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TORSION UNITS FOR FOR A REE GROUP, TITS GROUP AND A
STEINBERG TRIALITY GROUP

JOE GILDEA

ABSTRACT. We investigate the Zassenhaus conjecture for the Steinberg triality group 3D4(23),
Tits group 2F4(2)" and the Ree group 2F4(2). Consequently, we prove that the Prime Graph
question is true for all three groups.

1. INTRODUCTION AND MAIN RESULTS

Let U(ZG) be the unit group of the integral group ring of a finite group G. It is well known that
U(ZG) = {£1} x V(ZG),
where V(ZG) is the group of units of augmentation one. Throughout this paper, G will always

represent a finite group and torsion units will always represent torsion units in V(ZG) \ {1}. The
next conjecture is very important in theory of integral group rings:

Conjecture 1. If G is a finite group, then for each torsion unit u € V(ZG) there exists g € G,
such that |u| = |g|.

Hans Zassenhaus formulated a stronger version of this conjecture in [41], which states:

Conjecture 2. A torsion unit in V(ZQG) is said to be rationally conjugate to a group element if it
is conjugate to an element of G by a unit of the rational group ring QG.

This conjecture was confirmed for Nilpotent Groups in [33,40] and cyclic-by-abelian groups in
[18].. However, these techniques do not transfer to simple groups. The Luthar-Passi Method (which
was introduced in [28]) is the main investigative tool for simple groups in relation to the Zassenhaus
conjecture. The Zassenhaus conjecture was confirmed true for all groups up to order 71 in [24]. This
conjecture was also validated for As, S5, central extensions of S5 and other simple finite groups in
[4,5,28,29]. In [35] partial results were given for Ag, and the remaining cases were dealt with in
[21]. Alternating groups of higher order were also considered in [36,37]. Additionally, it was proved
for PSL(2,p) when p = {7,11,13} in [22] and p = {8,17} in [19] and PSL(2,p) when p = {19, 23}
in [2]. See [23,30] for further results regarding PSL(2,p).

Let H be a group with a torsion part ¢(H) of finite exponent and #H be the set of primes dividing
the order of elements from the set ¢(H). The prime graph of H (denoted by w(H)) is a graph with
vertices labeled by primes from # H, such that vertices p and g are adjacent if and only if there is
an element of order pqg in the group H. The following, was composed as a problem in [31] (Problem
37):

Question 1. (Prime Graph Question) If G is a finite group, then w(G) = n(V(ZG)).

This question is upheld for Frobenius and Solvable groups in [26]. It was also confirmed for some
Sporadic Simple groups in [3,6-16]. Additionally, it was confirmed for the sympletic simple group
S4(4) in [34]. The prime graph question is an intermediate step towards the Zassenhaus conjecture.

The family of Steinberg Triality groups (denoted by 2D4(¢%)) were introduced by Steinberg in
[38]. The Ree groups 2F4(2"*1) were initially constructed in [32]. These groups are simple if n > 1
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and Tits constructed a new simple group from the derived subgroup of 2F;(2) (denoted by 2F,(2)")
in [39].

We combine the Luthar-Passi Method together with techniques developed in [20,22] to obtain
our results. Our main results are as follows:

Theorem 1. Let G = 3D4(23) and u be a torsion unit of V(ZG). Subsequently the following con-
ditions hold:
(2) If lu| € {7}, then u is rationally conjugate to some g in G.
(#4) There are no elements of orders 26, 39 or 91 in V(ZG).
(791) If |u| =2, then vy, = OV ra & {vaq, vap} and
(VQU«’ VQb) € {(27 _1)a (17 0)’ (07 1)7 (_L 2)7 (_Qa 3)}
(tv) If |u| = 3, then vy = 0Vre ¢ {vsq, vap} and
(V3CL’ V3b) € {(37 _2)5 (27 _1)5 (17 O)’ (Oa 1)7 (_lv 2)}
(v) If lu| = 13, then vy, = 0V re & {V134, V13, V13c} and
(V13a7 V13b, VlSc) S {(17 713 1)> (]—7 Oa 0)7 (07 Oa 1)7 (]—7 ]-7 71), (07 ]-a O)’ (713 1; 1)}
Theorem 2. Let G = 2F4(2) and u be a torsion unit of V(ZG). Subsequently the following condi-
tions hold:
(1) If lu| € {3,5}, then u is rationally conjugate to some g in G.
(#4) There are no elements of orders 15, 26, 39 or 65 in V(ZG).
(791) If |u] =2, then vy, = OV ra & {vaq, vap} and
(VQa’ V2b) € {(37 _2)a (27 _1)a (17 0)’ (07 1)7 (_L 2)7 (_Qa 3)7 (_3a 4)}
(iv) If |u| = 10, then vy, = 0V ra & {voa, Vab, Vsa, V10a} and
(V2a; V2b, Vsa, VlOa) S {(_Za _27 07 5)a (_17 _3a 07 5)7 (_17 _37 5a 0)7 (_1a _17 07 3)a
(71, 717 57 72)5 (71, 17 07 1)7 (Oa 747 57 O)? (07 727 07 3)7
(07 _2a 57 _2)3 (Ov 07 07 1)3 (0, 07 57 _4), (07 23 0; _1)7
(0,4, -5,2),(0,4,0,-3), (1,1,0, —1), (1,3, —5,2),
(1,3,0,-3),(2,2,0,-3)}.
(v) If lu| = 13, then vy, = 0Vre ¢ {134, 136} and
(V13a71/13b) € {( )7( ) (73 76)7(6375)7(53 74)7(43 73)7(37 72)7(2771%(170);
( ) ( ) ( 273)7(_374)»(_475)7(_576)7(_677)7(_77 8);(_879)}
Theorem 3. Let G = 2Fy(2) and u be a torsion unit of V(ZG). Subsequently the following condi-
tions hold:
(1) If |u] € {3,5,13}, then u is rationally conjugate to some g in G.
(i9) There are no elements of orders 15, 26, 39 or 65 in V(ZG).
(#01) If |u| =2, then vp, = 0V ra & {vaq, vap} and
(V2av VZb) € {(37 _2)a (27 _1)a (17 0)7 (07 1)7 (_L 2)7 (_2a 3)7 (_3a 4)}
() If |u| = 10, then vy = OV 1z ¢ {vaq, Vb, Vsa, V1ioa) and
(1/2117 V2b, Vsa, VlOa) S {( 2 2 0 5)7 (_17 _3a 07 5)7 (_17 _37 57 0)7 (_17 _17 07 3)7
( 2))(_1a17071>7(07 _47570)7(0,_2a073)7
(O 2 5 )’(0707071)’(07075a _4)7(0a2a05_1)a
(0,4,-5,2),(0,4,0,-3),(1,1,0,-1),(1, 3,-5,2),
(1 3 0 3)7(232a0,_3)}'
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Corollary 1. The Prime Graph question is true for the groups D4(2), 2Fy4(2) and 2Fy(2).

Let u = ) agg be a torsion unit of V(ZG). Then, the sum >  yvca, € Z is the partial
augmentation (denoted by ec(u)) of u with respect to it’s conjugacy classes X in G. Let v; = e, (u)
be the i-th partial augmentation of u. It was proved that v; = 0 and v; = 0 if the conjugacy class C}
consists of a central element by G. Higman and S. D. Berman [1]. Therefore, vo +v3+---+ 1, =1,
where [ denotes the number of non-central conjugacy classes of G.

Proposition 1. ([17]) Let u be torsion unit of V(ZG). The order of u divides the exponent of G.
The following propositions provide relationships between the partial augmentations and the order
of a torsion unit.

Proposition 2. (Proposition 3.1 in [20] ) Let u be a torsion unit of V(ZG). Let C be a conjugacy
class of G. If p is a prime dividing the order of a representative of C' but not the order of u then
the partial augmentation ec(u) = 0.

Proposition 3. (Proposition 2.2 in [22]) Let G be a finite group and let u be a torsion unit in
V(ZG).

(1) If u has order p™, then e,(u) = 0 for every x of G whose p-part is of order strictly greater
than p".

(#i) If © is an element of G whose p-part, for some prime, has order strictly greater than the
order of the p-part of u, then e,(u) = 0.

Proposition 4. ([28]) Let u be a torsion unit of V(ZG) of order k. Then u is conjugate in QG
to an element g € G iff for each d dividing k there is precisely one conjugacy class vig with partial
augmentation €,;,(u?) # 0.

Proposition 5. (Theorem 1 in [28] and [22]) Let p be equal to zero or a prime divisor of |G]|.
Suppose that u is an element of V(ZG) of order k. Let z be a primitive k — th root of unity. Then
for every integer | and any character x of G, the number

1 B
plw X p) = 3 3 Troes e {x(u?)z""}
d|k

18 a non-negative integer.

We will use the notation p;(u, x,*) when p = 0. The LAGUNA package [27] for the GAP system
[25] is a very useful tool when calculating p;(u, x, D).

2. PROOF OF THEOREM 1

Let G =3D,(23). Clearly |G| = 211341312 = 212.3% .72 .13 and ezp(G) = 6552 = 23 - 3% - 7 - 13.
Initially, for any torsion unit of V(ZG) of order k:

Vg + Vop + V3q + V3 + Vag + Vap + Vac + Vea + Vob + V7a + V7b + V7e + V7d + Vsa
+ Vgp + Vog + Vob + Vg + Vi2a + Vi3a + V13b + V13c + Vida + V1db + Vidce
+ V18a + Visb + Visc + V214 + Vo1b + Voic + Vosa + Vosp + Vose = 1.
In order to prove that the Zassenhaus Conjecture holds, we need to consider torsion units of V(ZG)
of order 2, 3,4, 6,7, 8,9, 12, 13, 14, 18, 21, 28, 24, 26, 36, 39, 42, 56, 63 and 91 (by Proposition 1).
For the purpose of this paper and due to the complexity of certain orders, we shall consider elements
of order 2, 3, 7, 13, 26, 39 and 91. We shall now consider each case separately.

Case (). Let u € V(ZG) where |u| = 2. Using Propositions 2 & 3,
Vg +vap = L.
Applying Proposition 5, we obtain the following system of inequalities:
po(u, X2, %) = 5(=2m1 +26) 2 0; pa(u, x2, %) = 3(2m + 26)
po(u, X3, %) = %(4’72 +52) >0; pi(u,xs, *) = %(—472 + 52)
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where v1 = 3v9, — 9 and o = b, — vop. It follows that the only possible integer solutions for
(v2q, 2p) are listed in part (4ii) of Theorem 1.

Case (i1). Let u € V(ZG) where |u| = 3. Using Propositions 2 & 3,
V3q +v3p = 1.
Applying Proposition 5, we obtain the following system of inequalities:
pro(u, X3, %) = 5271 +52) > 05 pua(u, x3, %) = §(=mn +52) > 0;
po(u,x2,2) = 5272+ 8) > 05 g (u,x2,2) = (=72 +8) >0

where v; = Tvs, — 2vg, and o = 2v3, — vgp. It follows that the only possible integer solutions for
(vaq, Vap) are listed in part (iv) of Theorem 1.

Case (ii1). Let u € V(ZG) where |u| = 7. Using Propositions 2 & 3,
Vig + Vip + Vre + g = 1.
Applying Proposition 5, we obtain:
pro(u, x2,%) = 3(671 +26) > 0;  pua(u, x2,%) = (=71 + 26) > 0;

to(u, X5, %) = 2(4292 +273) > 0; 1 (u, x5, %) = 2(—Ty2 + 273) > 0;
10 (1, X6, ) = (673 +324) > 0 pua (u, X6, %) = %(—w, +324) > 0;
fio(t; X105 %) = £(674 +468) > 0; g1 (u, X10,%) = +(—74 + 468) > 0;
pio(u, X6, 13) = 2(6v5 +323) > 05 pu1(u, x6,13) = 2(—75 +323) > 0;

fo(u, x2,3) = 2(4v6 +25) > 0;  pa(u, x2,3) = L(—76 + 25) > 0;
po(u, x2,2) = (=276 +8) > 0;  puo(u, x12, %) = %(677 +1053) > 0;
p1(u, X12, %) = £(—y7 +1053) > 0;  puq (u, x2,2) = (75 +8) > 0;
ps(u, x2,2) = 2(0 +8) > 05 pa(u, x2,2) = %(%o+8) > 0;

p1(u, X18, %) = %(711 +2106) > 0;  pa(u, x18, %) = 7(712 + 2106) > 0;
ps(u, X18,%) = (713 + 2106) > po(u, x25, %) = *(714 + 2808) > 0;
p11(u, X5, %) = £ (715 +2808) > 05 pua(u, X25, %) = + (716 + 2808) > 0;
1 (u, X25, %) = % (717 +2808) > 0;  pua(u, x6,2) = 5 (718 +48) > 0;
p2(u, X6,2) = %(’719 +48) > 0; MS(uaXGa 2) = %(720 +48) > 0;

po (U, X9, 2) = (721 +160) > 05 p11(u, x0,2) = 3 (722 + 160) > 0;
pi2(u, X9,2) = (723 +160) > 0;  pg(u, xo,2) = F (723 + 160) > 0;
p(u, X138, 2) = 3 (725 + 784) > 0; pa(u, x13,2) = # (726 + 784) > 0;
ps(u, X13,2) = 3 (y27 +784) > 0; 1 (u, x22,%) = # (728 + 2457) > 0;
p2 (U, X22, %) = 7 (729 +2457) > 05 pa(u, x22, %) = 7 (30 +2457) > 0

where vy = Svrg + Svgp + Svre — 2U7q, Y2 = Vra + Urp + Ve, Y3 = Yvre + umy + Yvge + 2144,
Y4 = Ovrg + 6vry + 6v7e — V74, 75 = 8u7q + 8V7b + 8ure + vrd, Y6 = 4v7q + 4vgp + dvre — g,

Y7 = 3V7q + vy + 3vre — drg, Y8 = —8Urq — Vi + 137 — Vrg, Yo = —Vrq + 13v7p — 8ure — g,
Y10 = 13v7q — 8ury — vy — Vrg, Y11 = 36v74 — 2Tv7p — 6U7c + U7g, Y12 = —6v7g + 3607, — 2707, + 174,
Y13 = =277 — 06Uy +36V7c + V74, Y14 = —22074 — 2207, — 2207+ 6V74, Y15 = 34V7q — Uy — 2207, — V74,
Y16 = —22u74 + 34vry — Vi — Vra, V17 = —Vra — 2207+ 34v7c — Vrg, Y18 = —20074 +8v7p + 1507, + 174,
Y19 = 1517 — 2007y +8v7c + V74, Y20 = 8V7q + 15075 — 20v7. + 174, Y21 = — 34174 — 3dv7y — 3dv7. — 674,
Vo2 = —20v74—13v7,+50v7. 4174, Y23 = 5007, —20v7p — 1317 +17g, You = —1317q+50v7, —20v7. 4174,
Yos = —35u7q + 28v7p + Tvre, Yog = TUrq — 35v7p + 28v7¢, Yor = 28v7q + Ty — 35U7¢, Y28 =

3574 — 1dvgy, — 14vge, Yoo = —14v7g + 35v7 — 14vr. and 739 = —14v7, — 14y, + 3507.. 1t follows
that the only possible integer solutions for (v74, v7p, V7, V74) are (1,0,0,0), (0,0,0,1), (0,0,1,0) and
(0,1,0,0). Therefore, u is rationally conjugated to some element g € G by Proposition 4.
Case (iv). Let u € V(ZG) where |u| = 13. Using Propositions 2 & 3,
V13a + V13p + V13 = 1.



TORSION UNITS 5

Applying Proposition 5, we obtain:

pa(u, X0, 2) = 75(71 + 160) > 05 p1(u, x6,2) = 15(—71 +48) > 0;

pa(u, X6,2) = 15 (72 +48) > 0;  pa(u, xo,2) = 3( Y2 + 160) > 0;

p1(u, x2,2) = 15(13 +8) = 05 pa(u, x2,2) = 15(73 + 8) = 0;
pau, x2,2) = 15(7a +8) >0

where y1 = 134 — 4v13p — 4V13¢, Y2 = 4130 — W3y + 40136, V3 = SV130 — 8V13p + SV13e, Va4 =
5113a + 513y — 8v13c and 5 = —8V134 + 513y + Svi3e. Clearly v € {9+ 13k | =13 < k < 3} and
Y2 € {4+ 13k | —4 < k < 12}. Tt follows that the only possible integer solutions for (v134, V13p, V13c)
are listed in part (v) of Theorem 1.

Case (v). Let u € V(ZG) where |u| = 26. Using Propositions 2 & 3,
Vaa + Vop + V13a + Vigp + Vige = 1.

Let v1 = 3v2q — vap, Y2 = 524 — Vap, 73 = —281q — 4lp + V134 + V13b + V13e, Y4 = 63124 + 1509, —
4dvy34 — 4v13p +9113. and v5 = 634 + 1509y + vy 34 — 413 — 413.. We shall now separately consider
the following cases involving x(u") for n € {2,13}:

o x(u'?) = mix(2a) + max(2b) and x(u?) = max(13a) + max(13b) + msx(13c) where

(ml,mg,m3,m4,m5) S {(1 0,1,0 0) ( 0 071,0) (1 0 0,0,1)7(1,0,1, 1 1)
(1,0,1,1,-1),(1,0,—1,1,1),(2,—-1,1,0,0), (2, 1,0, 1,0),
(2,-1,0,0,1),(2,—-1,1,-1,1), (2, —=1,1,1, —1), (2, 1, 1,171)
(-1,2,1,0,0), (-1 20,170),( 1,2,0,0,1),(=1,2,1,-1,1),
(-1,2,1,1,-1),(~1,2,-1,1,1),(-2,3,1,0,0), (— 2,3,0,1,0),
(—2,3,0,0,1), (— 23,1, 1,1),(-2,3,1,1,-1),(-2,3,—1,1,1)}.

Applying Proposition 5, we obtain:
p13(, X2, %) = 56(2471 +8) > 05 o (u, x2,%) = 55(—2471 +44) > 0.
It follows that there are no possible integer solutions for (v, Vap, Y134, V136, V13c) in all cases.
o x(u'?®) = mix(2a) + max(2b) and x(u?) = mzx(13a) + max(13b) + msx(13¢c) where
(my, ma, mg, my, ms) € {(0,1,1,0,0),(0,1,0,1,0),(0,1,0,0, 1),
(0,1,1,-1,1),(0,1,1,1,-1),(0,1,—1,1,1)}.
Applying Proposition 5, we obtain:
w13(u, x2, %) = 6(2471 +24) > 0;  polu,x2,*) = %(—2471 +28) > 0;
pro(u, X3, %) = 55 (4872 +48) > 05 p13(u, x3,%) = 55(—4872 + 56) > 0;
f1 (U, Xa, %) = 95 (73 +199) > 05 ps(u, x31,%) = 55 (72 + k1) > 0;
pa(u, X31,%) = 55 (=72 + k2) = 05 pa(u, x31,%) = 55 (75 + k3) > 0;
p3(u, X31,%) = 55 (=75 + ka) > 0

=(0,1,1,0,0) when (ki, ks, ks, kg) = (3993, 3950, 3980, 3963),
( ) ,0,1,0) when (k1, ko, ks, ka) — (3980, 3963, 3993, 3950).

(1, ma, ms, my, ms) ,0,0,1) when (ky, ko, k3, ky) = (3980,3950,3980,3950),
(ml,mg,m37m4,m5) ,1 1 ) when (kl, ICQ, k‘g, k4) (3993,3937, 3967, 3963),
( ) L
(

where (my, ma, ms3, m
™y, M2, M3, My, 15

RERE:
§
&

mi, M2, M3, My, Ms 1, ) when (]{11, k‘2, k‘g, k4) (39937 3963, 3993, 3963) and
my, ma, ms,mg,ms) = (0,1, —1,1,1) when (kq, ks, k3, ks4) = (3967, 3963, 3993, 3937). It
follows that there are no possible integer solutions for (voq, Vap, V134, V136, V13c) in all cases.

Case (vi). Let u € V(ZG) where |u| = 39. Using Propositions 2 & 3,

V3q + V3p + V134 + V13p + V13e = 1.
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Consider the cases x(u'®) = mix(3a) + max(3b) and x(u®) = msx(13a) + max(13b) + msx(13c)
where

(m1, ma, mg, myq, ms) € {(1,0,1,0,0),(1,0,0,1,0),(1,0,0,0,1),(0,1,1,0,0),
(0,1,0,1,0), (0,1,0,0,1), (1,0,1, —1,1), (0,1, 1, —1,1),
(1,0,1,1,-1),(0,1,1,1,-1),(1,0,~1,1,1), (0,1, —1,1,1),
(3,-2,1,0,0), (3, 20,1,),(3 20, , ),(3 —2,1,-1,1),
(3,-2,1,1,-1), (3, -1,1,1),(2,-1,1,0,0),(2,-1,0,1,0),
(2,-1,0,0, 1),(2,—1 1 -1, 1)7(2,—1,1717 1),(2,-1,-1,1,1),
(—-1,2,1,0,0), (— 1,2,0,1,0)( 1,2,0,0,1),(~1,2,1,~1,1),
(-1,2,1,1,-1), (1,2, ~1,1,1)}.

Applying Proposition 5, we obtain:
pas(u, X2, %) = 35127 +27) > 0; po(u, x2, %) = 55(—24v +24) > 0;
/J'l(u7X27*) = 3719(_7 + 27) >0

where v = v3,+vsp. It follows that there are no possible integer solutions for (v34, V3b, V134, Y136, V13¢)-

Case (vit). Let u € V(ZG) where |u| = 91. Using Propositions 2 & 3,

Via + Vo + Vie + Vg + Vi3a + V13p + V13 = 1

Let v = 5v7, + vy + brge — 2v74. We shall now separately consider the following cases involving
x(u™) for n € {7,13}:

o x(u'?) = x(7k) and x(u’) = mix(13a) + max(13b) + m3x(13c) where k € {a,b,c} and
(m1,ma,m3) € {(1,0,0),(0,1,0),(0,0,1),(1,-1,1),(1,1,-1),(-1,1,1)}. Applying Proposition 5,
we obtain:

po(u, xa,%) = 57(727 +56) > 05 ps(u, x2,%) = g7 (=127 +21) > 0.

It follows that there are no possible integer values for (v7q, Vb, Vre, V7d, V13a, V136, V13c)-

o x(u?) = x(7d) and x(u”) = m1x(13a) + max(13b) + m3x(13c) where

(m1,ma,ms) € {(1,0,0), (0,1,0), (0,0,1), (1, —1,1), (1,1, 1), (~1,1,1)}.
Applying Proposition 5, we obtain:
po(u, X2, %) = 97 (727 +14) > 05 pr(u, X2, %) = 57(—67 + 14) > 0.

It follows that there are no possible integer values for (v7q, V7b, V7e, V7d, Vi3a, V13bs V13c)-

We shall now consider the prime graph of G' = 3D4(2%). G contains elements of order 6, 14 and
21. Therefore [2,3], [2,7] and [3,7] are adjacent in 7(G) and consequently adjacent in w(V(ZQ)).

Clearly (G) = n(V(Z@)), since there are no torsion units of order 26, 39 and 91 in V(ZG). This
completes the proof.

3. PROOF OF THEOREM 2
Let G = 2Fy(2)". Clearly |G| = 17971200 = 2! - 33 . 52 . 13 and exp(G) = 3120 = 24 -3 - 5 - 13.
Initially, for any torsion unit of V(ZG) of order k:
Voq + Vab + V3q + Vaq + Vab + Vac + Vsa + Vea + V8a + V8h + V8¢ 1 Vad
+ V100 + V124 + Vi2b + V13a + V136 + Vi6a + Vieb + Viee + Viea = 1
For the purpose of this paper, we shall consider torsion units of V(ZG) of order 2, 3, 5, 10, 15, 26,
39 and 65. We shall now consider each case separately.
Case (i). Let u € V(ZG) where |u| = 2. Using Propositions 2 & 3,
Vg +vap = 1.
Applying Proposition 5, we obtain the following system of inequalities:

pro(u, X2, %) = 5(—2y +26) > 0;  p1(u, x2,%) = 3(2y+26) >0
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where v = 3o, — v9p. It follows that the only possible integer solutions for (va,, v9p) are listed in
part (¢iz) of Theorem 2.
Case (it). Let u € V(ZG) where |u| = 3. By Proposition 2, vy, = 0 for all
kx € {2a,2b, 4a,4b, 4¢, 5a, 6a, 8a, 8, 8¢, 8d, 10a, 12a, 12b, 13a, 13b, 16a, 16b, 16¢, 16d}.
Therefore, u is rationally conjugated to some element g € G by Proposition 4.
Case (ii7). Let u € V(ZG) where |u] = 5. By Proposition 2, v, = 0 for all
kx € {2a,2b, 3a,4a, 4b, 4¢, 6a, 8a, 8, 8¢, 8d, 10a, 12a, 12b, 13a, 13b, 16a, 16b, 16¢, 16d}.
Therefore, u is rationally conjugated to some element g € G by Proposition 4.
Case (iv). Let u € V(ZG) where |u| = 10. Using Propositions 2 & 3,

Vg + Vap + Vsq + V100 = 1.

Let vy = 6vaq — 2v0p — Usq + V104, V2 = 14124 — 202 + U504 — V10as V3 = HV2q + Vap, Y4 = S2q — 11vgy
and v5 = 329, + 1519y + Usq + V10q- We shall now separately consider the following cases involving
x(u™) for n € {2,5}:
o x(u®) = myx(2a) + m2x(2b) and x(u?) = x(5a) where (my,ms) € {(1,0),

(0,1),(—1,2)}. Applying Proposition 5, we obtain:

po(u, X2, %) = 15(—4y1 + k1) > 05 pa(u, x2, %) = 75(—=n + k2) > 0;

s (U, X2, %) = *0(4’)’1 +k3) > 0;  po(u, xe, %) = 0(4’72 +ka) > 0;
p1(u, X6, %) = 15(v2 + ks) > 0; ps(u, X6, ) = 15(—4y2 + ke) > 0
pio(u, X7, %) = 15 (=163 + k7) > 0;  ps(u, X7, %) = 15 (1673 + ks) > 0;

po(u, X9, %) = 15 (4vs + ko) > 05 ps(u, X9, %) = 15(—475 + k10) > 0
where the values for k;’s and corresponding (my,ms) values are as follows:

[ (ma,ma) [ (K1, ko, k3, ka, ks, ke, k7, ks, ko, k10) |

(1,0) || (24,31, 36, 104, 61, 76, 280, 320, 336, 324)

(0,1) || (32,23,28, 88,77, 92, 296, 304, 370, 340)
(—1,2) || (40, 15,20, 72,93, 108, 312, 288, 354, 356)

It follows that the only possible integer solutions for (vaq, Vap, ¥134) are
(0,0,5,-4), (0,0,0,1), (0,-4,5,0), (1,1,0,-1), (-1,1,0,1), (-1,-3,0,5), (—1,-3,5,0),
(2,2,0,—3) and (0,2,0,—1) in all cases.

o x(u®) = 3x(2a) — 2x(2b) and x(u?) = x(5a). Applying Proposition 5, we obtain:

(

pa(u, X2, %) = 15(71 4+ 3) 2 05 pou, x2,%) = 15(—4n +8) > 0;
(
(

p1(u, X6, %) = 15(72 +29) > 05 ps(u, X6, %) = 15(—4v2 +44) > 0;
pis (w, X7, %) = 15(1693 + 352) > 05 puo(u, X7, %) = 75(—1673 + 248) > 0;

pio(u, X9, %) = 15 (475 + 418) > 0.

Clearly v1 = =3, 72 € {—29,—-19,—-9,1,11} and v3 € {3+ 5k | =5 < k < 2}. It follows that the
only possible integer solutions for (vaq, Vap, ¥134) are (—2,—2,0,5) and (1,3,0,—3).

o x(u®) = 2x(2a) — x(2b) and x(u?) = x(5a). Applying Proposition 5, we obtain:

p2(u, X2,%) = 15(v1 +11) > 05 po(u, x2, %) = *( 4y +16) > 0;
po(u, X6, %) = 15(472 +120) > 05 p5(u, X6, %) = 15(—472 4 60) > 0;
w1 (u, X6, %) = %(’yg +45) > 0;  ps(u, x7,%) = 10(16%, +336) > 0;
fio(u, X7, %) = 15(—1673 + 264) > 07 po(u, xs, %) = 15 (474 + 346) > 0;

pro(u; X9, %) = 15 (475 + 402) > 0.

Clearly 71 € {—1,—11}, 72 € {—25,—15,-5,5,15} and 73 € {4+ 5k | =5 < k < 2}. It follows that
the only possible integer solutions for (I/Qa,l/Qb,I/lga) are (—1,—1,0,3), (—1,—1,5,-2), (0,4, —-5,2)
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and (0,4,0, —3).
o x(u®) = —2x(2a) + 3x(2b) and x(u?) = x(5a). Applying Proposition 5, we obtain:
s (U, X2, %) = Tlo( m+12)>0; (uaXQa*):*O(* L+ 7)>0;
110 (U, Xo, %) = 15 (472 +56) > 05 p5(u, X6, %) = 15(—4y2 + 124) > 0;
g1 (u, X6, %) = 75(72 +109) > 0; u (u, X7, %) = 15(1673 + 272) > 0;
fio(u, X7, %) = 15 (—167v3 +328) > 0;  po(u, xs,*) = 15 (74 + 282) > 0;
o (U, Xo,*) = E(% +338) > 0.

Clearly v1 € {-3,7} 72 € {—9,1,11,21,3} and v3 € {3+ 5k | —4 < k <}. It follows that the
only possible integer solutions for (vaq,vap, v134) are (1,3,0,—3), (0,—2,5,—2), (1,3,—5,2) and
(0,-2,0,3).

o x(u®) = —3x(2a) + 4x(2b) and x(u?). Applying Proposition 5, we obtain:
ps(u, X2, %) = 15 (471 +4) > 05 pa(u, x2, %) = 15(—n — 1) > 0;
po(u, X6, %) = 15(472 +40) > 05 pa(u, X6, %) = *( Y2 +25) > 0;
pis(u, X7, %) = 15(1673 4+ 256) > 0;  pao(u, X7, %) = 15(— 1673 + 344) > 0;
to(u, xo, %) = %(475 +322) > 0;  ps(u, xo,%) = 10( 45 4 388) > 0.

Clearly 71 = —1, v2 € {—5,5,15,25} and 3 € {4+ 5k | —4 < k < 3}. It follows that there are no
possible integer solutions for (va4, Vap, V134) in this case.

Case (v). Let u € V(ZG) where |u| = 13. Using Propositions 2 & 3,
V13q + V13p = 1.
Applying Proposition 5, we obtain the following system of inequalities:
pa(u,x7,5) = 13(m +109) > 05 pia(u, X15,5) = f5(= +593) > 0;
p2(u, x7,5) = 75(72 +109) > 0

where v1 = 8v13, — b3y and o = —bry3, + 8r13p. It follows that the only possible integer solutions
for (vsq,vsp) are listed in part (v) of Theorem 2.

Case (vi). Let u € V(ZG) where |u| = 15. Using Propositions 2 & 3,
V3q + V54 = 1.
Applying Proposition 5, we obtain the following system of inequalities:
po(u, x2,%) = 15 (=87 +28) > 0;  pus(u, x2, %) = 75(47 +31) >0

where v = v3, — U54. Clearly v = —4 and there are no possible integer solutions for (v34, Vsqa)-

Case (vii). Let u € V(ZG) where |u| = 26. Using Propositions 2 & 3,

Vaa + Vab + V13a + v13p = 1.

Let v1 = 3vaq — Vb, Y2 = TV2a — Vab, V3 = —2002q — 4vap + V134 + 13y and 4 = 6r134 — Tr13p. We
shall now separately consider the following cases involving x(u") for n € {2,13}:

o x(u?) = mix(2a) + max(2b) and x(u?) = mzx(5a) + max(5b) where
(m1, ma,mz,ma) € {(1,0,1,0), (1,0,0,1), (1,0,9, —8), (1,0,87—7),(170,7, —6),(1,0,6,—5),
(150757_4)3(17074a _3) (1 O 3 )a(l 0 27 ) (1 O ) (1 O -2 3) (1 O -3 4) (1,0, _475)a
(1,0,-5,6),(1,0,-6,7),(1,0,—7,8),(1,0,—8,9)}. Applymg Pr0p051t10n 5, we obtain:
)

p13(u, X2, %) = 55(2471 4+ 32) > 0; po(u, x2,%) = 55 (—24y +20) > 0.
It follows that there are no possible integer values for (vaq, Vab, Y134, V13b)-

o x(u'?) = mix(2a) +max(2b) and x(u®) = max(5a) + max(5b) where
(mlvaam37m4) S {(27_1a150)7(2a_17071)?(27_179a _8)7(2a_1787 7) ( 1777_6)?
(2,—1,6,-5), (2, —1,5, —4), (2, ~1,4, -3), (3, ~1,3, -2), (2, ~1,2 — 1), (2, -1, 1, 2),
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(2 ?3) ( -3 4) ( —4 5) ( 7 5 6)7(2a_17_677)a(27_1a_778)a
(2, —1 —8,9)}. Applymg Pr0p051t10n 5 we obtaln

113 (u, X2, %) = 55(2471 +16) > 0;  po(u, x2, %) = 55(—24v1 + 36) > 0.

It follows that there are no possible integer values for (vaq, Yoy, V134, V130)-

o x(u?) = mix(2a) + m2x(2b) and x(u?) = mzx(5a) + max(5b) where

(mh mo,ms, m4) S {(_27 37 1) 0)7 (_25 37 07 1)7 (_27 37 97 _8)7 (_27 37 87 _7)7 (_27 3) 77 _6)7
(_27 37 6 5) ( 2? 37 57 _4)3 (_27 3a 45 _3)? (_27 37 3a _2)7 (_27 37 27 _1)3 (_ 73a _17 2)a
(—2.3,— 2 3),(—2,3,-3,4), (~2,3, —4,5), (—2.3,—5,6), (~2,3, 6,7, (—2.3, ~7.8),
(—2,3,-8,9)}. Applylng Proposmon 5 we obtaln

f13(t; X2, %) = 55(2471 +8) > 05 puo(u, X2, %) = 55(—2471 +44) > 0.
It follows that there are no possible integer values for (vaq, Vap, Y134, V13b)-
o x(u'?) = mix(2a) +max(2b) and x(u®) = max(5a) + max(5b) where
(mqy,ma2, ms,myg) € {(0,1,9,-8),(0,1,—8,9)}. Applying Proposition 5, we obtain:
s (u, x2,%) = 55(247 + 24) pro(u, X2, %) = 55(—2471 +28) > 0;
o (U, X6, *) = 2*16(24’72 + 76) p13(u, Xe, %) = 2*16(*2472 +80) > 0;
pi (s X7, %) = 55 (73 +303) > 0.

0;
0

IV 1V

Clearly v1 = 72 = —1. It follows that there are no possible integer values for (vaq, Vop, V134, V13b)-

o y(u'?®) = mix(2a) + max(2b) and x(u?) = max(5a) + max(5b) where
(my, ma, mg, my) € {(3,-2,9,—8),(3,—2,—-8,9)}. Applying Proposition 5, we obtain:

/’LQ(’U‘7X27 *) = %(271 + 4) > 0 /'LO(U‘7X27 *) = %( 24’}/1 + 4) 2 0
fo(u, X6, %) = 55 (2472 +124) > 05 pas(u, X6, %) = 55(—2472 + 32) > 0.
Clearly v; = —2 and 2 = —3. It follows that there are no possible integer values for (vaq, Vap, V134, V13b)-

o x(u?) = mix(2a) + max(20) and x(u?) = mzx(5a) + max(5b) where
(mq, ma, msg,my) € {(—3,4,9,—8),(—3,4,—8,9)}. Applying Proposition 5, we obtain:

(2471) = 0;  pa(u, x2,%) = 55(—271) > 0;
(2472 +28) > 0;  pas(u, X6, %) = 55(—2472 + 128) > 0.

NlS(UaX%*) = L6
MO(UaXGa*) = L6

Clearly v; = 0 and o = 1. It follows that there are no possible integer values for (va4, Vop, V134, V13b)-

o x(u'?) = mix(2a) +max(2b) and x(u®) = mzx(5a) + max(5b) where
(m1,me2,m3,my4) € {(0,1,1,0),(0,1,0,1),(0,1,8,-7),(0,1,7,—6), (0, 1,6, —5),
(03175 ) (07174 3)7(0a 37 ) (0717 ) 1)7(071a_172)7(0a17_273)a
(0,1,-3,4),(0,1,—4,5),(0,1,-5,6),(0,1,—6,7),(0,1,—7,8)}. Applying
Proposltlon 5, we obtain:

p13(u, X2, %) = 55 (2471 + 24) pro(u, X2, %) = 55(—2471 +28) > 0;
MO(U»XG, *) = 2716(2472 + 76) M13(U7X67 ) = QL( 2472 + 80) > Oa

6
Ml(U»X%*) = 2716(’73 + 303) Z 07 :u’4(ua X21, ) - %(74 + k) Z 07
Ml(uax217*) = 2716(_74 + k) 2 0

>0
>0

where the corresponding k-values to the above cases are:
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H (mlam27m37m4) [ k H (m17m27m37m4) [ k H
(0,1,1,0) 2041 0,1,0.1) 2054
(0,1,8-7) 1950 (0,1,7,-6) 1963
(0,1,6.5) 1976 (0,1,5,4) 1089
(0,1,43) | 2002 (0.1,3-2) | 2015
(0,1,2,1) 2028 (0,1,1,2) 2067
(0,1,-2,3) 2080 (0,1,-3,4) 2003
(0,1,-4,5) 2106 (0,1,5,6) 2119
(0,1,-6,7) 3132 (0,1-7,8) 2145

It follows that there are no possible integer values for (voq, Vo, Y134, V13p) in all cases.
o X(u'?) = mix(2a) +max(2b) and x(u?) = m3x(5a) + max(5b) where
(m17 ma,ms, m4) S {(3 2a 17 O) (3’ _27 07 1)’ (37 _27 8a _7)7 (3a _27 77 _6)7 (37 _25 67 _5)a
(3,-2,5, 4) (3,-2,4,-3),(3,-2,3,-2),(3,-2,2,-1),(3,-2,-1,2),(3,-2,-2,3),
(3 —2,-3,4), (3, —2, —4, 5), (3, —2, -5,6),(3,-2,-6,7),(3,—2,—7,8)}. Applying
Prop051t10n 5, we obtain:
MZ(U7X27 *) = %(271 +4) > 0; IU/(](U7X27 *) ~ 26 ( 2471 +4) = 0;
po(u, X6, %) = 55 (2472 +124) > 0;  pus(u, X6, ) = *( 245 +32) > 0;
pa(u, x21,%) = 55(ya + k) > 05 g (u, x21, %) = 55(—va + k) > 0.
where the corresponding k-values to the above cases are:

“ (Tnlam27m3am4) l k H (m17m27m37m4> l k H
(3.-2,1,0) 2041 (3.2.0.1) 2054
3.28-7) 1950 (32,760 [ 1963
(3-26.5 1976 (3-25-4) 1989
(32,4.3) | 2002 (3232 2015
(3-2,2-1) 2028 (3-2-12) | 2067
(3.2-2.3) 2080 (3.-2.34) 2093
(3-2,4,5) 5106 (3-2.5,6) | 2119
3267 2132 B.2.78) 2145

It follows that there are no possible integer values for

—~

Vaa, Vb, V13a, V13p) in all cases.

o x(u'?) = mix(2a) + max(2b) and x(u?) = max(5a) + max(5b) where

(mlvaam37m4) € {(7374a150) ( 3 4 O 1)a( 374 8 7) ( 3 4 7 76)7(73a436775)a
(—3.4,5,—4), (=3,4,4,—3), (=3,4,3, ~2), (-3,4,2, -1), (3, 4, 7 2),(=3,4, -2,3),
( 3 4 -3 4) ( 3 4 —4 5)7( 374a =5 6) ( 3747_677) ( 37 ) a )} Applylng
Prop051t10n 5, we obtaln

p3(u, X2, %) = 55(2471) > 05 pun(u, x2, %) = 55(=271) > 0;
o (u, X6, %) = %(24’)/2 +28) > 0;  ps(u, X6, *) = 55 (—2472 + 128) > 0;
pa(u, x21,%) = 55(a + k) > 05 pua(u, x21, %) = 55(—va + k) > 0.

where the corresponding k-values to the above cases are:

“ (mlanl27m3am4> l k H (m17m27m37m4) l k H
(3,4,1,0) 2041 (3,4.0.1) 2054
(348-7) 1950 ( Y1963
( Y1976 ( ) 1989
(344.3)  [2002| (3432 | 2015
(33,4,2,1) 2028 (3,4-1,2) | 2067
( ) ( )
( ) ( )
( ) ( )

2080 2093
2106 2119
2132 2145
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It follows that there are no possible integer values for (voq, Vo, V134, V135) in all cases.
Case (viii). Let u € V(ZG) where |u| = 39. Using Propositions 2 & 3,
V3q + V130 + V13p = 1.
Consider the cases x(u'®) = x(3a) and x(u?®) = m1x(13a) + max(13b) where
(mla mQ) € {(17 O)v (Oa 1)7 (97 78)7 (87 77)7 (77 76)7 (67 *5)7
(5’ _4)a (4’ _S)a (37 _Q)a (27 _1)a (_17 2)’ (_27 S)a
(=3,4),(—4,5),(-5,6),(—6,7),(—7,8),(—8,9)}.
Applying Proposition 5, we obtain:
a3 (u, x2, %) = 55(12034 +27) > 05 pio(u, X2, %) = 35(—24vs, + 24) > 0;
p1(u, X2, %) = 55(—v3q +27) > 0.
It follows that there are no possible integer solutions for (V34, V134, V13b)-
Case (ix). Let u € V(ZG) where |u| = 65. Using Propositions 2 & 3,
Vsa + V130 + V136 = 1.
Consider the cases x(u'?) = x(5a) and x(u®) = m1x(13a) + max(13b) where
(m1,m2) € {(1,0),(0,1), (9, -8),(8,-7),(7,-6), (6, 5),
(57 _4)1 (47 _3)7 (37 _2)7 (27 _1)7 (_17 2)7 (_27 3)7
(—3,4),(—4,5),(=5,6),(—6,7),(—7,8),(—8,9)}.
Applying Proposition 5, we obtain:
pio(u, X2, %) = 55 (48U50 +30) > 0;  pas(u, x2, %) = g5 (—12u5, + 25) > 0.
It follows that there are no possible integer solutions for (Vsq, V134, V13b)-

!/

We shall now consider the prime graph of G = 2F,(2)’. G contains elements of order 6 and 10.
Therefore [2,3] and [2,5] are adjacent in 7(G) and consequently adjacent in w(V(ZG)). Clearly
m(G) = 7(V(ZQG)), since there are no torsion units of order 15, 26, 39 and 65 in V(ZG). This
completes the proof.

4. PROOF OF THEOREM 3
Let G = 2Fy(2). Clearly |G| = 35942400 = 2'2 .33 .52 .13 and ezp(G) = 3120 = 2* -3 -5 13.
Initially, for any torsion unit of V(ZG) of order k:
Vog + Vab + V3q + Vag + Vab + Vac + Vsa + Vea + V8a + Veb + Vac
+ V10a + V12a + V13a + Vi6a + Vi6b + Vad + Viae + Vay + Vag
+ vgq + Vge + V12 + Vize + Vige + Vied + V204 + V2op = 1

For the purpose of this paper, we shall consider torsion units of V(ZG) of order 2, 3, 5, 10, 15, 26,
39 and 65. We shall now consider each case separately.

Case (7). Let u € V(ZG) where |u| = 2. Using Propositions 2 & 3,
Voq + Vop = 1.
Applying Proposition 5, we obtain the following system of inequalities:
pa(u, X3, %) = 5(47 +52) > 05 po(u, x3,%) = §(—47 +52) > 0
where v = 3vg, — vgp. Clearly v € {k | —13 < k < 13}. Tt follows that the only possible integer
solutions for (vaq, vap) are listed in part (i) of Theorem 3.
Case (i1). Let u € V(ZG) where |u| = 3. By Proposition 2, v, = 0 for all
kx € {2a,2b,4a,4b, 4c, 5a, 6a, 8a, 8b, 8¢, 10a, 12a, 13a, 16a,
16b, 4d, 4e, Af, 4g, 8d, 8e, 12b, 12¢, 16¢, 16d, 20a, 20b}.
Therefore, u is rationally conjugated to some element g € G by Proposition 4.
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Case (ii1). Let u € V(ZG) where |u| = 5. By Proposition 2, v, = 0 for all
kx € {2a,2b, 3a,4a, 4b, 4¢, 6a, 8a, 8b, 8¢, 10a, 12a, 13a, 16a,
16b, 4d, de, Af, 4, 8d, 8e, 12b, 12¢, 16¢, 16d, 20a, 20b}.
Therefore, u is rationally conjugated to some element g € G by Proposition 4.
Case (iv). Let u € V(ZG) where |u| = 10. Using Propositions 2 & 3,
Voa + Vb + Vsa + V10a = 1.

Let 1 = 6124 — 219y — Vs + Vi0a, Y2 = 14v24 — 2005 + 3V54 — V10a, V3 = 924 + Vab, Y4 = Slog — 11ugy
and 5 = 31y, + 1519y + V54 + V104 We shall now separately consider the following cases involving
x(u™) for n € {2,5}:

X(6) = m1x(2a) + max(26) and x(u?) = x(5a) where (my, ms) € {(1,0),
(0, 1) (—1,2)}. Applying Proposition 5, we obtain:

pro(u, x3,%) = 15 (=871 + k1) = 0; s (u, x3,%) = 75(871 + k2) > 0;
pro(u, X8, %) = 15 (42 + k3) > 05 pa(u, xs,%) = 15(72 + k) > 0;

15 (u, xs, %) = 15 (=42 + ks5) = 05 po(u, x10,%) = 75(—1673 + kg) = 0;
ps(u, X10,%) = 75(1673 + k7) > 05 puo(u, X14, %) = 15(4va + ks) > 0;

115 (u, X14, %) = 75(—47a + ko) > 0
where the values for k;’s and corresponding (my, m2) values are as follows:
l (mlva) H (k17k27k37k43k57k67k7ak87k9) ‘
(1,0) (48,72,104, 61,76, 280, 320, 386, 324)
(0,1) (64,56, 88,77,92,296, 304, 370, 340)
(—1,2) |l (80,40,72,93,108, 312,288,354, 356)

It follows that the only possible integer solutions for (va4, Vop, V134) are
(Oa 07 57 _4)7 (07 07 Oa 1)) (_17 1a 07 1)7 (17 1a 0) _1)? (Oa _47 57 0)’ (07 27 Oa _1)7 (_1a _37 57 O)a
(=1,-3,0,5) and (2,2,0,—3) in all cases.

o x(u®) = 2x(2a) — x(2b) and x(u?) = x(5a). Applying Proposition 5, we obtain:
po(u, x3,%) = L(271 +22)>0; polu,xs,*) = %(—871 +32) > 0;
po(u, xs, %) = 15(4v2 + 120) > 05 ps(u, xs, %) = 1—10(—472 +60) > 0;
11 (u, xs, %) = %(72 +45) > 0;  ps(u, x10,%) = 1—10(1673 +336) > 0;
tio(u, X105 %) = 75(—1673 +264) > 0;  po(u, x12, %) = 75 (47 + 346) > 0;

pio(u, x14, %) = 15(475 + 402) > 0.

Clearly v € {-11,-6,-1,4}, 2 € {4+ 5k | -b <k <2} andy3 € {4+5k| -5 <k
follows that the only possible integer solutions for (vaq, vop, V134) are (—1,—1,0,3), (=1, —
(0,4, —5,2) and (0,4,0, —3).

o x(u®) = —2x(2a) + 3x(2b) and x(u?) = x(5a). Applying Proposition 5, we obtain:

)

15 (s X3, %) = 75 (871 +24) > 05 pua(u, X3, %) = 15(=27 + 14) > 0;
to(u, X8, %) = 15 (4y2 +56) > 0; s (u, xs, %) = 15(—4y2 + 124) > 0;
p1(us X8, %) = 15(v2 +109) > 05 pus(u, x10, %) = 75(1673 + 272) > 0;
f1o(u, X10, %) = 15(—1673 +328) > 0; o (u, x12,%) = 15 (4va + 282) > 0;

pro(u, X14, %) = 15475 + 338) > 0.
Clearly vq € {—3,2,7}, 72 € {-9,1,11,21,31} and v3 € {3+ 5k | —4 < k < 3}. Tt follows that
the only possible integer solutions for (vaq, vap, 1134) are (0,—2,0,3), (0, —2,5,—-2), (1,3,—5,2) and
(1,3,0,-3).



TORSION UNITS 13

o x(u®) = 3x(2a) — 2x(2b) and x(u?) = x(5a). Applying Proposition 5, we obtain:
pa(u, X3, %) = 15(271 +6) > 05 po(u, x3, %) = 15(—8v1 4 16) > 0;
1 (u, xs, %) = 76 (y2 +29) > 0; ps(u, xs, %) = 15(—4v2 + 44) > 0;
15 (u, X10, %) = 75(1673 4 352) > 0;  pio(u, x10, %) = 15(—1673 + 248) > 0;
o (U, X145 %) = %(475 +418) > 0.
Clearly v1 € {—3,2} 72 € {—29,-19,-9,1,11} and 3 € {3+ 5k | =5 < k < 2}. It follows that the
only possible integer solutions for (vaq, Vap, V134) are (—2,—2,0,5) and (1, 3,0, —3).
o x(u®) = —3x(2a) + 4x(2b) and x(u?) = x(5a). Applying Proposition 5, we obtain:
pis (X3, %) = 16 (8y1 +8) > 05 pa(u, x3,%) = 15(—271 — 2) > 0;
to(u, xs, %) = 15 (4y2 +40) > 0;  pa(u, xs,%) = 75 (=72 + 25) > 0;
15 (u, X105 %) = 75(1673 4+ 256) > 0;  pio(u, X10, %) = 15(—1673 + 344) > 0;
po(u, X1a, %) = 75 (475 +322) > 0;  ps(u, x14, %) = 75(—475 + 388) > 0.

Clearly v1 = —1, 72 € {-5,5,15,25} and 73 € {4 + 5k | —4 < k < 3}. It follows that there are no
possible integer solutions for (va4, Vop, V134) in this case.

Case (v). Let u € V(ZG) where |u| = 13. By Proposition 2, vy, = 0 for all
kx € {2a,2b, 3a, 4a, 4b, 4¢, 5a, 6a, 8a, 8b, 8¢, 10a, 12a, 16a,
16b,4d, 4e,4f,4g,8d, 8e, 12b, 12¢, 16¢, 16d, 20a, 20b}.

Therefore, u is rationally conjugated to some element g € G by Proposition 4.

Case (vi). Let u € V(ZG) where |u| = 15. Using Propositions 2 & 3,

V3q + Vsq = 1.
Applying Proposition 5, we obtain the following system of inequalities:
5 (u, X3, %) = 15(87 +62) > 0; o (u, x3,%) = 15(—167 +56) > 0

where v = v3, — v5,. Clearly v = —4 and there are no possible integer solutions for (v34, V54)-

Case (vit). Let u € V(ZG) where |u| = 26. Using Propositions 2 & 3,

V2q + Vap + V130 = 1.

Let v1 = 3voq — oy, y2 = Tvoq — oy and y3 = —20v5, — 4oy +1134. We shall now separately consider
the following cases involving x(u™) for n € {2,13}:

o x(u?) = mix(2a) + max(20) and x(u?) = x(13a) where (my,ms) € {(1,0),
(2,-1),(-1,2),(-2,3)}. Applying Proposition 5, we obtain:

p13(u, X3, %) = 55 (4871 + k1) > 05 puo(u, X3, %) = 55 (—4871 + k2) > 0

where (k1,k2) = (64,40) when (mq,m2) = (1,0), (k1,k2) = (80,24) when (my,mso) = (2,—1),
(k1,ke) = (32,72) when (my,mq) = (—1,2) and (k1,k2) = (16,80) when (mq,mz2) = (-=2,3). It
follows that there are no possible integer solutions for (v, Vo, V134) in all cases.

o y(u'?) = —3x(2a) + 4x(2b) and x(u?) = x(13a). Applying Proposition 5, we obtain:
ps(u, X3, %) = 55(4871) > 05 pa (u, x3,%) = 55(—471) > 0;
pio(u, X8, %) = 55(2472 +28) > 0; pas(u, xs, %) = 55 (—2472 + 128) > 0.
It follows that there are no possible integer solutions for (vaq, Vap, V134)-
o x(u'?) = x(2b) and x(u?) = x(13a). Applying Proposition 5, we obtain:
p13(, X3, %) = 55 (4871 +48) > 05 pug(u, x3,%) = 55 (—4871 + 56) > 0;
pio(u, Xs, %) = 55 (2472 + 76) > 05 pu13(u, xs,%) = 55 (—247y2 + 80) > 0;
pu1(t; X105 %) = 55 (73 +303) > 0.
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It follows that there are no possible integer solutions for (vaq, Vap, V134 )-

o x(u'®) = 3x(2a) — 2x(2b) and x(u?) = x(13a). Applying Proposition 5, we obtain:
pa(u, X3, %) = 55(471 +8) 2 0; po(u, X3, %) = 35(—48y1 4+ 8) > 0;
pio(u, X8, %) = 55(2472 +124) > 0;  pas(u, xs, %) = 55(—2472 + 32) > 0.

It follows that there are no possible integer solutions for (va,, vap, V134)-

Case (viii). Let u € V(ZG) where |u| = 39. Using Propositions 2 & 3,
V3q +Vi3a = 1.

Applying Proposition 5, we obtain the following system of inequalities:

p1s(u, X3, %) = 35(24vs +54) > 05 po(u, x3, %) = 35(—48v34 4 48) > 0;
,Ltl(u, X3, *) = %(_21/3& + 54) Z 0.

Clearly v3, = 1 and there are no possible integer solutions for (v34, 5,).

Case (ix). Let u € V(ZG) where |u| = 65. Using Propositions 2 & 3,
Vsa + V13a = 1.

Applying Proposition 5, we obtain the following system of inequalities:

po(u, X3, %) = a5 (96U54 + 60) > 0;  p1s(u, x3, %) = g= (—24v54 + 50) > 0;

Clearly there are no possible integer solutions for (vs4, V134)-

We shall now consider the prime graph of G = 2F4(2). Again, G contains elements of order 6

and 10. Therefore [2,3] and [2,5] are adjacent in 7(G) and consequently adjacent in w(V(ZQ)).
Clearly m(G) = w(V(ZG)), since there are no torsion units of order 15, 26, 39 and 65 in V(ZG).
This completes the proof.
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