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Thermal Diffusion Analysis by Using Dual Horizon Peridynamics 

 

Abstract 

In this study, Dual Horizon Peridynamics formulation is presented for thermal diffusion 
analysis. Lagrangian formalism is utilised to derive the governing equations. The proposed 
formulation allows utilisation of variable discretisation and horizon sizes inside the solution 
domain which can result in significant benefits in terms of computational time. To demonstrate 
the capability of the Dual Horizon Peridynamics formulation, three different example problems 
are considered including a square plate with temperature and no flux boundary conditions, a 
square plate under thermal shock loading, and a square plate with an insulated crack. For all 
problems that are considered good agreement is obtained between peridynamics (PD) 
predictions and finite element method (FEM) results.  

Keywords: Thermal diffusion; Dual Horizon; Peridynamics; Non-local 

1. Introduction 
 

Peridynamics (PD) was introduced by Silling [1] to overcome the limitations of Classical 
Continuum Mechanics (CCM). Governing equations of PD are in the form of integro-
differential equations rather than partial differential equations as in CCM. Moreover, PD 
equations do not contain spatial derivatives. Therefore, they are always valid regardless of 
discontinuities in displacement field due to cracks, etc. Moreover, PD is a non-local continuum 
mechanics formulation where material points located inside an influence domain, called 
horizon, can interact with each other. Therefore, it is possible to model problems which show 
non-classical behaviour including size effects, etc. Although initial applications of PD were 
limited to structural analysis, original PD formulation was extended to other fields including 
thermal diffusion [2], porous flow [3], moisture diffusion [4], etc. This study mainly focuses 
on the application of PD for thermal diffusion analysis. 

Nonlocal behaviour can show itself at low temperatures in cryogenic systems. Moreover, 
nonlocality should also be taken into account when steep temperature gradients exist. In 
addition, as the devices are becoming smaller, non-local behaviour can emerge at micro- and 
nano-scales. Therefore, utilisation of non-local formulations such as peridynamics become 
essential to accurately represent the physics of the problem. There are various studies in the 
literature focused on peridynamic analysis of thermal diffusion. Amongst these Gerstle et. al. 
[5] developed a 1-Dimensional multiphysics model coupling thermal diffusion, electrical, 
mechanical and vacancy diffusion fields to investigate the electromigration phenomenon. 
Bobaru and Duangpanya [6] introduced a multidimensional bond-based peridynamic 
formulation for transient heat transfer analysis. Oterkus et. al. [7] developed ordinary state-
based peridnamic heat conduction equation based on Lagrangian formalism. To analyse failure 
prediction in electronic packages, Oterkus et. al. [8] proposed a coupled hygro-thermo-
mechanical model. Xue et. al. [9] developed state-based peridynamic formulation for heat 
transfer analysis by utilising the domain decomposition method. Wang et. al. [10] utilised 
Green’s function method to develop peridynamic diffusion model. Liao et. al. [11] performed 
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peridynamic simulations for heat conduction analysis of functionally gradient materials by 
considering cracks. 

Closed-form solutions of PD equations are generally not available and meshless method is 
usually utilised to obtain a numerical solution [12]. For spatial discretisation, uniform 
discretisation scheme is widely used. However, for some problems, using uniform 
discretisation can unnecessarily increase the computational time since only some part of the 
solution domain can be solved by using fine discretisation whereas other parts can be modelled 
by using coarse discretisation. Moreover, variable horizon size can also be required to reduce 
the computational time or due to the nature of the problem. To overcome these concerns, Dual 
Horizon Peridynamics was developed by Ren et. al. [13,14] which allows both non-uniform 
discretisation and variable horizon for mechanical analysis. However, Dual Horizon 
Peridynamics formulation for thermal diffusion is not currently available in the literature. 
Therefore, this study presents a novel Dual Horizon Peridynamics formulation for thermal 
diffusion by utilising Lagrangian formalism. To demonstrate the capability of the Dual Horizon 
Peridynamics formulation, three different example problems are considered including a square 
plate with temperature and no flux boundary conditions, a square plate under thermal shock loading, 
and a square plate with an insulated crack.    

2. Peridynamic Thermal Diffusion Formulation 
 

The governing equation for peridynamic (PD) thermal diffusion can be derived by solving for 
the Euler–Lagrange equation [7] 

𝑑
𝑑𝑡

൬
𝜕𝐿

𝜕𝛩ሶ ൰ െ
𝜕𝐿
𝜕𝛩

ൌ 0 
(1) 

 

with the definition of Lagrangian, L 

𝐿 ൌ න Լ𝑑𝑉
௏

 
(2) 

 

where 𝛩 is the temperature and Լ is the Lagrangian density. In peridynamic framework, the 
Lagrangian density of a peridynamic material point can be defined as  

Լ ൌ 𝑍 ൅ 𝜌𝑠̂𝛩 (3) 
 

in which 𝑍 is thermal potential, 𝜌 is density, and 𝑠̂ is the heat source per unit mass. 
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Figure 1. Material points and the horizon 

In peridynamics the interactions between material points are nonlocal. Therefore, a material 
point exchanges heat energy through non-local interactions with its surrounding material points 
within its horizon, H with a size of, 𝛅  (see Fig.1) [3]. Each material point has a thermal 
potential which is a function of temperatures of all material points inside its horizon. For a 
material point 𝒙ሺ𝒌ሻ, 𝒁ሺ𝒌ሻ indicates the thermal potential of this material point. Moreover, due 

to the heat energy exchange (interaction) between two material points 𝒙ሺ𝒌ሻ  and  𝒙ሺ𝒋ሻ , two 

microthermal potential 𝒛ሺ𝒌ሻሺ𝒋ሻ and 𝒛ሺ𝒋ሻሺ𝒌ሻarise. Microthermal potential, 𝒛ሺ𝒌ሻሺ𝒋ሻ depends on the 

temperature difference between the material point  𝒙ሺ𝒌ሻ and the material points that it is 

interacting with inside its horizon. Therefore, the thermal potential 𝒁ሺ𝒌ሻ at material point 𝒙ሺ𝒌ሻ 

can be defined as  
 

𝒁ሺ𝒌ሻ ൌ
1
2

෍
1
2

ቐ
 𝒛ሺ𝒌ሻሺ𝒋ሻ ቂ𝛩ሺଵೖሻ െ 𝛩ሺ௞ሻ, ⋯ , 𝛩൫ேೖ

ೖ൯ െ 𝛩ሺ௞ሻቃ ൅

 𝒛ሺ𝒋ሻሺ𝒌ሻ ቂ𝛩ሺଵೕሻ െ 𝛩ሺ௝ሻ, ⋯ , 𝛩൫ேೕ
ೕ൯ െ 𝛩ሺ௝ሻቃ

ቑ 𝑉௝

ேೖ

௝ୀଵ

 
(4) 

 

in which 𝑁௞ and 𝑁௝ are the number of material points inside the horizon of material points 𝒙ሺ𝒌ሻ 

and 𝒙ሺ𝒋ሻ , respectively, 𝛩ሺ௞ሻis the temperature of material point 𝒙ሺ𝒌ሻ, 𝛩ሺଵೖሻ is the temperature 

of the first material point that interacts with point 𝒙ሺ𝒌ሻ, by the same token for j, and 𝑉௝ is the 

volume associated with the material point  𝒙ሺ𝒋ሻ . The equation represents that the thermal 

potential at a material point 𝒙ሺ𝒌ሻ is the sum of all microthermal potentials associated with that 

point. 

Using the Euler–Lagrange equation given in Eq. (1) for the material point𝒙ሺ𝒌ሻ yields the 

peridynamic governing equation for the thermal diffusion as  
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෍ൣെҥሺ௞ሻሺ௝ሻ ൅ ҥሺ௝ሻሺ௞ሻ൧𝑉ሺ௝ሻ ൅ 𝜌𝑠̂ሺ௞ሻ ൌ 0

ேೖ

௝ୀଵ

 
(5) 

where 

ҥሺ௞ሻሺ௝ሻ ൌ
1
2

1
𝑉ሺ௝ሻ

቎෍
𝜕𝒛ሺ𝒌ሻሺ𝒊ሻ

𝜕ሺ𝛩ሺ௝ሻ െ 𝛩ሺ௞ሻሻ
𝑉ሺ௜ሻ

ேೖ

௜ୀଵ

቏ 
(6) 

and 

ҥሺ௝ሻሺ௞ሻ ൌ
1
2

1
𝑉ሺ௝ሻ

቎෍
𝜕𝒛ሺ𝒊ሻሺ𝒌ሻ

𝜕ሺ𝛩ሺ௞ሻ െ 𝛩ሺ௝ሻሻ
𝑉ሺ௜ሻ

ேೕ

௜ୀଵ

቏ 

(7) 

 

The first term in Eq. (5) represents heat flow density from material point 𝒙ሺ𝒋ሻ to 𝒙ሺ𝒌ሻ where 

second term on the contrary. 

The rate of heat energy stored, 𝜀ሶ௦  when heat flow varies over a short period can be expressed 
as  

𝜀ሶ௦ ൌ 𝐶௩
𝜕𝛩
𝜕𝑡

 
(8) 

 

where 𝐶௩ is the specific heat capacity. Moreover, the heat source 𝑠̂ can defined as 

𝑠̂ ൌ 𝜀ሶ௦ െ 𝑠௕ (9) 
 

in which 𝑠௕is the heat source due to volumetric heat generation per unit mass. Therefore, the 
peridynamic thermal diffusion equation given in Eq. (5) can rewritten as  

𝜌𝐶௩𝛩ሶ ൫𝒙ሺ𝒌ሻ, 𝑡൯ ൌ  ෍ൣҥሺ௞ሻሺ௝ሻ െ ҥሺ௝ሻሺ௞ሻ൧𝑉ሺ௝ሻ ൅ ℎ௫ሺ𝒙ሺ𝒌ሻ, 𝑡ሻ

ேೖ

௝ୀଵ

 
(10)

 

where heat source due to volumetric heat generation can expressed as 

ℎ௫൫𝒙ሺ𝒌ሻ, 𝑡൯ ൌ 𝜌𝑠௕ሺ𝒙ሺ𝒌ሻ, 𝑡ሻ (11)

 

If bond based peridynamic thermal diffusion model is considered, the heat flow density 
between two material points is assumed to be a function of the temperature difference between 
only the interacting material points. Thus, 

ҥሺ௞ሻሺ௝ሻ ൌ
1
2

𝜕𝒛ሺ𝒌ሻሺ𝒋ሻ

𝜕ሺ𝛩ሺ௝ሻ െ 𝛩ሺ௞ሻሻ
 

(12)

and 
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ҥሺ௝ሻሺ௞ሻ ൌ
1
2

𝜕𝒛ሺ𝒋ሻሺ𝒌ሻ

𝜕ሺ𝛩ሺ௞ሻ െ 𝛩ሺ௝ሻሻ
 

(13)

 

For microthermal potentials,  

𝒛ሺ𝒌ሻሺ𝒋ሻ ൌ
1
2

ĸ
2

ሺ𝛩ሺ௝ሻ െ 𝛩ሺ௞ሻሻଶ

ห𝒙ሺ௝ሻ െ 𝒙ሺ௞ሻห
 

(14)

 

and 

𝒛ሺ𝒋ሻሺ𝒌ሻ ൌ
1
2

ĸ
2

ሺ𝛩ሺ௞ሻ െ 𝛩ሺ௝ሻሻଶ

ห𝒙ሺ௞ሻ െ 𝒙ሺ௝ሻห
 

(15)

 

heat flow densities given in Eqs. (12) and (13) can be written as 

ҥሺ௞ሻሺ௝ሻ ൌ
ĸ
2

𝛩ሺ௝ሻ െ 𝛩ሺ௞ሻ

ห𝒙ሺ௝ሻ െ 𝒙ሺ௞ሻห
 

(16)

 

ҥሺ௝ሻሺ௞ሻ ൌ
ĸ
2

𝛩ሺ௞ሻ െ 𝛩ሺ௝ሻ

ห𝒙ሺ௞ሻ െ 𝒙ሺ௝ሻห
 

(17)

 

where PD microconductivity, ĸ can be expressed for 2-Dimensional solution domains as  

ĸ ൌ
6𝑘

𝜋ℎ𝛿ଷ 
(18)

in which 𝑘 is the heat conductivity, h is the thickness of the geometry and 𝛿 is the horizon size. 

3. Dual Horizon Peridynamics for Thermal Diffusion 
 

 

Figure 2. Non-uniform discretization with different horizon sizes. 
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The uniform discretization with constant horizon size is commonly used in peridynamic 
simulations since it is simple to implement for the whole geometry. However, for some 
problems, using finer discretisation size at all locations inside the solution domain can be 
computationally time consuming. Thus, it is essential to use finer discretisation size at locations 
with high temperature gradient and coarse discretisation size can be used elsewhere. Moreover, 
utilising variable horizon sizes can also be required either due to computational or problem 
specific reasons.  

Note that in Eqs. (12) and (13), the microthermal potential being zero means one of the material 
point is not within the horizon of the other material point. As shown in Fig. 2, although the 
material point with a blue (smaller) horizon is inside the horizon of the material point with red 
(larger) horizon, the material point with a red horizon is outside of the horizon of the material 
point with a blue horizon. Therefore, the heat flow densities given in Eqs. (16) and (17) between 
material points 𝒙ሺ𝒋ሻ and 𝒙ሺ𝒌ሻ can be rewritten  as 

ҥሺ௞ሻሺ௝ሻ ൌ 𝛼ሺ௞ሻሺ௝ሻ
ĸ௞

2

𝛩ሺ௝ሻ െ 𝛩ሺ௞ሻ

ห𝒙ሺ௝ሻ െ 𝒙ሺ௞ሻห
 

(19)

 

ҥሺ௝ሻሺ௞ሻ ൌ 𝛼ሺ௝ሻሺ௞ሻ
ĸ௝

2

𝛩ሺ௞ሻ െ 𝛩ሺ௝ሻ

ห𝒙ሺ௝ሻ െ 𝒙ሺ௞ሻห
 

(20)

 

with 

𝛼ሺ௞ሻሺ௝ሻ ൌ ൜
1, 𝒛ሺ𝒌ሻሺ𝒋ሻ ് 0
0, 𝒛ሺ𝒌ሻሺ𝒋ሻ ൌ 0 

(21)

𝛼ሺ௝ሻሺ௞ሻ ൌ ൜
1, 𝒛ሺ𝒋ሻሺ𝒌ሻ ് 0
0, 𝒛ሺ𝒋ሻሺ𝒌ሻ ൌ 0 

(22)

and 
 

ĸ௞ ൌ
6𝑘

𝜋ℎ𝛿௞
ଷ 

(23)

 

ĸ௝ ൌ
6𝑘

𝜋ℎ𝛿௝
ଷ 

(24)
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where 𝜹𝒌 and 𝜹𝒋 are the horizon sizes of the material points k and j, respectively. 

4. Results 

To demonstrate the capabilities of the current Dual Horizon Peridynamics thermal diffusion 
formulation three different problems are considered including a square plate with temperature 
and no flux boundary conditions, a square plate under thermal shock with insulated boundaries 
and a square plate with an insulated crack. Uniform or non-uniform discretisation was utilised 
with constant or variable horizon size. Peridynamic predictions are compared with finite 
element analysis (FEA) results obtained by using ANSYS, a commercial finite element 
software. 
 

4.1 Plate with temperature and no flux boundary conditions  
 

For the first example problem, an isotropic square plate with dimensions of length (L) = width 
(W) = 0.01 m is considered (Fig.3). The plate has a thickness of h = 0.001m and is subjected 
to temperature boundary conditions of 𝛩ሺ𝑥 ൌ െ0.005, 𝑦ሻ ൌ 0℃  and 𝛩ሺ𝑥 ൌ 0.005, 𝑦ሻ ൌ
10℃ at the left and right edges, respectively. The upper and bottom boundaries are insulated 
boundaries. Boundary conditions are applied by introducing fictitious regions, Rc and following 
the approach described in [7]. Specific heat capacity 𝐶௩ , thermal conductivity 𝑘 and mass 
density 𝜌 are specified as 64 J/kgK, 233W/mK and 260 kg/m3 , respectively. 

 

Figure 3. Peridynamic model of the plate 

The geometry is discretised in various forms in PD model. The solution domain is split into 
two equal regions as Region 1 and Region 2 from the vertical axis, y. Mesh ratio k is defined 
as 

k ൌ
∆ଵ

∆ଶ
 

(25)

where ∆ଵ indicates the spacing between the material points in Region 1 and ∆ଶ indicates the 
spacing between the material points in Region 2. 
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The cases are evaluated with various horizon size combinations and horizon size ratio (m) is 
defined as 

m ൌ
𝛿ଵ

𝛿ଶ
 

(26)

where 𝛿ଵ is the horizon size in Region 1 and 𝛿ଶ is the horizon size in Region 2. The relationship 
between horizon size and spacing is given as 

𝛿௜ ൌ 𝑛∆௜ (27)
where i = 1, 2 represents Regions 1 and 2, respectively, whereas n = 1,…,5 represents the size 
the horizon. For example, if 𝛿ଶ ൌ 3∆ଶ, the horizon in Region2 has a size of three material 
points in radius. 

4.1.1 Plate with Uniform Discretisation and Identical Horizon Sizes 
 

 

Figure 4. PD model with uniform discretisation and identical horizon sizes 

In the first case, as shown in the Fig. 4, the plate is discretised uniformly with the distance 
between material points ∆ଵൌ ∆ଶൌ 1.0 ൈ 10ିସ𝑚  in horizontal and vertical directions. All 
material points have an identical horizon size (𝛿ଵ ൌ 𝛿ଶ). Therefore, k and m parameters defined 
in Eqs. (25) and (26) are both equal to 1. The peridynamic solution of the temperature variations 
along the horizontal central axis are obtained by using explicit time integration with a time step 
size of 1.0 ൈ 10ି଻ s and compared with the finite element method (FEM) results by using 
PLANE55 element of ANSYS. 

 

Figure 5. Temperature variations from PD and FEM predictions at y = 0 when k =1, m=1 
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As can be seen in Fig.5, the PD predictions have a good agreement with FEM results for all 
horizon sizes for uniform discretisation and identical horizon sizes. 

4.1.2 Plate with Uniform Discretisation and Different Horizon Sizes 
 

 

Figure 6. PD model with uniform discretisation and different horizon sizes 

In order to investigate the capability of the dual horizon concept, the square plate is discretised 
with the same discretization parameters (∆ଵൌ ∆ଶൌ 1.0 ൈ 10ିସ𝑚 ) as in the former case. 
However, the horizon sizes in Regions 1 and 2 of the plate are different (see Fig. 6). The horizon 
size of the Region 1 is set twice big of the horizon size of Region 2 (𝛿ଵ ൌ 2𝛿ଶ). Therefore, k 
and m parameters are equal to 1 and 2, respectively. 

  

 

Figure 7. Temperature variations from PD and FEM predictions at y = 0 when k =1, m=2 

The peridynamic solution of the temperature variations along horizontal central axis are 
obtained by using explicit time integration with a time step size of 1.0 ൈ 10ି଻s and compared 
with FEM results as shown in Fig. 7. The PD predictions generally agree well with FEA. 
However, there is small difference at the interface of Regions 1 and 2 for larger horizon sizes 
and increases as the horizon size increases. 

 

 

-0.005 -0.004 -0.003 -0.002 -0.001  0.000  0.001  0.002  0.003  0.004  0.005

Location-x (m)

0

1

2

3

4

5

6

7

8

9

10

Te
m

p
er

at
ur

e 
(°

C
)

PD, k=1, m=2, 
2
=1

2

PD, k=1, m=2, 
2
=2

2

PD, k=1, m=2, 
2
=3

2

PD, k=1, m=2, 
2
=4

2

PD, k=1, m=2, 
2
=5

2

Ansys



10 
 

 4.1.3 Plate with Non-uniform Discretisation and Identical Horizon Sizes 

 

 

Figure 8. PD model with non-uniform discretisation and identical horizon sizes 

In the third case, the square plate has the same geometric parameters, material properties and 
boundary conditions with the first case. Since refined discretisation increases the computational 
cost, in order to examine the non-uniform discretisation on heat conduction,  the discretisation 
size in Region 2 is increased to a size of ∆ଶൌ 2.0 ൈ 10ିସ𝑚 in horizontal and vertical directions 
whereas the discretisation size in Region 1 is same as uniform cases which is ∆ଵൌ
1.0 ൈ 10ିସ𝑚 (Fig.8). The horizon sizes remain the same in each region as the first uniform 
case. Therefore, k and m parameters are equal to 0.5 and 1, respectively.  

 

Figure 9. Temperature variations from PD and FEM predictions at y = 0 when k =0.5, m=1 

The peridynamic solution of the temperature variations along the horizontal central axes are 
obtained by using explicit time integration with a time step size of 1.0 ൈ 10ି଻ s. As shown in 
Fig. 9, the PD predictions for the temperature variations agree well with the FEM results for 
various horizon sizes. 
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4.1.4 Plate with Non-uniform Discretisation and Different Horizon Sizes 
 

 

Figure 10. PD model with non-uniform discretisation and different horizon sizes 

In peridynamic numerical simulations computational time depends on not only the 
discretisation size but also the number of material points within its horizon. The third case 
shows a good agreement of PD and FEM predictions for various horizon sizes with a non-
uniform discretisation. Therefore, this last case inherits the non-uniform discretisation from the 
third case and the horizon side in Region 1 is reduced to half of the horizon size in Region 2, 
i.e. 𝛿ଶ ൌ 2𝛿ଵ  (see Fig. 10). Since ∆ଶൌ 2∆ଵ  and 𝛿ଶ ൌ 2𝛿ଵ , horizon in each region contains 
same number of material points within their horizon. Moreover, k and m parameters are both 
equal to 0.5, respectively. 

 

Figure 11. Temperature variations from PD and FEM predictions at y = 0 when k =0.5, 
m=0.5 

As observed in the Fig. 11, the PD numerical results mostly agrees well with the FEM results. 
However, as the horizon size grows, a slight difference is observed at the interface of Regions 
1 and 2. 
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4.2 Plate under thermal shock with insulated boundaries 

 

Figure 12. Peridynamic model of the plate under thermal shock loading 

In the second example problem, an isotropic square plate with insulated boundaries is subjected 
to a thermal shock loading on the right edge. The geometric parameters are 10 m in length (L) 
and width (W) with a thickness of (h) 1 m (see Fig. 12). The specific heat capacity 𝐶௩, thermal 
conductivity 𝑘 and mass density 𝜌 are specified as 𝐶௩=1 J/kgK , 𝑘 =1W/mk and 𝜌 =1kg/m3 , 
respectively. The initial condition and boundary conditions are stated as 

𝛩ሺ𝑥, 𝑦, 𝑡 ൌ 0ሻ ൌ 0℃ (28)
and 

𝛩, 𝑥ሺ𝑥 ൌ 0, 𝑦ሻ ൌ 0℃, t ൐ 0 (29)
𝛩, 𝑦ሺ𝑥, 𝑦 ൌ േ5ሻ ൌ 0℃, t ൐ 0 (30)
𝛩ሺ𝑥 ൌ 0, 𝑡ሻ ൌ 5𝑡𝑒ିଶ௧, t ൐ 0 (31)

 

4.2.1 Plate with Uniform Discretisation and Identical Horizon Sizes 
In the first case, the PD model has a uniform mesh with spacing ∆ଵൌ ∆ଶ= 0.02 m and identical 
horizon sizes in each region (𝛿ଵ ൌ 𝛿ଶ). Thus, k and m parameters are both equal to 1. The 
peridynamic solution of the temperature variations along central horizontal axis are obtained 
by using explicit time integration with a time step size of 5.0 ൈ 10ିସ s. 

 

                                  (a)                                                                   (b) 

Figure 13. Temperature variations from PD and FEM predictions when (a) t = 3s, (b) t = 6s 
at y = 0, k =1, m=1. 
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The results are assessed with various horizons and predicted at time t = 3s and t = 6s. Both PD 
and FEM results are shown in Fig. 13. As can be observed, the PD model results agree well 
with FEM results for various horizons with uniform discretisation. 

4.2.2 Plate with Uniform Discretisation and Different Horizon Sizes 

In the second case, the numerical model has the same mesh configuration with the first case. 
In order to investigate the capability of the dual horizon concept, horizon size in Region 2 is 
doubled, i.e. 𝛿ଵ ൌ 2𝛿ଶ. Therefore, k and m parameters are equal to 1 and 2, respectively. The 
second case adopts the identical time step with the former case and the temperature variations 
along the central horizontal axis are plotted for time t = 3s and t = 6s for various horizons and 
compared with FEM results. 
 

 

                                  (a)                                                                   (b) 

Figure 14. Temperature variations from PD and FEM predictions when (a) t =3s, (b) t = 6s at 
y = 0, k =1, m=2. 

As shown in Fig.14, PD results for various horizon sizes generally agree well with FEM results. 
As the horizon size increases, a slight difference is observed at the interface of Regions 1 and 
2 at both t = 3s and t = 6s. 

-5 -4 -3 -2 -1 0 1 2 3 4 5

Location-x (m)

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

PD, k=1, m=2, 
2
=1

2

PD, k=1, m=2, 
2
=2

2

PD, k=1, m=2, 
2
=3

2

PD, k=1, m=2, 
2
=4

2

PD, k=1, m=2, 
2
=5

2

Ansys

-5 -4 -3 -2 -1 0 1 2 3 4 5

Location-x (m)

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

PD, k=1, m=2, 
2
=1

2

PD, k=1, m=2, 
2
=2

2

PD, k=1, m=2, 
2
=3

2

PD, k=1, m=2, 
2
=4

2

PD, k=1, m=2, 
2
=5

2

Ansys



14 
 

4.2.3 Plate with Non-uniform Discretisation and Identical Horizon Sizes 

In the third case, the geometry is discretized with non-uniform discretisation. The spacing 
between material points in Region 2 is twice the spacing in Region 1, i.e. ∆ଵൌ 0.02𝑚, ∆ଶൌ
0.04𝑚. However, the horizon sizes are identical in each regions, i.e. 𝛿ଵ ൌ 𝛿ଶ. Therefore, k and 
m parameters are equal to 0.5 and 1, respectively. The peridynamic solution of the temperature 
variations along the horizontal central axis at times t = 3s and t = 6s are evaluated with explicit 
time integration with a time step size of 5.0 ൈ 10ିସ s and compared with FEM results. 

 

                                  (a)                                                                   (b) 

Figure 15. Temperature variations from PD and FEM predictions when (a) t =3s, (b) t = 6s at 
y = 0, k =0.5, m=1. 

As can be observed from Fig. 15, results from PD and FEM predictions for various horizons 
are in a good agreement. 

4.2.4 Plate with Non-uniform Discretisation and Different Horizon Sizes 
The fourth case inherits the same discretisation configuration with the third case, i.e.∆ଵൌ
0.02𝑚, ∆ଶൌ 0.04𝑚. However, the horizon size in Region 1 reduces to half size of the horizon 
size in Region 2, i.e. 𝛿ଶ ൌ 2𝛿ଵ. Since both k and m parameters are equal to 0.5, each horizon 
has identical number of material points. Same time step size 5.0 ൈ 10ିସ s is adopted to obtain 
the temperature variations along the horizontal  central axis when time t = 3s and t = 6s.  

 

                                  (a)                                                                   (b) 

Figure 16. Temperature variations from PD and FEM predictions when (a) t =3s, (b) t = 6s at 
y = 0, k =0.5, m=0.5. 
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The PD results mostly agree with FEM results for various horizon sizes (see Fig. 16). However, 
with the horizon size increases in each region, a slight difference is observed at the interface of 
Regions 1 and 2 for both t = 3s and t = 6s. 

4.3 Square plate with an insulated crack 

  

Figure 17. Peridynamic model of the plate with an insulated crack 

For the final example problem as shown in Fig. 17, the isotropic square plate is considered with 
2 cm in length (L), 2cm in width (W) and 0.01cm in thickness (h). The plate has an insulated 
crack in the middle with a crack length of 2a = 1cm. The specific heat capacity 𝐶௩, thermal 
conductivity 𝑘 and mass density 𝜌  are specified as 𝐶௩ =1 J/kgK , 𝑘  =1.14W/cmK and 𝜌 
=1kg/cm3, respectively. The plate is subjected to the following initial and boundary conditions: 

𝛩ሺ𝑥, 𝑦, 𝑧, 𝑡 ൌ 0ሻ ൌ 0℃   െ
𝐿
2

൑ 𝑥 ൑
𝐿
2

, െ
𝑊
2

൑ 𝑦 ൑
𝑊
2

 
(32)

and 

𝛩 ൬𝑥,
𝑊
2

, 𝑡൰ ൌ 100℃, 𝛩 ൬𝑥, െ
𝑊
2

, 𝑡൰ ൌ െ100℃, t ൐ 0 
(33)

𝛩, 𝑥 ൬
𝐿
2

, 𝑦, 𝑡൰ ൌ 0℃, 𝛩, 𝑥 ൬െ
𝐿
2

, 𝑦, 𝑡൰ ൌ 0℃, t ൐ 0 
(34)

 

Since the there is an insulated crack in the geometry, in order to evaluate the effect of dual 
horizon concept and non-uniform discretisation, the geometry is split into two regions in PD 
model as in the previous two numerical examples. Note that the definition of regions (zones) 
in this numerical example is different than the previous two numerical examples. Moreover, k 
and m parameters are defined similarly as in the previous two examples. 
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4.3.1 Plate with Uniform Discretisation and Identical Horizon Sizes 
 

 

Figure 18. PD model with uniform discretisation and identical horizon sizes 

 

As shown in Fig. 18, in this initial case the plate is uniformly discretised (k = 1) with 0.01cm 
spacing and the same horizon size is used in both zones (m ൌ 1ሻ . The peridynamic solution 
of the temperature variations along the vertical central axis is evaluated with a time step size 
of 1.0 ൈ 10ିହ s for various horizon sizes and compared with FEM results. 

 

Figure 19. Temperature variations from PD and FEA predictions at x = 0 when k =1, m=1 

 

As can be seen in Fig. 19, the numerical results from PD analyses for various horizon sizes 
with uniform discretisation agree well with FEM results. 
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4.3.2 Plate with Uniform Discretisation and Different Horizon Sizes 
 

 

Figure 20. PD model with uniform discretisation and different horizon sizes 

 

To investigate the dual horizon size concept, this second case (see Fig. 20) utilises uniform 
discretisation as in the first case (k=1, ∆ଵൌ 0.01cm, ∆ଶൌ 0.01cm) and the horizon size in 
Region 2 is doubled due to the existence of insulated crack in this region (𝑚 ൌ 0.5, 𝛿ଶ ൌ 2𝛿ଵ). 
This case adopts the same time step size as the first case. 

 

Figure 21. Temperature variations from PD and FEA predictions at x = 0 when k =1, m=0.5 

As shown in Fig. 21, there is a good agreement between PD and FEM results obtained along 
the vertical central axis. However, as the horizon size increases, a slight difference is observed 
at the interface between Region 1 and Region 2. 
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4.3.3 Plate with Non-uniform Discretisation and Identical Horizon Sizes 
 

 

Figure 22. PD model with non-uniform discretisation and identical horizon sizes 

 

Since coarse mesh requires less computational time, in this third case, the spacing in Region 1 
is increased by two times compared with the first case (k=2, ∆ଵൌ 0.02cm, ∆ଶൌ 0.01cm). To 
evaluate the effect of non-uniform discretization, this third case (see Fig. 22) utilises same 
horizon sizes in all regions (𝑚 ൌ 1, 𝛿ଶ ൌ 𝛿ଵ). The time step size is the same as the first case. 

 

Figure 23. Temperature variations from PD and FEM predictions at x = 0 when k =2, m=1 

As can be observed in Fig. 23, the PD predictions for the temperature variations along the 
vertical central axis agree well with the FEM results for various horizon sizes. 

 

 

 

 

 

 

L
oc

a
tio

n-
y 

(m
)



19 
 

4.3.4 Plate with Non-uniform Discretisation and Different Horizon Sizes 
 

 

Figure 24. PD model with non-uniform discretisation and different horizon sizes 

 

If horizon contains more material points, the computational time will increase. Therefore, in 
the last case, horizon size in Region 2 is reduced to half size compared with the horizon size in 
Region 1 (𝑚 ൌ 2, 𝛿ଵ ൌ 2𝛿ଶ) as shown in Fig. 24.  The discretisation size is the same as in the 
third case (k=2, ∆ଵൌ 0.02𝑐𝑚, ∆ଶൌ 0.01𝑐𝑚). Since both mesh ratio, k and horizon size ratio, 
m have values of 2, horizons in Regions 1 and 2 contain identical number of material points. 

 

Figure 25. Temperature variations from PD and FEM predictions at x = 0 when k =2, m=2 

 

As shown in Fig. 25, the PD temperature predictions obtained along the vertical central axis 
agree well with FEM results. As the horizon size increases, a small difference is observed at 
the interface between Regions 1 and 2. 

4.4 Femtosecond laser heating of a metal film 
 

In order to demonstrate the applicability of the present formulation for nano-scale structures, 
femtosecond laser heating of a metal film problem is considered as shown in Fig. 26. The thin 
metal film is 20𝑛𝑚 in length, 20𝑛𝑚 in width and is subjected to femtosecond laser heating for 

Lo
ca

tio
n-

y 
(m

)



20 
 

a short period time 𝑡 ൌ 1𝑝𝑠. Its specific heat capacity and thermal conductivity are specified 
as 𝑐 ൌ 2.5 ൈ 10଺𝐽/𝑚ଷ𝐾, 𝑘 ൌ 315𝑊/𝑚𝐾, respectively. The metal film has a discretization 
size of ∆𝑥 ൌ 𝐿/100𝑛𝑚 in 𝑥, 𝑦 directions respectively, and a time step size of ∆𝑡 ൌ 2 ൈ 10ହ𝑝𝑠  
is adapted in the numerical model.  

 

Figure 26. A thin metal film subjects an ultra-short pulse laser 

 

Figure 27. Ultra-short pulse laser source heat capacity distribution on the metal film 

Initial conditions are given by 

𝑇ሺ𝑥, 𝑦, 𝑡 ൌ 0ሻ ൌ 0℃, 

𝜕𝑇ሺ𝑥, 𝑦, 𝑡 ൌ 0ሻ

𝜕𝑡
ൌ 0, 

and boundary conditions are given by 

𝜕𝑇ሺ𝑥 ൌ 0, 𝑦, 𝑡ሻ

𝜕𝑥
ൌ 0, 

𝜕𝑇ሺ𝑥 ൌ 𝐿, 𝑦, 𝑡ሻ

𝜕𝑥
ൌ 0. 

The femtosecond laser heating in the numerical model was approximated by considering a 
heat source in the form of a Gaussian profile (see Fig. 27) which is given by [15] 
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𝑠ሺ𝑥, 𝑦, 𝑡ሻ ൌ 0.94𝐽଴ ൬
1 െ 𝑅

𝑡଴𝑙
൰ 𝑒

ି௫
௟ ି

௔|௧ିଶ௧బ|
௧బ , 

where the laser fluence is 𝐽଴ ൌ 13.4𝐽/𝑚ଶ, the reflectivity is 𝑅 ൌ 0.93, the radiation penetration 
depth is 𝑙 ൌ 15.3 ൈ 10ିଽ𝑚 , the full-width-at-half maximum duration of the laser pulse is 
𝑡଴ ൌ100x10-15 s, and the Gaussian parameter is 𝑎 ൌ 1.992. 

In order to validate the PD model, the temperature history at 𝑥 ൌ 0, 𝑦 ൌ 0  has been obtained 
and compared with the experimental data [15]. The temperature 𝑇௡ is normalized by  

𝑇௡ ൌ
𝑇

𝑇௠
. 

where 𝑇௠ is the maximum value of the temperature during 1𝑝𝑠 period. As can be observed 
from the Fig.28 that the PD thermal diffusion model has a close agreement with the 
experimental data. 

 

Figure 28. Temperature variations at x=0, y=0 

 

4.5 Plate subjected to a thermal shock loading 
 

For the final numerical example, a square plate subjected to thermal shock loading is 
considered as shown in Fig. 28. The plate is made of an isotropic material with insulated 
boundaries. The geometric parameters are 10𝑚 in length 𝐿 and width 𝑊 with 1𝑚 thickness 
𝐻.The specific heat capacity 𝑐௩, thermal conductivity 𝑘 and mass density 𝜌 are specified as 
𝑐௩ ൌ 1𝐽/𝑚ଷ𝐾 , 𝑘 ൌ 1𝑊/𝑚𝐾 and 1𝑘𝑔/𝑚ଷrespectively. The initial conditions and boundary 
conditions are stated as 

𝛩ሺ𝑥, 𝑦 ൐ 0, 𝑡 ൌ 0ሻ ൌ 0℃, 

𝛩ሺ𝑥, 𝑦 ൏ 0, 𝑡 ൌ 0ሻ ൌ 0.5℃, 

and 

𝛩, 𝑥ሺ𝑥 ൌ 5, 𝑦, 𝑡ሻ ൌ 0℃, 
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𝛩, 𝑦ሺ𝑥, 𝑦 ൌ േ5, 𝑡ሻ ൌ 0℃, 

𝛩ሺ𝑥 ൌ െ5, 𝑦, 𝑡ሻ ൌ 5𝑡𝑒ିଶ௧. 

 

Figure 28. Numerical model of the plate under thermal shock loading 

In the peridynamic model, the spacing between material points is ∆𝑥 ൌ 𝐿/400 and a step size 
of ∆𝑡 ൌ 5 ൈ 10ିସ𝑠 is used. 

Peridynamic results are compared with the results from a FEM model for verification purposes. 
The temperature distribution of the plate at 𝑡 ൌ 3𝑠 in PD model and FEM mode are depicted 
in the Fig. 29. Moreover, the temperature variation along 𝑥, 𝑦 ൌ േ5𝑚 and 𝑥, 𝑦 ൌ േ2.5𝑚 are 
shown in Fig. 30. As can be seen in these figures, the temperature distribution in PD model has 
a good agreement with the FEM model.  

 
                              (a) 

 
                                (b) 

Figure 29. Temperature distribution on the plate at t = 3s (a) PD, (b) FEM 
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Figure 30. Temperature variation along x,y=±5m and  x,y=±2.5m 

 

 

5. Conclusions 

In this study, Dual Horizon Peridynamic formulation is presented for thermal diffusion analysis. 
Dual Horizon Peridynamics allows utilisation of variable discretisation and horizon size inside 
the computational domain which can bring significant advantages to peridynamic simulations 
in terms of computational time. To demonstrate the capability of the Dual Horizon 
Peridynamics formulation, three different example problems are considered including a square 
plate with temperature and no flux boundary conditions, a square plate under thermal shock 
loading, and a square plate with an insulated crack. For each of these problems, the solution 
domain is divided into two regions which can have different discretisation and horizon sizes. 
Five different horizon sizes were considered to see the effect of the horizon size. For all the 
problems that were considered, good agreement was obtained between PD predictions and 
FEM results. If different discretisation size or horizon size is utilised in different regions, a 
slight difference can be observed between PD and FEM results at the interface between the two 
regions and the difference increases as the horizons size increases. Hence, it can be concluded 
that presented Dual Horizon Peridynamic analysis can be effectively utilised for problems with 
different discretisation and horizon sizes. 
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