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ELECTROSTATIC AND MAGNETIC IMAGING WITHOUT IMAGE ROTATION

Zhou Li-wei*, Ni Guo qiang, Fang Er-lun!
Optical Engineering Department, Beijing Institute of Technology
P,O Box 327 Beijing, China

Tel, 890321 Ext 413

ABSTRACT INTRODUCTION

A" method is discussed for designing electrostatic Tsukkerman’s theory (2 6] can be outlined as

imaging systems without image rotation, follows:

free of | The vector of position r(zy=r.(z)4+p(z) of an

and magnetic

Tsukkerman’s condition for an imaging system

rotation does not appear to be applicable to practical electron trajectory is written as the sum of that of a

designs, We have modified his theory to obtain two principal trajectory r,(z) and an increment p(z) for which

other conditions for the normalized axial electric poten simpler equations are ohtained,

tial V(z), the normalized axial magnetic induction 2. The axial potential V(z) and the magnetic field

G(z), and a lens strength parameter A  which can Dbe distribution G(z) are subject to conditions simplifying

interpreted as an eigen-value, Some analytical examples the “paraxial” ray equation, For a given object plane

and numerical results are given, z=z, and a given image plane z=z  the simplified ray
cquation can be treated as an eigen-value problem
Tsukkerman’s theory does not appear to he applicable
to the case where $(z,)=0, i e, where the chject plane
is the cathode surface, Zhou(7] has modified Tsukker-
man’s theory to make it applicable to that case, In the

present paper we have applied this modified theory to

establish two other conditions for V(z), G(z) and }__

FUNDAMENTAL THEORY OF THE IMAGING
SYSTEM

lenses
’

Keywords: Electron optics, magnetic electron

cathode lenses,imaging systems, imaging sections

For an axisymmetric cathode lens we express the com-

* Address for correspondence
plex coordinates r,(z) of the principal ray and p(z) of

1 Xian Institute of Chemical Industries No_ 3, Xian,

the increment by their moduli and arguments:

China
()=t {(Z) ("0'(1),
p(z‘):p(z)r‘lﬂ(z)_ (1)
Their sum
r(z)=r,(z)+p(z) (2)

describes a ray neighboring to the principal ray (ef

Fig, 1),
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LIST OF SYMBOLS

Axial magnetic induction

Magnetic induction at the cathode surface

Electron charge

Initial emission electrons, ee,=

energy of

( 9 2
(my/2)Vy

Relative transversal initial energy of emi

s lectrons, ee *=eeg,sin? /
sion ¢ ons, ee, ‘=egosinla,y/P

Relative axial initial energy of emission

electrons, ec;’ =et 260520ty /P,

Relative axial initial energy of emission

electrons, which can be focused ideally at

the image plane

Relative axial magnetic induction, G(z)=
B(z)/B,

Axial distance from cathode surface to
image plane

Magnification vector

Magnification
Electron mass
Integer number,0O<"m<Cn
Total of

loops

increment of electron ray

Vector of

Module of p(z)

Vector of increment of electron ray in a
twisted coordinate system (x,y)

Vector of electron ray

Module of

r(z

Off axis height from axis z at the cathode
surface
Vector of principal electron ray

Module of r, (2)

Vector of electron ray in a twisted coordi
nate ~)\|4-|1| (x,Y)

Vector of principal electron ray in a twis
ted coordinate system (x,y)

Variable in eq,(24)

elative axial electric I\I»Ir'n(i:l!. Viz) =

b(z) /.,

Two independent special solutions of the
“paraxial” ray equation
Initial velocity of electrons

Fixed Cartesian coordinate system

Twisted Cartesian coordinate system

Axial coordinate measured in unit of the
distance | between cathode surface and
image plane

Coordinates of cathode surface and image

plane respective ly
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From the “paraxial” ray equation for r(z) two

= Initial

= Emission angle of electrons

= Angle of p(z) turned around to the axis
Initial value of B(z)
Parameter in eq, (46)

= Angle of r(2) turned around to the axis
Angle of r,(z) turned around to the axis

value of 0,(z)

- Dimensionless lens strength parameter

— Axial electric potential

= Electric lmh-nliul at the image plane

= Angle of rotation of the twisted coordinat
system (x,y) with respect to the fixe
coordinate system (X Y)
Initial value of ¥ (2)

Variable in eq,

X

X

X

e

d

> X
(3 x é e
% re
%o & I*.,*‘,/
b /e arg —|
6/ argtiy
b 0 Y
Ty
y
g, The principal trajeciory and its increment
in fixed Cartesian coordinate system (X,Y)
and twisted Cartesian coordinate system
(x4¥)

equa

tions for the principal ray

and

two

~ Viz) +¢;°

SV (z)

SV(z) + e -
dz

+(

others for the

] . ) Gy 2
+ e3° d ':\/./‘<(y(z)—'0’); (14)

dz
increment

d dp
dz )

(V) F oo
\"(z)+},(r3(zr]p:0‘ (5)

(6)

B

dz




ELECTROSTATIC AND MAGNETIC

z is the axial coordinate measured in

are derived

unit of the distance | between cathode and image plane,

Primes denste differentiation with

respect to z, ¢(z) is the axial electric potential, ¢(0)

; (.(z),:l{rz)/B“

=0, $.=b(1), By;=B(0), V(z)=d(2)/d,
ro=r(0), eeg=(my/2)ve? is the initial energy of the
electron, a, the angle between its initial tangent and
the z-axis, e, =¢e,cos2ay/d,, *=¢gysina,/$, and
- € }; l[:
A= J (7
8m, ¢,
is a dimensionless lens strength parameter
In order to solve the equations (3) to () we intro-

duce a twisted coordinate system by wusing the complex

coordinate u=rexp( ix(z)) where

In the twisted coordinate system the differ=ntial equations

for the principal ray and the increment assume the same
form (7):
(V(z) Ju” 4 1 V2w 4 ( 1 V"(z)
2 1
2G2(z)Ju=0, €9
Their solutions can be expressed using two linearly inde
pendent solutions v(z) and w(z) of this ray equation
satisfying the initial conditions:
vi(z=0) =, v {2y =) " :
10)
w(z;=0)=1, w’ (z, 0" =0,

For electrons emitted from the cathode surface with
the initial conditions:
0, / iBy .
To= Tg®e 5 o' = [elang,¢ 3 ¢CILy
the solution of the }Hlm"l}m\ trajectory equation can be

writllen as

r (z)y=vy/wi{4ve (12)

% G(z)
¢|.</):()”+\/A[ dz
0 & V(z)4e,"

as

w

— Arctan 130

whereas the solution for the increment becomes

piz) =e:" Il\l, (14)

IMAGING

w

WITHOUT IMAGE ROTATION

—* G(z)
Bz)= 7N J dz 4R,
0 /V(z) +ez°
+ (m—1)n (15)
ith 0=0,(zg=0), Bo=P(zg=0), The integer number

m which depends on z is defined by the inequality:

i

7

( G(z)

‘0 /V(2) 4¢e4

(m—1)a<< /A dzlmm ,

ts value for z=1 is m=n_ If

v(z,,e;,')=0, (16)
then all electrons having the same initial axial velocity
component, i, e, the same value of ¢,*=¢g,;,*, are id('u]ly
focused at the image plane z=1_, The complex magnifica-
tion becomes

z LR — ¥%o)

M=l Binban wi(z,, ye' LXK Xo)

To
1 1(%.—%o) -
= A UX = A (17)
(7 " &L
and its module
M= | w(z,, B [ .
For the angle of image rotation we obtain

0. (z)—0g=y,—xo—nm (18)
wher v (1) follows from eq (8) for z=1, The system
is fiee of image rotation if 0, (z )=H8,, i,e,

X = Xo =0, (19)

The module of the magnification becomes
n y
M=(—1) w(z,, €;,7)
n 1
=(—1) (20)
vi(z,, )N 14E7

29

Eqs,(17) and (20) can also be applied to the case V(0)=

and H=i0

A NEW APPROACH TO REALIZE AN IMAGING
SYSTEM WITHOUT IMAGE ROTATION

that a system without

Tsukkerman has pointed out

image rotation can be realized if the condition

T (21)

G(z)= S
,2(2)

is satisfied, Then eq,(3) assumes the form of the “para-

xial” ray equation for a purely electrostatic field, It can

be solved with the initial conditions r (0)=ry, 1/ (0)=
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0, and the magnification becomes M=r_(1)/r, The

prin(‘ipul trajectory is then a meridional ray following a
magnetic field line
.

Since we think that the condition (21) ean hardly be

realized, we supgest another solution of the problem  In

order to solve the &paraxial” ray equation in the twisted
coordinate system
1 o dv ) V7 (z)
(V@ tez Yo
dz dz / . -
"1«/\ (z) €z,
5 G2(z)
+A - i >\:(1. (22)
&V (z2) +Eezy”
for v(z) with the boundary condition
v(zg=0)=0, V(z,=1, €7,")=0; (23)
we introduce the new coordinates
n=.,706 v (24)
and
% G(z)
P= ( dz, (25)
Jo SV (2) +eg,"
The ray equation in terms of the new coordinales can
be written as
2 " G \2 2G
d?u 4 H.. r(xl ‘) _9G d 2(
dllv: 1G2 di dq) 2
G dzv dG dV
+—ye—— L © g1 +0v a4
Viez, L dy diy di
G d \‘)z ]1
¢ =0 (26)
20V +e;,") (d\b J ,
and
u(0)=0, w(h,, €z,")=0; (27)
where

¢|:11-(z‘:,],'

If the contents of the curved brackets in eq, (26)
vanish, eq, (26) is reduced to the Sturm-Liouville equa-
tion:

d2u
Gga Thu=0. (28)
The solution which satisfies the condition (27) is
u=sin (/2 1Y), (29)
where
sin(/A ,)=0, (30)
Equation (30) is equivalent to the condition (19),

40

to define the n-th

Ay Yy =

foci between the cathode surface z,=( and the image plane

It allows eigen-value A, for which

For h=g, there are (n—1) 1intermediate

z,=1,

If the contents of the curved brackets in eq, (26) are

expressed as a function of z and set equal to zero, we
,

obtain:

30V4e5,7) < dG )L 2(V+4e;,"]) d26

G2 dz G dz?
1 dv dG dzv
- — ——0F (31)
G dz d=z dz?
The n-th eigen-value must satisfy the condition:
. € B,2[?
Ap = 20 l
8m, ([>‘
n2g? (32)
- -1 G(z) 2
[‘ dz]
0 /V(z) +ez,’
If these two conditions are satisfied, the cathode

surface zy=0 is imaged onto the image plane z, | without

image rotation, Our conditions are more general than

Tsukkerman’s condition (21) since they do not imply that
0,(z)=0, for the principal ray but only that 0,(z)=0,

in the image plane,

From and (28) together with the initial

eqs, (24)

conditious (10) it follows that

-2

X = G(z)
s1n ( \//_ ‘

1
) =
~ AG(z)

11/)_ (§:

\(Y_Z‘L,v:

0/ V(z)+ €,°

d 1

dz

Wiz, 87 )= —w/&z " V(2 r,rl',»[
 G(z) z=()

z ;
= . G(z)
+ 1 «m(//. { - <|/). (31)
v G(z) ‘0  V(z2)teg,
For z=z, we find the magnification
1 et e
M= =./ By/B(z;) . (35)
Sz )
The same result has been obtained by Tsukkerman

(3,4,6) but we think that our treatment is more general

and more realistic,




ELECTROSTATIC AND MAGNETIC

DESIGN OF AN IMAGING SYSTEM WITHOUT
IMAGE ROTATION

The design procedure is as follows:
1. V(z) or G(z) is given,
z Use condition (31) to determine G(z) from given
3 g
V(z) or V(z) from given G z), V and G must satisfy the

conditions:

\(/”:);:(;' \4;"<f|),:|.

l
Glmp=fy=1, G(z =1) =17
3. Determine M;
4., Choose suitable values of 4b‘, By, | and n which
must be in agreement with eq,(32), and evaluate

AN=Rhqn;

5. The solutions v and w of eq, (22) are then given by
eqs,(33) and (34);

6. Determine r(z)y=r, (z)4p(z) using the solutions v(z)

and w(z);

7. Design electrodes and magnetic circuit in a way that

they generate the fields V(z) and G(z) with the

constants V., and B

(I

We think that our method is more general and flexi

ble than Tsukkerman’s since his method is restricted to
the case that V(z) is given and that G’/(0)=0. and it
)i«-‘wL only one solution G(z) and one value for the mag

nification for a given V(z)_ On the other hand, we can
for a given \V(l/, choose an arbitrary value for the mag
nification M, and then solve eq (31) for G(z) with the

boundary conditions G(0)=1; G(])=1 M2,

AN ANALYTIC EXAMPLE FOR THE DESIGN
OF AN IMAGING SYSTEM WITHOUT IMAGE
ROTATION

If we choose

1

G(z) =
' S a—a=Mz37

(36)
4‘ll|1|

Mz

Viz) = 3 :
1—(1—M)z

(37)

then we have

G 113(}_ 37(' dG )3:”

dz? 2

dz i

IMAGING WITHOUT IMAGE ROTATION

.2V 1V dG
gdY_ 2V db 4 (38)

T dz? dz dz ’

i,e, eq,(31) is satisfied 1,77,

From eqs_(33) and (34) we obtain
15,

v(z)= 1 (1= —M)z)sin(x—1x,), (39)

P
A

w(z)=[(1—((1—M)2z){cos(x—Xo)

+ ‘JQP{ (1—M)sin(x—x0)}; (40)
N
where
2./ A -
g, VY V(z)+e,*
X M Vv z)te,",
(41)
2/A
Xo= "} V-

with v and w from eqs, (39) and (40) we obtain from

'-‘|».1|j{\ to (15)

r.(z) nwx~\1—\1;z:-{1 B wa“\’r’;_ sin2(x—>Xo)

! ‘ﬂ.\l‘:‘”fl sin2(y—, } 5 (42)

sin(y— )
—Arctan X Xo

cos(x—yx0) + (1 fM)\f"’i sin(y—xo)

p(z)= ’ ')

U—a—=M)) |sin(x—x0) |, (44)

B(z)=%—%e+PBo+(m—1)x, (45)

For M=], the example describes the well-known
system using parallel homogeneous electric and magnetic
fields, Fig,2 shows graphs for the case M= 4, =1, In

Fig,3, V(z) and G(z) are plotted for a number of diffe

rent magnifications in the range (].(;<M<2.5_
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vo'l'o' 1 | | e A | 48360
| 1 W T be 3»: DESIGN OF AN IMAGING SYSTEM WITH

h SO I _| o VARIABLE MAGNIFICATION
) ﬁ’;%'? £g, ov
gz

i For a given V(z), an arbitrary value for the magni-

fication M may be chosen, and then eq_(31) may be

Neighboureny ,
m{/w—&ry’ solved numerically for G(z) with the boundary conditions
B Fe(2) G(0)y=1, G(l)=1/M2, We have worked oult a compulter
iz Yi=14% program to do this, As an example  Fig 1 shows for the
% 6,(2)

given function

| vz
Vil = i — (16)
V(%) \Z c )
1 l==i] =y 2
~— — Z
0 1.0
— wiz;) with v=0,6 a number of colutions G(z) for different
values of the given magnification in the range H‘H\<‘\1
Fig,2 An analytic example of imaging system with <2.5.

M=1,4, n=] (graphs of G(z), Vi(z), v(z),

)
) ( 0 ( 5 R (7
w(z), r (2) ),(z), p(z), p(z))

20— T
Vo ST
0.6 0.91829
0.7] 1.2491
(o8] f6302 |7
09| 2.06(3

10—

/ . 2.5

V= iz
ye=o6
| z

0 o~ 0 1.0

N X 5 : C / 01 ationa 2 e f i yste 1
Fig,3 Some analytic curves V(z) and G(z) for Fig,4 A computational example for a system with

. 3 variable magnification
different magnification M 8
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SUMMARY

Tsukkerman’s method of finding combined electrosta

tic and magnetic imaging systems without image rotation

is generalized in order to make it applicable to cathode

lenses where the electric potential in the cathode surface

vanishes and to magnetic fields which are not necessarily

perpendicular to the cathode surface, A few analytical

and numerical examples are given,
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