-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by ChesterRep

Noname manuscript No.
(will be inserted by the editor)

Higher order numerical methods for solving fractional
differential equations

Yubin Yan - Kamal Pal - Neville J Ford

Received: date / Accepted: date

Abstract In this paper we introduce higher order numerical methods for solving
fractional differential equations. We use two approaches to this problem. The first
approach is based on a direct discretisation of the fractional differential operator: we
obtain a numerical method for solving a linear fractional differential equation with
order 0 < o < 1. The order of convergence of the numerical method is O(h>~%).
Our second approach is based on discretisation of the integral form of the fractional
differential equation and we obtain a fractional Adams-type method for a nonlinear
fractional differential equation of any order o > 0. The order of convergence of the
numerical method is O(h?®) for & > 1 and O(h'™2%) for 0 < & < 1 for sufficiently
smooth solutions. Numerical examples are given to show that the numerical results
are consistent with the theoretical results.

Keywords Fractional differential equation - finite difference method - Caputo
fractional derivative - error estimates

Mathematics Subject Classification (2000) 26A33 - 65L70 - 65105

Y.Yan

Department of Mathematics, University of Chester, CH1 4BJ, UK
Tel.: +44-1244-513350

Fax: +44-1244-511000

E-mail: y.yan@chester.ac.uk

K. Pal

Department of Mathematics, University of Chester, CH1 4BJ, UK
Tel.: +44-1244-513350

Fax: +44-1244-511000

E-mail: kamal-pal08 @yahoo.co.uk

N.J. Ford

Department of Mathematics, University of Chester, CH1 4BJ, UK
Tel.: +44-1244-513351

Fax: +44-1244-511000

E-mail: njford @chester.ac.uk


https://core.ac.uk/display/33794747?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

2 Yubin Yan et al.

1 Introduction

We consider numerical methods for solving the fractional differential equation

SDIy(t) = f(t.3(1)), 0<t<T, (1.1)
YO) =y, k=0,1,2,....[a] -1, (1.2)

where the yék) may be arbitrary real numbers and o > 0. Here ngo‘ denotes the dif-

ferential operator in the sense of Caputo denoted by

D130 = g | (=0 )

where n = [a] is the smallest integer > «.

Existence and uniqueness of solutions for (1.1) -(1.2) have been studied, for ex-
ample, in Podlubny [21], Diethelm [8], Diethelm and Ford [10]. Numerical meth-
ods for solving fractional differential equations have been considered by many au-
thors and we mention here a few key contributions. Lubich [18] wrote the frac-
tional differential equation in the form of an Abel-Volterra integral equation and
used the convolution quadrature method to approximate the fractional integral and
obtained approximate solutions of the fractional differential equation. Diethelm [7]
wrote the fractional Riemann-Liouville derivative by using the Hadamard finite-part
integral and approximated the integral by using a quadrature formula and obtained
an implicit numerical algorithm for solving a linear fractional differential equation.
Diethelm and Luchko [13] used the observation that a fractional differential equa-
tion has an exact solution, which can be expressed as a Mittag-Leffler type func-
tion. Then they used convolution quadrature and discretised operational calculus to
produce an approximation to this Mittag-Leffler function. Blank [1] applied a col-
location method to approximate the fractional differential equation. Podlubny [21]
used the Griinwald and Letnikov method to approximate the fractional derivative
and defined an implicit finite difference method for solving (1.1)-(1.2) and proved
that the order of convergence is O(h), where h is the step size. Gorenflo [17] in-
troduced a second order O(hz) difference method for solving (1.1)-(1.2), but the
conditions to achieve the desired accuracy are restrictive. In [11], the authors ap-
proximated the integral in (1.5) by using a piecewise linear interpolation polynomial
and introduced a fractional Adams-type predictor-corrector method for solving (1.1)-
(1.2), proving that the order of convergence of the numerical method is min{2, 1 +a}
for 0 < o <2 if OCDf‘y € C?[0,T]. Deng [3] modified the method in [11] and intro-
duced a new predictor-corrector method for solving (1.1)-(1.2) and the convergence
order is proved to be min{2,1+ 2a} for o € (0,1]. In [22], the authors introduced
a so-called Jacobi-predictor-corrector approach to solve (1.1)-(1.2) which is based
on the polynomial interpolation and the Gauss-Lobatto quadrature with respect to
some Jacobi-weight function and the computational cost is O(N),N = 1/h and any
desired convergence order can be obtained. In [2], a high order numerical method for
solving (1.1)-(1.2) is obtained where a quadratic interpolation polynomial was used
to approximate the integral. Ford, Morgado and Rebelo recently (see [16]) used a
nonpolynomial collocation method to achieve good convergence properties without
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assuming any smoothness of the solution. There are also several works that are related
to the fixed memory principle and the nested memory concept for solving (1.1)-(1.2),
see, e.g., [15], [12], [3], [4], [5], etc.

Two approaches are used in this paper to develop new numerical methods for
solving (1.1)- (1.2). The first approach is based on a direct discretisation of the frac-
tional differential operator in the form proposed by Diethelm [6]. In [7], Diethelm
considered the following linear fractional differential equation, with 0 < & < 1,

§DEy(1) = By(t)+ f(t), 0<t<1, (1.3)
(0) = o, (1.4)

where § < 0, f is a given function on the interval [0, 1]. Diethelm [7] used a first-
degree compound quadrature formula to approximate the Hadamard finite-part inte-
gral in the equivalent form of (1.3)-(1.4) and defined a numerical method for solv-
ing (1.3)-(1.4) and proved that the order of convergence of the numerical method is
O(h?>~%),0 < a < 1. Here we approximate the Hadamard finite-part integral by using
the second-degree compound quadrature formula and obtain an asymptotic expansion
of the error for solving (1.3)-(1.4), which implies that the order of convergence of the
numerical method is O(h*~%),0 < a < 1. Moreover, a high order finite difference
method (O(h*~%),0 < o < 2) for approximating the Riemann-Liouville fractional
derivative is given, which may be applied to construct high order numerical methods
for solving time-space-fractional partial differential equations.

Our second approach for solving the fractional differential equation (1.1)-(1.2) is
based on the discretisation of the integral in the equivalent form of (1.1)-(1.2), see
[11]. Tt is well-known that (1.1)-(1.2) is equivalent to the Volterra integral equation

((X—l_l 1% t
w0 = X G+ Fag 00 @) )

v=0 0

We use piecewise quadratic interpolation polynomials to approximate the integral
in (1.5) and introduce a high order fractional Adams method for solving (1.5) and
prove that the order of convergence of the numerical method is min{3,1+ 2a} for
a € (0,2] if {D%y(t) € C3[0,T). This method has higher convergence order than the
method in [3]. It is easier to implement our numerical algorithm compared with the
method in [22] where the Jacobi-Gauss-Lobatto nodes must be calculated at each time
level. Our method is simpler than the method in [2] in the sense that we are using
a predictor-corrector method and therefore we do not need to solve the nonlinear
system at each time level.

The paper is organised as follows: in Section 2, we consider how we can extend
the Diethelm method for solving a linear fractional differential equation. In Section
3, we consider the fractional Adams method for solving a nonlinear fractional differ-
ential equation. Finally in Section 4, we consider some numerical examples.
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2 Extending Diethelm’s method

In this section we will consider a higher order numerical method for solving (1.3)-
(1.4). It is well-known that (1.3)-(1.4) is equivalent, with 0 < & < 1, to the following
problem:

§DZ (1) —yo] = By(t)+ f(1), 0<1<1, @.1)

where D%y (t) denotes the Riemann-Liouville fractional derivative defined by, with
O<a<l,

Rpa _ 1 i i N
§E9(0) = gy g, 0 dT )

The Riemann-Liouville fractional derivative KD®y(t) can be written as [7]

6Dy(1) = F(ia) ]g(t —u) "% (u)du, (2.3)

where the integral § denotes the Hadamard finite-part integral.

In [7], Diethelm approximated the Hadamard finite-part integral in (2.3) by piece-
wise linear interpolation polynomials and defined a numerical method for solving
(2.1). In this section, we will approximate the Hadamard finite-part integral by using
piecewise quadratic interpolation polynomials.

Let M be a fixed positive integer and let 0 =1y <t; <t < - < b <tyjy1 <-
toy = 1 be a partition of [0, 1] and A the step size. Atnode tpj = 2M, the equation (2 l)
satisfies

6Dy [)’(t2j) —yol = By(2)) + f(12)),  j=1,2,...,M, (2.4)

and at node 111 = 2M , the equation (2.1) satisfies

gD;x[y(tszrl)_yO]:ﬁy(t2]+])+f(t2j+l)’ ]:071727aM_1 (25)

Let us first consider the discretisation of (2.4). Note that

1 nj L ne oo

0D (1)) = m]ﬂ (=) a)’(f)dfzr(ia)fg w2 —taw) dw.
(2.6)

For every j, we replace g(w) = y(t2; —t2;w) in the integral in (2.6) by a piecewise

quadratic interpolation polynomial with equispaced nodes 0, 5 257 221 ey 35 We then
have

1 1
}1{ wol-e gw)dw = f w_l_“gz(w)dw—i-jo(g), 2.7
0 0

where g (w) is the piecewise quadratic interpolation polynomial of g(w) with equis-

paced nodes 0, 4 3 22] ey 2] 4 and Ry;(g) is the remainder term.
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Lemma 2.1 Let 0 < ax < 1. We have

! - 2] k
o dw = O 2 PN A 2.8
fo =Y aris(5;) @8)
where
27 +2), forl =0,
(—a)2> ¢, forl=1,
(o) (—27%x) + %Fo(Z), forl =2,
N~ —F(k), forl=2k—1,
—o)(—a+D(—o+2)2)) %oy =
(o) (—o+1)(—a+2)(2)) % oyp; s
LAWK +Fk+1)),  forl=2k
k=23,...,j—1,
%FZ(j)v forl=2j,

Fo(k) =(2k — 1)(2k) ((2k)*°‘ — (2k —2)*“) (—a+1)(—a+2)
- ((2k— 1) +2k) ((Zk)‘““ - (2k—2)‘°‘+1> (—a)(—a+2)

+ ((2/<)*°C+2 ~ (k- 2)*‘”2) (—a)(—a+1),

Fi (k) :(2k—2)(2k)((2k)*“ - (2k—2)’°‘) (ot +1)(—a+2)
- ((2k—2) +2k) ((2k)*0‘+1 - (2k—2)*“+1) (—a)(—a+2)
+ ((2k)‘“+2 (2% 2)—‘“2) (—a)(—o+1),
and
Fa(k) =(2k — 2)(2k — 1)((2k)‘“ - (2k—2)“"> (o +1)(—a+2)
- ((2/(*2) +(2k— 1)) ((2k)—°‘+1 - (2k72)‘°‘+1)(7a)(7a+2)

+ ((2k)*a+2 - (2k—2)*‘”2) (—a)(—a+1).

Proof For fixed 2, let 0 < % < 22—1 << % =1 be a partition of [0, 1]. Denote
i

Wi = 55, 1=0,1,2,...,2j. We then have, fork=1,2,...,J,
(w—wy_1)(w—way)
W2 — War—1)(Wak—2 — W)

(W —wa—2) (W —wa)
(War—1 —war—2) (Wak—1 — wak
(w—wa2)(Ww—wy_1)
(Wak —wak—2) (Wak — Wak—1

g(w) = ( g(wa—2)

j g(wa—1)

)g(Wzk), forw e [Wzkfg, Wok | - 2.9)
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Let us now consider

W2j

-1 i %) Wy |
}{ w % (w)dw = [7{ + +---+/ }vf “%gr(w)dw.
0 0 Jwy w22

By the definition of the Hadamard finite-part integral [6], we obtain

%sz-l-“gxw)dw:igzw)_“;z)_“+ [ [ )]
_ 2“ 2O+ [ W ga(w) - 2(0))

S (—a)2j)
(2.10)

By using (2.9), we have

gw)w™ " %dw

¢ ~ a
BRI +/ .

2

(w2 — (w1 + wz)w>g(0)

_ 2” (OC+2) 22—
= Caarna+2e) 0" Carncaraen <™
_zfaa
T —g(w2).

(—a+1D)(—a+2)(2))

Similarly we have, after a simple calculation,

Wok+2

(a)(—a+1)(—a+2)@) “ |

"2k

ow)w 1" %dw

= SRo(R)g(wak2) + (~DF (k)gw 1) + 5 Fa(K)glw),

where F;(k),i =0,1,2 and k = 2,3, ..., j are defined as above.
Together these estimates lead to (2.8) and the proof of Lemma 2.1 is complete.

Next we consider the discretisation of (2.5). Atthe node 541 = 2 M ,j=1,2,.

1 we have
S8 (2s01) = g e =) (@)
oy Y\2j+1 _F(fot).() 2j+1 y

L o a8 A
F(—C{)/() (t2j+1_T) 1 Oty('[)dfﬁ‘l_‘(f:_a)% R ay(t2j+l_t2j+1W)dW.
(2.11)
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Line - fora = 1/4

Line -. fora = 1/2

Line - fora =3/4

L L L L
5 6 7 8 9 10

Fig. 2.1 The weights oy 1o of the approximation of the fractional derivative with the different fractional
order o

For j =1,2,. — 1, we replace g(w) = y(t2j4+1 — t2j+1w) in the integral in

(2.11) by a piecewise quadratlc interpolation polynomial with equispaced nodes O 2

) 1 /+1 Y210
We then have, for any smooth function g(w),
2j 2j

fgm w g (w)dw = fgm WY (w)dw+ Ry (g),  (212)

where gg( ) is the piecewise quadratic interpolation polynomial of g(w) with the

2 2j . i i
nodes 0, 2J+1 VRT3 and R;j1(g) is the remainder term.

Similarly we can prove the following lemma.

Lemma 2.2 Let 0 < ot < 1. We have

2

J
T g k
f[i) w g2(w) dw—Zakszg(z +1) (2.13)

where Oy 51 = O, k=0,1,2,...,2j and oy »; are given in Lemma 2.1.
Remark 2.1 By the direct calculations, we can show that, with 0 < ot < 1,

27%a+2)
O(—at ) (—at2)2)) @
and oy »; > 0 for k > 0, k # 2. For k = 2, there exists a; € (0,1) such that ap>; > 0
forO<a<opand oy <00y <a<1.

To see the weights o »;, k =0,1,2,...,2j, in Figure 2.1, we plot 0y o for [ =
0,1,2,...,10 with the different fractional order ¢ = 1/4,1/2,3/4.

%02j == <0, (2.14)

Now solutions of (2.1) satisfy, with j =1,2,... M,

1 2j 2j
;0 (=) f(12)) O 2jy(t2j—1) +Y0 Y, 02 —R2j(8)],
®02; tsz( a)B 2j J Z JINZj= k;) 2J J

(2.15)

y(t2j) =

2j

‘,m.
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and, with j=1,2,... M —1,

1 [ o 2J
L I'(—o)f(tajr1) — ) Ogoiv1y(t2ir1—
o 2je1 — 135 T (—a)B L (o) f(t2j+1) k; e 2j+1Y(2j+1-k)
2] 1 1
+YOZO‘k,2;+1—sz+1(g)—t§‘j+1/0 (thjr1—17T)~ *“y(r)dr]. (2.16)
k=0

y(tj+1) =

Here o —t/I'(—a)B <0, 1 =2j,2j+ 1, which follow from (2.14) and I'(— o) <
0,8 <0and @p2j+1 = 0.

Let y2; ~ y(t2j) and y2j41 =~ y(t2j+1) denote the approximations of the exact
solutions y(f2;) and y(t2j11), respectively. Assume that the starting values yo and
y1 are given. We define the following numerical methods for solving (2.1), with
i=1,2,....M,

| [a 2j 2j
= il (=) f(trj) — Y Ok2jy2j—k+Y0 Y Cio }, (2.17)
oz~ T a)p Y )= L ka2t 30 Y O

and, with j =1,2,... M —1,

Y2

1 2
V2j+1 = [fa‘ L(—a)f(t2js1) — Y Crojr1Y2j41-k
J a0,2j+1 _lngr]F(_a)ﬁ 2j+1 J kg,] JH12j+
2] 5]
+y0 Y, O2jit _tgj+1/0 (t2j41 — 7)717QY(7)dT] : (2.18)
k=0

Remark 2.2 Tn practice, we need to approximate [y' (t2j+1 —7)~'~%y(7) d7. One way
is to divide the integral [0,#] into small intervals 0 < tll < t12 <. < t{v =1, with
stepsize i < h. We first obtain Vip = y(tf), p=1,2,...,N by using some numeri-
cal methods for solving fractional differential equation. Then we apply a quadrature
formula to approximate the integral.

We have the following asymptotic expansion theorem.

Theorem 2.1 Let 0 < o < 1 and M be a positive integer. Let 0 =1y < 1] < 1) <
- <hj <thjy1 < -+ <ty =1 be a partition of [0,1] and h the step size. Let
Y(2),¥(t2j+1),y2j and y2j1 be the exact solutions and the approximate solutions
of (2.15) - (2.18), respectively. Assume that the function y € C"+2[0,1], m > 3.
Further assume that we obtain the exact starting values yo = y(0) and y; = y(t1).
Then there exist coefficients ¢y = cy(@) and ¢y, = cj, (@) such that the sequence

u
{m},1=0,1,2,...,2M possesses an asymptotic expansion of the form

*

m+1 u
Y(tom) =y = Y, cu@M)*F 4+ Y ¢f (2M) " +o((2M)* ), for M — oo,
u=3 n=2
that is,
m+1 u*
Y(tam) =y = Y, cuh* "4+ Y i +o(W"TY), forh—0,

u=3 u=2
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where U* is the integer satisfying 2u* <m—+1—o < 2(u*+1), and cy and ¢y are
certain coefficients that depend on y.

To prove Theorem 2.1, we need the following lemma for the asymptotic expan-
sions for the remainder terms R,;(g) and Ry j4+1(g) in (2.7) and (2.12).

Lemma2.3 Let 0 < a < | and g € C"*2[0,1],m > 3. Let Ry;(g) and Rpj+1(g)
be the remainder terms in (2.7) and (2.12), respectively. Then we have, with | =
2,3,...,27,2j+1,...,2M,

m—+1 u*
Ri(g)=Y du* "+ Y dil 2 +o(1% "), (2.19)
u=3 n=2

where |1* is the integer satisfying 2u* <m+1—o <2(u*+1), and d, and d; are
certain coefficients that depend on g.

Proof We follow the proof of Theorem 1.3 in [14] where the piecewise linear La-
grange interpolation polynomials are used.

We first consider the case [ =2jfor j=1,2,... . M. LetO=wo <w| <wp <--- <
woj=1,w = %,k =0,1,2,...,2j be apartition of [0,1]. Let h; = 2% be the step size.
Let g>(w) denote the piecewise quadratic Lagrange interpolation polynomial defined
by (2.9) on [wy;,wa42],1 =0,1,2,...,j— 1. Then we have

Roile) = f W gn) v f w )

W2i+2

Jj—1 !
=Y wol-a (g(W)—gz(W)> dw = Z/ (woy +2hys) 17 [g(sz+2h1S)
=0 7w 1=070

1 1
— (525 = 1) (25~ 2)gwar) = (25)(25 = 2)gwarr1) + 5 (29)(25 = Dgwarr2) ) | 21 ds.
By using the Taylor formula, we have

g (W +2hs) g (wy +2hys)

g(war) = g(way +2hys) + (—2hys) + (—2hys)?

1! 2!
" M)
g" (woy +2h1s) g( (w4 2h1s) 1
§ T (<2hs) e+ T(thls)m+R£nil,
"(way +2hys "(woy +2hys
gwars1) = g(wa +2h1s) + %(hl —2hys) + %(hl —2hys)?

" (woy +2h1s
L8 ( 213' 15)

g(wari2) = g(way +2h1s) +

" (yoy +2h1s
L8 ( 213' 15)

(hy — 2hys)" + R

(hy —2hys)> +---+ iy

g’(wzz + Zhls)
1!

g(m) (W2[ + Zhls)
!

g"(w21 + 2h1s)

(2hy —2hy5) + 5

(2hy —2hys)?

(m) (Wz[ + 2h1S)

R (2hy — 2hys)" + RY)

m+1°
(2.20)
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)

mi1,1 = 1,2,3 denote the remainder terms. Thus we obtain

where R

sz =(2hy) Z/ (wor 4 2h1s) -1= a{Zhr+3 (r+3)(wz1+2h1s)7rr(s) ds
=0

+(2h1)):/0 (war + 2h1s) i (s)ds = I +11,
=0

)

where €,,11(s) depends on the remainder terms R, ', |,

functions of s.
For I, we have

i=1,2,3 and 7,(s) are some

m—3 S| j—1
=Y nt /0 [2h1 Y (way +2h15) =) (woy + 20y 5) | () ds.
r=0 =0

Applying Theorem 3.2 in [20], we have, with w; = wy, hy =2hy,

-1
201 Y (wor +215) ") (w4 20y5)
i=0

-1
=h Y, (9 +hs) % (08, + hus)
0

m—r—2

=
m—r—3 . .

= Y aj@h+ Y ao(s)h] *+o(hy ),
Jj=0 Jj=0

with some suitable functions a(s), j= 0,1,...,m—r—3and ag ;(s), j=0,1,...,m—
r—2,withr=0,1,2,....m—3,m>3.
Hence we have, noting that &, = (2j)7!,
1 m—r-=3

m—3

I= Z;ﬁw[/ Z aj(s)hl m.(s ds}
r=0 0
m—3 ]m—r—2

+Z6h%+r[/0 ,;) a0, ()] 7 (s)ds)| +o(h]!)

m—3m—r—3

=Y X [/Olam 7 (s)ds | 17+

r=0 j=0

m—3m—r—2

Xy [ a0 (61 5)as] 7 o

m+1
=Y du(2))* “+Zd* 27) 7 4 o((25)™™ N, (2.21)
u=3 u=2

where u* is the integer satisfying 2u* <m+1—a <2(u*+1), and dy and dj; are
certain coefficients that depend on g. We remark that the expansion does not contain
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any odd integer of powers of (2j) which follows from the argument in the proof of
Theorem 1.3 in [14].
For 11, we have, following the argument of the proof for Theorem 1.3 in [14],

i1
11 = 2hy Z/ (wat+218) """ %1 () ds = o((2))%™ ).
=070

Thus (2.19) holds for [ = 2.
Next we consider the case [ =2j+ 1. Denote wy; = 2}%, Woio = %—ﬁ and hy =

1
251 We have
2j 2j

Ryjui(g)= 47wt gy aw— 47w g wyaw

= /_ZI/WZHZ W_l_a(g(w) —gZ(W)) dW:ji‘;/Ol(sz-FZhlS)_l_a [g(w21+2h1s)

1=0"w2
1 1
— (525 = 1) (25=2)gwar) = (29)(25 = 2)gwarr1) + 5 (29)(25 = Dgwarr2) ) | (21 ds.
Following the same argument as for the case I = 2j, we show that (2.19) also holds
for [ = 2j+ 1. Together these estimates complete the proof of Lemma 2.3.

Proof (Proof of Theorem 2.1)
We follow the proof of Theorem 2.1 in [14] where the piecewise linear Lagrange
interpolation polynomials are used to approximate the Hadamard finite-part integral.
Let us fix #; = c to be a constant for / = 1,2,...2M. We will investigate the differ-
ence

e :y(ll)fyl, forl — oo, witht; =1lh= ﬁ =c,
where h = 1/(2M) is the step size. In other words, there is a constant ¢, independent
of M, such that
I=c-(2M), orM=1/(2c),
and consequently, we see that if e; possesses an asymptotic expansion w. r. t. [, then
ey possesses at the same time one w. 1. t. M, and vice versa.

We shall prove
m+1 u
e =yt)—y = Z cu(2M)*H + Z cL(ZM)*z‘l +o((2M)*™™ 1) for | — oo,
u=3 u=2

(2.22)
for some suitable constants cu,cz which we will determine later.
Let us first consider the case [ = 2j. Subtracting (2.17) from (2.15), we have,
noting tp; = (2j)h = 22—1{,, =c,

1
00,2 = (537) L' (

2
e = “o)p {_kglakgj()’(%k) —Y2j-k) —sz(g)}
2j

1
T (—a)B — a2, (k; O pje2j—k+ Ry j(g)) : (2.23)
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Note that g(-) = y(r2; —12j-) € cmt? [0,1], m > 3, we have, by Lemma 2.3,

*

m+1
Ry(g Zdﬂ 25)% “+Zd* 27) 7 4 o((2) ™), forj oo, (2.24)
U= U=

where p* is the integer satisfying 2u* <m+1—o <2(u* +1), and dy, and dj, are
certain coefficients that depend on g.
Note that (2f)/(2M) = ¢, we can write (2.24) into

*

m+1
Ryj(g Zd (2M)*H 1 Zd* (2M)H £ o((2M)* ™ 1), for j — oo, (2.25)
u=3 u=2
Choose
1 -
= d =3,4,... 1 2.26
CI.L —Car(—a)ﬁ—l/a Mo ,LL LS am+ I ( )
1
e = d, u=12,...,u* (2.27)

—coT(—o)B—1/a ¥’
we will prove below that (2.22) holds for the coefficents c#,cz defined in (2.26) and
(2.27).

We shall use mathematical induction to prove (2.22). By assumption ¢y = 0,e; =
0, hence (2.22) holds for [ = 0, 1 with the coefficients given by (2.26) and (2.27). Let
us now consider the case for / = 2. We have, noting that ¢t ; = = 2 %{at2)(2Mc)?

(i) (—ar2) &nd
applying Lemma 2.3,

ez=y(tz)—y2=car( l)ﬁ 0o (Zakzez k+R2(g))

= A 1)B o [("fcﬂ 2M)* “+Zc (2M) 72 +o((2M) "))
'(Z 02— 02 +Ralg)|. (2.28)
=0

Thus we get, noting that Zk 00k2=—1/aand ap> = %%
[ 27%a+2)(2Mc)”
(—o)(

—o+1)(—a+2)

m+1
[Zc# (2m)*~ “+Zc (M) o((2M)* 1y

—c“r(—a)ﬁ}ez

*

m+1
=Y d.2m)” Zd* (2M) 2 - o((2M)% 1)
u=3 p=

reaEmt (R -
Calarardl L “+uzc (2M) 2 + o230,

(2.29)
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This shows that the sequence e; possesses an asymptotic expansion with respect to
the powers of 2M, and it is easy to check that, by comparing with the coefficients of
powers of (2M), see [14],

*

m+-1
e = Zc 2Mm)*~ “—i—Zc (M)~ +o((2M)* 1),
u=3 u=2
Assume that (2.22) holds for / =0, 1,...,2j — 1. Then we have, following the
same argument for (2.29), noting Zii 0 %.2j = —1/a and applying Lemma 2.3,

2*a(a+2)(ch)a .

o)(—a+1)(—a+2)
1 m+1
a[zcu (M)~ “—|—Zc (2M) 2k 4 o((200)% 1)
p= p=
m+1 u*
- Y d.em)” Z Iy (2M) 2 4 o((2M)* )
u=3 n=2

2% +2)(2Mc)* o a—m—
Calaina iDL, ”HZC (2) = o(2M)* 7).

(2.30)

This shows that the sequence e; possesses an asymptotic expansion with respect
to the powers of 2M, and it is easy to check that, by comparing with the coefficients
of powers of (2M), see [14],

*

m+1
e2j =Y cu(2M)* ”—l—Zc M) o((2M)* ).
u=3 n=2

Hence (2.22) holds for [ = 2.

Finally we assume that (2.22) holds for [=0,1,.. 2 j- Then we have, following
the same argument for (2.30), noting Zk 0k 2j+1 = Zk 00%2j = —1/a, jr1 =
02 and applying Lemma 2.3,

[ 27% o +2)(2Mc)*
(—a)(—a+1)(—a+2)

m+1
[Zc# (2m)*~ “+Zc (M) o((2M)* 1y

—c“r<—a>ﬁ}ezj+1

*

m+1
=Y d.2m)” Zd* (2M) 2 - o((2M)% 1)
u=3 p=

reaEmt (R -
Calarardl L “+uzc (2M) 2 + o230,

(2.31)
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This again shows that the sequence e3;, | possesses an asymptotic expansion with
respect to the powers of 2M, and it is easy to check that, by comparing with the
coefficients of powers of 2M, see [14],

*

m+1 u
erjr1 = Z cu(2M)*H + Z cfl(zM)‘Z“ +o((2M)% =1,
u=3 u=2

Hence (2.22) holds also for / = 2j + 1. Together these estimates complete the proof
of (2.22). Applying [ =2M in (2.22), we get (2.23). The proof of Theorem 2.1 is now
complete.

Remark 2.3 In Theorem 2.1, we assume that y; = y(;) exactly. In practice y; can be
approximated by using the ideas described in Remark 2.2.

3 A higher order fractional Adams-type method

In this section we will consider a higher order numerical method for solving (1.1)-
(1.2). For simplicity we only consider the case where 0 < & < 2 since the case o > 2
does not seem to be of major practical interest [11].

To make sure that (1.1) - (1.2) has a unique solution, we assume that f(u, -) satis-
fies a Lipschitz condition, i.e., there exists a constant L such that

|f(u7x) 7f(u>y)| < L|)ny‘, vxay €R. (31)

Let m be a positive integer and let 0 =1 <11 <t < -+ <lhj <hjy < <
tom = T be a partition of [0,7] and & the stepsize. Note that the system (1.1)-(1.2)
is equivalent to (1.5). Let us now consider the discretisation of (1.5). At node ¢t =
hj, j=1,2,...,m, we have

j 1 n2j
o) =0t T+ gy ) im0 S @)dn G2)

(The second of the initial conditions only for 1 < o < 2 of course). At node t =
Bj+1,j=1,2,...,m—1, we have

1) f2j+1 1 f2j+1 _
Mezje1) = yo + " 'i, +F7(a)/0 (t2j01 =) % f(u,y(u)) du
_ (1) 2j+1 1 /” el
Y0+ T ey o (t2j01 = w)™ (e, y(u)) du

1 Dj+1 . a1 d
Fra ), =0 ) da
f; 1
=50+ B o [Nty =) (w)

1 nj
+m/0 (t2j —w)* " f(u+h,y(u+h))du (3.3)
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We will replace f(u,y(u)) in the integral [y (t2; —u)®~" f (1, y(u)) du in (3.2) by
the following piecewise quadratic polynomial, for t; <u <ty4, [=0,1,2,...j—1
with j=1,2,...,m,

u—=b1)(Uu—1np42
(t(zl - IZIL ;Efzz - tszr+i) UCHCH
(u—1t)(u—t2112)
(tar+1 —tar) (t2141 — 2142
(u—1t2)(u—t2111)
)

(to142 — t21) (2142 — 2141

f(u,y(u)) = Py(u) =

)f(fzm Y(tag1))

)f (ta42,y(t2142))- (34)

Similarly we will replace f(u+ h, f(u+h)) in the integral féz'/ (thj —u)* 1 f(u+
h,y(u+ h))du in (3.3) by the following piecewise quadratic polynomial, for fp; <
u<tyir,1=0,1,2,...5—-1,j=12,....om—1,

(u—ty41)(u—12142)
(t —tar1) (21 — 2142

flu+h,y(u+h)) ~ Qa(u) = )f(t21+17y(f21+1))

(u—t21) (u — t2112)
(2141 = to1) (12141 = t21+2)f(t2’+2’y(t21+2))
(u—t21) (u — 211)
. (35
(t2142 = 121) (12142 —t21+1)f(t21+3>)’(t21+3)) (3.5

We then have the following lemma:

Lemma 3.1 Let 0 < o < 2. We have

2j a—1 .
/0 (0 —w)* P (w)du = Y e s y(5)), (3.6)
k=0
and
1y 2j
J a—1
/0 (2j —w)* ' Qa(w)du =Y cxajf (tes1,y(ts1)), (3.7
k=0
where
1F(0), ifk=0,
ckz:L IR +iR(I-1), ifk=211=1.2,...j—1,
T ala+ 1) (a+2) ~F(l), ifk=20+1,1=0,1,2,...,j—1,

IB(j-1), ifk=2j,
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and
Fo(l) = ala+ 1) ((21'*21)‘“2 - (ijzzfz)““)
+ala+2) (2(2j) —I+1)— (21+2)) ((2]‘—21 gyl (2j—21)a+1)
+(a+ 1)(a+2)((2j—21— 1)(2j—2l—2)) ((2]'—21)“ - (2]'—21—2)“),
F(l) = ala+1) ((2]'*21)‘”2 - (2j72172)“+2)
+ala+2) (2(2j) — @) - (2z+2)) ((21'—21—2)‘”1 - (2,'—21)‘”1)
+(a+ 1)(oc+2)<(2j—21)(2j—21—2)) ((2]'—21)“ - (2j—2l—2)°‘)7
() = ala+1) ((2%21)“+2 - (2j72172)“+2)
+ala+2) (2(2j) @) -2+ 1)) ((21'—21—2)‘”1 - (2,'—21)‘”1)
+(a+ 1)(a+2)((2j—21)(2j—21— 1)) ((2]'—21)“ - (2j—2l—2)°‘)7

Proof This follows from a simple calculation. We omit the proof here.

We now define a fractional Adams numerical method for solving (1.5). Let y; =~
¥(;) denote the approximation of y(;), I = 0,1,2,...,2m. The corrector formula is
defined by

2j-1
N 1 .
ygj:yo+y(<) >—]+7( Y Ck,zjf(thyk)+C2j,2jf(t2j7y§j)>v j=L2,....m,
1 T(a)\ =
(3.8)
and
o =) e s [ g =0 ()
J+ 0 1! F(Ot) o J+ ’
L2l
“V‘m(k;)Ck,ij(thrla)’kJrl)+02j72jf(t2j+lay120j+l))’ j=12,....m—1
(3.9)

The remaining problem is the determination of the predictor formula required to
calculate yP'. The idea is the same as the one described above: we replace f(u,y(u))
and f(u+ h,y(u+ h)) of the integrals on the right-hand sides of equations (3.2) and
(3.3), respectively, by the piecewise linear interpolation polynomials and obtain

. 2j—1
)’1201 =Y0 +y(()l)% + %( Z ak,ij(tkayk) +a2j,2jf(t2jay123§)))a ]: 1727“' ,m,
! (@) \ =
(3.10)
and, with j =1,2,... . m—1,
P (1) 12j+1 1 (4 PP
Y241 = Yo+ Yo 1 + () ( Z ag2j+1.f (te;Yx) +a2j+1,2j+1f(t2j+lay2j+1))7
: k=0

(3.11)
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where the weights are [11]
n*t—(n—a)(n+1)%, ifk=0,

(n—k+2)* ' 4 (n—k)*H —2(n—k+ 1)*! if1 <k<n,
1, ifk=n+1.

ha
Ak pn+1 = m
Similarly, to calculate y**, we replace f(u,y(u)) and f(u+ h,y(u+ h)) in the

integrals on the right-hand sides of equations (3.2) and (3.3), respectively, by the
piecewise constants and obtain

2j—1
W =yo+ 32 +ﬁ L beaif ey J=12m (12)
and
PP (1) 12j+1 1 :
Y2j+1 = Yo+ Yo 7,‘*‘@ bipjsif(te,ye), j=12,....m—1. (3.13)
: k=0
where the weights [11]
ha
%H4:E(m+1—m“—m—mﬂ. (3.14)

Our basic fractional Adams method, is completely described now by equations
(3.8) - (3.13).

Remark 3.1 In practice, we need to approximate the integral in (3.9). We shall use
the same ideas as in Remark 2.2.

We have thus completed the description of our numerical algorithm. The remain-
der of the paper will be devoted to the error analysis of the scheme.
We have the following theorem.

Theorem 3.1 Let 0 < o < 2 and assume that {D*y € C3(0,T) for some suitable
chosen T. Let () and yi,k =0,1,2,...,2m, tr,, = T be the solutions of (3.2), (3.3),
(3.8), (3.9), respectively. Assume that yy = y(0) and y; = y(t1) exactly. Then there
exists a positive constant Co > 0 such that

max |y(1) —

| Coh't?* ifo<a<l,
0<k<2m Yk

Coh3, ifl<a<2.
To prove this theorem, we need some lemmas.

Lemma 3.2 ( Theorem 2.4 [11]) Let 0 < o« < 2. If z € C'[0, T}, then there is a con-
stant C depending only on o such that

tZ/ 1 2] 1
‘/ 2‘2 —u oc ( du— Z bkgjz l‘k)’ <C1 t2/
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Lemma 3.3 ( Theorem 2.5 [11]) Ler 0 < ot < 2. If z € C? [0,T], then there is a con-
stant C§ depending only on & such that

nj
‘/ ,tz —u)a ! Z(u du—Zakzjz tk>‘<C2tzjh2

Lemma 3.4 Let 0 < a < 2. If 7 € C3[0,T), then there is a constant C§ depending
only on o such that

1
‘/ ! tzjfu)a ! du—chzjz tk)‘<c3t21 3.15)
and
f2j+1 oa—1 o oo 3
/ (t2j+1 —u)* z(u)du— ch,zjz(tkﬁ)’ <G t2j+1/’l . (3.16)
f k=0
Proof We have
’2j a1 2j
1= [7 (=0 2wy}, cuoa(n)
0 k=0
f2j o—1 f2j o—1
_ / (12— )® 2(u) du — / (t2) — ) ®~ Py(u) du, (3.17)
0 0
where P;(u) is the piecewise quadratic interpolation polynomial of z(u), defined by

(3.4).
Thus we have

| = \Jf /tw(tz,- ) (o) ~ o)) e

k=0" 12k

=1 s I
- ‘12/ (12 =)' (é)(”_IZk)(“_t2k+1)(”_t2k+2>d”

k=012 3!
111 fi
< ||f3'||°° (2]’!)3 / J(t2j )O{ ldu — C3 t2]h3
! JO

which shows (3.15). Similarly we can show (3.16).

Lemma 3.5 [11] Let 0 < a < 2 and m and n be positive integers. Let ay»; and
broj,k=0,1,2,...,2j, j=1,2,...,m be introduced in (3.10) and (3.12), respec-
tively. Then we have

aro; >0, bipj >0, k=0,1,2,...2j,
and
2j 1 a 2j 1
;akﬁzjgaT , ,;)bk’zjgaT . j=12,... m.
Further, there exist constants DY and D§ such that

a2joj ZDg‘hO{7 byjoj ZD?h(x7 j=12,....m
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Lemma 3.6 LetO < o <2. Letc;,k=0,1,2,...,2j, j=1,2,...,m be introduced
in (3.8). Then we have

ck2; >0, k=0,1,2,...,2j, (3.18)
and
2j 1
ch,Zj S *Ta. (319)
=0 o

Further there exists a constant D such that
c2j2j=D$h%, j=1,2,...,m. (3.20)
Proof We first show that
Fi()<0, [=0,1,2,...,5—1. (3.21)
It is easy to show that
F(l) = 2((2j—2l)°‘+2— (a+2)(2j —20)* ! — (2j— 21 —2)*+2
—((x+2)(2j—21—2)°‘+1>, [=0,1,2,....j—1.

Further, after some direct calculations, we can show that

(Y+ 1) (n+2)"+ (y+ D 0" —(n4+2)""1 >0, VneZ", y>o.

By puttingn =2j—2/—2and y= ot + 1, we get (3.21).
Next we show

FRO)+FR(I-1)>0, I=1,2,...,j-1. (3.22)
It is easy to show that
Fo()+F(—1)=2(2j-21+2)%" — (a+2)(2j —21+2)*" —6(a+2)(2j —21)*"!
—2(2j—21—2)%"2 — (e +2)(2j — 21 —2)*"1.
Further, after some direct calculations, we can show that

2(n+4)"2 — (o +2)(n4+4)* —6(a+2)(n+2)* M —20% T2 — (@ 4+2)n**1 >0, VneZt.
(3.23)
Hence (3.22) follows from (3.23). Finally we can also show Fy(0) > 0and F>(j—1) >
0 . Therefore we get (3.18).
Further (3.19) follows from

2j /[2j(t )a_ld 1t°‘ < 1 ra
Ck72-: 2‘—],[ u—= — PSS — .
kZ:O J 0 J (ij a

For (3.20), we have, by Lemma 3.1, ¢2j2j = %Fz(j —1) = D§h*, with the suitable
constant DY . Together these estimates complete the proof of Lemma 3.6.
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Proof (Proof of Theorem 3.1) We first consider the case where 1 < ¢ < 2. We will use
mathematical induction. Note that, by assumptions, |y(t) —yo| =0, |[y(t1) —y1| =0
Assume that

(1) — ye| < Col®, (3.24)

is true for k =0,1,2,...,2j—1, j=1,2,...,m. We must prove that this also holds
for k = 2j. In fact, we have, with j =1,2,...,m

() (y(tzj) —yzj)
2j—1

/ (t2j —w)* " f(u,y(u)) du— (k;)Ck,zjf(lkdk)—Czj,zjf(lzplfj))
= [ =0 st du— [ =0 Bl

2j—1

hj
+/ (t2j —u)* ' Py(u) du — ( Z crjf (tesyi) — Czj,zjf(tzptﬁoj))

= (/Otzf(m—u)aflf(u,y(u))du_/ofzj (ﬂj—u)“"Pz(u)du)

2j-1

+ ¥ i (Fltv(00)) = £(030) ) + 25 (Flta (1)) = Fl127.15)))
k=0

=L +1h+115.

For I;, we have, by Lemma 3.4,
f2j a—1 2j a—1 oog3
|11|:‘/0 (trj—u) f(u,y(u))du—/(; (j—u)* " Po(u)du| < CSTh°.

For 11}, we have, by Lemma 3.6 and the Lipschitz condition (3.1),

2j-1 2j-1

| <Y el oy (@) = fltoy)| <Y craLly(t) — il
k=0 k=0

1
< —T%L ) — Vil
=,TL Sg{rggjglly( %) — Vil

For 111, we have, by Lemma 3.6 and the Lipschitz condition,
I < c2joj|f (127, 3(127)) = f (12, ¥5)| < DSR*LIy(t27) — ¥3l.

Now let us consider the bound for |y(t,;) — y5 ;|- We have
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r(a) () —3%))
2j—1

= /XZj(tzj—u)“ilf(my(u))du—( Y ar2if (i) _QZj,ij(thvtg)))
0 k=0

(/otzj (t2j— ) f(u, y(w)) du— /0’21' (12 —u)* " Py (u) du)
2j-1

+ ) a; (f(fkaY(tk)) _f(tkaYk)) +azjo; (f(IZjaY(th)) —f(fzj,fff))
k=0
=L+1L+11.

For I, we have, by Lemma 3.3,

1 1
ol =] [ 2y =0 play)du— [ o2y~ 0% Py (w) ] < ST,
0 0

For 11, we have, by Lemma 3.5 and the Lipschitz condition (3.1),
2j—1 2j—1

UL| <Y aro)l f(ty(6) = foy)] <Y arajly(t) — vl
k=0 k=0

< Llreg (1) — il
— max — il
T o 0<k<2j—1 k) — Ve
For I11,, we have, by Lemma 3.5 and Lipschitz condition (3.1),
IL| < azjojlf(t2j,y(t2)) = f(t2j,¥57 )| < DSRELIy(t2) — 47 |-

We also need to consider the bound for |y(r2;) —y47|. We have

0 2j-1
F(“)(Y(lzj) —ygj]')) :/o (12— ) f (1, y(u)) du— kg) b2 f (te, yi)
0 2j-1
= [ 0 sy ) E i)
k=0

2j—1

+ ) bioj (f(tkv}’(tk)) _f(tk7Yk)) =hL+1k.
=0

For I3, we have, by Lemma 3.2, | 3| < C¥T%h.
For 115, we have, by Lemma 3.5 and Lipschitz condition (3.1),
l o
15| < —T*L
a

) — .
o maX | |y (te) — il
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Together these estimates, we have

1
T (o)) oy < CETUW 4 7L max |y(a) ~

1
DEhOL—— (C ToR? TO‘L 1) —
F((X) 2 +— 0<}cn<a2)j( lly( k) yk|

1 1
haLi [CaTa/’l TL 2 })
I'(a) Tl max [y(n) =il
< {CéxTah3_’_ D?LCS‘Tathx N Dg‘D‘zxLZCf‘T“hHZOC]
I(o) I'(a)?
4 [lTaL_FD(ngz(éTa)ha . Dng(éTa)L%z“}
“ I'(a) I'(a)?

By mathematical induction (3.24), we have

max 1) — .
oemax  [y(t) =yl

(t2s) —yai| < [Cg‘T"‘h3 DYLCYT*h*+ +D§‘D§‘L2C?T“hl+2"‘}
SR () I(a) I(ay
+[ 1 wr  DSLA(ET®)R™ Dg‘Dg‘(éT“)ﬁhza}Cm
r(o+1) Ta+N(a)  T(a+DHC(a)? 170
(3.25)

We first choose T sufficiently small, see Lemma 3.1 in [11] such that ( n TL<

%. Then we fix this value for T and make the sum of the remaining terms in the right
hand side of (3.25) smaller than %h3 (for sufficiently small /) by choosing Cj suffi-
ciently large. Hence we obtain, for 1 < o0 <2,

Co.s G
[y(t2)) = yajl < S+ = Colr’. (3.26)
2

Wealsoneedtoshowthatif(3.24)istruefork:O, 1,2,...,2jwith j=1,2,....m—
1, then it also holds for k = 2j + 1. In fact, we have, with j =1,2,... . m—1,

I'(a) (y(tzj+1) —Y2/+1) = ‘/0.12#] (tajs1—u)* " f(u,y(u))du

2j—1

1
- (/0 (taje1 —u)®  f (u,y(u)) du+ kzo cr2if (15 Yis1) JFCZj,2jf(t2j+lay123j+l))
) +1 a1 2j—1 .
Z/t (t2j41 —u) f(u,y(u))du—( Y ck,ij(thrla)’kJrl)+02j,2jf(t2j+l,y2j+1))
i =0

= (/llt2j+l(t2j+1 _M)txf]f(u’y(u))du_/[1t2j+1(t2j+1 —u)aile(u) du)

2j—1
+ Z Ck2/< (ter1,y (tk+l))_f(tk+layk+l)) +C2j,2j(f(t2j+17y(t2j+1))_f(t2j+1>)’§j+1))

Using the same arguments as proving (3.26), we can show

Y(t2j41) —v2je1| < Coh®,  j=1,2,....m—1.
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Hence we complete the proof for the case where 1 < o < 2.
Next we consider the case where 0 < o¢ < 1. Note that, by the assumptions,
[y(to) —yo| =0, |y(t1) —y1] = 0. Assume that

y(t) — yi| < Coh' 2%, (3.27)

fork=0,1,2,...,2j—1, j=1,2,...,m. We must prove that this also holds for k =
2j. In fact, by using the same arguments as showing (3.26), we get

C(xTOth3 DocLCaTah2+a DaD(XLZCaTO!h1+2(x
[y(t2)) = y2il < [ 2 e 12 ]

I'(a) I'(a)? I'(a)?
| DEDLTOR DEDETLRY .
+[F(a+l) Flat )l (@) = Tlat D (a)? Jcon
(3.28)

As in the case for 1 < a0 < 2, we first choose T sufficiently small such that

L_10o] < % Then we fix this value for T and make the sum of the remaining

I'(a+1)
terms in the right had side of (3.28) smaller than %h”z“ (for sufficiently small /)
by choosing Cy sufficiently large.

Hence we obtain, for 0 < o < 1,

C C
‘y(tzj) _y2]| é 70}11-"—2(1 + 70]11-"-2(1 — C0h1+2(x' (329)

Similarly we can show that if (3.27) is true fork=0,1,2,...,2jwith j=1,2,... .m—
1, then it is also true for k = 2j + 1. Together these estimates complete the proof of
Theorem 3.1.

Remark 3.2 In Theorem 3.1, we require that {D%y(t) is in C3[0,T] which implies
that the solution has the form, see Page 46 in [11],

y(t) = ct® + smoother terms.

Since y(¢) has low regularity at # = 0, it may be necessary to use some high order
methods and a small step size to approximate the solutions near ¢ = 0 and to use a
big step size to calculate the approximate solutions at other nodes to get the required
accuracy. We will investigate this interesting issue in our future work.

4 Numerical simulations
Example 4.1 [7] Consider

6D y(t) = By(t) + f(t), t€[0,1], 4.1)
¥(0) = yo, (4.2)

where yg=0,0< a < 1,B=—1land f(t) = (> +2:>"% /T (3—)) + (3 +313~% /(4 —
a)). The exact solution is y(t) = 1> +1°.
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The main purpose is to check the order of convergence of the numerical method
with respect to the fractional order . For various choices of ¢ € (0, 1), we computed
the errors at = 1. We choose the step size h = 1/(5x2/),1 =1,2,...,7, i.e, we
divided the interval [0,1] into n = 1/h small intervals with nodes 0 =179 <t; < -+ <
tn = 1. Then we compute the error e(t,) = y(t,) — Y. By Theorem 2.22, we have

le(ta)| = |y(ta) — yu| < CH?™ 2, (4.3)

To observe the order of convergence we shall compute the error |e(t,)| at 7, = 1 for
the different values of &. Denote |ej(1,,)| the error at t, = 1 for the step size h. Let
hy=h=1/(5x2") forafixed I = 1,2,...,7. We then have

len, (ta)] N Ch?_a _ 3

|eh1+| (tn)l Ch?_:la B

-
9

which implies that the order of convergence satisfies 3 — & ~ log, (%) In
141"

Table 4.1, we compute the orders of convergnce for the different values of ¢. The
numerical results are consistent with the theoretical results.

n ERC(a=0.25) | ERC(a=0.5) | ERC(a=0.75)
10
20 2.7486 2.4840 2.2070
40 2.7526 2.4937 2.2304
80 2.7544 2.4979 2.2408
160 2.7549 2.4997 2.2456
320 2.7547 2.5003 2.2479
640 2.7543 2.5005 2.2490

Table 4.1 Numerical results att = 1 for § = —1

and f(t) = (* +212—a) /T (3—a)) + (P +313% /T (4 — ))

In Figure 4.1, we plot the order of the convergence. We have from (4.3)

log (le(fx)]) <log,(C) + (3 — a)logy (h).

Let y =log,(|e(t,)|) and x = log, (k). In Figure 4.1, we plot the function y = y(x) for
the different values of x = log, (h) where h =1/(5x2!),1=1,2,...,7. To observe the
order of convergence, we also plot the straight line y = (3 — ot)x, where oo = 0.75. We
see that these two lines are exactly parallel which means that the order of convergence
of the numerical method is O(h3~%).

Example 4.2 [11] Our second example deals with the nonlinear fractional differential
equation where the unknown solution y has a smooth derivative of order . Specifi-
cally we shall look at the equation [11]

§Dy(t) =

40320 5 o T(5+@/2) 4 gp 9 3an 4\ 3/2
oo " Fe—ad Lot D+ (592 =) = poF.
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log,(le(®))

-10 -9 -8 -7 -6 -5 -4 -3
log, (h)

Fig. 4.1 The experimentally determined orders of convergence (“EOC ) at t = 1 in Example 4.2 with
a=0.75

The initial conditions were chosen to be homogeneous (y(0) =0, y'(0) = 0; the latter
only in the case 1 < o < 2). This equation has been chosen because it exhibits a
difficult (nonlinear and nonsmooth) right-hand side, and yet we are able to find its
exact solution, thus allowing us to compare the numerical results for this nontrivial
case to the exact results. Indeed, the exact solution of this initial value problem is

9
y(t) =18 3t4+a/2 4toc7
and hence

40320 I'S+o/2 9
6DIy(t) = O a) a)tH 3F55fa§2;t4-“/2+ J(a+1),
which implies {D¥y € C3[0,T] for arbitrary 7 > 0 and 0 < o < 2, and thus the
conditions of Theorem 3.1 are fulfilled.

For various choices of & € (0,2], we compute the errors at #, = 1. We choose the
stepsize h = 1/(5x2'),1=1,2,...,7, i.e, we divided the interval [0, 1] into n = 1/h
small intervals with nodes 0 =#y < #; < --- <, = 1. Then we compute the error
e(ty) = y(tn) — yn. By Theorem 3.1, we have

max ) — <
OSkS2m|Y(k) Vil <

Coh't?* if0<a<l
Coh?, if l<a<2.

In Table 4.2, we compute the orders of convergence for different values of . We
observe that the order of convergence is O(h'™2%) for 0 < « < 1. But the observed
order of convergence is higher than 3 for 1 < a < 2 in this example. For example,
when o = 1.25, the experimentally determined order is 3.5. When o = 1.75, the
experimentally determined order is almost 4.

In Figure 4.2, we plot the order of convergence. We have

log,(le(t)|) <logy(C) + (1 +2a)logy (h).

Let y =log,(|e(t,)|) and x = log, (k). In Figure 4.2, we plot the function y = y(x) for
the different values of x = log, (h) where h = 1/(5x 2!),1 = 1,2,...,7. To observe
the order of convergence, we also plot the straight line y = (1 + 2¢)x, where o =
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-6

10g, e
5E K54

-18
-10 -9 -8 -7 -6 -5 -4 -3

Fig. 4.2 The experimentally determined orders of convergence (“EOC ) at t = 1 in Example 4.2 with
a=0.35

1og, (V)
4 & 8 &
8 8 8 &

0 -9 -8 -7 -6
log,(h)

Fig. 4.3 The experimentally determined orders of convergence (“EOC ) at t = 1 in Example 4.2 with
a=125

0.35. We see that these two lines are almost parallel which confirms that the order of
convergence of the numerical method is O(h'+2%).

In Figure 4.3, we will plot the order of convergence for oo = 1.25. We plot the
function y = y(x) for the different values of x = log,(h) where h = 1/(5 x 2/),1 =
1,2,...,7. To observe the order of convergence, we also plot the straight line y = 3x.
We observe that the order of convergence is higher than 3 ( almost 1 +2).

n ERC(ax=0.35) | ERC(a=125) | ERC(o=1.75)
10
20 1.2475 3.2109 3.8503
40 1.5302 3.5125 3.9305
80 1.7461 3.6050 3.9633
160 1.8293 3.6182 3.9786
320 1.8518 3.5886 3.9856
640 1.8478 3.5422 4.0225

Table 4.2 Numerical results at 7 = 1 in Example 4.2 with the different fractional order
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