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Introduction

The present thesis is very much influenced by my late teacher Alexandru Lupas
(Arad, Romania, 5 January 1942 - Sibiu, Romania, 14 August 2007) and to subse-
quent work done by my present thesis advisor. To be more specific, the starting
point for our introduction is a very short question at the end of Lupas’ paper [63].
He drew the reader’s attention to the fact that at least some well-known "Bernstein-
type" operators are compositions of the classical Bernstein operators B;, and other
operators. According to our knowledge, Lupas was the first one to observe such a
phenomenon.

It is his merit to have shown that it can be much easier to look at things from
an algebraic point of view and to draw conclusions on the behaviour of a compos-
ite operator from properties of the building blocks. The present thesis follows this
approach and makes an attempt to give explanations which go far beyond Lupas’
original ambition.

We note that when we talk about Bernstein-type operators we mean certain posi-
tive linear operators defined on a space C[a, b], where [a, ] is a compact interval of
the real axis. When doing so we explicitly exclude mappings such as the Mirakyan-
Favard-Szasz operators taking care of continuous function on the real semi-axis.

An early attempt to give a survey on operators being defined on such compact
sets X, where X is a subset of R?,d > 1, was given in three bibliographies [96], [41]
and [42]. There an informal attempt was made to define such operators of Bernstein-
type. What had always been clear is that the classical Bernstein operators introduced
in 1912 (see [12]) play a crucial role in this context and that many of the subsequent
papers dealing with the subject are treating modifications of such operators.

There is a good reason to consider the classical B, operator as a fundamental
building block. Several attempts have been made to decompose the Bernstein op-
erator into simpler but non-trivial components. A technical report considering this
problem was given by Gonska, Heilmann and Rasa (see [37]). There it is shown that
all seemingly natural decompositions fail. In this sense B, can be considered as a
kind of "prime" operator.

Following the tracks laid by both my mentors I also became interested in these
so-called Bernstein-type operators, although this notion is so broadly defined that
none of us knows exactly what it means.

By introducing two classes of Bernstein-Euler-Jacobi (BE]) operators we will first
rediscover and explain many positive linear operators which have been considered
in the literature over the years, but were never explained to be compositions. Thus
we bring clarity and avoid the original definitions and formulae which are lengthy,
confusing and mostly difficult to be handled.

We start our thesis with several auxiliary results which are indispensable for our
considerations in later sections. Many of these are in regard to quantitative approx-
imation theory in connection with shape preservation. Besides of the Bernstein op-
erator an important role will be played by Beta-type operators with Jacobi weights.




Some of their properties are presented in Section 1.3 following in part the funda-
mental work of Lupas and Miihlbach.

In the second chapter we discuss the two kinds of BEJ operators and give explicit
representations of their moments up to order two. This is motivated by the fact that
the second moments of a positive linear operator govern the degree of approxima-
tion. The expressions obtained are rather complicated, but for special values of the
parameters involved they all reduce to results known from the literature. In Section
2.3 we give a survey of special cases which we were able to detect in the literature
and which all can be explained as particular instances of BEJ-type operators. In the
next two sections we show how the properties of the building blocks can be used to
derive results for the general case. First we show that the operators from both BE]
classes have the (strong) variation-diminishing property (SVDP), and then we use
a method developed by Finta to give direct and converse results for some special
cases.

Our central Chapter 3 deals with the particular class of operators Uy which were
introduced by Paltdnea in [75]. With the classical Bernstein operator and so-called
"genuine" Bernstein-Durrmeyer operators they share the property to reproduce lin-
ear functions and this makes them very different from other BE]J-type operators
which do not share this feature.

We begin the chapter by recalling the definition provided by Paltanea and in the
tirst section we collect some properties of the operators. They are either new or
come from one of the papers of Gonska and Péltanea (see [45], [46]) but for which
we have chosen a different path of proof. We remark that although U, coincides
with the genuine Bernstein-Durrmeyer operator for the case ¢ = 1, when it comes
to studying it, its properties are mostly influenced by the Bernstein operator. This
will become more and more obvious as we walk through this chapter.

In Section 3.2 we give a representation of the images of monomials that shows
exactly how strong this relationship is. Section 3.3 is taken in its entirety from [45]
and the results therein will be used repeatedly throughout this work.

After having noted that the images of the monomials for both Uj; and B, are quite
similar we came across the article on the eigenstructure of B, written by Cooper and
Waldron (see [18]) and this motivated us to find a way to develop similar results
for Uy;. Thus each result in Section 3.4 has a correspondent in this paper, and also
enriches the results known for U,,.

In Section 3.5 we give a complete and detailed proof of the SVDP using a slightly
different approach than in the general case. At the end we include an observation
on the preservation of convexity.

In Section 3.6 we address the topic of global smoothness preservation, having its
roots in the preservation of some Lipschitz classes.

The next section is dedicated to some kind of “strong” Voronovskaya-type in-
equality. The reason why we call this inequality "strong" is that in addition to the
(e+1)
2(no+1)
approximation depending on the smoothness properties of the function. We came
across this result in our attempt to prove a strong converse inequality of type B, as

defined by Ditzian and Ivanov in [22].

In Section 3.8 we look at approximation by powers of Uj;. First we provide quan-

titative results using different types of moduli and then consider the eigenstructure

convergence of n(Uy f — f) towards @>f" it also expresses the degree of



as means to develop further results.

In Section 3.9 we consider the difference of two classes of operators and provide
a direct and a constructive approach to estimate it and then in the next section we
tackle the problem of the commutators. Other type of such commutators were al-
ready studied in [44].

In Section 3.11 we study the behaviour of Uy, with respect to Lipschitz classes of
order m.

In Sections 3.12 to 3.14 the focus is on the relation they have to certain Lagrange-
type interpolators associated to them, a well known feature in the theory of Bern-
stein operators. Considerations concerning iterated Boolean sums based on a single
mapping Uy, ¢ and 7 fixed and a relationship between certain divided differences
used in Section 3.12 and the representation of the derivatives (U5)") are also in-
cluded.

In Section 3.15 we give asymptotic formulae for higher order moments using the
same approach as in Subsection 1.3.5 where we studied the problem for the Beta op-
erator. These add to our series of Voronovskaya-type results, and help put together
an overview on what can be done on the subject.

In the last section we study power series of U;. Using the eigenstructure of
the operators we give a non-quantitative convergence result towards the inverse
Voronovskaya operators. We include a quantitative statement via a smoothing ap-
proach.

Much of the material presented in this thesis was submitted for publication and
is presently under consideration or it has already been published.
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Notations and symbols

In this work we shall often make use of the following symbols:

= is the sign indicating equal by definition".
a:=b" indicates that a is the quantity to be defined or explained,
and b provides the definition or explanation. b=:a" has
the same meaning.

IN the set of natural numbers,

INo the set of natural numbers including zero,
the set of real numbers,

[a, b] a closed interval,

(a,b) or |a, b[ an open interval.
Let X be an interval of the real axis.

B(X) the set of all real-valued and bounded functions defined on X.

LP(X) the class of the Lebesgue p-integrable functions on X, p > 1.

£l is the norm on L?(X) defined by |||, := ([ \f(x)\pdx)l/p, p>1

C(X) the set of all real-valued and continuous functions defined on X.

Cla, b] the set of all real-valued and continuous functions defined on the compact

interval [a, b].
For f € B(X) or f € C(X)

| f1leo is the Chebyshev norm or sup-norm, namely
[ flleo := sup{|f(x)] : x € X}.
Wa,00[0, 1] the set of all real-valued and continuous functions that verify

f! absolutely continuous and ||f”||L, < oo,
where ||f"||r, = vrai sup |f"(x)].

x€[0,1]
C"[a, b] the set of all real-valued, r-times continuously differentiable function,
(r € N).
Lip. M the set of all C[a, b]— functions that verify the Lipschitz condition:
|f(x2) — f(x1)] < M|xp — x1]%, Vx1,x2 € [a,1],0< T <1, M >0.
I, (I'T,[a,b], n € INp) the linear space of all real polynomials
with the degree at most .
ey denotes the n—th monomial with e, : [a,b] > x — x" € R, n € INj.
For a function f : X — R, X an interval of the real axis we have:
Ak f(x) is the finite difference of order k € IN, step h € R\ {0}

and starting point x € X. A computing formula:

k )
A f(x) = 'ZO(—l)k*Z(’lf)f(erih), x+iheX,i=0,...,k, heR, h #0.
1=
D" or f(") r—th derivative of the function f € C[a, b].
[X0, ..., Xm; f] m—th divided difference of f € F(X) on the not necessarily distinct
knots xg,...,x, € X.

b

a are the rising factorials

10



ISy

y[m,h]

_ b—1 -1

a’:= [l (a+1i), a € R, b € Ng, where [T :

i=0 i=0
are the falling factorials

b-1 -1
at:= [[(a—1i), a € R, b € No, where []

i=0 i=0

the factorial power of step h € R defined by: yl"" := IT (v —ih),

-1
m € INp. As above H = 1.

i=0

=1.

m—1

i=0

11



Chapter 1

Preliminaries and auxiliary results

1.1 Main tools

1.1.1 Positive linear operators

In this section we will introduce some basic definitions and some basic properties
concerning positive linear operators. For more information on this topic see [95].

Definition 1.1.1. Let X, Y be two linear spaces of real functions. The mapping L :
X — Y is called a linear operator if L(af 4+ Bg) = aL(f) + BL(g), for all f,g € X and
foralla, B € R.

If forall f >0, f € X we have that Lf > 0, then L is a positive linear operator.

Remark 1.1.2. a) Theset £L(X,Y) := {L : X — Y | L is a linear operator } is a
real vector space.

b) Inorder to highlight the argument of the function Lf € Y we use the notation
L(f;x) but also in some rare cases (Lf)(x).

Some elementary inequalities are recalled in the following:
Property 1.1.3. Let L: X — Y be a positive and linear operator.

(i) If f, g € Xwith f < g then Lf < Lg. (monotonicity)

(i) Yf € X we have |Lf| < L|f].

Definition 1.1.4. Let L : X — Y, where X C Y are two linear normed spaces of real
functions. To each operator L we can assign a non-negative number ||L|| defined by

IL|[ := sup [ILf|| = sup [Lf].
fex fex
I£l=1 0<|lfll<1

By convention, if X is the zero linear space, any operator L which maps X to Y must
be the zero operator and is assigned the zero norm.

It can be easily verified that || - || satisfies all the properties of a norm and hence is
called the operator norm.

Choosing X = Y = CJa, b] the following can be stated regarding the continuity
and the operator norm:

Corollary 1.1.5. If L: Cla,b] — Ca,b] is linear and positive then L is also continuous
and ||L|| = |[Leo]|

12



1.1 Main tools

The next result provides a necessary and sufficient condition for the convergence
of a sequence of positive linear operators towards the identity operator. It was in-
dependently discovered and proved by three mathematicians in three consecutive
years: T. Popoviciu [80] in 1951, H. Bohman [13] in 1952 and P. P. Korovkin [61] in
1953.

This classical result of approximation theory is mostly known under the name
of Bohman-Korovkin theorem, because T. Popoviciu’s contribution in [80] remained
unknown for a long time.

Theorem 1.1.6. Let L, : C[a,b] — C[a,b] be a sequence of positive linear operators. If
lim Lye; = e;, i = 0,1,2, uniformly on [a, b], then im L, f = f uniformly on [a, b] for
n—oo n—oo

every f € Cla, b].

Remark 1.1.7. Due to the above result the monomials ej, j=0,1,2, play an important
role in the approximation theory of linear and positive operators on spaces of continuous
functions. They are often called Korovkin test-functions.

This elegant and simple result has inspired many mathematicians to extend the last the-
orem in different directions, generalizing the notion of sequence and considering different
spaces. In this way a special branch of approximation theory arose, called Korovkin-type
approximation theory. A complete and comprehensive exposure on this topic can be found in

[6].

1.1.2 Different types of moduli of smoothness

The first modulus of smoothness (continuity) has a long history. It appeared already
in 1911 in the Ph. D. thesis of D. Jackson [53], the work that laid the basis for what
is known today as Quantitative Approximation Theory.

Ditzian and Totik introduced in 1987 what they call a "natural modulus of smooth-
ness" which is considered to be a "better tool to deal with the rate of best approxi-
mation, inverse theorems and embedding theorems" (see [23, p.1-4]).

The Ditzian-Totik modulus of smoothness is given by

wy(frt)p = sup ||A},fllL, (1.1)

0<h<t

where the function ¢(x) and the interval in question are related to the problem at
hand.

Remark 1.1.8. A vital feature of (1.1) is that the increment ho(x) varies with x. For
¢(x) =1, (1.1) is reduced to the classical modulus.

The main tools to measure the degree of convergence of positive linear operators
towards the identity operator are the moduli of smoothness of first and second order.
For f € C[a,b] and 6 > 0 we have

wi(f;0) = sup{|f(x+h)—f(x)|:x,x+h€[ab], 0<h<s};
wy(f;0) = sup{|f(x+h)—2f(x)+ f(x—h)|:x,xxtheab], 0<h<s}.

Most of the error estimates in this work are given in terms of the two moduli
of smoothness, the Ditzian-Totik second order modulus denoted by wé (f,-) and

sometimes by w} (f,-) or in term of @;.
w; inherits its name from the first part of the following property:

13



Chapter 1 Preliminaries and auxiliary results

Proposition 1.1.9. Let f € Cla,b] and 6 > 0.

a) If{slir(r)l+ w1 (f;0) =0, then f is continuous on [a, b].

b) The following equivalence holds: f € Lip M iff wi(f;6) < M-6%, where0 < T <
1and M > 0.

A useful modification is represented by the least concave majorant of w1 (f;-) given

(e=x)w(fy)+(y=ew(fx)

sup = for 0<e<b—aq,
(IJ(f, 8) — Oﬁxéjiiib—a (12)
@(f,b—a) =w(f,b—a) if e>b—a.

The definition of @(f, -) shows that

wi(f;-) <ai(f;-) <2-wi(f;-). (1.3)

For some further properties of @(f; ) see, e.g., V.K. Dzjadyk [24, p. 153ff] or [35].
It was shown by N.P. Kornei¢uk [60, p. 670] that for any ¢ > 0 and ¢ > 0 the
function w(f; -) and its least concave majorant @(f; -) are related by the inequality

@(f;¢-¢) < (1+8) - w(fe), (1.4)
and that this inequality cannot be improved for eache > 0and ¢ =1,2....

However we also give estimates, where moduli of higher order are involved.
Therefore we give the definition of wy, k € IN, as given in 1981 by L. L. Schumaker
in his book [90]:

Definition 1.1.10. For k € N, § € Ry and f € C[a, b] the modulus of smoothness of
order k is defined by

wi(f;0) :=sup{|A¥ f(x)] | 0<h <8, x,x +kh € [a,b]}. (1.5)

Remark 1.1.11. For clarity sometimes we will write wy(f;4;[a,b]).
It is obvious that for § > Y22 one has wi(f; 6) = wi(f; 2).

We collect in the following proposition some useful properties of wy:
Property 1.1.12. (see [95])

1) wi(f;0)=0.

2) wy(f;+) is a positive, continuous and non-decreasing function on R .

3) wy(f;-) is sub-addititive, i.e., wi(f; 01 + 62) < wi(f;61) +wi(f;02), 6; >0, i =
1,2.

4) Yo 2 0, wk+1(f;(5) S 2wk(f,5)
5) If f € CY{a, b] then wy1(f;0) < 8- wi(f';6), 6 > 0.

14



1.1 Main tools

6) If f € C’[a,b] then w,(f;5) < & sup [f")(5)].
d€(ab)

7) ¥6 > 0andn € N, wi(f;nd) < nkwk(f;é).

8) V6 > 0andr >0, wi(f;r8) < (1+ [r])kwi(f; ), where [a] is the integer part of
a.

9) If§ > 0is fixed, then wy(f;-) is a seminorm on Ca, b].
Corollary 1.1.13. (see [95])

1) Y6 > 0,wiy,(f;6) <2"wi(f;6), k,r € N.

2) Y0 < 6 <1, wiy1(f;65) < w(f;6).

1.1.3 Zuk’s function and its applications

Some of the estimates in terms of different moduli of smoothness can be elegantly
proven by using as an intermediate a special smoothing function that was con-
structed by V. Zuk in [103]. Therefore we find it instructive to present here its defi-
nition and its relevant properties, see also [38].

Zuk’s approach was the following: For f € C[a, b] he first defined the extension
fnila—hb+h — R, withh > 0, by

P_(x), a—h<x<a,
fu(x) 1{

f(x), a<x<p,
P.(x), b<x<b+h,

where P_, P, € []; are the best approximants to f on the indicated intervals.
Then Zuk defined its function Z;f(-) (sometimes also denoted by f,;(-)) using
the second order Steklov means

_ 1 I
Znf(x) = Z /41 < - h) fn(x+t)dt, x € [a,b].
It can be shown that Z, f € Wy« [a, b].
The following estimates were proven in [103, Lemma 1] (or [38, Lemma 2.1] )
Lemma 1.1.14. Let f € C[a,b], 0 < h < (b —a). Then

I =2flle < 3-walfi)

1(Zf) e < 5B wa(f5h)

Supplementary estimates for lower order derivatives of Z;, f are given in
Lemma 1.1.15. (see [38, Lemma 2.4]) Let f, h and Z), f be given as in Lemma 1.1.14. Then

1

1ZufY e < 5 |2 @i(fim) 43 -w(fih)|,

1Zifleo < fllest - walfi).

15



Chapter 1 Preliminaries and auxiliary results

Corollary 1.1.16. As an immediate consequence of the latter lemma, one has the simpler
inequalities

1(Znf) Nl < % ~wi(f;h), and [|Zfllo <4+ | flleo-

As an application of the upper inequalities the authors proved in [38] the follow-
ing:

Lemma 1.1.17. (see [38, Lemma 4.1]) Let § € Wa « and the polynomial B, g, where B,, is
the Bernstein operator defined on [a, b] (see Section 1.2 for details). Then for any € > 0 and
a sufficiently large n the following inequalities hold:

I8 = Buglleo < & [1Buglleo < [Iglloos [1(Bug)'lleo < 118 lloo
and

1(Bng)"lleo < 18" Il L.c-

In other words, the latter lemma affirms that functions in Wy« [4, b] can be approx-
imated well by functions in C?[a, b], while "retaining important differential charac-
teristics", see [38].

Supplementary results on "smoothing of functions by smoother ones" can be found
in [34, Lemma 3.1]. Having further applications in mind, we shall present this as-
sertion below:

Lemma 1.1.18. Let [ = [0,1] and f € C"(I),r € Ny. Forany h € (0,1] and s € IN there
exists a function fy, s € C* (1) with

@D fD = £ Jleo < ¢ wras(FI; 1) or0 < j <,
(ii) \!f,ﬁf3+s|\oo <c-h-wi(f;h), for0<j<r+s,

Giii) |[f7), oo < ¢ B0 -, o (FU=);h), forr +5 < j < 2r +s.
Here the constant c depends only on r and s.

Next we present a partial generalization of a theorem of Brudnyi which will be
used as means to prove some further results.

Theorem 1.1.19. (see [38, Theorem 4.2]) Let (B, || - ||p) be a Banach space, and let H :
Cla,b] — (B,|| - ||) be an operator, where

@) [[H(f +&)lls < v{I[Hfl|s + [|Hgl[} for all f, g € Cla, b],
(@) [|Hf|[p < al|flc forall f € Cla,b],

(i) ||Hgllp < Pollgllc + B1llg'llc + Ballg”lIc for all g € C?[a, b].
Then for all f € Cla,b],0 < h < (b — a)/2 the following inequality holds:

rmﬂm<v{mWﬂ+‘%mUh> <a+%+”“+“ﬁ) Uhﬁ

Corollary 1.1.20. (see [38, Corollary 4.3]) In many cases one has y = 1and By = 1 =0,
so that the inequality from Theorem 1.1.19 simplifies to

Il < (5 + 553 ) walfin)

16
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1.1.4 K-functionals and their relationship to the moduli

In 1968 J. Peetre introduced in [77] a functional, nowadays called Peetre’s K-functional,
for investigation of interpolation spaces between two Banach spaces. As predicted
by Peetre this became another important instrument to measure the smoothness of
a function in terms of how well it can be approximated by smoother functions.

It is possible to define the K-functional in a very general context as is presented
in [23]. This can be used in applications and in particular for polynomials of best
approximation.

Definition 1.1.21. For a positive integer r the K—functional of the pair of spaces
Ly(a,b),1 < p < oo, and a corresponding weighted Sobolev space with the weight
function ¢ is given by
Kio(f, t)p = (j{lf {I1f —gllp ‘f’trHﬁorg(r)Hp}-
gir—YeA.C.
where g1 € A.C. means that g is r — 1 differentiable and g~ is absolutely
continuous in every closed finite interval [c, d] such that [c,d] C (a,b).

Sometimes the notation K is used.

For various K—functionals probably the most important problem is that of char-
acterizing their behavior using structural properties of the functions. Here the char-
acterization will be done using the modulus of smoothness w’q)( f,t)p. To that end
the following equivalence theorem is given

Theorem 1.1.22. (see [23, p.11]) Suppose r is a positive integer, f € L,(0,1),1 < p < oo
and ¢(x) = \/x(1 — x). Then
MWl (f, 1)y < Keg(fo )y < M) (f,t)p, 0 <t < to
for some constants M > 0 and t.
Remark 1.1.23. This result is also valid if C[0, 1] replaces L (0, 1).

For the applications we have in mind in this general context, it suffices to consider
the case r = 2.
The classical definition of the K-functional is given below.

Definition 1.1.24. For any f € Cla, b, § > 0 and integer s > 1 we call
Ko(fi )y = K(f3¢Cla,b], Cla, b) (16)
= inf{||f — gllo + 0 18I0 : g € C*[a, 1]},
Peetre’s K-functional of order s.

Whenever there is no doubt about the interval of definition of f we shall use for
Ks(f;0)(a,) the abbreviation K(f;9).

It is clear that the quantity in (1.6) reflects some approximation properties of f:
the inequality Ks(f;0) < ¢, > 0 implies that f can be approximated with error
Hf(—) ¢lle < €in Cla,b] by an element g € C®[a,b]|, whose norm is not to large,
18 oo < 5

The folloiving lemma collects some of the properties of K;(f; -). They were proven
by PL. Butzer & H. Berens [14], but they can also be found in more recent work on
approximation theory as in: [90], [21] and [35].
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Lemma 1.1.25. (see Proposition 3.2.3 in [14]) Let K;(f; -) be defined as in (1.6).
1) The mapping Ks(f;96) : Ry — Ry is continuous especially at 6 = 0, i.e.,

Jlim Ks(f;0) =0 =Ks(f;0).

2) For each fixed f € Cla,b] the application Ks(f;-) : Ry — Ry is monotonically
increasing and concave function.

3) For arbitrary A,6 > 0, and fixed f € C[a, ], one has the inequality
Ks(f;A-0) <max{1,A}-K(f;9).

4) Forarbitrary f1, f» € Cla,b] we have K(f1 + f2;0) < Ks(f1,0) + Ks(f2;0), 6 > 0.
5) Foreach 6 > 0 fixed, K;(+;9) is a seminorm on C|a, b], such that

Ks(£:6) < I flleos
forall f € Cla,b].

The following theorem establishes the close relationship between the K-functional
and the moduli of smoothness. Ks and w; are related by the following equivalence
relation, see H. Johnen [54]:

Theorem 1.1.26. There exist constants C1 and C,, depending only on s and [a, b] such that
Cl’ws(f;é)SKs(f;(SS)SCZ’ws(f;(S)/ (17)
forall f € Cla,b] and 6 > 0.

In general there are no sharp constants known in the above (double) inequality.
However, there are two exceptional cases for s = 1,2. We present them below.

The following lemma known as Brudnyi’s representation theorem establishes the
connection between K (f; ) a,p) and the least concave majorant defined at (1.2).

Lemma 1.1.27. Every function f € Cla, b] satisfies the equality

Ki (f,6:Cla,b],C'a b)) = % -@1(f;26), 5 > 0. (1.8)

More details and also proofs of the above lemma can be found in many different
sources, as for example: in the article of B. S. Mitjagin & E. M. Semenov [70], or in
the book by R. T. Rockafellar [87], or in the monograph of R. A. DeVore & G. G.
Lorentz [21, p. 175] and more recently in a paper of R. Paltanea [76].

Also for the case s = 2 there is something known about the constants in front of
the moduli of smoothness. Thus, H. Gonska proved in [32, p. 31] the following

Lemma 1.1.28. Let f € Cla, b] and 0 < 4. Then we have

i-wz(f;é) <K (f,(szz;c[a,b],CZ[a,b]> and

Ka(f, 8% Cla, b, C2[a, b]) < (; + 2 max {1<bi)2}> - wa(f;0),
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In another context, but also very useful for our next applications is the following:

Lemma 1.1.29. Forany f € Cla,b] and 6 > 0 the following identity holds,
K(f;6;Cla,b],C?[a,b]) = K(f;5;Cla, b], Waea, b]), (1.9)

where the K-functional on the right hand side can be defined in an analogous way to the
other one.

Proof. Itis trivial to see that C2[a, b] C W, «[a, b] implies K(f;5; Cla, b], Waco[a, b]) <
K(f;6;Cla,b],C?[a,b]). In order to prove the inverse inequality let ¢ > 0 be fixed and
¢ € Wala,b]. Obviously we have B,g € C?[a,b] and furthermore |(B,g)" || <
lg" ||, see Lemma 1.1.17. Having this in mind, for a sufficiently large n € IN and
0 < ¢ the following inequality holds:

K(f;4;Cla, b],C*[a, b)) If = Buglleo + 6 - [|(Bng)"leo
If = 8lleo + 1§ = Buglleo + 8- [ (Bug)"[leo
If = 8lleo +€+6- 18" |-

This implies, by passing on the right hand side to the infimum for all functions in
Wa,e0]a, b] that

K(f,0;C[a,b],C*[a,b]) < K(f,0;C[a,b], Waeola, b]) +¢, € > 0.

VAN VANVAN

But ¢ was arbitrarily chosen, so letting ¢ — 0 we arrive at the desired inequality. []

1.1.5 The integral remainder of the Taylor expansion

The following lemma proved to be very useful in the proof of some converse in-
equalities and in establishing a strong Voronovskaya-type inequality for Uy (to be
defined later).

u
Lemma 1.1.30. Let Ry(f,u,x) = [(u—v)f"(v)dv be the integral remainder of f in

X
Taylor expansion. Then for x,y € [0, 1] we have:

|u — x’ /x 2 1"
Ro(f,u,x)| < v v)dv| . (1.10)
Proof. Lemma 1.1.30 results from Lemma 9.6.1 ([23], p.140). O

1.1.6 Variation diminution

Shape preservation properties of an approximation method are considered to be of
great importance in both Approximation Theory and Computer Aided Geometric
Design. Among them, we discuss the variation diminution.

We refer to [29], which contains historical remarks clarifying the various meanings
of "variation—diminishing" employed in the past.

Thus, the following scheme is valid:

GVDP = SVDP = WVDP

where
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¢ Geometric Variation Diminishing Property (GVDP): is the verification criteria
introduced by Schoenberg in [89, p. 267] - for an operator to have this property
it must have the SVDP and also preserve linear functions;

¢ Strong Variation Diminishing Property (SVDP): see description below;

* Weak Variation Diminishing Property (WVDP): is a method which diminishes
the total variation.

Let K be any interval on the real line, and let f : K — IR be an arbitrary function.
For an ordered sequence xp < x1 < .. < X, of points in K, let S[f] denote the
number of sign changes in the finite sequence of ordinates f(x;), where zeros are
disregarded. The number of sign changes of f in the interval K is defined by

Sk[f] = sup S[f(xx)],

where the supremum is taken over all ordered finite sets {xy}.
Let I and ] be two intervals, let U be a subspace of C(I), and suppose that L : U —
C(]J) is a linear operator reproducing constant functions.
The operator L is said to be (strongly) variation-diminishing (as an operator from U
into C(])) if

S;ILf] < Si[f], forall f € U.

The main result presented in [29] (see Theorem 1 there), which represents a new
approach in proving the SVDP, reads as follows.

Theorem 1.1.31. Let [ = (a,b) or I = (a,00) witha > 0, let w : I — Ry be a strictly
positive continuous weight function, and [, ] C [0,00). Consider a linear and positive
definite functional A : C(I) — R having the following properties: there exists a subspace

Cz[{,x’m(l) C C(I) such that for f € Cz[f’m(l) C C(I) the function Lf : («, ) — R given
by (Lf)(x) := A[t* - w(t) - f(t)] is well-defined. If the function Lf has one-sided limits
at the endpoints, then

Swpllf] < silf),  vfecP),

where, for x € {a, B}, one understands by sgn(Lf)(x) the sign of the corresponding one-
sided limit.

1.1.7 Remarks on (de)compositions of positive linear operators

In [36] a representation of the second moments of compositions of positive linear
operators was given. In particular the following general situations were considered:

(i) products of more than two operators;
(ii) the assumption Qe; = ¢;,i = 0,1 is dropped.
In the first case we have:

Theorem 1.1.32. Suppose that k operators P; : Cla,b] — Cla,b],1 < i < k, are given,
satisfying Piey = eq, Pieg = eg for 2 < i < k. Then

k k
(I_—! Pl'> ((61 — X1)2,' x1) = Z Pl(...Pj((el — x]')z,' Xj; ...);X1).

j=1
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In the above the variable x; is related to the operator P; in the sense that P; yields
functions of the variable x; (such as P;((e1 — xj)?; xj)).
The less convenient case in which some of the operators do not reproduce e; and e
was also considered. Thus it was shown

Lemma 1.1.33. Let P, Q, R be positive, linear operators with Qey # e; # Rey. Then the
second moment of the composition is given by:

(i) for two operators

(Po@)((e1 = 3e0)%7) = PUQ(er —weo5uix)—
—P((e1 — xep)?; x) +2P((e; — xep)’ - (Qey — x); x) ’

(ii) for three operators

(Po(QoR))((e1 —xep)*x) = P(Q(R((er —seo)?;s);u); x)—
—P(Q((er — ueg)%;u); x) — P((e; — xep)% x)+
+2P(Q((eg — ueg) - (Rey — uep);u); x) +2P((ey — xep) - (QRey — x);x()1 -

where for clarity a superscript such as in P" indicates that the operator P is applied to
functions in the variable u.

1.2 The Bernstein operators

Maybe the best-known and celebrated positive operators are the Bernstein operators,
introduced by S. N. Bernstein [12] in 1912 in order to prove Weierstrass’ fundamental
theorem, see [101]. For any f € C[0,1], n € IN and x € [0, 1], they are given by

< k
Bu(f;x) :== Z Pui(x)f <n> , (1.13)
k=0
where the polynomials
pust) = ()L - 0 0 <k < (114)

form the Bernstein basis. To be formally correct we set for k < 0 or k > n that
Punj := 0. Itis not difficult to define the Bernstein operators on an arbitrary compact
interval [a,b], a < b. We shall come back many times to the properties of these
operators and their generalizations. As references we will mainly use [21] and [95].

1.2.1 Basic properties
The operators B, n € IN defined by (1.13) have the following properties:

1. they are linear and positive;

2. ) pn,k(x> =1
k=0
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]__
3. By(eo;x) = 1,B,(e1;x) = x, By(ez; x) = x> + x( " x);

4. ||B4l| = 1;
5. lim B,(f;x) = f(x) uniformly on [0,1], (V) f € C[0,1];

n—o00

6. [Bu(fix) — f(x)] < kws (), (V)x € [0,1];

7. |Ba(fix) = f(x)] < 4fwf’( 2), (V)f € C10,1], (V)x € [0,1].
Remark 1.2.1. (i) The Bernstein operator interpolates at the end points.
Bu(£,0) = pno(0)f(0) = f(0), Bu(f,1) = pun(1)f(1) = f(1);

(ii) The exact value of the constant in property 6. above was found by Sikkema in 1961,
namely k = (4306 + 837\@)/ 5832 ~ 1,089. Previous estimations were given in
1935 by T. Popoviciu who found k < %, and in 1953 by G.G. Lorentz who found
k<3

(iii) A finite set of real non-negative functions defined on the interval I, which have the
sum equal to 1 is called a partition of unity on I. The set {p,r : k = 0,..,n} isa
blending system of [0,1] for all n € IN.

(iv) In1966 G. Cilugdreanu ( see [15]) showed that B, has n eigenvalues all in the interval
(0,1), and they have the following representation:

L

The k-th eigenvalue has an infinity of corresponding eigenvectors given by polynomi-
als of degree k.

1.2.2 Derivatives of Bernstein polynomials

With the usual notations the following relationships hold:

. k — nx
6)) p;q,k(x) = n(pn—l,k—l(x) - pn—l,k(x)) = x(l — x) pn,k<x)/k =0,..,nforallx €
(0,1). (poo :=1and ps,—1 = pss+1 := 0,5 € Np).
. n—1 n-1 k k+1
) By(ix) = 1S 1y (psae) = T puoaae) [, o],
k=0 k=0 n n

i) BO(Fx) —n(n— 1) el — it 1) 5 o k
(i) By’ (f;x)=nn—1)-..-(n ]+1)k§0}?n71k( )Al/nf(n) <.

With B,(lj ) f we denoted the j-th derivative of the polynomial B,f. In particular
B,(lj)(f;O) =nn—-1)-..-(n—j+1)A 1/nf(O),j =0, ..., n. This gives the Taylor ex-

pansion:
n

Bu(fix) = 1 ()80

k=0
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1.2 The Bernstein operators

If f is a polynomial of degree n, then A%, f(0) = 0 for k > n and A}, f(0) # 0.
Therefore, the Bernstein polynomial of degree n is itself a polynomial of degree n.
For further information on this topic see [21, p. 305-307] and [95, p. 300-303].

1.2.3 Approximation and shape preserving properties

We begin with the following simple but important fact:

Theorem 1.2.2. (Voronovskaya [100]) If f is bounded on [0, 1], differentiable in some neigh-
borhood of x, and has second derivative f" (x) for some x € [0,1], then

lim 7[By(f, x) — f(x)] = x(12—x) £(). (1.15)

n—oo
If f € C?[0,1] the convergence is uniform.

Remark 1.2.3. (see [21, p.307]) Historically, this has been the first example of saturation:
for certain operators, convergence cannot be too fast, even for very smooth functions. The
theorem shows that f(x) — B, (f; x) is of order not better than 1/n if f"(x) # 0.

Theorem 1.2.4. For some constant C > 0, and for all f € C[0,1],

|f(x) = Bu(f;x)| < Cwo (f, x(ln_x)> ,x € [0,1]. (1.16)
In particular, if f € CY(0,1], then

|f(x) = Bu(f;x)] <C sz (f’, x(ln_x)>,xe[0,1]. (1.17)

n

Inequalities (1.16) and (1.17) show that the Bernstein polynomials have a slow rate
of convergence. This is compensated for by their shape preserving properties.

Theorem 1.2.5. (i) The polynomial B, f increases on [0,1] if f is increasing on this
interval;

(ii) Fork =1,2,..., B,f is monotone of order k on [0,1] if f has this property;
(iii) VarB,f < Varf;

(iv) one has Z1)Bnf < S(o1)f where the first term is the number of zeros of By f on
(0,1) and the second term is the number of sign changes of f on (0,1).

Proof. See ([21], p.309). O

Remark 1.2.6. Tuking into consideration the theorem above it is clear that the Bernstein
operators have the strong variation diminution property as operators from C[0,1] into itself
(see also [29, p. 97]).
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1.2.4 Bernstein polynomials for convex functions

We begin with a result established by Stancu in 1967 (see [93]), which is sometimes
falsely attributed to B. Averbach (see e.g. [58, p.306]).

Theorem 1.2.7. Forn = 1,2, ..., we have

Bu(£3%) = Buna(fix) = L7y
Proof. We have
Bun(f2) = FO0=)" 4 fOr 14 8 f (52) (50— )1,

B(fx) = Ba(fx)lx+ (1-x) n
= SO =2 DR (25 (21—

v=1

+ Z £ Qo1 —xyrie,

Subtracting and replacing v — 1 by k in all sums, we obtain

Bu(f,x) = Bua(f,x) = kgo XK1 — x)nkx
[®of () = Gaor () + Gf (5]
1-

= X5 >§< >< — x)" 1k
[0 (3) - it (34) + 2807 ()
= for >2p <>{[’;,’;ﬁ,"#,f}}

d

If f is convex, then all the terms in the sum (1.18) are non-negative and we obtain:

Corollary 1.2.8. (W.B. Temple 1954, O. Arama 1957, 1.]. Schoenberg 1959, see [99], [9],
[88]) If f is convex on [0, 1], then for alln € N and x € (0,1)

Bu(f;x) > Buia(fix) > f(x). (1.19)

The inequalities are strict if f is strictly convex on [0, 1].

1.2.5 Converse result

In 1994, H.B. Knoop and X.L. Zhou (see [59]) gave a lower estimate for the Bernstein
operators. They proved that:

Theorem 1.2.9. There exists an absolute constant C > 0 such that
_ _1 _1
Clwy(f,n2) <||f = Bufl| < Cwlp(f,n2)

holds, for all f € C[0,1].
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A main tool in the proof is the following lemma which is of crucial importance in
the proof of some results in Section 2.5:

Lemma 1.2.10. Let f € C[0,1]. Then

1
gl\(PZBZfH < Gol[Buf — fl| (1.20)
where Cy > 0 is an absolute constant.

Proof. See the inequality (2.1) in ([59], p.317) O

1.3 The (Euler-Jacobi) Beta type operators

Along with the Bernstein operator presented in the previous section we shall also
use as factor operators, in the next chapter, the (Euler-Jacobi) Beta-type operators
Bf’b of various kinds which will be further discussed below.

The reason for the name is the fact that the operators contain both Euler’s Beta func-
tion and Jacobi weights.

1.3.1 Definition of operators 3%

Definition 1.3.1. For f € C[0,1],7 > 0 and x € [0, 1] we define

(i) incasea =b = —1:
.
f(O)/x =Y
1
rx—1 _ p\r—rx—1
B,,_l’_l(f}x> — {t (1 t) f(t)dt . .
B(rx,r —rx) Hsxsb
f(1),x=1.
(ii) incasea = —1,b > —1:
£(0),x =0;
1
B (fix) = § [ (1 (e
0
<1.
B(rx,r—rx+b+1) O<xsl
(iii) incasea > —1,b = —1:
1
ftrx-i-u _ r rx— 1f()
By (fix) = ° 0<x<;

B(rx+a+1,r—rx)
f(1),x=1.
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(iv) incasea, b > —1:

jl‘ trx+a(1 _ t)rfrxjtbf(t)dt

a,b 0
“(fix) = 0<x<1
B (fix) B(rx+a—|—1,r—rx—|—b—|—1)0 *

Remark 1.3.2. We prefer to use the Jacobi notation «, B > —1 for natural r and a,b > —1
for the real r.

Remark 1.3.3. When discussing this class of operators one must refer to the papers of
Miihlbach [71] and Lupag in [62] where the first special cases were considered.

Case a = b = —1: This case can be traced back to a paper by Miihlbach [71] who used a real
number + > 0. The same case with a natural n instead of the r was investigated by Lupag
in [62], where the operator was denoted by By, (see [62, p.63]).

Case a = b = 0: These were called Beta operators by Lupas (see [62, p.371) and denoted by
B,.

1.3.2 Basic properties

The operators B; b r>0as given in Definition 1.3.1 have the following properties:

1. they are linear and positive;

2 B o) = 1B (o) = oL
P = TN Y
3. lim B (f;x) = f(x) uniformly on [0,1], (V) f € C[0,1];
For the case a = b = —1 we have the following additional properties:

4. the operator B, L1 reproduces linear functions;

5. it interpolates at the end points
BV H(f,0) = £(0), BV 1) = £(1);

6. 1B/ V7| =1.
Lemma 1.3.4. Let f € C[0,1] convex. Ifs > r > 0, then
BV (fx) = Bo VTN (fx). (1.21)

Remark 1.3.5. Lemma 1.3.4 is a consequence of [5, Theorem 1] and it was proved using
methods specific to probability theory.
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1.3 The (Euler-Jacobi) Beta type operators

1.3.3 Moments and their recursion

We shall focus on the building blocks Bﬁ’ﬁ for n a natural number, a, 3 > —1 and
on their moments of all orders. As is well known, knowledge of their behavior is
essential for asymptotic statements as, for example, Voronovskaya-type results.

Definition 1.3.6. Leta,f > —1,n > 1,m € Ny and x € [0, 1], then the moment of
order m is defined by

Toh (x) = By’ ((er — xep)™; x).

Theorem 1.3.7.

+1—(a+B+2)x
T (x) =1, T (x) = & 122
W =1 T = (122)
and for m > 1 we have the following recursion formula

(n+m+a+p+2)Tob (x) =mXTyh_ (x)+ (1.23)

Fimta+1—2m+a+p+2)x]Thh(x)
where X = x(1 — x).
Proof. Below we will repeatedly use the function ¢(t) = t(1 —t),t € [0,1]. Let
fecClo,1,a,8> —1,0 < x < 1. Then

B ofl PR (L — 1) P — ) f (1) dt
By" (pf';x) =

B(nx+a+1,n—nx+p+1)
Using integration by parts we obtain
1

1
[tnx+zx+1(l _ t)nfnx+[3+1f(t)
nx+a+1,n—nx+p+1) 0

B on) —
B (pfin) =

1
- /f(t)[(nx + o+ 1)tnx+u¢(1 . t)nfnx+/5+l o
0

—(n —nx + B+ D)L (1 — )1y

FOte (1 — )= Blt(n —nx + B+ 1) — (1 — t)(nx + a + 1)]dt

o .

B(nx+a+1,n—nx+p+1)

FOH(1 — )= Bt — x) — (o + 1) + t(a + B +2)]dt

o

B(nx4+a+1,n—nx+p+1)

and taking into consideration the identity

n(t—x)—(a+1)+ta+p+2) =
= ((e1 —xep)(n+a+ B +2) + [x(a+p+2) — (a+1)]eo) (t)
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we can now write

Bif (pf'sx) = ByP([(er — xeo)(n+ &+ B+2) + (x(a+ B+2) — (a+1))eo] f;x).
(1.24)
In (1.24) we choose f = (e; — xep)™ and use the fact that (1 —t) = (X + X'(e1 —
xeg) — (e1 — xeg)?) (t):

mBZ’ﬁ([X(el —xep)™ 1+ X'(e1 — xe)™ — (e1 — xep)" ], x) =
Bz’ﬁ([(n +a+B+2)(ep —xe0)" T — (a +1— (a+ B+2)x)(e; — xe0)™]; x).

The equality above becomes successively:

mXTYP

nm—1

(x) + mX’TZ‘,ﬁ(x) - mT;f,}ﬁﬂ (x)=Mn+a+p+ Z)T;f,’ﬁﬂ (x) —
—[+1— (a4 B+ 2)x]Toh (x);

(m+n+a+B+2)Tyh, (x) = mXTyh 4 (x)+
Flm+a+1— (a+B+2+2m)x]Tob(x).

So (1.23) is established for 0 < x < 1. Due to the continuity, it is valid also for
x € {0,1}. O

In particular we have:

Corollary 1.3.8. For a = p = 0 we have BY® = B, (Lupas notation) with the correspond-
ing recurrence formula for the moments:

(n+m+2)Tyo 1 (x) = mXTy_(x) + (m+1)X'Tyn (x)
0,0 00 X'
where T,y (x) =1, T, (x) = 2
Fora = B = —1 we have B,,"~' = B, (Lupas notation). Then the recurrence formula

becomes
(n+m)T, 1 (x) = mXT, L= (x) + mX Top (%)
where T,;&’_l(x) =1, T, '(x) =0.
The next proposition contains another kind of recurrence formula for the mo-
ments.

Proposition 1.3.9. Let i > 0 and j > 0 be integers. Then

i itj H (1 — x )]0
L FANC NP
(nx +a+1)i(nx+B+1) = k! '

Proof. Using the definition of the Beta operator it is easy to show that

(nx a4+ 1) (12 + B+ 1)) i
n

%B 41— PV F(E): 1) — p-
B (= (i) = B R

(f(£);x). (1.26)
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1.3 The (Euler-Jacobi) Beta type operators

The following equation

tH(1—t) = g [x'(1 ;'x)j](k)

k=0

(t —x)k (1.27)

is a consequence of Taylor’s formula. Next using (1.27) and the fact that the Beta
operator is linear we get

BYP(F(1—t)if(t);x) = g [x'(1 ;lx)j](k)

k=0

By ((t—x) f(t); ). (1.28)

Combining (1.26) and (1.28) we arrive at

(n+at+p+2)™
(nx +a+1)i(nx+ p+1)/

Y O g (e ),

k=0 k!

By P (f(t);x) =

For f(t) = (t — x)™ we obtain (1.25). O

Remark 1.3.10. Another recurrence formula for the moments of B, "' can be found in
[71, Satz 3].

1.3.4 The moments of order two

Since the second moment controls to a certain extent the approximation properties
of Bﬁ’ﬁ , it is useful to have a closer look at it. From Theorem 1.3.7 we obtain

a+1)(a+2)+(n—2(a+1)(a+B+3))x
(m+a+B+2)(n+a+p+3)

(-n+6+(atp)(atp+5)r

(m+a+p+2)(n+a+p+3) "

T4 (x) = ( + (1.29)

(I). First, let us remark that

D}g{}o T:f(x) = (1 — x)?, uniformly on [0,1],
and

1315130 Tzf (x) = x*, uniformly on [0,1]. (1.30)
Roughly speaking, a large value of « (with a fixed ) suggests a better approximation
near 1, and we draw a similar conclusion from (1.30).

V4 1-—
(I). Now let B = & > —1. Consider the sequence s, := %S,n > 1. In this
case,
o (a+1)(a+2)— (—n+6+2a(2a +5))x(1 — x)
T5 (x) = :
s (n+42a+2)(n+2a+3)
Therefore,
QY (1 (e +1)(x+2)
TH,Z(O) - Tn,Z(]‘) - (71—1—20&—1—2)(71—}—2&—1—3)’
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Chapter 1 Preliminaries and auxiliary results

and
TIX,(X 1 . l
n2\2)  4(n+2x+3)
(i) If =1 < a < sy, the graph of T,; has the following form:

Y

This suggests a better approximation near the end points.

(i) Ifa = s, T,‘;‘g is a constant function, namely

2
V4 -1
Ty (x) = <n:n> ,x € [0,1].

(iii) For a > s, the graph looks like

:1 N -y
0 5 1
and indicates a better approximation near 3.

(iv) In the extreme cases, when & = —1, respectively & — oo, we have T, 21”1 (x) =
x(1—x)
n+1

1-2x\?
, respectively lim )9 (x) = < 3 x> .
a—o00

1.3.5 Asymptotic formulae

Here we present first two asymptotic formulae for higher order moments of By in
order to arrive at Voronovskaya-type results.

Theorem 1.3.11. For «, 3 > —1and all I > 1 one has

lim 7! T (x) = (21 — 1)11X,

n—oo

1-1 — 11
(P): < lim ”]Ta’flq(x) =X1|(1-1R1X Y M+ (1.31)
oo = 2k —2)1

F@I-D(a+1— (a+ B +2)x)].
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1.3 The (Euler-Jacobi) Beta type operators

The convergence is uniform on [0, 1].

Proof. We shall prove the proposition by inductionon [ > 1. Tfl‘,’l and Tzf are given
by (1.22), respectively (1.29), and it is easy to prove that (P;) is true. Suppose that

(Py) is true. According to (1.23) and (1.31),

m TP — Tim nlt! 21X B
i T () = i T B+ 2 n2i-

, 20+a+1— @l +a+B+2)x ap
1 1+1 T/
T n+2tatp+2 nat(¥)

i (Zk—l)”+(21_1)u(,x+1—(0¢+ﬁ+2)x) +

— 1 _ 1nl—1~y/

22X [(1-1)12 X,El(Zk—Z)!!
+2I+a+1— (4l +a+B+2)x](2 — 11X
=1 (2k — 1)!!

= XXy 1
& (2k—2)1

+@ -1 a+1) —20(a+B+2)x + 2] +a+1— (4 +a+ p+2)x)]

iy w 2= (21 —=1)!

_X[2l!Xk§1m (21)!!XM

S 21— )21+ 1) (@ +1— (a+ B +2)x) + 21 — 4lx]
SR L I+ (a+1— (tx+,5+2)x]

(x)+

— v! I11y/
X! 2nx ¥ oo

and this proves the first formula in (1.31) for / + 1 instead of I. Similarly,

o TP — i 1 21+ 1)X op
At T () = Jim, n+21+1+(x+,3+2T”'2l

. 204+1+a+1— @4l +2+a+B+2)x ap

1 I+1 ,
Tl n+2l+1+a+p+2 nart (%)
= (21 +1)X(21 — DX = (21 + 1)1,

(x)+

which is the second formula in (1.31) for / 4- 1 instead of /. This concludes the proof
by induction. O

The following result of Sikkema (see [92, p. 241]) will be used below. Note also
the 1962 result of Mamedov [66] dealing with a similar problem.

Theorem 1.3.12. Let L, : Bla,b] — C|c,d], [c,d] C [a, D], be a sequence of positive linear
operators. Let the function f € Bla, b] be q—times differentiable at x € [c,d|, where q > 2
is a natural number. Let ¢ : IN — R be a function such that

(i) lim ¢(n) = oo,

n—oo

(i) Ly((e1 —x)T;x) = M +o (ﬁ) , n — oo, where c,(x) does not depend on n,

¢(n)
(iii) there exists an even number m > q such that L, ((e; — x)™;x) = o0 (ﬁ) , N — 00,

Then

n—00 =0 r.

lim ¢(n) {Ln(f;x) - i Lu((er _' x)r;x)f(y)(x)} =
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Chapter 1 Preliminaries and auxiliary results

Corollary 1.3.13. (i) Theorem 1.3.12 can be rewritten in the form

= La((e — x)x @) (x
lm¢w{”“”—2”“l ”?ﬂw%=%mf”f

[ |
n—o0 —0 r. q-

(ii) If in addition to the assumption of Theorem 1.3.12, one assumes that

cq:((;c; o ((P(ln)> ,n—oo,r=1,2,.,4,

where the functions c, are independent of n, then one also has

Ly((e1 —x)";x) =

q (r)
lmmwnumw—ﬂmu%m»:gamf(f

x
n—oo q'
That is, all derivatives now appear on the right hand side which is independent of n.

As a consequence of Corollary 1.3.13 (ii) we have the following Voronovskaya-
type relation.

Corollary 1.3.14. Let f € C2[0,1]. Then

lim 7 {Bz'ﬁ(f;x) —f(x)} - x(lz_x)f”(x) Fla+1— (a+p+2)x]f (x),

n—o00

uniformly on [0, 1].
Proof. For ¢(n) = n and q = 2 as given in Corollary 1.3.13 (ii),

2 ") (x "(x "(x
limn{Bz’ﬁ(f;x)—f(x)} = Zcr(x)f (x) :cl(x)f( )—I—cz(x)f (x)

n—o0 7! 1! 2!
r=1

where ¢,(x) = lim nT,f,’f(x). By using Lemma 1.3.11 with [ = 1 we get

n—o00

ci(x) = a+1—(a+p+2)x
cx) = X,

and this concludes the proof. ]

Remark 1.3.15. As a consequence of Lemma 1.3.11 and Corollary 1.3.13 (i) we deduce
similarly that for f € C?[0,1],

n—0o0

lim 7' {Bzfﬁ(f(t);x) -y T”‘;ﬁ(x)} = Ql;ll)ux’f(z’)(x),z >1. (1.32)

(20)!

From this we get also

| by 2O e | @1 D
nlgrolonl {B” (f(£);x) — kg(:) k! Tn,k (x) ¢ = lef(m)(x) +
X1 1 o (2k= 1)

+2I - (a+1- (w-l—ﬁ-l—Z)x)]f(ZI_l)(x).
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1.3 The (Euler-Jacobi) Beta type operators

Remark 1.3.16. In order to compare the result above with a special previous result for the
case x = 3 = —1 we manipulate the left hand side of (1.33) for | = 2 by writing

Yl (B P(F(0;) = () = (@41 (@ B +2)0)7 (3) = 5 " (x)]
= lim | (B (03) — £0) = T ) - b0 D+

n—oo

+ lim nnT,f (x) = (@ +1— (6 + B +2)x)]f’(x)
i T ) — X110,

n—oo

By using (1.22), (1.31) and (1.33) with | = 2, we get

,}ijgo”[n(Bﬁ’ﬁ(f(f);X) —f(x)) - %f”(X) —(a+1— (a4 p+2)x)f (x)]
- %x2 FIV (%) + %X(&x 15— (Ba+ 36+ 10)2) " (x)—
—(e+B+2)(a+1— (oc+ﬁ+2)x)f’(x)+%f”(x)[(w+1)((x+2)—

— (2% 4 2aB +10a + 48+ 11)x + x2((a + B) (a + B+ 7) + 11)].

For « = B = —1, this reduces to

lim n[n(B; "~ (f;x) — f(x)) — %f”(X)] =

= L (v () 4 8X(1 - 20(0) - 12X47(0).

This result can be also deduced from [4, Remark 3].

1.3.6 lterates of B*

1. « = B = —1. In this case B, ! are positive linear operators preserving linear
nx(nx +1)

n(n+1)

lim (B;771)" f(x) = (1= x)£(0) + xf(1), f € C[0,1],

m—oo

functions, and By " ey (x) = > ep(x), for 0 < x < 1. Consequently

uniformly on [0, 1] ( see [83]).

2.« > -1, = —1. Then By ! are positive linear operators preserving constant
functions, BY ' f(1) = f(1) for all f € C[0,1], and

(nx+a+1)(nx+a+2)

ow,—1 _
By ealx) = (m+a+1)(n+a+2)

>e(x),0<x <1

Therefore

tim (8571)" f(x) = £(1),f € C.1),

m—00

uniformly on [0, 1] (see [83]).

3.« = —1,8 > —1. As in the previous case, one proves that
tim (B,"*)" f(x) = £(0), f € C[0,1].
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Chapter 1 Preliminaries and auxiliary results

4.« > —1,B > —1. In this case we have for all k > 0,

k
Bife(x) = (nx+at1) o [0,1].
(n+a+p+2)k
From this we get
w,B 1 k id
By er(x) = sk—j(k,a)n/x/, (1.34)

(n+a+p+2)F 5

where si_; (k, ) are elementary symmetric sums of the numbersa + 1,0 + 2, ..., a +k;
in particular so(k, ) = 1 and

k(k+1)

si(ka) =(a+1)+ ..+ (a + k) = ka + (1.35)

It follows that the numbers

k
/\Vl,k = */k 2 O/
(n+a+p+2)k

are eigenvalues of Bﬁ’ﬁ , and to each of them there corresponds a monic eigenpoly-
nomial q,, , with deg q,x = k. Let g € Il and d = deg gq. Then g has a decomposition

9= an0(9)qn0 + an1(9)qn1 + - + 25,a(q)qna

with some coefficients a, x(7) € R. Since A, = 1 and g0 = ey we get

d
(BY")"p = ano(@)eo + Y ans(@)Ajinge m > 1
k=1

and so
lim (Bﬁ’ﬁ)mq =a,0(q)eo, p € I1. (1.36)

m—0o0

Consider the linear functional p,, : IT — R, pu,(q) = an0(q), and the linear operator
P, II — I,
Pug = pu(g)eo, q € I1.

Then (1.36) becomes

lim (B3)"q = Pag, g € I1. (1.37)
Obviously P, is positive, and so yy, is positive; moreover, ||y, || = 1because uy,(ep) =

1. By the Hahn-Banach theorem, y;, can be extended to a norm-one linear functional
on C[0,1]. Since IT is dense in C[0, 1], the extension is unique and the extended
functional y, : C[0,1] — R is also positive. Now P, can be extended from IT to
CI[0,1] by setting P, : C[0,1] — IT, P, f = uu(f)eo, f € C[0,1]. Remark that

1B = 1Pl = 1, m = 1. (1.38)
Using again the fact that IT is dense in C[0, 1], we get from (1.37) and (1.38)
lim (ByP)"f = P.f, f € C[0,1]. (1.39)

m—00
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1.3 The (Euler-Jacobi) Beta type operators

On the other hand, from (1.34) we deduce the following recurrence formula for the
computation of P,ex, k > 1:

_ k—1 )
((i’l + o+ ﬁ —+ Z)k — nk) Pnek = Z sk_j(k,oc)n]Pnej.
j=0

Since Puex = pn(ex)eo, we getforn > land k > 1

ni
n+a+ B+ 2)F

k-1
pn () = ]Z(:)Sk—j(k/“)( —tnle)- (1.40)

Using (1.40) it is easy to prove by induction on k that there exists
ple) = lm pun(ex) k >0, (1.41)

and, moreover,

s1(k, )
K4+ B+2)+..+(a+p+k+1)

ulex) = ( p(ex—1),

i.e., taking (1.35) into account,

() = 200+ k+1 (ep_1)
M) = on r2p+k+ 3l 1

k> 1.

Since p(ep) = 1, it follows that

(2a +2)F

——, k>0
(20 + 2B + 4)k

puler) =
This can be rewritten as

1
t21x+1 1—¢ 2‘B+1e \dt
p(o) = BRI k+2,2p+2) Of (1=H%a(t)
k) = = ,
B(2a+42,26+2 1
( ’B ) f t2a+1(1 _ t>2ﬁ+1dt
0

so that )
f tZDH-l(l o t)2ﬁ+1q(t)dt
0

uq) = — g €11
f t2a+1(1 _ t)2ﬁ+1dt
0

Consider the extension of u to C[0,1], i.e.,

} t2a+1<1 _ t)2ﬁ+1f<t)dt

n(f) = 5 ,feclo],
f tszJrl(l _ t)25+1dt
0
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Chapter 1 Preliminaries and auxiliary results

and the positive linear operator P : C[0,1] — II, Pf = u(f)eo, f € C[0,1]. According
to (1.41), nhngo un(q) = u(q),qg € I1, e,

lim P,q = Pg,q € I1. (1.42)
n—oo
Since ||Py|| = ||P|]| = 1,n > 1, we conclude from (1.42) that lim P,f = Pf,f €
n—oo

C[0,1]. Thus, for the operators P, described in (1.39) we have proved:
Theorem 1.3.17. Let « > —1,p > —1. Then for each f € C[0,1] and n > 1,

1
f tZDH—l(l _ t)2ﬁ+1f(t)dt
lim P, f = °

n—oo 1

f t2a+1(1 _ t)ZB—i—ldt
0

€.

For & = B = 0, this result was obtained, with different methods, in [11].

1.3.7 Variation diminution

Theorem 1.3.18. The operators B as given in Definition 1.3.1 have the (strong) variation-
diminishing property, that is,

S0, [Bf’bf] < Spoq[f] forall f € C[O,1].

Proof. (i)incasea =b = —1:
1
Sou (8,71 = S | [ 710 - 07 (0]

t r
Substituting <1—t> = u the above integral becomes

17 -1 2
f/ux- 1” - f 1” du.
ry (ur +1)" ur +1

Obviously, the number of sign changes of f(t),t € [0,1] equals the number of sign

1
ur

changes of the function g(u) = f ( 1 +1>' u € [0,00). Applying Theorem 1.1.31 for
ur

the functional A(g) = [; g(u)du with w(u) = ( 2 owe get that the operators
ur+1)"

B, V! have the (strong) variation-diminishing property on C[0, 1]. That means
Sio[B, ] < Spoyyf]-

(ii) in casea = —1,b > —1:

1
Sou[Brfl = S {/ P — ) T E () dt
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1.3 The (Euler-Jacobi) Beta type operators

(iii) in case a > —1,b = —1:

1
Sio,1] BV = S0,] {/ e A (= f)b+1f(f)dt]

0
< Sp [1=H" )] = S ]

(iv) in case a,b > —1:
In [29] it was shown that

1
SonlBYPfl = Spy {/ frx(lf)r(lx)fﬂ(lt)bf(t)df]
0

< Spy [ta<1 - t)bf(t)] = Spay [f]-
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Chapter 2

The Bernstein-Euler-Jacobi (BEJ) class of
composition operators

Many operators arising in the theory of positive linear operators are compositions of
other mappings of this type. Many times the classical Bernstein operator B, is one of
the building blocks. Other frequently used factor operators are Beta-type operators
Bf’h of various kinds. Our intention is to use these building blocks to provide an
overview of the various operators that fit into this pattern. This comes to emphasize
the importance of understanding the singular pieces that form the composition. As
one will notice we will refer many times to the properties of the building blocks
presented in the previous chapter.

2.1 BEJ of first kind

2.1.1 Definition

We introduce and study a class of positive linear operators that are given by

Definition 2.1.1. Forr > 0,a,b > —1,n,m > 1 we define R,(,:jf{b) : C[0,1] — C[0,1]
by
R — B, o B o B, (2.1)

Here B*’ is the Euler-Jacobi Beta operator defined in the previous chapter and
By, By, are the n-th and m-th Bernstein operators.

The purpose of introducing such an operator is to explain known operators using
decomposition.

Lemma 2.1.2. (Images of the monomials up to degree 2)
(rab) .
Ry (€0, x) = eo

r,a,b re; +a+1
Rgn,n )(ellx) = rratbht2
(n—1) (rz <m—162+el> + 2areq + 3rey —i—a2—|—3a—|—2>
R (e2, %) = n - +
' n(r+a+b+2)(r+a+b+3)
re1+a+1
n(r+a+b+2)

Remark 2.1.3. The BE] operator of first kind reproduces constants. For special choices of a
and b, namely when a = b = —1 it also reproduces linear functions.
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2.1 BEJ of first kind

2.1.2 Moments up to order 2

Definition 2.1.4. Letr > 0,4,b > —1,n,m > 1,s € Ny and x € [0,1], then the
moment of order s is given by

M (x) == Rl ((e1 — xeo)%; x).
Lemma 2.1.5. (Explicit representation of the moments until order 2)
a,b
My(x) := R,(,:fl )((el — xe)%; x) = ey,

a+1—e(a+b+2)

M (x) := R,(,:,’f{b)((q —xep)x) =

r+a+b+2
Ma(x) = ea[mn(a® +b*>+5a+5b+2ab+6 —r) +r*(1—m—n)]
mn(r+a+b+2)(r+a+b+23)
_el[mn(2a2+2ab+8a+2b+6—r)+r2(1—m—n)+mr(a—b)]+
mn(r+a+b+2)(r+a+b+3)
+€0[mn(ﬂ+1)(a+2)+m(1’(a+1)+ﬂb+ﬂ+b+1)]
mn(r+a+b+2)(r+a+b+3)

Proof. The proof of the formula for the first moments is straightforward and we shall
omit it.
In order to express the second moments of R,(Zjﬁ’b) we shall employ (1.12). Thus we
obtain
My(x) = (BunoBoB,)((e; — xep)% x)
= Bu(BI'(Bu((e1 — ze0)%:2); y); X)

_Bm(Bg'h((el — yeo)%y); X)— (2.2)

—Bu((e1 — xe)%; x)+ ‘

+2B,, (B} ((e1 — yeo) (Buer — yeo); y)i x)+

+2B,((e1 — xeg) (B¥Byer — xeg); x)

Bu51" (Bl a0 2)39)ix) = B (B2 (520 ) )
_p ( reg+a+1 (res +a+1)(rey+a+2) )
=B

, X
r+a+b+2) n(r+a+b+2)(r+a+b+3)
rx+a+1 r2 (Mdx? + X)) 4 2arx + 3rx 4+ a® + 3a 4 2

n(r+a+b+2) n(r+a+b+2)(r+a+b+3)

2 2
B (B ((e1 — yeo)% )3 %) = B ("(ffa -
2ab +2a%>+8a+2b+6—7 a> +3a+2
_(r+a+b+2)(r+a+b+3)el+(r+a+b+2)(r+a+b+3)eo;x)
> +b*>+2ab+5a+5b+6—r (m—1 , x
- (r+a+b+2)(r+a+0b+3) < mo +m)_
2ab +2a> +8a+2b+6—7r a?+3a+2

_(r+a+b+2)(r—|—a+b—i—3)x+ (r+a+b+2)(r+a+b+3)
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Chapter 2 The Bernstein-Euler-Jacobi (BE]) class of composition operators

x(1—x)

B ((e1 — xeg)%x) = -

2B, (B ((e1 — yeo) (Buer — yeo); y); x) = 2By (B ((e1 — yeo)*;y); x)

regp+a+1

2B ((eg — xeo)(Bf'anel —xep); x) = 2By ((e1 — xeo)(m — xep); x)
_ 2r m— 1x2 + X\ 2rx?
Cr4a+b+2 m m r+a+b+2

If we substitute all these equations in (2.2) we obtain the expression for the second
moments given above. O

2.2 BEJ of second kind

2.2.1 Definition

The second class of positive linear operators that we consider are given by

Definition 2.2.1. Forr,s > 0,a,b,c,d > —1,n,m > 1 we define Ri[c'd”’”'b : C[0,1] —
C[0,1] by
Ry — B o B, o By (2.3)

Here B and B are Euler-Jacobi Beta operators and B, the n-th Bernstein operator.

Lemma 2.2.2. (Images of the monomials up to degree 2)
R;,c,d;r,a,b (301 x) = ¢

Rs,c,d;r,a,b(el x) = r(seq +C‘|‘1> a+1
" ’ (r+a+b+2)(s+c+d+2) (r+a+b+2)
s,c,d;r,a,b 7,2 (n_l)(sel+c+1)(sel+c+2)
R (03, x) = +
n(r+a+b+2)(r+a+b+3)| (s+c+d+2)(s+c+d+3)
sep+c+1 (sey + ¢+ 1)(2ar + 3r)
stc+d+2| (s+c+d+2)(r+a+b+2)(r+a+b+3)
N a?+3a+2
(r+a+b+2)(r+a+0b+3)

Remark 2.2.3. The BE] operator of second kind reproduces constants. For special choices of
a,band c,d, namely when a = b = ¢ = d = —1 it also reproduces linear functions.

2.2.2 Moments up to order 2

Definition 2.2.4. Let r > 0,a,b,c,d > —1,n > 1,t € Ny and x € [0,1], then the
moment of order ¢ is given by

M;(x) := RESBb (o1 — xep)t; x).
Lemma 2.2.5. (Explicit representation of the moments until order 2)

My(x) := RSP (e — xe9)%; x) = e,
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2.2 BEJ of second kind

—ei[r(c+d+2)+(a+b+2)(s+c+d+2)]

M . Rs,c,d;r,a,b o 1’,
1(3) 1= Ry (en — xeo)3.x) (r+atb+2)(s+c+d+2)

rc+1)+(s+c+d+2)(a+1)
(r+a+b+2)(s+c+d+2)

M(x)_(n—1)(a2+b2—|—2ab+5a—|—5b—|—6—r)(se1—|—c+1)(sel+c—|—2)+
T T +a+b+2)(r+a+tb+3)(stctd+2)(stc+d+3)

+(a2—|—b2+2ub—|—5a+5b—|—6—r—n(Zab—|—2a2+8a—|—2b—|—6—r))(sel—i—c+1)+

nr+a+b+2)(r+a+b+3)(s+c+d+2)

n a?+3a+2 (seg+c+1)(sey +c+2)

(r+a+b+2)r+a+b+3) n(s+c+d+2)(s+c+d+3)
sey +c+1 24+ d?42cd+5c+5d+6—s

Tn(stctd+2)  (stctdt2)(stctd+3)
2cd +2c¢* +8c+2d+6—s ot > +3c+2 N
(s5+c+d+2)(s+c+d+3) " (s+tct+d+2)(s+c+d+3)

L+ 2r(sey +c+1) B 2r(se1 +c+1)(se1 +c+2) n
n(r+a+b+2)(s+c+d+2) n(r+a+b+2)(s+c+d+2)(s+c+d+3)

n 2r(se; +c+1)(ses +c+2) 2@+1—e1(2r+a+b+2))(sey +c+1)
(r+a+b+2)(s+c+d+2)(s+c+d+3) (r+a+b+2)(s+c+d+2)

2@t 1e 4o
rvatb+2 "

Proof. The proof of the formula for the first moments is straightforward and we shall
omit it.

In order to express the second moments of Ry
(1.12). Thus we obtain

cdrab we shall employ once again

My(x) = (B oB,oB")((e; — xep)% x)
= BS(Bu(BY((e1 — ze0)% 2);); x)
—B (Bu((e1 — yeo) % y); x)— (2.4)
— B ((e1 — xe)?; x)+
+2B5 (Bu((e1 — yeo) (ByPer — yeo);y); x)+
—|—28§’d((el — xeo)(Ban’bel — xep); x)

. a® +3a+2
Bg,d(Bn(Br/b«el —260)2;2);]/),‘36) = rratb+2)(r+atb+3)
+(az—l—b2—|—2ab+5a—|—5b—|—6—r—n(2ab+2az—1—851—|—2b+6—1’))(sx—|—c—|—1)
nr+a+b+2)(r+a+b+3)(s+c+d+2)
(n—1)(a® +b>+2ab+5a+5b+6 —r)(sx +c+1)(sx+c+2)
nr+a+b+2)(r+a+b+3)(s+c+d+2)(s+c+d+3)

1—
B (Bul(er — veusw)i) = B9 (20=1)5)
sx+c+1 (sx+c+1)(sx+c+2)

T n(stct+d+2) n(stc+d+2)(s+c+d+3)
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Chapter 2 The Bernstein-Euler-Jacobi (BE]) class of composition operators

24 32
od B 2.y € +d +2cd+5c+5d+6—s ,

B ((e1 = xeo)x) = Stctd+2)(s+ctd+3) N
2cd +2c? +8c+2d+6—s > +3c+2

_|_
(s+c+d+2)(s+c+d—i—3)x (s+c+d+2)(s+c+d+3)

rrat+bt2 Y

(el_y)([)’frbel_y):(el_y) < reir+a—+1 )

_ ab, NN r .
Bu((es y)(lBr =Yy = g bn(ey)t »
a—+ o ry ) > . at+l ) —
rratbr2 VT rrarbaa) B Ty yr+a+b+2>B”(eO’y)
_ r 2
= arratsrnV V)
c,d o ab, . _ c,d r o . _
285" (Bn((e1 — yeo) (Br’er — yeo); y); x) = 215 (n(r+a—|—b+2)(€1 ez),x>

2r(sx +c+1) 2r(sx +c+1)(sx +c+2)

Cn(r+a+b+2)(s+c+d+2) n(r+a+b+2)(s+c+d+2)(s+c+d+3)

. ab, _ _ m_
(e1 —x)(BuBy7er — x) = (&1 x)<r—i—a—|—b+2 x)

2r

ZBS’d((31 — x)]-(BnB;LfZ’b€1 — x);x) — mggld(ez, x)+ ( 1)
a-—+ xr d x(a+ d
Ty ) Bepx)+2 (2= ——— ) B (e x) =
<r+a+b+2 * r+a+b+2> e ) + (x r+a+b+2> s (eo; x)

B 2r(sx +c+1)(sx+c+2) +2[a+1—x(2r—|—a+b+2)](sx—i—c—|—l)
C(r+a+b+2)(s+c+d+2)(s+c+d+3) (r+a+b+2)(s+c+d+2)

_ 2x(a+1) 4 ox2

r+a+b+2

If we substitute all these equations in (2.4) we obtain the expression for the second
moments given above. O

2.3 Particular cases

The general setting can be adapted in such a way that for different values of the
indices we find many known operators. We use the convention B, = B% = Id.
Thus, the first two tables contain all the particular cases of both classes that we were
able to locate in the literature. In the next three we give the general form of the spe-
cific operators, if it exists, and cite the articles where they were first mentioned.

In our opinion it is impossible to get a complete overview because of the great
amount of articles being published every day, but we are confident that most of
the cases are included.

We also include the description of the second moments of these cases and differen-
tiate between operators that reproduce linear functions and those that do not.
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15374

BE] first kind BE]J second kind
m r a b n Other notation S C d n r a b
n n -1 -1 o0 u, () - - n n -1 -1
n n 0 0 00 M, 00 - - n n 0 0
n n a>-1 | a>-1 00 D<«> 00 - - n n | a>1 a>-1
n n | a>1 | b>1 S M:b S - - n| n |a>1 b>-1
n|n-o| -1 -1 o uy o - - ni|n-o| -1 -1
n | n-c >-1 >-1 oo P, () - - n|n-c| >1 >-1
© | n -1 -1 n LY n -1 -1 [ n| o - -
© | n 0 0 n V20 n 0 0 [n| - -
o | n |a>1]|p>1 n v n |a>1|p>1|n| o - -
oo | 1/ -1 -1 n S5, Qn 1/« -1 -1 n| o - -
o [n-g| c>1|d>1 n QY n-g|c>1|d>1|n| o - -
- |- - - - BE Va| 1 | 1 |eo|1/A] 2 1
- - - - F? /o | -1 | 1 [n]| n | 1 1
- |- - - - B Val| 1| a1 |nl1/a] 2 1
n 00 - - n+1 Dy, - - - - - -
m | oo - - n Ry » - - - - - - -
m | n-o -1 -1 n RSW - - - - - - -
00 n -1 -1 00 n -1 -1 oo | o0 - -
B,, B, ! 00 - - © | n -1 -1
oo | 1/A -1 -1 () 1/A -1 -1 0o | o0 - -
By, Ty 0o - - Jeo[1/A] 1 -1

Table 2.3.1: Particular cases overview - part 1
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Name

General form

References

Bernstein operator

Bu(fix) = zopnk< 0f (£)

[12]

Talf;x] = ff(f)KA(fIX)df,TA[f;O]=f(0),TA[f;1]=f(1)

Miihlbach Beta type
p—1 (1*t)'771 [71]

operator Kalt3) = 953, 152), plt ) = Pt

sometimes the following notation is used: B, (f; x) (see [78])
Lupas Beta operator of N 1 nx (1 pyn(l—x)
the first kind By (f;x) = B(nx + 1,n+1—nx) ft (1-1) flb)t [62, p-37]

1

R . — nx— 1 n 1-nx
Lupas Beta qperator of | By(f;x)= B(nx pra—— Jt f(t)dt, (62, p.63]
the second kind 0

(x € (0,1), Bu(£;0) = £(0), Bu(f;1) = f(1))
genuine
Bernstein-Durrmeyer Un(f;x) = 2 Pk (x fpn 2k—1(B) f()dt + F(0)puo(x) + fF(1)pun(x) [16] [31]
operator
classical Durrmeyer M, (f;x) = (n+1) Z Pui(x f Pk [25]

ff pnk ta(l - t)hdt
Durrmeyer with Jacobi by
Welghts Mn (f’ x) Z pi’l k( ) 1 [73]
fpnk )#(1 — t)bdt
n—1 tke— 1(1 —t)(n=kle-1
Piltdnea operator Uy (f;x) = f ft)dt ) pur(x) + f(0)(1—x)"+ f(1)x" [75]
k=1 \o Blke, (n—k)e) '
T 7 - -

a Stancu type operator Lv(f;x) =Cu(f;x) = ﬁ Z ( )(n )k(” - ”x)kf (%) [64]

Table 2.3.3: General form of known operators - part 1
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Name General form References
Bernstein-Durrmeyer casp " (2a +2)" U
with symmetric weight D= (fix) = E nk(%) (a+1DFa+1)" %y Bla+1l,a+1) flt)at L63]
1
ck+a _ \e(n—k)+b
Mache-Zhou operator p(f. n Of fe)t 2 at . , [65]
n(f’x) ank( )B(k+ﬂ+1C(1’l—k)+b—|—1),a, > —
Gonska
Stancu-type operator Qg,a,b(f. ¥) = i f (k) ? Bnoxt+a+k+1no(l—x)+n—k+b+1) ia;ﬁng_
with parameters a, b A k=o” \"/ 0k B(nox +a+1,n0(1—x)+b+1) 18 Marchl
2009.
Rasa hand-
. % s itt
Lupas operator with ”‘5(f x) = i (")f (k) (nx+a+1)*n—nx+p+1)"* :;;esqu
Jacobi weights Sk n (n+a+p+2)" Augu/st
2008.
_ n—k
Lupas operator (B, oB,)(f;x) = yo0 (f;x Z (%) na+1)f nn+ 23“ +1) [63]
= T
- —x+
Stancu operator S8 (fix) = i <k> 0 Eo(x i) L (1—x+ja) [94]
i) =2 FG) Wargarm a1
« QA1) = Qulfiva = § f(x)guelz,a),
ancu operator = [71]
k-1

(Miihlbach notation)

(@W, pr(x,a) =

fCo) = fG2) an(x,a) =

IT(x+1a), po(x,a) :=

1

Table 2.3.4: General form of known operators - part 2
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Name General form References
« « =l L
j EE(f3%) = FO)wy0 (1) + fwifa(x) + T wif) (x) [(n = Dpuasa (D (1),
Finta operator k=1 0 [27]
o n [k,—a) (1 _ 4\ [n—k—a]
w0, (3) = ()R
general Beta-type X N N
operators B (f3x) = (Ba o By o B) () (78]
Pitul Beta operator B&A) (f;x) = (By o B,y (f; %) [78]
Dy Dy(f;x) = (Buo But1)(f5 %) [43]
Table 2.3.5: General form of known operators - part 3
Notation Second moments
2X
* un n - 2; =
U, ((e1 — xep) x)ZX(n +31) i
_ 2.0 — n—3)+
M, M, ((e7 — xep)*; x) : 2(11 21 13)
X(2n — 442 —10a—6) + (a+ 1)(a +2)
D<a> D<a> _ 2. —
((ex —xe0) %) (n+2a+2)(n+2a+3)
M2 ((e; — xep)?; x) :=
Meab a2+b2—|—2ab+5a+5b+6—2n. »  2a°42ab+8a+2b+6—2n ‘ (a+1)(a+2)
(n+a+b+2)(n+a+b+3) (n+a+b+2)(n+a(+b+)3) (n+a+b+2)(n+a+b+3)
X(1+o
2179 Q _ 2. -
U, Uy ((e1 — xep)*;x) = no+1
Py((e1 — xep)?%; x) :=
P, a2+b2+2ab+5a+5b+6—nc—nc2‘ o (20 4+2ab+8a+2b+6—nc—nc*) -x+(a+1)(a+2)
(nc+a+b+2)(nc+a+b+3) (nc+a+b+2)(nc+a+b+3)

* these operators reproduce linear functions

Table 2.3.6: Second moments - part 1
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Notation Second moments
2X
*LV LV _ 2. =
n n((el xeo) ’3;) , 2+)1
X(2n*—6n)+3n+1
Yoo 00 _ 2, ) =
n n ((81 er) X) Yl(ﬂ+2)(ﬂ+3)
y Vi (e — xeq)% x) =
vy a2+ﬁ2+2a5+5a+55+6—2n_x2_ 202 +20B+9a+B+6—2n - ne® +4na+af+3n+a+p+1
(m+a+B+2)(n+a+p+3) (m+a+B+2)(n+a+p+3) nn+a+p+2)(n+a+p+3)
* Sy S%((e; — xeg)%; x) = 1
0.c.d 5 Z+d*+2cd+5c+5d+6—no—ne*> , 2c*+2cd+8c+2d+6—ng— no?
Qn ((81—.’%80) ,'x) = Cxc = Cx 4
QQ,c,d (no+c+d+2)(no+c+d+3) (no+c+d+2)(no+c+d+3)
g ne? +3nc+nco+no+2n+c+d+ed+1
nmno+c+d+2)(no+c+d+3)
X(a+A+al)
* BN B ((e1 — xep)?;x) = — = 127
(ler = xe0)%2) = A @4 Ay
X(na+a+2
i Fille — ze0)iz) = (vc(+ 1)(n+1§
« (@A) BOA) ((or — xo)2:x) 1 X(na 4+ nA +nad +1)
]Bn n ((61 X@O) ,x) . n(l _’_22?(14_)\)
* Dy D, ((e1 — xep)%; x) := —
* oo o X(n4+m—-1
Rm,n Rm,n(<el — x€0>2,‘x) = (nm)

* these operators reproduce linear functions

Table 2.3.7: Second moments - part 2
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Notation Second moments
X(no+mo—o+m
*B,, — X
B! Bu((er = xe0)%x) := =
— ~ AX
Py Ba((er —xe0)% %) 1= 7y
X(n—6)+2
0,0 o 2., -
B, B, B, ((e1 — xep)*; x) : (i +2(n+3) 2
“18 BB (o — yen)ey) i X T (BFD(B+2)x
B, A Y FCEY ) 2
a,—1 a,—1 _ 2. L nX + (DC + 1)(0( + 2) (x — 1)
By B (e = xe0) %) = = D i a +2)
Bz’ﬁ((el — xeg)?; x) i=
BYF 02+ B2+ 20p 450 +5p+6—n , 202420 +8x+2p+6—n (a+1)(x+2)
(n+a+B+2)(n+a+p+3) (n+a+B+2)(n+a+p+3) (m+a+B+2)(n+a+p+3)
* B, B, ((e1 — xeg)%; x) := "

* these operators reproduce linear functions

Table 2.3.8: Second moments - part 3
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Chapter 2 The Bernstein-Euler-Jacobi (BE]) class of composition operators

2.4 Variation diminution

Theorem 2.4.1. The BE] operators of first, respectively second kind as given in Definitions
2.1.1 and 2.2.1 have the (strong) variation-diminishing property, that is,

Sio [RYAP £ < Sioylf] forall f € C[0,1] 2.5)
Sio.] [REerab £] < So)[f] for all f € C[0,1]. (2.6)

Proof. It is known that the Bernstein operators satisfy the SVDP. Thus we have

St [RY”) £] < Sio[(BE 0 By) £

In Section 1.3.7 we have shown that B’ also satisfy the SVDP. Thus we have

Sion R f] < St [(B& 0 Bu) f] < Spoy[Buf] < Sio[f]

for all f € C[0,1]. Similarly it can be shown that (2.6) holds, but we’ll skip that
proof. O]

2.5 Direct and converse results

Direct and strong converse inequality of type A, in the terminology of [22], exist for

the Bernstein operators in [59], for "genuine" Bernstein-Durrmeyer operators in [72],

for a special selection of Stancu operators in [26] and for the Finta operator in [28].
Using the method presented by Finta in [26] and [28] we can give such results for

two more cases, that is, for the composition of two different Bernstein operators and

for a particular case of the general composition that reproduces linear functions.
The results presented in this section have been published in [97].

2.5.1 Case | - a composition of two Bernstein operators
We define
R3S = (Buo B)(6) = L pus(0Baf ()

a positive linear operator that reproduces linear functions, where p,, x are the Bern-
stein basis polynomials with p,, x(x) = (7)x*(1 —x)" %, x € [0,1].
For this first case we need the following result:

Lemma 2.5.1. Let f € C[0,1]. Then
o 1
IRGf = Bufll < —llg”By f]] 27)

Proof. RS, .f = Bu(Buf) = f pm,k(x)an(%) where p,, = (T)xk(l — x)m_k. Hence
k=0

(Rizaf = Buf) () = 1o pue(®) (Baf (57) = Bus(0)
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2.5 Direct and converse results

and by Taylor expansion with integral remainder, namely

B.f <:1> = Buf(x) + (i - x) B (x) +i (7’; _ u> B f(u)du,

we can write

R%J—&fzgymw)<;—w)m(@+/(i_

By simple computation we obtain:

épm,k(x) <:z - x) =0,

and

£ pate (&) = 70

k=0

(2.8)

(2.9)

Then in view of (2.8), (2.9) and Lemma 1.1.30, for x # 0, 1, we obtain

k
m

m
IRZAf = Bufll < L pins(x)

X

|l9*ByfIl k
RCalC

1
= —leBifll

IN

which completes the proof.

J (5 =) Bif(u)du

_x>2

(2.10)

Theorem 2.5.2. Let f € C[0,1]. Then there exists a constant C > 0 such that

[[Ripnf — fl < Cwé(fr”_l/z)qo,l}-

Proof. We have

IR f = I < [R5 f = Buf[l +[[Buf — flI.

Let g € W2 (). In view of Lemma 2.5.1 and [21, Lemma 7.4, p.324] we obtain

1

2.11)

(2.12)

IR = Bufll <~ llg?Bif
< {IeBYf — )+ lo?Blgll}
< {anllf - gll +12llg%g" 1}
< 122117 - gll+ < lle%s I
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Chapter 2 The Bernstein-Euler-Jacobi (BE]) class of composition operators

So
n. 1
[[Rnf — Bufll < 12%mf{|\f—gll+;H¢2g”!|igEWi(qo)}

n _
= 12_Kpy(f,m Y-

Because Ky »(f,n")cjo,] is equivalent with w3 (f,n7/2)¢q) in view of Theorem
1.1.22 we obtain the existence of a constant C; # C;(f,n,m) > 0 such that

[e%] n —
IR f = Bufll <12 Crg(f,n™ )iy, (213)

On the other hand it has been shown in [23] that for some constant C, # Ca(f,n,m) >
0

[1Buf — fII < Cawg(f,n™ %) o, (2.14)
for every f € C[0,1]. Thus, by (2.12), (2.13) and (2.14) we obtain for a constant
C= 12%& + C, the estimate (2.11). 0

Corollary 2.5.3. Under the assumption of Theorem 2.5.2 we have
[[Rynf = fII < ClIBuf = flI (2.15)
where C > 0 is constant.
Proof. In view of [59] we have for some absolute constant M > 0
Mawy(f,n"?)cion) < [1Buf — fII- (2.16)
Thus by Theorem 2.5.2 we get (2.15). O

n .
Theorem 2.5.4. Let 11 = Co— < 1, where Cy denotes the absolute constant in Lemma

1.2.10 and the pair (n,m) is chosen accordingly. Then there exists a constant C > 0 such
that for all f € C[0, 1] we have

CYBuf = fll < IRsm,.f — flI < C||Buf — £l (2.17)

and
Clwi(f,n ) < IRmaf = fII < Cwl(f,n™ ) oy (2.18)

Proof. We have

1Buf = £l < 1[Rizaf = fl1+ IR0 = Buf |
< IR = fll+ Cor|IBaf = £

in view of Lemma 1.2.10 and (2.7). But &y = CO% < 1, by assumption, and therefore

1Buf = fIIl < [IRunf = fIl +aal[Buf — fI.

So

(1= a1)|[Buf = fIl < [R5 f = flI-
Hence by Corollary 2.5.3 we obtain (2.17) for some C > 0. The inequalities in (2.18)
are direct consequences of (2.16) and (2.17). Thus the theorem is proved. O
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2.5 Direct and converse results

2.5.2 Case Il - BEJ of first kind general composition
We define
Ryuf(x) = (Bman*HoB )(f,x)

ftnqk ]__t ”Qii*anf( )
m

= kgopm'k( ) B(ngk nok 4

10— 50)
a positive linear operator that reproduces linear functions with ¢ > 0.
Lemma 2.5.5. Let f € C[0,1] and ¢ > 0. Then

no—+m

¢ _ < 5 7 2 "
RS f = Bufl| < o 97BLA (219)
Proof.
1 nok _ -1
i JEF I = by B, f ()t
0 0
Rmnf mek B(ngk, 1o — ngk) , X € (0,1)
Hence
f E (1= )"0 W VB f (1) — By f(x)]dt
R}, af (%) E Pmk

k k
B(%F, ng — =)

and by Taylor expansion with integral remainder, that is,

Buf (1) = Buf (x) + (t = x)Bf(x) + [ (= w)B}f(u)du

we can write

Ry f(x) = Buf(x) =
ft?* (1—1t) ng— " —1 [(t— x)B'f(x) +j(t—u)B,’1’f(u)du dt

B o — ")

m 7/ m

m

= Z Pm (X (
k=0

By simple computations we obtain

LG nUk ok
me,k(x) (i i) /t 1 - Yt —x)dt =0 (2.20)
k=0 7 -
and
1 h .
L Ty 7 . DY 3 PR L L)
mek S, —’;ﬁk)o/t (1-1) (t = xdt = T g2 (x),
(2.21)
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Chapter 2 The Bernstein-Euler-Jacobi (BE]) class of composition operators

respectively. Then in view of (2.20), Lemma 1.1.30 and (2.21), we get

j(t —u)B) f(u)du|dt

ft"" “1(1 — pyre—" -1

Renf(x) = Buf(x)] < % pu .
| Ripnf(x) f(x)] IEOP w(x)” B(%Qk,ng_@)
1 nok _ hek
o [t 11— ) Tt — x)2dt
ll”Bufll = 0
— ( ) Z pm ( ) an an
120Q—|—m B(W/”Q—W)
i el
which completes the proof. O

Theorem 2.5.6. Let f € C[0,1]. Then there exists a constant C > 0 such that
[1RGnf = fIl < Cal(frn %) oy (2.22)
Proof. We have
[IRGnf = fII < |IRGnf = Bufll +11Buf — fII- (2.23)
Let g € W2 (). In view of Lemma 2.5.5 and [21, Lemma 7.4, p.324] we obtain

TlQ—|—m 2 "
(g 117 19°B4/ |

no+m 2 5o
—=——{||¢?By/(f — B
(g 1) U9 Balf =&l + lle7Brgll}
{2nlf — gll +12]19%8" 1|}

no—+m
U?+i)>
ng+m Z
mmo 3 1) U~ sl + -l 11}

[|RGnf — Bufll <

IN A

IN

So

. 1
RS~ Bufl] < 120 ST ine{l1f —gll + 1107”1 g € WE(9)

12————2Koo(f, ”_1)c[0,1}-

Because Ko (f, 17 1) o) is equivalent to w3 (f,n/2) (o 1 in view of Theorem 1.1.22,

we obtain the existence of a constant C; # Cy(f, n,m,0) > 0 such that

1o e +m)
m(ng+1)

On the other hand it has been shown in [23] that for some constant C, # Ca(f, n,m,0) >
0

||R%f = Bufl] < Crwg(fon ) cpo)- (2.24)

1Buf = fIl < Gl (f,n7 %), (2.25)

forevery f € C[0,1]. Thus, by (2.23), (2.24) and (2.25) for a constant C = 12n(ng +m)

————C1 +
mng+1) "
C, we obtain (2.22). O
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2.5 Direct and converse results

Corollary 2.5.7. Under the assumption of Theorem 2.5.6 we have

|[R3nf — f1I < ClIBuf — fl| (2.26)
where C > 0 is constant.

Proof. In view of [59] we have for some absolute constant M > 0

ngzo(f/ ”71/2)c[0,1] <|[Buf = fll (2.27)
Thus by Theorem 2.5.6 we get (2.26). O
n(no + m)
m(no+1)

Lemma 1.2.10, ¢ > 1 and the triplet (n,m, ) is chosen accordingly. Then there exists a
constant C > 0 such that for all f € C[0,1] we have

CYBuf = fll < IRiuf — flI < Cl|Buf — £l (2.28)

Theorem 2.5.8. Let ap = Cp < 1, where Cy denotes the absolute constant in

and
Clwi(f,n ) < IRanf = fII < Cwlp(f,n™ ) oy (2.29)

Proof. We have

1Buf = fII < |IRGuf = fIl + IR f — Bufl|

< RS f— n(ng+m) n o
< RS af = Il +Col S LIS 1B f — 1]
in view of Lemma 1.2.10 and (2.19). But a, = Com < 1 by assumption, and
therefore
1B f = fIl < |[Riuuf — fIl +a2l|Buf — £II.
So

(1 —a2)|[Buf — fI| < |IRjiuf — flI-

Hence by Corollary 2.5.7 we obtain (2.28) for some C > 0. The inequalities in (2.29)
are direct consequences of (2.27) and (2.28). Thus the theorem is proved. O

Remark 2.5.9. This method can be applied for compositions of linear positive operators that
reproduce linear functions under the assumption that a strong converse inequality as the one
given in Lemma 1.2.10 exists for the operator on the right hand side.

This method does not cover all the cases of the composition as a result of the restrictions
applied to the constants.
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Chapter 3

The class of operators U, linking the
Bernstein and the genuine
Bernstein-Durrmeyer operators

Denote by CJ[0, 1] the space of continuous, real-valued functions on [0, 1] and by IT,
the space of polynomials of degree at most n € Ng := {0,1,2...}.

Definition 3.0.10. Let ¢ > 0 and n € Ny, n > 1. Define the operator Uy : C[0,1] —
II, by

Ug(f;X) = & r?k Pnk
_ 1 th 1 (n—k)o—1

J(1—x)"+ f(1)x"

feCl0,1],x €0,1] and B(-, ) is Euler’s Beta function. The fundamental functions
Pnx are defined by

P (x) = (’;) FA—x)"k 0<k<n kneNy xel01].

For o = 1and f € C[0, 1], we obtain

n— 1
Ul(fix) = Un(fix) = (n-1)'% (ff(t);on_z,k_l(t)dt) pus()
k=1 \ 0 (3.2)

+(1=x)"f(0) +x"£(1),

where U, are the “genuine” Bernstein-Durrmeyer operators (see [16], [31]), while
for 0 — oo, for each f € C[0,1] the sequence Uy (f;x) converges uniformly to the
Bernstein polynomial

Zf( )pnk x). (33)

The Uj; were introduced in [75] by R. Paltdnea and further investigated in [45] and
[46].

Remark 3.0.11. The “genuine” Bernstein-Durrmeyer operators were studied by many au-
thors. See for example the Habilitationschrift from D. Kacsé which has a whole chapter
dedicated to the operators [55, Chapter 3] and the citations therein for further information.
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3.1 Properties

As a consequence of the extensive investigations that we’ve conducted on the
class of operators Uj;, several articles have been published or find themselves cur-
rently under review. We feel that in this sense an overview is in order. Thus, we
find in [48] Sections 3.2, 3.4 and Subsection 3.8.2, in [57] some properties given in
Section 3.1, but also Sections 3.5, 3.6 and Subsection 3.8.1, in [85] part of Section 3.1
and Sections 3.9, 3.10 and 3.11, in [51] Sections 3.12, 3.13 and 3.14 and in [49] Section
3.16.

3.1 Properties

U2 share many properties common for the well-known operators B, Uy, B, L-1
such as being positive linear operators preserving linear functions.
Basic properties of the functionals F?, : C[0,1] — R are the following

i
Fs,k(em) = Eﬁgm,o <k <mn, and ey (x) = x",x € [0,1], for m > 0. (3.4)

This implies
Uﬁ(eo) = €y, Uﬁ(el) = €e1.

Lemma 3.1.1. If f is convex on C|0, 1], then
Ui (f;x) > Uy (f;x) > f(x),0 <x < 1. (3.5)
The inequalities are strict when f is strictly convex on [0,1].

Proof. This result is a consequence of Corollary 1.2.8 and Lemma 1.3.4.

We choose s = (n+1)p and r = ng in (1.21) and we compose to the left with the
(n + 1)-st Bernstein operator. We get then

(Bus10 Bug ) (f5%) = (Bus1 0 B 15, ) (fix) = Uy (f3%). (3.6)
Next in the inequality below we compose to the right with B,Zgl’*l (f;x)

Bu(f;x) > Buy1(f;x)

and get
Usi(f;x) = (BuoBuy ™) (fix) 2 (Bur1 0By ') (f). (3.7)
Combining (3.6) and (3.7) we get (3.5). O

Lemma 3.1.2. If f is convex on C[0, 1], then
Us(f;x) > Bu(f;x),0 < x < 1. (3.8)
The inequality is strict if f is strictly convex on [0, 1].
Proof. In [85] it is shown that for f € C[0,1] convexand 0 < ¢ < 0,
Ui (f;x) = Uy (f;x).

Letting ¢ — oo in the inequality above we get (3.8). O
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Chapter 3 The class of operators U,

In [45] the authors proved that for each n > 1 and f € C[0,1],
lim Uy f = B, f, uniformly on [0, 1].

0—00

Thus, for n fixed and ¢ € [1,00), the operators U, constitute a link between the
genuine Bernstein-Durrmeyer operators U, and the Bernstein operators B,. The
authors of [46] proved that forn > 1and f € C[0,1],

hr(r)l+ Uy f = Bif, uniformly on [0, 1]. (3.9)
Q—)

Moreover, they proved
Theorem 3.1.3. For US,0 < 0 < oo,n > 1, we have

USf(x) — Bif(x r<9wz<f \/”Q‘qu—x)).

no+1

In what follows, we give a different proof of (3.9). First of all, we have

ko(ko+1)-..- (ko+j—1)
no(no+1)-...-(no+j—1)’

Fy i (ef) = i>0,0<k<n,

and consequently,

lim F? =1 3.10
Jlim, F, i (o) (3.10)

and .
QIL%LF, () = — = 1,2, ... (3.11)

Now let p € II, p = agey + aiey + ... + ay ey, for some ay, ay, ..., a,, € R. Then, accord-
ing to (3.10) and (3.11),

k k

lim F W(p) =a0+ (a1 + ... +am)— = p(0) + (p(1) — p(0))—.

0—0+ n,k n n

This leads to

n

im USp = Y- (p(O)+ (#(1) = p(O))} ) s = p(O)a + (p(1) = PO,

0—0* k=0

and so

lim, Usp = Bip, p eIl (3.12)
QH

Since IT is dense in C[0,1], and ||Uy|| = ||B1|| = 1, (3.9) is a consequence on (3.12).

In the sequel we shall be concerned with shape preserving properties of the oper-
ators Uy. In [45, Theorem 4.1], the authors proved that for n > 1 and ¢ > 0, the
operators Uj; transform k-convex functions into k-convex functions. Basically this
means that if f k) > 0, then (us )(k) f >0,k > 0; see [45] for the complete terminol-
ogy. Here we shall present briefly another proof of this theorem.

First, let« > —1, > —1 be real numbers. For r > 0 consider the kernel

yrx+a <1 _ y>r(1fx)+b

a,b .
(ey) € 00 KP00y) = g s A — o 46+ 1)
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3.2 Images of the monomials

and the operator
B f(x) /K”bxy Yy, feclo], xe[o1].

Let us remark that the kernel K** can be represented also as

et logy+(r+b)log(1—y) . prx(logy—log(1-y))

a,b —
K (xy) Brx+a+Lr(1—x)+b+1)

According to [58, Theorem 1.1, part (a), p. 99], and [58, (1.5), p. 100], Kf’b is a totally
positive kernel. Moreover, a direct computation yields

(rx+a+1)(rx+a+2)-..-(rx+a+k)
(r+a+b+2)-..-(r+a+b+k+1)

Biex(x) =

Thus, for any k > 0, B*’¢; is a polynomial of degree k with leading coefficient

k
ab._ r

ok = (r+a+b+2)-..-(r+a+b+k+1)

By [10, Theorem 2.3 and Remark 2.5], Bf’b transforms k-convex functions into k-
convex functions, k > 0. Since the Bernstein operator B, does the same, we conclude
that B, o Bﬁ”b preserves k-convexity. In particular, U, = B, o B, L1 preserves k-
convexity, and this is the content of [45, Theorem 4.1].

3.2 Images of the monomials

More generally we have

Theorem 3.2.1. The images of the monomials under Uy, can be written as

U (en) = Y el (1) Bu(er) (3.13)

where the coefficients c](m), j =0,1, ..., m are given by the elementary symmetric sums:

cém)::l, (). 0,
m(m—1)

" = 1424t (- 1) = =,

o™ ):1-2+1-3+...+1-(m—1)+2-3+...+(m—2).(m_l), (3.14)

fﬂ’“) =123 (m—1) = (m—1)L.
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Chapter 3 The class of operators U,

Proof.

ug(em} ) kE F (em)Pn,k(x)
noko(ko+1)-...- (ko+m—1)

nk\X
~ k=one(no+1)-. (ng+m_1)ﬁ (%)

1 n
= — Y kolko+1)-...- (ko+m—1 x
(ng)m "%0 o(ko+1) ... (ke )P k(%)
- (no)™ kgo[c(()m) (ko)™ + cgm)(kg)’”_1 + ..+ ngmjlkg]pn,k(x)
1 m L m L, n B
- i {C(() )Qm L k" pui(x) +C§ )Qm Ly ki pup(x) + ...
(no) k=0 o
+epio ¥ kpn,k<x>}
1 m 7” km m) 1. m— n m—1
= (ng)m c( )anmkgo nmpn,k(x)-i—Cg )Q Iy 1k_ nmqp”rk(x)—k
nok
+elme £ Lo}
L O - (m)
= m m) m—1,,m—1
(nQ)m{ o'n Bn(Em,x) +C1 0 n B (emflrx) +
e+ anmjanBn(el; x)}
1 moo
~ (no)™ z‘:“oc'('ljz(”g)an(el;x)'

O]

Remark 3.2.2. This representation of the images of the monomials highlights the close rela-
tionship between B, and U,.

3.3 The moments of U,
In [45] the following formulas for the moments of Uy, are proved.
Theorem 3.3.1. For x,y € [0,1], we have

Uy (eg;x) =1, Uy (e —yep;X) =x—y
and forr > 1and ¥(x) = x(1 — x)

S (e — yeo)*15) = S0 8oy — gy )t

# EZ BB 0 — yeo)'s0) + o (U (e = o)),

Q¥ (x
g+
y)

For brevity we set My, ,(x) := Uj((e; — xep)";x),n > 1,r > 0,x € [0,1]. Itis
immediate that

(M (x))" = (Ui ((e1 — yeo)"s %) )ely=x — M54 (x). (3.15)

Using (3.15) and setting y = x in Theorem 3.3.1, we obtain the following recursion
for the central moments:
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3.4 The eigenstructure of Uy,

Corollary 3.3.2. The following relations are true
My o(x) =1,M;,(x) =0,

and forr > 1
M () = R+ S22 )+ S8 ).
(3.16)
In particular
M;,(x) = w (3.17)
_ (e+D)(e+2)¥(x)¥'(x)
Mis®) = S (e +2)
0 () — _ 3ele+1)?¥3(x)n
Mia®) = G ) e +2)(na +3)
L =6lo+ 1)(@* +30+3)¥2(x) + (e +1)(0+2)(¢ +3)¥(x)
(ng +1)(ng+2)(ne+3) '

3.4 The eigenstructure of U

There are many applications that arise from having a complete description of the
eigenstructure. Applications of the results presented in this section can be found in
Sections 3.12, 3.13, 3.16 and Subsection 3.8.2.

3.4.1 Diagonalisation and description of the eigenfunctions
We shall use the Stirling numbers of second kind S(k, j) defined by
k
=Y Sk j)x(x —1)..(x —j+1).
j=0

The following identity holds (see [17], Theorem A [1b], p.204):

1 Zf' i -
N _q\j—ik <i<k .
Consider the eigenfunction equation
Uipgt = Agipay (3.19)

with respect to the basis of monomials {e, €1, ..., e, }. Since ug is degree reducing,
we have to solve an upper triangular system. This will be done in the proof of the
next theorem.

Remark 3.4.1. The operator Uy, reproduces linear polynomials, which are therefore eigen-
functions corresponding to the eigenvalue 1.
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Chapter 3 The class of operators U,

Theorem 3.4.2. The operator Uy, can be represented in diagonal form

uif =Y APl (f), forall f € Clo,1], (3.20)
k=0
with /\glk) and pglk) its eigenvalues and eigenfunctions and ,uglk) the dual functionals of pgzk) .
The eigenvalues are given by
A g (n-1)(n—=2)..(n—k+1) gkn! (3.21)
ok (no+1)(ng+2)..(ng+k—=1)  (ng)k(n—k)!
and they satisfy
1= = Al > A0 > A > >l >o.
The eigenfunction for /\gjk) is a polynomial of degree k given by
k ) k
pgk) (x) =Y %, k,n)x) = x* — Exk’l + lower order terms, (3.22)
j=0
where the coefficients can be computed using the recurrence formula
Ak k,n) =1,
k—1,kn):= —g,
k
ok —jkmn) = (no) « (3.23)

"o/ (n — k+1) — (no+k - j)]

J=Y k=i co(k—ikn i N
v Qc,ﬁk )lQlS(l,k—]), j=2,..,k

i

i=01=k—j  (no)k-1

Proof. The eigenvalues of U5 are determined from the upper triangular system of
equations (3.19). They can be found on the diagonal and are equal to the coefficients
of the terms with the highest degree of Ui (e,). As we have seen before, we can
write

Uy (e; x) = 1 {cém)g’” » K"y (x) + ™ =1 > K" p (%) + ...
(o)™ k=0 k=0
™o > kpn,k(x)}
k=0
and because
i K'pur(x) =n(n—1)(n—2)-...- (n —m+1)x™ 4+ terms of lower degree
k=0

the eigenvalues are given by

Aom = o"(n—1)(n—=2) .- (n—m+1)
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3.4 The eigenstructure of Uy,

(n)

The linear polynomials are eigenfunctions for the eigenvalues A, ; = A" =1, for

ol
which pgfo) (x) =1, p(n)(x) = x — 3 are clearly a basis which satisfies (3.22) and

o1
(3.23).
It remains to consider the 1-dimensional )Lglk)
degreek = 2,3,...,n

- eigenspace of polynomials of exact

We shall plug into (3.13)
m
n(em; x E a(j,m,n)
where
. S(m, j)n! .
=——7 __0< <
a(j,m,n) nm(n_],)!,o <j<m<mn,
as it was considered in [18] and we obtain
1 vy
U (em; x) = =Y ¢, (no)" Y a(r,1,n)
(7’1Q> 1=0 r=0
Express the eigenfunctions in the form
k
Z s, k,n) Ak k,n):=1. (3.24)
Then the eigenfunction equation (3.19) gives:
k k CQ(S,k,n) s (S) i
A cr,k,n)x" = — " (no)' Y a(r,l,n)x"
ok Eo ( ) %o E”Q)S )120 s-1(1e) Eo ( )
s, k,n) 35 (s ;
= _ c.”(no)a(r,l,n)x"
SEO (”Q()S rz>01§r s-1(ne)al )
ko kocO(s,k,n) & (s l
= — ¢’ (no)a(r,l,n)x"
rEOSgr (TIQ)S lgr s—l( Q) ( )

Into this we make first the substitution s = k — i and subsequently » = k — j to obtain

j ; k—i
(1) co —ikn) (k=) (031 :
/\ ck—jkn) =) ————= ¢ (no)a(k—j,1n).
; (”Q)k ' l§j ki
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Chapter 3 The class of operators U,

which, for k > 1, can be solved for c?(k — j, k, n) to give

c(k—jkn) = <A<”)—(”Q) alk—jk—jn )> jzlcg(?—)ikfkfn)x
' i=0  (ng)k-i

_ < o“ - n! (ne>"‘f5(k—j,k—j)-n!>1

(@) (n — k)t (ng)~7 ni(n —k+j)!
j-1 CQ(k—i,k,n) k= (k—i) 1 S(l/k_])n'
)3 = C—i(no) n—k+)!

_ (n—k+j)!(no) o
"o/ (n —k+1) — (ng +k — j)I]
etk =i k) K i g S(Lk—)

- c
=0 (no)k—i 1 2 (n—k+j)

From here we get easily the equations (3.23). In particular, for j = 1 we get
Cgk) (k) k(k;l) k

(n—k+1)g— (ng+k—1) 2

(k—1,kn)= (3.25)

because c(()k) = 1 and cgk) =14+2+..+(k-1) = @ and S(k—1,k—1) =

1,5(k k—1) = 2D, 0

Theorem 3.4.3. The dual functional yé’fk) € span{f — Fff,j(f);j =0,1,...,n} defined on
Cl[0, 1] satisfies
Vé?}?(?é?) =0 ,k=0,1,..,n,

and is given by
n
=) G knE (f); k=0,1,..,m, (3.26)
=0
where the (n + 1) x (n + 1) matrix of coefficients V := [v°(j, k, n)] o 15 the inverse of
P:= [FQ (péz))]zj =0
(n)

Proof. The biorthogonality condition p ok (p
(3.20). Using (3.26) it can be written as

(n)

oi ) = ik follows easily from (3.19) and

Z PQZ ]/k n)_élk/
=
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3.4 The eigenstructure of Uy,

ie, PV=1IandsoV =P L ]
Theorem 3.4.4. The eigenfunctions and the dual functionals satisfy the equations
() = (1)l (=), ul () = (—DF(foR), (3.27)

where R(x) = 1 — x is reflection about the point 1. The eigenfunctions of degree > 2 can
be factored as follows:

pli(x) = x(x = 1)g(x —1/2),

() ' (3.28)
Poojp1(¥) =x(x—=1/2)(x = 1)q(x = 1/2), j=1,2,...
In each case q is an even monic polynomial.
Proof. From (3.1) it follows that
Un(foR) = (Unf)oR, (3.29)
so that
Ui (pl o R) = (Uiply) o R = ALY (pU) o R),

and pglk) oRisa Agzk) - eigenfunction. For k = 0,1 the property (3.27) of pglk) is obvi-

(n)
ok
eigenspace is 1- dimensional). By equating the coefficients of x* yields

ous, and for k > 2 the eigenfunction p / o R must be a scalar multiple of pgfk) (the

Pl = (—1)pl o R

é"k) is even (odd) about the point 1/2 when k is even (odd). In particular, the

zeros of pgjk) are symmetric about 1/2. Moreover, (3.29) implies that

Sop

AL (FoR) = AW o R)UY) ()
. n

(n)

and equating the coefficients of p ok

in the preceding relation we get

1 (F) = (~1)F ) (Fo R).

Taking j = k in (3.23) and using S(m,0) = 0,m > 1, we obtain c?(0,k,n) = 0,k > 2.
Thus, for k > 2,x = 0 is a zero of pgjk), and by the symmetry property so is x = 1.
Further, when k is odd the symmetry property of the zeros implies that x = 1/2

(n)

must be a zero of Pojr

which proves (3.28). This completes the proof. O
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Chapter 3 The class of operators U,

3.4.2 Asymptotics of the eigenfunctions

We show that for each ¢ > 0 and k > 0 the sequence (pénk) )n>1 is convergent.
Theorem 3.4.5. For 0 <j <k,

lim c?(j, k,n) = c*(j, k),

n—oo

where

k—j o o
0D =50 =555 Ghzon. 60

i=1

(n)

This means that, p ok

converges uniformly on [0,1] to p; € Iy as n — oo, where

k , _ _
pi(x) == Zc* (j,k)x/ = x* — gxk_l + k<k4(2}()£k3) 2)xk_2 — e

Proof. Noticing that pglo)(x) =1= pg(x),péﬁ)(x) = x —1/2 = pj(x), it is sufficient

to prove the result for k > 2. This will be done using induction on j in order to
prove that lim c?(k — j, k, n) exists and is given by (3.30). Since c?(k,k,n) = 1, this
n—oo

result holds for j = 0. Suppose it is true for lim ¢?(k —i,k,n),i =0,...,j — 1, where
n—oo
0 <j <k Sinceforallj > 0,

ir i H NT i2k—7—1) .
¢ on—k+1) = (ng+k—j)] = —o+ 1>](2])n]‘1+
+lower order powers of n,

taking the limit as 7 — oo on both sides of
ck—jkn) =—r (nQ,,)k — X
o (n—k+1) — (ng+k—j)]

=1 k—i A0(} — 5 .
iﬁgiﬁﬁkggﬂg@k_ﬁ

i=01=k—j  (no)ki
and using the induction hypothesis gives

k
. . 0
lim c?(k —j,k,n) =— . - X
am (s 1)1
e (k= j+ 100l VoIS (k — k- j)
ot (k—j+ 1,k T gk it1s (k- j 41,k — j)].

But el 7 =1, — 1424 L (k—j) = Lk—j)(k—j+1),S(k—jk—j) =
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3.4 The eigenstructure of Uy,

land S(k—j+1,k—j) = (1 = L(k—j)(k—j+1); so we get

. s ZQ
Q _ =
lim (k—j,kn) (Q_f_l)gk‘—jJrlj(j.—Zk—i—l)x
(k —])(kz—] + 1)c*(k—j+ 1,k)oki
k—j)(k—j+1) ,

+ 5 c*(k—j+1,k)oFI*1

208+ )(k=Hk—j+1) Lo

T e %) (k=j+18)

_ (k=j)k=j+1) | .
(k=j)(k—j+1) i (k—i)(k—i+1)
ji—2k+1) = i(i—2k+1)
i(k—i)(k—i+1)

i=1 Z(l—2k+1) ’

which completes the induction. O

3.4.3 The structure of the dual functionals

In the first part of this subsection we provide a recurrence relation for calculating
(n)

the coefficients v°(j, k, n) of the dual functional u ok ie.,

n
B () = Y 0k m)ES () k= 0,1,...m.
j=0

Let n > 1 be fixed. For each j € {0,1,...,n} there exists a unique polynomial lg;.) of

degree < n satisfying
FL0)) = 6y (3.31)

Its coefficients can be determined from a system of linear equations with non-zero
determinant. Indeed, consider the positive linear functionals F¢, : C[0,1] — R, ¢ >

0, and search the polynomials léf}) € I, of the form lg;.)
so that Fﬁ’i(lé?) = ¢;,j. For a fixed j we have F,f’i(lg})) = CjoF,f,i(EO) + c]'lFﬁ’i(el) +..+
(en) = ¢;j which can be written as a system of linear equations:

= Cjoeo + Cj1€1 + ... +Cjnén

Q
CjnF

n,i

C]'()Fs,o(eo) + Cj1F§/O(€1) + ...+ cjanlo(en) = 50/]'
CfOFs,l (60) + cﬂFs,l (81) + ...+ Cj”Fs,l (En) = (51,]'

C]'()F,gln(b’o) + cle,frn (61) + ...+ c]-nP,f,n (en) = 5,1,]'.

We claim that
Ff,o(eo) Fs,o(el) Fs,o(en)
A= Ff,l (eo) Ff,l(ﬁ) Ff,l(en) £ 0.

Fﬁ,n(%) Fr?,n(el) Fﬁ,n@n)
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Chapter 3 The class of operators U,

We have seen that Fs,i(em) = ((;Q;))r;, so the determinant becomes
. (0" (00> (00)"
(no)!  (ng)? (no)"
; (19! (e> (19)"
A= (ne)t  (ng)? (no)"

L1 1o (@ . @ |_
O (102 (RQ)T | = o e
B I T B

B (ng)L(no)?...(no)" 0<113<n(] e—i-0) #0,

which means that lgj) is uniquely determined. We have by (3.1),
u0<l(”‘)) _ i £ (l(”‘))
"o )T ke Pk
and by (3.20) and (3.26),
Uillyy) = Y- Mg il Lok m B (1,7).

By using (3.31) and (3.24) we get successively

Pui() = & ARk, = 01,0m,
. . n k
(M (1—x)" = kzoAg'f,j L c®(s,k,m)x°0(j. k),
— s=
e
(3 T (-1t = L ¥ AU e(s L m)or(j, 1, n)xe
i=0 s=0]=s

For i = n — j — k, equating the coefficients of x"~* we get

ot () (M) = B A s
I=n—k

Setting now s = n — I, we get

. . k-1
(SO THGOEN = T At = s,m)et(n =k —s,m)+
S=

A ve(j,n —k,n).

on—k
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3.4 The eigenstructure of Uy,

For k = 0 this reduces to
. _j  (no)"
v (j,n,n) = (=1)""7— —, (3.32)
L TS|

while for k =1, ..., n we get

v (j,n—kmn) =

Q" ]'(”—]—k)'

k=1 k! (”Q)i ( )g( k ) (3.33)
- = — n—s,n)c(n—kn—s,n

LA gV

Now (3.32) and (3.33) constitute the required recurrence.

In the sequel we shall study the limits of the dual functionals, acting on polynomials,
as n — oo. Consider the linear functionals y : C[0,1] — R defined by

o) = LOLIL, %U%=ﬂﬂ—f®%
wuﬁ:=2@>Q—nvm> k[ 1 x—Dd>,kzz

where (Pj(l’l) (x))j>0 are the Jacobi polynomials, orthogonal with respect to the weight
(1 —t)(1+t) on the interval [—1,1].

These functionals were introduced in [18], where it was proved that they are limits
of the dual functionals in the setting of Bernstein operators. We shall obtain a similar
result for the operators Uj,.

Theorem 3.4.6. Let k > 0and o > 0 be fixed. For every f € 11,

lim ) (f) = i (f). (3.34)

n—00

Proof. First we prove that for each j > 0,

lim u") () = i (), f €I, (3.35)

n—oo

So, let f € II;. Because us is degree reducing and r}im us f = f (see [45], [46]), we

have
ugf Z/\QZPQZVQZ f Zpl‘ul ,7’1—>OO.

The last equality is a consequence of [18, (4.18) ]. Since the above convergence takes
place in the finite dimensional space I1;, we may consider the coefficients of x/ in
order to obtain

(n), (n) *

Together with /\g}) — 1, this leads to (3.35).
We shall prove by induction on r > 0 that

lim y( ,3( f) = ui(f), forallk >0, f€ I, (3.36)

n—oo
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Chapter 3 The class of operators U,

and this will complete the proof of (3.34).
For r = 0, (3.36) is a consequence of (3.35). Suppose that (3.36) is also true for
1,..,r —1,and let f € Il ,. As before, we have

k+r k+r

Uif = ZAQZPQ,ﬂgl —f= mez

By considering the coefficients of x* as n — oo we get

r r
Moo ) + LAy ks mgil (1) = 1) & L ok + D)
- - (3.37)
We know that foralli =1, ...,7,

)\(”)

obii = 1,c8(k,k+1i,n) — c*(k k+1).

By the induction hypothesis, “l/l(;k)_’_i(f) — ppi(f), i=1,..,r.Now (3.37) implies

AL (F) = wi(f),
and so ptgfk) (f) = ui(f)- This concludes the induction. O

Remark 3.4.7. For ¢ — oo, each result of this section has a corresponding one in [18],
concerning the Bernstein operators B,,.

For 0 = 1 we cover some results concerning the eigenstructure of the genuine Bernstein-
Durrmeyer operators, scattered in the literature; see, e.g., [31], [39], [40] and the references
therein.

3.5 Variation diminution

In Chapter 2 we have proved that all the operators that belong to the BE]J classes
have this property. In particular, for B, and U, the proof can be found in [88] and
[30], respectively.

In what follows we present the detailed proof for Uj.

Theorem 3.5.1. The operators Uy, have the (strong) variation-diminishing property, that
is,
Sio)[Un f] < Sjo,)[f] forall f € C[0,1].

Proof. We use the fact that Uy = B, (B,Tgl’*l) and that the Bernstein operators B,, are
(strongly) variation—diminishing. Thus we have

Sioy[Uif] < Spo1) By’ " f1 = Sjo, [/ PO (1 — el f () d ]

t\"™
Substituting (1—t> = u the above integral becomes

1 1_9 1

(o) ne ne
— [ u*- g - f ( f > du.
TZQ 0 (ung _|_ 1)”@ yne _|_ 1
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3.6 Global smoothness preservation

Obviously, the number of sign changes of f(t),t € [0,1] equals the number of sign
1
changes of the function g(u) = f ( fl : >, u € [0,00). Applying Theorem 1.1.31

umne +1

[es) %_2
for the functional A(g) = / g(u)du with w(u) = ?; we get that the
0 (u@ + 1)”@

operators U, have the (strong) variation-diminishing property on C[0, 1]. O

Remark 3.5.2. As degree Upe; =1i,i=0,1,...,n (withe;(x) = x', see [45, Lemma 3.5])
and Uy, have the (strong) variation-diminishing property, it follows from [29, Theorem 7 |
that US,n € N, preserve the convexity of order i, fori = 0,1,...,n (ie, ue f is convex
of order i, provided that f is convex of order i). This preservation of convexity by Uy was
proved first by H. Gonska and R. Piltidnea (see [45, Theorem 4.1], where also more details
about the terminology and historical references can be found) and also at the end of Section
3.1, both using different methods.

3.6 Global smoothness preservation

Over the last decades there has been considerable interest in the preservation of
global smoothness in various contexts. This intensive research culminated in the
book by G. Anastassiou and S. Gal [8].

The results in this section generalize the corresponding statements available in the
literature for both Bernstein (see [19]) and genuine Bernstein-Durrmeyer operators
(see [55, S.3.3.2]) and they supplement results on the behavior of the operators Uy,
with respect to Lipschitz classes very recently given in [85].

To that end, we use first the following result given earlier by C. Cottin and H. Gon-
ska [19, Theorem 2.2].

Lemma 3.6.1. Let k > 0and s > 1 be integers, and let I = [a,b] and I' = [c,d] C [a, b]
be compact intervals with non-empty interior. Furthermore, let L : CK(I) — CX(I') be a
linear operator having the following properties:
(i) Lis convex of ordersk —1andk+s—1,
(ii) L maps C¥5(1) into C*+(I'),
(iii) L(ITx—1) C ITx_1 and L(ITiy5-1) C Iips1
(i) L(CK(I)) & ITx

Then for all f € C¥(I) and all § > 0 we have

1 1 ||D*Lecss|
K (DXLF;6)p < —||D*Ley|| - K | £, tslls ) . 3

First we provide the corresponding quantitative statement regarding the smooth-
ing effect of the operators us.
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Chapter 3 The class of operators U,

Theorem 3.6.2. Let k > 0 and s > 1 be fixed integers. Then for all n > k + s, all
f € C¥[0,1]) and all § > 0 the following inequality holds

nk s(m—k)i(n k
Ks(D*U ;8 0,) < o (nQ)EKs <f<k>;e Wﬁ) : (339)
[0.1]

Proof. We verify each statement of Lemma 3.6.1.

i) According to [45, Theorem 4.1]: The operators Ug,g > 0,n > 1, are convex of
orderr —1forall0 <r <n.

i) Uy is a polynomial operator so the general assumption and condition (ii) is satis-
fied.

iii) According to [45, Corollary 4.2]: Uy (IT;_1) C IT;_ for ¢ > 0,0 < k < n.

iv) Consider the k-th monomial ¢, € C¥[0,1]. From the assumption that n > k + s it
follows that Ujse; € I, \ I'Ty_1, so that condition (iv) is also verified.

The images of the monomials under Uy can be written in the form given in (3.13).
Since (see [33, p.429] )

D'B,e; = %1!
then
D"Uyey = m! m m e {k,k+s}
ntm — Q (ng)ml 7 .
Plugging these expressions into inequality (3.38) we get (3.39). O

We now consider two special cases of s > 1 which are of particular interest. The
first is the case s = 1 leading to
Proposition 3.6.3. Let k > 0 be a fixed integer. Then foralln > k+1, f € C¥[0,1] and
0 > 0 we have
k —k)
w (DFUSS;0) < ob-—@& < <’<>;Q(”5>
1-@(f0;8) <2-wi(fB;6).

IN

where w1 (f, -) denotes the least concave majorant of w1 (f, -) and is given by

sp EmXAEN+G=bafix) ooy

@fi) = e v x

wi(f,t), for t > 1.

The leftmost inequality is best possible in the sense that for ey 1 both sides are equal and do
not vanish.

Proof. Theorem 3.6.2 gives in this particular case

k — k)
Ky (DMUSF; 6) 01 < @f——K < (k);g(né) '
(DU f:0) 1 < @ (no)k " g5 [01]

For the K-functional Kj it is known from Brudnyi’s representation theorem (see, e.g.

[70, p.1258]) that K;(f,6) = %G)l (f,20). Using this representation on both sides of
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3.6 Global smoothness preservation

the inequality involving K; and (1.3) leads to our first assertion.
Furthermore, for the function e, 1(x) = x**1 it can be easily verified by using the
property w(c-e1 +d-ep:d) = |c|-6,¢,d € R (the same for ;). Thus, forn > k+1
and 6 > 0, both sides in the leftmost inequality above equal

k

k — k)
1) ok el 5>0.

Thus it follows

Corollary 3.6.4. For a fixed integer k > 0 the following assertion holds for all n € IN. If
f®) € Lip,,(t;[0,1]) for some M > 0 and some 0 < T < 1, then DFU, f is in the same
Lipschitz class.

The second case we discuss in more detail is s = 2. Here we get

Proposition 3.6.5. Let k > 0 be a fixed integer. Then for alln > k+2, f € C¥[0,1] and
0 > 0 we have

(n—k)(n—k—1)
wz(Dkugf}(S) < 3-Qk(:e)k [1 +Q22(nng+k)(nng+k+l)} ) (f(k);5)

< 2w(f;0)

Proof. From Theorem 3.6.2 with s = 2 we arrive at

k —k)(n—k—1)
Ky(DHUEF kM g ( (k). p2 (n 5)
(DU f56) 01 <@ o 2 e (no+k)(no+k+1)" /oy

< Kz(f(k)? ‘5)[0,1]-

In our further argumentation we shall employ Zuk’s function Z;, f defined in Section
1.1.3. Thus we avoid using the statement of Theorem 3.6.2 and the equivalence be-
tween the K-functional and the modulus w;, which would deteriorate the constants.
First recall the identity

Ka(f;8) = K(f;6;C[0,1],C2[0,1]) = K(£;5;C[0,1], Wa,e0[0,1]).

Letnow f € C¥[0,1],0 < § < 1 be arbitrary given, and let |h| < . Then for a typical
difference figuring in the definition of wo (D* us f;0) we have

|DXUR f(x — h) — 2DFU; f(x) + DFU f(x + h)| =
{D*UG (f — g;x — h) = 2DFUL (f — ¢; %) + D*UG (f — g x + 1)} +
{DFU; (g; x — h) — 2D*Uy (g; x) + DUy (g; x + h) }|

where ¢ € Ck[0,1] with ¢) € W, [0, 1] arbitrarily chosen.
The absolute value of the first term in braces can be estimated from above by

nk

4||DUR(f — 8)l]eo < 40" =
(no)

10F = ) oo
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Chapter 3 The class of operators U,

For the modulus of the second expression in braces we have
|DFUL (g;x — h) — 2DXUR(g; x) + DFUR (g x + h)|
= |D*2U5(g; )| - B* (for some & between x — h and x + h)
k+2

< ]DkJrzU,ng‘ K2 < QHZW W2 Hg(HZ)HLW

We substitute now the function g¥) € W, [0, 1] by Zuk’s function Z, (f¥)), yielding

1 =211 = 1Y = Zy(F)I| < 2 - wrlr®;)

and
3 1
18" e = 1121 (Dl < 5+ 77 - w2(F ¥ h).

Combining these estimates and taking into account the preceding steps we obtain

k70 3, n* ) 3 k2 nk2 (k)
wy (DU, f;6) <4-—0 (o) ;5)4‘5‘@ W'wz(f ;h)

B nk (m—k)(n—k—-1) _
=3 ! +Q22(ng+k)(ng+k+1)] w (f039)

Defining Lipschitz classes with respect to the second order modulus by
Lipy (7, [0,1]) := {f €C[0,1] s w(f;0) <M-6",0<6 < ;} 0<1<2,

we get

Corollary 3.6.6. For a fixed integer k > 0 the following assertion holds for all
n € N. Iff(k) € Lipy,(7;[0,1]) for some M > 0 and some 0 < T < 2, then

DXURf € Lip}s,,(T;[0,1]).

3.7 Strong Voronovskaya-type inequality

In the attempt to prove a strong converse inequality of type B, as defined by Z.
Ditzian and K.G. Ivanov in [22] we came across the following strong Voronovskaya-
type inequality which is of interest by itself. The reason why we call this inequality

(e+1) 5.0,
TCTENEA
also expresses the degree of approximation depending on the smoothness properties
of the function.

"strong" is that in addition to the convergence of Uy f — f towards
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3.7 Strong Voronovskaya-type inequality

Theorem 3.7.1. For f € C3[0,1],1 < p < co and Uy, given by (3.1), we have

’ o1l
(no+1)y/ol(n —1)o +1]

+ Q[(’(’ln; j—)f)j 1] Hf///| ‘p}

Qr (Q+1) 2 ¢
Unf = f = (ng—l—l) vf

C(p)C(o) {
(3.40)

2
where ¢(x) = \/x(1—x) and C(0) = 0*dy + 0(0 + 1),/C, with ¢, = 5Q+1@20+12

1 2
NGAIEE.)

7

Proof. We expand f(t) by the Taylor formula

£ = F3) + G = )+ 5 (x) (¢ = 27 / 02f"(@)do.  (34)

N \

Taking into account that

0+1

Qoo — O (4 _ )20\ —
Uy, (t —x;x) = 0and U, ((t — x)%; x) no+1

¢*(x)

we get from (3.41)

2(no +1

X

Usf — f = 5 et s or = 3 ( [t —0ps" ) ) = L(f%).

We define ¢, (x) = max {(p(x),E = \/W

tween f and x,

} and observe that, for v be-

|t — | |t — | |t — x| |t — o |t — x|
= < and <
p7i(v) = ¢*(v) T ¢*(x) ¢ (v) E?

and hence

|t — 0 < |t — x|
¢i(v) — ga(x)

(j-sron)

< u ( [t =0 @)do

X

Therefore,

;X

Using inequality (9.6.1) in [23],

/// |dv

|In(f?x)| < uﬁ(
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Chapter 3 The class of operators U,

We write ¢(v) := |¢3(v)f” (v)| and M(g, x) := sup ftg(v)dv (see e.g. [98,
o<t<1 |t — XX
Chapter 2]).
t—x|? M(g,x
|L(f;x)| < Uy ('q)%(x‘) M(g,x);x> = (Pég(x))uﬁ(yt—xy?’;x). (3.42)

Us (|t — x|%x)

@5 (x)
the proof of Theorem 4.2 in [46]. lfhus we have

To evaluate the expression we split the interval [0, 1] as suggested in

. Q __ ¢ —E>
(i) forx € [O'HQ—I-JU[l nQ+1'1]<:>(Pn(X) E> ¢(x),

Uy (|t — x|%x)
@5 (x)

dee

: (ng+1)\/o[(n—1)o+1]

.. 0 0 _ -
(ii) forx € [ng—kl'l ng+1] & pu(x) = @(x) > E,

ui(t—x%x) _ (e+1)/0c

e3(x) T (ng+1)32°
In general
(|t —xfx) o*d, ele+1)y%
5 (x) T (mo+1)Vel(n—1)0+1]  (no+1)\/o(no+1)
Q®dg+olo+1)/c; C(o)

(no+1)ol(n—1)o+1]  (ng+1)\/o[(n—1)o+1]

Returning to (3.42) we can write

C(o)
(no+1)v/el(n —1)o +1]

We now recall an inequality about maximal functions given in [98, Theorem 1 (c)]

1 (f; )] < M(g, x).

[IM(8,)l[p < C(p)I8llp, for 1 < p < co.

Therefore
C(Q) 3 o
n\Js < C n
H(P?’fﬁ/HP Q[(ﬂ—l)g—l—l] "
: C(p)c(g){(ng—l—l)\/g[(n—l)QH—l]+ e+ 1y H”}'

d
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3.8 Approximation by powers of U,

Remark 3.7.2. For the particular case ¢ — oo, namely for the Bernstein operator (3.40)
becomes:

1 3 o n
— +

A similar result was proved by Ditzian and Ivanov in [22, Lemma 8.3], namely:

If we compare the two inequalities we notice that what we gained through generality we lost

in precision, but still we can see that in both cases the order of approximation is the same:
O(n_3/2).

11

1
Buf — f — 5-0°f"

amnﬁﬂ

p

<0297

[ee]

1
Buf ~ f = 5 0°f"

Remark 3.7.3. For the particular case ¢ = 1, namely for the genuine Bernstein-Durrmeyer
operator (3.40) becomes:

We have not found a similar inequality to compare this with. The closest we got is a result
of Parvanov and Popov [72]

We notice that in this case the function must admit a derivative of order four.

Unf—f = 0 f"

< Cp)1242v30) { 261l + (gl -

P

Unf —f "

1 20 2 g\
< 00"

3.8 Approximation by powers of U},

3.8.1 Upper and lower inequalities

The operators Uj; are of the form given in [56] for certain general positive linear
operators preserving linear functions, so that we can apply the general results pro-
vided there for iterates of such operators. We have namely

0/ o\ _Q—|—1 o+1
Uy (eg;x) = <1 nQ+1>x +1’1Q+1

Hence an application of Theorem 6 as well as of Corollaries 7, 8 and 10 in [56] (with

the coefficient of x? in the above a, = 1 — nggfl) yields the following statements.
Corollary 3.8.1. Let ¢(x) = \/x(1 — x) and let @ : [0,1] — R be a function such that d>
is concave. Then for n,k € N, f € C[0,1] and x € [0,1] the following pointwise estimate

holds for the iterates of Uy,

2() 1-— 1_n€":_1 k
U8 F) ~ £ < 2K (f;;izix))- St )

77



Chapter 3 The class of operators U,

Corollary 3.8.2. Let @ : [0,1] — R be an admissible step—weight function of the Ditzian—
Totik modulus and such that ®? is concave. Then for all n,k € N, f € C[0,1] and

1—(1— 2k
U (fix) = f@)] < c-f f;;‘;((j?)-\/ (2”@“) :

€ [0, 1], we have

where the constant c depends only on the function .
In particular, for ® = ¢*, A € [0,1], x € [0,1] we get

A 1-— 1_n0+1 k
WA (f; ) = f(x)| < e f;(PlA(X)-\/ (2 or1)

In terms of the classical modulus of smoothness we have
Corollary 3.8.3. Forall f € C[0,1], n,k € N, x € [0,1], and each h > 0 we have the

following pointwise estimate
1 1
W0~ W1 < |14 52 (1= 0= 2500 xt =) (i)

) - x(t—x) and b=\ 1- (1= 2L

Taking, in particular, h = \/(1 - (1- nQ+1

yields
WU (fr2) = f(@)] < 5 - wa (f;\/ (1 —(- f;fl)") x(1 —x>) , and

3
2
USPf = £ < 5 o (f \/1—<1—5Q++11>k>,

respectively.
Furthermore, in terms of the second order Ditzian-Totik modulus we get

Corollary 3.8.4. Forall f € C[0,1], n,k € N, and h € (0,%] there holds the uniform

st = A1 < |14 - (1- @ 2200 | w2,

estimate

For the particular choice h = \/ 1—-(1- nggtll )k, this gives

] o+1
o+1 <1

Remark 3.8.5. Note that forn € IN, and 0 < ¢ < oo, one has 0 < 1 — no+1

N\U‘I

sl f = £l <

1
and 1 — nQQj; T 1, for n — oo, so, for k fixed the results in the above imply uniform
convergence as n — oo, For n fixed and k — oo one has [Uy|* — By f (see [46])
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3.8 Approximation by powers of U,

Applying the general results given above for k = 1 (no iterates) we get the fol-
lowing direct estimates, which supplement the corresponding results given by R.
Péltanea [75, Theorem 2.3].

Corollary 3.8.6. Let ¢(x) = \/x(1—x) and let @ : [0,1] — R be an admissible step—
weight function of the Ditzian—Totik modulus such that &2 is concave. Then for f € C[0,1]
and x € [0, 1] the following estimates hold for U

2 X
ustsin) - fl <22 (1 50 et

. ce(x) | e+l
]Uf{(f,x)—f(x)|gc-wq’(f/@(x)' 2(11@—1—]))/

where the constant ¢ depends only on the function P.
In particular, for @ = (p)‘, A €10,1], x € [0,1] we get

Furthermore, in terms of the second order Ditzian—Totik modulus with h = 4/ nQQTl respec-
tively h = /ﬁ, one has the uniform estimates

and

IS0~ Fll < 3 -of (f; e ) :

IS () — F)ll < 252 wf! (q/Z) -

In terms of the classical modulus of smoothness we get for the particular choices h =

o+1 x(1—x)
no+1 no+1

- Wy (f;\/nggillx(l —x)> ,

!US(f;x)—f(x)lée’;Q-wz<f; "“"‘>),

x(1 — x) respectively h = the local estimates

N W

Ui (fix) = f(x)] <

no+1
and for h = % respectively h = ﬁ the global estimates
9 +1
Q/r. o < 2. . 0
Un(frx) = f(H)] < g w2 (f, nQ—|—1>' (3.43)
9+ 1
i - st < 25 (1[5 ). 641
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Chapter 3 The class of operators U,

Remark 3.8.7. The reason we choose two different representations for h is that one case is
better suited for the instance when ¢ — oo, and the other for small values of 0. However
these are not the only choices available. One can manipulate h in order to get the best possible
estimate.

Concerning the magnitude of the constants appearing in inequalities like (3.44),
we show

Theorem 3.8.8. The best possible constant c in the uniform estimate

(U (f5%) = f(x)] < c-wa (f;,/nng) (3.45)

cannot be smaller than 1 for 1 < o < oo.

Proof. Recall that for convex functions f € C[0,1] one has U > f and B,f > f.
Moreover, according to Lemma 3.1.2, it holds us f > Byf, thus

0 < Byuf(x) — f(x) SUsf(x) — f(x), x €[0,1],

implying
[1Buf = fII < [IU5f = fII.

Let now n and ¢ be fixed, 0 < € < nig, and consider the convex function

fulx) = 0, 0<x<1—g5
S %x—l—l—l l-e<x<e

8/

We have :
Bufi(x) = X pual)fe () 2 1) =,
k=0
thus

|[Bufe — fel| = max (Bufe(x) — fe(x)) = Bufe(1 —¢) — fe(1—¢) = (1 —¢)".

x€[0,1]

Next we compute

1
w> (ffi\/m) = lh:j% |[fe(x —h) = 2fe(x) + fe(x + h)[ = fe(1) = 1,

x+he[0,1]

since the largest possible value for the second order difference is obtained for x =
1—¢h=¢(< L < —2—). Hence, there holds

e — \/no+1

||an€_f€|| <<1_8)n.
w f'i1 B
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3.8 Approximation by powers of U,

Assume that there exists a constant 4 such that
B.f. —
Bfei=fll .oy

1
w j——
2 (fg \/1no+ 1)
This gives (1 —¢)" < a < 1. With n fixed, we let ¢ — 0, and obtain a contradiction
(im(1 —¢)" < 1). Thus

e—0
Bi’l € € Cl (’(’2 & “lt}l

Since
|Bufe — fel| < |IUiife — fell,
it follows that
[ 1 .
||u1gfe _sz <c-wp (fs} 11Q—|-1> , withc > 1,
so for the best constant in (3.45) it also holds ¢ > 1. O

We apply now the results of Corollaries 13 — 16 in [56] for iterates of U, This
shows that lower inequalities in terms of the classical moduli, corresponding to the
upper ones in the above, are not possible. More precisely, for k € N fixed, we have

Corollary 3.8.9. Lower inequalities of the form

C(f)w: (f; ¢ 1-(1- ,Zi)k) < WUS() = Il forall f € Cl0,1

do not hold.

Corollary 3.8.10. The lower pointwise estimates

C(fer (f,- \/ (1-0- 2t ) xa- x>> < |[UgH(Fr) ~ F )] for £ e Cl0,1)

do not hold.
Corollary 3.8.11. Let 0 < A < 1 be fixed. The lower pointwise estimates

- (1 - ng—:—ll)k
C(flws | fr9'*(x) o < [WI*(f;%) = f(x)], fecClo],

do not hold.
Moreover, we have

Corollary 3.8.12. For | > 3 it is not possible to have an inequality of the type

C(f) - wi (f;\’/l—(l— st )") < W)~ fI

no+1
forall f € C[0,1] and all n € N.
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3.8.2 Applications using the eigenstructure

By Theorem 3.4.2,

n

(UD'f = YA pBu (), fechli=12,... (3.46)
k=0

The linear function By (f; x) = f(0)(1 — x) + f(1)x is the uniform limit of the overit-
erated operator images (Uy)'f, as i — oo according to [46, Remark 3.2]. More gen-
erally we have

Corollary 3.8.13. Suppose (g;)j>1 is a sequence of polynomials with g;(0) = 0 and

lim gj()\g’jk) =G(o,k,n), k=0,1,..,n.

j4>oo
Then )
lim (g(U3)f = 1. Gk m)pyi g (), (3.47)
k=0

the convergence being uniform.

Proof. By using (3.46) we get

(Gi(UD)f = Y gASDPe sl (), feclo], j=1,2,...
k=0

Letting j — oo yields (3.47). O

Lemma 3.8.14. Suppose that j, is a sequence of positive integers with

lim " = t,
n—oo 11
then G
lim (Aé”k))f" —e 7 @V forallk, 0<t < oo, (3.48)
n—oo 4
and ‘
lim (/\é”k))fn =0, forallk>2, t=oo. (3.49)
n—oo 4
Proof. Let

=0 = [ ) (e) - (-]
Then

: 1\ k—1\""
logyn = (jn—nt) log<1+ng> +...+log<1+ng>

_|_

1 k—1
+log 1—5 +...+log l_nﬂ

- (5 (280 2)

— 0, n— oo.
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3.9 The difference Uy — UY

Therefore o
Tim (A" = lim y, = 1. (3.50)
But
. ( ) s —nt k— —nt nt k— nt
lim () = lim (1455) - (1+5) =) (1= 5 (3.51)
_ o G
Combining (3.50) and (3.51) gives (3.48). For t — oo we obtain (3.49). O
Corollary 3.8.15. Suppose that _
lim " = t.
n—oo N
Then for 0 < t < oo,
. X S ~ k(k=1) 1 .
lim W)rf = e T ()
o k(k=1) Q1) v s (3.52)
= kgoe 2 prui(f), forall f € TG,
and for t = oo,
‘ 1
lim (W) f = Bif = ) piui(f), forall f € IT. (3.53)
k=0

The convergence in (3.52) and (3.53) is uniform.
Proof. Suppose that f € IT;. Since Uj; is degree reducing, (3.46) gives

i J n 1 n n
(U f =Y A Sl (), n=s.
k=0

Take the limit as # — oo in the above and use Lemma 3.8.14, Theorem 3.4.5 and
Theorem 3.4.6 to obtain (3.53) and the first equality in (3.52). The second equality in
(3.52) follows from (4.19) in [18]. O

3.9 The difference U, — U7

A first approach in order to study this difference is based on a method presented in
[43]. We need the following result from that paper :

Theorem 3.9.1. Let A, B : C[0,1] — CJ0, 1] be positive linear operators such that
(A=B)((e1—x))(x) =0fori=0,1,...,nand x € [0,1],

also satisfying Aey = Beg = eq. Then for all f € C[0,1],x € [0, 1] we have

[(A=B)(f)(¥)] < e1-wnn (f; \/;(AJrB)(Iel —XI”“)(X)> :

Here cy is an absolute constant independent of f,x and A and B, and wy41(f,-) denotes
the (n + 1)-st order modulus of smoothness.
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Chapter 3 The class of operators U,

We choose A = Uy and B = UJ]. Both operators reproduce linear functions so we

have
Uy — U9)((e; — x)")(x) =0fori=0,1,x € [0,1].
We recall equation (3.17), which states that the second moments for Uy and U are
given by
(t+1)x(1—x)
nt+1

where t = ¢,0. As a consequence of Theorem 3.9.1 the following statement holds:

M;,Z(x) =

Proposition 3.9.2.

(Ui = U) (f) (x)]

IN

s (f; |/ 2+ U er — x2) )

~[12noc+ (n+1)(0+0)+2
C1 - Wy (f, \/2 (o + 1) (no + 1) x(l—x)) )

IN

Another approach is described in the sequel. Consider the Beta-type operator
By 7! as given in Definition 1.3.1. It is not difficult to see that

U3 = Byo B, ", (3.54)

where B, : C[0,1] — II, is the classical Bernstein operator. Taking into considera-
tion Lemma 1.3.4 we are in a position to state

Theorem 3.9.3. Let f € C[0,1],n > 1,0 > 0,0 > 0. Then

(U = U)F ()] < e (f;\/( N —x)> ,

no+1)(no+1

where wy is the second order modulus of smoothness.

Proof. Suppose that0 < ¢ < o and setr := ng,s := no. According to (1.21), we have
for each convex function g € C[0,1],

B, 'g> B, s

This entails
Bu(Bg ') > Bu(Buy ') (3.55)

Now (3.54) and (3.55) yield
Usg > U%g, g€ C[0,1] convex. (3.56)
Let x € [0,1] be fixed. Consider the functional @ : C[0,1] — R,
O(f) == Uif(x) — Uy f(x), f €C[0,1].

The linear functional @ is bounded on C[0,1] endowed with the uniform norm;
moreover, @ is different from 0, and according to (3.56),

®(g) >0, g€ C0,1] convex.
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3.10 The commutators [Uy; U] and [Uyy; U]

By a result of T. Popoviciu [79] (see also [82]) it follows that for each f € C[0, 1] there
exist distinct points ty, t1, t, in [0, 1] such that

O(f) = P(e2)[to, t1, t2; f], (3.57)

where [to, t1,t2; f] is the divided difference of the function f on the nodes t, t, t>.
According to [45],

0 _ 2, 0+l
Uyex(x) = x° + ot 1x(l x),
so that (- 1) )
10 e A A _
D(ep) = Upea(x) — Ulex(x) (o +1)(n0 + 1)x(l X).
On the other hand, if ¢ € C?[0,1], then
]‘ /1
[to, t1, 23 8] = 587(C)
for some ¢ € [0,1]. Thus (3.57) leads to
0o()  1170(ry — =Dl —0) . 8"(C) 2
U,g(x) —Ujg(x) = (nQ+1)(nU+1)x(1 x) » 8¢ C?[0,1].

This entails

U () — Ugg()] < g a1 = 0o € 0,11

As a consequence of Theorem 1.1.19 and Corollary 1.1.20,

_ _ 2
for h? = (I’(lz T BEZ(T +Q)1) x(1—x),a=2and B, = % we obtain

wi-upnEl < (2343 3) e (f;\/(rfgj))('igf'l)xﬂ )
0, [-Dlr—d
1“? (f’\/(ng—i—l)(n(7+ (! _x)) '

Remark 3.9.4. The presence on the difference |o — o| in Theorem 3.9.3 allows us to state
that the estimation given there is much better then the one given in Proposition 3.9.2.

IN

S

O]

3.10 The commutators [U;; UJ] and [U;;; U]

The problem of studying the commutator [A; B] := AB — BA of two positive linear
operators A and B was raised by A. Lupas in [63]. Some answers to Lupag’s problem
can be found in [44]. Here we shall study the commutators [Uy; U] and [Uy; Us].
First of all, we need information about the moments of the investigated operators.
Let Mglj(x) := Uy (e1 — xep)/(x), be the j-th moment of Uj;.
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Chapter 3 The class of operators U,

By using the recurrence formula for the moments given by (3.16) it is not difficult to
prove by induction on j that

M (x) = O (n—[%) (3.58)
uniformly with respect to x € [0,1]. Now let
M7 (x) == UpUy (e — xeg)" (x)
be the r-th moment of U} U;. According to [47, Theorem 4],

MEW = T Y () oM 0G50, 65

k>0 ] =k
i+k=r
Combining (3.58) and (3.59) (see also [47, Corollary 1]), we get
M (x) = O (n71%1)

uniformly with respect to x € [0,1]. Now by a result of P.C. Sikkema [91] we have

Usug f(x) Zf wr (¥) +o(n”?)

uniformly with respect to x € [0,1], for each f € C®[0,1]. It follows that for f €
C[0,1],

(upug — usu) f Zf Mf;;’ X) — My#(x)) +o(n2). (3.60)

A combination of hand calculations and MAPLE shows that

M7 (x) = M7 (x) = 0,r =0,1,2,3, (3.61)

. o o, o — +1)(c+1
tim (350 - M7 ) = =N Dy, e
lim 1® (M7 (x) — M7 (x)) = 0,7 = 5,6, (3.63)

uniformly with respect to x € [0,1]. From (3.60)-(3.63) we derive
Theorem 3.10.1. For each f € C®[0,1] one has

tim (USU — U () = CELE DD gy,

uniformly with respect to x € [0,1].

In particular, we see that U;; and U do not commute if ¢ # . On the other hand
it is well known (see [31]) that U} and U}, (i.e., the genuine Bernstein-Durrmeyer
operators) do commute. A combination of hand calculations and MAPLE shows
that

(Un Uy — Usply)e,(x) =0,r=0,1,2,3,

and

@D )Am - DD m)
(Ui Uy — URUz es(x) = (mo + 1)(mo + 2)(mo + 3)(ng + 1)(ng + 2)(ng + 3)°

We see that Uy, and Uj; do not commuteif o # 1,m # 1,n # 1and m # n.
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3.11 The behavior of U, with respect to Lipschitz classes of order m

3.11 The behavior of U} with respect to Lipschitz classes of
order m
Fix an integer m > 0 and M > 0. We say that a function f € CJ[0, 1] belongs to the

Lipschitz class Lip,, (M) if
ARF(x)] < M

forall x € [0,1] and i > 0 such that x +mh € [0, 1]; A} f(x) stands for the m-th order
difference of f with step 1 at x. According to [10, Proposition 2.1], f € Lip, (M) if

and only if Mem + f are m- convex functions.
m!
Theorem 3.11.1. If f € Lip,, (M), then foralln > 1,0 > 0,

Mo"n(n—1)-..-(n—m+1) )
m!(no)(no+1)-..-(no+m—1) )"

Ui f € Lipw <

, M .
Proof. Let f € Lipy,(M). Then e + f are m-convex functions, so that

M

—Uiien & U f

are m-convex functions. Since

o"(n—1)-..-(n—m+1)

Usiem(x) = (no)(no+1) - ...- (ng+m—1)

x™ + terms of lower degree,

we deduce that
M ¢"n(n—1)-..-(n—m+1)
m! (no)(no+1)-...-(no+m—1)

emiLIﬁf

are m-convex functions.
This means that Uy, f belongs to the class

; Mo"n(n—1)-..-(n—m+1)
Lipm <m!(ne)(ne+l) (gt m— 1)) '

Letnow M > 0 and 0 < 7 < 1. Define
Lip(y, M) :={f € C[0,1] : |f(x) = f(y)| < M|x —y|", x,y € [0,1]},
and remark that Lip(1, M) = Lip1(M). Let w be the usual modulus of continuity.
Theorem 3.11.2. Foralln > 1and ¢ > 0,
a) w(Usf,8) < 2w(f,6),f €C[0,1],6 > 0;
b) W;i(Lip(y, M)) C Lip(y, M).

Proof. According to Theorem 3.11.1, Uy (Lip;(M)) C Lip1(M), hence
Uy (Lip(1,M)) C Lip(1, M). Now the statements a) and b) follow from [7, Corollary
6 and 7]. O
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Chapter 3 The class of operators U,

3.12 Lagrange-type operators associated with U,

We will present the relationship between the Uj operators and some Lagrange-type
operators, using their eigenstructure, thus extending in a natural way results known
for Lagrange interpolation (see [95, p.116-126]).

3.12.1 A first description of L;,

Let 0 > 0 and n > 1 be fixed. Consider the functionals F, : C[0,1] — R,k =
0,1,...,n, defined by

F;f,o(f) = f(o)/Ps,nfl(f) = f(l),
ko—1(1 _ 4\(n—k)o—1
B = | e o

B(ke, (n —k)0) f(hdt, k=1,..,n—1.

Remember that the operator Uy, : C[0,1] — I, is given by

n

Ui (fix) ==}, Fop(Fpur(x), f € C[0,1],

k=0

where p,r(x) = (})x*(1 —x)"%,x € [0,1]. Witha s(li)ght abuse of notation consider
n

also the operator us : 11, — II,. Its eigenvalues A, / and eigenfunctions pink) , k=
0,1,...,n, are described in Section 3.4; in particular,

1=l =Al > A0 > A > > g >0,
which means that US : II, — II, is invertible. Consider the inverse operator
(Up)~' : I, — II, (note the domain of definition here!) and define Ly, : C[0,1] —
IT, by

Ly = (U tous. (3.64)

Then Uy (Ly f) = U5 (f), f € C[0,1], which leads to
E(Laf) = EL(f), f € CI0,1],k=0,1,...,n. (3.65)

(3.65) expresses an interpolatory property with respect to the functionals
F¢ FS,n ; more precisely, given f € C[0,1], LY f is the unique polynomial in IT,

n,O’ ceey

satisfying (3.65). In particular, Lyp = p,Vp € I1,. It is known (see [45]) that

. k
lim Fy(f) = f <n> ,feClo,1,k=0,1,..,n. (3.66)
This entails
lim Uy (f) = B,f, uniformly on [0,1], (3.67)

Q*}OO

for all f € C|0, 1]; here B, denotes the classical Bernstein operator on C[0, 1]. Let L,
be the Lagrange operator on CJ[0, 1] based on the nodes 0, %, .y ”T’l, 1. It is easy to
see that

L, =B, 0B, (3.68)
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3.12 Lagrange-type operators associated with U,

where

By (By) ™!

C[0,1] 11, I1,,.

We will see that
lim Ly (f) = L, f, uniformly on [0,1], (3.69)

0—

for all f € CJ[0,1]. If we interpret (3.67) by saying that U;° = B, then (3.69) can be
interpreted as L;, = L,. On the other hand, one has according to (3.20)

Uif = ZAQkPQkVQk(f)fGC[O 1],

(n)

where 1, are the dual functionals of p(’fk). This leads to

1
LA(f) = (Uf) (U f) = ZJQAMP?%?UL
ok
ie.,

Lu(f Z P (f), f € Clo,1]. (3.70)

So the relationship between Uy and LY, expressed by (3.20) and (3.70), is similar to
the relationship between B, = U and L, = L;’, described in [18, Section 6].
To conclude this section let us recall that

From (3.64) and (3.68) it follows that
Ly = (Buy ') ToLyoBy, 0>0, (3.71)

i.e., the operators L% and L, are similar.

3.12.2 A concrete approach to L

In order to obtain other representations of the operators Ly we shall use a classical
method described, for example, in [81, Section 1.2], [20], [67, Section 1.3]. Let n >
1,0 > 0and f € C[0,1] be fixed. Then Ly, f € IT, has the form L;, f = coeg + c1e; +
... + cpe,, where ej(x) =uxl,x € [0,1],7 > 0, and cj € R. According to (3.65), the
coefficients cy, ..., c,; satisfy the system of equations

Ly f = coeo + c1e1 + ... + cnen
E?o(f) = coFyo(e0) + c1Fyg(e1) 4 ... 4 cuFy o (en)

Fiu(f) = coFsn(eo) + c1Fsp(er) + ..+ cuFiulen).
By eliminating cy, ..., c,, we get

Lif eo e ey
Eio(f) Fioeo) Figlen) . Figlen) | _ (3.72)

() Elule) Eom(er) o Fnlen)
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Chapter 3 The class of operators U,

(ig)™

Since Fif’i(em) = (o)™ from (3.72) we get after elementary computations:
(ng)! (n0)"
B T B (T
Lr - vt Sy S e
' T B UD R : |
" (no) (no)"
0 (n9)! (n0)"
nlf) 1 gy nep

where V is the Vandermonde determinant. Now we are in the position to prove
(3.69).

Theorem 3.12.1. For each f € C[0, 1] we have

lim Lyf = Ly f, uniformly on [0,1].
09—

Proof. Let us remark that

. \F Nk
0 ((r]zge))" - <1{l> ' C7
From (3.66), (3.73), and (3.74) we deduce
0 () e en
. fo) 1 0 0
- 1 1 1\n
lim Lof = -V (0, % n - 1,1) fG) 1 G)" | a7s)
L) 1wl ey
f(y 1 1 1

Since the right hand-side of (3.75) is L,, f (see, e.g., [95, Section 3.1], [67, Section 1.3].),
the proof is complete. O

3.12.3 The associated divided difference

The coefficient of e, in the expression of L, f is the divided difference of f at the

nodes 0, %, .y ”T_l, 1, and is given by (see e.g. [95, Section 2.6]):

0% ”;1,1;f] =V <0,111,...,”;1,1> o (3.76)
1 0 0o . 0 £(0)
O I N C L ()
R R L
1 1 1 1 £(1)

Let us denote by [FS,O' Ff/l, . F,?,n ; f] the coefficient of e, in Ly f.
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3.12 Lagrange-type operators associated with U,

Theorem 3.12.2. For each f € C[0, 1] we have

7 -1
0 o 0 . _ (no)" 1 n—1
[Fr o Frqss Fini f] = (ng)nv<o,n,..., - 1 X (3.77)
1 0 0 0 F,f/o(f)
1L ()7 ()t FL(f)

Proof. From (3.73) we get immediately

n
E2 ES o Fls fl = Uy 0,1, m= 1)1

n(n—1)

(ng)"z v (0,2,..,21,1)

nor Fats - (no)" ;
NI E
R - R I
1 (7;(;)1 Ezg;:_i F2,.(f)
(00)' ... (00)"' Fl\(f)
! (1e)"" E,(f) | _

(n)"/(no)" 1 (1g)

B 10 0 Fi(f)
_ (n0)"/(ng)" 1o . o' EFif)
n(n—1)
(nQ)TV (O, l’.”, L—lll) ee .o oo oo .o
" " 1 no ... (no)" ' Fi.(f)
and this leads us to (3.77). O
Remark 3.12.3. From (3.66), (3.76) and (3.77) we derive
. 1 n—1
0 S, e Fi ] = [0 s

forall f € C[0,1]. Moreover, let f € C[0,1] and &, a (Lagrange-type) polynomial with
D, € I, Py (L) = Ffl”].(f),j =0,...,n. From (3.76) and (3.77) it is easy to deduce

0 . (m"[ 1 n—-1_
an,n/f] - (TZQ)" I:OI n/-"/ n /1/ (Pn .
The last (classical) divided difference can be computed by recurrence; see [95].

Remark 3.12.4. Using (3.70), we see that

FQ

Tl,l’ .

[y

n,0”7

]’thlfg = [F;S,()/ Fslll-"/ FS,n; ] (378)

For the Bernstein operator (i.e., for 0 — o0), (3.78) can be found in [18, p.164] .
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Remark 3.12.5. uﬁﬂ := ey41 — Lpeyyq is the unigue monic polynomial in I1,,1 such that
Lyuy . 1 = 0. Forexample, u$?,; = x(x —1)(x — 1) .- (x = =1). Moreover, u},;(x) =
x(x —1)J—1(x), where Jo(x), J1(x), ... are the monic Jacobi polynomials, orthogonal on

[0,1] with respect to the weight function x(1 — x). Indeed, Fyo(u} 1) = F;,(u),,) =
1 1

0, and [#71(1 — )" *1ul (Hdt = [#71(1 — )" K14t — 1) J,1 ()dt = 0 (since
0 0

forallk = 1,..,n — 1, *=1(1 — £)"*=1 is a polynomial of degree n — 2). This implies
Fr},k<u;11+1) =0,k=1,.,n—1,and so L}l(u}lﬂ) =0.

Now we shall prove a general result.

Theorem 3.12.6. The polynomial u},_; has n + 1 distinct roots in [0,1].

Proof. By using Remark 3.12.5 and (3.71) we get ((Bug ') T o Ly o Byy ) (ul,,) =

n+1
0, which entails Ln(Brfgl'_luﬁ +1) = 0. Now the same Remark 3.12.5 yields

1
-1,-1,0 _ (no)"*
Bng un+1 - (ng)muzo-&-l'

So B,Igl’*luﬁ 1 has n + 1 distinct roots in [0, 1]. According to [57], uﬁ 1 has at least

n + 1 distinct roots in [0, 1]; to finish the proof, it suffices to remark that ufz 1 isa
polynomial of degree n + 1.

Now let us recall the representation of L, in terms of the fundamental Lagrange
polynomials:

- k
Luf(x) =Y Lye(x)f <n> ,fe€Clo1],x€0,1].
k=0
Using (3.71) we infer that L}, has a similar representation, namely
n
Lif(x) = L s (),
k=0

where
1= (B ) lp), k= 0,1,..., 1. (3.79)
Theorem 3.12.7. For each k =0, 1, ..., n, the polynomial lﬁrk has n distinct roots in [0,1].

Proof. Since, according to (3.79), Brfgl’*l(lﬁ,k) = I, , the proof is similar to that of
Theorem 3.12.6 and we omit it. O

In what follows we shall establish mean value theorems for the generalized di-
vided difference and for the remainder R}, f := f — L.

Theorem 3.12.8. Let n > 1,0 > 0and f € CJ0,1] be given. Then there exist 0 = ty <
t < ... < t, = 1 such that

Ryf(t)=0,i=0,1,..,n. (3.80)
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3.12 Lagrange-type operators associated with U,

Proof. According to (3.65), I, ¢ (RYf)=0,k=0,1,..,n,ie.
R$f(0) = REF(1) =0, (3.81)
1
/tkg’l(l — 1)(nRe-IRE (At =0,k =1,....n — 1. (3.82)
0
o\ . 0 x/e
Set x := <1—t> , ji=k—1,and h(x) := Ry f <1—|—x1/9> ,x > 0. Then (3.82)
becomes .
/(1 + xl/Q)’”Qxfh(x)dx =0,j=0,1,..,n—2. (3.83)

0

Suppose that the number of the roots of & in (0, +o0) is at most n — 2, i.e. {x €
(0,400) : h(x) = 0} = {x1,..., %}, < n— 2. Then there exists a polynomial p €
IT,_5 such that {x € (0,4) : p(x) =0} C {x1,..., x+} and, moreover,

(14 x¥ @)~ p(x)h(x)dx > 0. (3.84)

Obviously (3.84) contradicts (3.83), which means that & has at least n — 1 roots in
(0, +00). Tt follows that Ry f has at least n — 1 roots in (0,1). Together with (3.81),
this proves the theorem. O

Corollary 3.12.9. Let n > 1,0 > 0and f € C"[0, 1] be given. Then there exists € (0,1)
such that

[F FQ Fs,n;f] — f(n)(g) )

07 n,1’ nl

Proof. Accordmg to Theorem 3.12.8, Ry f has at least 1 + 1 roots in [0, 1]. It follows
that (R}, )" has at least a root & € (0,1). Thus

0= (Rif)™ (&) = F"(&) —mt[Eyo, By, i £,
and the proof is finished. O

Letnown > 1,0 >0and f € crtl [0,1] be given. Consider the points to, t1, ..., t,
satisfying (3.80), and let w(t) = (f —tg) - ... - (t — ty).

Corollary 3.12.10. Let x € [0,1] \ {fo, t1, ..., tn }. Under the above assumption there exists
Nx € (0,1) such that

_ S (i7x)
Ryf(x) = w(x)m-

Proof. Consider the function w(t) = w(x)Ryf(t) — w(t)Ryf(x),t € [0,1]. Then
X, to, ..., tn are roots of w, which means that there exists 77, € (0, 1) such that w(n+1) (n7y) =
0. Now it suffices to remark that w1 (t) = w(x) f*+D(t) — (n + 1)!Rp f(x). O

Corollaries 3.12.9 and 3.12.10 generalize the mean value theorems for the divided
difference and the remainder in classical Lagrange interpolation; see [95, Section
3.1], [67, Section 1.4].
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Chapter 3 The class of operators U,

3.13 Ilterated Boolean sums of the operators U;;

The eigenstructure of U, helps describe the convergence behavior of iterated Boolean
sums based on a single mapping Uy, with ¢ and 7 fixed.

For M > 1, let

oMU =1— (1-Uu)M.

be the iterated Boolean sum of Uy; here I stands for the identity operator on C[0, 1].
Iterated Boolean sums of the classical Bernstein operator and modifications thereof
were investigated by numerous authors in the past, among them G. Mastroianni and
M.R. Occorsio (see [68],[69]). Some historical information on this method which may
be traced to I.P. Natanson can be found in [52]. From a general result of H.]. Wenz
[102, Theorem 2] it follows that ]\}Ilinoo @Mqu = Lﬁf,f € C[0,1],n > 1. With the

notation from the preceding sections, we can say more, namely

Theorem 3.13.1. Let n > 2 and f € C|0, 1] be given. Then

lim (1 AU M(@MULS — LIf) = — [0, 2y, oo i fIP, (3.85)

M—oo
uniformly on [0, 1].
Proof. We have, according to (3.20)

M
SMULf = (1= (1= upMf = Y1)

|
™M=

o () ageie o)

i=1 k=0
! n n M i M n
= L e (T agy
k=0 i=1
n
= Lromp (N1 = 1= (™)

Combined with (3.70) this yields
Myper _10f — 3 0 q Ay
S Unf — Luf 2 PoxHox (f)( g,k) ,
k=0

i.e.

m\ M
n n) (n n=l n I-A k
(1= A ME@MULS — LEf) = —piangn () = £ mgd (il (H) | ——0r | -
k=0 1—Agn
1- A%
Since 0 < < 1,k=0,..,n—1, we get
_ ()
1—Apn
lim (1= AG)M(@MULS - LEf) = =i (F)pEin-
To conclude the proof it suffices to use (3.78). O

Remark 3.13.2. For ¢ — oo, (3.85) was obtained in [86, Theorem 26.7].
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3.14 The derivatives of U}

In this section we show that there is a natural relationship between the derivatives
of the operator images and the divided differences |[...; @] which we introduced in
Remark 3.12.3.

Theorem 3.14.1. With the usual notation the following relationships hold:

n—1
i) (US(Fi0)) = 1T pusi()ATF(f) = 2m1u>vk+1
k=0 n n

/(Di’l:|/

. n—j .
(i) (Ui(f;x)W =n(n—1)- ... (n—j+1) p3 Pn—j,k(x)A]Ff,k(f)

' k k+j
= nn =) ) a0 [n o)
mu%w—z<W#0>w:imHP1“K@hm
n 4 P’ 1,0 =0 k nk /n/ /n/ ’

where as before @, (%) = Fy (f)-
Proof. (i) The forward difference was defined in [45, p. 792] by:

A8 = L (1) O L),

i=o \!
Thus we have

k+1y k
£ ] < B =l i () - L) = na B (),

n n
(ii) The first equality can be found in [45, p. 792]. It remains to show that
| .

-2ihe]

AfFﬁlk(f):% = —

We have that AfHFs,k(f) = A<Aj1:;§,k(f)) = AJFSkH(f) - Asz,k(f). By using the
recurrence formula for divided differences (see e.g. [95, p.104]) we get:
b RG] [k k]

n VA nl 7 n 4

~ p o+t
AFSkH(f)_A]Ff,k(f) - ' k+ji+1 _ k

nl n
n

G+D!' [k k+j+1 10
o o = AR,

(iii) We apply Taylor’s formula to Uy of degree n

u@fx iugf ()k

and show that (Uy(f; %)) =n(n—1)-..- (n—j+ 1)A]F§,O(f). To this end we take
n—j

x = 0in (ii); because p,_;o(0) = 1 and forallk > 1, p,_;x(0) = 0, from }_ only the
k=0

tirst term remains, which concludes the proof. O
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Chapter 3 The class of operators U,

Remark 3.14.2. In the case ¢ — oo we can find the analogues of the above relationships in
[95, p. 300-302].

3.15 Asymptotic formula

Here we present first two asymptotic formulae for higher order moments of Uy, in
order to arrive at Voronovskaya-type results.

Theorem 3.15.1. The following proposition

1
lim n'M2,,(x) = (21 - 1)! (T) X!

(P): "% -1 -1
11~/ | lfzu . M
Jim n! MG, (x) = XITEXI(1=1)12 g eF2 L o
(3.86)

holds true for all 1 > 1. The convergence is uniform on [0, 1].

Proof. We shall prove the proposition by induction on I > 1. M® 1 and M? np are
given Corollary 3.3.2, and it is easy to prove that (P;) is true. Suppose that (Pl) is
true. According to (3.16) and (3.86)

. 2100+ 1)X . 21X’
¢ _ ES e I+1 ¢
r}gl;lon ‘M 21+1( x) = nlaoo no + 21 M1 1 (x )+111g>1:>10n no + 21 "IZI(X)
: I+1 QX Q /
i M ()
20 +D)X 11y 2(e+ 1! v (2k—1)!
= —————X"'X({(I-D)2r—— 2
/ l
+2ZQX (21 — 1)1 <QZ1> x! 4+ x (21 — 1)1 (Q“) XX/
! ! YT
_ ylygplie1(et+1) (2k — )N
A (QH),;(zk—z)n
and this proves the second formula in (3.86) for [ 4- 1. Similarly,
141 10 1 LD (e+1)X o
r}gl;}on Mn21+2( )_nh~>oon ”Q+21+1 anl( )+
L 2+ DX, Lo eX 0 '
+nl£ro}on nQ+2[+1Mn21+1( )+nlgf}o” nQ+21+1(Mn,21+1(x))
1 I+1
Q Q Y
which is the first formula in (3.86) for [ + 1. This concludes the proof by induction
on|. O

Remark 3.15.2. In the proof above we have used the fact that M" ,, € Iy for all n > 1.
Together with the first formula in (3.86) this means that

n—oo

1
lim ! (M, (%)) = (21 — 1)1 <Qzl> (x'Y.
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3.15 Asymptotic formula

As a consequence of Corollary 1.3.13 (ii) we have the following Voronovskaya-
type relation which can also be found in [46, Theorem 5.2].

Corollary 3.15.3. Let f € C?[0,1]. Then

lim n {U3(f;x) — f(x)} = 3 x(1—x)f"(x),

n—0o0

uniformly on [0, 1].
Proof. For ¢(n) = n and q = 2 as given in Corollary 1.3.13 (ii),

i 1 (U350 - 0} = 1 e 58 — a4 £

n—00 1! 21

where ¢,(x) = lim nMj ,(x). By using Lemma 3.15.1 with [ = 1 we get

n—o00

ci(x) = 0
c(x) = TX,

and this concludes the proof. O

Remark 3.15.4. As a consequence of Theorem 3.15.1 and Corollary 1.3.13 (ii) we deduce
similarly that for f € C?[0,1],

il d e - R X =1 (o1 (@) (o
lim {un(f(t),) k; o M )}_ @ (Q )Xf (x),1 > 1.

From this we get also

_ l
i {us<f<t>;x> ¥ (k,if">Mf;,k<x>} =B (Q 1) A +

Jm Pt (21)! 0

+x1x ((zll__ll))' ol - 2 (0 ":j)l i f (2l- 1)(x) (3.87)
e+ n)!
—X ey

(0+1)X2l =) f(x) +1(0+2)X (21 —2)!! li Qk%l)iif@l*l)(x) .
& (2k—2)!!

Remark 3.15.5. Another Voronovskaya-type result for Uy can be determined from:

tim (U0 2) ~ £(3) — £ L) =
= lim WS 0;070) = M3 (1) | 5 timn [ ) — 22 (o),
Thus by using (3.87) with | = 2 we get
fim (U0 2) = )~ D] =
_ ol

0 o+ DX 0 + o+ X ) - 4770
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3.16 Power series of the operators U,

In [74] R. Péltdnea defined power series of Bernstein operators (with n fixed) and
studied their approximation behavior for functions defined on the space Cy[0,1] :=
{flf(x) = x(1 — x)h(x),h € C[0,1]} to some extent. This article motivated a num-
ber of authors to study similar problems or give different proofs of Péltdnea’s main
result. See [1], [2], [3], [84]. In this section we study power (geometric) series of the
operators Uy, thus bridging the gap between power series of Bernstein operators
and such of the genuine operators U,,.

Our main results will concern the convergence of the series as n (the degree of the
polynomials inside the series) tends to infinity. The first non-quantitative theorem
will essentially use the eigenstructure of the Uy presented in detail in Section 3.4.
The second result describes the degree of convergence to the "inverse
Voronovskaya operators" —Agl using a smoothing (K- functional) approach and
makes use of exact representations of the moments.

The quantitative statement also holds in the limiting case of Bernstein operators,
thus supplementing the original work of R. Péltanea.

As already shown in Section 3.4 the numbers

in!
PO L — (3.88)
¥ (ne)i(n—j)!

are eigenvalues of Uy. To each of them there corresponds a monic eigenpolynomial

pg;) such that deg p(n‘) =7j, ] =0,1,..,n In particular,

Q]
n n 1
péo) (x)=1, Pé,l)(x) =X- sz €[0,1]. (3.89)
From (3.28) we get
pg?(()) = pg;)(l) =0,j=2,..n (3.90)

Obviously Uy f can be decomposed with respect to the basis {pgfo) , pgjl), ey pénrz} of

I1,;; this allows us to introduce the dual functionals ng) :C[0,1] - R,j=0,1,..,mn,

by means of the formula
() (1) oy, ()
Upf = ;)AQ,j Hoi (F)pgs.f € Cl0,1]. (3.91)
]:
In particular, since u,S restricted to I, is bijective, we have
=)y ()
P=2Y My (P)Pgj P € I (3.92)
j=0

Now consider the numbers

+1,. ..
Agj = —ng(] -1)j,j=0,1,.. (3.93)
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3.16 Power series of the operators U,

and the monic polynomials
x x 1 (11) '
po(x) =1 pi(x) = x—5,pj(x) = x(x =P 5" (2x ~ 1), 2 2, (3.94)

where Pi(l’l) (x) are Jacobi polynomials, orthogonal with respect to the weight (1 —
x)(1+x) on [~1,1],i > 0. Moreover, consider the linear functionals 37 : C[0,1] —

R, defined as
ws) =TI i) = 1) - £00), (.95

1
K (f) = 2(?)[( DIFO)+£(1) ~ [ f()P) 2x = Ddx],j =2 (39)
0

It is easy to verify that

Tim n(AY) —1) = 145, > 0. (3.97)
The following result can be found in [48].
Theorem 3.16.1. ([48]) For each j > 0 we have
lim pgjj) = p}, uniformly on [0,1], (3.98)
lim ") (p) = pi (p), p € I1. (3.99)

3.16.1 The power series A}

Consider the space

Col0,1] := {f|f(x) = x(1 — x)h(x),h € C[0,1]}.
For f € Cy[0,1], f(x) = x(1 — x)h(x), define the norm

£ 1o := [1]|eo-
Endowed with the norm || - ||, Co[0, 1] is a Banach space. Obviously,
1
[fllee < Z1If1lo, f € Co[0,1]. (3.100)
Lemma 3.16.2. As a linear operator on (Co[0,1],|| - ||0), Uy has the norm
o (m=e _, 101
ufto = G0 <1 @101
Proof. Let f € Cy[0,1], f(x) = x(1 —x)h(x),h € C[0,1]. By straightforward compu-
tation we get Uy f(x) = x(1 — x)u(x), where
1
o g“tk@(l — t)(=Rep(t)dt
W)= Lk Blkg, (kg 1)
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Chapter 3 The class of operators U,

It follows immediately that Uy f € Co[0,1] and

o (n—T)o (n—T)o
Ui fllo = [ulle < no+1 [[h]leo = g1 | f1o-
Thus 1
ugy < =e, (3.102)

no+1
On the other hand, let g(x) = x(1 —x),x € [0,1]. Then ||g|lo = 1 and Ujg(x) =
x(1— x)(Zg_l)Q, which entails ||Uyg||o = (=1 and so

+1 no+1
1y > M
Iufllo = =7 (3.103)
Now (3.101) is a consequence of (3.102) and (3.103). O

According to Lemma 3.16.2, it is possible to consider the operator Ay : Co[0,1] —
Co[0,1],

0. 0 xrgeyk >
AS ng+11§)(un),n_1. (3.104)

For later purposes we also introduce the notation

w._ 1y
AT = Y (By)f, n>1,
k=0

in order to have Péltanea’s power series included.

By using (3.101) we get || Ay ||o < o f_ 1/ and with the same function g(x) = x(1 — x)

we find

o . _¢Q >
[[Anlo g+1’”—1' (3.105)

Let p € II,, N Cy[0,1], ie., p(0) = p(1) = 0. Then m > 2. Let n > m. From (3.89),
(3.90) and (3.92) we derive

P= E”@J pQ]

and, moreover,

m

(unkp = ;(Aé?)kyé?(p)pgjj),k >0, foralln > m.

According to (3.104), for all p € IT,, N Cp[0,1] and n > m,
ua 1 n n
Ajp=—2_¥% e (p)ply).

By using (3.97), (3.98) and (3.99) we get

n—oo

lim Anp = Z P)p;, (3.106)

uniformly on [0, 1], for all p € IT,, N Cy[0, 1].
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3.16 Power series of the operators U,

3.16.2 The Voronovskaya operator A,
It was proved in [46, p. 918] that

lim n(Ugg(x) — g(x)) = 1

o " 2
lim % x(1—-x)g"(x),g € C7[0,1],
uniformly on [0, 1]. We need the following result.
Theorem 3.16.3. The operator {y € C2[0,1]] y(0) = y(1) = 0} — Co[0, 1] defined by

Agy(x) == Q;(\)lx(l —x)y"(x),x €0,1],

is bijective, and

145"l < 7055 1710 € Colo.1) (3.107)

0+1)

Proof. Obviously A, is injective. To prove the surjectivity, let f € Co[0,1], f(x) =
x(1—x)h(x),h € C[0,1]. It is a matter of calculus to verify that the function

X 1
_szll-"oo(h;x) = y(x) := ‘sz1 !(1 - x)O/th(t)dt+x/(1 - t)h(t)dt] x €[0,1],

X

is in C2[0,1],¥(0) = y(1) = 0, and A,y = f. Therefore A, is bijective. Moreover, for

xe (0,1, y=A71(f) = —y(x) = ~A7 (fix) = +Qfl (1)

x 1
-1 29
40l < T <1—x>0/tdt+x/<1—t>dt 1]
= 2 (1)l < [1£1lo.
o+1 _4(Q+1)
and this leads to (3.107). O

Remark 3.16.4. Further below we will use the notations ¥ (x) = x(1 — x), and
—AZH(Wh) :=2-Fu(h), h € C[0,1],
in order to also cover the Bernstein case.
Another useful result reads as follows.
Lemma 3.16.5. For all p € ITN Cy|0, 1] we have

lim Aﬁp = —A P, (3.108)

n—oo

uniformly on [0, 1].
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Proof. The polynomials pj from (3.94) satisfy

x(1=x)(p;)"(x) = —j(j = Dpj (x),x € [0,1],j = 0

. . w1
(see, e.g., [18, p.155]). This yields Aop; = _929](] - 1)pj'] > 0, and, moreover,

m 1 m
(Z ry) = —QJQF Zéﬂf(p)pf (3.109)
£

j=2 iy

for all p € IT,, N Cp[0,1]. According to ([18, (4.18)]), f w; (p)p; = p, so that (3.109)
j=2

yields
0+1 ]'—2](] 1) J J ¢

forall p € IT,, N Cy[0,1]. Now (3.108) is a consequence of (3.106) and (3.110). O

3.16.3 The convergence of A5, on Cy[0, 1]
The main result of the section is contained in

Theorem 3.16.6. Forall f € Cy[0,1],

lim Ajf = —A,'f,

n—oo
uniformly on [0, 1].

Proof. Let f € Co[0,1], f(x) = x(1 — x)h(x),h € C[0,1]. Consider the polynomials

pi(x) := x(1 — x)B;h(x), where B; are the classical Bernstein operators, i > 1. Then

pi € Co[0,1],i > 1, and lim ||p; — f]|o = lim ||Bih — h|| = 0. Lete > 0 and fixi > 1
1—00 1—00

such that

2042 2
[1pi — fllo < 30 12° (3.111)
Then, according to Lemma 3.16.5, there exists 7, such that
20 + 2
|| Anp; + A, il oo < 32 Y g,Nn > Ne. (3.112)
Now using (3.100) and (3.105) we infer
0 20+2

1 1
|1ALf = Anpillo < ZIARS = Afipillo < S || AGollf — pi

<
llo < 4(Q+1)3Q+28'

so that

ol < Q
Anszoo > 2(39"‘2)8. (3.113)

On the other hand, (3.107) and (3.111) yield

| ALf

1 A e < 9
145" f = Ay pills < 4(Q+1>Hf pillo < 53, 727" (3.114)
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3.16 Power series of the operators U,

Finally, using (3.112), (3.113) and (3.114) we obtain, for all n > n,,
1AL + AG flleo < NJARS — Aipilleo + [|ARpi + A pilloe + 1A f — AgMpilleo <&,

and this concludes the proof. O

On (C[0,1],]] - ||eo) consider the linear operator Hj, := Ay, — (—A,") given by

Cl0,1] 3 h — AS(¥h;x) = nei : E(Uﬁ)k(‘f’h;x) € Co[0,1]

-1 . _
Cl0,1] 3 h — —A; (¥hix) = g+1

1—xt/m dr+y/1—ﬂmgw

0

_ 2
— Q+ﬁ3Wx)€QmJ]

Theorem 3.16.7. Let h € C[0,1],0 > 0,n > % e = f;fz < %and ¥(x) =
x(1—x). Then

20 0+2 ‘

3le+1) \/; 1(he)+ (3.115)
3 ( 20 2¢ 012  7(o+3) |
+4<Q“+3<Q+1>\/net+6<e+1>>“’Z(h’e)]'

Proof. Let h € C[0,1] be fixed, and ¢ € C?[0,1] be arbitrary.
Then |Hjy; (h; x)| < |Hj(h— g x)| + |Hi(g; x)| = |E1| + |E2|. Here
Ei] = |AR(¥(h—g)ix) — (A, (¥(h—g);x))|

2
— \Aﬁwf(h—g»x)—Qflaom—g;x)\

2
< Hh—gumAscP;xHQQrFoo<h—g;x>r

|Hii(h;x)| < ¥ (x)

1
= 7= glle = glles ¥ (x)

g+1?(>

2 _
= m‘f’(x)’h 8lleo

Q—|—1

and
|Ex| = [AR(Yg:x) — (—A; (Ygix))l.

For ¢ € C?[0,1] one has F, := Fx(g) € C*0,1], F, = —g,F = —g’,Fo(f) = —g".
Moreover, by Taylor’s formula we obtain for any points y, t € [0, 1]:

Fult) = Fa(y) + FL(y)(t — ) + S FA0) (t — )7 + CFL() (6~ y)° + O,(8) (3116)

where ,
:é/u—w%@wmw
Yy
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Fix y and consider (3.116) as an equality between two functions in the variable ¢.
Applying to this equality the operator Uj; (-, ) one arrives at

Ui (Feo,y) = Foo(y) + %Féé(y)uﬁ((t —y)%5y) + %Fé!(y) U ((t—y)%y) + Ui (B y)

= Fuly) — 28U~ 953) — 28 (D WUS((E— )%59) + U@y,

This implies

%g(y)uﬁ((el ~9)5Y) — Fe(y) + Ui(Fe,y) = —%g’(y)uﬁ((el —y)%y) + Ui(Byy).

In the above equality we rewrite the left hand side as 3¢(y)Us ((e1 — y)%y) — (I —
Uy) (Fw,y). Thus we have

1

S ((e1 —y)%y) —2(1 = U) (Feo,y) = =38’ (1) () Ui ((e1 — y)*5y) +2U5 (Oy; ).
3

Application of Aj, yields

AR (U ((e1 = )% -);x) = 245 0 (I = Uyy) (Fo, X) = (3.117)

—3 AN U (1 = )% ;%) + 245(Q;x)

where Q(y) := U3(©y;y). Note that the first five moments are given by Corollary
2
3.3.2. In the above expression we have 2A;; o (I — Uy)(Fx,x) = ¢ Fo(x) =

no+1
20 .
no + 1F°°(g'x)'
Also AR (g(-)Us((er — )% ), x) = AR(g(-)

Hence (3.117) can be written as

o+1
no+1

o+1

0
nQ+1A i(¥85x).

F();x) =

0+1 Joig .y 20 .
nQ+1A”(Tg'x) nQ—I—lFOO(g'x)

(U5 (((er = )% ) x) = 2A5(Q; x)

1 Q (Q+1)(Q+2) ! Ve x 0 -

S3‘A ((”Q-f—l (nQ—i—Z)lP()IF( ); > + [2A45(Q; x)|
Lot o |

< g(nQ—Fl)(HQ-{—Z)H HooQ_'_l (x)+|2A§(Q,x)|,

Multiplying the outermost sides of the latter inequality by "2 +1 gives

2
_ Qo vy 29 .
Bl = |ASrgn) - 2Rl
0(0+2) , n@+1 0
‘Fx oo+2 A Q/
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3.16 Power series of the operators U,

In the last summand we have Q(y) = Uj; (0y;y) thus

U@y < gUi(er— 1) w)lIg I
17 (e+1)(e+2)(e+3) "
S 61 oot Dotz TSl

Hence

2<nQ+1)|A§(Q,x)| < 2(TZQ—|—1) 7 . (Q+1)(Q+2)(Q+3)A$(1P,x)||g//|’oo

o+1 - 0o+1 24 o(no+1)(no+2)
_ 7 (e+2)(e+3) "
- E(Q—f-l)(ﬂ@—kZ)?(x)Hg HOO
This leads to
0(0+2) , 7 (e+2)(e+3) p
Bl < s Y@ s+ 15 fer gy P

B 3(ne(v§;)(ze) VAR {QHg/H‘” i Z(Q +3)’|g””°°} '

Hence for h € C[0,1] fixed, g € C?[0, 1] arbitrary we have
|Hii(l;x)| = |E1| + |2

20 (0+2) { o7 " }
< —=Y(x)||h — gl|e b4 ot 3 o
< LY@k = slle + 3 g0 Y { 2llglle + (e + 31"
Next we choose ¢ = h,0 < & = f;fz < 1 and by applying Lemmas 1.1.14 and

1.1.15 we obtain
3
1= glleo < Jewa(hie)
/ 1 3
18]l < S (Bie) + Sawa(hie)]

3
18"]] < Spws(hie).

20 o+2 )
3(0+1) \/ ng+2wl(h’s)+

3 20 20 o+2 7(0o+3)

- h; .
T <Q+1+3(Q+1)\/ng+2+6(g+1) wr(hie)

Remark 3.16.8. Ifwe let 1 < ¢ — oo, then for all n > 10
lim [Hy(h;x)| = lim |[AR(¥hx) — (—A, ) (¥h; x)]
0—00 0—00

Thus

|Hii (B x)] < ¥ (x)

= AV (YI;x) — (—AS) (¥h; x)]

< i o) e o).

This is a quantitative form of Piltinea’s convergence result in [74, Theorem 3.2].
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