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Abstract. This paper describes a generalisation of the methods of Iwasawa Theory
to the field F,, obtained by adjoining the field of definition of all the p-power torsion
points on an elliptic curve, E, to a number field, F. Everything considered is essentially
well-known in the case E has complex multiplication, thus it is assumed throughout
that £ has no complex multiplication. Let G, denote the Galois group of F,, over
F. Then the main focus of this paper is on the study of the G,,-cohomology of the p*-
Selmer group of E over F,, and the calculation of its Euler characteristic, where
possible. The paper also describes proposed natural analogues to this situation of the
classical Iwasawa A-invariant and the condition of having w-invariant equal to 0.

The final section illustrates the general theory by a detailed discussion of the three
elliptic curves of conductor 11, at the prime p =>5.

Let F be a finite extension of @, and E an elliptic curve defined over F.
We assume throughout that E has no complex multiplication over the algebraic
closure of F and we will make no further comment about this in the statement
of our results. In fact, everything we shall consider is essentially well known in
the complex multiplication case (see [33]). Let p be any prime number. Our
aim 1s to consider a generalisation of the methods of Iwasawa Theory to the
field F,, obtained by adjoining all the p-power torsion points on E to F. By
a celebrated theorem of Serre [41], the Galois group G, of F, over F is iso-
morphic to an open subgroup of GL,(Z,), and hence is a non-Abelian, p-adic,
Lie group of dimension four. This situation was first considered by M. Harris
[20], [22], but remains shrouded in mystery today. We emphasize that the
methods of classical Abelian Iwasawa Theory do not extend in any obvious
fashion to the GL, theory, and that there are a number of obvious pitfalls if one
follows such an approach (see [1].) We hope that our fragmentary results
provide evidence that there is a deep and interesting Iwasawa theory to be dis-
covered. We have largely concentrated on the study of the G, -cohomology of
the p®-Selmer group of E over F,,, and the calculation of its Euler characteristic
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when these cohomology groups are all finite. In the classical theory of Z,-
extensions an important role is played by Iwasawa’s A and u-invariants for a
torsion module over the Iwasawa algebra. In §6 we propose what seem to be
natural analogues of the /-invariant and having w-invariant equal to 0 for the
dual of the p*-Selmer group of E over F,, when we expect it to be torsion over
the Iwasawa algebra of G,,. (See also Greenberg [17], where a similar notion of
having p-invariant equal to 0 is introduced.) In §7 we illustrate our general
theory by a detailed discussion of the three elliptic curves of conductor 11 and the
prime p =5, where we can prove all of our conjectures and calculate the an-
alogue of the J-invariant. We have not discussed at all the possible connexion of
the p*-Selmer group of E over F,, with L-functions, although we strongly believe
that such a link must exist.

1. Statement of main results.

For any algebraic extension, H, of F we define the p®-Selmer group of E
over H, denoted %, (E/H), in the usual way, that is by the exactness of the
sequence

S(E/H) = Ker (HI(H, E,) — HHI(Hw,E)>, (1)

(&)

where w runs over all places of H. Here, if H is an infinite extension of Q then
H,, denotes, as is usual, the union of the completions at w of all finite extensions
of Q contained in H. Denote by F, the field obtained by just adjoining the
p"*ltorsion points on E to F. As remarked above, G, is defined to be the
Galois group of the field extension F.,/F. Let G, be the Galois group Gal(F,/F).
Then G, can be embedded as a closed subgroup of GL;(Z),) and is thus a p-adic,
Lie group. We define the Iwasawa algebra in this situation to be the following
completed group algebra

A(GOO) = Hﬁzp[Gfi] (2)

where the inverse limit is taken with respect to the canonical projection maps.

Now G, acts continuously on %,(E/F,), where this latter module is
regarded as having the discrete topology, thus this action can be extended to a
continuous action of A(G,,) and it is generally more useful to regard %, (E/F,)
as a A(G,)-module. We consider also

(E/Fy) = Hom(%(E/F..), Q,/Z,) (3)

which has the structure of a compact A(G,)-module.
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Because 4(G,,) generally contains zero divisors it is also convenient to fix a
pro-p subgroup

R=Gal(F,/Fy), if p>2; Gal(F,/F), if p=2. (4)

By restricting to the action of R, any A(G.)-module naturally has the structure
of a A(R)-module, where A(R) is defined analogously to A(G,). It is known
that 4(R) has no zero divisors. We say that a A(R)-module, M, is A(R)-torsion
if every element of M has a non-trivial annihilator in 4(R). Note that, because
A(R) is not Abelian, this is certainly weaker than asserting that M has a non-
trivial global annihilator in A(R).

One final piece of notation. If G is any profinite group which has finite p-
cohomological dimension, n say, and if M is any p-primary Abelian group with
the structure of a discrete G-module, then we define its G-Euler Characteristic by

1G.M) = [ GH(G, M) (5)

0<i<n

if this is defined (i.e. all terms in the product are finite), otherwise we simply say
the G-Euler Characteristic of M is undefined. Recall that the p-cohomological
dimension of G, cd,(G), is defined as the minimum number such that
H'(G,M) =0 for all discrete, p-primary, G-modules, and for all i > cd,(G). It
is well known, [38], [28], that a p-adic, Lie group has p-cohomological dimension
equal to its dimension as a p-adic manifold if it contains no element of order
p, and infinite p-cohomological dimension otherwise. Thus our hypothesis on E
implies that cd,(G,,) =4 if p > 5 but can be infinite for p =2,3. This is the
main, but not only, reason for excluding in particular the prime p = 3.
Then we prove the following:

THEOREM 1.1. Let p be a rational prime such that (i) p > 5, (ii) E has good
ordinary reduction at all places, v, of F dividing p, (iii) S,(E/F) is finite and (iv)
,(E/F,) is A(R)-torsion. Then y(G.,%(E/Fy)) is defined and equals

pp(E/F) x |T] Ly(E.1) (6)
ved
where p,(E/F) is defined by
IH(E/F)(p)1|'[((dE~v(kF‘,)(p))2)
E/F) = o . 7
E/E) GEF) () TL Je, 7

Here, S is any finite set of places of F containing the Archimedean places and
all primes of F which either divide p or where E has bad reduction. The set I
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consists of the set of non-Archimedean places of F at which the classical j-
invariant, jp, of E is non-integral. Other terms in (7) will be defined at the
beginning of §3. We simply note that it is finite, under our assumptions on E and
p above. In fact, in section 5 we carry out all the local calculations necessary to
prove a version of replacing condition (ii) by the weaker statement
(ii)" E has potential good ordinary reduction at all places v of F dividing p. The
formula for p,(E/F) then becomes somewhat more complicated to state, but it
should be clear to anyone interested what form it takes, from the calculations in
§5.

We should confess at this point that the exact formula for the corresponding
result to [Theorem 1.1 in our earlier note [7] is incorrect because of the omission
of the mysterious term coming from the Euler factors of primes in 9. We are
grateful to Richard Taylor for pointing our earlier error out to us. We will
discuss further the significance of these Euler factors later, when we carry out the
local calculations.

THEOREM 1.2. Under the hypotheses (1) and (iv) of Theorem 1.1, for every
open subgroup G of Gy, the cohomology groups H'(G,%,(E/Fy)) are zero for all
i>2.

Note in particular that we are assuming nothing about the structure of
S (E/F), the p*-Selmer group over F, or, a priori, about the reduction type of E
at p. (In fact, we shall prove that these cohomology groups vanish under a
stronger condition, namely whenever %,(E/F, ) satisfies Conjecture 2.4.)

More generally, we make the following conjectures:

CONJECTURE 1.3.  Under the condition on p that E has good ordinary reduc-
tion at all places of F dividing p, 6,(E/F,) is always A(Gy)-torsion, and thus

CoNJECTURE 1.4. Under conditions (i), (i) and (iii) of [Theorem 1.1,
WG, SH(EF,)) is defined and equals the value given in (6) and (7).

Conjecture 1.3 was first made by M. Harris in (see also the correction
22|). A more general conjecture, taking into account the behaviour of super-
singular primes, is given in the next section. This also allows us to conjecture
more generally when should hold. Currently our evidence for this
conjecture is rather slight. It consists principally of a very weak theorem which
follows from a discussion of the relationship between Conjecture 1.3 and the
corresponding conjecture in the theory for the cyclotomic Z,-extension. We will
describe what we can currently say about the relationship between the two
situations in some detail in §6. Using this relationship we are able to prove all
of our conjectures for a small number of numerical examples, including the three
curves of conductor 11 and the prime p = 5. Our proofs are based on descent
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calculations for these elliptic curves over the field Q(u,), due to R. Greenberg
(see for an account of Greenberg’s work, which is announced in [17]),
and more recently to T. Fisher (unpublished). We will give a brief summary of
these calculations and the examples which follow in the final section. Our other
main evidence is an explicit upper bound on just how large the rank of %,(E/F.)
as a A(Gy)-module can be, given in and [24]. The main motivation for
Conjecture 1.3 is by analogy with the classical situation of the cyclotomic Z,-
extension of F, where the corresponding conjecture (originally due to Mazur, see
[29]) is long standing, and has recently been proven for £ modular, defined over
Q and with F/Q Abelian, by Kato [26]. A similar statement to Conjecture 1.4 is
a well known theorem in this case, but the value of the Euler characteristic is
then just p,(E/F), without the Euler factors at primes of non-integral j-invariant.

Due to the sparsity of explicit examples where Conjecture 1.3 is known to
hold, we will also establish a partial result in the direction of Theorem 1.1, which
holds without any assumption on the structure of %,(E/F,) as a 4(G,, )-module.
In the potential good, ordinary case, however, we can establish nothing in the
direction of without knowing the torsion of %,(E/F,).

In an appendix we will also give a proof of the following result, the truth of
which was pointed out to us by R. Greenberg.

THEOREM 1.5. Assume p >5. Then

dimg, (6,(E/F..) ® 7, 0,) = . (8)

In other words, the p*-Selmer group is ‘large’ despite Conjecture 1.3. Note
that, unlike in the classical cyclotomic situation, is not incompatible
with Conjecture 1.3. The hypothesis p > 5 is only necessary in case E has
unstable reduction and integral j-invariant at all primes of F dividing p. We
believe that is true for all primes p without restriction.

Our proof of gives no indication as to whether the size of
%,(E/F,) is due to a large Mordell-Weil group over F,, or a large Tate-
Shafarevi¢ group, W(E/F,). This is something which would be extremely
interesting to clarify (presumably both can be large.) Under certain conditions
(including assuming E has good ordinary reduction at all primes v of F dividing
J2) follows from work of Harris in [21], where he actually constructs
explicit lower bounds on the Mordell-Weil rank of E over F,.

Our motivation for studying is the following. Exact formulae
play an important part in the Iwasawa Theory of elliptic curves. If the p*-
Selmer group at the F,, level is to eventually be useful in studying the arithmetic
of E over the base field, F, we must be able to recover the basic arithmetic
invariants of E over F from some formula related to the 4(R)-module structure
of % (E/F,). In the classical analogue of our theory over the cyclotomic Z),-
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extension of F, [Theorem 1.1, when combined with an Iwasawa Main Conjecture,
is what would be expected from a p-adic Birch and Swinnerton-Dyer conjecture,
as described in and gives information about the original conjecture of Birch
and Swinnerton-Dyer. In fact, it largely motivated the formulation of the p-adic
Birch and Swinnerton-Dyer conjecture. For elliptic curves admitting complex
multiplication, such a Main Conjecture has been proven by Rubin and Yager.
In the setting of this paper we do not yet have the tools available to formulate an
analogous Main Conjecture. So we study such explicit formulae directly instead.
Further discussion of this motivation was given in our earlier paper [7]. We
note that a preliminary account of the results of this paper is also given in the
lectures [4].

NotaTiON. The following notation is used throughout:

« If 4 is any Abelian group then A(p) denotes its p-primary subgroup.

- If S is any finite set of primes of F then FS denotes the maximal extension
of F unramified outside S.

* If A4 is either a discrete p-primary Abelian group or a compact pro-p group
then the Pontrjagin dual of A is defined by

A=Hom(4,0,/Z,).

* For an elliptic curve, E, defined over F, F, throughout denotes the
extension of F obtained by adjoining all the p-power torsion points on E,
and F?¢ denotes the cyclotomic Z,-extension of F.

+ The Galois group of F,, over F is denoted by G, and R is a fixed pro-p
subgroup of G, defined by (4).

ACKNOWLEDGEMENTS. We would like to warmly thank R. Greenberg for
many helpful conversations and contributions to the contents of this paper. We
would also like to thank J-P. Serre for providing us with a proof of [Theoreml
4.2, R. Sujatha for first pointing out the finiteness of the cohomology groups in
(131), and Y-H. Ochi, R. L. Taylor and B. Totaro for making a number of
helpful observations while this work was in progress.

2. Preliminaries.

We will need certain general results about the algebraic structure of A(R)
and finitely generated 4(R)-modules which are collected together here for ref-
erence. By a A(R)-module we will always mean a left A(R)-module. So long
as we are consistent, though, we could of course equally well talk about right
A(R)-modules.

The action of G, on E,~ defines a canonical representation

p: Gy — Aut(Eyr) 3 GLy(Z)). 9)
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When there is no danger of confusion, we shall drop the homomorphism p from
the notation, and identify G,, with a subgroup of GL,(Z,). Note that p maps R
into the subgroup of GL,(Z,) consisting of all matrices which are congruent to
the identity modulo p if p >3, 4 if p=2. In particular, it follows that R is
always a pro-p group. However, it is not in general true that G, itself is a pro-p
group. The following fundamental result about the size of G, is due to Serre

41].

THEOREM 2.1. 1) G, is open in GLy(Z,) for all primes p, and
ii) Gy, = GLy(Z,) for all but a finite number of primes p.

The following is an extension, due to Serre [38], of a theorem of Lazard [28].

THEOREM 2.2.  Any p-adic, Lie group, G, containing no element of order p has

finite p-cohomological dimension which is equal to its dimension as a p-adic
manifold.

By virtue of [Theorem 2.1, G, is a p-adic Lie group of dimension 4. Thus
G, will have p-cohomological dimension equal to 4 provided G, has no p-
torsion. Since G, is a subgroup of GL,(Z,), it will certainly have no p-torsion
provided p > 5.

The final algebraic property we need is

THEOREM 2.3. The Iwasawa algebra A(R) is left and right Noetherian and
has no divisors of zero.

This is a special case of a theorem of Lazard’s [28].

It is known (see chapter 9) that implies that 4(R) admits a
skew field of fractions, which we denote by K(R). If M is any finitely generated
A(R)-module then we define the A(R)-rank of M by

DEFINITION.
A(R)-rank(M) = dimgg) (K(R) ® 4r) M) (10)

Note that the theory of vector spaces over skew fields exactly parallels the usual
theory in the Abelian case, so this definition is a valid one. What is more, since
K(R) is a flat A(R)-module, A(R)-rank is additive with respect to exact sequences
of finitely generated A(R)-modules. As would be expected, M is torsion in the
sense defined previously if and only if the A(R)-rank of M is zero.

For each prime, v dividing p, of F define the integer 7,(E/F) by

|F,: Q,| if E has potential
T, (E/F) = supersingular reduction at v, (11)
0 otherwise.
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Put
o,(E/F) = 1,E/F) (12)
v|p

We can now make the more general conjecture about the size of %,(E/Fy)
promised in the previous section.

CONJECTURE 2.4. For every prime, p, the A(R)-rank of 6,(E/F.) is equal to
7,(E/F)|G» : R|.

Since, of course, 7,(E/F) = 0 if E has good ordinary reduction at all primes of F
dividing p, this incorporates the earlier Conjecture 1.3 made above.
For interest, we quote here the following from [25], [24].

THEOREM 2.5. For all primes p > 5 we have

A(R)-rank(%,(E/F.))

7,(E/F) < G, R

<|F: 0 (13)

Let G now be any p-adic, Lie group. Recall the augmentation ideal of A(G) is
defined by

I(G) = Ker(4(G) — Z,) (14)

Here A(G) is defined, for any p-adic Lie group, as in (2). Then the following
essentially well known theorem is discussed in

THEOREM 2.6 (Nakayama’s Lemma). Assume that G is a pro-p, p-adic, Lie
group, and that M is a compact, left A(G)-module. Then M =0 if and only if
M/I(G)M = 0. It follows that if M/I(G)M is a finitely generated Z,-module,
then M is a finitely generated A(G)-module.

Clearly any A(G,,)-module which is finitely generated as a A(R)-module is
also finitely generated as a A(G.)-module.

It is interesting to note that the stronger version of Nakayama’s lemma,
giving a useful criterion for M to be A(G)-torsion, does not generalise to arbitrary
pro-p, p-adic, Lie groups. See a discussion of what can be said.

We now turn to some preliminary steps in the proof of Theorems [L1 and
[.2. Recall S is any finite set of primes of F containing the set of primes
dividing p, the primes of bad reduction and the Archimedean primes and F*
denotes the maximal extension of F which is unramified outside the set S. Then
F5 contains F,,. It is well known that this implies the p®-Selmer group (over
any field contained in F5) can be defined by considering local conditions only at
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the primes dividing those in S. Because of our assumption that p # 2 we may
also ignore all local considerations at infinite primes.
Define

JA(F,) = lim @ H' (F0, E)(p) (15)

v

where the limit is taken with respect to the restriction maps. For each n, the
w, range over the primes of F, which lie above v, and F,,, denotes the
completion of F, at w,. Thus we obtain the following fundamental diagram
with exact rows.

Gy
0 —— GE/F)% —— H'(FS/F, Ep)% = (@Mﬂ))
veS

% % o

0 —— GEF) —— H(FFE)  —— @H(F.E)p)

(16)

The vertical maps are given by restriction maps. It is by a detailed analysis
of this diagram that we will be able to prove Theorems [[LI and [.2.

The following well known lemma (see [8]), whose proof we omit, describes
the cokernel of Ar when ¥ (E/F) is finite.

LemMmA 2.7. Let p be an odd prime and assume that 9,(E/F) is finite. Then
Coker(Ar) = E(F)(p).

The inflation-restriction sequence in Galois cohomology describes the kernels
and cokernels of f and 6. We have the exact sequence

0= H'(Gos Eye) — H'(FS/F, Eye) & H'(FSFy By )™ (17)

— H*(Go, Eye) — HX(FS/F, Ey)

and thus Ker(f), Coker(ff) are both finite independent of any hypothesis on E,
p, as was first pointed out by Serre in [37], [40]. We will explain this later, see
Lemma 4.1.

Turning to the local maps, we first require

LemmA 2.8.  For each prime v in S let w be any prime of F., dividing v.
Then H'(Gy,J,(Fy,)) is canonically isomorphic to H'(Ay, H (F,, o, E)(p)), where
Ay, 1s the decomposition group of G, at .
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By a prime of F,, we shall mean a compatible sequence of primes for each finite
extension of F contained in F,,. It is sufficient just to consider the sub-extensions
F,. Then w = (w,), where the w, satisfy w,;i|w,. This is equivalent to the
usual notion of a prime of F,,. To say that o divides v means simply that each
wyu|v. We then have

Foo,w: Umen (18)

We omit the proof of the above lemma, which follows immediately from
Shapiro’s lemma as in prop. 7.2 chap. VII of [3].

Now we can give the local analogue of (17). For each v in S, we have an
exact sequence

0= B (o, B(F2 ) () = H' (B E)p) & B (Fuon EXD)

— H*(A4, E(F0.))(p) — H*(F\, E)(p)

describing Ker(d,), Coker(d,). In fact H*(F,,E)(p) = 0.
The snake lemma applied to the fundamental diagram (16) gives the fol-
lowing exact sequence

0 — Ker(a) — Ker(f) — Ker(d) Nim(4r) — Coker(«) 0)
— Coker(f) — im(y,) /o(im(AF)) — 0.

We can thus immediately conclude

THEOREM 2.9. The kernel of o is finite and the Pontrjagin dual of the
cokernel is finitely generated as a Z,-module. Thus

i) %,(E/F,) is a finitely generated A(R)-module, and

ii) the Pontriagin dual of H'(F5/F,,E,) is a finitely generated A(R)-
module.

Proor. Diagram (16) holds with any choice of ground field, thus we may
take

F=Fy,=F(E),p>2 F=F =F(E),p=2.
Firstly, since Ker(f) is finite Ker(«) is finite also. Also, we know that

Ker(d) = B H'(F,,E)(p)
veS
By Tate local duality the Pontrjagin dual of each H'(F,,E)(p) is E(F,)®Z,,
a finitely generated Z,-module (of rank 0 if vfp, rank |F,: Q,| if v|p) and so
Ker(0) is cofinitely generated as a Z,-module. It follows that the same is true
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of Coker(x). But % (E/F) is a subgroup of H!(F5/F,E,-) which is cofinitely
generated as a Z,-module (due to Tate, see Corollary 4.15.) Thus % (E/F)
is itself cofinitely generated as a Z,-module. It follows that %,(E/F, )z, the
R-coinvariants of %,(E/F,), is a finitely generated Z,-module. Since %,(E/F,)
is the Pontrjagin dual of % (E/F, ), a discrete A(R)-module, and thus is itself a
compact A(R)-module, part (i) of the theorem then follows by Nakayama’s
lemma, 2.6. Similarly, since Coker(f) is finite, it follows that H'(FS/F,,, Ej. )"
is cofinitely generated as a A(R)-module. Since H'(F5/F,, E,-) is discrete, the
second part also then follows from 2.6. ]

We are grateful to Y. Ochi ([32]) for pointing out to us the following which
is particularly interesting as the first real example of a result which is actually
easier to prove in this non-Abelian situation.

THEOREM 2.10. For all odd primes p, we have
H*(FS/F,,Eys) = 0. (21)

Indeed, for F¢ the cyclotomic Z,-extension of F, it has long been conjectured
that
H*(FS/F Ey) =0 (22)

for all odd primes p. However, at present this latter assertion has only been
proven in some rather special cases. [I’heorem 2.10 is not necessary in the proof
of Theorems [L1 and as stated above as in fact it would follow from the
assumption that %,(E/F,) is A(R)-torsion. It is, however, necessary for the
proof of part (ii) of Prop 3.1, part of the strongest result we can prove without
any version of the rank Conjecture, 2.4.

We will not give the full proof of [Theorem 2.10. We simply note that since
E,~ is rational over F,, the Galois group Gal(F*/F,) operates trivially on E,-
and so it is sufficient to show with E,- replaced by Q,/Z,. However,
because F,, contains all the p™-power roots of unity (due to the Weil pairing) this
is equivalent to

h_nl>H2(FS/Fl’l(ﬂpﬁ)7Qp/ZP) = 0. (23)

But each term in this inductive limit is known to be zero, by virtue of a classical
result due to Iwasawa.

3. Proofs of theorems 1.1 and 1.2.

In this section we give proofs of Theorems [[L1 and [L.2 subject to the
statement of certain results concerning the local and global Galois cohomology
of the field F,, which will be established in the next two sections.
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We start by defining all the terms appearing in formulae (6) and (7).
« I(E/F) is the Tate-Shafarevi¢ group of E over F.
For each finite prime, v of F:

* ¢, = |E(F,) : Ey(F,)| denotes the local Tamagawa factor at v, (recall Ey(F,)
is the subgroup of E(F,) consisting of the points with non-singular reduc-
tion at v.)

* L,(E,s) denotes the Euler factor of E at v.

- Write kp for the residue field of F at v, and E, for the reduction of E
over F,, if E has good reduction at v. In this case, Ew p=Wwill denote the
p-primary subgroup of E,(kr ).

Due to the sparsity of examples where the rank Conjecture 2.4 is known, we start
by proving the strongest result we can in the direction of without
assuming that ,(E/F,) is A(R)-torsion.

ProrosiTION 3.1.  Assume p > 3 and j is integral at all v dividing p. Then
the group H®(G..,%(E/Fy)) is finite if and only if both %, (E/F) is finite and
T,(E/F) =0. In this case

i) both H (G, %(E/Fy)) and the cokernel of the map ., appearing in the
fundamental diagram (16) are finite;

i) they satisfy

tH' (G, %(E/F,,)) divides #Coker(, ) tH? (G, Ey-). (24)

We will prove this together with the next proposition, obtaining formulae relating
the quantities appearing in the proposition which can then be made more explicit
if we strengthen the hypotheses on the reduction type of E at primes dividing
p. The reason for having to include the second condition, that j; is integral
at v|p, is the following: it is conjectured that Ker(d,), Coker(d,) are finite for v
dividing p such that j; is not integral, but it is currently unknown in general.
Since we need this in the proof of the proposition, we cannot include this case.
More generally, we conjecture

CONIECTURE 3.2.  For each p > 5, y(G., % (E/F,)) is defined if and only if
both

i) S(E/F) is finite and

i) 1,(E/F)=0.

We shall see in the proof of [Proposition 3.1 that even the finiteness of
H°(G,,, %,(E/F,)) implies that % (E/F) is finite and 7,(E/F)=0. It is the
converse which is currently mysterious, resting upon a proof of the case
7,(E/F) =0 of Conjecture 2.4, together with a positive answer to the question
mentioned above about the finiteness of Ker(d,), Coker(d,) when ord,(jz) < 0.
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To get an exact formula, we simplify to the case where E has stable re-
duction at all primes of F dividing p. As remarked above, this is not strictly
necessary but it does make the statement of the formula much simpler.

ProrosiTiON 3.3. If p > 5 and E has good ordinary reduction at all primes
of F dividing p, and if S, (E/F) is finite, then the cardinalities of Coker(y,) and
H%(G..,%(E/Fy)) are related by the formula

2H'(Geoy S(E/Fr)) = $H*(Gos, Ep JtCoker (v, )p, (E/F)| [ | Lu(E. 1)

veM

(25)

p

ProOF. The first easy remark is that if H%(G., % (E/F,)) is finite then
S, (E/F) must be also. This is clear because, by Theorem 2.9, the kernel of the
map

o: S(E/F) — %(E/F,)% (26)

is finite. Consider, now, the following diagram.

Gy
0 —— im(y,) —— (@ JV(FOO)> . Coker(y,) —— 0
veS

L-] 4@& T (27)

0 —— im(lp) —— @HI(FV,E)(p) —— Coker(4p) —— 0

veS
Here, Ker(d;) = Ker(d) Nim(4r) and Coker(d;) = im(y,)/(0(im(4F))).

But from the fundamental diagram, (16), and the exact sequence it gives,
(20), the assumption that Coker(x) is finite implies that Ker(d;) and Coker(d;)
are both finite. ~Since, by and our assumption that p > 3, Coker(ir)
is finite, this implies that Ker(d) must be finite. But, we will see in [Lemma 3.17
that Ker(d,) is infinite if £ has potential supersingular reduction at v for some v
dividing p. Since, by definition (11), 7,(E/F) is non-zero if and only if E has
potential supersingular reduction at v, it follows that 7,(E/F) must be zero.

The argument up until now has not required the hypothesis that j; is
integral at all v dividing p. We need this for the converse. Suppose 7,(E/F) =
0 and Y (E/F) is finite. Then, by [Proposition 5.12 for primes not dividing p,
Corollary 5.22 for primes dividing p and [Lemma 2.7, Ker(d), Coker(d) and
Coker(/p) are all finite. By the snake lemma applied to diagram above, we
find (i) Coker(#) is finite and thus Coker(y,,) is finite and (ii)

fKer(d;)  f#Ker(d) _ fCoker(y,,)
#Coker(6;)  fCoker () 8 fCoker(4r)

(28)
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By (20) this implies that Coker() is finite and thus so is H°(G,,, % (E/F,)).
This completes the proof of the first statement in |[Proposition 3.1. But in fact,
taking alternating products along the sequence (20), we get the explicit formula

_ t#Ker(6) _ gCoker(f) fCoker(y,,)
_tjCoker(é)>< tKer(f) 8 tCoker(/r)

11" (G, S(E[Fy0)) X 4% (E/F). (29)
We now substitute in the information from sequence (17) which, together with
[Cemma 4.3, describes the kernel and cokernel of 8, the information from [CLemmal
2.7 describing the cokernel of Ap, and the fact that §9,(E/F) = tllI(E/F)(p).
This gives

_ tKer(d) _ #H*(Gy, E,-)
~ §Coker(0)  tH' (G, E,»)

fCoker(y,,)
1E(F)(p)

We now add the extra hypothesis of [Proposition 3.3, that £ actually has good (not
just potential good) ordinary reduction at all the primes of F dividing p. Then
we can identify the term coming from the local maps explicitly. This is given in
IProposition 5.12| for primes not dividing p. For primes dividing p the value of
this term is given in |Corollary 5.26. Substituting this information in, we obtain

11" (G, S(E[Fy))

X $II(E/F)(p)- (30)

- IjHZ(GOOaEp“J)

IjHO(GQJ?%(E/FOO)) - IjHl(GoanP%)

x {H (G, Ep»)

pp(E/F)ﬁCOker(lpoo) IT L,(E,1)

ve I

H( H ﬂHi(vaEv,p”)(l)l>
v p \0<i<2

X

Lo 31

From the global and local Euler characteristic theorems, (4.2 and equation (118)
in Proposition 5.26) proved in the next two sections, we see that the right hand
side of (31) is

= IjHS(GoovEp”)ﬁCOker(WOo)pp(E/F) H LV(E7 1) (32)

veI

p

as required for the [Proposition 3.3.

The final remark we need to make is that the finiteness of %,(E/F) and
Coker(y,,) implies H(G..,%(E/F,)) is also finite. We no longer need the
hypothesis that E has stable reduction at all v dividing p. Suppose X 1is the
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image of H!(F5/F,,, E,~) under the localisation maps, so for some A(R)-module
Y, the sequences

0— S(E/F.) — H (FS/F,,Fps) — X — 0 (33)
0—>X—>HJV(FQO)—>Y—>0 (34)
veS

are exact. This gives the following commutative, exact diagram:

0

H' (FS/F,,Ep )" —— X% —— HY (G, %(E/Fy)) — H*(Goy, Ep»)

Gy
(g0
veS
(35)

Thus if Coker(y,,) is finite then so also is Coker(¢). We have H*(G.,, E,~) on
the right because, by of the next section, H'(G,, H'(F5/F,,Ey»)) is
isomorphic to H*(Gy, E,<). This is finite. Thus H'(Gy, %(E/F,)) is finite
and satisfies

tH' (G, S(E/[F.,)) | tCoker(e)H (Go, Epe ). (36)

Since y,, is the composition of the map X % — (P, _¢Jy(Fsr)) % and the map e,
it follows that fCoker(e) |fCoker(y,,). So we have the second part of Prop-
osition 3.1. ]

REMARK. In fact, under certain conditions (in particular when F = Q, dis-
cussed in [24]) it is possible to prove that iy, is a surjection, giving a stronger
version of Propositions B.1 and B.3. This certainly fails for general fields F.
We will not give details of this here but see for a similar discussion in the
cyclotomic Z,-extension case.

Recall the following sequence defining %, (E/F.):
0 — G(E/F,) — H'(F5/Fy, Eye) 25 @ J,(Fy) (37)
veS

ProposiTION 3.4, For p=>5, the A(R)-rank of %,(E/F,) equals
|Gy : R|t,(E/F) if and only if the map, ir,, in (37) is surjective.
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The basic idea here is to compute 4(R)-ranks along the dual of the exact
sequence, [37), above. We quote the following results from and [24].

THEOREM 3.5. The dual of H'(FS/F,,E,~) has A(R)-rank equal to
|F : Q||Gy : R|, independent of any conditions on p.

THEOREM 3.6. If p is any prime =5, then

—

P J,(F) has A(R)-rank equal to |F: Q|G : R| — 1,(E/F) (38)
veS

The inequality of mentioned above clearly follows from these.

PROOF OF PROPOSITION 3.4. The implication Ar, surjective implies 6,(E/F.,)
has the conjectured 4(R)-rank is now clear from the determination of 4(R)-ranks
quoted. Conversely, suppose %,(E/F,) has the expected A(R)-rank. It follows
from Theorems 3.3 and 3.6 that the dual of Coker(4r, ) is A(R)-torsion. But the
following argument, well known from the cyclotomic situation, shows that there
is no non-zero A(R)-torsion in the dual of Coker(4r, ), and hence it must be
zero. Cassels’” variant of the Poitou-Tate exact sequence extends to

0 — F(E/Fy) — H'(FS/Fy,Eye) 25 @ J(F.)
veS (39)

— Ry(E[F..) — H*(F5|Fy, Ey»),
where %,(E/F,,) is defined as the kernel of

(h_mHl(FS/Fnan”)ﬁmcg‘%Hl(Fn,me)(pn)- (40)
Here, the limit 1s taken with respect to corestriction maps and the canonical
maps induced by the multiplication by p maps, xp:E,m — E,. Since
H*(FS/F,,Ey~) is known to be zero from [Theorem 2.10 above, it follows
that the dual of Coker(4r,) is isomorphic to %,(E/F,). It is shown in [25],
[24], however, that this is A(R)-torsion free. ]

We shall see in §6 how [Proposition 3.4 allows us to relate Conjecture 1.3 to
the corresponding conjecture in the cyclotomic theory. Coping with potential
supersingular primes is easier, though.

CoROLLARY 3.7. In particular,

i) if 6,(E/Fy) is A(R)-torsion, then ip, is a surjection,

i) if E has potential supersingular reduction at all v dividing p then
7,(E/F) = |F : Q| and so, by Theorem 2.5, Conjecture 2.4 holds. It follows that
for p>5 the map Air, is a surjection.

Assume until further notice that
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HYPOTHESIS. 1) p>5
i) E has good, ordinary reduction at all primes of F dividing p
iii) S (E/F) is finite
iv) %,(E/F,) is A(R)-torsion
That is, exactly the hypotheses of

PrOOF OF THEOREM 1.1. Since the fourth hypothesis listed above forces the
map Ap, to be a surjection, taking G, cohomology of gives the following
cohomological long exact sequence:

0 — S(E[F,)% — H\(FSJF,, E,.)% 1=,

— HNG H(E[F,) — - — H (G%@Woo)) — 0 (41)
veS

The sequence terminating after the fourth cohomology groups because of the
assumption that p>35 and thus cd,(G,)=4. However, under the above
hypotheses we can apply [Proposition 3.3 to conclude that Coker(y,, ) is finite.
From |Corollary 4.5 we have the isomorphisms

H'(Go, H'(F®[Fyy, Epe)) = H'(Goy, Epe), 21

and thus also the finiteness of these groups. Locally, by [Lemma 5.16, we have
the isomorphisms

H(Gy,J,(Fy)) = H™(4y,E, ,») for i>1, any v|p and any o)|v,

and these groups are again finite by (Corollary 5.26. In fact, these groups are
zero, but it is convenient to continue keeping track of them in the formulae for
the present. Also, by [Proposition 5.12,

H'(Gy,J,(F,))=0 for vyp, i>1.

Thus all the terms appearing in (41) after Coker(y.,) are finite. In particular the
groups H'(Gy,%(E/F.)) for i>1 are finite. But it was shown in
[Proposition 3.3 above that H%(G.., % (E/F,)) is finite, thus the Euler charac-
teristic y(Ge, % (E/F,)) is defined. Taking the alternating product of the
cardinalities of the terms in (41) appearing after the cokernel of ¥, then gives the
following formula

H ﬂHi(GOOaEpm)(_l)i
fcoker(y,,) = 3=izd (42)

L1 ﬂH"(Goc,%w/Fw))H( Il quuw,Ev,px)‘Ul)
ti=d yp \3<i<4
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Substituting this into the formula given above (31), relating the cardinality of
coker(y,) with jj(&f,(E/Foo))Goc we see that

II L,(E, 1)

veM P

lI[X(AaH Elﬁpw)
vlp

pp(E/F) X(GCXMEPOO)

WGy H(E[Fr)) = (43)

However, see Theorem 4.2 and Proposition 5.26 respectively, we know that for
v[p

X(vaEv,p‘x) =1 :){(GOO,Epoc),
thus completing the proof of [Theorem 1.1. ]

Now turn to the proof of [Theorem 1.2. In fact, we can replace the
hypotheses there by the following weaker hypotheses:

HyrotHEesis. Let G be any open subgroup of G.. Assume
1) G contains no element of order p
i) The map Ap, is surjective

PrOOF OF THEOREM 1.2. By replacing F by the fixed subfield of F we may
assume G = G,. Returning to the cohomological long exact sequence of (41),
the conclusion of [Theorem 1.2 follows immediately if we substitute in the facts:
1) that H'(G.., H' (FS/F,,E,~)) =0 for i >2 from [Corollary 4.3 and 2) that
H'(Gy, P, ¢Jv) =0 for i > 1 from [Proposition 5.12] for v not dividing p and
together with [Corollary 5.2¢| for v dividing p. This proves
1.2 as stated in the introduction because, by |[Corollary 3.7, the assumption that
%,(E/F,) is A(R)-torsion implies that Ay, is a surjection. O

We finish this section by proving the following result about the structure of
C,(E/Fy).

COROLLARY 3.8. Under the hypotheses above for which we proved Theorem
1.2, 6,(E/F,) contains no non-trivial, finite A(£2)-submodules, where Q denotes
any open subgroup of the Galois group, Gal(F/F(w,.)). In particular, under
these conditions the p-primary part of the Tate-Shafarevi¢ group, W(E/F.,)(p), is
either infinite or zero.

ProoF. Since Q is an open subgroup of Gal(F,, /F(u,-)) there exists some
n sufficiently large such that H, = Gal(F,,/F,(u,-)) is contained in Q. Then it
is sufficient to show there are no finite A(H,)-submodules, where we consider
%,(E/F,) as a A(H,)-module in the only natural way, with the action induced by
restricting that of G.,. For n sufficiently large, H, is a normal subgroup of
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Gal(F,, /F,) with quotient group, [, = Gal(Fn(,upm) /Fy,), isomorphic to Z, and
having cd,(I';) = 1. The Hochschild-Serre spectral sequence thus gives rise to
the exact sequence

0 — H' (I, H*(Hy, %(E/Fy))) — H(Gal(F,, /F,), %(E/F.,)) —
44
H3(H,, %(E/F,,))"" — 0. ()

But, under the above hypotheses, we know that H3(Gal(F, /F,), %,(E/Fy)) = 0.
Thus the I,-coinvariants of the discrete, p-primary A(I,)-module H*(H,,
4% (E/F)) vanish. Since I, is pro-p, this implies the vanishing of H3(H,,
S (E/Fy)), by Nakayama’s Lemma, 2.6. Suppose M < %,(E/F,) is a finite
H,-module. Then M is a finite quotient of % (E/F,,). Since we have H>(H,,
S(E/F,)) =0, H*(H,,M) = 0. But since H, is an open subgroup of SLy(Z,),
H,, is an orientable Poincaré group of dimension equal to 3 and so H 3(Hn,M )
is dual to H°(H,, M) = M*:. Furthermore, this means M = (. For H, pro-
p this is not possible by Nakayama’s lemma, 2.6. The last comment follows
because II(E/F,)(p) is the quotient of %,(E/F,) by E(F.)® Q,/Z,. O

RemMARK. [Corollary 3.§ is stronger than that showing %,(E/F,,) contains
no finite G-submodules for G any open subgroup of G,,. This weaker statement
follows in an identical manner only using the vanishing of H*(G,¥(E/F,)).
One would expect the vanishing of H?(G,¥(E/F,)) should say something
stronger yet about the structure of %,(E/F, ), but it is not currently clear to us
exactly what this could be.

Note in particular, it follows from [Corollary 3.7 that both the vanishing of
the higher cohomology and |Corollary 3.8 hold for all p > 5 such that E has
potential supersingular reduction at all primes of F dividing p.

4. Global Galois cohomology.

First we remark that the reduction type of E at p is clearly of no con-
sequence for all the results in this section, and we make no assumption about it.
We require the following fact

LEMMA 4.1.  The cohomology groups, H (G, Ey=) are finite for all p and all
i >0. They are zero for i >4 if G, contains no element of order p.

This was first proved by Serre, and [40], but is also easy to see in the
following manner:

Proor. Upon choosing a basis of T,E, G, i1s identified with an open
subgroup of GLy(Z,). Then it contains a homothety, x, in the centre of G,, and
acting upon E,~ as multiplication by 1+ p’ for some 7. Because x lies in the
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centre of G, it acts trivially on the cohomology groups H'(G,E,-). Thus
x — 1 annihilates the H'(G.,,E,~). But x—1 also acts as multiplication by p’,
and so we have an exact sequence

0 — H(Guy,Epe) — H™ (G, Ep) — H™ (G, Epe) — 0 (45)

for i >0. Since all the H*!(G.,,E,) are known to be finite (see for the
case when G, is pro-p, but an elementary argument extends this to any p-adic
Lie group) the finiteness part of the lemma follows. But if G, has no elements
of order p then we know it has p-cohomological dimension equal to 4, thus the
vanishing for i > 4 follows from (45) in this case also. ]

It follows that x(G, E,~) is defined when G, contains no element of order
p. In fact, in Serre proved

THEOREM 4.2. If G, contains no element of order p then
G Epe) = 1 (46)

As is shown in [9], is in fact an easy consequence of the finiteness of
the cohomology groups H'(Gal(F,, /F?°), E,-) for i > 0, where F%° denotes the
cyclotomic Z,-extension of F. We shall use the finiteness of these cohomology
groups in §6, and we are grateful to R. Sujatha for first pointing out their
finiteness to us.

Let us quote the following result also needed, whose proof appears in [8].
For the remainder of this section we assume that p is odd.

LemmA 4.3. If S(E/F) is finite then H*(FS/F,Ey.) = 0.
We require one last fact.

LemMA 4.4. For all i > 2 we have
H(Gy, H(F5/F,,Eps)) = H(Gy, E,- ) (47)

If we also assume that S,(E/F) is finite then (47) holds for i =1.

COROLLARY 4.5. Lemmas 4.1 and 4.4 together show that if G., contains no
element of order p then

H (G, H (FS|F,,Eps)) =0 for i >2. (48)

If %(E/F) is also assumed to be finite then H' (G, H'(F5/F,,,E,~)) is finite, of
cardinality $H*(G.,, Ey»),

We now give the proof of [Lemma 4.4
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Proor. Recall, from 2.10, that we know H?*(FS/F,,E,~)=0. Thus the
Serre-Hochschild sequence in group cohomology gives rise to the following
exact sequence, for all i > 2,

H Gy, Epe) — H(FS/F,Eps) —
. . . (49)
H™Y G, HY(F5|F,Ey:)) — H ™G, Epe) — HTYFSF E,).

But it is well known that, since p # 2,
H(FS/F,E,x) =0 for i>3,

giving the first part of the lemma. If we make the additional hypothesis that
S (E/F) is finite then the case i =2 follows immediately from [Lemma 4.3. (]

We remark that it is certainly possible that H?(G.,E,~) be non-zero.
Suppose p > 5 and so cd,(G,) =4. By the argument of the proof of
4.1 above, H*(G..,Ey») =~ H*(G,,, E,) for ¢ sufficiently large. But it is known
that G, is a Poincaré group with dualising module Q,/Z,. Thus H HGo, Epr)
has Poincaré dual H°(G,, E,:(—1)). This is non-zero if and only if £, contains
a submodule isomorphic to u,, the p™ roots of unity, as a G.-module. In
particular, it is non-zero if both y, and a point of E, are defined over F. We
conclude this section with the following remark.

CoroLLARY 4.6. If Q is any open subgroup of Gal(Fy/F(u,.)) then
the Pontriagin dual of HY(FS/F,,Ey:) contains no finite, non-trivial, A(<)-
submodules.

ProOF. Replacing F by F), so as to ensure G, contains no element of order
p, this follows from [Lemma 4.4 (the case i = 3) by an identical argument to the
proof of |Corollary 3.8 ]

5. Local Galois cohomology.

We start by recalling our notation. Let v be any prime of F. Then w
denotes a prime of F,, dividing v. We denote by 4, the decomposition group of
o in G,. Then the following explicit descriptions, as p-adic, Lie groups, of the
A, are well known. See the appendix to chapter IV of Serre’s book, [39].

LemMa 5.1. 1) If v divides p then A, has dimension 2 if jp is non-integral at
v, 3 if E has potential ordinary reduction at v.

il) If v does not divide p then the decomposition group, A, has dimension 2 if
Jg is non-integral at v, and dimension 1 otherwise.

We sketch some of the ideas in this proof that will be needed later.
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ProOOF. Since the dimension is clearly invariant under finite extension of F,
we may as well replace F, by a finite extension, L, and assume E has semistable
reduction at v. Let 4 =Gal(L,/L) and let L., = L(E,~).

We first dispose of the easy case when v does not divide p. But then if E
has good reduction over L, by the results of Serre-Tate L., /L is unramified
and the group 4 is topologically generated by Frobenius, hence is one dimen-
sional. If E has split multiplicative reduction then, by Tate’s classification of
such elliptic curves, we know that L, is a Kummer extension, obtained by
adjoining to L(u,.) the p”lh roots of the Tate period for all n. Thus it is clear
that 4 has dimension 2.

We next turn to the case v divides p. Then the case of j; non-integral
exactly parallels the argument given above. Suppose now that E has good
ordinary reduction over L, where the characteristic of the residue field of L is p.
In this case it is most convenient to talk about the dimension of the corre-
sponding Lie algebra, g = Lie(4). Fix a minimal WeierstraB model for E
defined over L, and let E denote the reduced curve, defined over the residue field
of L. Let E be the formal group over the integers, O;, of L attached to the
Néron model for E over O;. We obtain an exact sequence of Galois modules

0= Vp(Epe) = VE = Vy(Epe) — 0 (50)

where V,(Ey-) = T,(Ey-) ® Q, is the @, vector space generated by the Tate
module of the formal group and V,(E,~) similarly is given by the Tate module of
the points of p-power order on the reduced curve, E. Serre has shown (see [39])
that there exists a one dimensional subspace of V,E which is a supplementary
subspace of V,)(Epw) and is stable under the action of g if and only if E has
complex multiplication over L. But our fundamental hypothesis throughout this
paper is that £ has no complex multiplication. Thus it follows (as in [39]) that
g is the Borel subalgebra of End(V,E) generated by the endomorphisms fixing the

A

subspace V,(E,~) of V,E. This is a 3-dimensional algebra. O

For future reference, we make the final step in the above proof more explicit.
Choosing a basis of T,E whose first element is a basis of 7,(E,~) we have a
faithful representation

p: A< GLy(Z,); aH(‘P(U) a(d))

0 o) G1)

where  is the character giving the action of 4 on 7,(E,~), ¢ the character giving
the action of 4 on T,(E,), and a(c) € Z,. The product y¢ is the cyclotomic
character, giving the action of 4 on w,., by the Weil pairing. Then if H,
denotes the maximal unramified extension of L in L., Gal(H,/L) and

Gal(H o, (u,=)/Hy) are p-adic Lie groups of dimension 1 and ¢ — a(g) defines



Euler characteristics and elliptic curves II 197

an injection of Gal(L../H(p,-)) into Z,. The point of Serre’s theorem, as
quoted above, is that since £ has no complex multiplication the image of this
map cannot be 0. Thus Gal(L./Hy(u,)) is isomorphic to Z,.

REmMARK. Since it will not be necessary in any of the following arguments,
we have not considered the case of potential supersingular reduction at all. This
involves the concept of ‘formal complex multiplication’ of the p-divisible group,
Eyo. See for a description of g in this case.

We now turn to the local cohomology calculations. Recall that, for any
prime v of F, we defined

JV(FW)ZHE@Hl(Fn,wnaE)(p) (52)

ylv

We first study the G.,-cohomology of this. Recall from 2.8 that this corresponds
to studying the A4,-cohomology of H'(F. ., E)(p) for any prime, w, of F,
dividing v. We then turn to an analysis of the local restriction maps, d,, in
diagram (16). As the methods involved are largely different we keep separate the
cases where v divides p and where v4p.

We start, however, with the following easy remarks which hold for all
primes.

LeMMA 5.2. For all i > 1 we have the isomorphism
H'(Ap, H (Fop. 0, Epe)) = H (A, Ep) (53)

Proor. We begin by observing that H?(L, E,-) = 0 for each finite extension
L of F,. This is because Tate local duality shows that H*(L,E,~) is dual to
H°(L,T,E), and this latter group is zero since the torsion subgroup of E(L) is
finite. Passing to the inductive limit over all finite extensions L of F, contained
in F, 4, 1t follows that

H*(Fo. 0, Epe) =0 (54)

On the other hand, the absolute Galois group of F, , has p-cohomological
dimension at most 2 (see [43]) and so in fact

H'(F. 0, Ep) =0, for all i>2. (55)
But then the Hochschild-Serre spectral sequence gives the exact sequence

H" (F, Eye) — H (Apy H (Foo. i Epe)) — H' (A, Epe) — H'™(F,, E,x).
(56)

Since the first and last terms are zero for i > 1 the lemma follows. ]
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LemMma 5.3.  The cohomology group H*(F.. o, E)(p) equals zero and so, from
the inflation restriction exact sequence (19), Coker(d,) = H'(4,,E)(p).

PrOOF. There is a canonical surjection

Hz(FOO,vap““) _)HZ(FOO,waE)<p) (57)
But the first group is zero from above. ]

5.1. Primes not dividing p.

We first dispose of this easier case. The reduction type of E at primes
dividing p has no bearing here, and we make no hypothesis about this.

In this case, since v does not divide p, we have

E(Lw) ® Qp/Zp =0 (58)

for any algebraic extension, L of F, and any prime, «w of L, dividing v. In
particular, it follows from Kummer theory that

H'(F,,E)(p) ~ H'(F,,E,~) (59)
H'(Fy,0,E)(p) = H' (Fy,00, Epr) (60)
LemMA 5.4. Suppose ord,(jg) < 0. Then J,(F,) = 0.

Proor. From (60) above, this will certainly follow if Gal(F,/F, ) has
p-cohomological dimension equal to zero. This, in turn, follows if we show F,
contains the maximal pro-p extension of F,. But this is clear. We know by the
Weil pairing that F,, , contains the unique unramified Z,-extension of F, as it
contains F,(s,-). Then it is well known (see [42]) that the maximal tamely
ramified extension of F, has a topologically cyclic Galois group over the maximal
unramified extension. It follows that any Galois extension of F,(u,.) whose
profinite degree over F, (4, ) is infinitely divisible by p must contain the maximal
pro-p extension of F,. But this holds for F, ,, thanks to our hypothesis that
ord,(jz) <0, by [Lemma 5.1. [

LemMMA 5.5.  Suppose ord,(j;) =0 and p>5. Then H(G.,J,(F,)) =0 for
all i>1.

ProoF. Combining the isomorphisms (59, 60) with the Lemmas 2.8 and
the assertion of is equivalent to showing that H'(4,,, E,-) = 0 for all
i >3. But 4, has p-cohomological dimension equal to 1 in this case. This is
because it has dimension 1 as a p-adic Lie group, from [Lemma 5.1. Since it is a
closed subgroup of G, and so the hypothesis that p > 5 ensures 4, contains no
element of order p, cd,(4,) equals 1 by Theorem 2.2, ]
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REMARK. The assumption that p > 5 is only required in case E has unstable
reduction at v. If E has good reduction then the extension F. ,/F, is
unramified. Since it contains the maximal unramified pro-p extension, 4, has
p-cohomological dimension equal to 1 for any choice of p.

We now carry out the crucial analysis of the kernel and cokernel of the local
restriction maps

8, H'(F, E)(p) — (Ju(F) ™ = H'(Fy 0, E) ()™ (61)

postponed from the proof of [Theorem I.1. In the light of the isomorphisms (59,
60) in this case (of vtp) we may replace (61) by an analysis of

Sy HY(Fy, Eyr) — HY(Fy. 0, Eye ) (62)

Then the inflation restriction sequence (19) describing the kernel and cokernel of
0, becomes in this case

0 — H'(dy, Eye) — H'(Fy,Eye) 2 H'(Fop. oy, Eye )™

(63)
— H* (A, Ep=) — 0

where the 0 on the right is because H?*(F,,E,-) =0 by [54).

Recall that ¢, = |E(F,) : Eo(F,)|, the local Tamagawa factor, and L,(E,s)
denotes the Euler factor of the complex L-function of E at v. We quote the
following well known lemma (see [8]).

Lemma 5.6. Let v be any finite prime of F not dividing p. Then
HY(F,,E)(p) is finite, of order the exact power of p dividing c,/L,(E,1).

We will omit the proof here.

REMARK. We now see the reason for the appearance of the Euler factors in
Theorem 1.1. For any number field H, we define a restricted Selmer group by

%’(E/H)—Ker(H%HS/H,Epm)e @D}H%Hv,m(p)) (64)
veS\!

where S and I are the sets of primes of H defined as always. Then [Lemma 3.4
states that &(E/F,) = lim &, (E/F,) satisfies
—

) (E[Fy) = S(E/F.,) (65)

As always, let F'“¢ denote the cyclotomic Z,-extension of F. Then it is generally
not true that '(E/F9) = ,(E/F?°). If I denotes the Galois group of F*
over F then, as we remarked above, it 1s well known that
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Tueorem 5.7 (Perrin-Riou, Schneider).  Under the conditions (i), (ii) and (iii)
of Theorem 1.1, S (E/F<¢) is A(I")-torsion and

w(I S (EJF)) = p,(E[F). (66)

If one instead considers the restricted Selmer group then the following variant of
this theorem is easy to check (see [24]).

If M is a discrete p-primary I'-module such that its Pontrjagin dual M is a
finitely generated, torsion A(/")-module, we write char(M) for the characteristic
ideal of M.

CorOLLARY 5.8. Under conditions (i), (i) and (iii) of Theorem 1.1 the
restricted Selmer group, &(E/F."), is A(I')-torsion. Then

char(4,)(E/F}))) = char(%(E/FJ°)) % char(@ H(Fo¢ E)(p)) (67)

veM

The characteristic power series of the dual of P, g H'(FZ,E)(p) does not

v
vanish at T =0, and its value there is equal, up to a p-adic unit, to

HLEI

ve

Thus

A S (EJFY) = p,(E[F) x

HLEI

ve I

(68)

We note that ), _y, H'(F”¢, E)(p) is known to be A(I")-cotorsion by results of
Greenberg’s in [16]. Thus Conjecture 1.4 can be interpreted as saying that under
the given conditions on E and p

WG, S (E[Fy)) = x(I', 9, (E/F°)), (69)

illustrating further the analogy between this new situation and the classical choice
of the cyclotomic Z,-extension.

LemMA 5.9. For p>5 and for primes v not dividing p the map o, is a
surjection and thus H?(Ay, Ey~) = 0.

Proor. If ord,(jg) < 0 then this is immediate because H'!(F., ., E,<) equals
zero from [Lemma 35.4. So suppose ord,(jz) >0. Now we need the hypothesis
that p > 5. But in this case we know that 4, has p-cohomological dimension
equal to 1, as in the proof of [Cemma 3.3. ]
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LemmA 5.10.  For primes v not dividing p, if ord,(jz) =0 and p > 5, then 9,
Is an injection.

Proor. Recall F;> denotes the cyclotomic Z,-extension of F, and I" the
Galois group Gal(F¥‘/F,). Let @ = Gal(F, ,/F®¢). Then we have exact
sequence

0 — H'(I',E,« (FY°)) — Ker(d,) — H' (P, E,-)" (70)

Now both F,, ., and F7“ contain the unramified Z,-extension of F, and, as in the
proof of 5.1, the results of Serre-Tate show that the order of the inertial
subgroup of 4,, is prime to p. Thus @ has profinite (in fact, finite) degree prime
to p and so the final term in (70) is 0. The lemma will follow from the following
well known result in the cyclotomic theory, which we quote without proof. []

LemMA 5.11.  Let v be any finite prime of F not dividing p. ~ As above, let F”*
denote  the cyclotomic ~Z,-extension of F, and set I = Gal(F?“/F,).
Then H'(I',Ey-(F¢)) is finite, of order the exact power of p dividing ¢, =
|E(F,) : Eo(F))|.

REMARK. In this case of ord,(jz) >0 and p > 5 the maximal power of p
dividing ¢, 1s 1 because it is well known that the only primes dividing ¢, lie in
{2,3}. Thus it is convenient to say that

1Ker(d,) = |ey], ' (71)

and to include ¢, in the definition of p,(E/F) in (7) above. In fact, we will see
later that an analysis of the case p = 3 indicates this is the correct formulation.
For p =3 the map J, can fail to be an injection and then Ker(d,) = [c,|, ' Also,
if E has additive reduction then L,(E,1) =1 and so we could include this factor
and enlarge the set M in the statement of [Theorem 1.1. We do not do this
however.

We remark again that the hypothesis p > 5 is only required to deal with the
case where E has additive reduction at v.

For convenience, we here gather together the results proven above at primes
of F not dividing p.

PROPOSITION 5.12.  Assume v does not divide p. Then
) H'(Gy,J,(Fy)) = H"*(4,,E,~), for all i> 1.
i) If ord,(jg) <O then J,(F,)=0. Hence Coker(d,) =0, and also

L,(E,1)

Cy

tKer(d,) =

p
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i) If ordy,(jg) >0 and p > 5 then
H/ (A, Ep=) =0, for j>1

and so 0, is an isomorphism.
iv) If E has good reduction at v then we can remove the condition p > 5
above.

We take the opportunity here to give the following lemma, which will be of
use later.

LEMMA 5.13. Let K be a finite extension of Q, for q a rational prime with
(¢, p) =1. Let E be an elliptic curve defined over K such that E has potential
multiplicative reduction over K. Let K., = K(Ey-) and let Q = Gal(K., /K(u,)).
i) If E has split multiplicative reduction over K(u,) then

HY(Q,E(K))(p) = @)/ Z). (72)

i) Assume p > 2. If E has potential, but not split, multiplicative reduction
over K(u,) then

H' (2, E(K.))(p) = 0. (73)

Proor. Since K is assumed to have residue characteristic different from p, it
follows from Kummer theory that

H'(Q,E(K))(p) = H'(Q,Ey») (74)

as in (59) and (60).
i) By the Tate parameterisation, E,- fits into the canonical short exact
sequence of Gy ﬂp)-modules

0— e = Epe — Q,/Z, — 0, (75)

which does not split. But, as there is split multiplicative reduction over K(u,),
K, is obtained by adjoining to K(u,-) all the pP-power roots of the Tate period,
qg, of E and so Q =~ Z, as an Abelian group. Also, @ acts trivially upon the
first and third terms in (75). Taking Q cohomology, we obtain

0 Q,/Z, — H'( @) — H'(@, Epe) — H'(2,0,/Z,) — 0 (76)

where HI(Q,,upoo) ~ H'(Q, 0,/Z,) = 0,/Z,, from which follows.

ii) Assume E has potential (but not split) multiplicative reduction over
K(w,). Let K' be a quadratic extension of K(u,) over which E achieves split
multiplicative reduction. Set K/ = K'(E,~) and let Q' = Gal(K/ /K'(u,-)).
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Let 4 =Gal(K'/K(u,)). It follows from the assumption that p > 2 that E
does not attain split multiplicative reduction over K(s,.) and so if A" denotes
Gal(K'(p,-)/K(p,=)) then A" has order 2. Then, again using that p > 2, it
follows from the Hochschild-Serre spectral sequence that

HY(Q,E))=H Q' Ey)” (77)
But from the first case we know that
HY Q' E,») =~ H(Q', D) (78)

where D = Q,/Z, as an Q'-module but 4’ acts on D via its non-trivial char-
acter. Again, Q' ~ Z, as an Abelian group. One sees that the action of 4" on
Q', by conjugation, is trivial because the Tate period ¢r is defined over K. Thus
the action of 4" on

H'(Q', D) ~ Hom(Q', D) (79)

1S via its non-trivial character, and so
HY(Q',D)* =0 (80)
[]

We conclude this subsection by giving a brief description of what happens
when p = 3. These remarks are not required anywhere else in this paper since
we assume p to be at least 5 for all the main results. We include them only to
explain what might otherwise appear to be a curious choice in the formulation of
Theorem 1.1. There we include the Tamagawa factors, ¢,, in the formula (7) for
p,(E/F) for all places v of F at which E has bad reduction. It follows from our
restriction to p > 5 that [¢,|, =1 for all places v at which jg is integral and thus
it might appear more natural to include only the terms coming from the
Tamagawa factors at places where j; is non-integral. The following description
of the behaviour when p =3 motivates our choice to retain these extra terms.
As noted above in the statement of [Proposition 5.12, taking p to equal 3 only
causes difficulties for primes v/3 such that E has bad reduction but ord,(jz) > 0.
Then E has additive reduction at v and L,(E,1) = 1. Assume v is such a prime
of F for the remainder of this subsection.

LemmA 5.14. i) The H'(4,, E3=) are finite for all i >0 and satisfy

ﬂHi(AwaEW) = ]iHi+2(Aw7E3°C) (81)

It is possible for both to be non-zero.
ii) The cardinality of Ker(d,) is given by tH'(4y, E3=) = |c,]3 "
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The significant point for our choice of the formulation of Theorem 1.1 is part (ii)
which follows from the exact sequence (70) together with Lemmas 5.6 and [5.11.
For (i) we content ourselves with remarking that it involves explicit calculations
for Gal(F,(E3)/F,) isomorphic to each possible subgroup of GL,(F3), using the
classification of such subgroups (as described in, for example, [41].) We will not
give the proof as it is lengthy and not especially enlightening. Some details are
in [24].

It follows from that y(G, %,(E/F,)) may fail to be defined for

p=3.

5.2. Primes dividing p.

We now consider results analogous to 5.12 above, but for primes of F
dividing p. This situation is more subtle (and in fact we cannot obtain quite
such a complete result) for two reasons. The first is that A, will generally have
higher p-cohomological dimension. It can, in fact, have p-cohomological
dimension 4 at potential supersingular primes, but this case will not concern us.
Secondly, and more seriously, there are no longer simple isomorphisms like those
of (59, 60) describing the image of Kummer in terms of an appropriate discrete,
p-primary, Galois module. Fortunately, however, the ramification theoretic
methods developed by one of us in joint work with R. Greenberg (see [5]) provide
a solution to this problem. We also note that our treatment of the possibility
that £ has unstable reduction at v has been inspired by the methods used by D.
Delbourgo in for the cyclotomic Z,-extension.

Throughout this subsection v will denote an arbitrary prime of F dividing p,
w a prime of F,, above v. We will omit this hypothesis from the statement of all
the results. Write G, for the Galois group of F, over F, and I, for the inertial
subgroup of G,. As explained in [5], it is easy to see that there is a canonical
exact sequence of G,-modules

0—-C—E»—-D—0 (82)

characterised by the fact that C is divisible and D is the maximal quotient of
E,~ by a divisible subgroup such that I, acts on D via a finite quotient.
In particular, D is zero if and only if E has potential supersingular reduction
at v. If E has good ordinary reduction at v then D can be identified with Ev, Iy
the p-primary subgroup of E,. Recall, E, denotes the reduction of E
modulo .

We note that F,, ,, is deeply ramified in the sense of [5], because it contains
the subextension F,(u,.) which is itself already deeply ramified.Hence we can
apply the results of that paper to give the required description of the image of the
Kummer map.
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ProposiTION 5.15.  (Propositions 4.3 and 4.8 of [5]).
H' (Fy.0,E)(p) = H'(F.s , D) (83)

We prove the following analogue of without any assumption on the
reduction type of E at v.

LemMa 5.16. For all i >1
H'(Gor, Ju(F,)) = H'"(40, D), (84)
where D is defined by (83) above.

Proor. We note that Gal(F,/F. ) has p-cohomological dimension less

than or equal to 1 because the profinite degree of F, , over F, 1s divisible by p®
(see [43]). It follows that

H'(Fy.,,D)=0, fori>2. (85)

Thus, as in the proof of 5.2, the Hochschild-Serre spectral sequence applied to the
extension F,, , over F, gives exact sequences

HY(F,,D) — H'(A4,,H'(F. o, D)) — H"(4,,D) — H"*(F,,D) (86)

for i > 1. Since G, has p-cohomological dimension equal to 2 the lemma follows
from this sequence (together with 2.8) for i > 2. It remains to show H?(F,, D) =
0. But H?*(F,,E,~)=0 as in the proof of and H3(F,,C)=0
by cohomological dimension. Taking G,-cohomology of (82), we see that
H?(F,,D) =0 also. O

We will turn to a more explicit description of the H'(4,, D) later. First we
give an analysis of the local restriction maps, o,, reducing this question also to a
description of some H'(4,,D). In the case v|p, Tate local duality shows that
H'(F,,E)(p) is dual to

E(F)®Z, = Z; x E(F)(p) (87)

where d = |F,: Q,|. 1In particular, H'(F,, E)(p) is always infinite (in contrast to

the case of v}p, [Lemma 3.6)

Lemma 5.17. Assume that E has potential supersingular reduction at v.
Then 6, is the zero map. Hence in particular Ker(d,) is infinite. We also have
Coker(d,) is zero.

Proofr. This follows trivially from the remark made above that D is zero if
and only if E has potential supersingular reduction at v. The group J,(F,) is
contained in [[, H'(Fy o, E)(p), which is now zero by [Proposition 3.13. [
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As we remarked above, when E has potential multiplicative reduction at a
prime of F dividing p it is conjectured that Ker(d,) is finite, but is generally
unknown. The only case which is known is F = Q, the proof of which depends
upon a transcendence result of [2]. We will need to say something about
this case in order to prove [Theorem 1.3, We start, however, with the case
ord,(jg) = 0.

Hypotsesis (PG). 1) p =5, ii) ord,(jz) = 0.

By Corollary 2 of Theorem 2 of Serre-Tate [45], Hypothesis (PG) implies
that there exists a finite extension, K of F,, satisfying

1) E has good ordinary reduction over K

i) K is a Galois extension of F,

i) |K: F,| is prime to p.

It follows immediately that K., = K(E,~) is also a Galois extension of F,,
of finite degree prime to p. For example, shows that one could take K =
F,(E;) which is a Galois extension of F, of degree dividing 48. We fix any
such choice of K whenever (PG), or the following, stronger Hypotheses (PO), is
assumed to hold.

HypotHesis (PO). 1) p >3, ii) E has potential ordinary reduction at v.

Let E denote the formal group of E defined over K. As explained in [5]
page 151, we can take the p-divisible group C appearing in (82) to be the Galois
module consisting of the torsion points in £(./), denoted E(.#),.. Here, ./ is
the maximal ideal of the ring of integers of F,. We have the exact sequence

OHE(%(KOO)) _>E(KOC) HE(kKw) — 0 (88)

where ./ (K.,) denotes the maximal ideal of the ring of integers of K,,, and E the
reduction of E over K.

Let ©® = Gal(K,/F,), H = Gal(K,,/F ) and T = Gal(K/F,). It is clear
from the sequence and the identification of C with E (%_)p@ that D can be

identified with E(kg, )=~ Let & denote the reduction map

& : E(K) — E(kg). (89)
Restricting to the subset E(F,) of E(K) gives a map, also denoted by &,

F: E(F,) — E(kg)" (90)

LemMa 5.18.  Assume Hypothesis (PG). Then
1) for i >2 we have the isomorphism

H'(44, E(F,..0))(p) = H'(0, D). 1)
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i) The following is exact.

o E0 ()
S(EFE)) ()

— H'(0,D) — 0 (92)

H'(F,, E(A)(p) — H' (4, E(F.0))(p)

ProoOF. As remarked earlier F,, ,, and thus also K, 1s deeply ramified. It
follows from the principal result of [5] that

H(K,,E(#) =0, fori>1. (93)
By the Hochschild-Serre spectral sequence, this vanishing implies
H(0,E(#(K,))) =~ H'(F,,E()), for i>1. (94)
We first show
H(F, E()) =0, fori>2. (95)
But by Kummer theory we have a surjection
H'(F,,C) — H'(F,,E(4))(p), for all i, (96)

using the identification of C with E(ﬁ)pw. Hence it is sufficient to show
H(F,,C) =0 for i >2. This is clear for i >3 by the fact that the cohomo-
logical dimension of G, equals 2. For i=2, if E has potential supersingular
reduction over F, then C = E,~ and so this follows from appearing in the
proof of above. Finally, if E has potential ordinary reduction over
F, then C has Z,-corank equal to 1 and is its own orthogonal complement under
the Weil pairing. Thus H*(F,,C) is dual to H°(F,,T,D). Since only finitely
many points of E(kK)pm are rational over kg it follows that H°(K, T,D) equals
zero and thus so also is H°(F,, T,D). We now take ©-cohomology of the exact
sequence (88). By (94) and (95) this gives an isomorphism

H'(6,E(K-))(p) > H'(0,E(kg,))(p), for i>2. (97)

Since E(ka) 1s torsion, the right hand side may be identified with
Hi(@,E(ka)pw). Now 4, is the quotient of ® by H, a finite group of
order prime to p. It follows from the Hochschild-Serre spectral sequence that
the inflation map gives an isomorphism

H'(40,E(Fy.0))(p) > H'(0,E(K))(p), for all i (98)

On identifying E(kg, )~ with D, we obtain the first part of the lemma.
Substituting what we have discovered so far into the long exact sequence of
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cohomology obtained on taking ®-cohomology of gives the exact sequence in
part (i) immediately. W

The first thing to observe is that E(kg)(p) is finite and thus so is the first
term in (92). We next turn our attention to the second term.

/)

LEMMA 5.19. Assume Hypothesis (PG) The group H'(F, E())(p) is
finite if and only if E has potential ordinary reduction over F,. In this case,
HY(F, E())(p) is cyclic, dual to E(kg)” (p).

Proor. We could deduce the only if part of this from 5.17. However, we
shall proceed independently. We have the exact sequence

0 — E(A(F))® Q,/Z, — H'(F,,C) — H'(F,,E(A))(p) =0 (99)

All three terms in (99) are cofinitely generated as Z,-modules. Let A, be the
height of the formal group E, thus A, equals 1 or 2 according as E has potential
good ordinary or potential good supersingular reduction at v. The elementary
theory of the formal group tells us that the group on the left of (99) is divisible of
Z,-corank equal to d, = |F,:Q,[. It follows easily from Tate’s local Euler
characteristic theorem (described, for example, in [31]) that the dual of H'(F,, C)
is a finitely generated Z,-module of Z,-rank equal to d,i,. Thus the group on
the right is finite if and only if 4, = 1. Suppose this is the case. For convenience
let W denote H'(F,,C) and Wy, the maximal divisible subgroup of W. Then
we have just seen that in this case

Wiy = E(%(Fv)) ®0,/Z,

with W /Wy, = H 1(FV,L’*Q(/%_))(p) finite. We introduce the @,-vector space

Vy(E) = T,,(E) ® z, Q, as in the proof of 5.1. Then the continuous cohomology
groups H'(F,, V;(E)) are also Q, vector spaces and so, in particular, are divisible

A~

for all i. The continuous cohomology groups, H'(F,, T,(E)), however are finitely
generated as Z,-modules. Taking cohomology of the exact sequence

A

0— T,(E) — VI;(E) —-C—=0 (100)
we deduce from the above remarks that there is an isomorphism
W/ Wa, = H*(F,, T,(E))

Since we are now assuming that /, equals 1, the p-divisible group C has Z,-
corank equal to 1 and is its own orthogonal complement under the Weil pairing.
It follows from Tate local duality that H>(F,, T,(E)) is dual to H(F,, D). This
latter group is exactly as claimed in the lemma. ]



Euler characteristics and elliptic curves II 209

In fact we at no point required that |K : F,| be prime to p for the proof of
which thus also holds for p =2,3.
We restrict now to the potential ordinary case.

CoROLLARY 5.20. Assume Hypothesis (PO). Then there is an exact
sequence

E(kK—)Tm_) ST gl
SEET )~ B (p) = H (40, E(Fo0))(p) - (10D)

and thus, as an Abelian group, H'(A,,E(F. ,))(p) contains a finite cyclic
subgroup isomorphic to F(E(F,))(p).

0—

LemMa 5.21.  Assume Hypothesis (PO). Then we have isomorphisms
H'(4,,D) =~ H(0, D) (102)
for all i >0. These groups are finite, and are zero for i > 3.

Proor. The isomorphism follows exactly as in the proof of [Lemmal
5.18, from the Hochschild-Serre spectral sequence. (Recall 4, is the quotient
of ® by a finite subgroup of order prime to p and D is p-primary.) Let
Q = Gal(K,/K), a subgroup of @ of finite index, prime to p. Then, again by
the Hochschild-Serre spectral sequence, it is sufficient to prove the H'(Q, D) are
finite for all i and equal to zero for i >3. But now E has good ordinary
reduction over K and D is simply E (k) - Then £ embeds, as an open subgroup,
into the subgroup of GL,(Z,) consisting of the upper triangular matrices, as in
(51). The finiteness of the H'(2, D) and vanishing for i > 3 now follows by an
identical argument to the proof of in the previous section. We see
from that Q has p-cohomological dimension equal to 3 and contains a

central element which acts on D as multiplication by p’ for some ¢. ]

COROLLARY 5.22. Assume Hypothesis (PO). Then Ker(d,), Coker(d,) are
both finite, of cardinalities given by
iKer(d,) = tF(E(F))(p) x tH'(0, D)
1Coker(d,) = tH*(0, D).
Proor. Recall, from the exact sequence (19) together with Lemma 5.3, that
the kernel and cokernel of J, can be identified with H'(4,,E(F, ,))(p) for

i = 1,2 respectively. Thus the Corollary is immediate from Lemmas 5.18,
and 5.21. ]

COROLLARY 5.23. If p>5 then H(G.,J,(F)) =0 for all i > 1, whatever
type of reduction E has at v.

(103)
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Proor. For the case ord,(jz) > 0 this is immediate from Lemmas and
5.21, recalling that D = 0 if E has potential supersingular reduction at v. For

the case ord,(jz) <0 it follows from together with the fact that
cdy(4,) =2. This latter fact follows from 5.1, 2.2 and the assumption that

p=5. [l
All that remains is to find a way to remove the terms H'(O,D).
PROPOSITION 5.24.  Again assuming Hypothesis (PO), we have

2(0,D) =1 (104)
Proor. From [Lemma 3.21 we know this Euler characteristic is defined,
given by

we.0)= [ Hi@,p)" (105)

0<i<3

Let M,, denote the maximal unramified extension of K(s,.) contained in K.
Put

I = Gal(Fv(,upx)/Fv), I, = Gal(MOO/K(,upw)), I; =Gal(K, /M), (106
Hy = Gal(K.. /Fy(gye)).  Hr = Gal(K.. /K (1))
We will show

LEMMA 5.25.  With the hypothesis of Proposition 5.24, the groups H'(Hy, D)
are finite for all i.

Before proving this, let us note how [Proposition 5.24 follows from it.
Indeed, on applying the Hochschild-Serre spectral sequence

H'(I'l, H/(Hy, D)) = H™ (0, D) (107)

and noting that I is topologically cyclic, of p-cohomological dimension equal to
1, we obtain exact sequences

0— H'(H,,D);, —» H"'(6,D) - H"'(H;,D)"" — 0 (108)
for all i>0, and H°(®,D)=H(H;,D)"". Since, from the lemma, the
H'(H,,D) are finite

tH'(Hy,D), = tH'(H;,D)". (109)

Thus the left hand term of sequence (108) at the i level cancels with the right
hand term of the same sequence at the (i — 1)th level in the alternating product,
(105), giving the formula for y(@,D). It just remains to prove [Lemma 3.23.
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PrROOF OF LEMMA 5.25. First, note that since K is a finite extension of Q,
the residue field of K(u,.) is finite and so it is clear that H°(H,, D) is finite.
Secondly, it is sufficient to prove that the H'(H,, D) are finite, since the index
of H, in H; is prime to p and so the H'(H,/H,, D) are zero for i > 1. Now
E has good ordinary reduction over K and so, as in [51), there is a faithful
representation p of H, which has the form

-1
p:Hy — GLy(Z,); o (qj((;) ZEZ_;) (110)

(Recall that det(p) gives the cyclotomic character, which is trivial on H.)
Also, as described above, the assumption that £ has no complex multiplication
means that a gives an isomorphism of 73 with an open subgroup of Z,. I is
the direct product of Z, with a cyclic group of order prime to p. This is because
¢ is a character mapping [/, into Z ; The image contains Z, because M,
contains the unique unramified Z,-extension of F,. Thus /> and I3 have
p-cohomological dimension equal to 1 and so the Hochschild-Serre spectral
sequence gives

0 — H'(Iy, D) — H'(Hy, D) — H'(I';, D)™ — 0, (111)
0— H'(H,,D) — H (I, H (I3, D)) — 0, for all i>2. (112)

Also, H'(I’;,D) = 0. This is because I, is topologically cyclic, and thus
HY(I,,D) = Dr,. (113)

Since I acts non-trivially on D, via the character ¢, and since D is isomorphic to
Q,/Z, as an Abelian group, the right hand side of (113) is zero.
Now [73 acts trivially on D and thus

H'(I'3, D) ~ Hom(I3, D) (114)

which is just isomorphic to Q,/Z, as an Abelian group. Thus, by the same
reasoning as we just used to show the vanishing of H!(I, D), the lemma will
follow if we can show I acts non-trivially on H'!(I3,D). Suppose te I,

ogel3. The action of I» on I3 is via conjugation, 7-¢ =707 . Here, 7
denotes a lift of 7 to H,. It is clear from the matrix calculation
- . 1 alo )2
pEp(o)(d) " = ( A ) (1)

that I3 is isomorphic to Z,(1/¢*) as a I»-module. Since D = 0,/Z,(¢) as a
I'>-module, it follows from this and (114) that
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H'(I3,D) = 0,/Z,($") (116)

as a I»-module. Since ¢ gives the action of I on D, ¢ is not the trivial
character. Thus H'(I3,D)"? is finite and H(I», H'(I3,D)) =0 for i>l.
This, together with the exact sequences (111) and (112), gives the lemma. []

Assume p > 5. If E actually has good ordinary reduction at a prime v|p
(not just potential good ordinary) then we may take K = F, in the above ar-
guments. Denote the reduction of E modulo v by E,. Then in this case, D
can be identified with E’w p» and

F(E(F))(p) = H*(0,D) = E\(kr,)(p) (117)

COROLLARY 5.26. Assume E has good ordinary reduction at the place v
dividing p. Then Proposition 5.24 says

1(A0, E, p=) is defined, equal to 1 (118)

where Ew p= denotes the module of p-power torsion points on the reduction of E
modulo v.  Moreover, corollary 5.22 now states that Ker(d,), Coker(d,) are finite
with orders given by

1Ker(0)) = £E,(kr,)(p) X tH' (40, By pe),
tCoker(0,) = {H?(Ae, Ey p= ).
Finally, from Lemma 521 we have H3(A,,E, ) =0.

(119)

In fact, since there is no element of order 3 in the subgroup of GL;(Z3)
formed by the upper triangular matrices, the cohomological dimension of 4,
equals 3 in the good ordinary case even if p = 3. Thus Corollary 5.26 holds for
p=>3.

We conclude our discussion of the integral j-invariant case with the ob-
servation

Lemma 5.27. If F = Q and E actually has good ordinary reduction at p, then
0, is a surjection.

We omit the proof of (see the proof of lemma 3.16 in [4]). It is
not true in general that J, 1s a surjection, but it is true, for example, if v is
unramified in F.

We complete the discussion of the local behaviour at primes dividing p with
the following two lemmas which we will require later.

LEMMA 5.28.  Let K be a finite extension of Q, and E an elliptic curve defined
over K such that E has potential multiplicative reduction over K.  As usual we have

K. = K(Ey.). Let Q= Gal(Ky/K(p,.)).
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i) If E has split multiplicative reduction over K(,) then
H(Q,E(K))(p) = 0,/ Z). (120)

i) Assume p > 2. If E has potential, but not split, multiplicative reduction
over K(u,) then

H'(2,E(K))(p) = 0. (121)

Proor. 1) Assume E has split multiplicative reduction over K. We do not
require p odd in this case. Then the module D appearing in the canonical exact
sequence of Gg-modules, (82), is just Q,/Z, with the trivial action of Gg. Now
both the fields K, and K(u,.) are deeply ramified extensions of @,. Thus, as in
IProposition 5.15 above, it follows from Proposition 4.8 of [5] that

H'(@, E(K..))(p) = Hom(2, D) (122)

where D= Q,/Z,. But, as in the proof of concerning primes not
dividing p, K, is obtained by adjoining to K(u,.) all the pP-power roots of the
Tate period, gz, of E and so Gal(K./K(u,-)) = Z,. Hence is clear.
ii) Assume E achieves split multiplicative reduction only over a quadratic
extension K’ of K(g,). Then (122) above is still valid, but now Gk, ) acts on D
via the non-trivial character of Gal(K'/K(u,)). Then this case is deduced from
the first case exactly as in the proof of [Lemma 5.13, earlier. ]

LEmMMA 5.29. If p >3 then take K = Fy, if p =2 take K = F,. Suppose v
is a prime of F at which ord,(j;) <0. Then E attains split multiplicative re-
duction over K, , where v' is a prime of K dividing v.

PrOOF. As explained in Lemma V.5.2 of [46], since E has potential split
multiplicative reduction there is a Tate curve, E,/F, which is a quadratic twist of
E and thus the action of the absolute Galois group of K, on points of E is given
by the action on points of E, twisted by a quadratic character, z. Then the
action of the absolute Galois group of K, on the Galois module D appearing in
the exact sequence (82) is entirely via the quadratic character, 7. This is because
D is the Kummer group generated by the p-power roots of the Tate period,
g. But the Galois action on D also filters through Gal(K, (E,~)/K,), the
decomposition group at v’ of Gal(F(E,~)/K). By the assumption that K = F if
p =3 (resp. Fy if p = 2) this latter Galois group is contained in the subgroup of
matrices congruent to 1 modulo p (resp. 1 modulo 4) so contains no 2-torsion.
Thus the absolute Galois group of K, acts on D trivially and so maps identically
to 1 under the quadratic character, 7. But this means that the extension of K,
over which E is isomorphic to E, is of degree 1, that is E has split multiplicative
reduction over K. ]



214 J. H. CoaTtes and S. Howson

6. Relationship with the cyclotomic theory.

We explain the relationship between Conjecture 2.4 and the corresponding
conjecture in the cyclotomic theory. This gives some criteria under which we
can prove Conjecture 2.4. We freely admit that these results are rather weak.
However, as was pointed out to us by R. Greenberg, we can at last finally give
some concrete examples where Conjectures 1.3 and 1.4 can be proven. Recall, if
L 1s a finite extension of Q, we write L for the cyclotomic Z,-extension of L.

First recall that the analogue of Conjecture 2.4 for the cyclotomic Z,-
extension is long standing, originally due to Mazur in the ordinary case [29].

CONJECTURE 6.1. If I' = Gal(F““/F) then, for every prime p,
A(L)-rank(%,(E/FY¢)) = 1,(E/F) (123)

Here, at the F,, level, %,(E/F“¢) denotes the Pontrjagin dual of % (E/F°).
Recall [Proposition 3.4 relating 2.4 to the surjectivity of certain localisation
maps. Analogously, we have

PROPOSITION 6.2. In the sequence defining ,(E/F%°)

0 —— G(E/FY) —— H (FSJF9° E,.) 2% @D J(FY)  (124)
veS

if the above Conjecture 6.1 is true, then the map Apoc is a surjection.

Here J,(F“¢) is defined analogously to the definition of J,(F,) in (15). The
proof of |Proposition 6.2 is well known and is entirely analogous to the proof of
3.4. It is worth pointing out though that in this case 6.2 is not an if and only
if statement. The problem is that we do not now have the full strength of
Theorem 3.3, only a lower bound. To get equality one would have to prove the
so called ‘Weak Leapoldt Conjecture’, which asserts that H?(FS/F%¢ Ey.) =0
for p odd. We assume for the rest of this section that p > 5.

COROLLARY 6.3.  Suppose Conjecture 6.1 holds for F replaced by every finite
extension of F contained in F.,, and assume p is at least 5. Then Conjecture 2.4

holds.

Proor. From |[Proposition 6.2, the hypothesis of the corollary implies g e
is a surjection for any finite extension K, contained in F,,. But

H'(FSF,.,Ey.) = lim H'(FS/K%°) (125)
JW(Fy) = lim J,(K) (126)

where the inductive limits are taken over all such K with respect to the
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canonical restriction maps. Hence so Az, is an inductive limit of the surjections
Agoc, and thus is itself a surjection. The corollary then follows from
3.4. L]

(Corollary 6.3 does not give a very practically applicable method for proving
Conjecture 1.3 in general. The situation is improved if we strengthen the
condition on %,(E/F*), assuming not only that it is 4(/")-torsion, but also that
it has p-invariant equal to 0. We recall what this means. Let I" denote any
profinite group which is isomorphic to Z,, and let A(I") denote the Iwasawa
algebra of I We recall that A(I") is topologically isomorphic to the ring of
formal power series Z,[[T]] in an indeterminate T with coefficients in Z,. If X is
a finitely generated A(/")-module which is A(I)-torsion, then we say X has
p-invariant zero if its characteristic power series is not divisible by p in Z,[[T)].
It is easy to see that the following two assertions are equivalent for any
finitely generated A(/")-module, X:

i) X is a finitely generated Z,-module

i) X is A(I')-torsion and has g-invariant zero.

Define, for n > 0,

H = Gal(F,/F?), H,=Gal(F,/F) and I, =Gal(F,°/F,). (127)

The field F,* is simply F(E,n1, /), as Fy contains the p™ roots of unity. Then
H, is pro-p and contains no element of order p. Defining A(Hy) in the usual
manner, [Theorem 2.3 is true with 4A(R) replaced by A(Hp) and so we can define
the A(Hy)-rank of a finitely generated A(H)-module exactly analogously to the
definition of A(R)-rank in (10). Then H acts continuously on %,(E/F,,) making
it into a discrete A(H)-module.

THEOREM 6.4. Assume that p > 5.

i) If 6,(E/F,) is a finitely generated A(H)-module, then %,(E/LY) is a
Sinitely generated Z,-module for each finite extension L of F which is contained
in F.,.

i) Conversely, assume that there exists a finite extension L of F which is
contained in F,, such that Gal(F,, /L) is a pro-p group and €,(E/LY°) is a finitely
generated Z,-module. Then 6,(E/F,) is a finitely generated A(H )-module, which
is A(R)-torsion, where we recall R = Gal(F, /F).

This shows that the natural analogue to 4(R)-modules of finitely generated
A(I')-modules being torsion and having u-invariant zero is that they should be
finitely generated over A(H). In the next section, we will give examples where
%,(E/F,) is finitely generated over A(H), and where it is not.

Before giving the proof of [Theorem 6.4 we note some obvious, but in-
teresting, corollaries.
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COROLLARY 6.5. Assume p >5. If 6,(E/LY) is a finitely generated Z,-
module for some finite extension L of F contained in F.,, with Gal(F /L) a pro-p
group, then the same is true for all finite extensions of F contained in F,,.

COROLLARY 6.6. If p > 5 is any prime such that €,(E/F“°) is not a finitely
generated Z,-module, then 6,(E/F,,) is not a finitely generated A(H)-module.

We now give the proof of [Theorem 6.4

Proor. We start with part i) and assume that %,(E/F,) is a finitely
generated A(H)-module. Thus, for some integer m > 1, there is a surjection

A(H)" — %,(E/F.,). (128)

Let Q be the subgroup of H fixing L<¢. Since L is of finite degree over F, Q2 is
of finite index, d say, in H. Taking Q coinvariants of [(128) and using the fact
that (A(H)™), is a free Z,-module, of rank md, there is a surjection

Z;an — Gp(E/Fx) o, (129)

and so %, (E /F,.)? has finite Z ,-corank.
Consider the following diagram:

Q
0 —— S(E/F)? —— HY(FS/F,,Ey)® N (@ Jy(Fy)
veS

o o

0 —— SH(E/LY) —— H'(FS/L Ey) —— @ J,(LY)
veS

In following, we will show Ker(f) is finite and Coker(f) has finite
Z,-corank. Given this it follows from that 6,(E/L%°) has finite Z,-rank,
proving i).

We next assume the hypotheses of ii) are valid. The fact that %,(E/LY°) is
a finitely generated Z,-module together with lemma 6.7 below (that Ker(f) and
Coker(f) have finite Z,-corank) gives that %, (E JF,)? has finite Z ,-corank.
Moreover, as Gal(F, /L) is pro-p it follows that the subgroup Q is also pro-p.
Since %,(E/F,) is compact we may apply the Nakayama Lemma 2.6 to conclude
that®,(E/F,) is a finitely generated A(2)-module. But Q is a subgroup of H
and thus %,(E/F,) is a finitely generated A(H)-module. It only remains to
remark that any finitely generated 4(R)-module which is finitely generated as a
A(H)-module must be A(R)-torsion. This follows because Hy has infinite index
in R and so A(R) is not a finitely generated A(Hp)-module, but H, has finite
index in H and so any finitely generated A(H )-module is also finitely generated as
a A(Hp)-module. (Note that H itself is in general not a subgroup of R.) []
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LemmA 6.7. The following assertions hold for the diagram (130):

1) The kernel and cokernel of g are both finite.

i) Assume p >5. Then the kernel of h has finite Z,-corank, at most equal
to r where r is the (finite) number of primes of L(uw,.) at which E has split
multiplicative reduction. Also, Coker(h) is finite.

iii) Assume p >5. If L contains F(u,) then the kernel of h has Z,-corank
exactly equal to the number r defined in part ii).

iv) Assume p=>=5. Then Ker(f) is finite and Coker(f) has finite Z,-
corank, at most equal to the number r defined in part ii).

Proor. 1) By the inflation restriction exact sequence
Ker(g) = H'(Q,E,~) and Coker(g) = H*(Q,E,»). (131)

These are both shown to be finite in the appendix to [10], see also [9]. The
essential idea is that the Lie algebra of Q is the semisimple Lie algebra si(Q,) for
which V,E is a simple, finite dimensional and non-trivial representation. Thus

H'(Lie(Q), V,E) =0, for all i >0, (132)

from which part i) follows, by a theorem of Lazard (see Theorem V.2.4.10 in
[28]) relating it to (132).

ii) We first remark that since there are only finitely many primes of L%
above any prime of L, and since E has non-integral j-invariant at only finitely
many primes of L, the number r is finite. As in the local analysis above, used to

prove [Theorem 1.1, and in particular as in
Ker(h) =@ H'(Qu, E(Fs.0))(p) (133)
v|S

where v now runs over the primes of L“¢ dividing S and for each such v, @ is a
prime of F,, dividing v, and 2, the decomposition group of Q2 at w. Similarly,

Coker(h) = D H*(Qu, E(Fx,0))(p) (134)
v|S

Suppose first that v does not divide p. Then, as in the proof of
above, we need to analyse the H'(Q,, E,~) for i>1. If v is a potentially
multiplicative prime then we showed in [Lemma 503 that H'(Gal(F,, ./
L(pty»),,), Ep=) is either 0 or isomorphic to Q,/Z,. Then a simple argument
with the inflation-restriction exact sequence shows that H!(Q,, E,~) has Z,-
corank at most equal to 1. Since €, is isomorphic to the semidirect product of
a group isomorphic to Z, with a finite cyclic group of order prime to p it follows
by cohomological dimension that H?(Q,, E,~) = 0 in this case. If E has poten-
tial good reduction at v then, since both L’ and F,, , contain the unramified
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Z ,-extension of L,, it follows from the work of Serre-Tate that Q,, 1s finite
and of order prime to p. Thus H'(Q,, E,-) =0 in this case, for i=1 or 2.

Next assume that v does divide p. Then as in the proof of
above, since both LY and F, , are deeply ramified extensions of L,, we have

H'(Quy E(F.0))(p) = H (20, D), i1 (135)

where D is the Galois module defined in (82). If E has potential supersingular
reduction at v then D=0 and we are done. If E has potential ordinary re-
duction at v then we showed in that H'(K., /L%, D) is finite for all
i > 1, where K denotes a finite extension of L, over which E acquires good
reduction and such that |[K : L,| is prime to p. It follows from the Hochschild-
Serre spectral sequence that H'(Q,, D) is finite for all i > 1. Finally, if E has
potential multiplicative reduction at v then that H'(Q,, D) has Z,-corank at
most 1 follows from [Lemma 5.28 as in the case of primes v)p above.
Similarly the argument that H?(Q,,D) = 0 is identical to that above.

iii) This exact value of the Z,-corank follows by the same arguments as
those above for part ii) where the only point at which we failed to give the exact
value of the Z,-corank was in using the inflation-restriction exact sequence to
obtain an upper bound on the Z,-coranks of the cohomology groups for the
extension F, ,, /L% from the corresponding cohomology groups for the extension
Fopo0 /L(1y ), Whose Z,-coranks we know explicitly from Lemmas and
5.28. If L contains F(u,) then these extensions are the same. The only other
observation necessary is to note that E has split multiplicative reduction at a
prime w of L(u,.) if and only if E has split multiplicative reduction over L(z,),,,
because p > 2.

Finally, assertion iv) now follows immediately from diagram (130), by the
snake lemma. [

The following lemma follows from the above analysis of diagram (130).

LemMA 6.8. Assume p>5. If 6,(E/F,) is a finitely generated A(H)-
module then

Z,-rank(%,(E/F”)) = O(p™) as n — oo. (136)
PrOOF. The upper bound
Z,-corank((E/F,.)™) = 0(p*) as n— o0, (137)

follows immediately from the asymptotic theorem (Lemma 3.4.1 in [19].) Upon
substituting L = F, into diagram (130) and using this translates into
the upper bound required in (136). The only extra observation required for this
is that for a prime v of F such that ord,(jz) <0, if r, equals the number of
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primes of F&¢ above v then r, = O(p*"). This is because the decomposition group
A, for any prime w|v, has dimension equal to 2 as a p-adic Lie group, by

[Lemma S5.1. Thus
Z ,-corank(Coker (%, (E/F,”*) — p(E/FOO)H")) = 0(p™). (138)

[

We can do much better, however. The full strength of Theorem 3.1 in
describes the Z,-rank precisely in this situation. Recall that if Y is a finitely
generated, torsion A(I")-module then the A-invariant of Y, which we denote by
Aim(Y), 1s equal to the Z,-rank of Y/Y(p). Then Theorem 3.1 in describes
exactly how the Z-invariant of %,(E/F”¢) changes as n increases, under certain
conditions.

Let B, denote the kernel of the reduction map from GL,(Z,) to the
GLy(Z/p™Z). Since G, is an open subgroup of GL,(Z,) it is clear that we
have

Gal(F,/F,) = (139)
for all sufficiently large n.

PropOSITION 6.9. Assume 1) p =5, i) Gy is a pro-p group and iii)
C,(E/F?°) is a finitely generated Z,-module. Let r(n) denote the number of
primes of F7° not dividing p and at which E has split multiplicative reduction. Let
m be the smallest non-negative integer such that (139) is valid. Then, for n > m,

hin(Gp(E/F)) = Np*"™™) — r(n) (140)
where
N = Zins(€p(E/F,)€)) + r(m). (141)

ProoOF. Under the hypotheses of the proposition, the formula of applies
to give

Jan Gy (EFZ)) = | 2 F& i G(EJFE) + 3 (enm(@) — 1) (142)
weP

where P consists of the set of primes, w, of F,” such that wfp and E has split
multiplicative reduction at . The number e, ,,(®) denotes the ramification
index of w in the extension F”°/F7°. (There is a third term in the general
formula, but this gives no contribution for the extension F,/F,.) Since the
primes  in P do not divide p, the extension F,”//F,> is totally ramified. ~Also,
since this extension is a p extension and we assumed p =35, E has split mul-
tiplicative reduction over F%7 if and only if E has split multiplicative reduction



220 J. H. CoaTtes and S. Howson

over F7¢. Thus P consists simply of the r(n) primes of F,”* dividing the r(m)

primes of F7 which do not divide p and at which E has split multiplicative
reduction. Therefore

Y (enm(@) = 1) = [E  EXlr(m) — r(n), (143)

weP
and formula follows from the choice of m satisfying (139). Indeed, for n at
least m, it follows from (139) that F,,; has degree exactly p* over F,. But, as it
is also clear from (139) that the Galois group of F,.; over F, has exponent p, it
follows easily from the Weil pairing that the 1ntersect10n of F¥¢ with F,;; must
be precisely the field generated over F" by the p”+2 roots of unity. But then
we conclude that |F,}] : F¢| = p* for all n at least m. This completes the proof

of [Proposition 6.9, ]

COROLLARY 6.10.  Assume the hypotheses of Proposition 6.9 and let r(n) and
m be as defined there. Assume also that E has potential good reduction at all
primes v of F dividing p. Then for all n > m

Z, —rank(%,(E/F.c)y ) = Np3t=m) (144)

where N is as defined in (141) above. Thus %6,(E/F.,) is a finitely generated
A(Hy)-module of A(Hy)-rank equal to

N

_ 145
|H0 . Hm| ( )

Proor. In the fundamental diagram (130) relating the F,, level with the
cyclotomic level we take L = F, and Q = H,. The assumption that %,(E/F°)
is a finitely generated Z,-module, together with the assumption that G, is a pro-
p group, implies, by [Corollary 6.5, that %,(E/F,”) is A(I)-torsion. It follows
from |Proposition 6.2 that the bottom right hand horizontal map in (130) is a
surjection. The assumption that G, is pro-p implies that F contains y,. Then,
from parts i) and iii) of and the assumption that E has potential
good reduction at all v|p, the term —r(n) appearing in [140) is perfectly
corrected by the diagram (130), giving the first part of the corollary. The final

statement of the corollary then follows from the asymptotic formula, Lemma

3.4.1, in [19]. 0

We end this section with a number of general remarks. Firstly, we want to
make clear our indebtedness to the very interesting paper of Hachimori and
Matsuno for suggesting to us the results of this section. Secondly, we believe
that our results indicate parallels between the present GL, Iwasawa Theory and
certain classical phenomena in the Iwasawa Theory of Z,-extensions. Let us




Euler characteristics and elliptic curves II 221

assume that p is odd, and recall that
Fo=F(E,), R=Gal(F,/F), and Hy= Gal(F,/Fo(u,-)). (146)

As we have already remarked, both A(R) and A(H,) are Noetherian and have no
divisors of zero, and so possess skew fields of fractions. We can therefore define
the rank of a module over these Iwasawa algebras in the usual fashion (see
(10).) Let X be a finitely generated, torsion A(R)-module. We believe, in view
of [Theorem 6.4, that the GL, property parallel to being torsion and having u-
invariant zero in the theory of Z,-extensions should be that X is finitely generated
over A(Hp). Similarly, it seems reasonable to expect that the A(Hp)-rank of X
should be analogous to the A-invariant in the theory of Z,-extensions. In §7 we
will exhibit an example of an elliptic curve where %,(E/F,) fails to be finitely
generated over A(Hj) and yet still has finite A(Hp)-rank.

QUESTION. Assume E has potential good ordinary reduction at all primes
of F dividing p. If we take X = %,(E/F,) then does X always have finite
A(Hp)-rank?

It would also be interesting to exhibit elliptic curves E over F and primes
p with %,(E/F) finite such that %,(E/F,) has A(H,)-rank equal to zero.
(Corollary 6.10| gives some specific conditions which would guarantee this. They
are not necessary, however, as this corollary only concerns the case where
%,(E/F,) is finitely generated as a A(Hj)-module.

7. Examples.

We can finally give the first concrete examples where Conjecture 1.3 can be
proven and thus all the hypotheses of are satisfied, namely the Q
1sogeny class of elliptic curves of conductor 11 at the prime p equals 5. In order
to prove Conjecture 1.3 for all three isogenous curves, we prove the isogeny
invariance of the more general Conjecture 2.4.

ExampLE. Consider the curve, 11(A3) in Cremona’s tables [11], of con-
ductor 11. It has minimal Weierstral3 equation

E:y*+y=x"—x? (147)

and is the elliptic curve corresponding to the modular group 7(11). It is more
usually denoted X;(11). It does not admit complex multiplication and thus is
relevant to the discussion in this paper. Serre has shown, in [41], that G, =
GLy(Z,) for all p #35, and so is difficult to apply in these cases.
For p =5, however, the situation is more hopeful as X;(11) has a rational point
of order 5. It follows that Es fits into the exact sequence
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0—Z/5Z — Es — us — 0. (148)

In fact, this sequence does not split and Q(Es) is a degree 5 extension of Q(us).
Indeed (148) does not even split as an exact sequence of Gal(Q,,/Q,;)-modules,
because E has split multiplicative reduction at 11 with the 11-adic Tate period,
gk, having order 1 at 11. We shall apply the second part of [Theorem 6.4 with
L = Q(us), since Gal(F,/L) is a pro-5 group. Clearly, though, the crux is
to show it satisfies the condition that %,(E/Q(u,-)) is a finitely generated
Zs-module. The hypothesis that %,(E/Q(us.)) be A(I')-torsion presents no
problem as our ground field is Q(us), an Abelian extension of @, and so we
could appeal to recent work of Kato’s referred to earlier. The condition that it
has p-invariant equal to zero requires a more subtle analysis. A classical descent
argument, carried out in [10], gives

THEOREM 7.1.

SS(E/Qus)) =0, E(Q(us))(5) = Z/5Z. (149)
Then for E = X;(11), p=5, F = Q(us) we have

$(E(kp)(5)) =5, W(E/F)(5) =0,
(150)
tE(F)(5) =5, cn(E) =1,

and E has good reduction at all primes not dividing 11. Thus ps(E/F) =1 in
this case. It follows from 5.7 that y(I", %s(E/Q(us~))) is defined and equal to
1. Here I' = Gal(Q(us~)/F). But since this gives the leading term for a
characteristic power series for s5(E/Q(us-)), it follows that the characteristic
power series must be a unit in A([).

COROLLARY 7.2.  The 5%-Selmer group ¥s(X1(11)/Q(us.)) is finite and so,
in particular, has p-invariant equal to zero.

(In fact, one can show that %s(X;(11)/0Q(us-)) =0, see [10].) It follows that we
have satisfied all the conditions of [Theorem 6.4 and so can conclude:

CorOLLARY 7.3. For E = X;(11), €s5(Xi(11)/Q(Es=)), is A(R)-torsion of
finite A(Hy)-rank, where Hy = Gal(F../F,’ ), as above. It follows that X,(11)
satisfies all the conditions to apply Theorem 1.1 at the prime p =15 taking as
ground field either F = Q or F = Q(us).

A simpler 5-descent on E, described by Greenberg in [15], shows that
I(E/Q)(5) =0, E(Q)=Z/5Z. (151)

Also, for this E over Q the set i and corresponding Euler factors appearing in
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the full Euler characteristic formula in [Theorem 1.1 consists of just
M= {11}, LyX(11),s)=(1—-11%)". (152)
Thus Theorem 1.1 gives

COROLLARY 7.4. Denote by G, (F) the Galois group F,,/F. For F = Q and
p =15 we have

1(G(Q), ¥5(X1(11)/Q(Es~))) = 5. (153)
Similarly, for F = Q(us), we deduce from (150) that
2(G (Q(us)), 5(X1(11)/ Q(Es-))) = 5*. (154)

The only extra observation required to prove (154) is that 11 splits completely
in Q(us) and L,(E,s) = (1—11")"" for each of the four primes v of Q(us)
dividing 11.

We confess that we are currently unable to apply to calculate
the G, -Euler characteristic for £ = X;(11) at a single ordinary prime p > 7.

We complete our discussion of the curve X;(11) at p =5 by making some
further observations about the asymptotic behaviour of €s(X;(11)/Q(Es.1)?),
as n — oo. We know from Corollaries 6.5 and 7.2 that &s(X;(11)/Q(Esu1)7)
is a finitely generated Z,-module for all n > 0.

From now until the end of |[Corollary 7.7 we take E to be X;(11), and recall
that, with this choice of E,

F = Q(‘us), Fl’l = Q(E5n+l), Fncyc = Q(E5’1+17//t5£x))- (155)
PROPOSITION 7.5. We now have Auyy(%s(X1(11)/F,”)) = 16, and

din(@s(X1(11)/EP€)) =4 x 5" —4 x 5271 (n>1). (156)

Proor. We begin by describing the image of Gal(F,/Q) in the auto-
morphism group of 75X;(11). Now Es~ contains a unique cyclic subgroup @ of
order 52, which is stable under the action of Gal(Q/Q), and which contains the
subgroup of order 5 generated by (0,0). Pick a basis ej,e; of T5E such that the
projection of e; in Es5» generates this subgroup @. For each ¢ in Gal(F,,/Q), we
have

a(ey) = ae; + cey, a(ey) = be + dey, (157)

and this clearly defines an injection of Gal(F,,/Q) into the subgroup W of
b

GL,(Zs) consisting of all matrices (a ) with ¢ =0 mod52, a=1 modS5.

c d
Now Lang and Trotter have explicitly determined the image of Gal(F,/Q)
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in Ts5Xy(11). By analysing the behaviour of the image under isogeny, one
deduces easily that the image of Gal(F,,/Q) in T5X;(11) is the whole of W. It
is then clear that G.,, = Gal(F,/F) can be identified with the subgroup U of

b
W consisting of all matrices (a d> with c=0mod5%, a=d=1mod5. It
c

follows easily from this explicit description that |F,” : F&¢| =5, |F/”* : F;”‘| = 52
and |F,7] : F‘| =53 for n > 1. Hence we obtain that |F: F| = 5% for all
n>1. We recall that 11 is the only prime at which X;(11) has split multi-
plicative reduction. As earlier, let r(n) denote the number of primes of F,*
lying above 11. We claim that

r(0)=4, r(n)=4x5"" (n>1), (158)

and that each of these primes has absolute ramification index equal to 5"*! for all
n>0. To justify this, we note that if v denotes any prime of F,” above 11 then
the 11-adic Tate curve shows that

cve n+l
Fn,); = Qll(:uSOC:ql/s )a (159)

where ¢ denotes the 11-adic Tate period of £. As X;(11) has discriminant —11,
q has order 1 at 11, and so it is clear that F,”" has absolute ramification index
571 Moreover, 11 splits completely in F, and then each of the four primes of
F above 11 are inert in F¢.  No residue field extension of degree a power of 5
is possible above the field Q,;(us-), since this field is the unique unramified
Zs-extension of Q). These remarks prove the above formulae for r(n). The
assertion of [Proposition 7.5 now follows immediately from the main result of
Hachimori-Matsuno applied to X;(11) for the S5-extension F,/F, recalling
that &s(X,(11)/F9¢) =0.

COROLLARY 7.6. Let H, = Gal(F,, /F7). Then, for all n >0, we have
Zs-rank(€s(X1(11)/F)p ) =4 x 5. (160)

As |Hy : Hy| = 5" for all n > 1, it follows that €5(X1(11)/F,) has A(Hy)-rank
equal to 20.

PrOOF. Recalling that it is shown in the previous proof that, in this case,
(139) is valid for all n>1, we could deduce (160) from [Corollary 6.10.
However, it is just as easy to argue directly with the fundamental diagram (130)
relating ¥s5(X;(11)/F,) to Ss(X1(11)/F?¢) for all n>0. Indeed, using the
value of r(n) calculated above, we conclude from that, in this case,
Ker(h) has Zs-corank equal to 4 if n =0, and to 4 x 5! if n > 1. It is then
clear that we obtain (160) from [(156) using (130). The final assertion then
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follows from the well known asymptotic formula (see Lemma 3.4.1 of [19], or
Theorem 2.22 of [24])

As with [Theorem 1.5, we simply do not know whether the Zs-rank in
Es(X1(11)/F?) comes from the Mordell-Weil group or the Tate-Shafarevic
group of Xi(11) over F,7°. Indeed, we want to stress that at present we do not
even know if X;(11) has any points of infinite order in the field F,,. Of course,
(Corollary 7.2 shows that X;(11) has no points of infinite order in Q(us-), but
this is the limit of our current knowledge. Note that Harris’ construction in [21]
does not apply in this case, since no subgroup of order 11 of X;(11) is stable
under the absolute Galois group of F, for all n > 0.

Finally, since the Z-rank of X;(11)(F,) is bounded above by
Aims(€s5(X1(11)/F“¢)), we also obtain the following corollary of [Proposition 7.5

COROLLARY 7.7. The Z-rank of X,(11)(Fy) is at most 16, and
Z-rank of X;(11)(F,) <4x 5" —4x5"" n>1. (161)

Let Z=%5(X,(11)/Q(Es=)). It would be of great interest to explicitly deter-
mine the structure of Z as a A(Hy)-module. We know by [Corollary 3.8 that
Z has no non-zero finite Hjy-submodule. We also know that Z has rank 20
over A(Hy) by [Corollary 7.6, In fact, one can prove that Z is not a free A(H)-
module. On the other hand, one is tempted to speculate that the A(Hy)-torsion
submodule of Z is zero. One can even go further and ask whether Z can be
embedded in A(A) with a finite, non-zero cokernel, where 4 = Gal(Q(Es~)/ Q7).

As is well known (see [11]), there are precisely three elliptic curves in the
isogeny class of Xj(11). The curve Xy(11) corresponds to the modular group
Io(11). (It is denoted by 11(Al) in [1I].) Xo(11) has minimal Weierstral
equation

P 4+y=x*—x*—10x-20 (162)
Then the third curve (denoted in by 11(A2)) is given by
y2 +y=x* — x? — 7820x — 263580 (163)

Let E!, E? be two elliptic curves defined over a number field, F, and with an
F-isogeny

EE'— E? (164)
Lemva 7.8. F(E).) = F(E,.)

Proor. Since ¢ induces a Gal(F/F)-invariant map E,, — E;,. with finite
kernel, it is clear that F(E,.) is an extension of F(E,.). The isogeny ¢ also
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induces maps (denoted T,&, V,¢ respectively) defined by

0 —— T,E! —— V,E! E). 0
lTpct lvpé lé (165)
0 —— T,E?> —— V,E? E;. 0

Since the right hand map in [165) is surjective, with finite kernel, V,¢ is an
isomorphism and 7,¢ is an injection. Suppose o€ Gal(F/F (E]fy)) Then o
fixes 7},E2 and thus also the sublattice, T,E . But since

E]}m = @)T})El/pn]};El
this means o € Gal(F/F(E,..)) also. Thus F(E.) contains F(E,.). O]

Hence there will be no confusion if we write F,, for F (Elﬁw), and define G,
as it has been throughout this paper. We can take R to be defined as in (4)
for either curve, E'. We recall that the reduction type of an elliptic curve is
unchanged by isogeny, that is 7,(E'/F) = t,(E?/F).

PROPOSITION 7.9. Conjecture 2.4 is isogeny invariant. More precisely, if E!
and E* are isogenous elliptic curves then the compact Selmer groups, 6,(E'/F,)
and 6,(E*/F.,), have the same A(R)-ranks.

Proor. We have the following diagram with exact rows:

0 —— S(E*/Fy) —— H'(Fy, E;. ) —— li_m)@ H'(F,,,E*)(p)

b e

0 —— S(E'/Fy) —— H'(Fy, E). ) —— h_rn)w@ H'(F, ., E")(p)
the vertical maps being induced by . Since £ is an isogeny, it is a surjection and
Ker(¢) is a finite group scheme of order deg(&). Let p’ be the maximal power of
p dividing deg(¢). Then p’ annihilates the kernels and cokernels of the maps ¢
and h. (For example, Coker(g) embeds into H?*(F,,Ker(¢)(p)) which is
annihilated by f(Ker(¢)).) It follows that

GE'/E) ® 0, = 6,(E*/F,) ® 0, (167)
and the proposition follows. ]

Let Q denote any open subgroup of Gal(F,/F“*) such that 4(£) has no
divisors of zero. Then the proof of [Proposition 7.9 shows also that ,(E!/F,,)
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and %,(E*/F,,) have the same A(Q)-rank, with the understanding that if one is
infinite, then both are.

We recall that for p =5, and E either of the two curves (162) or (163) it is
well known (see [10], or [29]) that %,(E/Q°) has positive u-invariant.
Hence we deduce the following from [Theorem 6.4 |(Corollary 7.3, |[Corollary 7.6
and |Proposition 7.9.

COROLLARY 7.10. Take F = Q, p =5, and let E be either of the curves (162)
or (163). Let

R = Gal(Q(Es:)/Q(us)), 2 = Gal(Q(Es.)/Qus. ). (168)

Then:
1) €s(E/Q(Es=)) is A(R)-torsion.
i) %s(E/Q(Es=)) is not a finitely generated A(Q)-module.
i) 4s(E/Q(Es<)) has A(Q)-rank equal to 4.

ExampPLE. Take E = Xj(11). As explained in Greenberg’s article a 5-
decent shows again that

WI(E/Q)(5) =0, E(Q)=Z/5Z (169)
We also again have ¢, =1 for all ¢ # 11, but this time
C]l(E) =35 (170)

The Euler factor at 11 is still given by (152) and we conclude from [Theorem 1.1
and [Corollary 7.10 that

CoROLLARY 7.11. Let G, be the Galois group of Q(Es=)/Q for E the curve
Xo(11). Then

2(Go, #5(X0(11)/Q(Es»))) = 5° (171)

Similarly, for E the curve 11(A2) of (163), one can calculate y(G, 5(11(A2)/
O(Es=))) explicitly.

We first make the following general remark. If 4,(E/F ) is not a finitely
generated Z,-module, then it is easy to see that, for every finite extension L of F,
6,(E/LY¢) is not a finitely generated Z,-module. However, even if we know
that 4,(E/F“°) is a torsion module over A(I'r), (where I'r = Gal(F““/F)) there
is no way in general of proving the same is true for %,(E/L“¢). Notwith-
standing that, we do have the following example.

COROLLARY 7.12.  For E either of the curves (162) or (163), €5(E/Q(Esn)?°),
is A(I)-torsion for all n>0. It follows that €s(E/Q(Esw1)?) has strictly
positive u-invariant for all n > 0.



228 J. H. CoaTtes and S. Howson

Proor. Let E°= Xy(11) or 11(42) and E'= X;(11). By [Lemma 7.8
Q(E?..)) = Q(Ei.). It follows from [Theorem 6.4 that %s(E'/Q(E?,. ) ) is
A(I')-torsion for I' = Gal(Q(E?,.,)”/Q(ES,..)). Then the same argument as
the proof of |Proposition 7.9 shows that Conjecture 6.1 is also isogeny invariant.
This, together with the remark above, gives the corollary. ]

REmMARK. In fact one can easily calculate the p-invariant exactly using the
formula given by Perrin-Riou in the appendix to (and independently by
Schneider in [35]) which describes explicitly how the w-invariant of the Selmer
group changes under isogeny. If Ej, E; and E, denote respectively the curves
Xo(11), X,(11) and 11(A2) then E) = Ey/us, E; = Ey/(Z/5Z). Let u;,, denote
the p-invariant of a finitely generated, torsion A(I°)-module. Then

CoROLLARY 7.13. Let L denote any finite extension of Q(us) contained in
O(Es»), where E is any of Ey, E, or E, (recall Q(Es=) is the same field for all).
Then

b (5(Eo/ L)) = 3|+ @ (17)

Wi (S5 (E2 /L)) = |L = Q| (173)

We finish with the following observation, which is a well known consequence of
(Corollary 7.12|

COROLLARY 7.14. Let E be any of the three curves of conductor 11. Let L
be any finite extension of Q contained in Q(Es-). Then, E(L(us.)) is finitely
generated as an Abelian group.

We recall that so far we cannot exhibit a single non-torsion element in
E(L(us.)) for L any finite extension of Q contained in Q(Es-).

Appendix. Proof of theorem 1.5.

We are most grateful to R. Greenberg for giving us the essential ideas behind
this proof.

We assume p > 5 throughout this appendix, although this is not necessary if
E has non-integral j-invariant at any prime of F dividing p. We need one extra
piece of notation. Denote by 2, the Galois group Gal(F.,/F,+1), so G /2, =
G,. We use the term ‘ordinary reduction’ to mean either good ordinary or split
multiplicative reduction.

The first thing to note is that the conclusion of is trivially true
if €,(E/F,) is not a torsion A(R)-module and so, from now until the end, we
assume that this is the case. But from we know that this means
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that E has either potential good ordinary reduction or non-integral j-invariant at
all primes of F above p. We now give the proof of under this
assumption.

LeMMA A.l1. Let v be either any prime of F dividing p such that E has
potential ordinary reduction at v or any prime of F such that ord,(jg) < 0. Then
the number of primes of F, lying above v is unbounded, as n tends to infinity.

Proor. We saw in §5 (Lemma 5.1) that for any w|v the decomposition
group, 4,, of w in the extension F,,/F, is a p-adic Lie group of dimension at
most 3 for v satisfying either of the conditions of the lemma. Since G, has

dimension 4 as a p-adic Lie group, the lemma follows. ]
Then we can give a simple proof of under the condition that

there is at least one prime v of Fy at which E has split multiplicative reduction.
We do not even need to assume that v|p. Taking L = F, and H, = Gal(F /F,)
in diagram (130) we know from the finiteness of H'(H,, E,~) that the restriction
map

fus SUEIFE) — GEF)™ (174
has finite kernel. It follows that is clear if there exists some n > 0

such that ,(E/F”) is not A(I,)-torsion, where we recall I, = Gal(F”/F,).
Hence we assume that %,(E/F’) is A(l,)-torsion, for all n > 0. Thus, from

IProposition 6.2, the bottom, right hand, horizontal map in (130) is a surjection.
By the snake lemma applied to that diagram, together with

Z ,-corank(Coker(f,)) = Z,-corank(Ker(h,)), (175)

where /4, denotes the right hand, vertical map in (130) for L = F,. But under
our assumption that E has split multiplicative reduction at v, in view of [Lemmal
5.28 if v|p and if v¥p, together with Lemma A.l, we see that the
right hand side of (175) is unbounded as n — oo, proving in this
case.

But, by [Lemma 5.29, if v is a prime of F dividing p such that ord,(jz) < 0
then E has split multiplicative reduction at all primes of Fy dividing v. Thus we
may assume E has potential good reduction at all primes v of F dividing p.
Furthermore, by the above remark we may assume E has potential good ordinary
reduction at v and we make this assumption throughout the remainder. (We
need no condition on the primes not dividing p for this argument.)

First, suppose that the Z,-corank of ,(E/F,) is unbounded as n — co. We
saw above, in [Theorem 2.9, that the map

S(EJF)) — % (E/F)™" (176)
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induced by the restriction map has finite kernel. So % (E/F, ) contains arbi-
trarily many copies of Q,/Z,, and follows in this case.

Thus we may assume that the Z,-corank of %,(E/F,) is bounded as n
grows. Consider the following commutative diagram, which is simply (16) with
the ground field, F, replaced by F;:

2y
l//n
0 —— S(E/Fo) ™ —— H(Fs/Fs, Eype )™ -2 (® Jo, <Fw>>

E I T o

0 —— S(EJF,) —— H\(Fs/Fy Ey) —2— @ H'(Fy.0,. E)(p),
wylS

Here we define

an(Foo) = h_m) @ Hl(Fn@waE)(p)? (178)

m wlw,

exactly as in (15) above.
First consider ker(f,) = H!(Z,, E,»). By [Lemma 4.1, this is known to be
finite. However, Greenberg has analysed it more closely and proves the fol-

lowing in [14].

Lemma A.2. For n>0
Ker(f,) = (Z/p""'Z)" (179)
as an Abelian group.

ProOOF. We will not give all the details. The idea i1s that for n > 0 the
centre of X, consists of just the scalar matrices congruent to 1 modulo p"*!, and
then H'(F,,/F,, Ey=) = H'(P, E,m), where P is the quotient of X, by its centre.
This is a p-adic Lie group of dimension 3 which, for » > 0, is uniform and thus
satisfies

v~ (Z)p"H Z)3, (180)

But P acts trivially on E,... and so H'(P, E,.1) is just the group Hom(P, E, ).
Since E,.i is isomorphic to Z/p"™"'Z as an Abelian group, the lemma
follows. ]

P/[P, PP

Now we look at the local restriction maps. Let 4,, denote Gal(F. ,/Fy ,)-
Recall that, as in (19),

Ker(d,) = D Hl(An,mE(FOO,w))(p)- (181)
]S
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Since we are assuming that , is a prime for which E has potential good ordinary
reduction, as we saw in 5.20 above, as an Abelian group H'(4,,, E(Fy.0))(p)
contains the cyclic subgroup which was there denoted by F(E(F,,))(p). For n
sufficiently large this is isomorphic to Z/p"*'Z as an Abelian group. So we
obtain the following, exact as a sequence of Abelian groups

0— Z/p"Z — H'(Fy.00/Fp.00,, E), (182)

and so, again exact as a sequence of Abelian groups, we have
0— (Z/p"™'Z)"™ = Ker(5,), (183)

where r(n) equals the number of primes of F, dividing v and so r(n) — oo, as
n — oo, by Lemma A.l above.

Recall, (39), how the Cassels-Poitou-Tate sequence describes the cokernel of
the map /4, in diagram [177).

—

0 — Coker(4,) — Z,(E/Fy) (184)

where #,(E/F,) is the compact Selmer group defined as in [(40). It sits in the

exact sequence

)

0— E(F,) ®Z, — #,(E/F,) — T,JUI(E/F,) — 0. (185)

Since we are assuming the Z,-corank of %,(E/F,) is bounded, as n — oo, this
implies the Z,-corank of HI(E/F,)(p) is bounded as n — co and so

TU(E/F,) ~Z), for n>0 (186)

for some N, independent of n. Similarly, the Z,-rank of E(F,)® Z, is a fixed
constant, M say, for n> 0. It follows that

EF)®Zy,~Z) ®E,n, n>»0. (187)

By ((184) this implies that, as Abelian groups,

/l

Coker(i) = #,(E/F,) = (Q,/Z,)* ® (2/p"' 2)?, (188)

where R is independent of n.
Recalling the basic diagram above, the snake lemma gives the exact
sequence

Ker(p,) — Ker(d,) Nim(4,) — Coker(a,) (189)

Consider, now, the following variant of diagram above:
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ZI'I
0 — im(y,) — (6—) an(Foo)> —— Coker(4y) — 0
@y|S
(3’1
0 — im(4,) — @ H'(F,0,,E)(p) — Coker(4,) — 0
@S
Ker(d,) Nim(4,) Ker(d,) X,
(190)

where X, 1s defined to be the kernel of the right hand vertical map. This gives
rise to

0 — Ker(d,) Nim(4,) — Ker(d,) — X, (191)
where

X, — Coker(4,) — (Qp/Zp)R ® (Z/pn+1Z)2 (192)

from (188), above and so the number of Z,-cogenerators of X, is bounded,
independently of n. But we know, from the local result (183), that Ker(d,)
contains the Abelian subgroup (Z/p""1Z)"™, with r(n) unbounded as n — 0.
It follows that for n sufficiently large we must have

(Z/p"'Z)" " < Ker(5,) Nim(4,) (193)

where r/(n) is also unbounded as n — oo.
This information, (193), together with the sequence (189) and Lemma A.2
describing the behaviour of Ker(f,) then implies that

(Z/p"'Z)"™ < Coker(a,). (194)

Here r”(n) again is unbounded as n — oo. So, as Abelian groups, for n suf-
ficiently large we have

S(E/F,) —— %(E/F,)*" ——  Coker(w,) —— 0

(Z/anZ)rN(n) (195)
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and r”(n) is unbounded. Thus it follows that %, (E/F,,) requires infinitely many
Z ,-cogenerators. But this is not quite strong enough. [Theorem 1.3 follows
immediately, however, from [(195) and the following general lemma about the
structure of finitely generated A(R)-modules.

LemMA A.3. Let M be any finitely generated (left or right) A(R)-module.
Then the exponent of the submodule, M(p), comprising all the p-torsion in M, is

finite.

Note that because the action of Z, commutes with that of R, M(p) really is
a A(R)-submodule of M.

Proor. Recall from 2.3 that A(R) is a (left or right, we shall omit this)
Noetherian ring. Thus a A(R)-module is finitely generated if and only if it
1s itself Noetherian. Also, submodules of Noetherian modules are themselves
Noetherian. Thus M(p) is Noetherian and so finitely generated as a A(R)-
module. Suppose it is generated by {xj,x2,...,x,}. Then there is some finite
integer, ¢ say, such that p’ annihilates all the x;. But then, since the x; form a
generating set for M(p), and since p commutes with all the elements of R, it
follows that p’ annihilates M(p). (]

Thus we see that the cogenerators of %, (E/F,,), whose existence is implied
by diagram (195), must actually generate infinitely many copies of Z, in

%,(E/F.) 0
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