(i,j)#(n,m)

The above identity can be written in the following way

o]

L(fg) — L(f)-L(g) = )3 anbmaibjfi;(gij — &nm)-
n,m,i,j=0,(i,j)#(n,m)
Therefore
2(L(fg) — L(f)L(g)) = Z “ibjanbm<fn,m _fi,j>(gn,m _81',]')/
n,m,i,j=0,(i,j) #(n,m)
and the theorem is proven. O

Theorem 3.3.18. In particular, if a, > 0, by, > 0, n,m > 0, then L is a positive linear
functional and we have:

L)~ Lf - 1g] < 5 (1 L iﬁ) oscu () oseu (g),

for f, ¢ € B(I) and the oscillations given as above.

Proof. In this case we have

Z \anbmaibj\ = Z ayby, Z Elib]‘
=0, (n,m) 7 (i,f) n,m=0 1,j=0,(i,) #(n,m)
= Z a,by, (Z a;b; — anbm> = Z anby (1 — ayby,)
n,m=0 i,j=0 n,m=0
= Y apby— Y aibi=1- <Zaﬁ> - (Z bi),
n,m=0 n,m=0 n=0 m=0
so the result follows as a consequence of Theorem 3.3.17. O
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3 Bivariate Chebyshev-Griiss Inequalities on compact metric spaces

3.3.4 Applications to bivariate (positive) linear operators
3.3.4.1 Application for the bivariate Bernstein operator

According to Theorem 3.3.18, for each x,y € X, f,g € B(I) we have

T(f,& (x,y))]
1 ny ny
S E (1 - kzo b%],kl (x) ' kzo b%z,kz (y)> : OSCBnl,nZ (f) ' OSCBnl,nZ (g>’ (333)
1= 2=

where
oscp, . (f) == max{|fi1 — fst| 1 k,s=0,...,n;L,t =0,...,n2},

and f; := f (n—kl, n%) ; similar definitions apply to g.

n
Let gn, (x) == Zl: bﬁl k1(x)’ x € [0,1]. Then we get
k=0 ’

Py (%) > x € [0,1],

n+1
and the same holds for ¢,,(y), y € X. Therefore it holds

IT(f, 8 (x,y))]

1 1 1
<-(1-—.
-2 nmn+1 n+1

1 mong+ny+m

=5" (1 + 1) (3 + 1) - 0scg, (f) - 0SCB, ,, (Q), (3.3.4)

) -5t () 0508, (8)

forx,y € X.

Remark 3.3.19. We have seen in the univariate case (see (2.2.15) in a previous section),
and it was also proved in [58] that

1 21’[1
Py () > 4’“(”1)’ xeX,

with equality if and only if x = 1. A similar result holds for ¢, (y), for y € X.
Theorem 3.3.20. The Chebyshev-Griiss inequality for the bivariate Bernstein operator is:

IT(f,& (%))l
<3 (-G () g e ) osem () oscn (), my € (01 639

ni np

In comparison to the Chebyshev-Griiss inequality for the bivariate Bernstein op-
erator, given in Theorem 3.3.3, we make some observations in the next remark.
Remark 3.3.21. In (3.3.3) and (3.3.1), the right-hand side depends on (x,y) and van-
ishes when (x,y) — (i,j) for i,j € {0,1}. The maximum value of it, as a function
of (x,v), is attained for x = y = %, and (3.3.4), (3.3.5), (3.3.2) illustrate this fact. On

the other hand, in (3.3.3) the oscillations of f and g are relative only to the points
(f—l, n%), 0 <k <mny,0 <1 # ny while in (3.3.1) the oscillations, expressed in terms
of @, are relative to the whole interval I.
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3.3.4.2 Application for 55, 4,

Using Theorem 3.3.18, we get an inequality of the form
18,080, (f + 8)(5,9) = S0, F(X,9) - S,,0,8(2 1)
1 S Sl
< E 1- Z Uy Kk (x) : Z Uy, ko (y> ’ OSCSAnl,AnZ (f) 'OSCSA,ZI,AHZ (g)/
k1=0 k2:0

foreach x,y € [0,1], f,¢ € B(I), where

05Cs,, o, (f) = max{|fo; = fri| 10 <'5,7 <y, 0 <Lt < mp}

and fs; == (7, ni) similar definition applies to g and its oscillation.
In this case, we need to find the minimum of the sums 7, (x) := Z —oUn,, kl( X)
and T, (y) : Z _oUn,, kz(y). For particular intervals x € [kln 11/”%] and y €
k-1 k
[ 2=, n—z} we get that

Tn] 2 uﬂ] kl
= (nlx — k1 + 1)+ (ky — mx)?, forky =1,...,m

and something similar for 7, (y). The functions T, (x) and 7, (y) are minimal if and

only if x = Z1L- 1, Y= 2k2 ! and the minimum value for both 7, (x) and 7, (y) is 3.

Theorem 3.3.22. The Chebyshev—Grﬁss inequality for Sa, a,, is

IT(f, & (x,y))|

12
< 2 (1 B Z um k1 ) ’ Z uiszl (y)> 'OSCSA”l'Anz (f) . OSCSA”l'A”Z (g>
ky—0
1 1
< 2 1= 4) OSCSAnernz (f> 'OSCSA"VAV'Z (8)
3
S g OSCSAnl'Aﬂz (f) ' OSCSA"l'A’Q (g)'

3.3.4.3 Application for bivariate special King operators V;; .

We want to find the infimum of the sums

o) = 1 (@, (1))

k1 =0

and "
Py (y) =Y (0}, ()%

ky—=0

We consider the following special cases.
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3 Bivariate Chebyshev-Griiss Inequalities on compact metric spaces

For ny = n, =1, we have

1

p1(x) = ), (vig, (x))?

k1=0
= (019(x))* + (074 (x))?
=2t —2x% + 1,
and the same thing for ¢;(y). These are minimum for x,y = % and the minimum
values are in both cases ¢ (%) =1

Theorem 3.3.23. The Chebyshev-Griiss inequality via discrete oscillations in the bivariate
case, for ny,ny = 1, is given by

IT(f, & (x,y)| < 5 -oscyy, (f) - osevy, (8)

Q0| W oo W

~max{|fi; — for| :0<ks<L,0<I[t<1}.

In the case ny,n, = 2,3,..., ny # ny, we have

11

on (%) = ) (¥4, (2))?

k=0
n n 2 i} .
= £ (1) G0t s 920m — k)

and a similar result for ¢, (y), which are both more difficult to estimate. What we
can say for sure is that

(x) > —
$m “—nm+1
and .
>
(Pﬂz(y) — n2+1
hold, for x,y € [0,1] and 1,1, = 2,3, .. .. So we obtain
ny n
klZ::O (vnl,kl (x)> —_ nl + 1/

and an analogous inequality for 1 — Y (v, (v) )2, so we get the following result.

Theorem 3.3.24. The Chebyshev-Griiss inequality for the bivariate King operators via dis-
crete oscillations, for ny,ny = 2,3,. .., is given by

IT(f,& (x,y))| < % (1 1 1 ) roscyy () -osev; , (8)

_1’11—|—1'n2+1 1o
_ 1 nony +nz +m
S 2(m+1)(np+1) 05CV,iimy (f) 05CV2 (&),

where
oscy: (f) :=max{|fs;— frt| : 0<s,r<mn;,0<1,t<myp},

nyny

where f;; = f (i, n%) and a similar definition can be applied to g.

m
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3.3.4.4 Application for the bivariate Mirakjan-Favard-Szasz operators

We want to find the infimum of the sums

00 2k1
Oy (X) := e 2mx Z (m1)

k=0 (k1t)?

and
2%,

 2my yo (12Y)
Oy (y) =7 ykzgo (12!)2

Theorem 3.3.25. The Chebyshev-Griiss inequality via discrete oscillations in the bivariate
case is given by

IT(f, & (x )l <
where f, g € Cp([0,00) x [0,00)), 0scm, . (f) := sup{|fsi — fre] : 0 < 5,7 < 00,0 <

I,t < oo}, with fg) := f ( 2 i). A similar definition is applied to the second function.

a’ ny

(1= 03, () - 0y (1)) - 050,y (F) - 05C0, 1 (o)

N =

Cp(]0,00) x [0,00)) is the set of all continuous, real-valued, bounded functions on [0, 00) x
[0, 00).

We have seen in the univariate case that infy>q 0y, (x) = 0 and inf,>q 0y, (y) = 0.
Then the above inequality looks as follows:

Theorem 3.3.26. The Chebyshev-Griiss inequality via discrete oscillations for the bivariate
Mirakjan-Favard-Szdsz operator becomes

1
|T(f’ g’ (x’ y))| S EOSCMnl,nZ <f) : OSCMnl/nZ (g)’

where the functions f and g and the oscillations are given as above.

3.3.4.5 Application for the bivariate Baskakov operators

We set

1 2 (n1+ki—1 2 X 2
= >
b (%) = T ym klz::O < ks ) 1) o forx=z0
and

1 ad ny+ky—1 2 Y 2k
= 7 > 0.
V) (1+y)2”2k220< ks ) <1+y fory =0

and we need to find inf ¢, (x) and inf ¢, (v).
x>0 y>0
We have the following result:

Theorem 3.3.27. The Chebyshev-Griiss inequality via discrete oscillations for the Baskakov
operator in the bivariate case is given by

IT(f,& (0 y)| < 5+ (1 =8, (x) - O, (y)) - 054, (f) - 05Ca, , (0)

N —
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where f,g € Cy([0,00) x [0,00)), 0sca, , (f) := sup{|fsi — fre| : 0 < 5,7 < 00,0 <

lt<m}mMﬁl:f(Wm
Cp([0, 00) x [0,00)) is the set of all continuous, real-valued, bounded functions on [0, 00) X
[0, c0).

A similar definition is applied to the second function.

From the univariate case we know that inf,>q &, (x) = 0 and inf, >0 8,,(y) = 0.
Then the above inequality looks as follows.

Theorem 3.3.28. The following inequality

1
‘T(f’ g/ (x’ y)) ‘ S EOSCAnl,nz (f) : OSCAnl,nz (g)

holds, where the functions f and g and the oscillations are given as above.

3.3.4.6 Application for the bivariate Lagrange operators

We only give an inequality using these special oscillations for the bivariate Lagrange
operator. In the case of oscillations involving the least concave majorant of the mod-
ulus of continuity, the inequalities are more complicated.

Theorem 3.3.29. The Chebyshev-Griiss inequality via discrete oscillations for the bivariate
Lagrange operator is given by

T(f & (x,y))|

<lip A !

— E nm (x) ' ny (y) - E : OSCLnl,MZ (f) : OSCLVI],nZ (g)’
where f,g € B(I). The oscillation for f is defined by

OSCLnl,nz (f) = max{|f(xk1/”1'yk2,ﬂz) - f(xmlznl’yern2>’ 11 <ky,m <m,1<kymp< le}.
A similar definition is given for the oscillation of the second function.

Proof. We have

ny ny
Z ( Z |lk1,ﬂ1 (x)lkz,nz (y)lml/nl (x)lmz,nz (]/)|>
kz my 1 (

ky,mi=1 =1, (k1 k) # (m1,mz)
n o Ny n Ny
(zzvml \) B W
i=1j=1 i=1j=1
’ n np
= A, — L L o (v
i=1j=1
2 2 1
S Ai’ll (x)Anz (y) - E'
and the theorem is proven. O

For the Lagrange operator based upon Chebyshev nodes, the inequality looks a
bit more complicated. We have
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Theorem 3.3.30. The relationship

T(, 85 (2 )| < 5 -05c,, (F) -05ct,,,, (9)

A2 (x)A2 (y) —c <1 + (cos nyty)? - 722> ' (1 + (cos mata)* 722)}

holds, for f,g € B(I), x = costy, y = cos tp and suitable constant c.
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4 Univariate Ostrowski Inequalities

4.1 Auxiliary and historical results

One of Ostrowski’s classical inequalities deals with the most primitive form of a
quadrature rule. It was published in 1938 in Switzerland (see [89]) and reads in its
original form as follows.

Theorem 4.1.1. Es sei h(x) im Intervall | : a < x < b stetig und differentiierbar, und es
sei in | durchweg
W (x)| <m, m>0.

Dann gilt fiir jedes x aus |:

‘h(x) - biu /fh(x)dx

< |z
_4+

A simplified form can be found, for example, in G. Anastassiou’s 1995 article [8].

Theorem 4.1.2. Let f bein C'[a,b], x € [a,b]. Then

x—tl2 —xz
- [ e < EE D O

The characteristic feature of Ostrowski’s approach is thus to approximate an in-
tegral by a single value of the function in question and to estimate the difference
assuming differentiability of the function in question. The latter is a dispensable
assumption, as was observed by A. Acu and H. Gonska in the next result (see [1]).

Theorem 4.1.3. Let L : Cla,b] — Cla,b| be non-zero, linear and bounded, and such
that L : Cla,b] — Cl[a,b] with ||(Lg)'|| < cL - ||¢’|| for all g € C'[a,b]. Then for all
f € Cla,b] and x € [a,b] we have

1
b—a

/ab Lf(t)dt’ <|L||-@ <f; IICZ\! (x— L;)(zbt(:)_ x)2> |

The right hand side in the latter inequality is given in terms of the least concave
majorant of the first order modulus of continuity of an arbitrary f € C[a, b] and thus
generalizes Ostrowski’s inequality in the form given by Anastassiou.

We remark that - according to our knowledge - B. and I. Gavrea in [40] were the
tirst to observe the possibility of using "omega-tilde" in this context.

Ostrowski inequalities have attracted a most remarkable amount of attention in
the past. The reader should consult Ch. XV on "Integral inequalities involving func-
tions with bounded derivatives" in the book by D.S. Mitrinovic¢ et al. [84] and Chap-
ters 2 - 9 in the recent monography of G. Anastassiou [9].

Lfx) -
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4.2 Over-iterates of positive linear operators

In this chapter we present a generalization of the above-mentioned result of Acu
et al. for integrals w.r.t. probability measures A and apply the new estimates to
iterates of certain positive linear operators and to differences of such mappings (see
[55]).

We first consider the space

LZP[O, 1] = {f € C[O, 1” |f|Lip = supw < oo} )

X#Y |x_]/|

Let M; [0,1] be the set of all probability Borel measures on [0,1] and A € M [0,1] a
given measure. Then the inequality

0= [ rwar)| = | [ 70 - o))
< [[17e0) - sl aacy
< flyy [ 16+l aA()

holds, for f € Lip[0,1] and x € [0, 1]. Let also

W (x) = /(: It — x| dA(H).

We have obtained a general form of Ostrowski’s inequality:

760 = [ F00)| < 1l a(o), @1

forall f € Lip[0,1], A € M [0,1] and x € [0, 1].

4.2 Over-iterates of positive linear operators

If we consider any positive linear operator L, : C[0,1] — C[0, 1], then the powers of
L, are defined inductively by

L0:=1Id Ll =L, and L™ :=L,0L", m € N.

When talking about iterates, the interest is in studying the behaviour of the powers
of the operator L,,, when taking the case n fixed and m going to infinity. This is why
the operators are called over-iterated.

More methods can be described when we want to consider the over-iteration of
our operators L,. Among such methods, P. Pitul studied three of them in her PhD
Thesis [93], namely: the contraction principle, a general quantitative method and
one method involving spectral properties of the operator. For details and different
results with respect to such over-iterates, see [93] and [96].
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4 Univariate Ostrowski Inequalities

4.3 A result of A. Acu and H. Gonska

We shall present a slight modification of the inequality established by A. Acu and
H. Gonska in [1].

Theorem 4.3.1. Let L : C[0,1] — CJ0, 1] be non-zero, linear and bounded. Suppose that
L(Lip[0,1]) C Lip|0,1] and there exists c;, > 0 such that

‘Lg‘Lip S CL |g‘Lip’

forall g € Lip[0,1]. Then forall f € C[0,1], A € M, [0,1] and x € [0, 1] we have
1 - c
L) = [ LAOaM0)| < 111G (£ ).
Proof. Let Ay : C[0,1] — R be defined by

1
As(f) = Fx) = [ F(Dar).

Then Ay is a bounded linear functional with || A, || < 2. We have

1

AL < ILF) + [ ILAD)] ()
< 2L ANeo -
for f € C[0,1]. Let ¢ € Lip[0,1]. By using (4.1.1) we get
1
AL = L) ~ [ Lg(AAD)] < Ll 1(5) < et gl a6

Consequently,

[ Ax(Lf)]

[(Axo L)(f —g+8)l
[(Ax o L)(f — &) + |Ax(Lg)]
2||LIHIf = 8lleo + €L 18] iy wa (%)

VARVAY

Passing to the infimum over g € Lip[0, 1] we get

CcL

A (Lf)| <2||L inf — ,
adep <20l int L1 =gl + 5TEron () sl

= 1L1@ (£ Fr).

O]

Corollary 4.3.2. In the setting of Theorem 4.3.1 suppose that, moreover, L is a positive
linear operator reproducing the constant functions. Then

\Lf<x> [ Lf(t)om(t)] < & (e (x)

holds, for all f € C[0,1], A € M{[0,1] and x € [0, 1].
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4.4 Applications involving iterates of positive linear operators

Let eg(x) := 1 for x € [0,1]. It is well known (see, e.g., [72], p.178) thatif L is a
positive linear operator and Ley = ey, then L has at least one invariant measure y, i.e.,
there exists u € M; [0, 1] such that

1 1
| Lrwdn) = [ feau
for f € C[0,1].

Now from Corollary 4.3.2 we obtain

Corollary 4.3.3. Let L : C[0,1] — CJ0,1] be a positive linear operator with Ley = e,
and y an invariant measure for L. Suppose that L(Lip[0,1]) C Lip[0, 1] and there exists
c > Osuch that [Lg|;;, < 1|8y, § € Lip[0,1]. Then the inequality

L)~ [ F0au(0)] £ @ (ficum, )

holds, for all f € C[0,1], x € [0,1].

Under the hypothesis of Corollary 4.3.3, let m > 1 be an integer. Then L"ey = e,
IL"8l1iy < ' 18]1ip & € Lip[0,1], and p is an invariant measure for the iterate L™.
Consequently, we can state the following result.

Corollary 4.3.4. In the setting of Corollary 4.3.3 we have

L™ f(x /f )dp(t ‘<w(f M, (x)) 43.1)

forall f € C[0,1], x € [0,1], m > 1. Moreover, if c;, < 1, then

m—00

lim L"f = </01 f(t)dy(t)) eo, uniformly on [0,1],

and, consequently, L has exactly one invariant measure i € M, [0,1].

Related results, in a more general context, can be found in [7].

4.4 Applications involving iterates of positive linear operators

Application 44.1. Letn > 1, p = [n/2],0 < k < p, 0 < x < 1. Consider the
polynomials

n+1—-2p+2k/n+1
wn,k(x) = P < >

(n+1)2"lx \p—k
. <(1 _ x>p7k<1 + x)nJrlprrk _ (1 _ x)n+lfp+k(1 + x)pfk) )

The operators B, : C[0,1] — C[0, 1], defined by

Buf (x Zf ("2 a0
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4 Univariate Ostrowski Inequalities

were introduced in [105] (see also [94], [95]). They are positive linear operators

with Bne9 = ep. According to the results of [94], ¢5, = =1 and the probability

measure concentrated on 1 is invariant for §,. Now Corollary 4.3.4 entails

prr@ - fol < (5 (1) a-n),

forallm,n > 1, f € C[0,1], x € [0,1]. This result supplements the qualitative results
presented in ([95], Ex. 5.7.).

Application 44.2. Forn > 1andj € {0,1,...,n} let

b j(x) := (7) ©(1—x)"7, x € [0,1].
Let0 < B < 7, v > 0. Consider the Stancu operators S;; 0BT [0,1] — CJ[0,1]

given by
S<0[3’)/> i (-I—ﬁ)
i=0 n+y

It is easy to verify that c 50 = g ey <L

According to Corollary 4.3.4, L, has a unique invariant measure y, € M [0,1];
in fact, u, was already determined in [53] and [99]. The quantitative result derived
from (4.3.1) accompanies the qualitative results of [53] and [99]. In particular, we
see that the rate of convergence, generally expressed by C21<0/ﬁn>' is expressed here

by (an)m.

Application 4.4.3. Consider the Bernstein-Durrmeyer operators with Jacobi weights
a, B > —1, defined by

aﬁf an] </ t]+a )= ]+ﬁf > (/ t”"‘ )= Hﬁdt)

for f € C[0,1],x € [0,1],n > 1.
According to the results of [7],

Coap=— <1
M T nrat B2

and the invariant measure y is described by

/Olf(t)dii(t) - </01 (1 — t)ﬁf(t)dt> Y (/01 (1 — t)ﬁdt>  with f € C[0,1].

Using the Cauchy-Schwarz inequality we get

w(x) = [ e -xlaut) < [ (t—X)Zdﬂ(t)f

B a+1 \? (a+1)(B+1) :
—<<x_zx+,5+2> +(oc+ﬁ+2)2(oc+[3+3)> '
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4.4 Applications involving iterates of positive linear operators

Now Corollary 4.3.4 entails

1 1
i~ ([ ra-oproa) /([ ea- k)
N s+1 V', @1\
<w<f’<n+zx+f5+2> <<x_zx+,3+2) +(Dc—|—,3+2)2(a+[3+3)) )
This is a quantitative companion to the results of ([7], Section 3.2.).

Application 4. 4 4. For eachn > 1,let 9, € L'[0,1], 9, > 0, be a periodic function
with period 1+, such that

n+1’
1

/m O,(£)dt = 1.
0
Consider the generalized Kantorovich operators K, : C[0,1] — C[0, 1] defined by

j+1
n+1

Kif(x) 1=} buj(x)

j=0 n+1

f(£)8n(t)dt

It is easy to verify that K, (Lip[0,1]) C Lip[0,1] and cx, = ;4, n > 1.
We want to determine the invariant measure. Consider the matrix

j+1
T, := [f"“ by )dt}
n+1 lj:(),l,...,l’l

andleta = (ag,aq,...,a,)" € R"*1. T, is the transpose of a regular stochastic matrix,
so that the system T,a = a has a unique solution with a; > 0,7 = 0,1,...,n, and
ap+ ...+ a, = 1. For this solution, we have

j+1

Z@/”lm )8, (£)dt,
n+

1

fori = 0,...,n. Let ¢,(t) := ajﬁn(t),t c (#1,%),] = 0,...,n. Define u, €

M [0,1] by dun(t) = @u(t)dt. Then py, is the invariant measure of K,,. Indeed,

i+1
n+1

1 n 1
J) Kt i) = 1 [ bnidin®)- [ 80t
i=0

I

™=
T~ S
-

i=0 \j=0" n+1 n+l

n itl
:Zm/“fm@mm

=0 ﬁ

U
=Y. [, f(Hea(t)dt

i=0" n+1

1

I
~
—~
=

Q.
=
=
—~

—
~—

o
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4 Univariate Ostrowski Inequalities

i) As a particular case, leta, g > —1 and

. o . ‘B j+1 . o . ﬁ
_ ] ]—|—1_ /n+1 ] ]+1_
19”(t)_<t n+1) <n+1 t) /<nf+'1 <S n+1> <n+1 s)ds)

forall t € [ m J'rl, %} j=0,1,...,n. Denote the corresponding operators K;, by

KiP; itis easy to see that they can be expressed also as

Kz'ﬁf(x)zwi /1 1—S)ﬁf<si]1>d5-

Here B(-, ) is the Beta function. In fact, these are the operators introduced in

([77], (1.5)).

ii) More particularly,

are the classical Kantorovich operators. For them, as in the above general case,
the parameter ck, is -2; moreover, the invariant measure y is the Lebesgue

n+1’
measure on [0, 1]. Thus
1
/|t—x\dt <x—> +Z'
From Corollary 4.3.4 we infer
" 1\* 1
00)m < n _
‘(K Flx /f dt' w(f <n+1> <<x 2) +4>>.

Related results, for multivariate Kantorovich operators, can be found in ([7], Sec-
tion 3.1).

Remark 4.4.5. Results of this type are especially significant in case of sequences (L, )
for which the strong limit

T(t):= lim L,[qnt}

n—o00

exists for all + > 0. In such a case (T(t));>0 is a Co-semigroup of operators and
the above results can be used in order to study its asymptotic behaviour from a
quantitative point of view. Details can be found in [7].
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4.5 Applications involving differences of positive linear operators

4.5 Applications involving differences of positive linear
operators

In the preceding section the main tool was Corollary 4.3.4 which makes use of the
invariant measure. Now we present applications of Corollary 4.3.2.

Letagain L : C[0,1] — CJ0, 1] be a positive linear operator with Ley = ey. Suppose
that L(Lip[0,1]) C Lip[0,1] and there exists c; > 0 such that [Lg];;, < cr[g];, for
all g € Lip[0,1]. Let A : C[0, 1] — CJ0, 1] be a positive linear operator with Aey = ep.
For each x € [0,1] consider the measure A, € M; [0, 1] defined by

/olf(t)‘“x(f) = Af(x), f € C[0,1].

Then we have

[ LA®aA() = ALHE) = (Ao L)f(), f € o1l
Now Corollary 4.3.2 implies

Proposition 4.5.1. With the above notation we have
[(AoL)f(x) = Lf(x)| < @ (f;cLA([t - x[, x))
<@ (felAl(t—272)7),
forall f € C[0,1] and x € [0, 1].
Application 4.5.2. Let L = B, where (see [76], [5] and the references therein)

f(0) ,ifx =0,
B.f(x):=<{ f(1) Jifx =1,
f] tnx—l(17t)n(1—x)—1f(t)dt .
‘ B(nx,n(l1—x)) S0 <x <1,

for all f € C[0,1], x € [0,1]. Here B(:, %) denotes the Beta function. A definition

of these Beta operators IB,, can be found in Lupas’ thesis [75] (see p. 63). Then

B,e9 = ep.

In [5] it was proven using probabilistic methods that B, f is increasing whenever
f is increasing.
Remark 4.5.3. This shape-preserving property can be proved, as in ([11], Ex.3.1),
using analytical tools involving total positivity, not only for B, but also for the Beta
operators ByP which will be described in Application 4.5.5.

Let g € Lip[0,1]. Then [g];;, eo + g are increasing functions, so that [g];, e0 + B.g
are also increasing. It follows that |B,g| Lip < 8|1y and socg = 1.

Take A = B;, the classical Bernstein operator. Then Ao L = U,, the genuine
Bernstein-Durrmeyer operator (see, e.g., [48]). From Proposition 4.5.1 we get

U f(x) ~ Buf(x)| < @ <f; (“‘)) ) -

n
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4 Univariate Ostrowski Inequalities

Application 454. Let L = B, and A = B,,. Then Ao L = S, is a Stancu operator
investigated in [76]. We infer that

S0f() = Buf ()| < @ <f; (%) %) .

Application 4.5.5. For o, f > —1, let BYF . C[0,1] — C[0, 1] be defined by

Bﬁ’ﬁf(x) — </01 prte (] t)n(l—x)+ﬁf(t)dt> % </01 prte (] t)n(l—x)+ﬁdt> '

As in Application 4.5.2 (see also Remark 4.5.3), it can be proven that the correspond-

. : n
Ing parameter CB;;;,;} 1S g2

If we take L = Bz’ﬁ and A = B,,, then Ao L = Mﬁ’ﬁ , the Bernstein-Durrmeyer
operator with Jacobi weights discussed in Application 4.4.3. From Proposition 4.5.1
we obtain

MEPf(x) - B F()| < @ (f; s (2 ">)%> .

In particular, we can see what happens when &« — co and/or f — co.

Application 4.5.6. Let L = B,4+1 and A = B,,. Then Ao L = D,, an operator which
was investigated in [48]. In this case we have

IDyf(x) — Busaf(x)] < @ (f; (“”) ) |

n

Remark 4.5.7. Other kind of results concerning differences of positive linear opera-
tors can be found in [48], [51], [52], [54] and the references therein.
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5 Bivariate Ostrowski Inequalities

5.1 Auxiliary and historical results

Multivariate Ostrowski inequalities and generalizations of such results were con-
sidered by many mathematicians, such as G.A. Anastassiou, S.S. Dragomir, B.G.
Pachpatte and many others. However, we only consider the bivariate case in the
sequel and apply our results to some positive linear operators.

5.2 Bivariate positive linear operators

5.2.1 Bivariate Bernstein-Stancu operators

S P (frxy) = i by,i ()b j(y) f < i

i,j=0
We take the metric
d((x1,y1), (x2,y2)) :== [x1 — x2| + [y1 — V2

and consider the space

(x1.1) £ (x2,92) d((x1, 1), (x2,2))
Let f € Lip([0,1]?). We need to estimate the difference
‘Sio'ﬁ'wf(xlryl) = Sy f(x2, 1)

<0,8,7> <0,8,7>
o1 =525 o) 4 - i S )

Liv([al}z)::{fec<[o,112>:|fup:= sup ’f<"1'y”‘f<x2'y2>|<oo}.

4

where u = (1 —t)x1 +txp, v = (1 — t)y1 + tyo, for some t € (0,1).
We first estimate from above the following quantity.

a(S, P~ " . S
_ n _ n—1 k—|—1+ﬁ ]—|—ﬁ k—|—,3 ]"’ﬁ
- f;)bn,](v).nlg)bnl'k(u) (f< n4y 'n+7> _f<n+’y'n+7>)‘

1 n

n n—1
< b, :(v) - b, 1i(u e = -
> ];) n,](U) 7’lk§0 n 1,k( ) |f|sz "+ n4+1y ’f|L1p
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5 Bivariate Ostrowski Inequalities

For the second equality from above (5.2.1), we recall that for the first derivative of
the Bernstein operator, we have

B,(fix) = Tlg <n21> [f (h:l) —f (Z)] A1 — x)n1h,

The same holds for the first derivative of S 7"~ f:

i r (110,140
=0

4 n+y' n+y
= (n—1 k+B+1 j+ k+pB j+ el
B P ) (B ) o
= v ‘n4vy n+y'n+y
= k+B+1 j+B k+B j+B
= bi’l— ’ - ’ .
T (55 7055)  (ss)
Analogously, we get
(S P77 ) n
S A < L
ay (u/ U) “n+vy |f|L1p

Now the desired difference can be estimated by

n
S:UP f ) = S50 f )| <

n—+-y

| flLip (121 = 22 4 [y1 = 2l),

from where we can see that S;; P~ f € Lip([0,1]?) and ‘S,fo’ﬁ’wf‘b < i f iy
ip

We need to determine an invariant measure of the form

n= Z Ckl5<k+/5 1+5),

k.1=0 n+y’ n+y
7

for ¢y € R and satisfying ), ; cxy = 1. We want to have that y(SVTO’ﬂ’wf) = u(f),
for all f € C([0,1]?), i.e.,

i Ckz(SrfO’ﬁ’wf) <k+ﬁ l+ﬁ> = i Cklf<k+5 l+ﬁ>,

k,1=0 n+y'n+y KI=0 n+9 ' n+y
for all f. It holds

L k+ I+ i+p j+
Cklzbn,i< ﬁ)%,j( ﬁ)f( 'B,] ﬁ)
k=0  i,j=0 n+y n+y n+y n+vy
g

=0 Y n+y
Zf(l+ﬁr]+‘5> chlbn1<k+‘8> n,j <Z+IB)
im0 \nty n+v/ =, n+y n+
:ic..f i+p ]4’,3>:>
/=0 PA\n+qy'n+y
Zf<l+ﬁl]+ﬁ> Z klnl<k+lB> n,](l+ﬁ> C1] O/vfl
im0 \nty n+v/ | + n+y
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5.2 Bivariate positive linear operators

which implies that

n k l
Z (nii) by j (ﬂ) Ckl = Cij 5.2.2)

holds, foralli,j =0,...,n
Consider the (1 +1)? x (n + 1)2 matrix B = (bn,i (iig) b, ( Jﬁ)), where the
row index (i, j) and the column index (k, ) take the values (0,0), (0,1),...,(0,n),

(1,0),(1,1),...,(1,n),...,(n,0),(n1),...,(nn).
All the entries of B are > 0 and the sum of the entries on each column is 1. Equa-
tion (5.2.2) shows that the vector

— t
w = (COOI CO]/ e /COHI ClO/ Cll/ e lcln/ e /CHO/ Cnll e /CTZH)

is an eigenvector of B corresponding to the eigenvalue 1, i.e., Bw = w. It is known

that the system
Bw=w
Yii—ock =1

has a unique solution and it has the property cj; > 0, for all k,I = 0,...,n. Thus we
can conclude that the invariant measure y exists and is unique.

5.2.2 Bivariate Bernstein-Durrmeyer operators with Jacobi weights

We will present a similar approach to the one used for the Bernstein-Stancu op-
erators. However, first we define the Bernstein-Durrmeyer operator with Jacobi

weights My? : C([0,1]2) — C(]0,1]?). This is given by
aﬁf xy Ebﬂl ) ﬂn;i,j(f}x/]/)/

where

S A1 = )Py (1 — )P (x, y)dxdy
. (fx )._[0,1]2
X ) (1 — i By (1 =y Py
012

and x,y € [0,1]2.
We take the same metric like before, i.e.,

d(x,y) = d((x1,x2), (y1,y2)) = [x1 — x2| + |[y1 — ¥2/,

and we again consider the space of functions

; 2y . 2 e w f(xy1) = fly2)|
Lip([0,1]%) : {fGC([OJ] N S lLip : (wls#f(’leyz) A(Ceyn), (32, y2) }
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5 Bivariate Ostrowski Inequalities

Let f € Lip(]0,1]?) and estimate the following difference:

MY (fix1, 1) = MiP (i)

«,B ,p
(1= 32)- 20 )+ (=) L ),

foru = (1—t)x; + txp, v = (1 — t)y1 + tyo, with some t € (0,1).
We have

n

i)bn,j(v) Y by () - i (f5u,0)
iz

i=0

n n—1
Y buj(v) - n- ;) bu1,i(u) - [Anisrj(fru,0) = anij(f;u,0)] '

n n—1
< an,j(v) n- Z(:) bp—1,i(u) - |anis1,;(fiu,0) — auij(f;u,0)]
i=

and we want to estimate the quantity in the absolute value on the right hand-side of
the inequality.

For f € Lip([0,1]?),i = {0,...,n — 1}, we introduce the function
) (x,y) — xi+oc+1 . (1 . x)n—i+/3 ,yj—i-zx . (1 o y)n—]’—&-ﬁ/
for 0 < x,y < 1. The derivative of this function with respect to x is

Flo(xy) = -yt (1 —y)"7*P
. [(Tl — i+ ﬁ)xi—i-tx—i-l(l _ x)n—i-i-ﬁ—l _ (i +a+ 1)xi+zx(1 _ x)n—i—i—ﬁ] )
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5.2 Bivariate positive linear operators

Then we obtain

An;ig1,j(f) — ;i j(f)
S A = )AL — )P (x, y)dxdy
2

JJ (L — )BTy (1 — gy dady

(0,1]2
fj‘ xz+v¢ n 1+ﬁy]+1x(1 _ )n7j+ﬂf(x, y)dxdy
(01
ff xz+zx 1— x)n7i+ﬁyj+oc(1 _ y)”*ﬁﬁdxdy
[01]2

F( s ﬁ .\ 2) fzxi+tx+1(1 _ x)nfiﬂ%flyjﬂc(l o y)”*jJ“ﬁf(x,y)dxdy
n—+uw [0,1]

T T(i+a+2)T(n—i+p) iyt (1 —y)ritbdy
J (1 x) Py (1 — )P £ (x, ) dxdy
I'n+a+p+2) [0,1)2
T T(lita+O)I(n—i+p+1) [yt (1 — y)n-itedy
I'n+a+p+2) I'n+a+p+2)

T T Ha+2)T(n—i+p) TG+atDI(n—j+p+1)
. // XL — )Pyt (1 — )i £ (x, ) dedy
F(n+a+p+2) _ r(n+a+p+2) ,
(1+a+1)F(n—i+ﬁ+1) F(j+a+1)I(n—j+p+1)
// 1+/x . ” i+,3yf+"‘(1 — y)”—”ﬁf(x,y)dxdy

_ [(n+atp+2) .
S T(i+a+2)IT(n—i+B+1)I(j+a+ 1) (n—j+B+1)

where

/ n—i4+ ‘B 1+¢x+1(1 _ x)n—i+ﬁ—1yj+oc(1 _ y)n—j-i-ﬁf(x,y)dxdy
[0,1]2

and

[ G4 1) (1= 2By (1 y) B () ddy)
(01

The above quantity C — D can be written as follows:

c D /01 (y]thx ) ]+5/ it p)xitetI(1 —x)”i+51f(x,y)dx) dy
— /01 (y”“(l —y)”_f+ﬁ/0 (i4+a+1)xt1— x)”_i+ﬁf(x,y)dx> dy

1 41
—/0 /0 Fi ,(x,y)dxdy.
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So it holds

i1, (f) = anij(f)
_ I'(n+a+p+2)* 1
T T(i+a+2)T(n—i+ B+ (j+a+1)T(n—j+p+1) /0 [/ Fi . xydx] dy
_ I'(n+a+p+2)> 1

 T(ita+2)T(n—i+B+)I(j+a+)I(n—j+B+1) A </f y)dF (., >dy

L I'(n+a+p+2)?
N F0+a+mrm—i+ﬁ+n G+a+1)I'(n—j+p+1)
1
'A P( b+/‘ﬂ ]dy
F(n+a+p+2)>2

T(i4a+2)T(n—i+ B+ (j+a+1)I(n—j+p+1)

'/ol (/01 Fl(vyﬁif(-,y)) d

Now we consider the absolute value of the above quantity and we have
I'(n+a+p+2)?

1 1
SF(i+uc+2)F(n—i+[3—|—1)1"(j+oc+l)1“(n_]'+[g+1)’/0 /()Fl('ry)df(‘rW‘d]/

B T(n+a+pB+2)? trt
T Titat )l it PG rat)I(n—j+p+1) gy </0 Fl(x’y)dXdy> Fluip

’an;i+1,j (f) — Ansij (f)‘

_ IF(n+a+p+2)? 1f)
B z+a+afm—z+ﬁ+n (j+a+1)I(n—j+p+1) V'L
// H—zx-H x n H—ﬁy]-l-a( _y)n—j+ﬁdxdy
[0,1]2
I'(n+a+p+2)? Afl
n—j+p+1)

T T(ita+2)T(n—i+p+ DI (j+a+)I(
Fj+a+)I(n—j+B+1) I'(i+a+2)I(n—i+p+1)
I'n+a+p+2) I'n+a+p+3)
1
_n+a+ﬁ+ZWﬂUV
By gathering all the information we have, we get

‘B(Mﬁ’ﬁ(f)) (1,0)

ox
n n—1 1
<Y b (0)- by 1) ——— ||
_]'Zo Tl,](v) nz n 1,1(1“[) TZ+6K+,B+2 ’f|sz

—n+a+ﬁ_’_2‘f’sz
In the same way, we obtain the other partial derivative with respect to y, as seen in

the sequel.
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5.2 Bivariate positive linear operators

AM (f))
‘ s o)
= Zn(:) Zb ) - i (f;u,0)
é nzbn 1] anzﬁrl(f)_an;i,j(f)]‘

Si ann 1] ’an1]+l(f)_an;i,j(f>‘-

Il
o

We estimate the absolute value from the last line above using the same method
as before. This time, for f € Lip([0,1]?) and j € {0,...,n — 1}, we introduce the
function

Fa(x,y) = 21— x)" By (1 0 <y <1,
and its derivative with respect to y is

(%)
= 2 1) [ By Ay T (e Dy ()T

Then after some calculations, proceeding just like before, we obtain a similar result:

n

nratprz

‘wmﬁqn
dy

(urv)‘ <

From the two estimates from above, concerning the partial derivatives of our op-
erator, we have

MyPf(xr,y1) — MyPf (xz,yZ)’

n

S — . _ _ )
= n+0€+,8+2 |f|sz(|x1 X2|+ ’yl yz’)

From this it follows that M&” f € Lip([0,1)%) and

s

Lip — n+zx+[3+2 ’f’sz
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5 Bivariate Ostrowski Inequalities

5.3 Main results

5.3.1 An Ostrowski inequality for the bivariate Bernstein-Stancu operator

Let f € Lip(]0,1]?). We have the estimate

_/zfd;t = f(x,y)—kiock’f (Eiifzi@‘

[ f (o (322.52))

n k+B l+ﬁ>‘
<
_k,lz_:oCkl US f<”+7'”+7

L k+ B l+,BD
< . _ _
_k,zz_:ockl‘fh””(‘x n+7+‘y n+
_ n k+ B l+,BD
_‘f‘Li”k,zZ_:oc"l(x ey ‘y ntyl)

—w(xy)

so the Ostrowski inequality becomes

Fey) = [[ fdu) < 1f1u, w0l y)

[0.1]>

Now considering the over-iterates of the bivariate Bernstein-Stancu operator and
applying them to the above inequality, we have the following result:

(5967 e [ (5997)" s < (55997)" ], e,

Lip
0,12

which, because of our invariant measure y, is the same as writing

<S<057> Flx,y) — //fd}l < <0,/3,7>>mf

L ~w(x,y).

From a result we obtained before we can easily see that

(S,fo’ﬁ’”) / fdp| < <n+7>m\f!Lip-W(x/y)
0,1

holds, so we get

Jim, (55°7) g = | [ g

0,12
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5.3 Main results

for all f € Lip(]0,1]?) and all n > 1. Since Lip([0,1]?) is dense in C([0,1]?) with
respect to the uniform norm, we have

i (55°77) = | J 2

0,12
forall f € C([0,1]?) and all n > 1.

5.3.2 An Ostrowski inequality for the bivariate Bernstein-Durrmeyer
operators with Jacobi weights

Let f € Lip([0,1]%). Then we get the Ostrowski inequality for the bivariate Bernstein-
Durrmeyer operator with Jacobi weights as follows.
We have the estimate

fx,y) /fstdyst // f(x,y) — f(s,t)]du(s, t)

[01]?
< / F(xy) = Fls. )] duts, )
0,1]2
<[] 171y (x =1+ Iy =t dpcs, )
0,1)2
= ’f’Lip'w(x'y)/
where
[f]f (Jx = s| + |y — t]) s*(1 — s)Pt*(1 — £)Pdsdt
0,1)2
w(x,y) = [[s*(1 —s)Btx(1 — t)Pdsdt

[0,1]2

For the over-iterates of the bivariate Bernstein-Durrmeyer operator with Jacobi weights,
the following inequalities hold,

(MPyf(y) — [[ Fau) < [iPynf] )

[0,1]2

sz

n m
: <++5+z> My - wloy),

so we get

lim ( “ﬁ ' = //fdy 1,

TH*)OO
0,12
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5 Bivariate Ostrowski Inequalities

for all f € Lip(]0,1]?) and all n > 1. Since Lip([0,1]?) is dense in C([0,1]?) with
respect to the uniform norm, we have

tim (My#)"f = | [[ fan |1,

m—0oQ
0,1]2

forall f € C([0,1]?) and all n > 1.
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