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Abstract

In this paper we introduce a mathematical model of sediment entrainment due
to bore-generated turbulence in a shallow water context. In this model, the
entrainment is assumed to be proportional to the energy decay rate across a
bore on a mobile bed. The energy decay rate across a bore on a mobile bed is
derived analytically. This model is incorporated into the one dimensional mor-
phodynamic model developed by [I], which includes bed- and suspended load
transport. This results in new shock conditions, which allow for sediment en-
trainment at a shock. With it we investigate the effects of sediment entrainment
due to bore-generated turbulence on beachface evolution under a single swash
event driven by a solitary wave. The simulation results imply that sediment
entrainment by bore turbulence at the incoming bore dominates over sediment
mobilisation by bed shear stress. In contrast, the backwash bore is dominated
by bed shear stress related processes. The morphodynamic impact of bore tur-
bulence on this swash event is primarily erosion of the sea bed seaward of the
initial shoreline. Any sediment remaining in the water column seaward of this
point is then available to be transported by subsequent events. It is shown that
the bed step is primarily a bed load related feature, with sediment entrained as
suspended load counteracting the bed step growth.
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1. Introduction

The swash zone is a very dynamic region in which the beachface is repeatedly
submerged and dried, and in which considerable sediment is transported, as
both bed and suspended load. In the nearshore, waves often break, forming
incoming bores that propagate through the inner surf zone, sometimes collapsing
on steeper beaches, and resulting in swash motions [2}, B} @].

Bore turbulence has been recognised as being important for sediment sus-
pension [4l 5] [6] B [7]. Both field and laboratory measurements show that high
suspended sediment concentrations (hereinafter SSC) are found associated with
the passing of bore fronts [3] [§].

Sediment suspended by bore turbulence has been included in some mod-
elling approaches [5, [7], typically using the Nonlinear Shallow Water Equations
(NSWEs), in which bores can be naturally simulated as shocks [0]. In the
NSWE-based cross-shore suspended sediment transport model developed by [5],
the sediment suspension term was related to energy dissipation due to both bot-
tom friction and wave breaking. The total energy dissipation at each position is
calculated from the numerically solved water depth and depth-averaged veloc-
ity via the energy conservation equation. The energy dissipation due to wave
breaking is further separated from that due to bed friction. The suspension
and settling of sediment are then linked to a bed change equation to allow
morphological change. [7] extend the approach of [5] by considering a trans-
port equation for turbulence, and by considering the vertical distribution of
suspended sediment.

These approaches have proved valuable, and indeed that of [7] suggests the
importance of bore turbulence in transporting sediment onshore. In both studies
energy dissipation, which is linked to the turbulence generation, which in turn
entrains sediment, is back-calculated from the energy equation. However, there

is a well-known analytical expression for energy loss rate at a hydrodynamic bore
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on a fixed bed under the framework of the NSWEs [10, p. 291-341]. In principle
this should yield the same energy loss (due to bore-generated turbulence alone)
as that from the energy equation [5], [7]. However, the latter approach relies
in principle on evaluating gradients across bore faces, which, in theory, possess
infinite gradients, whereas the analytical expression only involves quantities
either side of the bore. This analytical expression was employed in a related
context by [I1], although driven by laboratory measurements.

This motivates our study. We seek to derive an analytical expression for
energy dissipation at a shock on a mobile bed, and to use this expression directly
to estimate sediment entrainment at a bore. In doing so we make use of the
Specified Time Interval Method of Characteristics (STI MOC) numerical scheme
together with shock fitting method adopted by [I]; this is attractive because the
shock is tracked, and therefore conditions either side of it known to a high degree
of accuracy. In order to incorporate the new energy dissipation expression within
an NSWE system we utilise a Dirac delta function in the source terms of the
equations for suspended load and bed change, and this in turn leads to new
shock conditions.

In order to investigate the effect of sediment entrainment by bore turbulence,
we examine a swash event driven by a solitary wave in which an incoming bore
(shock) forms when the solitary wave approaches a sloping beach and a backwash
bore forms when the flow recedes. We focus on the influence of bore turbulence
on the depth-averaged SSC and swash zone bed evolution.

In § [2| we present the model equations. We also examine the new shock
conditions, and develop an expression representing the sediment entrainment at
a bore. We then in § 3 develop the analytical expression for energy dissipation
at a bore on a mobile bed. In § 4 we simulate the solitary wave swash event
considered by [12] 1], to examine the effect that this has on the morphodynamics
of such an event. In § 5, we discuss the uncertainty of our approximation of

some parameters. In § 6, we draw conclusions.
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2. Model development

2.1. Governing equations

The NSWEs including bed shear stress are utilised to describe the flow. The
bed level and the depth-averaged SSC changes are governed by the Exner equa-
tion and suspended sediment advection equation, in which bed and suspended
loads due to bed shear stress as well as sediment suspended by bore-generated

turbulence are included. Therefore, the governing equations are:

il{ + ﬁil@ + }AMAL@ 0, (1)
ng + atg + gil;f; + gBQ;; = _%a (2)
Bi+¢i = €(D-E)-eb@)3 -0, (3)

(;}e)f ¥ (huc) ) (E - D) +G(2)8(8 — 0), (4)

T

where & represents cross-shore distance (m), £ is time (s), h represents water
depth (m), @ is a depth-averaged horizontal velocity (ms™1), B is the bed level
(m), ¢ is the depth-averaged SSC (m?3/m?), ¢4 is a dimensionless drag coefficient,
G is sediment flux due to bed load (m2s~!), E is the dimensional erosion (or
entrainment) rate (ms~') due to bed shear stress, and D is the dimensional
deposition rate (ms~!) (regardless of what entrained the sediment in the first
place). Here, £ = ﬁ with p being bed porosity, and g is acceleration due
to gravity (ms=2). G (G > 0) represents the entrainment rate of sediment at
a shock due to bore turbulence (ms™!). ¢ is the dimensionless Dirac Delta
function, and ¢ is shock position (m). The sediment entrainment due to bore
turbulence is multiplied by a Dirac delta function to ensure a non-zero value for
sediment entrainment from (3) and (4) via the shock conditions (see §[2.3]).
We use the following forms for ¢, E and D [:

o 3/2 | ~D
qu<“> |“|, B =the—s, D=1y, (5)

where A is dimensional bed-load sediment transport rate (m2s~1), i, is the

parameter describing the erodibility of the bed (ms~!) as suspended load due
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to bed shear stress, w, is the effective settling velocity of suspended sediment
(ms™1), and 4 is a representative velocity scale (used here so that A has the
dimensions of §). We choose this form for § because it is a form to which many
bed-load formulae [I3] reduce if a threshold of motion (d,,) is ignored, namely
G o< @3. The choice 1., = 0 is generally reasonable in the swash [1], and desirable
here because we wish to examine the morphodynamics so we can understand
the various roles played by processes.

In this work, as mentioned, we also [5 [7] make an assumption that G is
proportional to the energy loss rate across a shock, which itself is assumed to
be proportional to the rate of sediment entrainment by bore turbulence. This
means that we do not consider explicit turbulence modelling here. We consider
the consequences of this in the Discussion section.

Further, it seems reasonable to assume that G o 7, (see ), because G is
a measure of the erodibility of the same sand, but due to bore-generated turbu-
lence rather than bed shear stress. However, we also aim to examine entrainment
by bore turbulence independent from entrainment by bed shear stress, so we in-
troduce My, which serves the same purpose as m., but for sediment entrained
as suspended load by bore turbulence. Here it is convenient to set m, = me.,
unless we wish to examine sediment entrainment by bore turbulence only, in

which case we set m, = 0 only. Therefore, at the bore location we take

A -1 dé 5
= mpk— — = mpG’, 6
g ok i 4 (6)
where %‘f is energy loss rate per unit width (kgms=2), where C(le >0, and k is

a dimensional parameter (m~3s). In[Appendix Alwe discuss why our choice for
G differs from that of [5].

Therefore, and become:

R A o 4P e Al anesa 2
B; +3§—zuu; = & <wsc—meA2> — &mpG' (2)0(2 — (), (7)
Ug Up
. N 02 R .
(hé o+ (huc)z - <mug wee ) + 1y’ (£)8(2 — €) (8)
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2.2. Non-dimensionalization

We follow the non-dimensionalization in [I]. The non-dimensional variables

are:

; i o4 . B e 3
"E:i,tzﬁ7h:,\7,u:i7.8:,\i,€:/\£andg: 61 (9)
ho he/2g=1/2 ho tig ho ¢o pghd
where fzo is a length scale, ¢y = Z}s is a reference concentration and g =

(gﬁo)l/2~
Using @, and become
hy + uhgy +hu, = 0, (10)
Uy + Uty + hy + B, = 7cd|u\u' (11)

Substituting @D into and gives

A me gmb > As/gdg
Bi+36———Puy, =6—2 (c—u?) — —2 _Jog2hY* s — ), (12
a2 = oy ) (g 2 € (1)

w Ws 2 1s955/2dE
h h =% (42 = Y 1/2h5/2—5 _ ). (13
(he)¢ + (huc),, (gho)1/2 (v —c) + (g1 9""he "o (. —¢). (13)

Letting

a:§$,M Amie,Mb Amb JE= Aws ,k:l;:gl/zizgp,
ho(gho)*/? (gho)1/? (gho)1/? (gho)1/?

and with M = Mp, (12) and are simplified to:

By +30u’u, = M (c—u®)— MG (z)é(z — (), (14)
(he)i + (huc), = e(u? —c) +eG'(x)d(x — ¢), (15)

where
G'(x) = k%. (16)

Considering bed load formulae in [I3], p. 157-163], and taking 0.001 < ¢4 < 0.01,
then 0.0001 < o < 0.02. Here we choose o = 0.01 as a default value. M is more
difficult to estimate. From the field calibration of [I] a range 0.0002 < M <

0.002 is reasonable. Here we take M = 0.001 as a default value. Finally, € x
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grain size; we take e = 0.01 as a default, which, for ho =1 m, = ws ~ 0.032
m/s, and therefore grain size &~ 0.27 mm, corresponding to a medium sand [13].

The energy decay rate % across a morphodynamic shock is derived in §
However, note that if M = 0 and M, # 0 (i.e., . = 0 and 7y, # 0), we set

¢o = Z%. The dimensionless governing equations then become
s

B; + 30uu, = Myc— MG (x)d(z — ¢), (17)
(he)y + (hue), = —ec+eG'(z)d(x — C). (18)

See[Appendix Blfor details of the non-dimensionalization for the case M = 0 but
My # 0. We use and in the investigation of the bore-turbulence-only
case.

Equations , and , (or , ) can be rewritten in char-

acteristic form such that in characteristic directions

d

d—f:)\i for i=1-14 (19)
we have 4 Riemann equations. A\; < A3 < A9, where A\ < 0 and Ay > 0, and
Ay = u [see[I]. For subcritical flow and a slightly erodible bed A; 2 behave like

the hydrodynamic characteristics, and A3 is the bed wave speed, although these

identities can change for larger Froude numbers [I].

2.3. Shock conditions
Applying mass and momentum conservation across a shock, i.e., a bore, gives

the conditions:

—W(hR—hL)—i—(hRuR—hLuL) = 0, (20)

1 1
~W(hgugr — hrur) + (hRu% + ih% — hpu? — 2}&)

1
+§(hR+hL)(BR_BL) = 0, (21)
~W(Br — Br) +o(u} —ul) = —MG, (22)
7W(hRCR — hLCL) + (hRuRcR — hLuLcL) = GG, (23)

where the subscripts L and R represent the left and right sides of the bore. W is
+
the shock velocity, and G = G(¢) = fg, G'(x)d(x — ) dx = k‘{% represents the
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sediment entrainment rate by bore-generated turbulence at the shock. To get
, the [I4] approximation, i.e., fgf hdB = %(hL +hg)(Bg — BL), is applied.
For derivation of shock conditions for mass and momentum conservation we

refer to [10, p. 314-318] and [15], p. 34-46].
Rearranging Eq. gives

hrvy = hrvr = my, (24)

where

’U,L—W:’UL, uR—W:vR, (25)

and mg represents the mass flux across the shock front.

Eq. can be simplified using Eq. to:

ms(cr —cr) = €G. (26)

2.4. Discussion of flow behaviour at a bore

Because ¢G > 0 in Eq. (26]), ms < 0 (e.g. a bore travelling from left to right
into still water) = ¢y, > cg (and ms > 0 = ¢, < cg). And when my < 0,
ur, < W (by and (25)) so the downstream side of the shock is the left side.
Thus water particles move from right (upstream) to left, and ¢y, > cgr, because
of the sediment entrainment at the bore. This can also be explained by looking
at the characteristics. The Ay = wu characteristic on the upstream side of the
shock always moves into the shock as t increases, and thus the concentration ¢
on the upstream side is determined by the Riemann equation from upstream,
which is not affected by bore turbulence.

Therefore sediment entrained by bore turbulence is moved downstream, as
the shock overtakes the flow, and so there is an increase in the sediment concen-
tration behind the shock. In contrast, ¢ is continuous across shocks if sediment
is only entrained by bed shear stress [I].

If, to simplify the discussion, it is assumed that bed load and suspended
load entrained by bed shear stress are excluded, then sediment can only be

entrained by bore turbulence, and then transported as suspended load, and
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deposited under gravity. Accordingly, if we set ¢ = 0 and M = 0, in the
equation governing bed load by bed shear stress, the shock condition Eq.

becomes

~W(Br—BL) = —MG, (27)
M,
= Br— B, = WbG (28)

Because G > 0, it is always the bed level in lee (downstream) of the shock
that is eroded. If the bed were not erodible (M = 0) then there would be
no bed-discontinuity (Br = Br), but, because M, > 0, the bore turbulence
entrains sediment as it passes, thus eroding the bed in its lee, leading, for W > 0
(W <0), to Bg > Br, (Br < Bpr).

If bed load is included, i.e., o > 0, then

oluf —u}) | My

Br — B =
R— DL W W

G. (29)

In this case, the terms on the right always have opposing signs. Therefore,
bed-load divergence and bore turbulence entrainment have opposing effects.

Whichever term predominates determines the sign of the bed discontinuity.

3. Sediment entrained by bore turbulence

3.1. Energy decay at a morphodynamic shock with a bed discontinuity

In this section we derive the energy decay rate % at a shock with a (mobile)
bed discontinuity by consideration of energy conservation, for the closure of
(16).

When a shock also involves a bed discontinuity (bed step), apart from the
hydrostatic pressure forces, a force, Fp.q, is exerted by the water on the bed

step (and vice versa) (see Fig. . Eq. can be written in terms of Fy.q:

h2 h2
—W(hRuR — hLuL) + (hR'LL% + 7R — hLu2 — 2L> — Fbed = 07 (30)

with Fbed = 7%(BR — BL)(hR + hL)
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Figure 1: Schematic diagram of a morphodynamic shock. Fj, = h%/2 and Fp = h%/Z are the

hydrostatic pressure forces.

We consider the energy change in the domain [z, zg], with the shock po-
sition 7, < ¢ < zg (see Fig. [1)). The water mass is conserved in the domain

8 [xp, o], and z;, and i are moving at the speeds of the water particles, ie.,

dryp
dt

drr _

s ur. The total energy, i.e., the sum of the kinetic and

ur, and

potential energies, in a volume V = [z, xg] X [B(x,t), B(x,t) + h(z,t)] of unit

E,, = / / (z + u2> dzdzx
X, B 2
TR

A 1
= / <2h2 + Bh+ 2hu2> dr, as rp — Zg. (31)
rrL

width is

The rate of change of E;,, depends on energy supply/loss rate at the bound-
1o aries of the shock volume V), and energy decay rate at the shock itself. The

energy change rate due to external forces is

dEey
dt

= Frup — Frur + FpeaW,

1 1
§h%uL — ih%uR + FpegW, (32)
where 2h3uy (-3h%ug) represents the rate of work done by the pressure force

10
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Fr = %h% (Fr = —%h%) on the left (right) side, and Fp.qW represents the rate

of work done by the force due to the bed step.

From energy conservation we get dgti" = dgg“” — %. So, the rate of energy
loss is
de dE;,  dE dE; 1, 1"
e _ _ mn exr - _ mo 7h2 Fe W
dt @ dt [2 ULJF bed
1 1 o, 1"
= —|(zh*+Bh+zhu® ) (u—W)| —|=h%u| + FpeaW (33)
2 2 L 2 I
where []F = . — -, and % > 0. Note that 4 ;LR dr = %ff; dx +

dt

Substituting Eqgs. and into gives

d gf "dx = (W —ur) + -(ug — W) in the limit of z;, — £~ and zp — £7.

d& 1 1 1 1
g (2hL + Br + 21&) ms — <2hR + Br + 2U%) M
1 1
+§h%UL - ih?{uR + FbedW~ (34)
From Eq. (30
Lo 1.5
Foea = ms(up —ur) + ShR = 5L (35)

Substituting into gives

d¢ 1
i 5(2hL + 2By, — 2hr — 2BR +v3 — v%)ms, (36)
and using Eq. (21)), we get:
€ o hr—hs

:ms(uquR) B (37)

(hg +hr)

The expression is an extension of the well-known expression for energy decay

dt

of [10] to a mobile bed. We note that [I7] arrived at a similar expression via a
different route, i.e., 2D vorticity generation by breaking waves, in which Stoker’s
expression emerges, augmented by a bed-step term. [I7] neglects the momentum

contribution due to the bed-step, hence the difference.

3.2. Expression for G

As previously mentioned, we relate G, the sediment entrainment rate at the

shock due to bore-generated turbulence, to the energy loss rate % across a

11
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shock on a mobile bed, which we have just derived:

d€ 2 hR_hL

G:ka zkms(uL—uR) m, (38)

such that G > 0 (in other words, we insist on an entropy-preserving shock). This
leaves k as the only unknown in the formulation. In[Appendix C|we discuss the
case of a hydraulic jump on a mobile bed with regard to determining &, but do
not make use of it because of its non-physicality. Instead, we determine k from

field data.

3.8. Estimation of k from field data

We can estimate k values from the field measurements of SSC across an
incoming bore in Fig. 4 of [3]. Three incoming bores at t ~ 35,115,270 s are
indicated by three vertical dashed lines in Fig. 4 of [3], and the corresponding
variables at those times can be approximated just prior to (R—shoreward) and
just after (L—seaward) bore arrival. The cross-shore velocity measured 7.5 cm
above the sea bed is used for the estimation of depth-averaged velocity @. The
SSC 3 cm above the sea-bed is used as ¢ (depth-averaged SSC). The effect of
this is considered in the Discussion section.

From the first bore of Fig. 4 of [3] we get hy = 0.65m, hr = 0.29 m, psCr =

1 1

39 kem ™3, psér = 3.8 kgm™3, 4y = 0.90 ms™!, and dg = —2.0 ms~!. If we

assume the density of sand is p, = 2650 kgm ™2, we have ¢;, = 1.47x1072 m®m—3

and ¢p = 1.40 x 1072 m3m—3.

After the non-dimensionalization as detailed in §[2:2] we get hy, = 0.65, hg =

0.28, cr = 1.47 x 10722+ ¢cp = 1.40 x 10732= y; = 0.29, and up = —0.64.

Me Me

W = tusizhaug — 1 03 and m, = 2e0e=Wthnlun=W) — _( 48,

According to (37), % =7.96 x 10=2. Then, from Eq. ,

[ ms(CR - CL)

dag
€
ms(cr — CL)ZL"
B e dE
€ o, dt
ms(cr — cr)Ee
B My d€
€ dt

12
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ms(cr — cp) e
kM, — (Rdg L)ws"c:o.l?,.
dt

For the second and third bores we follow a similar procedure to obtain kM, =
0.12 and 0.14 respectively. So, the kM, values estimated from the three bores
are of similar magnitude; we therefore set kM, = 0.15 as our default value. We
also examine kM, = 0.3, to investigate the sensitivity to this parameter. If we

take M, = 0.001, then kM, = 0.15 = k = 150, and kM, = 0.3 = k& = 300.

4. Solitary wave swash event simulation

To show the swash morphodynamics resulting from the approach taken here
we now consider the case of a single solitary wave approaching an erodible
plane beach. Note that these dynamics should not be viewed as a prediction
of observable beach evolution (as in [I] downslope sediment diffusion is absent,
and we discuss later other effects that are also absent that may influence beach
change in the field or laboratory). Instead, we aim to illustrate the utility of
the method, and the resulting shock dynamics, which are likely to pertain in

the field.

4.1. Initial and boundary conditions

We consider a solitary wave similar to that of [I]. The main difference here
is that the wave is defined at the boundary rather than as an initial condition.
This approach is better suited to illustrate the shock development and sediment
entrainment process, although we note that the resulting event will be different
from the initial value problem [see [18].

The initial conditions are shown in Fig.[2 The water surface is flat (h(z,t =
0) + B(z,t = 0) = 1) and stationary (u(x,0) = 0). There is no pre-suspended
sediment, i.e., ¢(x,0) = 0. In the region z < 4, the bed is flat (B(z,0) = 0),
while for z > 4 the beach is of a uniform slope, tana = 1/15. Therefore, for
x >4, h(z,0) =1 — (z — 4)tanc, and B(z,0) = (x — 4) tana. The initial
shoreline z,(t = 0) = 19.

13
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Figure 2: Initial conditions of the swash event driven from the seaward boundary x = 0 over

a first flat and then sloping beach.

A solitary wave is driven from the seaward boundary (z = 0), which is
assumed to be absorbing / generating, such that dependent variables at the
seaward boundary are approximated following the technique in [19].

Therefore, at the seaward boundary,

1/2
o= Hsech2<(3f> Co(t10)> (39)

2(v/hs + 1 — V/hs) (40)
u = —2(v/hs +n-(0,1) — \/h>5) (41)

where H = 0.6 is wave height; Co = 1+ H; hy = 1 — B(0,t) is the still

Usg

water depth at the seaward boundary allowing for bed change; n; (1) is the
incident (reflected) wave free surface elevation (relative to still water surface),
such that h(0,t) = hs + n; + nr; and w(0,t) = u;(0,t) 4+ u,-(0,¢), where u; and
u, are corresponding velocities associated with incident and reflected waves.
Note that in Egs. and we use the finite amplitude expressions for total
water depth (rather than those from linear theory); the fact that incident and
reflected waves do not co-exist much means that the loss of the principle of

linear superposition is not significant, whereas the full free surface elevation is

14
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more accurately realised.

4.2. Simulation results for suspended load due to bore turbulence only

Here we set 0 = 0, M = 0, M, = 0.001 (from [I]), and ¢ = 0.01, so
that sediment can only be entrained by bore turbulence. The default value

kM, = 0.15 gives k = 150.

4.2.1. Bore behaviour

During the onshore propagation, an incoming (Ay) bore forms initially at
x =~ 0.08 (see Fig. . Its strength starts to grow significantly at (z,t) ~ (4, 11)
as it approaches the shore (see Fig.[d|b)). A (A3) bore also develops at (z,t) ~
(17,44) in the backwash. This backwash bore gradually slows down as it moves
seawards, and its velocity approaches 0 at (x,t) ~ (16.5,56).

\

60

50

40 +

+ 30

20

Incoming bore

10 1
Backwash bore
Shoreline
O L L L
0 5 10 15 20 25 30

Figure 3: Shock paths of the incoming and backwash bores and also the shoreline. Note that
consistent with the analysis of |20} [2I] the instantaneous shoreline, zs(t), at which h(zs) = 0,

does not retreat.

As the incoming bore shock strength magnitude increases initially (Fig.[d{b)),
so does the energy decay rate (see Fig. [ffa)), which peaks at z(t) ~ 7.8. The
shock strength then plateaus whereas the decay rate steadily decreases. Finally,

as the shoreline is approached the shock strength increases rapidly once more,

15
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whilst the energy decay rate quickly — 0, as the bore collapses at the shore.
Therefore, we would expect maximum sediment entrainment also at z(t) ~ 7.8,
decreasing thereafter. The energy decay rate across the backwash bore is small
compared to that of the incoming bore. Its shock strength is correspondingly

smaller.

(@)

AR — AL

Tncoming bore
—— Backwash bore

0 5 10 15 20 0 5 10 15 20

Figure 4: The energy decay rate (a) calculated from , and shock strength Ag — A (b)
across the incoming and backwash bores, as functions of z(t). The dashed line in (a) shows

d€/dt as calculated from the equivalent expression from [10].

The h, u, B and c differences across the incoming and backwash bores are
shown in Fig. Both hg — hy and Bg — By (Fig. [f[(a,c)) follow a trend
similar to d€/dt. In contrast, ug — ur, and cg — ¢y, show similarities to the
shock strength, with jumps approaching a finite value as © — 19 (the initial
shoreline). The increasing |cg — cr| as  — 19 is because the mass flux across
the shock front, |mg| = hrluyp — W/, decreases as h — 0 and uy, — W (recall
that the solitary wave is propagating into still water). In other words, for a

fixed 4

77> but decreased my, the jump in ¢ must be higher across the shock to

accommodate the same volume of entrained sediment.

The sediment on the left side of the incoming shock is eroded, which results
in a lower bed level in lee of the bore (i.e., as the shock propagates it leaves a
lower bed level behind it); see Fig. [§f(c). c is higher on the left (downstream)
side of the shock. This is consistent with previous analysis in § 2.4]

¢ is also higher on the downstream side of the backwash bore, and the jump in

¢ across the backwash (A3) bore is much smaller than that across the incoming

16



310

315

320

}LR - }LL
Up —uy,

Cr —C[,

Br — B,

Figure 5: Water depth difference (a), velocity difference (b), bed level difference (c), and
depth-averaged SSC difference (d) across the incoming bore and backwash bore as functions

of z(t).

bore. Jumps in A and u are also smaller, consistent with the smaller shock
strength and decay rates.

However, the bed level difference across the backwash bore increases signif-
icantly at a later stage. This is because the backwash shock velocity W — 0.
In its early stages the backwash bore moves offshore, entraining sediment from
upstream (shorewards here) as it does so, and therefore leaving a lower bed level
in its path. As W reduces, Bgr — By, reduces to a large negative value, and when

W — 0, the bed step difference Bg — By, — —oo from Eq. .

4.2.2. Bed change

The bed change at a series of times for both k = 150 and k& = 300 are shown
in Fig. @(a) (in which we normalise bed change, AB, by kM;). In the uprush,
the sediment entrained by the incoming bore is partially advected into the swash

zone, with that remaining seaward of the initial shoreline after the passage of
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the bore subsequently settling; see bed changes from ¢ = 20 to ¢t = 56.9 in
Fig.[6[a) (remember that there is no erosion by bed shear stress here). The bed
change pattern caused by the incoming bore is erosion seaward of and deposition
shoreward of the initial shoreline. When k is increased, the amount of erosion
and deposition is proportionately increased. The pattern remains the same.

0.02

(a)
001 | /\ i
0 il

0.01 1

AB/(kMy)

—t=0
—t=20
-0.03 - —t=40 |
——t=50
———t=569
20.04 L1 I I I I 1
5 10 15 20 25 30

AB

Figure 6: The bed changes, AB, induced by sediment transport due to bore turbulence only,
with (a) & = 150 (solid lines) and k¥ = 300 (dashed lines), for ¢ = 0.01 (note that AB is
normalised by kMp); (b) e = 0.01 (solid lines) and € = 0.02 (dashed lines) for k = 150.

The effect of varying e (settling velocity) (Fig.[6(b)) is different. For e = 0.02
(ws =~ 0.063 m/s, 0.46 mm grain size), sediment settles more quickly (note that
My is unchanged, so entrained sediment volume is unchanged; see incoming bore
position in Fig @(b) for t = 20, where the solid and dashed red lines coalesce).

There is therefore an altered bed change pattern, with more sediment deposited
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further seaward, including in the lower swash zone.

The aforementioned limit W — 0 = Br — By, — —oo can be observed for
the backwash bore as the sharp decrease in AB at t = 56.9. Note that this
bed discontinuity is opposite in sign to that usually observed in the field, and
which is consistent with bed load [I]. At this point, the model breaks down,
which reflects a lack of realism due to the absence of other modes of sediment

mobilisation.

4.8. Comparison of different modes of sediment mobilisation

We now examine numerical simulations of the solitary wave event in each
of which only one bed mobilisation mechanism is considered. The temporal
variations of h, u, ¢, huc (suspended sediment transport rate) and % fg hucdt
(net sediment volume passing a fixed location) are shown in Fig. [7] for simula-
tions with suspended load entrained (solid lines) by bore turbulence only; and
(dashed lines) by bed shear stress only. Locations are: x = 4 (toe of the slope),
x = 10 (about one third of the way up the slope to the initial shoreline), and
x = 15 (a little seaward of the initial shoreline). The hydrodynamics in each

case are very similar (Fig. [[(a), (b)).

4.3.1. Sediment entrainment by bore turbulence only

At z = 4 (Fig.[f|(c)) the wave has only just begun to form a shock (see also
Fig. [4)) so there is very little entrainment of sediment by bore turbulence there.
In contrast, (also Fig. [7[c)) by « = 10, 15 sediment entrainment by bore turbu-
lence is consistent with development in Fig. [} Comparing with observations of
[3], the corresponding maximum p,(ér — ¢r) = ps(cr — Cg)g ~ 21.8 kgm 3 at
x = 15, which is consistent with some of those observed in the field.

The instantaneous sediment flux, huc (Fig. [7| (d)) increases instantaneously
as the bore passes. And the integrated flux (Fig.[7] (e)) remains clearly onshore
[22, [7]. Finally, note that these time series are curtailed at ¢ = 56.9, when the

bore turbulence model breaks down.

19



360

365

T
15 - (a) — =4 |4
J\ =10
e i N ] ~ oM
—uaz=15
0.5 ’—I\_’__\¥A‘7'7ﬁ77<7<‘77’7777i
T N L e —— ——————
0 20 40 60 80 100 120
.
) (b)J\N\ |
0.4 |
3
02+ |
0 T ——
02t ! ‘ -7 ) ‘ |
0 20 40 60 80 100 120
02 F ]
©
’ So
S0t r / Sol J
P /, \\\\
0 e SR A S T e m e o]
0 20 40 60 80 100 120
0.06 - ]
d
o 004 | (d) |
= o002 | |
0 e e
-0.02 w w . . .
+ 0 20 40 60 80 100 120
=
o
T o
= 001 |
+5
T
S 0
<
= -0.01

Figure 7: The temporal variations of h, u, ¢, huc and % fot hucdt at x =4, 10 and 15 with
k = 150 in the simulations with suspended sediment entrained by bore turbulence only (solid
lines) and bed shear stress only (dashed lines). fot qdt in (e) is for bed load only case, and is
indicated by dotted lines.

4.83.2. Sediment mobilisation by bed shear stress

In contrast, the variation in ¢ and huc due to bed friction entrainment is
continuous when the bore arrives (Fig. Ifl (¢)). The corresponding peak ¢ value
is much smaller than that in the bore-turbulence-only case, although suspended
sediment persists because of continuous entrainment. c¢ increases to a large
value at = 15. This local increase is due to the advection of sediment entrained
further landward to the seaward side of the backwash bore; Fig.[§|shows evidence

of this: between ¢ = 50 and 70, sediment is settling locally, but nonetheless

20



370

375

380

increasing overall (this can also be viewed in Fig. [10]in § 4.5).
The integrated flux (Fig. [7|(e)) is sensitive to location in the inner surf zone,

exhibiting either marginal (z = 4, 10), or strongly net offshore (z = 15) flux.

t e(u’—c t
04l ci:fﬂ %dtffouczdti
: 7f0 ucydt
2
0.3 - fut e(uh—c)dt i
— —-Modelled ¢

0.3 . . . . .
0 20 40 60 80 100 120

2
Figure 8: fot ucg dt (¢ advection) and fot Lh_c)dt (net entrainment) components for the

suspended only case (at = 15).

The time series for suspended load caused by both bore turbulence and bed
shear stress (not shown) is approximately equal to the sum of the corresponding
bore-turbulence- and bed-shear-stress-only time series. In other words, over a
single swash event individual entrainment processes can be viewed as additive
(linear).

Finally, the net sediment flux due to bed load, fot qdt, is also shown, in
Fig. e). In this inner surf zone region this remains positive for the duration

of the event, and is effected primarily by the passage of the incoming wave.

4.4. Bed change comparison for individual processes

We now consider the bed change corresponding to these simulations. The
inclusion of each mechanism of sediment mobilisation yields distinctive bed

changes (see Fig. [9).

4.4.1. Bed change by bore turbulence only
For t = 20 and 50, AB displays the same pattern to that observed in Fig. [6]

Sediment is eroded from the region x < 19 (i.e. seaward of the initial shoreline),
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Figure 9: Comparison of snapshots of (a) bed change (AB) caused by sediment suspended
by bore turbulence only (solid line); sediment suspended by bed friction only (dashed line);
and bed load only (dotted line); (b) entrained sediment volume (hc) due to bore turbulence

only (solid line); bed friction only (dashed line). Times are indicated in the inset.

and deposited primarily just shoreward of x = 19 (i.e. in the lower swash). In
addition, (Fig.[0[b)) at ¢ = 20 and 50 we can see the large entrained sediment

volumes, which later settle.

4.4.2. Bed change by bed shear stress as suspended load only

In contrast, bed friction entrains sediment before and after bore collapse.
Prior to collapse (¢ = 20) hc increases from zero at the bore front (Fig. [0b))
because ¢ is continuous across the bore front [I]. After collapse the potential
energy in the bore is translated to kinetic energy and high velocities, resulting
in early dominance of erosion in the lower swash; by ¢ = 50 deposition has

occurred in the upper swash, consistent with earlier studies [23] 1], and the
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backwash has eroded the mid- to lower swash (Fig. @(a)). Also at t = 50 there
exists a peak in hc just seaward of the backwash bore position (Fig. [9(b)).
As this settles (¢ = 80, 120) a region of deposition forms (Fig. [0fa)), which
is opposite in orientation to the bed-step due to bed load [I]. It results from
suspended sediment settling downstream of the shock (backwash bore). The
overall pattern is one of deposition in the upper swash, erosion in the mid- to

lower swash, and deposition seaward of the backwash bore.

4.4.3. Bed change by bed shear stress as bed load only

During onshore propagation (¢t = 20) bed load flux divergence removes a
layer of sand seaward of the shock front, which accumulates immediately behind
the shock front (thus forming the bed discontinuity at the shock [24]). By
t = 50 sediment divergence (convergence) in the lower (upper) swash yields
a distinctive morphological pattern seen in Fig. [(a), which persists at later
times. A prominent bed-step, similar to that reproduced by [I] forms by ¢ = 50,
and grows significantly thereafter as it propagates slowly offshore. The overall
pattern is mild deposition in the upper to mid-swash, strong erosion in the lower

swash, and strong deposition shoreward of the backwash bore.

4.5. Simulation including all processes

Finally, for the same solitary wave case we now include all sediment transport
processes, and examine the bed evolution during the swash event. Again, M =
M, = 0.001, € = 0.01, £ = 150, ¢4 = 0.01; and ¢ = 0.01. This allows us to
include bore turbulence beyond the singularity in the shock condition by
using instead. It also reveals the overall morphodynamical development.

The contour plots for the swash event driven by the solitary wave are shown
in Fig. The wave breaks at (z &~ 0.9,¢ =~ 8.6), collapses at (x = 19 (z5(0)),
t ~ 23.8), and runs up the beach with maximum run-up at (z ~ 29.9, ¢t =~ 46.0).
The shoreline remains static during the backwash [20, 21], but we can see that
water moves seawards leaving an increasingly thin film of water in the upper

swash (Fig. [L0(a)-(b)). One backwash (\3) bore develops (x ~ 17.3, ¢ ~ 42.8),
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and it gradually slows and collapses at (z ~ 16.2, t ~ 71.1). A weak, shoreward
propagating bore also develops (z &~ 16.3, t &~ 67.3) due to the convergence of

Ao characteristics before the collapse of the backwash bore. The bed changes

and total sediment in the water column are also shown at a series of times in

Fig.

120

Figure 10: Comparison of contour plots during a swash event driven by a solitary wave. (a):
h; (b) u; (¢) AB; and (d) ¢. In (c) brown shading indicates deposition, and blue erosion. The
grey-green shading indicates still water as yet unaffected by the incoming bore, and white is
the dry beach. Dashed lines indicate the times corresponding to those shown in Fig. The
coloured lines are the bore paths: red: incoming (A2) bore; blue: backwash (A3) bore; green:

A2 bore.

The ¢ contour plot reflects these changes. There are three distinct local max-
ima readily observable in Fig. d). I: a very pronounced, narrowly-confined
peak close behind the uprush tip. This is due to bed shear stress, and it rapidly

diminishes because of flow deceleration and the small water depth there; II: a
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region straddling the (A3) backwash bore, primarily due to bed shear stress.
Sediment initially shoreward of the shock is transported seaward and deposited;
III: finally, further offshore, bore turbulence is a source of suspended sediment.
This can initially be seen at the inception of breaking of the solitary wave
(x = 0.9,t =~ 8.6), and this gradually forms a lobe of sediment further offshore
at later times. In addition, there is another confined local maximum in ¢ due
to the weak onshore travelling Ay bore, which can be discerned in Fig. d)
from the discontinuity in ¢ contours across that shock path, but is more readily
observable in Fig. [[I(b) (¢t = 80). This latter peak, also due to entrainment by

bore turbulence, is dependent on there being no ensuing wave.
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Figure 11: Snapshots for bed change AB and hc at a series of time. (a): AB; and (b) hc.

In Fig. [10|c) we can see erosion from 4 < x < 19 (inner surf zone), until ¢ ~

43, when the backwash bore forms, and, after which, a sub-region of deposition
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(the bed step) develops. This erosion is due to bore turbulence (see Fig. [0fa)).

In Fig. (c) we can also see the subsequent development of the bed step,
associated with which, there are two distinct sub-regions of deposition. Shore-
ward of the backwash bore bed load deposition yields a very elevated bed level
(due to bed load deposition). By the time that the second As shock has formed
this region is fully developed (note the vertical contours). Seaward of the back-
wash bore the region remains depositional, but with an abrupt diminution in
bed level. We now know that this is due to the settling out of suspended load
that is entrained by bed shear stress. Note that this bed level continues to grow
up to t = 120.

The limited energy loss associated with the backwash bore, also indicates
that the bed step is primarily a product of bed load via the shock relation
[see also [I]. Bore turbulence therefore has limited effect on the position and
height of the bed step. The maximum bed change due to bore turbulence is of
the order 1072 (also see Fig. @), which is about an order of magnitude smaller
than the maximum bed change around the bed step when bed load is included.
A smaller value of o would yield correspondingly smaller AB values, but, as
noted by [1], the bed step height is only weakly dependent on o.

The region straddling the initial shoreline (z = 19) is subject to erosion. For
x < 19 this is partly due to bore turbulence, but erosion by bed shear stress
overwhelms any shoreward deposition of this sediment in the region = > 19.
This "trans x5(0)” region of erosion widens as the backwash builds the bed-step
further offshore, in part from sediment in this region.

The overall resulting pattern of sediment redistribution (offshore to onshore)
is: strong, diffuse erosion (inner surf zone; due to bore turbulence); mild, very
confined deposition (just seaward of the bed-step; due to sediment entrained
as suspended load by bed shear stress); very pronounced, very confined depo-
sition (bed step; bed load); strong confined erosion (lower to mid-swash; due
to mobilisation by bed shear stress, both as bed- and suspended load); mild,
fairly diffuse deposition (upper swash; primarily due to bed shear stress driven

suspended load).
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Much of the sediment eroded by bore turbulence remains in the water column
and is likely to be available for subsequent waves to advect, even when those
subsequent waves are not energetic enough to entrain sediment themselves [22]
7.

In Fig. [12] we show the time variation of the volume of bore-entrained sedi-
ment that is subsequently deposited seaward or shoreward of the initial shore-
line, and that which remains in the water column seaward of the initial shore-
line (only a negligible amount remains in the water column for x > z,(0)). By
t = 50, when the backwash is at or near its peak, a substantial amount of the
bore-entrained sediment (35%) remains in the water column, and is available to
be advected by a following wave [22]. By ¢ = 90 (120) the swash event is over,
and this percentage drops to 19% (12%).
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Figure 12: Sediment volume (per unit width) due to bore turbulence: (4) in water column for
z < 19 (calculated by subtracting volumes with and without bore turbulence); (o) deposited in
region z < 19 after being eroded by the incoming bore; (square) deposited in region z > 19.
Times correspond to those for which the wave period is < (¢ = 50), ~ (¢t = 90), and >

(t = 120) the swash period. The dashed line is the total sediment entrained by the incoming

z(t=bore collapse) M .
bore, calculated as +(t=bore formation)) W(a:?t)) G(z(t)) dz, from the shock relation l}
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5. Discussion

One approximation we make for the estimation of k (see § is to equate
the (depth-averaged) ¢ values to the SSC values measured 3 cm above the bed
by [3]. This is clearly a crude approximation, which we use for a number of
reasons. First, we employ ¢, a depth-averaged SSC in our model. We tried
experiments using a ¢ value adjusted such that it corresponds to a true depth-
averaged ¢, as estimated from the work reported by [3]. However, this resulted
in very small bed changes. Moreover, there was much uncertainty in arriving at
such a depth-averaged value. We also note that the measurements of [3] include
the effects not just of bore turbulence but also of entrainment / mobilisation
by bed shear stress. In the model we consider here sediment entrainment by
bed shear stress has a continuous signal as a bore front passes, whereas bore
turbulence entrainment yields a discontinuous time series. But, in the field,
distinguishing between the two may prove difficult. The modelled SSC values
are, however, of similar magnitude of those measured SSC by [3]. Additionally,
our approximations for R and L values of ¢ are clearly subject to some guesswork,
and indeed correspond to values that were actually measured at different times
(albeit ones close together). Lastly, the sediment entrainment model embodied
by is an approximation of a more complex process. Overall, therefore, we
chose simply to equate measured SSC directly to ¢. This is clearly an issue that
can be revisited.

The value of M, that we assume also contains considerable uncertainty. In
[1] the equivalent bed mobility parameter for sediment entrainment due to bed
shear stress was calibrated at the value M = 0.001. Conceptually, these two
values will be related if not identical, so it seems reasonable to take M, = M as
we do here, although the fact that we here calibrate ¢ against kM; means that
some of the uncertainty will be in k too, even though it notionally represents a
different process. The site calibration of M by [I] is also limited. More detailed
measurements may yield greater accuracy in the future.

This work is also limited because the bore turbulence is implicitly assumed
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to occur only at the shock, and no advection or diffusion is considered. The
advection of bore turbulence has been observed in experiments [7, 25]. On

a similar note, our choice of (|16) also implies that maximum erosion occurs

2lhr—hr|

offshore of x,(0), at =7

~ 0.56, whereas observations indicate that that
starts to occur nearer to the shoreline (albeit with a proportion of that being due
to bed shear stress) at locations at which % ~ 1 [7]. However, the shock
dynamics, which we focus on, will not be affected by this, because the inclusion
of advection of turbulence would yield another characteristic A5 = Ay = u. In
future modelling a combination of turbulence modelling and modification of G

can be considered.

6. Conclusions

This work has proposed a new mathematical model of bore turbulence en-
trainment in a NSWE morphodynamic model. The model entails use of a Dirac
delta function as a source term for entrained sediment, which then yields new
shock conditions. Here, sediment entrainment by bore turbulence is assumed to
be proportional to the energy decay rate at the bore. The energy decay rate at
a shock on a mobile bed with a bed discontinuity is derived analytically. The
resulting expression asymptotes to the classical expression for a fixed bed [10]
p. 291-341] (see . The entrainment and movement of the sediment
by bore turbulence via the shock relations is analysed. This approach allows an
analytical estimate of energy decay rate, so that numerical back calculations are
not necessary, and can be extended to incorporate an equation of generation /
decay / advection of turbulence intensity.

A single swash event driven by a solitary wave has been simulated, and the
roles of bore turbulence, bed load and suspended load in beachface evolution
are investigated. The results show that sediment entrainment by bore-generated
turbulence dominates over bed shear stress related mobilisation processes for the
incoming bore. We estimate that 35 to 12% of that sediment is available for

advection by a subsequent wave. In contrast, sediment entrainment by bore-
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generated turbulence is much less important for the backwash bore, at which
bed shear stress controls sedimentation / erosion. The bed-step, which is formed
by the backwash bore, is primarily created by bed load, but suspended load to
some extent counteracts this growth, by depositing sediment seaward of this

feature.

Appendix A. Expression for G as the shoreline is approached

Consider a bore propagating, from left to right, into still water on a non-
erodible bed, on a plane beach of slope tan a. From [26] we know that, according

to shallow water theory

UG Tz (A1)
up = (bt ) w (A.2)

where we have used the terminology introduced in § 2.3 Because the bore
is propagating into still water, hg = tan aAx, and ug = 0, where Az is the
distance from the bore to the still water shoreline. We know that hy ~ (Az)?
as Ax — 0, where S > 0, because hy, must — 0 as Ax — 0. For W to be
finite at the shoreline we must therefore have g = %, in which case W — up, as
Az — 0.

With this in mind, we note that as Ax — 0, with G = k% and ,

becomes
—CJ, = ek(uL)Q% (Ag)
=cr — eku? 3 (A4)

and therefore that ¢;, — a finite value at the shore. However, if instead
G=k-—— (A.5)

then ¢, — oo as Az — 0, which is non-physical.
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Appendix B. Non-dimensionalization of bore-turbulence only case

In the case M = 0, and M}, # 0 sediment is suspended by bore-generated

turbulence only. In anticipation of this we first take ¢y = %, and, instead of

(@), we get
A T EMe 9 o a2
By + 3¢ ———vtu, = = c— — u* —EmpG (2)0(z — (),
g2 G ot M ENEO

which, for M = 0, reduces to
Bi + 30u*u, = Myc— MG (z)d(x — C). (B.1)

Similarly, instead of we get

_ §me 2 W, Ws 5 1/2A5/2% _
(he)e + (hue), = oY G2t e k' Phy' " —-0(w = Q)
(B.2)
and finally
(he)e + (huc), = —ec+eG'(z)d(z — (). (B.3)

Appendix C. Hydraulic jump on a mobile bed

In order to determine k it is first useful to consider the case of a stationary
shock (hydraulic jump) on a mobile bed, to see if this yields a natural expression
for k. The logic behind this is that at such a feature bed load will deposit
sediment immediately downstream, which might be balanced by entrainment,
expressed through k. For a stationary hydraulic jump on a mobile bed, W = 0

and o > 0, and the shock conditions become

hrurp — hrur, = 0, (C.1)
Dy + h% —houd — S0+ (hn+ho)(Br—Br) = 0, (C2)
o(ud —ud) = —MyG, (C.3)
ms(cr —cr) = €G. (C.4)
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If there is no entrainment due to bore turbulence, i.e., M, = 0, Eq.
= u; = ugr. In that case and = in general that hy = hgr and
By = Bpgr. Thus a stationary hydraulic jump cannot exist on a mobile bed if
M, = 0.

If 0 = 0 (no bed load), it can be seen that cannot be satisfied unless
G=0or M, =0. And G = 0= hy, = hg (from B8)) (or ur = ug, from (C.3))
= up = ur, (hg = hy) = Br = By, from . Thus, again, a stationary
hydraulic jump cannot exist on a mobile bed if ¢ = 0 and M, > 0.

For M,, o > 0, and can be satisfied such that defines k,
so that it corresponds to the amount of entrainment by bore turbulence that
exactly equals the difference in bed-load transport across the shock. Then,
determines the concentration increase induced by bore turbulence, and
given by . We can then see that and can be solved to give the
usual hydraulic jump on a non-erodible bed (even though the bed is erodible).
Therefore, this seems to imply the possible existence of stationary hydraulic
jump on a mobile bed, which would not be possible without bore entrainment

by turbulence.

Accordingly, substituting Eq. into (C.3)) and (C.4) gives

d€ hr —hr
3wl = —Mpk— = —Mpkmy — 2= = .
o(up —uy) bk vkms(vp — vR) Shn T h)’ (C.5)
P ),
Myd€E /dt
_ d&€ _ 9 hr—"hp
mS(CR — CL) = Gka = kaS(UL 'UR) m (06)
= — kiﬁ
cR—CL = mg dt

However, in 7 there are 8 unknowns: hr, ur, Br, cr, hr, ur, Br
and cg. From Eq. , we know that u; and up have the same signs. If
ur, ur > 0, then A\, < 0, Aa3r, > 0, Mg < 0, and Ag3r > 0. We therefore
deduce that a stationary hydraulic jump cannot form because there can be no
convergence of a characteristic family across the discontinuity. An analogous

argument can be applied for the case ur, ur < 0. Therefore, we conclude that
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we must determine k by other means.

o0s Appendix D. Energy decay at a fixed bed shock with a continuous
bed

When By, = B and Fpeq =0, becomes

d& 1 1 1 1 1 1
1 1 1, 1.4
ims (hL — hR) + ims(uL + UR)(UL — ’UR) + ihLuL — ihRUR'
(D.1)
From Eq. and By, = Bg,
Lo 1.,y
ms(vp —vR) = §hR - ihL. (D.2)
Substituting (D.2) into (D.1]) gives
d€ 1 1 1 1 1 1 1 1

1 1 1 1 1
= gms(he —hg)+ S(ur + UR)(gh% - ih%) + 7 (uz — ur)(hy + h%) + Z(h% — h)(up +ur)

— Do =

1
= b~ )+ S —en) (04 B)

4
1 1 1 1 1
= §m5 (hL — hR) + ZmShL + Z’ULh% — Zth% — sthR
3 1m 1m
= Zmy(hp —h ) ey
3 (he =)+ 33 = 5 hL
3 1mg(h% — h3)
= Zm(hy —h ZSVIROTL)
7™M (he = he) + ==
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