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Formal Properties of Linear Memory Types
Dartmouth Technical Report TR2003-468

Heng Huang, Lea Wittie, and Chris Hawblitzel
Aug 8, 2003

Abstract

Efficient low-level systems need more control over memory than safe high-level languages usually provide. As
a result, run-time systems are typically written in unsafe languages such as C. This report describes an abstract
machine designed to give type-safe code more control over memory. It includes complete definitions and proofs of
preservation, progress, strong normalization, erasure, and translation correctness.

Introduction

This report presents the complete syntax and rules for the abstract machine, called A\'** described in [1]. It then
presents a proof of soundness (type safety), which says that well-typed programs will never get stuck. The proof
consists of a proof of preservation and a proof of progress, in the syntactic style of [5] (also see [4] for an general
introduction to syntactic approaches to semantics and types). It also presents a proof of strong normalization for the
“proof” portion of the abstract machine (i.e. for the expressions that type-check in a “limited” environment), and a
proof that the types and the “proof” portion of the abstract machine can be erased without upsetting the run-time
behavior. Finally, it proves the well-typedness of a translation from A¢, a CPS- and closure-converted polymorphic
lambda, calculus [3], to A°“. This report supersedes an earlier report[2].
Formally stated, the theorems proved in this report are:

e Type preservation: If U.; &, A;T;B;limit F e : 7, Ugpare, Ue; Popare, Pe; A; I B; limit - (M, e : 7) and
(M,e) — (M',€'), then U,; ®L: A\;T; B;limit F €’ : 7 and Ugpare, UL; Popare, L A; T By limit = (M, ¢ @ 1),

where (97, ») D,).

e Type progress: If (M, e) is closed and well-typed (Crre b (M, e : 7) for some 7 and Crre = Uiase; Pase; 5 F; B; limit),
then either e is a value or else there is some (M, ¢’) so that (M,e) — (M’',¢').

e Strong normalization: If U.; pre; I; F;true;i H (M, e : 7), then e must step to a value in a finite sequence
of zero or more steps, without changing memory: (M,e) — (M,e1) — -+ — (M, ey) — (M, v).

e Type erasure:

CH(M,e:T) (M,e)—(M',e")
erase((M,e))»ierase((]\/f/,e/))
_ CH(M,e:7) where Chas an empty AandI' erase((M,e))—(L’,d")
(M,e) 5 (M7 ), erase((M’,e’))=(L’,d")
_ CH(M,e:7) where Chas an empty AandI' erase(e) isavalue
(M,e) > (M,v), erase((M,e))= erase((M,v))

e Translation type correctness:
— If A;T Fe e, then B(A); B(T) F¢, B(e)
— If Ab¢ T, then B(A) F¢, B(T)
— If A;T ke, e, then A;T Fp Fe)



—IfAFe, T, then Abp T

—If Atp T and AT Fp e, then 0;0; Atyarg(A), R : Kg, E : int; AT)RE, {g : 74(R, E)};true;oo bp,
A(e)RE g : Thait

1 Abstract syntax

This section defines the abstract syntax of A, The letter z is used to indicate a value variable, while « is used to
indicate a type variable. As usual, we consider expressions and types that differ only in bound variable names to be
equivalent.

linearity

o=

time limits

limit = I | 0o

kinds
K = J|int | bool

¢
J=i |K—J

arithmetic

i=-|=2]=1]|0[1]2] -

b = true | false
I'=ali|liopI;
B=c«a|b|-B|Bybop By | I cmp I
iop =4 — |*
bop = A|V
cmp =< | > <|>|=|#
op = iop | bop | cmp

types

T=T <z)’lln>it7'2|(;5<7}>|oz|I|B|)\oz:K.7'|Voz:K;B.T

|Ja: K; B.m |1 7o | pe: Ko7 | Int(I) | Bool(B) | Union(B, 11, 72)

|Has(I,7)|Gen(r, I) | Eq(71, 72) | F¥ | InDomain ([, 7)



expressions

€:i|b|$|6162|67|¢<?>|/\xIT¢E¥it€|610p62|—‘6

|Aa: K;Bv|let (T') = ejiney |if e then e else ey | if B then ey else ey

| union(b, 71, 72, €) | pack[1, e] as Ja : K; B.7o | unpack o, z = e ines
| case(b, e) | roll[(uer : K.mo)m1 - - - 7] (e) | unroll(e) | fix x : 7.v [load(eptr, €Has)
| store(eptr , €Has, €v) | coerce(e) | distinguish (I, Iz, e1, e2) | make _eq(7)
|apply eq(T,e1,es) | new fun(K)|discard fun(e)
| definefun(e,7)|in_domain([y, I, e1, e3) | fact

values
v=1|b|Aa: K;B.v|pack|[r,v]asJa: K;B.1»

|roll[(pa : K.mo)ry -+ - ) (v) | Az s 7 "2 ¢ | 6(T) | union(b, 1, 72, v) | fact

untyped expressions

d=i|b|z|dids|{d)|Ae — d
|d1 opd2|—|d|let <?> = dlindg
|if dy then ds else ds | fix x.u | load(dptr, () | store(dptr , (), dv)

untyped values

u=1i|b|\x — d| (W)

expressions for substitution

s=wvl|fixz:Tw

environments
F=F R | F -

M={1—wvy, - ,n—uv,}
\I/:{IHTla"'an'_)Tn}
o= {FK &, FE P50

§={0—T10,-+- ,mn > Ty}



untyped environments

judgments

abbreviations

A:{alHKlv"'aan’_’Kn}
P:{(El'_)Tl"'uxn’_’Tn}

C =V;d; A; T B; limit

L={1—uy, - ,n—u,}
O:AFTK
BF By =By
BFL =1
O;BF1=m

Crke:T

\I}spare; (I)spare; Cr (M7 €: T)

(M,e) — (M',e")

Vo : K. £ Va: K;true.r
Ja: K.m 2 3o : K;true.r
Know(B) = Ja : bool; B. - ()
know(B) = pack[true, -()] as Know(DB)
letz = ejiney £ let (x) =" {e1)iney
n-Lnetn S

BlkBQéBlkBQitrue



1.1 Notes on environments

We treat the environments ¥, ®, §, A, T as sets, so the order of elements does not matter: {z1 — 71,22 — T} =
{1‘2 = T2,T1 — Tl}.

The environments ¥, ®, §, A, T must be well-formed functions (and the definitions in this report apply only to
well-formed functions):

(it—meWVA(irnel)=>m ="

(FK &6, € &) A (FK 26, € B) = (51 = 02) A (61 = b2)

(it—meENN(irreEd)=>n ="

(OLHKléA)/\(O[HKQEA):}KlzKQ

(z—meD)AN(z—nel)=>m =7

For ¥, §, A, T we use the usual function application notation: I'(z) =7 <z — 7 €T.

Each FiKi in ® must suffice to type-check both Gen(FiKi,I ) expressions, which are linear, and other expression
containing the type operator Fft which may be nonlinear. The Gen(EKi,I ) expression is only valid in a context
where ¢; =".

Environment splitting

These definitions split environments into two parts, where linear elements must go into exactly one of the parts:
U =0,V & (U="0;UTs) A (domain(¥1) Ndomain(¥s))

D=3, & VFE (FKS5ed) = (FKS6ed)aor(FK S 6 e dy))
ANEESs5ed) « (FESsed)vFES§edy)
MEFELscd) o (FKS5ed)
MNEFE L 5ed) o (FKE5edy)

BAFT =T, Ty & Ve, n(BAF T = (D) =7) & 1) =) A (T() = 7) & Ta(x) = 7))
A®BAFTG = (D) =7) = (Ty(z) = r)aor(Ta(z) = 7))

N&AFT: = (@) =7) & (T1(e) =7) V (Tafz) = 7))

)

[ =T.Ty)

Environment extension

These add new elements to environments:
U i 72 WU {i— 7}, where i ¢ domain(¥)
o, FK LsL U {FE 2 §}, where FE & domain(®)
Ao K2 AU{a— K}, where a ¢ domain(A)
D,z 72T U{z~ 7}, where x & domain(T)
By, By £ B1 A By
(U; ®; A;T; B;limit),i — 7 2 (U, i — 7;®; A; T; B; limit)
(U; ; A;T; B; limit), FX & 6 2 (0,0, FK & §; A;T; B; limit)
(U; ®&; A;T; B limit), o — Ko 2 (U; &, A, o — Ko T B; limit),
where « does not appear anywhere in (U; ®; A; T'; B; limit).
(U; ®; A;T; B limit), x — 7 2 (U; &; A; T,z +— 73 B; limit),

¢
where x does not appear anywhere in (U; ®; A;T'; B; limit) and ®; A 7 :5.
(U; ®; A;T; By; limit), By £ (U; ®; A;T; By, By; limit)



Nonlinear environments

The - operator removes any linearity from an environment. We use it to prohibit linearity in some of the type checking
rules.

2 (FK 5 5|FE & 5 € 3}

L (®,A) 2 {z—r1|(z—TeD)A(D;AF T:)}
If C = U; ®; A; T; B; limit, then C2 0; ®; A; T (@, A); B; limit.

Environment subsets

As the abstract machine steps from one state to the next, the ® environment must grow to accomodate new type

sequence allocations. Therefore, we define a subset operator C for ® to indicate that the ®- after a step is an
extension of the ®; before the step. To accomodate the discard fun(e) expression, this operator must be able to

demote a linear mapping FX + § to a nonlinear mapping FX +> &

Dy C By = VK (FE D6 € 1) = 36, (FX 2 55 € ) A (51 C 62) A (62 =) = (¢1 =1)))

(U; &1; A; T B; limit) C (T; ®o; A; T; B; limit) < (1 C @)
To prove a substitution lemma, we need a notion of environment weakening. Weakening, however, cannot add
A

new linear elements nor change the linearity of an existing mapping, so we need a different subset operator, C:

P, C P, & (VFK(FK ’g 0 € (1)1) = 352((FK ’g bo € (1)2) VAN (51 - 52)))
AVFE (FE 5 5y € @y) = 36,.(FK 5 6, € 31) A (61 C 62)))

where we define subset for I" as:
(I);Al—l—‘l CleyeTl, 21— T, Ty = Ty =19

where ®; A+ 7y :ihl,...,CI);A F 7, ’Ln

1.2 Arithmetic constraints

The notation B F+ I; = I, means that for all possible substitutions of integer constants for integer variables, B
implies that [; is equal to I>. Similarly, B - By = Bs means that for all possible substitutions of integer constants
for integer variables and boolean constants for boolean variables, B implies that B; is equal to Bs.

2 Type equivalence

Type equivalence ®; B - 71 = 7 is only well-defined with respect to an environment ®; B. When this environment
is clear, however, we will often just write 7, = 75 by itself, for convenience.

o, BFT=T1
. BFm =1
o, BFm=mn



O, BFTi=1 O;BFm=13
. BFm =713

O;BF (M : K.1p)7q = [ = T4]Tp

BFI=i

®,FX % 6, BFFRT1=6(i)
BrIL =1
@,BFIlEIQ

BBy =Dy
(I),BFBlEBQ

®; B+ Eq(m1, ) = Eq(m2, 1)

Vi (®; B¢k 1, =17])

2

O;BFT[r,...,m) =T,

- Thl

J—
T=T

Rather than writing each of the congruence rules separately (s7r=ia7>> €tc.), we use T' to indicate a type
with one or more (shallowly dug) holes in it, and T'[r,...,7,] to indicate the type with the holes replaced by
Ti,...,Tn, SO that a single type equivalence rule covers all the cases. This is only for notational convenience.

Tlr] = Aa: K.r|pa: K| ¢(r)|Int(r) | Bool(7)
Tir,m]=nmn|Va: K;n.mn|3a: K;mi.m|m — 72| ¢(m1, )
| Has(m1, 72) | Gen (71, 72) | Eq(71, 72) | InDomain (7, 72)
T, 12, 73] = Union(ry, 72, 73) | (71, T2, T3)
T, T2, T3y« oy Tn) = G{T1, T2, T3, -+, Tn)

3 Evaluation rules

3.1 Definitions

o (My,er) s (M3, e2) means (M, e1) progresses in zero or one steps to (Ma, e2).

o (My,er) s (M3, e2) means (M, e1) progresses in zero or more steps to (Ma, e2).

(M, e1) & (M, e2) means (Mj, e1) progresses in one or more steps to (Ma, e2).
(Ml, 61) ?,(evalua’t_i)onfrule) (
Zero or one times.

Ms, e2) means (M, e1) progresses to (Ma, e2) by applying the given evaluation rule

*,(evaluation—rule)

(Ml,el) — (Mg,eg) and (Ml,el)
above definition.

+,(evaluation—rule)
—

(Ms, e2) are defined in the same way as the

simplify(i; + i2) = i3, where i3 is the sum of i; and iy

simplify(i; — i9) = i3, where i3 is 41 minus iy



o simplify (i1 * i2) = i3, where i3 is the product of i1 and io

e simplify(i; cmpis) = b, where b is true iff cmp (i1, 42) is true

(
(
o simplify(by A ba) = b3, where b3 is true iff b; and b are true
e simplify(by V b2) = b3, where b3 is true iff by or by is true

(

e simplify(—by) = bo, where by is true iff b, is false

3.2 Rules
(E — LOAD)(M,load(i, fact)) — (M,* (M(3), fact))

(E — STORE)(M,store(i, fact,v)) — ([i — v]M, fact)
(E—ABSAPP1)(Ax: T 21, e1)ve2 — coerce([x — valer)
(E—ABSAPP2)(Dx : T ko e1)ve — [z — va)ey
(EF — COERCE)coerce(v) — v
(E—-TAPPTABS)(Aa: K; Bu)T — [a— T]v
(E— LET)let (x1,- -+ ,xp) = ¢{v1, -+ ,vp)ine — [T1 — vy, - , Xy — Uyl
(E— SIMPLIFY1)v; op vy — simplify(v; op v3)

(E — SIMPLIFY?2)~v — simplify(—o)

(E — IF1)iftruethene; else es — €1

(E — IF2)if falsethene; elseea — eo

F B = true
if Bthen e elsees — €1

(E — IFB1)

F B = false

E—-I1FB2
( )ifB then e elsees — €9

(E —UNPACK)unpack o,z = (pack[r1,v1]as2)ines — [ — 71,2 — v1]es
(E — UNROLL)unroll(roll[r](v)) — v
(E-FIX)fixz:7.v— [z~ fixe: T.v]v
(E — CASE)case(b, union(b, 71, 12,v)) — v

(E—INDOMAIN )in_domain([Iy, I, fact, fact) = (know(0 < I; A I} < I3), fact)



(E — DISTINGUISH)distinguish(I1, Is, fact, fact) =" (know(I; # I5), fact, fact)
(E— MAKEEQ)make eq(r) — fact
(E — APPLYEQ)apply eq(r, fact,v) — v
(E— NEWFUN)new_fun(K) — pack[F¥, fact] as 3o : int — K.FunGen(a,0), where F¥ is fresh
(F — DISCARDFUN )discard_fun(fact) — -()

(E— DEFINEFUN )define_fun(fact,7) —* (fact, fact, fact)

ez —el

Rather than writing each of the congruence rules separately ( etc.), we use F to indicate an expression

vy ea—vy €h?
with one (shallowly dug) hole in it, and E[e] to indicate the expression with the hole replaced by e, so that a single
evaluation rule covers all the cases. This is only for notational convenience.

Ele] = et | pack[r1, e]as o : K; B.1o |unpack o, & = ein ey | roll[7](e) | unroll(e)
| coerce(e) | eea | vie | p{vr, -+ VK1, €, Cht1, " ,En) |1et?> =ecineqy
|eopes| vy opel|—e|ifethen eselsees |union(b, 71,72, €) | case(b, e) |load(e, exas)
[load(vptr, €) | store(e, eras, €v) | store(vptr , €, €,) | store(vpr, VHas, €)
| distinguish (I, I2, e, e3) | distinguish([1, I, v1,€) | apply _eq(T, e, ea) |apply _eq(r,v1,e€)

| discard _fun(e) | define_fun(e, 7) |in_domain(I1, I, e, e2) |in_domain(Iy, I, vy, €)

(M,e) — (M’,¢e")
(M, Ele]) — (M', E[e'])

(M, e) — (M, e)

(congruence rule)

4 Type well-formedness

(K — IVAR)®; A\ : int
(K —TVAR)®;A,o: KFa: K

(K — BOOL)®; A+ b : bool
O:AFLint ;AR ing
‘I);A H Il iOpIQ rint

O, AFIL :int P;AF I :int
;A F I cmp s : bool

(K — IOP)

(K — CMP)



®:AF By :bool &;AF By :bool
®; A+ By bop Bs : bool

d; A+ B :bool
;A F =B :bool

;A a: K, F1: Ky
;AR Kym: K, — K
AT K, = Ky ©AFT, K,
QA ThT, Ky

(K — BOP)

(K — ANTI)

(K —TABS)

(K — APP)

[
O:Aa: KFEB:bool ;A a:KET:14

(K — ALL) 7
O:AFVa: K;B.T:4

¢
(K_SOME)Q,A,O[.KFB.bOOI ;AN a: K714

¢
O:AFJda: K;B.T g
;A a: K7 K

(K_REC)Q);AFMQ:K.T:K

1 $2
;AT i PAE TS
(®; A F limit : int = 4 = 0) or (limit = co = i =1)

(K — ABS) — P
OAFT ¢ Limit T i

(K - NLrupLp) AT T ) S i)
;A F () i ;

b5
(P AT
(K — rrupLE) AT ’1)(i:§ i)
O; A~ (T 1 j

O;AFT
(K — INT)—2 2 1mt
O; A Int(1) :1
(K — BOOL) ®: A F B :bool

®; A+ Bool(B) :1

] ]
®;AFB:bool P;AFT i PAF T

¢
®; A+ Union(B, 1y, 72) 15

(K —UNION)

O, AFT:int <I>;A|—T:i
®; A+ Has(Z,7) 0
O, AFT:int P;AbF7:int — J
®; A - Gen(r, I) :0
O:AFT:int &;AF7:int — J
®; A+ InDomain(I, 7) :0
AT K AT K

®; A FEq(71,72) :0

(K — HAS)

(K — FUNGEN)

(K — INDOMAIN)

(K - EQ)

(K — FUN)®, F¥ % §5; A+ FX tint — K

10



4.1 Type checking rules

U= \Ijspareu \I]e o :(i)sparea (I)e
Vi € dom(¥).(o; ®: @; @; true; oo - M) : ¥(i)))
Ue: P, AT B limit He: 7
U; @; A; T B; limit - (M, e : 7)

(T — MEM)

(T—VAR)C,z:tFax:T

C,a:K,BFruv:7 C,a: K+ B:bool
CHAa:K;Bwv:Va: K;B.T

(T — TABS)

Chke:Va: K;B.m
Ckrn: K
Ct |[a— m)B

Clter:lar nln

(T — TAPP)

U: o AT B Ibbe: T

¢
(T — COERCE) (limit; = co A7:0) or (limity =11 ABF I} > I5)

U; @; A; T; B; limity F coerce(e) : 7

Che:mm Ckm=n
CFTllKl OFTQ:K:{
Ckhe:m

(T'- EQ)

C:C7cl7... 7071

(@~ TUPLE) G grey: ¢<§>

¢ ¢ ¢ ¢
;AT K U@ AT, 2 1 By limitg F ety
¢
(limite = c0) or (®; A b limity : int B F limity > 0)

(T — ABS) 3 - -
O &:; A: T B limity - A : 7y V2802 o, Slimite
C1,Co = V; ®; A; T B; limite
Citer:Tq o Limits 7 Cobes:T,

(limite = limity = oo) or (B F limit; < limitc)
¢
or (limitc = oo, limit; = I, ®;A b 7,:0)

T — APP
( ) C1,CoFereq:my

Cotbea: (T) Cpz:7kep:m

T - LET
( ) Co,Cy Flet(T) =eqiney : 7

[
ChkT1y
Cix:1kFv:T

(T - FIX)C Fixz:7v):7

@
Ctm:K Ckt3a:K;Bm
Cre:la—m]rn Ckla— 7B

T - PACK
( )CFpack[Tl,e]a,sEIOz:K;B.TQ:HQ:K;B.TQ

11



Cike:3da: K;B.my
Cy,a:K,x:1,BFey:m
C1,C5 F unpack o,z = ejines :

(T —UNPACK)

7= (pa: Kg)m1 -+ 7oy

¢
Ckr1y
Cre:(a— pa: Krlmo)m -

T — LL
(T - ROLL) C+roll[r](e) : T
7= (pa: Kag)my -+ 7o
Ckr f Cte:T
(T — UNROLL)

C F unroll(e) : ([ — pa : Ko1p)m0)71 -+ Tny

(T — FACT1) C,i— 7+ fact : Has(i, )
(T — FACT2) ¢, FX 5 6+ fact : Gen(FX i)

(T — FACT3) CF fact : Eq(r,7)

(T — FACTA) i € dom(9)
C ,FX + §F fact : InDomain(i, FK)
Ci Foeptr 1 Int(I) O emas : Has(I,7)

T —- LOAD
( © )Cl, Cs F load(eptr, eras) :» (T, Has(I, 7))

C =C1,02,C3 = ¥; ;AT By oo
Cgl—eHasZHaS(LTl) 03|—€V2T2
ChFepr 1 Int(I) CH1yil

T - STORE
( ) C - store(eptr, €Has, v) : Has(I, m2)

Cl,CQ H Il :int Cl,CQ H _[2 :int

Ch F ey : Has(Iy, Co F €5 : Has(Is,
(I — DISTINGUISH) 1herHas(l,m) Chtep:Has(ly,m)

Ol, OQ + distinguish([l, IQ, €1, 62) A <K1’10W(11 7§ IQ), Has(Il, 61), Has(Ig, 62)>

T
(T — MAKEEQ)- SELY
Cr make_eq(7) : Eq(7,T)

Crr:K—J CFte:Eq(7e,m)
Chr: K Chrn:K Clegy:7ymg

C I apply_eq(7f,e1,€2) : 7Ty

(T — APPLYEQ)

(T — NEWFUN) C+ new_fun(.J) : 3a : int — J.Gen(a, 0)

Ct+e:Gen(r,I)
C'+ discard_fun(e) : -()

(T — DISCARDFUN)

Cte:Gen(rs,I) Chrpiint—J Ch1y:J
C'+ define_fun(e,7,) :» (Gen(7s, I + 1), Eq(741, 7,), InDomain(I, 7¢))

(T — DEFINEFUN)

12



C,CoF I :int Cp,Co F I :int
Ci Feq : InDomain(I1,77) Ch Fes : Gen(7y, I2)

T —INDOMAIN
( )Cl, CQ [ in_domain([l,lg,el,eg) A <KHOW(O < Il AN Il < IQ),GQH(Tf,Ig)>

(T — INT) CF i : Int(i)

(T — BOOL) C+ b : Bool(b)

Cl H €1 . Int(Il) CQ H €9 . Int(Ig)

T —-IOP
( ) C1,Cs F eriop ey : Int(17 iop I2)

Cl [ €1 . Int(Il) Cg - €9 Int(Ig)
C1,Cs F ey cmp ey : Bool(I; cmp 1)
Cl - e : BOOl(Bl) CQ H €9 : BOOI(BQ)
Cl, Cg H €1 bOp €9 : BOO](Bl bOp Bg)

C't e : Bool(B)
CFE—e: BOOl(ﬁB)

(T — CMP)

(T — BOP)

(T — CBOOL)

Cotei:Bool(B) Cp,BtFey:7 Cyp,mBleg:T

T—-I1FFE
( ) Cq,Cy Eifegtheneselsees : 7
C=V,9;A;T";Bg; 1
(T — IFB) CkFB:bool C,BFei:7 C,mBlegy:T
B C Fif Bthenejelsees : 7
Ckmn:K Ckmn:K Clre:7; (i= 21ilfffb)
T—-UNION
( UNION) C't union(b, 71, 72, e) : Union(b, 71, 72)
(T — CASE) C’Fe:Union(b,ﬁ,Ti).fb
. i
Ctcase(be): 1y (i= 2z'fﬂb)

5 Type erasure rules

The erasure rules are defined only for well-typed terms: to erase types, we require a derivation of some judgment
Ct+ (M, e: 7) to be given, and we use the derivation to annotate subexpressions inside (M, e) with types. Specifically,
if e = ...ey..., and the derivation of C'+ (M, e : 7) contains the judgment C; F e : 71, then we annotate e with 7, as
e = ...(e1 : 71)... when convenient. We annotate types with kinds in a similar fashion. These annotations guide the
erasure rules.

(ER — M)erase((M,e)) = (erase(M), erase(e))
(ER — M?2)erase(M(e)) = (M( erase(e)))
(ER — i) erase(i) = i
(ER — b) erase(b) = b
(ER — z)erase(z) = =

13



(ER — APP)erase((e1 : (11 i T2)) e2) = erase(e; ) erase(es)

(EFR — APPI)erase((e; : (11 e T9)) e2) = let & = (erase(ey), erase(ez))in ()
(ER — APPT)erase(eT) = erase(e)
@
(ER—TUPLE)erase({e1,...,en) : t:4) = (erase(ey), ..., erase(e,)) wherei > 0

(ER — TUPLEv0)erase((vy,...,v,) : t 8) =)

¢
(ER—-TUPLEe0) erase({e1, ..., e,) : t :0) = letx = (erase(ey), ..., erase(ey)) in () where some e; is a non value.

(ER—FUN)Xx: T 2% e =Xy —> erase(e)
(ER— FUNDXz:7 25 e =)
(ER — OP)erase(e; op ea) = erase(ep) op erase(ez)
(ER — NOT) erase(—e) = —erase(e)
(ER —TFUN )erase(Aa : K; B.v) = erase(v)

(ER — LET)erase(let (7') = e iney) = let (') = erase(e;) in erase(es)
(ER — IF)erase(ife; then es else e3) = if erase(e) then erase(es) else erase(es)
(ER — UNION) erase(union(b, 71, 72, €)) = erase(e)

(FR — PACK) erase(pack|[ri,e]as 3o : K; B.12) = erase(e)

(FR —UNPACK) erase(unpack a, z = ey iney) = let & = erase(e; ) in erase(es)
(ER — CASE)erase(case(b, e)) = erase(e)

(ER — ROLL) erase(roll[(uo : K.19)T1 -+ Tp](€)) = erase(e)

(ER — UNROLL)erase(unroll(e)) = erase(e)

(ER — FIX)erase(fixz : t (f .v) = fixx. erase(v) wherei > 0
(ER — FIXO0)erase(fixz : t :8 ) =)

(ER — LOAD) erase(load(epir, eHas)) = load( erase(epy, ), erase(epas))
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(ER — STORE) erase(store(epir, €Has, €v)) = store( erase(eptr ), erase(€mqs), erase(ey))
(ER — COERCE)erase(coerce(e)) = ()
(FR — DISTINGUISH) erase(distinguish(/7, I, e1, e2)) = let {x,y) = (erase(ey), erase(ez)) in ()
(ER — MAKFEQ)erase(make eq(7)) = ()
(FR — APPLY EQ) erase(apply _eq(T,e1,e2)) = let (x,y) = (erase(e;), erase(eq))iny
(ER — NEWFUN ) erase(new_fun(K)) = ()
(FER — DISCARDFUN) erase(discard_fun(e)) = let z = erase(e)in ()
(ER— DEFINEFUN) erase(define_fun(e, 7)) = let z = erase(e)in ()
(ER— INDOMAIN)erase(in_domain(I, Iz, e1,e2)) = let (x,y) = (erase(e; ), erase(ez))in ()
(ER — FACT) erase(fact) = ()

5.1 Untyped evaluation rules

Some of the evaluation rules will work for both typed and untyped evaluation. These new rules apply to untyped
evaluation when the standard evaluation rules cannot.

(U = LOAD)(L,load(i, ())) — (L, (L(i), ()))
(U — STORE)(L,store(i, (), u)) — ([i — u]L, ()
(U - ABSAPP)(A\x — dy)uz — [z — usg]d;

(U - FIX)fixzu — [z — fixzaulu

6 Type safety
This section proves the two properties constituting type safety: preservation and progress.
6.1 Basic Properties

6.1.1 LEMMA [WEAKENING FOR TERMS]

(C1 CC)N(CrFe:T)= (CaF e: 7). Proof by induction on the type derivation. The leaves of the tree are the
interesting cases; they rely on the fact that Cs only extends C'; with nonlinear mappings.

6.1.2 LEMMA [WEAKENING FOR TYPES]
(CL CCy)N(CLET:K)= (C3,C3F 7: K). Proof by induction on the kinding derivation.
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6.1.3 LEMMA [SPLIT SUBSET]

If C = Cy,C, and C; C C!, then there is some C!, such that Cy C C} and Cy,Cs C C}, CY.

If C = C1,Cs and Cy C O, then there is some C} such that Co C C% and Cy,Cy C Cf, C). Proof: if Cy g cy,
then C] can differ from C; only in three ways (the proofs for the three cases can easily be combined into a single
proof):

e For some F¥ % d, it can add new elements to . In this case, simply add the same elements to the same § in

C5 (by the definition of splitting C1, Ca, we know C3 contains the same §) to get CY.

o Tt can change a FX s § to FX 5 . In this case, C must already contain FX v §, so choose C = Cs.

o It can add a new FX & d, which appears neither in C; nor Cs. In this case, add FX - § to C5 to get C5.

6.2

Preservation

6.2.1 LEMMA [INVERSION]

In this lemma, C = ¥; &; A; T'; B; limito

1.

10.

11.

12.

13.

(VAR)IfCF2x: 7, thenz: 7 € C.

limit;

(APP) If C F ejes : 7, then there is some type 7, such that C1 Fe; : 7, — 7,7 =7 and Cs I ey :
¢

Ta, ((limite = limit; = 00) or (limit; < limite) or (limite = oo, limity = I, ®; A 77 :0)).
(ABS)IfCH Az : 7y Plimits o T fimits To, then 7 = 7, and U; &; A; T,z @ 73 B limity e : m. (CFm o Ky,
Ct 7y Ky), (limity = 00) or (®; A F limity : int B+ limit; > 0)
(TAPP) If C'+ ey7o : 7, then there is [ — 7| =7, and C bk ey :Va: K; B, Ck 1 K, CF [a— 72]B.
(TABS)If CH A : Ky;Byv:Va: K;B' .7/, then K, = Kand C,a: Ky, B'Fov: 7 and C,a : K, + B’ : bool,
B =B, 7=T1.

— —

T/ 7_l

(TUPLE)If C - ¢(€) : , then there is ¢(7') = 7, and C - ¢(€) : ¢(7), Vi.(C; b e; - 1), CF ¢(7) : K.

(PROJECT)If C | let (') = e, iney : 7, then there is 7, = 7, and C | let (7') = e,iney : 7, and C,, F e, :
— s
A7), Cepyx: T ey i Tpe

LOAD)If C + load(eptr, €Has) : T, then thereis ~ (7', Has(I,7")) = 7 and C I load(eptr, enas) :» (7', Has(I, 7)), C,
1% P ptr

eptr = Int(I) , C

€Has

b emas : Has(1,7'), (C = Ce,,, , Cepa,)-
(STORE) C F store(eptr, €Hass €v) : T, then there is Has(I,72) = 7, and C.

Has(I,71), Ce, Fey:m, CF1o:l.

F eptr - Int(I), Cepae I €has

ptr

]
(FIX)CFHfixz:1pv:7,thent=7, and Ciz 71, Fov:7r, CkH71:4

¢
(UNROLL)C F unroll(eg) : 7, then there is ([ — pa : K.nglro)mi--m =7, and C F 714, C F e @ (pa :
K.omo)m - 7p

¢
(ROLL)C F roll[7](e) : 7/, then there is (pa : Komg)m1 - =7 =71, and CFH 7, CFe: ([ — pa:
K.1o)m0)T1 T
(UNPACK)C,,,C., t unpacka,z = ejines : 7, then there is 7/ = 7, and C.,,C,, - unpacka,z = ejines :
7, Ceyber:3a: K;Bym, Copya: Ky i1, Bobea: 7, CH1T: Ky
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14.

15.

16.
17.

18.
19.

(PACK)C I pack[mi,e]lasTJa : K;7p.75 : 7, then 7 = Ja : K;Bo.T2, 7y = T2, 78 = Boand C F 7 : K, C
¢
[ — 7]rg, Cle:la—n)r, CF3a: K;1p.75 4

(DISTINGUISH)C - distinguish([1, I2, e1,e2) : 7, then there is ~(Know(l1 # I»),Has(l1,71), Has(Iz,72)) =
T, and Oel = €1 : Has(Il,ﬁ), 082 + €g . Ha,S(IQ,TQ), C+ Il : int, Cr IQ :int

(NEWFUN)CH new_fun(J) : 7, then 7 = 3o : int — J.Gen(v, 0)

(DEFINEFUN)C I define_fun(e, 7,) : 7, then there is ~(Gen(7s,I + 1),Eq(7sI,7,),InDomain(l, 7)) = 7 and
Cre:Gen(rs,I),Clhrpiint — J, Clk1y:J

(DISCARDFUN)C I discard_fun(eq) : 7/, then 7/ = -() and C F ¢j : Gen(r, 1)

(INDOMAIN)C F in_ domain(ly, I, e1, e2) : 7, then there is ~(Know(0 < 1 A I < I),Gen(rs,I5)) = 7 and
CrH I :int, CF I :int, Ce, I €1 : InDomain (I, 7¢), Ce, - €2 : Gen(ry, I2)

20. (MAKEEQ)C’F make eq(7p) : 7, then Eq(79,79) = 7 and CF1o: K
21. (APPLYEQ)C F apply_eq(rf,e1,e2) : T, then there is 7, 747 = 7 and C + apply_eq(7y,e1,e2) : T¢T,
Crtr:K—J,Ck71,:K,Ck1:K, CFke:Eq(re,m), CFex:Tym,
_ . Lifb .
22. (CASE)C F case(b,e): 7,then T =7; (i = 9if b ) and C't e : Union(b, 71, 72)
23. (UNION)C t union(7p, 71,74, €) : Union(b, 71, 72), then m =7, m =71, n=b,and C -7 : K, CF 7} : K,
s lifm
Clre:7 (i= 2if —m, )
24. (COERCE)V; ®; A;T'; B;limity F coerce(e) : 7, then there is 7/ = 7, and ¥; ®; A; T; B; limit; - coerce(e) : T,
¢
U: o, A;T5 By I Fe: 7, (limity = oo A7 :0) or (limit; = I; > ).
Proof :

All the proofs are similiar, so we only prove some cases as example.

1.

(VAR)fCFx:7,thenz:7€C.

For C F z : 7, we only have two type checking rules to use. (T-EQ) and (T-VAR).
If using (T-EQ), then there will be 7,,. For 7,,, we will use (T-VAR) for CFz:7,. (m=--=7,=7)
If using (T-VAR), then 7, is 7.

By (T-VAR) rule, we obtain Co,x :mh b a7, then C :C'O,:c ST
By (T-EQ) rule, thus z: 7 € C.

2

limit

. (APP) If C F ejes : 7, then there is some type 7, such that C1 F ey : 7, — 7,7 =7 and Cy F es :

Ta, ((limite = limity = oo0) or (limity < limite) or (limite = oo, limity =1, ®;AF 7/ 8))
For C I ejey : 7, we only have two type checking rules to use. (T-EQ) and (T-APP).
If using (T-EQ), then there will be 7. For 7/, we will use (T-APP) for Ctejes: 7. (r=n=---=71,=7)
If using (T-APP), then 7/ is 7.

By (T-APP) rule, we obtain C' t-ejeq : 7/, Cr F e : 7, — 7/, and Cs F ez : 7, ((limite = limit; = co0) or

limit s

¢
(limit; < limite) or (limite = oo, limity = I, ®; A F 77 :0)).

We can use the similar proof to prove the other propositions.
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6.2.2 LEMMA [LIMIT-CHANGE]

We define s = v |fixz : T.v.
If U;9: A;T; B;limity - s: 7, then ¥; ®; A;T; B;limito - s : 7
Proof by induction on the type derivation:
l.s=1
then @; ®; A;T'; B;limit; Hi: 7
By (T-INT) rule,
& ®; AT B limitg H i 7

2.s=b .

then @; ®; A;T; B;limit; b : 7
By (T-BOOL) rule,

@;(i); A;f‘;B;limitg Fb:T

3.5=)\x: Ty & Limits
.. ¢ limit f
U oA By limity F A e :7 "— v, —— 7,
By Lemma (6.2.1.(3)), we know 7 = 7, and ¥; ®; A; T,z : 75 B;limity Fv: 7y, O;AFT: K

By (T-ABS) rule, we obtain ¥; ®; A;T'; B; limits - Az : 7 # Limits vir L To

4. s = fact

& ®; A;T; B; limity - fact : 7

There are five typechecking tules can be used. One is (T-EQ), others are the following rules.
For (T-EQ) rule, then there is a 7/ = 7, and &; <i>; A;f‘; B;limit F fact : 7/,

and we will only use one rule of the following rules.

casel : i+ T; <i>; A;f‘; B; limit; + fact : Has(i, 7)
By (FACT1) rule, i — 7; &; A; T; B; limit, - fact : Has(i, 7)

case2 : &; (i), FES fun; A;f; B;limit; F fact : Gen(FX i)
By (FACT2) rule, @; &, FX i fun; A; T; B; limit, - fact : Gen(FX | i)

case3 : J; (i); A;f; B;limity + fact : Eq(r, 7)
By (FACTS3) rule, &; &; A; T; B; limit, - fact : Eq(r,7)

cased : @; &, FK © fun; A;T; B;limit; F fact : InDomain (i, FX)
By (FACT4) rule, @;®, FX + fun; A; T; B; limit,  fact : InDomain(i, F¥)

5.s=Aa: K;Buw

U ®: A;T; By;limity H Aa: K; B 7

®; A+ B :bool

There are two typechecking tules can be used. One is (T-EQ), the other is (T-TABS) rule.
For (T-EQ) rule, then there is a 7/ = 7, and ¥; ®; A;T; By;limity H Aa: K; B 7/,

and we will only use the (T-TABS) rule.

By (T-TABS) rule, 7/ =Va : K; B.1y, and ¥; ®; A o : K;T; By, B;limity; Fv : 7,

By induction, we get ¥; ®; A, o : K;T'; By, B;limits Fv : 7,
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Then using (T-TABS) rule, ¥; ®; A;T'; By;limito - Aa: K; B : Vo : K; B.1,
By (T-EQ) rule, ¥; ®; A;T; By;limito F Aa: K; B : 7

6. s = pack[r,v]asJa : K; B.my

U; @; A; T; By;limity F pack|[r,v]asJa: K; B i 7

There are two typechecking tules can be used. One is (T-EQ), the other is (T-PACKk) rule.

For (T-EQ) rule, then there is a 7/ = 7, and U; ®; A; T; By; limit; F pack[r,v]asJa: K;B.m @ 7/,
and we will only use the (T-PACKk) rule.

By (T-PACK) rule, we get:

7 =3a:K;B.m,and ®; At 71 K, ®&;AF3Ja: K;B.m (f

By b [a— 7B, U;®;A;T; By;limit; F v : [a— 7]

By induction, we obtain U; ®; A; T'; By;limite F v : [a — 71|72

and by (T-PACK) rule, thus ¥; ®; A; T'; By;limits - pack[r,v]asJa: K; B.ro 1 7/
By (T-EQ) rule, ¥; ®; A; T; By;limits - pack|[ri,v]asJda: K; B : 7

7.8 = rO]l[T](’U) T = (ua : K‘TO)TI Ty
By Lemma (6.2.1.(12)), we have U; ®; A; T'; B; limity F roll[7](v) : 7

O AFT :?,

U; @; A; T B; limity F o : (Ja— pa: Korolmo)m - T

By induction, we obtain U; ®; A; T'; B; limitg - v : ([a — pa s Ko1o]70)71 - T
Then by (T-ROLL) rule, we have

U: ®; A; T; B; limity F roll[7](v) : 7

8. s = union(b, 71, 72, v)

U; ®; A; T'; B; limity F union(b, 71, 72,v) : 7

There are two typechecking tules can be used. One is (T-EQ), the other is (T-UNION) rule.
For (T-EQ) rule, then there is a 7/ = 7, and U; ®; A; T'; B; limit; F union(b, 7y, 72, v) : 7/,
and we will only use the (T-UNION) rule.

By (T-UNION) rule, we get:

;AT K, ;Ao K, U;&; AT B limity Fo gy (1=

By induction, ¥; ®; A; T'; B; limito F v : 75
By (T-UNION) rule, ¥; ®; A;T'; B; limity F union(b, 71, 72, v) : 7/
By (T-EQ) rule, thus ¥; ®; A; T'; B; limits F union(b, 71, 72,v) : 7

Lifb
2if b )

9.5 =¢(7)
U; &; A;T; B;limity - () : 7
— —

By Lemma (6.2.1.(6)), we have ¢(7') = 7, and Vi.(¥;; @;; A; Ty; By limity F v, 0 7)), @;AF@(7') K
By induction, Vi.(¥;; ®;; A; T';; B; limitg - v; @ 77), then using (T-TUPLE) rule,

—
U; &; A;T; B; limity - (') : ¢(7")
By (T-EQ) rule, ¥; ®; A;T; B;limity - ¢(7') : 7

10. s =fixx : 7.0
W: ®: A;T; B;limity Ffixz: oo 7/
By Lemma (6.2.1.(10)), we know 7 = 7/, and

]
U, o; A;T,z: 73 Bylimity Fov: 7/, &;AF7T 34
By induction, ¥; ®; A; T,z : 7; B;limite - v : 7/
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By (T-FIX) rule, ¥; ®; A; T; B;limits F fixz : 7o : 7/

6.2.3 LEMMA [ARITHMETIC FORMS]

6.2.4 LEMMA [TYPE ENVIRONMENT SUBSTITUTION]
If &;AF7: K, then ([a— 7,]®); Ak 7: K.

If ®; A+ 7 : bool, then 7 = B. Proof by induction on the kinding derivation for 7. Crucial case: 7 = 7 7,, where
7r has kind K, — J; (syntactically, J;, cannot be bool).

Proof by induction on the kinding derivation. The only kinding rule that uses ® is (K-FUN), which uses only the

domain of ®, which is unaffected by [a— 7,].

6.2.5 LEMMA [TYPE SUBSTITUTION 1]

IfCa:Koyb7:K,and Ct 714, : Ky,, then C+ [a— 7,]7: K.

(Corollary, via the type environment substitution lemma: if C,a: K, b 7 : K, and C + 74,

[a =T ]CF [a—=T1.]T: K.)

Proof by induction on the kinding derivation.
1.7=0

—_—
Ifp=a,thenCia: KoF7: K, K=K,,
[@—=Ta|T = Ta,, then CF [a— 74|71 Ko,

If 8 # «;, then [a — 7,]7 = (3, and because C,a — 74 - 3 : K, we know C(3) = K.

By (K-TVAR) rule, C + 3 : K.

2.1=1
then by (K-IVAR) rule, C, @ 7q b i : int =CF i : int

[a—= 7o) =i, thus CF [a— 74|7 : int

3. 7=MX0: K,.70 (In this case, we can rename (3, then a # 3)
—_— —_—
By (K-TABS) rule, C,a: Ko F A3 : Koo : Ky — Kp,and C, 5 : Ky, : Ko b 190 Ky

By induction, we obtain:

(C,B:Ky) & [a— Ta]m0 : K

= C,3: K, & [a— 7a)70 : Ky

By (K-TABS) rule,

CHM3: Ky la— Talm0 : Ko — Ky
= CF[a—=TaM\3: Koo : Ko — Ky

4.7 =TT,

By (K-TAPP) rule, C,a: Ko & 747 : Ky, and C, a0 : Ko - 75
By induction, we have

CHr [OZTTOZ]TJC K, — K,

Chlam— Talma: K,

By (K-APP) rule,

Ckla—Ta7i7a : Ky

5.7 =Vp: K;B.7m
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N ¢
By (K-ALL) rule, C,a: K, - V3 : K; B.19 :i, and
[

—_— _—
C,8:K,a: KoFB:bool, C,0:Ka:K.,F 713
By induction,
C,5: K F [a— 74|B : bool
N ¢
C,B3:KF[a— To]70 i
By (K-ALL) rule, we obtain

¢
CHVB: K;la 14)|B.la— TalTo 10

. ¢
=Ckla—T1,V8: K;B.1 1

6. 7 =FK

then by (K-FUN) rule, C, FX +~ §,a— 7, - FX :int — K
By (K-FUN) rule,

C,FK 6k [a— ) FE int — K

7. In the same way, we can prove the other cases by induction.

6.2.6 LEMMA [TYPE SUBSTITUTION 2]

If [ — 74| B1 and [ 74) B2 are syntactically well-formed and B; - Bs, then [+ 74| By - [a — 74) Ba.-

Proof: since B; - By means that B; = Bs for all substitutions of integers for integer variables and booleans for
boolean variables, [a — 74]B; = [& = 74| B for all remaining substitutions of of integers for integer variables and
booleans for boolean variables.

6.2.7 LEMMA |[TYPE SUBSTITUTION 3]

—_— —_—
If ;A a: Ko7 : Kand ®;A,a: K, F 7 : K and [a— 7,]B is syntactically well-formed and ®; B - 1y = 7,
and C F 7y, : K,,, then [a— 7,]®; [a— To|BF [a— Ta|T1 = [ — TaTe.

Proof by induction on the type equivalence derivation. Example case:

BrI=i
" @, FK S8, BFFE I=6(1)

By type substitution 1, we know [ = 7o]®; A F [a@ = 72| (FX1) : K and [a@ = 73])®; A+ [a— 74]0(i) : K. From
this, we know that [a— 7,|I is syntactically well-formed. By type substitution 2, [a— 74]|B F [a— 1o|I = i.
Knowing this, we can use the type equivalence rule to conclude:

[a=7a] BHar=Ta] =i

[a=Ta](®,FE68);[a—Ta | BFFE [a=1 | I=([a—=74]0) (4)

6.2.8 LEMMA [TERM SUBSTITUTION]

If we make the following definitions and assumptions:

e We define a substitution [s] = [a — 74,Z — Sz, Y — Sy, 2 — Sz
e C=V;d;A;T'; B; limito

e No «; appears free in ¥; ®; A (note: typically, this condition can be satisfied by alpha-renaming «; before
invoking this lemma).
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[a—=To]C = U; D, A; [a— 7,1 [a— Ta] B; [a = To)limite is syntactically well-formed (this assumption is
needed because substitutions of non-integers and non-booleans into integers I and booleans B do not always
produce integers and booleans).

—_—
—_
Coa:Kyx:t,y:mybe:r

z; ¢ domain(T")
o [ 7] CF sq, : [0 7a]7s, (where 7,, are nonlinear types)
o [a=T)(C,Cy) F sy, : [a— Tal7y, (where 7, are linear types)
o [a—=7)(C,CL,) F sa, : [ Tal7., (where 7., are linear types)
o Oty t Ky,

then we can conclude the following:
o @ 7a)(C.Cp) F sl [ ralr

Proof by induction on the type derivation. The cases that use induction on an environment with an extended I' must
weaken the sg,, sy,, 5, typings; we write this out explicitly for the e = Aw : 7 ¢ limje eo case but omit the details in

the other cases.

la. e = xg, where xg # x;,yi, 2

C,o: Ko, T 7, 2o : 7. The I/ must be empty, and = C = (C’,CTJ:), and C(xzg) = 7.
[sle = xo

Since C(xg) = 7, we know ([a— 75]C)(z0) = [a— TalT.

Thus, [a— 74|(C,Cy,) F [sle : [ — TalT

1b. e = x;

T =17, and C’,a : Ko, T 7y F 20 : To,. The 3/ must be empty, and C': C=(C, Cz))

[s]le = $g; and [a = To|CF sy, & [a0— To| T, -
So [a— 7 |(C, Cy,

i

|

) F [sle: [ TalT.

2a. e = y;

o e =y . | _

C,a: Ko, x 75,y : 7y, Fe: 7y, and 7 = 7,,. The 'y must be empty except for y;, and C= C and C,, = Cy,.
[S]e = Sy, and [a = Ta](ov C 7.) - Sy; - [a = Ta]Tyu

Thus, [a— 72)(C, C,,) F [sle : [a = 77
2b. e = z;: cannot happen, because C,« : Ko, T 75,y : 7y b e : 7 and z; ¢ domain(T")
3.e=e1en

—_—

Coa: Ky, x:7,y Ty Felex:m
By Lemma, (6.2.1.(2)), we have
—_

s — f —_—
— ) —
Cr,o: Ko, o 70,y i1y Fer:m — 1 Cra:Ka T 70y i1y bea:n

By induction, we obtain:

T — —_—

[a— Ta](Cl,CTyg) Flo— Tay @ = Sz, Y > Sy, (2= 82, Y = syr)ler :

[a = Tal(T1 7, To) = [ — Ta](cl,@) F[sler : [a— Talm1 N [a— TalT2
- _—

[a— Ta](cz,_c—y?) Flo— Ta, T = 85, Y = sy, (27 82,y — sy)les: [a— Ta|m
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= [a— 74](Cy, _C'—yj) F[slea : [a— Talm1

By (T—APP)iﬂe,
[a=7a)(C,Cy,) I [s]er([sle2) : [a'= Ta] T

a— 1.](C,Cy ) Fla—Ta, T — Sz, Y Sy, 2 — Syle: [a— To|T
Yi Yy

¢,limit
doe=dw:T7 — ey

By Lemma (6.2.1.(3)) and (T-EQ) rule, we have

C —> — . @,limito . @,limito
o Ko, 2 T,y Ty Aw Ty, T — egiTw — To
B

and C'w: Ty, Ko, T 75,y 1y b eo:10, ;AL 7, : K, (Here, C' = ¥, ®; A; T'; B; limits)
Applying the limit change lemma to the typings for s, sy,, s., gives:
/ li

. . N
[@—=Ta] CF sz, ¢ [ Ta|e, and [ = 7a](C , Cy,) F sy, : [ Talmy,and [a = 7](C,CL) F sz, 0 [0 Ta T2,

and in C F 7, : K, ,we need ®; A | then C' - “Tay 1 K,,. (We also use limity in C',C",C,, C’)
If 1, is nonhnear then by type substltutlon [ — Ta Ta]Tw is also nonlinear and so the Weakenlng Lemma says:

[a— Ta](O W Ty) F Sy, t [ Ta|Te, and [a— Ta](C C’ LW Ty) | 8y, ¢ [a— Ta]Ty,and [ — Ta](O ClL,w:
Tw) b 8z, [ TalTs,

If 7, is linear, weakening is not needed.

By induction, we have:

[a—=Ta](C, CT’/:),w D= 7ol o sleo s [ 1ol o

By Type Substitution Lemma we know, [a— 75](®; A) - [a— Ta]Tw : K
By (T-ABS) rule, we obtain:

[a =7 (C, 67) F[sle : [a— To]Tw ¢ limits [a—=Tal0

ERIC,Cy) F lsle: @ Tl(m, 2 )

5. e = pack[ri,eplas 30 : K; B .1y

By Lemma (6.2.1.(14)) and (T-EQ) rule, we have
C,m,x:—ﬂg,y:—q; F pack[ri,eplas3B: K; B .13 : 35 : K; B .19, and
Coo: Ko iimjimbn:K=Ca:Kibmn:K,
C,m,mz—ﬂ;,y:—q; F[B+— 1B = C7m F[8+— n]B

Cro: Ko, i g b ot [B— T,

C,m,m,m F38: K;B'.m (f:> C,m F38: K;B'.m (f
By induction, we get:

@ = 72)(C,Cy) F [sleo : [@ 72 [8 = 7
@ 72)(C, Cy,) - [sleo : [8 = n)([@ Talm)
By Type Substitution Lemma,
[a=T|CF [a—=Ta)m : K,
[a—=Ta]CFH[a—=Ta](308: K;B'.12) :
¢
= [a—~ 7,JCH30: K;([a—T14]|B).[a— Ta]T2 14
_ ] —_ _
Cia: Ko b 308 : K;B''ms :i= C,a: Ky, : KB B : bool= [ — 7|C,a: K, F [ — 71]B : bool=
[a = T14][8— 1]C F [a— 74][8 — 71]B’ : bool (this implies that [+ 7,][3 — 71| B’ is syntactically well-formed)
[a—=Ta]CF [a—= T8 — T]B’
= [a— 1|CF B — [a— Ta]m|([a— 7a]B'),
By Weakenirﬁ Lemma,
[a=T(C,Cy) Fla—=Talm : K,

¢
1
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@ 7)(C,Cy) 18— [ Taln (@ 72 BY),
[a— Ta](O,C?) F36: K;([a— 1a)B).[a— Ta]T2 (f
By (T-PACK) rule,

[a =7 (C, 67) F pack[[a— 74|71, [s]leo] as 36 : K [a— 7o) B .[a— Ta|T2 :
A6 : K;|a— Tq|B'.[a— Ta|T2

Therefore, [a— 74(C, CT) F

[s](pack[ry, e0]as 3B : K; B'.1) : [ 74|36 : K; B’y

6. e = unpack B, w = ey ineg
By Lemma (6.2.1.(13)) and (T-EQ) rule, we get
—_—
C,a: Ky, x:7;,y: 7y Funpack 3,w = ejine;y : 72, and
e o /
Ciroo: Ko,z 1,y i1y Fer: A0 Ky B'om, Ck 1 Ky
e o /
Co,o: Ko,z i1,y iy, B: K,w:m,B ' Fey:m
By Type Substitution Lemma, [a — 74|C F [a— 74|72 : Ko
—
By Weakening Lemma, [a— 7,](C, Cy) I [a—= 74|72 : Ko
By induction, we obtain:
_

—_—
[a— Ta](Cl,CTyg) Fla— Tay® = Sz, Y = Sy, 2 85, , Yy — synler : [a— 74)(30 : K; B'.1)

= [a— Ta](Cl,CT,;) F [sler : 30 : K;|a— 74|B’.[a— 74|71 (this also proves that |
well-formed).

—_—
a— Ta)

B’ is syntactically

—_— —_—
[a— Ta](Cz,a—y?,ﬁ cK,w:n,B)F[a—=Ta, T — Sz, Y — sy, 2 85, , Y > Sylea : [a— TalT2

= [@=72)(Ca, Cy), B2 Ky w s [ 7alm, [@ 7ol B F [sles : [ 7a)2

By (T-UNPACK) rule, |a— m2](C,C,.) -
unpack 5, w = [s]erin [s]es : [a— Ta|T2

[a=T](C,Cy,) F [s](unpack B,w = eriney) : [a— T T2

7.e=fixw: 1w

By Lemma (6.2.1.(10)) and (T-EQ) rule, we get

C,a: Ka,m,m Ffixw:7v:7,and C,«: Ka,m,y:—nj,w cThov:T
C,a: Ka,x:—ﬂg,y:—q; Fr f:> Ca:K,FT1 f

By induction,

[M](C’,C?,w 7)) b [s]v: [a—= TaT

= [a=)(C,Cp ) w: [T F [slv: [a= )T
By Type Substitution Lemma,

¢
[a =T |CF [a—= Ta]T i
By Weakening Lemma,
¢
[a— Ta](c,@) Fla—7al7 i1
By (T-FIX) rule,

[a— Ta](c,@) Ffixw: [ To|T.[a0— Ta, T — Sz, Y Sy, 2 — 8.)U [0 — Ta|T

[a— Ta](CﬂCTJZ) Flo— Ta, @ — Sz, Y — Sy, 2 — s;|(ixw : 70) : [a— Ta|T

8. In the same way, we can prove the other cases by induction.
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6.2.9 THEOREM [PRESERVATION]

If U@ AT Bslimit F e 0 7, Uypare, Ve; Popare, Pe; A; T B;limit H (M,e : 7) and (M,e) — (M',¢€’), then

U0 AT By limit - € - 7 and Wapare, UL; Popare, D13 A; T B; limit - (M, e’ : 7), where (@, D &.).

Prove by induction on the type derivation. The cases below omit most of the congruence rule cases, because the
proofs for these all look more or less the same. See the tuple, load, and store cases for examples of the proofs for
congruence rule cases.

1. CaseT —VAR: e=x

There are no evaluation rules for variables

#,limit
2. CaseT — ABS: e=)Xx:14 — eg
There are no evaluation rules for e (e is value)

3.CaseT —TABS: e=Aa: K;B.w
There are no evaluation rules for e (e is value)

4. CaseT — APP: e=ejeq U, P, AT B limitg Fe: 7
From lemma 6.2.1.(2), there is 77 and
U s Doy s ATy By limite ey iy Himats T,

¢
(limite = limity = 0o) or (limit; < limitc) or (limite = oo, limity = I, ®.; A+ 7 :0)
Uey; @ey; A; Ty By limite Feg i, 7 =7

(E — APPABS]1)

€1 = AT : Ty LN e12 €z = Us e’ = coerce([x — va]e1a)

By Lemma, 6.2.1.(3), 71 = 74, and W, ;P ; AsTey, w7 By I Feqo 7'
By (T-EQ) rule, U,,; ®.,; A; Tey; B;limite Feg @ 7,

By Limit-Change Lemma, We,; @c,; A;Te,; B; I F ey 7y

Using Substitution Lemma, we get Ue; Oo; A;T; B; T F [2— va)ern : 7/

Because (I < limit¢) or (limite = 0o, $e; A F 7/ :%),

by (T-COERCE) rule, ¥.; ®.; A;T'; B; limitc - coerce([z — va]eiz) : 7/
By (T-EQ) rule, ¥,; ®.; A;T; B; limitg Fe : 7

Because ¥gpare, Ye; Popare; Pe; A; T B limite F (M, e : 7)

And we don’t change M, then M' = M

Vi € dom(0).(; &; ; &; true; oo - M'(i) : ¥ (i))

Thus, Uepare, UL; Popare, PL; A; T B; limite F (M, e’ - 7)

V=W, O =, M =M

(E — APPABS?2)
$,00 ’
e1=Ax:T, ——>e12 e =uvy € =[r— va]ern
By Lemma 6.2.1.(3), 71 = 7, and W, ; P, ; A;Te,,x: 753 Bjoo b eqg i 7/
By (T-EQ) rule, U,,; ®.,; A; Tey; B;limite Feg @ 7,
By Limit-Change Lemma, W,,; ®.,; A;Te,; BiooFea i 7y
Using Substitution Lemma, we get U.; ®.; A;T; By oo b [x +— va]ers : 7/
Because (limitc = limity = 00),
By (T-EQ) rule, ¥,; ®.; A;T; B; limitg Fe' : 7
Because ¥spare, Ye; Popare; Pe; A; T B limite F (M, e : 1)
And we don’t change M, then M’ = M
Vi € dom(0).(@; ®; @; T; true; oo = M'(7) : ¥(3))
Thus, Upare, Vl; Popare, P A; T B; limite = (M, e @ 1)
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V=0, O =0 M =M

5. CaseT —TAPP: e=e172 U, P AT B limit Feymo @ 7

By Lemma 6.2.1.(4), there is [a — 73] f = 7; T4 = T2, Ue; Pe; A; T B;limit - eg7o 1 [a— 74 7
and Ue; ;AT By limit Feg : Vo : K; By,

U Oo; AsT By limit - 745 K and We; s A T B limit F [o +— 74| B

(E — TAPPTABS)
= Aa: K'; B, e = [a— mv,
Because 75 = 72, then € = [a+— TiJv
By Lemma 6.2.1.(5), K/ = K, V¢ ;P A a: K';T; B;limit F v : 7
Thus,Ue; Pe; A; T B;limit - 74 : K’y We; &p; A; T B; limit - eq : Vo : K'; B
By Term Substitution lemma, we get [a — 75](V,; P; A; T B limit) b [a — 75]v @ [a — 75]7]
Because a doesn’t appear in ¥.; ®.; A; T'; B;limit, and by (T-EQ) rule, U.; ®.; A;T; B;limit e’ : 7
Because Ypore, Ue; Popare; Pe; A; T B limit F (M, e : 1)
And we don’t change M, then M’ = M
Vi € dom(0).(@; ®; @; T; true; oo = M'(7) : ¥(3))
Thus, Yspare, UL; Pspare; PL; A T; B;limit - (M, €’ : 7)
U=, =0, M =M

6. CaseT — TUPLE: e = ¢(¢€) U,:®,.:A;T; B; limit - ey T
—
By Lemma 6.2.1.(6), W.; ®.; A; T; B; limit - ¢(€) : (b( "), and ¢(7') =7
=
and Vi.(U,,; ®.,; A;Ty,; By limit Fe; 0 1y) Wy O AT By limit - ¢(7') : K
Suppose, e, — €}, now.
—

Because Uspare, Ue; Popare; Pe; A; T; B limit = (M, ¢(€) = ¢(7')),
then Vi € dom(V).(2; &; @; @; true; oo - M (i) : U(i))
and U, ; @, ; A; T, ; B limit ey, : 7,
Thus, Wi, Ve, ; Phparer Peys A Leys By limit = (M, e 2 1)

y induction, we obtain W[ ;@ ; A; T, ; B;limit ek T (P, 2 P,)
and \I!’Spwe,\lf'ek,@’spwe, ek,A L., ; B;limit - (M’ e}, : 71.)
(Here, Vi € dom(¥").(25; ® ;2 @; true;oo b M’ (1) : ¥'(4))))
and ¥’ = \I/sparev \Ijelv T \I/ek,1 ¥ v P’ = (I)sparea q)elv @

spare en spare

For the other e;,
We;s®e;; AsTe,; By limit e 0 7
Given C' = U,; ®.; A;T'; B;limit and C = (4, ...,C, and C}, 2 C, by the split subset lemma, we can find a
Cy,...,CL = 9L oL AT B; limit = C’ 2 C so that for all j # k, C} O C;. We then use weakening to show
C’ = e; : 7;. Then using the (T-TUPLE) rule, we get:
U0 AT B limit F 6(e ) : o7
By (T-EQ), we obtain ¥.; ®.; A; T'; B; limit - qb(?) T
Using (T-MEM) rule,
Uypare, U Bupare, ®L; A; T; Bs limit - (M7, ¢l ) : 7)

7

® - P,

€pt10 " €k—17 Tepy1s n

7.CaseT — LET: e=1let{T) =e,ine,

U,; ®; A;T; B;limit - ¢(€) : 7

By Lemma 6.2.1.(7), there is 7/ = 7. \Ile,fbe,A T'; B; limit + let( ) =eqiney: 1)
and U, ; D, ; A; T, ; B;limit - e, : ¢<T’>, Ve Pe, s A; I‘eb,:v 7'; B;limit - e : 7]
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(E — LET)

ea = QU1 n); VYo, Pe,; AT, s Bilimit F ¢(vr, -+ o) 1 @(1y, -+, 7)),
e =[xy — v, Ty — Uslep

By Lemma 6.2.1.(6), there is ¢(r{',--- , 7)) = &(r],--- ,7})

and Vi.(Ve, ; P, ; A;Te, ; B;limit - v; @ 7))

By (T-EQ), Vi.(Ve,, ;Pe, ;A; e, ; By limit - v; @ 7))

L
Because ¥, ; ®,; AT,z : 7/; B;limit - e : 7

By substitution lemma, we obtain

U @ AT B limit b [21 — v1, -+, 2y = vpep @ 7

By (T-EQ), U.;®e; A;T; B;limit Fe' @ 7

Because ¥spare, ¥e; Popare, Pe; A; T B; limit - (M, e : 7)
And we don’t chan/ge M, then M' = M

Vi € dom(0).(T; ® ; T; T; true; oo = M (3) : U(i))
Thus, Uspare, ULl Pspare, PL; A; T B; limit - (M7, e’ : 7)
V=T, O =by; M =M

8. CaseT — LOAD: e =load(eptr, €Has)
U,; ®.; A; T B; limit - load(eptr, €Has) : 7
By Lemma 6.2.1.(8), ~ (7', Has(I, 7)) =7
and ¥ O .. AT, i B;limit F epy @ Int(1)

Uerne; Perrans A Depa. s B;limit b epag : Has(I, 77)
(E— LOAD)

eptr = i, eras = fact, and e’ = (M (i), fact)
@, (i)eptr §A§fepn ; B;limit F epge < Int(1)
{i—1'} (i)eHas;A; feHas; B;limit - epqg : Has(I,7)
{i—1'} ®e; A;T; B; limit + e :» (v',Has(I,7"))
By (T-MEM) rule and Weakening Lemma,
7, ci)e; A; f‘;true;limit FM®G): T
{i—1'} ‘i>eHM§A§ feHas; B; limit I fact : Has(I, 77)
By (T-TUPLE) rule,
{i — 7'} ®c; A;T; By limit F~ (M (4), fact) = (7', Has(I,7'))
By (T-EQ) rule,
{i— T’};(i)e;A;f;B;limit Fe .7
Because Ypore, Ue; Popare; Pe; A; T B limit H (M, e : 7)
And we don’t change M, then M’ = M
S
Vi € dom(0).(2; ® ; @; F; true; oo = M (3) : U(i))
Thus, Uspare, UL Pspare, OL; A; T B; limit - (M, e = 7)
U, =V &, =0 M'=M
(E—LOAD1) eptr — €pgr
Because ¥spare, ¥e; Pspare; Pe; A; T B; limit - (M, load (eptr, eras) » (77, Has(I,7')))
then Vi € dom(V).(2; &; @; @; true; oo - M (i) : U(i))
Thus, by Lemma 6.2.1.(8) and (T-EQ) rule,
Ve s Pepyy 1 A5 ey, 5 B limit - ey @ Int(1)

€ptr ) €ptr )
= \IJ;pare, Ve . ;@;pam, e, s A Te,,, s B limit = (M, epg, - Int(1))
/ /

(\I/spare = \IJSZDGTG’ \IleHas; (I)spare = (I)spare; (I)eHns)

By induction, we obtain W, ;®, A;T.,, ;B;limit -ep, :Int(1) (D, ) ... )
)

!
, ’ , Eptr Eptr €ptr ) .
and W, 0, Ve 5 Ppares Py, ATy, 5 By limit B (M ey, - Int(1)
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/ .
= \I/sparev \IjeHasa v (I)sparea @

€ptr ’
!
(Here, Vi € dom(9').(@; @ ; ; &; true; oo = M'(3) : ©'(3))))
We still have W,y ;s ey s AsTep s By limit - enys : Has(1, 77)

€Has ? €Has ’

Given C = W.;®.; A; T B;limit and C' = Cp, Cras and C;m 2 Cptr, by the split subset lemma, we can

find a C,,Cly,s = Vo3 @4 AT By limit = ¢ 2 C so that O, 2 Chaes- We then use weakening to show
Clyas P eras : Has(I,7'). Then using the (T-LOAD) rule, we have:

Wi; @ As T By limit F load(epy,, enas) (7', Has(Z, 7'))

By (T-EQ), we obtain W¢; ®,; A;T'; B;limit - load(ep,, enas) : T

BY (T-MEM) rule,

Vspares Vo; Popare, @i A; T Bs limit = (M, load (e, €Has) © T)

O, AT, s Bilimit = (M, ep, : Int(1))

€Has? ~ eptr Eptr

(E—LOAD2) eHas — €fyas

Because ¥spare, ¥e; Pspare; Pe; A; T B; limit - (M, load (vper, efg,,) (77, Has(I, 7))
then Vi € dom(V).(2; &; @; @; true; oo - M (i) : U(i))

Thus, by Lemma, 6.2.1.(8) and (T-EQ) rule,

U s Do s AT ; B;limit F eey,. : Has(I,7")

€Has
= \IJ/sparev \IjeHas ; q)/sparea q)eHas ; Aa FeHas ; Ba hmlt F (Ma CHas Has([, T/))
(\Ijlspare = \IJSPW‘& \I]'Uptr ) (I)Ispare = CI)SPU«T& (I)Upu )
By induction, we obtain W ;& ;A;Tey,, ; B;limit - ey, : Has(,7')  (Pegrne 2 Peps )
and \Iﬂspare’ \I/z/aHas ;I(I)/sparea (b/eHas ; A; FeH;xs ; B; limit F (M/vleh'as : Has/(I; T/)) ,
= Vapare; Yo > Ve, ;@S}Dare,fbvm P 3 A D, s B limit = (M ey, - Has(1, 7))

(Here, Vi € dom(9').(@; @ ; ; @; true; oo = M'(3) : ©'(3))))
We still have W, ; @y, ; A; Ty, 5 B;limit E vpee = Int (1)

Uptr Uptr
Given C' = U,; ®.; A;T'; B; limit and C = Cpy, Crgs and CYy . O Chgs, by the split subset lemma, we can find a

Clyns = YL @ AT B; limit = ¢’ 2 C so that C’I’m D Cptr. We then use weakening to show C;/)tr F vper - Int(1).

Cltm
TZ})len using the (T-LOAD) rule, we have:
U@L AT B limit - load(vptr, efp,s) (77, Has(I, 7))
By (T-EQ), we obtain W/; ®_; A;T'; B; limit - load(vptr, €jy,5) © T
BY (T-MEM) rule,
Uspares Uls Popare, DL A; T'; B limit F (M7, load(vptr, €f1as) © T)

9. CaseT — STORE: e = store(eptr, €Has, €v)
U,; O; A; T B; limit - store(epgr, €Has, €v) 1 T

By Lemma 6.2.1.(9), there is 7 = Has(I, 72), and
Wi Pepers AsTe, s B limit - epe, 2 Int (1)

U, i De, s AT, ; B;limit - enag : Has(Z, 71)
Ve P, AT, By limit ey : 0, ;A F 7 1

(E — STORE)

e = store(4, fact, v), and

a; (i)ep"; A; f‘eptr;B; limit F epyy - Int (1)

{i—7n}; (i)ehas§A§ f‘ehas;B;limit F enas : Has(I,71)

@;(i)ev;A;Fev;B;limit Fey:mo, (D;AF 75 :1)

{i—7n}; ci)e; A;f; B; limit F store(eptr, €Has, ev) : Has(I, )
e’ = fact, by (T-FACT1) rule,

{i— To}; Be; A;T; B; limit | fact : Has(I, 72)
{i = 72} ®e; AT By limit - ¢/ : 7
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Because ¥spare, ¥e; Popare, Pe; A; T B; limit - (M, e : 7)
And M' =[i = v|M, ¥ =[i — 1]U
!

Vi € dom(¥).(o; d 2 @; true; oo - M'(@) : U'(7))
Thus, Uspare, UL Pspare, PL; A; T B; limit - (M7, e’ @ 7)
U =[i— ]V O, = M =[i— v]M
(E—STORE1) epyr — €,

ptr

Because ¥spare, ¥e; Popare; Pe; A; T B; limit - (M, store(epsr, €Has, €v) : Has(I, 72))

then Vi € dom(V).(9; ®; &; &; true; oo B M (7) : ¥(3))
Thus, by Lemma 6.2.1.(9) and (T-EQ) rule,

Ve s Peper 1A Te,,, 3 Bilimit F e« Int(1)

= \IJ/sparev \:[Jeptr ; q)/sparev (I)Bptr 3 Av Feptr 3 B7 hmlt F (M7 6ptr : Int(I))

(\Ijlspare = Wapare, Veraes Yeu (I)/spare = Pypare; Peyyoes Pey)

By induction, we obtain W; ;@ AT, ; B;limit b ey, :Int(l) (P, 2 ey, )

and 0’ v o, AT, ;Bilimit = (M’ el : Int(I))

spare’ ~ epgr ) - spare’ * eptr ! » Cptr
I

= Wapares Yo Vo W Popares Pegrnns @, Do AT, B limit - (M’

€Has ) €ptr ? €Has? ~ €pty 7~ Ev) €Eptr )
I

(Here, Vi € dom(¥").(25; d 2 @;true; oo - M'(3) : V(1))
We still have U, ; P, ;A; T, ; B;limit - en,s : Has(I,71)
Ve, s Pe,; AT, ; B limit ey : 7o

Given C' = U,; ®.; A;T'; B; limit and C = Cpyyr, Cgs, Cy and C, ) Cptr, by the split subset lemma, we can find

ptr =
a C;tT,C}{aS, Cl =V, dL; A;T; B;limit = C' D C so that Cly,, 2 Chas and C, 2 C,. We then use weakening to
show C%,. & enas : Has(I, 1) and C) F ¢, : 7o. Then using the (T-STORE) rule, we have:
U@L AT B; limit - store(epyr, €Has, ev) : Has(l, 72)
By (T-EQ), we obtain ¥.; ®.; A;T'; B;limit I store(eptr, €Has, €v) : T
BY (T-MEM) rule,
Uspares Ul; Popare, Pl; A; T'; B limit F (M, store(eptr, €Has, €v) © T)

 Int(I))

/
’ eptr

10. CaseT — FIX: e=fixxz:1,.v

W O AT B limite Ffixa : 1,0 0 7

By Lemma 6.2.1.(10), there is 7, = 7

and ¥.; ®.; A;T; B; limitg Ffixz : 7.0 0 7
Uo: P, AT, 2 : 7 B limitg Ho s 7

¢
U P.; AT By limite F 7 14

(E - FIX)

e =[x fixe: o

and V,; ®.; AT,z : 7 B;limitg Fov @ 7

By substitution lemma, we obtain

Ue; Oe; A; T B limite F [z — fixa : mp0jo: 7

Thus U.; ®.; A;T; B;limitc e’ : 7

We don’t change N/I, then M' = M

Vi € dom(0).(T; ® ; T; T; true; oo = M (3) : U(i))
Thus, Uspare, UL Pspare, PL; A; T B limit - (M7, e’ @ 7)
U=, & = M =M

11. CaseT —UNROLL: e =unroll(eg) W.;®P.;A;T; B;limit - unroll(eg) : 7
By Lemma 6.2.1.(11), there is ([a — pa: K.ro|mo)m1 - T =7, 7 = (pa : Komo)71 -+ 7ot
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and U.; @.; A;T; B;limit - 77« K, U &; A; T B limit F eg : 7/

(E— UNROLL)
eo = roll[7"](v) ¢ =w
U,; Oe; A; T B; limit - roll[7”](v) : 7/

By Lemma, 6.2.1.(12), we know 7" = (uB : KTroi)T1** Tn,y (S0 To = Troll)

and U.; ®.; A; T B; limit - 7.0 0 K \I/e, O A; T By limit F oz ([B— puf 0 KTron]Tron) 7

By (T-EQ) rule, Ue; @ AT B limit F v : (o — pa s Korglro) -+ ™
By (T-EQ) rule again, we have U.; ®.; A;T'; B;limit - ¢’ : 7

Because Ypore, Ue; Popare; Pe; A; T B limit - (M, e : 1)

And we don’t chan/ge M, then M' = M

Vi € dom(¥).(o; ® 2 @; true; oo - M'(i) : U(3))
Thus, Uspare, UL; Pspare, PL; A; T B limit - (M7, e’ : 7)
U, =V &, =0 M'=M

12. CaseT — UNPACK: e =unpacka,x =ejines
Wo; @ AT Be; limit F unpack o, = ejineg : 7

By Lemma, 6.2.1.(13), there is 5 = 7,

U s Doy s ATy Bslimit e : 3a: K; B oy

Ue; @ey; Ayt KTy, 713 B, B';limit  eg : 1o

(E — UNPACK)

e1 = pack[rp,v]as30: K';7p.1 € = |a— 19,2 — v]es

U s Doy s A; Ty s B limit - pack[ro,v]as3p : K';7p.71 : 3a: K; By
By Lemma 6.2.1.(14), then 7{ =7, 75 = B’ and, K' = K,

6 :K';mprf =3a: K; By

\I/el,fl)el,A B;limit+79: K Bt [a— 1]1B

\Ifel,fbel,Al" B;limit kv : [a — 70]7]

By (T-EQ), \Ifel,Q)el,A; [e,; B;limit - v : [a — 70|71

Because U.,; P, ; Ay : Koy, i 713 B, B limit - es : 7o,

by Term Substitution Lemma for «,

[ = 10](Wey; Pey; A; Doy, 2 113 By, B/ limit) F [ — 7oles : [ — T2
= W, ; Pey; As Do, B, [ — 19] B limit, o : [a — 70|71 F [ = Tolen : [ — 70|72
= Uy D, ATy B limit, z : [ — 7o) F [a— 1plea : [a— 7o]m
by Term Substitution Lemma for v,

U; @; A; T B limit F [a— 70,2 — v]eg : [ — 79]72

= U,.; O.; A; T B; limit F [a— 70,2 — v]eg : 1o

Thus U.; ®.; A;T; B;limit - e’ : 7

By (T-EQ) tule, ¥.; ®.; A;T; B;limit Fe' : 7

Because Ypore, Ue; Popare; Pe; A; T B limit H (M, e : 1)

And we don’t change M, then M’ = M

Vi € dom(0).(; &; ; &; true; oo - M'(i) : ¥(i))

Thus, Uspare, UL; Pspare, PL; A; T B;limit - (M’ e’ : 1)

UV, =", & =,; M'=M

13. CaseT — DISTINGUISH: e = distinguish([y, I, e1, e2)

U,; @.; A; T B; limit - distinguish(17, Iz, e1,e2) : 7

By Lemma 6.2.1.(15), we get ~(Know(I; # I2),Has(I1, 1), Has(I2, 72)) = 7,
and U, ; D, ; A; T, ; B;limit F ey : Has([1, 1)

Ueps Doy; A;Tey; B limit - e : Has(Iz, 72)
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W @ AT B limit - [p s int W O; A; T B limit - 1o :int

(E — DISTINGUISH)
Then e; = facty, es = facta, e =~ (know([; # I3), facty, facts)
From definition, know(I; # I5) = pack|[true, -()] as 3o« : bool; I1 # I. - ()
Because by (K-TUPLE) ®.; A + true : bool,
and by (K-SOME) ®.; A F 3o : bool; I; # . - {) :0
by (T-TUPLE) @; ®.; A; T'; B; limit F -() : -()
= @;(i)e;A;f‘;B;limit O Ja— ()] (),
and ®; A [a— -()](I1 # 1)
By (T-PACK) rule,
; <I>6;A;I";B;limit F pack[true, - ()] as Jov : bool; It # I5. - () : Ja: bool; I1 # Ia. - ()
Using abbreviations, &; ®.; A;f‘; B; limit F know(I; # I) : Know(I; # I5)
and U, ; @, ; A; T, ; B;limit - eq : Has(I1,71)
Ue,; @, A; Ty ; B; limit - eg : Has(Io, 72)
By (T-TUPLE) rule , we obtain:
U.: P.; A; T B; limit F~ <know(Il 75 _[2), factl, fact2> A <KIIOW(11 75 Ig), Has(h , Tl), HaS(Ig, T2)>
Thus, ¥,; ®.; A;T; B;limit - e’ : 7
Because ¥spare, ¥e; Popare, Pe; A; T B; limit - (M, e : 7)
And we don’t change M, then M’ = M
!
Vi € dom(0).(T; @ ; T; T; true; oo = M (3) : U(i))
Thus, Uspare, UL Pspare, PL; A; T B;limit - (M7, e’ : 7)
V=W, @ =Dy M =M

14. CaseT — NEWFUN: e=new_fun(J)

@; ®e; A;T; B limit - new fun(J): 7

By Lemma 6.2.1.(16), then Ja : int — J.Gen(w,0) =7

and &; ée; A;f‘; B;limit F new_fun(J) : 3o : int — J.Gen(,0)

(E—~ NEWFUN)

¢/ = pack[F7, fact] as Ja : int — J.Gen(a, 0)

By (T-FACT?2) rule, we have &; <i>e, J QN fun; A; I"; B;limit I fact : Gen(F”7,0)
By (K-FUN) rule, ®., F/ +> fun; A - F7 :int — J

Because ®.; A F 0 :int, and ®., F/ + fun; A, :int — JF o :int — J

A

By (K-FUNGEN) rule, ®., F7 +> fun; A  Gen(a, 0) :0
By (K-SOME) rule, we obtain ®., F/ +~ fun; A - Ja : int — J.Gen(c,0) :0
By (T-PACK) rule, we get
@; ®,, F/ . fun; A; T'; B; limit - pack[F/, fact] as 3o : int — J.Gen(a,0) : Ja : int — J.Gen(a, 0)
Thus, @; ®,, F’ R fun; A; I"; B;limit - ¢’ : Jo @ int — J.Gen(c, 0)
By (T-EQ) rule, @; ®., F/ . fun;A;f‘;B;limit e T
Because ¥spare, ¥e; Popare, Pe; A; T B; limit - (M, e : 7)
We don’t change M, then M’ = M
/

Vi € dom(0).(2;® ; @; @; true; oo F M’ (3) : W(i))

Now @/ O ®,, U/ = ¥,; from (T-NEWFUN) we know F” is fresh.
Thus, Uspare, Ul Pspare, PL; A; T B limit - (M, e’ @ 7)
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15. CaseT — DEFINEFUN: e = define_fun(eg, 74)-

U,; O.; A; T B;limit - define_fun(eg, 74) : 7

By Lemma 6.2.1.(17), then ~(Gen(7s,I + 1),Eq(7/I,7,), nDomain(I, 7)) = 7
and U.; & ; A;T; B; limit - eg : Gen(7y,1)

We; @c; AT B limit - 74 s int — J

W O AT B limit F 7y 0 J

(E~ DEFINEFUN)

eo = fact, then @; cI)e,Tf S fun; A;T; B; limit - e - Gen(rys,I)

and @; @e,Tf s fun; A; 1" B; limit - definefun(eg, 74) : 7

; cI)e,Tf »—»fun A; F B;limit - 77 :int — J

(R (I)e,Tf »—>fun A; 1" B;limit -7, : J
Now, ¢/ =~ (fact fact fact> (fun’ D fun)

By (T-FACT?) rule, o; @e,Tf S fun’; A T; B; limit - fact : Gen(rs, T + 1)
By (T-FACT3) rule, @; (I)B,Tj s fun; A; T; B; limit + fact : Eq(r¢1,74)

By weakening lemma, @; (I)e,Tf > fun’; A; T; B; limit + fact : Eq(1s1,71,)

By (T-FACT4) rule, @; (I)B,Tj s fun; A; T; B; limit + fact : InDomain(Z, 7y)
By weakening lemma, &; (I)e,Tf s fun’; A; 1" B; limit F fact : InDomain(7, 7y)

By (T-TUPLE) rule, we obtain &; q)e, Tf 2 fun/ ;A;F; B;limit +
A (fact, fact, fact) :» (Gen(ry, I +1),Eq(7¢I, 7,), InDomain(I, 7))

By (T-EQ) rule, @;(i)e,Tf O fun’; A;f‘;B;limit e T
Because ¥pare, Ve; Popare, Pe, 75 s fun; A;T; B; limit - (M, e : 1)
And we don’t change M, then M’ = M

/

Vi € dom(0).(2;® ; @; @; true; oo F M (3) : W(i))

Now & D ®,, 7/ fun; U/, = W,
By (T-MEM), Upare, Ul; Pspare, L3 A; T'; B limit - (M7, e’ 2 T)

16. CaseT — DISCARDFUN: e = discard_fun(ey).
U,; O; A; T B; limit - discard_fun(eg) : 7/

By Lemma 6.2.1.(18), then 7/ = -()

and U.; ®.; A;T; B;limit - eg : Gen(T, )

(E — DISCARD)

eo = fact, then ;5 (1)60,7 S fun; A T B; limit - eq - Gen(r,I)
@, cI)eo,T . fun; A; T; B; limit - define _fun(eg, ) : 7

Now ¢’ = -(), and by (T- TUPLE) rule O () : -()

Thus, @; (1)60,7' s fun; A; T; B; limit - - ) ()

By (T-EQ) rule, we obtain &; (1)60,7' s fun; A; T; B; limit - - ()T
Because \Ilspare,\lle,<1>5pare,<1>e,A I; B;limit - (M, e : 1)
We don’t change M, then M’ = M

!/

Vi € dom(0).(2;® ; @; @; true; oo F M (i) : W(i))
Now &, D &, ¥/, = U,;
Thus, Uspare, UL Pspare, OL; A; T B; limit - (M, e’ = 7)

17. CaseT —INDOMAIN: e =in_domain([y, 15, e, e3)
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Ue; @.; A;Te; B;limit - in_domain([y, Is, e1,e2) : 7

By Lemma 6.2.1.(19), then ~ (Know(0 < I) A I} < I1),Gen(ry,12)) =7
and U; ®.; A;T; By limit - [ :int, ;@ A;Te; B;limit - I : int
U, ; Py ; ATy B; limit F eg : InDomain (I, 7y)

Ve ;s Py ; ATy B;limit F eg - Gen(7y, I2)

(E—INDOMAIN)
e1 = facty, e = facty then

; (I)el,Tf — fun; A; I‘el,B limit - €1 : InDomain (I, 7¢)
@; c1)82,7'f »—»fun A:Te,; B; limit b ey : Gen(ry,12)

g (I)eoan '—>fun A I‘e,B limit Fe: 7
e = (know(O <L N < Ig) fact)

By (T-FACT2) rule, we get &; (I)eO,Tf 5 fun; A; Te; B; limit - fact - Gen(7s,I2)
From definition, we know(O <L AL <D= pack[true ‘()]as3a :bool;, 0 < IZ AL < L. - ()

Because by (K-BOOL) ®.,, 7 ~ fun; A F true : bool,

and by (K-SOME) ®.,,7; > fun; A F 3a : bool; 0 < 1 ALy < Ip. - () :0
g;(i)eova = fun; A; Te; B; limit - ) : [a — true] - (),

and B [a — true](() <L NhNL < Ig)

By (T—PACK) rule, we obtain:

a; @eo,rf — fun; A; FB,B limit pack[true <>] asda:bool;0 < IHh AL <Ip.-():Ja:bool;0 <1 AL < Iz.- ()
By using abbreviations, &; (I)eD,Tj O fun; A; I‘e, B;limit F know(0 < 1 A1 < I3) : Know(0 < 1 A1 < I3)

By (T TUPLE) rule, we obtain:
;5 (I)eO,Tf 2 fun; A :De; B; limit F~ (know(0 < I; A Iy < Ip), fact) :» (Know(0 < I ATy < L), Gen(7y, I2))
Then, &; cI)eo,Tf o fun; A; FB,B limit F e’ :» (Know(0 < I1 A 1 < I1), Gen(7y, I2))
By (T-EQ) rule, @;(I)eO,Tf O fun;A;I‘e;B;hmlt e :71
Because ¥pore, Ue; Popare; Pe; A; T B limit F (M, e : 1)
Here we don’t change M, then M’ = M
N
Vi € dom(0).(2; ® ; &; F; true; oo = M (3) : U(i))
Thus, Uspare, UL; Pspare, PL; A; T B; limit - (M7, e : 7)
U, =V &, =0;; M'=M

18. CaseT — MAKFEEQ: e=make eq(7o)

@ ®.; A; T; B; limit - make _eq(To): T
By Lemma 6.2.1.(20), then Eq(7o, 7'0) =7and ®;AF 1 K

(E — MAKEEQ)
e’ = fact . .
By (T-FACT3) rule, @; ®.; A; T'; B; limit + fact : Eq(7o, 70)
Then o; <i>e; A; f‘e; B;limit - ¢’ : Eq(70, 70)
Thus, @;(i)e;A;f;B;limit Fe .7
Because ¥spare, ¥e; Popare, Pe; A; T B; limit - (M, e : 7)
And we don’t change M, then M' = M
!
Vi € dom(0).(T; @ ; T; T; true; oo = M (3) : U(i))
Thus, ¥spare, UL Popare, L; A; T; B; limit - (M, ¢’ : 7)
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V=0, O =0 M =M

19. CaseT — APPLYEQ: e =apply_eq(7s,e1,€2)

V,; ®; A; T B limit - apply_eq(7¢, e1,e2) : 7

By Lemma 6.2.1.(21), then 7¢y1, = 7

and ¥.; &.; A;T'; B; limit - apply _eq(7y, e1,e2) : 747

Qs AbT K —J @ AbT1,: K PsAbT7 K

U; @y AT B limit o eg : Eq(7g, 1) Ue; Pe; AT B; limit - eg : 777,

(E — APPLYEQ)
e1 =fact, ea =v,and ¢’ = v
By (T-FACT3) rule, &; ®.; A; T'; B; limit F ey : Eq(7e,, 7e, ),
then 7., = 7, = 7, and @; &¢; A;T; B;limit - e @ 747,
Thus, @;(i)e;A;f‘;B;limit Feg:7erg = @;(i)e;A;f‘e;B;limit Fv:iTem
= @;(i)e;A;f‘;B;limit Fe' :rm
Because ¥spare, ¥e; Popare, Pe; A; T B; limit - (M, e : 7)
And we don’t change M, then M’ = M
!

Vi € dom(0).(T; @ ; T; T; true; oo = M (3) : U(i))
By (T-MEM) rule, ¥opare, UL; Popare, DL; A;T'; B; limit - (M, e’ @ 1)
V=W, =D M' =M

20. CaseT — CASE: e = case(b,ep)
U,; @.; A; T B; limit - case(b, eg) : 7
1ifb

By Lemma 6.2.1.(22), then 7 =7, (i = 9if b )
and U.; ®.; A; T B;limit F eg : Union(b, 71, 72)

(E — CASE)

eo = union(my, 71, 74,v), € =wv

U,; @.; A; T B; limit - union(7y, 71, 75, v) : Union(b, 71, 72)
By Lemma 6.2.1.(23), then 7y =74, 2 = 75, 7 = b and
Ue; @; A; T By limit - 7 : K, U,; $p; AT B limit - 7 K
U Oe; As T By limit o7 (0= 212.7:% )

B AT B-Timit b of - (i LifD
Thus, ¥; @e; A; T B;limit e’ @ 7/ (i = 9if b )

By (T-EQ) rule, U,; & ; A;T; B;limit - ¢ : 7

Because Ypore, Ue; Popare; Pe; A;T'; B limit - (M, e : 7)
And we don’t chan/ge M, then M' = M

Vi € dom(0).(2; ® ; @; F; true; oo = M (3) : U(i))
By (T-MEM) rule, U pare, UL; Popare, PL; A; T B; limit - (M’ ¢’ : 1)
U, =V &, =0 M'=M

21. CaseT — COERCE: e = coerce(eg)
U,; O.; A; T'; B; limitg F coerce(eqg) : 7

By Lemma 6.2.1.(24), then there is 7/ = 7
U,; Oe; A; T B; limity F coerce(eq) : 7/
and Uo; @ ;AT B; b eg: 7’
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(E— COERCE)

ep=v,e =v

Because V.; ®,; AT B;Io Feg: 7/, then Uo; @ ; AT B; o Fovs 7/
By Limit-Change Lemma, U.; ®.; A; T'; B; limity - v : 7/

By (T-EQ) rule, U,; ®.; A;T; B; limity He’ @ 7

Because ¥spare, ¥e; Popare, Pe; A; T B; limit - (M, e : 7)

And we don’t chan/ge M, then M' = M

Vi € dom(0).(T; @ ; F; T; true; oo = M (3) : U(i))

By (T-MEM) rule, ¥spare, UL; Popare, PL; A; T B limit - (M7, ¢ @ 7)
V=W, O, =, M =M

22. All cases under the congruence evaluation lemma are similar.
We already proved some cases in (TUPLE), (LOAD), and (STORE).

6.3 Progress

Rephrase the type equivalence rules as parallel reduction rules:
(A) ®BFr=1T1

O:Bb71, =7 ®;BFm =T

B S BT e ko am
(©) o, FK gi;i;jﬁ = 0(i)
I
D

(F) ®; B+ Eq(11,72) = Eq(72,71)

Vi (®; B 1 = 7))
O, BFT[r,...,7) = Tr{,...,7}]

r'n

(@)

6.3.1 LEMMA [SINGLE-PARALLEL-STEP CONFLUENCE FOR TYPES]

f¥Ckrr1,=mn,and C+ 7, = 7., then there is some 74 so that C -7, = 7y and C' + 7. = 74.
Proof by induction on the sum of the sizes of the derivations of 7, = 7, and 7, = 7.

A

1. case 7, = 7. Then 7, = 74, so choose 74 = 7.
B B ..

2. case 7, = T and 7, = T.. The proof for this is standard.
G B ..

3. case 7, = T and 7, = T.. The proof for this is standard.
Q G ..

4. case 7, = T and 7, = 7.. The proof for this is standard.

5. case 17, = Eq(7,41, Tu2) £ 7o = Eq(Ta2,Ta1). If 74 £ Te, then choose 7y = 7, = 7c. If 7, = Eq(741, Ta2) 54 Te =
Eq(7c1, 7e2), then choose 74 = Eq(7e2, Te1)-
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6. case 7, = I, 2 7, = Iy and 7, = I, 2 7. = I.. Then I, = I, = I., so pick 74 = I,.
7. case 7, = B, £ ™ = By and 7, = B, £ 7. = B¢.. Then B, = By, = B,, so pick 74 = B,.

Q . Q ) ) . G
8 caser, = FEI, = 1, = 0(ip). If 74 = 7. = 6(i..), then i, = i., so choose 7y =7, = 7. If 7, = FEfI, 2 7. =
FKIC, then i, = I, = I., so choose 74 = Tp.

The other cases are either impossible, or are symmetric to one of the cases above.

6.3.2 LEMMA [CONFLUENCE FOR TYPES]

IfCF7,=m, and C 7, = 7., then there is some 74 so that C' F 7, = 7, and C + 7. = 74. Standard proof by
tiling single parallel steps to fill in the area between 7, = 7, and 7, = 7.

6.3.3 CORROLARY [CONFLUENCE FOR EQUIVALENT TYPES]

If C F 1, = 7, then there is some 74 so that C' F 7 = 75 and C + 1. = 74. Proof by induction on the derivation of
Ckm=r1..

6.3.4 LEMMA [SHAPE PRESERVATION]

To prove progress, we must first say something about how values are typed. These are the values:
v=1|b|Aa: K;B.v|pack|[r,v]asJa: K;B.1»

¢,limit
—

[roll[(pe : Korg)7y -+ 7] (0) [ Az o 7 e| #(7') |union(b, 71, 72, v) | fact

For these values, there are type checking rules that give the values the following types:

T=T olimit 72| (7)|Va : K;B.1
|Ja: K; B | (pev : Ko1)11 -+ 70y | Int (1) | Bool(B) | Union(B, 71, T2)

|Has(I,7) | Gen(T, I) | Eq(71, 72) | InDomain(I, 7)

In addition, there is the (T-EQ) rule, which can also give a value a type. Call the 12 different categories of types
listed above the 12 value shapes. If 7 = 7/, and 7 has a value shape, then 7’ has the same value shape (proof by
case analysis on 7 = 7’). Combining this with confluence, we conclude that if C' - 7, = 7., and 7, and 7. have value
shapes, there is some 74 so that C' - 73, = rand CH 71, = 74, and 74 has the same shape as 7, and 7., which implies
that 7, and 7. have the same shape.

6.3.5 LEMMA [CANONICAL FORMS]
Suppose v is a closed, well-typed expression: C'F v : 7forsomer, C = ¥; ®; &; &; B; limit.

LIfCkFv:m @ Limt T9, then v = Az : 7y .demit
2. fCFwv:(m,...Tn), then v = (v1,...,vp).

IfCrv:Va: K;B.7,then v = Aa : K; B.vg.

-

If CFHwv:3a: K; B.m, then v = pack[r1, vo] as Ja : K; B.1o.
5. H CFw: (pa: Kog)ry - T, then v = roll[(uo : K.79)71 - - 7] (vo).-
6. If C'+ v :Int(l), then v =i.
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7. If C'+ v :Bool(B), then v = b.
8. If C+ v : Union(b, 71, 72), then v = union(b, 71, 72, vp).

9. If C+wv:Has(I,7) or CFwv:Gen(r,I)or CkFv:Eq(r,m) or CFv:InDomain(l, ), then v = fact.

Proof:
1. Only two type checking rules can prove C' v : 7y Wﬂft : (T-EQ) and (T-ABS).
For (T-EQ) rule, there is some 7/ = 71 Wl—mf To. By shape preservation, 7/ = 7] Pt 74. Use induction.

blim

By (T-ABS) rule, we know v = Az : 1y M ¢ s an abstraction.

2. The similar proof for the other cases.

6.3.6 THEOREM[PROGRESS]

If (M, e) is closed and well-typed (Care F (M, e : 7) for some 7 and Chre = Upse; Ppse; 95 F; B; limit), then either e
is a value or else there is some (M, ¢) so that (M,e) — (M’',¢').

Observe that by the rule for typing (M, e), we know that Uare = Uopare, ¥ and ®pre = Popare, @ and C e 7,
where C' = U; ®; &; &; B;limit. Now prove that (M, e) steps, by induction on the derivation of C' I e : 7 (holding
M, Ve, and @y, fixed throughout the induction as C, e, and 7 vary).

Proof :

First, if e = Eleg] where ¢g is not a value, then by inspection of the type checking rules, Cy - ¢y : 79, where
Co = Po; Qp; @; @; B; limity and Uare = Yo_spare; Yo Pare = Po—spare, Po, s0 by induction, (M, ep) — (M, ep), so
(M,e) = (M, Eleg]) — (M', E[eg]). Second, the (T-EQ) case is an easy induction. For all other cases where e is not
a value:

l.e=z
It will not happen, because e is closed.

C1,Co = V; &: A; T'; B; limite
CilFuv g ¢ limiss T, CoF v :7g

(limitc = limit; = oo) or (B F limit; < limitc)
®b
limite = limity =1, ®;AF 7 :
2. e = vy v9, where (T — APP) or (limite 00701 lér:,l_tvjlvwb’ : 7 :0)

Jlimi
By canonical forms, v; = Az : 7, Plimits eo, S0 e steps by (E-APPABS).

Ckuv:Va: K;B.n
Ckn: K

C+ B
3. € = v1T2, where (T — TAPP) cml[ro; [:;:ﬂn

By canonical forms, v; = Aa : K; B.v, so e steps by (E TAPPABS).

Citwv:3da: K;B.1q
Co,a:K,x:1,BFey:m

4. e = unpack o,z = viinez, where (T — UNPACK ) —Grmmadcas=o s
By canonical forms, v; = pack[r,v]as3a : K; B.12, so e steps by (E-UNPACK).

Cl,CQ H Il :int Cl,CQ H Ig int

. . Ci F vy : InDomain(I,75) Ca b ve : Gen(ry, I2)
5. e =in_domain(ly, Iz, v1, v2), where (T—INDOMAIN) CT.Ca T domain(T1 .73 01,03) 7~ (Rnow(0ZTT AT <Ta) Gen(r7 12))

By canonical forms, v; = fact and vy = fact, so e steps by (E-DOMAIN).

6. The pattern in the previous cases is pretty clear: the type checking rule implies that any subexpression val-
ues have a canonical form, which then allows e to step. The cases for e;opes, —e, case(b,e), unroll(e),
apply eq(,e1,es), discard fun(e), define fun(e, 7), distinguish(ly,Is,e1,e2), and in_domain(ly, I, e1, e2)
follow exactly the same pattern.
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7. e=new_fun(K), e = make eq(7), e = coerce(v), e = fixxz : 7.v: these always step, so we don’t even need to
look at the type checking rules.

-1 . . h T _ LET Colv,:(T) Cy,xtrey:m
8. e=let(x1,...,2y) = vginep, where ( )& et () S ey

By canonical forms, v, = ¢(v1,...,v,), so e steps by (E-LET).

. C }—’Ul Bool(B Cb B|—€2 T Cb —\B}—E'; T
9. e =ifv; then egelse es, where (T — IFE) o éb}zlfvl o o ol56 oo .

By canonical forms, v; = b, so e steps by (E-IF1) or (E-IF2).

C=V;0;\;T;Be; I

Ct B:bool C,BF C,—-BFey:
10. e = if Bthen e, else 3, where (T' — IF'B) 0 CHthhen(: elszez — 2

Since no type variables are in scope, B cannot contain any type variables, which means that C - B = b for
some b, so e steps by (E-IFB1) or (E-IFB2).

vptr:Int(I) Caolvgaes:Has(I,7
11. e = load(vptr, VHas ), where (T — LOAD) ijg;logd;gpgnml):g <T,Hii(<1,f)>> .

By canonical forms, vpy = iptr, and vges = fact. By inversion, Ci & ip : Int(ip) and Co = Cf,ipes — T F
fact : Has(inqs, 7). Together, these imply iper = thas. Since ipgs — 7 € ¥ and memory M is well-typed under
Cume = Ve ..., where Upre = Uopure, ¥, we KNOW ipgs — 7 € Uige, S0 M (ipqs) exists, so M (ip,) exists, so e
steps by (E-LOAD).

C =C1,0,C5 =V;9; AT B 00
Co b vpas : Has(I,71) CshFowoy:m
Cy b vpee s Int(I) CF 7yl

12. e = store(vptr , VHas, Vv ), Wwhere (T'— STORE) Crstore(von omer o] Tias(T.rs)
By canonical forms, vp = ip, and vges = fact, so e steps by (E-STORE).

7 Strong Normalization

This section proves that well-typed terms in a hmlted environment eventually step to a value: if U ps.; Ppse; I; O true; i -
(M, e : 7), then there is some v so that (M,e) = (M, v).

The proof is by induction on the limit 7, the maximum nesting depth of let and unpack expressions, and the size
of e. Define the depth as follows:

depth(z) =0

depth(\z : 7 2, e)=0

depth(fixz.v) =0

depth(let z1, - -+ ,x, = e; ines) = max(depth(e;),1 + depth(es))

depth(unpack a, z = e ines) = max(depth(e;), 1 + depth(es))

For all other expressions, the depth is the maximum depth of any of the immediate subexpressions: depth(ej es) =
max(depth(e; ), depth(es)), depth(pack|[ri, €] asJa : K; B.12) = depth(e), and so on.

Define size(v) to be 1. For a non-value expression e, define size(e) to be 1 plus the size of each of e’s subexpressions.

Lemma 0: depth(v) = 0. Proof by induction on the structure of v. The only value that has a non-value expression

inside it is Az : 7~ e, which has depth 0 by definition.
Lemma 1: depth([z — v]e) < depth(e). Easy proof by induction on the structure of e.
Lemma 2: [z — e]v is a value. Easy proof by induction on the structure of v.

7.1 LEMMA [SINGLE-STEP SIZE REDUCTION]

If Uire; Pose; @; D trues i - (M, e : 7) and ¥; &; &; &; true; i - e : 7 and (M, e) — (M’,€’) by a non-congruence rule,
then M = M’ and one of these three must be true:

1. ¢/ = coerce(e”) and i’ < i, U';d'; ; &;true;i’ e’

2.9 ;@ true;i F €’ : 7, and depth(e’) < depth(e)
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3. U &' &; & true; i F €’ : 7, and depth(e’) = depth(e), and size(e’) < size(e)

Proof :
By cases on the derivation that (M,e) — (M,e’).

l.e=(Az:7 21, €1)v2

and e’ = coerce([z — vq]e1), and €” = [x — valey
By Lemma 6.2.1.(2) and (T-EQ) rule, we know
U; ®; g; & true;i B (Ax 0 7 21, €1)vg : Tp,

Uy @50, @5 truesip Fep 7, SR Ty, and (i > i5)
Wy; @o; @; I truesi Fvg 1 7,

By Limit-Change Lemma, Wo; ®o; @; @; true; iy - vo & 7,4
By Term Substitution Lemma, we obtain:

U; ®; &, &; true; i p B [x — wvoer i 1y

U; &, & & truesip e’ iy

Now case 1 of the lemma will be true.

2.e=(N\x: 7 £ e1)ve won’t type-check, because if limit; = oo, then limitc = oco.

3.e=letxy, - ,x, =erines  (e1 = Plvr, -+ ,vn))

e =[xy — v, T — Ug)en

In Preservation Lemma we have proved, ¥; ®; &; &; true;i e’ : 7
From lemma 1, we know depth([z1 — v1, -,z — vy]e2) < eo

And depth(let x4, -+ ,z, = e1inez) = max(depth(ey), 1 + depth(es)),
so depth(e’) < depth(let xy,--- , 2, = ejines)

Now case 2 of the lemma will be true.

4. e = unpacka,x = ejines

e =[a— 19,2 — v]eg

In Preservation Lemma we have proved, ¥; ®; @; @;true;i - e’ : 7
From lemma 1, we know depth([a — 79,2 — v]ea) < e

And depth(unpack o, x = e; in ea) = max(depth(e1), 1 + depth(es)),
so depth(e’) < depth(unpack a, z = ey ines)

Now case 2 of the lemma will be true.

5. All other cases. In Preservation Lemma we have proved, ¥; ®; &; @; true;i e’ : 7.

size(load (s, fact)) = 1 + size(i) + size(fact) > size(~ (M (7),fact)) = 1, because M (i) is a value, so (M (i), fact) is
a value, and the size of a value is defined to be 1.

size(coerce(v)) = 1 + size(v) > size(v) =1

size((Aa : K; B.v)T) = 1 + size(v) > size(v) =1

size(if vy then e else eg) = 1 4 size(v1) + size(ez) + size(ez) > size(es) or size(es)

size(if B then e elsees) = 1 + size(es) + size(ez) > size(eq) orsize(es)

size(unroll(roll[7](v))) = 1 + 1 + size(v) > size(v)

size(fix x : T7.v) = 1 + size(v) > size([z — fixz : Tvjv) =1 (By Lemma 2)

size(case(b, union(b, 71, 72,v))) = 1 + 1 + size(b) + size(v) + size(b) > size(v) =1

size(in_domain([y, I, fact, fact)) = 1 + size(I;) + size(I2) + size(fact) + size(fact) > size(e’) = 1

size(distinguish(I1, I2, fact, fact)) = size(I1) + size(l2) + size(fact) + size(fact) > size(e’) =1

size(make_eq(7)) > size(fact) =1

size(apply _eq(T, fact,v)) > size(v) = 1

size(new _fun(K)) > size(e’) =1

size(discard _fun(fact)) > size(-()) =1

size(define fun(fact, 7)) > size(” (fact, fact, fact)) = 1
Notice that e cannot be a store expression, because store expressions do not type-check in an environment with limit
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i. In the absence of the store and congruence evaluation rules, no evaluation rule alters memory, so M’ = M.

7.2 THEOREM [STRONG NORMALIZATION]

If Upse; Ppse; @; D;true; i b (M, e : 7), then e must step to a value in a finite sequence of zero or more steps, without
changing memory: (M,e) — (M,e;) — --- — (M, e,) — (M,v). (Notation: (M,e) = (M,v)).

Observe that by the rule for typing (M, e), we know that Upre = Wgpare, ¥ and ®pre = Pypore, ® and CF e 7,
where C' = VU; &; @; &; B; limit.

Proof :

By induction on the limit ¢. We assume theorem is true for all i’ < i

For ¢/ =i by induction on depth(e). We assume theorem is true for all i’ = i, and depth(e’) < depth(e)

For i/ = 4, and depth(e’) = depth(e) by induction on size(e). We assume theorem is true for all i/ = i,
depth(e’) = depth(e), and size(e’) < size(e).

If e is a already a value v, then in zero steps, (M, e) steps to (M, v). Otherwise, we’ll show that (M, e) steps to
(M,v) in two stages: first, use any applicable congruence rules if e = El[eg] for some E and eg. After congruence is
exhausted, use the single-step size reduction lemma.

The congruence stage is the same pattern for all expressions, so we arbitrarily pick e = load(eq, e2) to illustrate
the pattern; the proof is the same for other expressions. Suppose ejis not a value. By the rule for typing (M, e), we
know that ¥re = Wopare, ¥ and Ppre = Popare, ® and C' F e : 7, where C = ¥; @; &; @; B; ¢, and by inspection of the
type checking rules, we conclude that there is some Cy = ¥y; ®1; &; &; B; i1, where i1 < 4, so that Cy F ey : 7y (for
e = load(ey, e3), we actually know i; = 4, but more generally, we can only say iy < i, since e = coerce(e;) requires
i1 < 1). Since e; is a subexpression inside e, it is easy to show that depth(e;) < depth(e), and size(e1) < size(e).
Therefore, either i; < 4, or i, = 7 and depth(e;) < depth(e), or i; = i and depth(e1) = depth(e) and size(e1) < size(e),
so induction tells us that (M, e;) — (M,v;). By repeated application of the congruence rule, (M,load(ey,es)) —
(M, load(v1,e3)). We can repeat this argument for es to show that (M, load (v, e2)) = (M,load(vy,v2)). Thus, we
step to an expression e. = load(vy,v2) where no congruence rules apply. If this expression is a value (not possible
for load(v1,v2), but possible in other cases, such as tuples), then we’ve proved that (M, e) steps to some (M, v).
Otherwise, type preservation tells us that (M, e.) is well-typed with the same limit i: ', ; ®),.; F; F; true;i F
(M, e : 7).

Once we’ve stepped (M, e) = (M, e.), where e is not a value and no congruence rules apply to e, type progress
tells us that (M,e.) — (M’,¢’) for some (M’ e’). Then the single-step size reduction lemma says that (M, e.) —
(M, e"), where one of three cases must be true:

1. ¢ = coerce(e”) and ¢/ < i, U';®'; 7; @;true;i’ Fe” : 7

2. U, ;& true; i F e’ : 7, and depth(e’) < depth(e.)

3. U0 &; s true;i e’ : 7, and depth(e’) = depth(e.), and size(e’) < size(e.)

In each case, we prove that (M, e.) — (M,v):

1. ¢/ = coerce(e”) and i’ < i, U';®'; @; F;true;i’ - e” : 7. In this case, e¢” type-checks in an environment with a
smaller limit i’ < 4. By induction on i, we know (M, e’’) = (M, v). By repeated applications of the congruence rule for
coerce(e”), we conclude that (M, coerce(e”)) = (M, coerce(v)). E-COERCE then says that (M, coerce(v)) — (M, v).
Putting the (M, e.) — (M, ¢’) and (M, coerce(e”)) = (M, coerce(v)) and (M, coerce(v)) — (M, v) steps together, we
conclude (M, e.) = (M,v).

2. U/, ®'; &; @i true; i - ¢’ : 7, and depth(e’) < depth(e.). By induction on depth(e), we know (M, e’) = (M, v).
Putting this together with (M, e.) — (M, ¢e’), we conclude (M, e.) = (M,v).

3. 90" @, & true;i - ¢ 1 7, and depth(e’) = depth(e.), and size(e’) < size(e.). By induction on size(e), we
know (M, e') = (M,v). Putting this together with (M, e.) — (M, ¢e’), we conclude (M, e.) = (M, v).

All three cases prove (M, e.) = (M,v). This, together with (M, e) = (M, e.), shows (M,e) = (M, v).
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8 Progress after Type Erasure

This section proves that progress holds after type erasure.

If e is a closed, well-typed expression (C' + e : 7 for some 7 and C = V; ®; (); ; B;limit), then the following
statements hold:

1. (Erasure-Progress-1) If (M, e) — (M’,¢’) then erase((M,e)) N erase((M’, ¢')).
2. (Erasure-Progress-2) If erase(e)isavalue then (M, e) v (M',v), erase((M,e)) = erase((M’,v)).
3. (Erasure-Progress-3) If erase((M, e)) — (L', d’) then (M, e) &> (M’,¢'), erase((M’,¢')) = (L', d').

In the cases where e does not effect memory (M = M’'), (M,e) — (M’ e') is abreviated to e — e’. The cases
involving loads, stores, and congruence rules have the potential to affect memory and cannot be shortened.

8.1 Lemmas
8.1.1 LEMMA [ERASE-SIMPLIFY]

If simplify(e) exists, then erase(simplify(e)) = simplify( erase(e)). Proof by cases of e for which simplify(e) is defined
(in all such cases, e = erase(e)).

8.1.2 LEMMA [ERASE-TERM-SUBSTITUTION]

erase([x — v]e) = [z — erase(v)] erase(e). Proof by induction on the expression e.

8.1.3 LEMMA [ERASE-TYPE-SUBSTITUTION]

erase([a — T]e) = erase(e). Proof by induction on the expression e.
8.1.4 LEMMA [VALUE-ERASE-VALUE]
A value will always erase to a value. Proof by induction on the values.
1. erase(i) = i by (ER-i).
2. erase(b) = b by (ER-b).

- w

(

(
erase(Aa : K; B.w) = erase(v)by (ER-TFUN). Another value erase rule will subsequently apply.
erase(pack[r,v]asJa : K; B.») = erase(v)by (ER-PACK). Another value erase rule will subsequently apply.
(

5. erase(roll[(pa : K.79)7 - - - 7] (v)) = erase(v) by (ER-ROLL). Another value erase rule will subsequently apply.

6. erase(\z : 7 25 ¢) = () by (ER-FUNI).

7. erase(Az : T ki e) = Az — erase(e) by (ER-FUN). Another erase rule will apply but this is already a value.

8. erase(¢p(7')) = (erase(vy), erase(vs), . .., erase(v,)) by (ER-TUPLE). Other value erase rules will subsequently
apply.

9. erase(union(b, 71, 72,v)) = erase(v) by (ER-UNION). Another value erase rule will subsequently apply.
10. erase(fact) = () by (ER-FACT).

All the value erase rules produce either values or the erase of another value.
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8.1.5 LEMMA |[ZERO-ERASE-VALUE]

¢ ¢
If C+ v : rthenerase(v : t:0) = (). A value with Kind 0 will erase to (). Proof by induction on the values.
: o
e Case: i. By Inversion and (T-INT), ¢ : Int(¢). By (K-INT), ¢ : Int(¢) :1. This does not have Kind 0.

e Case: b. By Inversion and (T-BOOL), b : Bool(b). By (K-BOOL), b : Bool(b) :1. This does not have Kind 8

e Case: Ao : K;B.w. By (ER-TFUN) erase(Aa : K; B.w) = erase(v). By (T-TABS), v : 7 and (Ao : K;B.w) :
Vo : K; B.r. By induction, if v : ¢ :8, erase(v) = (). By (K-ALL), (Va : K;B.7) : Ko and 7 : K3. Therefore
(Aa: K;Bw): (Va: K;B.1): Kyand v:7: Ko. If Ky :8, erase((Aa : K;Bw) : (Va: K; B.1) :8): erase(v :
T :8) = (-

e Case: pack[r,v]asJa : K; B.1o. By Inversion and (T-PACK), pack[r,v]asda : K;B.o : K;B.g and 71 : K
and v : [a +— 71]72. By (ER-PACK), erase(pack[r : K,v]as3a : K;B.p : K; B.1p) = erase(v : 71 : K). By

¢ o ¢ o o ¢
induction, if v : ¢ :0, erase(v) = (). If K =0, erase(pack[r :0,v]as 3« :0; B.72 :0; B.12)= erase(v : 71 :0) = ().

e Case: roll[(pov : K.19)71 - - - 7] (v). By Inversion and (T-ROLL), roll[(pa : K.10)71 -+ 7] (v) 1 ((pev s Komo) 71 ... T)
and v : ([ — pa @ Koglro)mi...7 and 79 : K. By (K_REC), (npa : K.19) : K. Therefore, v : ([a —
pa o Korolmo)m ... o K and roll[(pa @ Kog)my -+ 7)(v) + ((pe : Komg)m1...7) @ K. By (ER-ROLL),
erase(roll[(pue : K.79)71 + -+ 7] (v)) = erase(v). By induction, if v : ¢ :8, erase(v) = (). f K :8, erase(roll[(ua :8

¢ ¢ ¢ ¢

7)1 Tl (V) ((pee 0 10)71 ... ) :0)= erase(v([a — pa :0 .7o]70)T1 ... Tn :0) = ().

¢,limit ¢,limit ¢,limit
— T

o Case: \z: 7 e. By (T-ABS), Az : 7 "— "¢ —  7o. If limit = oo, by (K-ABS), 7y iy T2 (f This
¢ oo ¢
does not have Kind 0. If limit = I, by (K-ABS), 7, = 73 :0 and by (ER-FUNI) erase(\z : 7 25 ¢) = ().

e Case: (7). BY (ER-TUPLEV0), erase(6(7) :  :0) = ().

e Case: union(b, 71, 72,v). By (T-UNION), 71 : K and 7 : K and v : 7; where ¢« = 1 if b and ¢ = 2 if —b and
union(b, 71, 72, v) : Union(b, 71, 72). Therefore v : 7; : K. By induction, if v : ¢ :8, erase(v) = (). By (K-UNION),
Union(b, 71, 72) : K. By (ER-UNION), erase(union(b, 71, 72,v)) = erase(v). If K :8, erase(union(b, 11, 72, v) :
Union(b, 71, 72) 8) = erase(v: T; 8) = ().

e Case: fact. By (ER-FACT) erase(fact) = ().

8.1.6 LEMMA |[TYPE-SUBSTITUTION-VALUE]

[ — 7]v is a value. Proof by induction on the values.

8.1.7 LEMMA |[TERM-SUBSTITUTION-VALUE]

[z — v]v and [z — fix z.v]v are values. Proof by induction on the values.

8.2 THEOREM |[Erasure-Progress-1]|
CtH(M,e:7) (M,e)— (M',e)
erase((M,e)) N erase((M’,e’))

If (M,e) evaluates in one step to (M’ ¢e’), then erase((M,e)) evaluates in zero or one steps to erase((M’,e’)).
Proof by induction on the typed evaluation rules. There are several cases for this proof. For each, we list the
evaluation rules which follow the case and show one proof. The other proofs in each case can be obtained using a
similar proof to the example.
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8.2.1 Case: (M,e) — (M',¢') using a typed evaluation rule and erase((M,e)) — erase((M’',e’)) using
the corresponding untyped (or typed) evaluation rule.

1. (E — LOAD)IE ¢ TE9*™) & then (M, ) = (M, load(i, fact)) and (M, ¢') = (M, (M (i), fact)).

E—-STORE)
>

2. (E-—STORE) Ife ( e’ then (M, e) = (M, store(i, fact, v)) and (M’',e’) = ([i — v]M, fact).

E—ABSAPP?2 100
— ) e thene= Mz :7 9 e1)vg and €' = [z — voey.

3. (E— ABSAPP2)If e

4. (E—LET) Ife FZLET) o then e = let (1, ... Tn) = P(v1,. v, )ine; and
e =[xy —v1,..., Ty — vy)er.

5. (E—SIMPLIFY1)Ife (B=SINELIEYD of then e = v op vy and e’ = simplify(v; op v2).

6. (E— SIMPLIFY?2) If ¢ "5 MNEH YD o then ¢ = ~v and ¢ = simplify(-w).

7. (E—-1IF1)Ife (ELLFL) e’ then e = iftruethen e elseey and e’ = e;.

8. (E—IF2)Ife (ELLFL) e’ then e = if falsethene; elsees and e’ = es.

Proof :
(E — ABSAPP2) If ¢ '

r 2% e1)ve)= erase(Ax : T okl e1) erase(vz) by (ER-APP). This equals (Ax — erase(e;))erase(vs) by (ER-
FUN). erase(e’) = erase([r — wvq2)e;1)= [x — erase(vs)]erase(e;) by Erase-Term-Substitution. Finally, (Az —
(U-ABSAPP)

E—ABSAPP
PIAPP) o then e = @7 iakad e1)vg and € = [z — wvg]e;. erase(e) = erase((Ax :

erase(eq )) erase(vy) [x — erase(vq)] erase(er) so erase(e) — erase(e’).

8.2.2 Case: erase(e) = erase(e’).

E-TAPPTABS) |,
— ¢’ then e =

1. (E-TAPPTABS)Ife ( (Ao : K;Bw)T and € = [a+— Tv.

2. (E-UNROLL) Ife (B-UNEOLL) o then e = unroll(roll[r](v)) and €' = v.

3. (E—CASE)Ife FZ05) o then e = case(b, union(b, 71,72, v)) and € = v.

E-MAKEE
( AKEEQ) e’ then e =

4. (E— MAKFEEQ) If e make eq(7) and e’ = fact.

5. (E—~ NEWFUN) If e " VPN o/ then e = new fun(K) and
¢/ = pack[F'¥ fact] as 3o : int — K.FunGen(a,0), where F* is fresh.

Proof :

(E—-TAPPTABS) Ife ( ¢’ then e = (Aa: K;B.w)r and ¢ = [a — 7]v. erase(e) = erase((Aa :
K; Bw)T)= erase(A« : K; B.v) by (ER-APPT). This equals erase(v) by (ER-TFUN). erase(e’) = erase([a — 7]v)
= erase(v) by Erase-Type-Substitution so erase(e) = erase(e’).

E-TAPPTABS)
>

8.2.3 Case: erase((M,e)) — erase((M’,¢')) using (E-LET).

E—ABSAPP1)
— e then e =

1. (E— ABSAPP1) Ife ( Mz T 2, e1)ve and e’ = coerce([x — vaeq).

E—-APPLYEQ)
—

2. (E—APPLYEQ)Ife ( e’ then e = apply eq(7,fact,v) and ¢ = v.

3. (E— INDOMAIN) 1t ¢ P VRMAN) o then e =

e =» <kn0w(0 <L N1 < 12),fact>.

in_domain(1y, I, fact, fact) and
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4. (E — DISTINGUISH) It ¢ "7 PPSHINCUISE) o hien e =

e’ = (know(I; # I1),fact, fact).

distinguish(1y, I, fact, fact) and

(E-DISCARDFUN)
— ¢ then e =

5. (E—DISCARDFUN) If e discard_fun(fact) and ¢’ = -().

(E-DEFINEFUN)
—

6. (E— DEFINEFUN) Ife ¢’ then e = define fun(fact, 7) and ¢’ =~ (fact, fact, fact).

Proof :

(E-DEFINEFUN)Ife define fun(fact, 7) and ¢’ = (fact, fact, fact). erase(e) =
erase(define fun(fact, 7))= let x = erase(fact) in () by (ER-DEFINEFUN). This equals let x = () in () by (ER-FACT)
and evaluates to () using (E-LET). erase(e¢’) = erase(”(fact,fact,fact)) = () by (ER-TUPLEv0) so erase(e) —
erase(e’).

(E-DEFINEFUN)
— ¢’ then e =

8.2.4 Case: erase((M,e)) N erase((M’,¢')) using congruence.

1. (Congruence rule)E[e] = et | pack[r, e] asJa : K; B.1o |unpack a, x = eineg
|roll[7](e) | unroll(e) | eea | vie | p(vr, -+ ,vk_1,€, €511, ,en)|let T = eines
|eopes| vy opel|—elifethen eselsees |union(b, 71,72, €) | case(b, €) |load(e, eHas)
| store(e, eHas, €v) | Store(Vptr, Vias, €) | apply _eq(7, e, e2) | apply _eq(7, v1, e) | discard _fun(e)
| load (vptr, €) | store(vpr , €, €y) | coerce(e)

Proof :

(Congruencerule) If (M, e) M’,€’) then e = ey7 and €' = €7 and (M,e1) — (M, €}).
By induction, erase((M, e1)) X erase((M’',e})). erase((M,e)) = erase((M,e17))= (erase(M), erase(e; T)
= (erase(M), erase(ey)) by (ER-M) and (ER-APPT). erase((M’,¢’)) = erase((M’', e} 7))= (erase(M’), erase(e} 7) =
(erase(M'), erase(e})) by (ER-M) and (ER-APPT). Finally, erase((M,e1)) = (erase(M), erase(e;)) and erase(M’,e}) =
(erase(M'), erase(e]) by (ER-M), so (erase(M ), erase(e;)) N (erase(M'), erase(e])) and erase((M,e)) N erase((M’',¢)).

(congruence rule)E[e]=e T
= (

8.2.5 Case: erase((M,e)) = erase((M’',¢')) using Zero-Erase-Value.

(E—COERCE)
—

1. (E—COERCE) Ife e’ then e = coerce(v) and ¢ = v.

Proof :
erase(e) = erase(coerce(v)) = () by (ER-COERCE). erase(e’) = erase(v) = () by Zero-Erase-Value. () = () so
erase(e) = erase(e’).

?,(congruence rule) E[e]=let z=e in ea
—

8.2.6 Case: erase((M,e)) erase((M',¢')).

1. (Congruence rule)E[e] = distinguish(11, Iz, e, e2) | distinguish(I1, Iz, v, e) | define_fun(e, 7)
|in_domain(ly, Iz, e,e2)|in_domain(1y, Iz, vy,e)

Proof :

(Congruence rule)lf M’ ¢€’) then e = distinguish(Iy, Iz, e1, e2) and
e/ = distinguish(Iy, I, €, e2) and (M, eq) — (M’, €}). By induction, erase((M,e1)) N erase((M’,e})). erase((M,e)) =
erase((M, distinguish(11, I, e1,e2)))= (erase(M), erase(distinguish(I1, I, e1,¢e2))) by (ER-M). This equals
(erase(M), let (x,y) = (erase(e1), erase(ez2))in ()) by (ER-DISTINGUISH). erase((M’,¢’))
= erase((M’, distinguish ([, I, €}, e2))) = (erase(M’), erase(distinguish(I1, I, e1,e3))) by (ER-M). This equals
(erase(M'),let (x,y) = (erase(e}), erase(ez))in ()) by (ER-DISTINGUISH). Finally, erase((M,e;)) = (erase(M), erase(eq))
and erase(M’,e) = (erase(M’), erase(e}) by (ER-M), so (erase(M), erase(ey)) N (erase(M'), erase(e})) and

<erase(el), erase(62)>) 7,(congruenceTule)E[e]:ﬂvl,»»» JUk—1,€,€k41,""" 1€n ) (

(congruence rule) E[e]=distinguish(I1,I2,e,e2)
(M, e) — (

erase(M’"), (erase(e}), erase(ez)))
?,(congruence rule) Ele]=let z=ein ey
—

(erase

(M),
so, (erase(M),let (x,y) = (erase(e), erase(ez))in ())
(erase(M'),let (x,y) = (erase(e]), erase(es))in ().
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8.2.7 Case: unpack.

1. (E — UNPACK) If ¢ P7VDACH)

’Ul]eg.

e’ then e = unpack a, z = (pack|[r,vi]asme)ine; and ¢’ = [ — 71,2 —

Proof :

erase(e) = erase(unpacka,z = (pack[ri,vi1]asms)ines) equals letx = erase(pack[ri,v1]ass)in erase(ez) by
(ER-UNPACK). This equals let z = erase(v;)in erase(ez) by (ERPACK). erase(e’) = erase([a — 71,2 — v1]es)=
[x — erase(vy)] erase(ea) by Erase-Term-Substitution and Erase-Type-Substitution. Finally, let x = erase(v; ) in erase(es)

(BLFT) [z — erase(v;)] erase(ez) so erase(e) — erase(e’).

8.2.8 Case: erase((M,e)) (USEX) erase((M’,¢")).

1. (E-FIX)Ife BZEIX) o then e = fixz : 70 and ¢ = [z — fixz : T0]0.
. . ¢ ¢ ¢
By the type checking rules, x and v are the same size. If z : ¢ :0, e = fixz : ¢t :0 .v and ¢’ = [z — fixz : t :0 .v]v.

o ¢ ¢
erase(e) = erase(fixz : ¢ :0 .v) = () by (ER-FIXO0). erase(e’) = erase([z > fixx : ¢ :0 .v]v) = [x — erase(fixz : ¢ :0
.v)] erase(v) by Erase-Term-Substitution. This equals [z — ()]() by (ER-FIX0) and Zero-Erase-Value. This equals
(). Therefore, erase(e) = erase(e’).

¢ ¢ ¢ ¢
If 2 :t:f where i > 0, e = fixz : ¢t :¢ .wand ¢ = [z — fixe : t 4 .«vv. erase(e) = erase(fixz : t :5
¢ ¢
w) = fixx.erase(v) by (ER-FIX). erase(e’) = erase([z — fixz : t :¢ wv) = [ — erase(fixz : t :¢ .v)]erase(v)

by Erase-Term-Substitution. This equals [z — fixz.v]erase(v) by (ER-FIX). And fix x.erase(v) (U=E10
fix z. erase(v)] erase(v) so erase(e) — erase(e’).

& -

8.2.9 Case: These only appear in coersion functions and erase does not apply to them.

1. (FE—1IFBl)Ife (E-IFB1) e’ then - B = true and e = if Bthenej elseey and €’ = e;.

E—IFB2)
—

2. (E—IFB2)Ife ( e’ then - B = false and e = if Bthene; elsees and €’ = es.

8.3 c Set

c is the set of expressions e which erase to a value.

¢ ¢ imi
c=ilbler|¢(C): T i wherei > 0|¢(T): T :0 |)\$ZT¢J—>t€

| A : K; B.v|union(b, 71, 72, ¢) | pack|ry, c]as Ja : K; B.12

¢
| case(b, ¢) | roll[(uar : K.79)T1 - - - 7] (¢) |unroll(c) |fixz : 7:0 .v

| coerce(e) | make eq(7) |new fun(K) |fact

8.3.1 LEMMA [C-ERASE-VALUE]
erase(c) = u. Proof by induction on c.

1. By (ER-i), erase(i) = i.

2. By (ER-b), erase(b) = b.

3. By (ER-APPT), erase(ct) = erase(c).

45



4. By (ER-TUPLE), erase(¢(¢): 7 dz)) = (erase(c)).

5. By (ER-TUPLEvV0), erase(¢p(v): T :8) = ().

6. By (ER-FUN), erase(A\z : 7 ekl e) = A\x — erase(e).

ER-FUNI), erase(\z : 7 25 ¢) = ().
ER-TFUN), erase(Aa : K; B.v) = erase(v). By Value-Erase-Value, erase(v) = u.
9. By (ER-UNION), erase(union(b, 71,72, ¢)) = erase(c).

y (
By (
y (E
10. By (ER-PACK), erase(pack|r1,c]as3a : K; B.13) = erase(c).
y (
y (
v (

11. By (ER-CASE), erase(case(b,c)) = erase(c).

12. By (ER-ROLL), erase(roll[(pc : K.1g)71 - - - 71)(c)) = erase(c).
13. By (ER-UNROLL), erase(unroll(c)) = erase(c).

14. By (ER-FIX0), erase(fixx : 7 :8 V)= ).

15. By (ER-COERCE), erase(coerce(e)) = ().

16. By (ER-MAKEEQ), erase(make_eq(7)) = ().

17. By (ER-NEWFUN), erase(new_fun(K)) = ().

18. By (ER-FACT), erase(fact) = ().

R
erase(c) is either a value or another erase(c). In the case of ( erase(c)), each erase(c) will eventually erase to a value
and a tuple of values is a value.

8.3.2 LEMMA [NON-C-ERASE-NON-VALUE]

If e # c then, erase(e) # u. Proof by induction on the expressions.
1. By (ER-x), erase(z) = z.

2. By (ER-APP), erase(e; : (11 i T2) e3) = erase(e;) erase(ez).

3. By (ER-APPI), erase(e; : (11 e Ta) e2) = let x = (erase(ey), erase(eq)) in ().

—

ER-TUPLEe0), erase(6(€) : 7 :0) — let z — (erase(e))in ().

r‘*

ER-OP), erase(e;opes) = erase(e;) op erase(eq).

y (

y (

y (ER-NOT), erase(—e) = —erase(e).

y (ER-LET), erase(let (7') = e1inez) = let (7') = erase(e1) in erase(ez).
y (

ER-IF), erase(ife; then eselse eg) = if erase(e; ) then erase(es) else erase(es).

$°.°°.\1.°’.°‘

Since if B then e; else e; is only found inside coersion functions, erase does not apply to it.
10. By (ER-UNION), erase(union(b, 71, 72, €)) wheree # ¢ = erase(e) wheree # c.

11. By (ER-PACK), erase(pack|ri,e]asJa : K; B.13) wheree # ¢ = erase(e) wheree # c.

12. By (ER-UNPACK), erase(unpack o,z = ejines) = letz = erase(e;) in erase(esz).
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13.
14.
15.

16. B
17. B
18. B
19. B
20. B
21. B
22. B
23. B

By (ER-CASE), erase(case(b,e)) wheree # ¢ = erase(e) wheree # c.
By (ER-ROLL), erase(roll[(pcv : K.10)71 ... Tp](e)) wheree # ¢ = erase(e) wheree # c.
By (ER-UNROLL), erase(unroll(e)) wheree # ¢ = erase(e) wheree # c.

¢
ER-FIX), erase(fixx : 7 :4 .vwherei > 0) = fix . erase(v).
ER-LOAD), erase(load(eptr, €Has)) = load(erase(epy,), erase(epas))-

ER-STORE), erase(store(ept; , €Has, €v)) = store(erase(ep, ), erase(epqs), erase(e,)).

ER-DISTINGUISH), erase(distinguish(I1, Iz, e1,e2)) = let (x,y) = (erase(e1), erase(ez)) in ().

ER-DISCARDFUN), erase(discard fun(e)) =letz = erase(e)in ().

y (
y (
y (
v (
y (ER-APPLYEQ), erase(apply_eq(7,e1,e2)) = let (x,y) = (erase(eq), erase(ez))iny.
v (
y (ER-DEFINEFUN), erase(define fun(e, 7)) = letz = erase(e)in ().

y (

ER-INDOMAIN), erase(in_domain(I1, Iz, e1,e2)) = let (z,y) = (erase(e; ), erase(eq)) in ().

All expressions which are not in ¢ erase to non values (or do not erase).

8.3.3

csize function

Define csize(c) as:

o csize(cr) = 1 + csize(c)

csize(¢(C): T ¢) wherei > 0 = 1 + csize(c)
csize(union(b, 71, 72, ¢)) = 1 + csize(c)
csize(pack[ry, ¢ asJa : K; B.19) = 1 + csize(c)
csize(case(b, ¢)) = 1 + csize(c)

csize(roll[(pa : K.19)m1 -+ - 1](c)) = 1 + csize(c)
csize(unroll(c)) = 1 + csize(c)
b =1

csize(fixz : 7:0 .v)

csize(coerce(e)) =

csize(make eq(7)) =

(

csize(discard_fun(e)) =1
(

csize(v) =
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8.3.4 LEMMA [C-SIZE-DECREASES]

If C+ c: 7, where C has an empty A and T, and (M, ¢) steps, then there is some ¢’ so that (M, c) = (M, ') and
csize(c) > csize(d’). Proof by induction on the possible evaluation rules. In all cases except coerce-congruence, we
reach ¢’ by taking only one step. The coerce-congruence case relies on strong normalization, and may take many
steps.

(E—COERCE)
—

1. coerce(v) v. csize(coerce(v)) > csize(v).

2. (Aa: K;Bu)T (E-TAPPTABS)

a value so csize([a — 7]v) = 0.

[ — T]v. csize((Aa : K; B.w)7) = 1. By Type-Substitution-Value, [a — 7]v is

(E-UNROLL)
—

3. unroll(roll[7](v)) v. csize(unroll(roll[7](v))) > 0.

¢ (E—-FIX)
U =

¢ ¢
4. fixx : t :0 [z — fixz : ¢t :0 .w]v. By Term-Substitution-Value, [x — fixx : ¢ :0 .vJv is a value.

¢
csize(fixz :t:0) =1>0

(E—CASE)
—

5. case(b, union(b, 71, 72, v)) v. csize(case(b, union(b, 71, 72,v))) = 2 > 0.

6. make eq(7) (B MAKEER) fact. csize(make _eq(7)) =1 > 0.

7. new_fun(k) FTVEYTON)

1>0.

pack[FX fact] as 3o : int — K.FunGen(a,0), where F¥ isfresh. csize(new fun(K)) =

(E-DISCARDFUN)
i .

8. discard _fun(fact) (). csize(discard fun(fact)) =1 > 0.

(congruencerule)c=E[c1] ,

9. ¢ — ¢. By induction, (M,c1) — (M,c}) and csize(c;) > csize(c)) so csize(Flc1]) >
csize(E[c]).
le)e=FE
10. coerce(eq) (congruence rule)e=Flei] coerce(e}). By inversion, e; type-checks in an environment with limit = i for
some i. Therefore we can use strong normalization to say (M, e;) = (M, v;). By congruence, (M, coerce(e;)) +

(M, coerce(v1)). In one additional step, (M, coerce(vy)) (B-CQBRCE) (M, v1). Let ¢ = vy, so that csize(c) =

csize(coerce(ey)) > csize(vy) = csize(d).
8.3.5 LEMMA [C-*STEP-VALUE]

If C c: 7, where C has an empty A and T, then (M, c) = (M, v).
Proof: By Preservation and Progress, the C-Size-Decreases Lemma will repeatedly apply until a value is reached.
This must happen eventually because csize() can only decrease finitely many times and only csize(v) = 0.

8.4 THEOREM [ERASURE-PROGRESS-2]

Ct (M,e: 7)where Chas an empty AandI' erase(e)isavalue
(M, e) ¥ (M, v), erase((M,e)) = erase((M,v))

If erase(e) is a value, then by Erase-C-Value, e = ¢. By C-*Step-Value, (M, e) —
v : 7. Either e = v and erase((M,e)) = erase((M,v)) or e # v and (M,e) V> (M,v). If e # v, e — e;

en — v. By Erasure-Progress-1, erase((M,e)) N erase((M,eq)) Porepeasedly erase((M, ey)) X erase((M,v)). Since
erase(e) is a value, erase((M,e)) =erase((M,e1))= erase((M,ey))= erase((M,v)).

(M, v). By Preservation, e : 7 and
repeatedly
—
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8.4.1 LEMMA [UNTYPED-NON-VALUES-STEP]

If CF (M,e: 7) where C has an empty A and I" and erase(e) is a non value, then erase((M,e)) — (L', d’). Proof
by induction on the expressions.

1. Case: erase(e) is a value.
. — ¢ Jlimi
e=i|b|p(V):7:0 |Ax:T = e

¢
|Aa: K;Bolfixz: 7:0 .v]|coerce(ey)

| make eq(7) |new _fun(K) |fact
2. Case: e = x. This won’t typecheck in an empty environment.

3. Case: e = if Bthen e elseey. This only appears inside coersion functions and will be removed by erase of the
coersion function so erase does not apply to this case.

4. Case: e = ey 7| union(b, 71, 72, e1) | pack[r1, e1] as Ja : K; B.1o | case(b, e) | roll[(pa : K.79)7T1 - - - T (€) | unroll(e).
The proofs for all of these are similar so we will only show one.
e = e; 7. By (ER-APPT), erase(e; 7) = erase(e;). If e = ¢, by C-Erase-Value erase(e;) = u so erase(e) = u.
If e1 # ¢, e1 is not a value. By Non-C-Erase-Non-Value erase(e;) # u. By induction, erase((M,e1)) — (L', d’).
Therefore, erase((M,e)) — (L', d).

5. Case: e = e ea.
Ife; : (1 i T2), erase((M,e)) = (erase(M), erase(e;) erase(ez2)) by (ER-M) and (ER-APP).
If e1is in the set ¢, then by C-*Step-Value, (M, e1) v (M, v;). (erase(M), erase(e; ) erase(es) w(congruence tule) Blel=c ez
(erase(M), erase(vy) erase(ez)). By Inversion and Canonical Forms, v; = Az : 7y ko e11. erase(vy) =

Ax — erase(e11). If erase(es) is a value, then (erase(M),(Ax — erase(ei1))erase(ez)) (U-ABSAPE)

(erase(M), [x — erase(es)] erase(e11)). If erase(es) is not a value, then by induction erase((M,eq)) — (L', ds).
(erase(M), erase(vy) erase(ez)) (congruence rule) Blel=v e (L', erase(vy ) da).

If e1 is not in the set ¢, then by Not-C-Erase-Not-Value erase(e;) is a non value. By induction erase((M,e1)) —
(L',dy). (erase(M), erase(e;) erase(es)) (congruenceryle)Blel=e e (L', dy erase(ez)).

Ife; : (1 faH T2), erase((M,e)) = (erase(M),let x = (erase(e;), erase(ez))in ()) by (ER-M) and (ER-APPI).
If erase(er) is a value, if erase(es) is a value, then let x = (erase(e;), erase(ez))in () (F=LET) (). If erase(ea)
is not a value, then by induction erase((M,ez2)) — (L', ds). (erase(M),let x = (erase(e), erase(ez))in ())
(congruencerule) Ble]=¢(vi, - vi—1,e,kt1,en) (L', let x = (erase(e;),ds)in ().

If erase(e;) is not a value, then by induction erase((M,e1)) — (L', d1). (erase(M),let x = (erase(e1), erase(es))in ())
o) (L', let x = (dy, erase(ez2))in ().

(congruencerule)Ele]=¢(vi,+ ,Uk—1,€,€x41, "
=
— o = ¢ .
6. Case: e = ¢(e1). If e = ¢(ey) : 71 :4 where i > 0, by (ER-TUPLE) and (ER-M) erase((M,e)) =
(erase(M), (erase(e1t),. .., erase(e1,,))). If erase(e) is a non value then some erase(ey;) is a non value. By in-

le)Ele]= PR -1,6, 37T sEn
duction, erase((M,ey;)) — (L', dy;). (erase(M), (erase(e1y),. .., erase(ern,))) (congruence rule) Ble]=¢(pr,+ vh—1,€€kt1, - 6n)

¢
(L', {erase(e11),...,du, ..., erase(er,))). If e = ¢(e1) : 71 :0, by (ER-TUPLEe0) and (ER-M) erase((M,e)) =
—_—

(erase(M),let x = ¢(erase(er))in()) where some erase(ey;) is not a value. By induction erase((M,ey;)) —

l = [} — 1% 3" HEn
(L', dy;). (erase(M), (erase(er1),.- .., erase(ein))) (congruence rule) Ele]=¢(y1,+ Th—1,€,€041, 6n)

(L', (erase(e11),. - . ,d1i, ..., erase(ein)))-

7. Case: e = e op ez | ey |if eg then es else es | unpack o, x = eg ineg
|load(eptr, €Has) | Store(eptr , €Has, €v) | distinguish (I3, I2, e1, e2) | apply _eq(7, e1, e2) | discard_fun(eq) | define_fun(eq, 7)
| in_domain([l s IQ, €y, 62).
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Proof :
e = ife; then es else e3. By (ER-IF) and (ER-M), erase((M, e)) = (erase(M),if erase(er) then erase(es) else erase(es)).
If e, is in the set ¢, then by (C-*Step-Value) (M, e;) > (M, v;). Since v; : Bool(B), v; = bby Canonical Forms.

So, erase(vi) = b by (ER-b). If b = true then (erase(M),if erase(e;) then erase(es) else erase(es)) (BLLFD

(erase(M), erase(es)). If b = false then (erase(M),if erase(e;)then erase(es) else erase(es)) (B LF)

(erase(M), erase(es)). If ey is not in the set ¢, then erase(e;) is not a value and erase((M,eq)) — (L', d’)

. . . (congruence rule) E[e]=if e then e3 else e3
by induction. Therefore (erase(M),if erase(e;) then erase(es) else erase(es)) —

(L',if d’ then erase(es) else erase(es)).

(U-FIX)
—

¢
8. Case: e =fixz : 7 :¢ .v where i > 0. By (ER-FIX) erase(e) = fixx.erase(v). fixz.erase(v) [ —

fix z. erase(v)] erase(v).

9. Case: e = let (7') = ejines. By (ER-LET) erase((M,e)) = (erase(M),let (7') = erase(e;)in erase(ez). If
e1 is in the set ¢, by (C-*Step-Value) (M, e1) v (M, v;). Since e is well-typed, e; : <?> and we know z: 7

by (T-LET). By Canonical Forms, v; = (v')and 7 : 7 means v; has the same number of elements as (7).
E—-LET)

erase(v)) = (erase(v)) and (erase(M),let (') = (erase(v))in erase(ez) B=L [(Z) + (erase(v))] erase(es).
8.5 THEOREM [ERASURE-PROGRESS-3]
CF (M,e: 7)whereChas an empty AandT" erase((M,e)) — (L', d)
(M, e) & (M, ¢'), erase((M’,e')) = (L, d')

Iferase(e) is not a value then, by Untyped-Non-Values-Step, erase((M,e)) evaluates to (L',d’). Additionally,
(M, e) evaluates in one or more steps to (M’,¢’), and erase((M’,e’))= (L', d"). Proof by induction on the expression
rules. There are several cases for this proof. For each, we list the rules which follow the case and show one proof.
The other proofs in each case can be obtained using a similar proof to the example.

8.5.1 Case: The values:

e:i|b|Aa:K;B.v|pa,ck[7'1,v]a,szloz:K;B.TgM:C:TWﬂjt el

|roll[(puax : K.70)71 ... 7Ta](v) | ¢(¥') | union(b, 11, 72, v) | fact

By Value-Erase-Value, erase(v) = u and Erasure-Progress-3 does not apply.

8.5.2 Case: Most of the non values:
e = ey 7| ey |union(b, 71, T2, €1) | pack[r, e1] as Ja : K; B.1o
| case(b, e1) |roll[(uar : K.79)T1 - - - Tp](e1) | unroll(ey)
The proofs for all of these use the same format with the Congruence rule and induction steps that apply to each.
Lete=¢ 7.
erase(e) = erase(e; 7) = erase(e;) by (ER-APPT).

e If erase(e;) is a value, thenerase(e) is a value and Erasure-Progress-3 does not apply.

)

o If erase(e;) is a non value, then erase(e) is a non value. erase((M,eq)) — (L', d}) by Untyped-Non-Values-Step
and (M, ey) (M',€}), erase((M’,€})) = (L',d}) by induction. (M,e) = (M,e; T
(M, ey 7) = (M',¢') so (M,e) &> (M',¢'). erase((M,e)) = (erase(M), erase(e))= (erase(M), erase(e;)) —
(L', dy) = (L',d") so erase((M,e)) — (L', d"). erase((M’',e’)) = (erase(M’), erase(e’)) = (erase(M’), erase(e} 7)) =
(erase(M’), erase(e}))= (L',d}) = (L', d") by (ER-M) and (ER-APPT) so erase((M’,¢')) = (L',d’).

+,(congruence rule)E[e]=e T
) —
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8.5.3 Case: Let ¢ = unpack o,z = e; ines.
erase(e) = erase(unpack o, x = ejines) =let z = erase(e;) in erase(ez)by (ER-UNPACK).

e Leterase(er) be a value.
(M,e1) = (M,v;), anderase((M,e;)) = erase((M,v;)) by Erasure-Progress-2. (M,e) = (M,unpacka,z =
erines)

*,(congruence rule) E[e]=unpack a,z=ein e3 . .
— (M, unpack o, z = vy in e3). By Canonical Forms, v;= pack[r, v11] as o :

K;B.175. So (M,unpack o,z = vyineg) = (M, unpack o, x = pack[ri,vi1]asJda; : K; B.moines) (E-UNPACK)

(M,|a — 11,2 — vi1]es) = (M,e'). erase((M,e)) = (erase(M),letx = erase(er)in erase(es)) (B LET)

(erase(M), [x — erase(er)]erase(es)) = (L', d’). erase(v1) = erase(pack[r,v11]as 3o : K; B.17o) = erase(v11)
by (ER-PACK). erase((M,e')) = erase((M, [a — 71,2 — vi1]es)) = (erase(M), erase([a — 71,z — vi1]e))=
(erase(M), [x +— erase(v11)] erase(ez)) by (ER-M), Erase-Term-Substitution and Erase-Type-Substitution.
(erase(M), [x — erase(v11)] erase(ez))= (erase(M), [x — erase(vy)]erase(es))= (erase(M), [z — erase(e;)] erase(es))
= (I, d").

e Let erase(e;)be a non value.
erase((M, e1)) — (L',d;) by Untyped-Non-Values-Step and (M, e1) > (M’,¢}), erase((M’,¢})) = (L',dy)

) +,(congruence rule) E[e]=unpack o,x=ein ez (
—

by induction. (M,e) = (M,unpacka,z = ejines M’ unpack o, x =

. AN
eliney) = (M’,¢'). erase((M,e)) = (erase(M),letz = erase(e;)in erase(es)) (congruence rule) Ble]=let z=ein e

(erase(M'),let x = d; in erase(es)) = (L',d’). erase((M’,e’)) = (erase(M’), erase(unpack o,z = €| ines)) =
(erase(M'),let x = erase(e})in erase(ez)) by (ER-M) and (ER-UNPACK). (erase(M’),let x = erase(e])in erase(es)) =
(L')let x = dj in erase(es)) = (L', d").

8.5.4 Case: Let ¢ = z.

erase(e) = erase(x) = x by (ER-x). This is not a value but, x does not progress to another expression so Erasure-
Progress-3 does not apply.

8.5.5 Case: Let ¢ = ey e5.
Since e is well typed, e; : (71 Pt T9) has limit I or oco.
e Let limit = oo 80, €1 : (71 i To).
erase(e) = erase(ey : (71 i T2) e3) = erase(e; ) erase(ez) by (ER-APP).

o If erase(e1) is not a value, erase((M,e1)) — (L', d;) by Untyped-Non-Values-Step and (M, e;) (M, €}),

erase((M’',e})) = (L, dy) by induction. erase((M,e)) = (erase(M), erase(e;) erase(es)) (congruence rule) Blel=e ez
(erase(M'), d, erase(es))

=(L',d). (M,e) = (M,eye3) M’ €} ez) = (M',e'). erase((M’',e’)) = (erase(M’), erase(e] :
(11 i T2) e2)) = (erase(M'), erase(e}) erase(es)) by (ER-APP). This equals (L', d; erase(es)) = (L', d').

+,(congruence rule) E[e]=e ea
= (

o If erase(e;) is a value and erase(es) is not a value, then by C-Erase-Value, e = ¢ and by C-*Step-Value,
(M, e1) v (M,v;). Then erase(ez) steps, e steps, and e steps by congruence, using the same argument as in
the previous case.

o If erase(e;) is a value and erase(es) is a value, then by C-Erase-Value, e = ¢ and by C-*Step-Value, (M, e1) —

' ' imi
(M,v). By Inversion and Canonical Forms, v = Az : 7 ol 1. By Erasure-Progress-2 erase(e;) = erase(v)

U—ABSAPP
soerase(e;) = erase(v) = Az — erase(err). erase(e) = (Ax — erase(e11))erase(es) ( — )

(E—ABSAPP?2)
—

&

erase(ez)]erase(e1;) = d'. e = (\x : 7y ko e11) ez [ — esler; = €. erase(e’) = erase([z —
esle1) = [z — erase(ez)] erase(ei1) = d’ by Erase-Term-Substitution.
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e Let limit = I so, €1 : (71 st T2).

erase(e) = erase(e; : (11 i To) ea) = let & = (erase(ey), erase(es))in () by (ER-APPI).

e Let erase(e;) and erase(es) be values.
(M, e1) ¥ (M,v1), and erase((M, e;)) = erase((M,v1)) by Erasure-Progress-2. (M, es) +> (M, vs), and erase((M, e2)) =
erase((M,v2)) by Erasure-Progress-2.
erase((M,e)) = (erase(M),letx = (erase(e;), erase(ez))in ()) (FSLET) (erase(M),()) = (L',d"). (L' =
erase(M)), (M7 e) _ (M7 e 62) *,(congruencgule)E[e]:e e2 (M7 0 62)
* (congruence rule) Ble]=v e (M, v1 v3). By Inversion and Canonical Forms, ey = Az : 7 2, err- (M,viv9) =
(M, Oz = 7 2 epp)og) TS (0, coerce( 1 valenn)) = (M, €).
erase((M, e’)) = (erase(M) erase(coerce([x — wvale11)))= (erase(M), ()) = (L',d’) by (ER-COERCE).

e Let erase(e;) be a value and erase(es) be a non value.
(M,e1) s (M,v,), anderase((M,e;)) = erase((M,v;)) by Erasure-Progress-2. erase((M, es)) — (L}, dz) by

Untyped-Non-Values-Step and (M, e5) &> (M}, eb), erase((Mj,eb)) = (LY, ds) by induction. erase((M, e)) =
(erase(M),let x = (erase(e), erase(ez))in ()) by (ER-M). Since (erase(M), (erase(e;), erase(ez)))
(congruencerule) Ble=¢(v1, - vke-1,e,ek11, en) (LY, (erase(ey ), d2)), (erase(M),let x = (erase(ey), erase(es))in ()
LY, let x = (erase(e1),dz)in () = (L', d"). (L' = L}).

*,(congruence rule) E[e]=e ez
= (M, U1 62)
.1

M}, viehy) = (M',e). (M = M)). By Inversion and Canonical Forms, v; = Az : 7 —>

(congruence rule) E[e]=let T =ein e2
~ (

(M,e) = (M, e; e2)

+,(congruence rule) E[e]=v e
— (

e11. erase((M' e’)) = (erase(M’), erase(vy e}))= (erase(M’), erase((Az : T 2, e11)eh))= (erase(M’),letx =
(erase(vy), erase(eh))in () by (ER-APPI). This equals (L}, let x = (erase(ey),d2)in ()) = (L', d’).

e Let erase(e;) be a non value.
erase((M, e1)) — (L', dy) by Untyped-Non-Values-Step and (M, e;) v (M’,¢}), erase((M',¢})) = (L', d1) by
induction. erase((M,e)) = (erase(M),let x = erase(e;), erase(ez)in ()). Since (erase(M), ( erase(ey), erase(es)))

(congruence rule) Ele]=g(un, - vk-1,€:€k+1,6n) (erase(M'), (d;, erase(es))), (erase(M),let z = (erase(e;), erase(es))in ()
L' letx = (dy, erase(e2))in ()) = (L', d"). (M,e) = (M, ey ez

(M’ el es) = (M',€’). By Preservation, ¢} : (7 i T2). erase((M’ €’)) = (erase(M’'), erase(e} e2))=
(erase(M'),let x = (erase(e}), erase(ez))in ()= (L',let z = (di, erase(eq))in ()) = (L', d’).

(congruence rule) E[e]=let T =ein e2 +,(congruence rule) Ele]=e¢ e2

8.5.6 Case: Let ¢ = ¢(¢).

[
o Let e = ¢(er,e2,...,6n) : t:¢ where i >0
¢
erase(e) = erase(¢{er,ea,...,e,) : t:4) = (erase(e),..., erase(ey,)) by (ER-TUPLE). If this is a value then
Erasure-Progress-3 does not apply. If this is not a value, then for some k, erase((M, ex)) — (L', dx) by Untyped-
Non-Values-Step and (M, e;,) > (M, e}.), erase((M’',e})) = (L', dy) by induction.
erase((M,e)) = (erase(M), (erase(eq), ..., erase(ey)))

congruence rule) E[e]=¢ (v, , v _1,e,e e
(cong )E[e] ¢"_<>1 k—1,€,€k+1 ) (L', (erase(er), ..., dy, ..., erase(en))) = (L', d').

¢ congruence TU/le e|l= V1, 3V —14,€3€k 41, €N
(M,e) = (M, dler, .. ex... en) i t:q) " el B (M1 Bler, . ey en)
¢
t:g)= (M’ e’).
¢
erase((M’',¢e')) = (era,se(M’), erase(¢{e1,...,€ek,...,en) : t :7))= (erase(M’), (erase(e1), ..., erase(eg), ..., erase(e,)))
= (L, <erase(e )yevsdi, ..., erase(e,))) = (L', d") by (ER-M) and (ER-TUPLE).

¢
o Let e = ¢(er,ea,...,6n) 1 t:0
¢
erase(e) = erase(¢(er,ea,...,e,) = t :0) = letx = (erase(e1),..., erase(e,))in{) by (ER-TUPLEe0). If
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this is a value then Erasure-Progress-3 does not apply. If this is not a value, then there is some k so that
erase((M, ey.)) — (L', di) by Untyped-Non-Values-Step and (M, e},) > (M’ e},), erase((M’,e,)) = (L', dy) by
induction. erase((M,e)) = (erase(M),let x = (erase(e1), ..., erase(e,))in()). Since

)>) (congruencerule)E[e]:(b’_(i)n,---,Uk717€,€k+1,"'7en> (L/ <

(erase(M), (erase(eq), ..., erase(e, , (erase(e1),...,dg,. .., erase(e,)))

1 —let T—ei
(erase(M),let x = (erase(e;),..., erase(e,))in ()) (congruence rule) Hle]=let z'=ein 2

¢
(L')let x = (erase(eq),...,d,..., erase(e,))in () = (L', d"). (M,e) = (M, d{e1,€2,...,en) : t:0)
congruencerutLe e[= V1,3, Vg —1,€E,€ e ,E€n ¢
+,(cong l)E[]ﬁ){ 1570 Uk —1,€,€kh41,""" 5 >(M/,¢<61,...,6;€,...,6n>StZO):(M/,G/)- erase((M', €))

= (erase(M'), erase(d(e1, ..., €. . €n) : 1t :8)): (erase(M’),let x = (erase(e1), ..., erase(e}), ..., erase(e,))in ()=
(L')let x = (erase(ey),...,d,..., erase(e,))in()) = (L', d") by (ER-M) and (ER-TUPLEe0).

8.5.7 Case: Let e =¢j0opes|letz = e ines.

These cases are similar so we only show one.
Let e = ey opes.
erase(e) = erase(e; op ea) = erase(e;) op erase(es) by (ER-OP).

e Let erase(e;) and erase(es)be values.
(M,e1) v (M,v;) and erase((M,e;)) = erase((M,v;)) by Erasure-Progress-2. Similarly, (M, es) +> (M, vs)

and erase((M,e3)) = erase((M,v2)) by Erasure-Progress-2. (M,e) = (M, e;0pes) . {congruence rule) Hlel=e op ez

* le)Ele]l=
(M,v10pes) and (M,v; opes) (congruencerule) Ele]=vop e (M, v1 opve). By canonical forms, v; and ve are both

integers for an integer op, or booleans for a boolean op, so that simplify(v; op v2) exists and

(B—SIMPLIFY1) (M, simplify (v1 opv2)) = (M, ).
(E—SIMHPLIFYl)

(M, v 0pv2)
erase((M,e)) = (erase(M), erase(e;) op erase(es))
', d).

(erase(M) = L'). erase((M,e')) = (erase(M), erase(simplify(v; op v2)))

= (erase(M), simplify(erase(v1 ) op erase(vz))) by (ER-M) and Erase-Simplify. This equals
(erase(M), simplify (erase(v;) op erase(ez))) = (erase(M), simplify (erase(e1) op erase(es))) = (L', d’).

((erase(M), simplify( erase(e1) op erase(es))) =

e Leterase(e;) be a value and erase(es) be a non value.
(M,e;) > (M,v1) and erase((M,e;)) = erase((M,v;)) by Erasure-Progress-2. erase((M,es)) — (L}, ds)
by Untyped-Non-Values-Step and (M, e5) &> (M}, e}) and erase((M}, e})) = (L), ds) by induction. (M,e) =
(M, e10pes)

*,(congruence rule)E[e]=e op ez +,(congruencerule)E[e]=vop e
— ) = (

(M, v 0pes) and (M, vy op es
(M5 = M"). erase((M,e)) = (erase(M), erase(ey) op erase(es)) LY, erase(e1) opdz) =
(L';d). ( Ly = L'). erase((M',e')) = (erase(M’), erase(v; opeh))= (erase(M’), erase(vy)op erase(e,)) by
(ER-M) and (ER-OP). This equals (erase(M}), erase(vy) op erase(eh))= (L}, erase(e;)opds) = (L', d').

M}, vi0opeh) = (M',¢€).

(congruence rule)E[e]=vop e
= (

e Let erase(e;) be a non value.
erase((M, e1)) — (L', dy) by Untyped-Non-Values-Step and (M, e;) v (M’,¢}), erase((M’',¢})) = (L', dy) by
induction. (M,e) = (M, ejope2) +(congruence rule) Blel=e op ez (M’ e} opes) = (M',€'). erase((M,e)) =
(erase(M), erase(ey) op erase(ea L', dy op erase(ez)) = (L',d'). erase((M’',e')) =

(erase(M'), erase(e} op ez))= (erase(M’), erase(e}) op erase(ez )) by (ER-M) and (ER-OP). This equals
(L', dy op erase(ez)) = (L', d").

(congruence rule) E[e]=e op e2
) =

8.5.8 Case: Let e = ife; thene; else es.

erase(e) = erase(if e; then es else eg) = if erase(e; ) then erase(es) else erase(es) by ER-IF.

e Let erase(eg)be a value.
(M,e;) > (M,v;) and erase((M,e;)) = erase((M,v1)) by Erasure-Progress-2.
By canonical forms, v; must be a boolean.
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e Let vy be true.
*,(cony le) Ele]=if e th 1 .
(M,e) = (M,if e; then ey else e3) (congruence rule)Ple]=if e then ez else es (M,if vy then es else e3) and

(M, ifv; then es else e3) (BZLF) (M,e3) = (M,e'). erase(vy) = erase(true) = true so erase(e;) is true.

erase((M,e)) = (erase(M),if erase(e;) then erase(eq) else erase(es)) (BLLFD (erase(M), erase(es)) = (L', d').

erase((M, e’))= (erase(M), erase(ez)) = (L', d").

e Let v; be false.
*,(congruence rule) Ele]=if e then e else e

(M,e) = (M,if e; then ey else e3) — * (M, if vy then e else e3) and
(M, if v; then ey else e3) (B2 (M,e3) = (M',¢’). erase(vy) = erase(false) = false so erase(e;) is false.

erase((M,e)) = (erase(M),if erase(e;) then erase(eq) else erase(es)) (BLLF2) (erase(M), erase(es)) = (L', d').
erase((M', e'))= (erase(M), erase(es)) = (L', d’).

e Let erase(e1) be a non value.
erase((M, e1)) — (M’,dy) by Untyped-Non-Values-Step and (M, e;) = (M',¢}), erase((M’,¢})) = (L',dy)
by induction. (M,e) = (M, ife; then e, else es) T (congruence rule) Ele]=if e then e; else cs (

M’ if ] theneselsees) =

(M’ e'). erase((M,e)) = (erase(M),if erase(e;) then erase(es) else erase(es)) (congruence rule) Flg]=if e then c; else es

(L',if d; then erase(es)else erase(es)) = (L',d'). erase((M’,e')) = (erase(M’), erase(if €] then es elsees))=
(erase(M "),if erase(e}) then erase(ez) else erase(es)) by (ER-M) and (ER-IF). This equals
(L'

,if d; then erase(eq) else erase(ez)) = (L', d’).

8.5.9 Case: Let ¢ = if Bthene; elsees.

This expression only occurs inside type coersion functions so if Bthene; else es will be removed by anerase() of a
higher expression and erase(if B then e; else e2) is undefined.

3
8.5.10 Case: Let e=fixz:t:7 0.

o Lett>0
erase(e) = erase(fixz : ¢ q: w) = fixz.erase(v) by (ER-FIX). e = fixz : ¢ q: o FREX) [z — fixz : ¢t (f
wjv = €. erase(e) = fixx.erase(v) (USEX) [x — fixx.erase(v)]erase(v) = d'. erase(e’) = erase([z —
fixe : t (f wv) = [z +— erase(fixz : ¢ f .v)]erase(v) = d' by Erase-Term-Substitution. This equals [z —
fix z. erase(v)|jv = d'.

o Leti=0

¢
erase(e) = erase(fixz : ¢ :0 .v) = () by (ER-FIX0). This is a value so Erasure-Progress-3 does not apply.

8.5.11 Case: Let (M,e) = (M,load(epir, €ras)) | (M, store(eps,, €ras, €v))

The proofs for these cases are similar. We will only show one of the proofs.

Let (M, e) = (M,load(epir, €Has))-
erase((M, e)) = erase((M,load(epir, €ras)))= (erase(M), erase(load(eptr, €ras)))
= (erase(M),load( erase(epir), erase(emaqs))) by (ER-M) and (ER-LOAD).

o Let erase(ep:r) and erase(erqs) be values.
(M, epir) ¥ (M, vps,) and erase((M, eps,)) = erase((M,vyt,)) by Erasure-Progress-2. (M, epas) = (M, Vias)
and erase((M, emqs)) = erase((M,vmaqs)) also by Erasure-Progress-2. By canonical forms, vy, = ¢ and

VHas = fact. erase((M,e)) = (erase(M),load(erase(ep,), erase(emas))) (U=}04D) (erase(M), (M(3),())) =

(L',d").(M,e) = (M,load(eptr, €Has))

*,(congruence rul’e_))E[ e]=load(e,eHas) (M, load(l 6Has)) and (M 103,d(i7 eHas)) *,(congruence rul’i))E[e]zload(vptT,e)
(M,load(i,fact)) and (M,load(s, fact)) (F=pQ4D) (M, N(M(i),fact)) = (M,e’). erase((M,e))
= erase((M, AN(M (i), fact)))= (erase(M), (M(i), ()))= (L,d') by (ER-M), (ER-M2), (ER-i), and (ER-FACT).

54



o Let erase(ep:r) be a value and erase(epqs) be a non value.
(M, eptr) v (M,vp,) and erase((M, ey, )) = erase((M,vy.)) by Erasure-Progress-2. By canonical forms,
Uptr = 1. erase((M, emqs)) — (Lh, dmas) by Untyped-Non-Values-Step and
(M, eas) V> (M}, €ras), €rase((Ms, ey, ) = (Lh, duas) by induction.
erase((M, e)) = (erase(M), load( erase(epy, ), erase(epas))) (congruence rule) Ble]=load (vpur.€)
(L4, load(erase(eptr ), dras)) = (Lh,10ad(i, dpaes)) = (L', d'). (L =L"). (M,e) = (M,load(eptr, €Has))
*,(congruence rul’e_))E[e]zload(e,eHas) (M, load(i, 6Has)) and (M7 103,d(i7 eHas))
(M3, load(i, €}y,,)) = (M, €’). (M3 = M').
erase((M’,e')) = erase((Mj,load (s, €}y,,))) = (erase(Ms),load(i, erase(e’y,s)) by (ER-M), (ER-LOAD), and
(ER-i). This equals (Lj,1load (i, dues) = (L', d).

+,(congruence rule) E[e]=load (vptr,e)
—

e Let erase(ep,) be a non value.
erase((M, epr)) — (L,dp) by Untyped-Non-Values-Step and (M, ep) 5 (Mel,,), erase((M',el,.)) =

) “ptr /s » “ptr
(L', dptr) by induction. e}, =i so erase(e,,) = erase(i) =i = dy. erase((M,e)) =

(L', 1oad(dpyr, erase(emqs))) = (L', d').

le) E[e]=load (e,eras
erase(M),load(erase(ep, ), erase(emqs))) (congruence rule) Hlel=load(e,crras)

,e) = (M,load(eptr, €Has))

(
(M
* (CongmememﬂE[e] =load(e,czac) (M load(i, epras)) = (M',€’). erase((M’,e’)) = erase((M’',load (i, epqs))) =
(
(

erase(M’),load(i, erase(emaqs))) by (ER-M), (ER-LOAD), and (ER-i). This equals (L', load(dptr, erase(emqs))) =
rd.

8.5.12 Case: Let e = coerce(e) |make eq(7)|new_fun(K).

All of these erase to values. These proofs are similar therefore we will only show one.
Let e = make__eq(7).
erase(e) = erase(make eq(7)) = () by (ER-MAKEEQ). This is a value so Erasure-Progress-3 does not apply.

8.5.13 Case: ¢ = distinguish(/y, I5,e1,e32) |apply _eq(7,e1,¢e2) |discard fun(e,)|define fun(e;, 7)
|in_domain(I, I3, e;,e2).

The proofs for these are all similar. We will show only one of these proofs.
Let e = discard_fun(ey).

erase(e) = erase(discard fun(e;)) = letz = erase(e;)in () by (ER-DISCARDFUN). By Untyped-Non-Values-
Step, erase((M,e)) — (L', d').

e Leterase(er) be a value.
(M, e1) ¥ (M,v1) and erase((M,e;)) = erase((M,v;)) by Erasure-Progress-2. By Value-Erase-Value, erase(v;)
is a value. erase((M,e1)) = erase((M,())). erase((M,e)) = (erase(M),letz = erase(e;)in()) (FRLET)
(erase(M), ())= (I, d'). (M, e) = (M, discard_fun(e;)) ™ “’”"”e’”er“leﬁ[e]:dis"“d—f““(e)(M, discard_fun(v;))
(EZDISCARDEINY (M, () = (M, ¢'). erase(M, ¢')) = (erase(M), erase(-())). = (erase(M), () = (L',d') by
(ER-M) and (ER-TUPLE) or (ER-TUPLEv0).

e Leterase(er) be a non value.
erase((M, e1)) — (L', dy) by Untyped-Non-Values-Step and (M, e;) v (M’,¢}), erase((M',¢})) = (L', dy) by
induction. (M,e) = (M, discard_fun(e;)) o (congruence rule) Blel=discard_fun(c) (M',discard_fun(e})) = (M',¢).
erase((M,e)) =(erase(M),letz = erase(e;)in () (L' letx = dyin ()= (L', d).

= (
erase((M',e')) = (erase(M’), erase(discard fun(e])))= (erase(M'),letz = erase(e})in()) by (ER-M) and
(ER-DISCARDFUN). This equals (L',let x = d; in ())= (L', d’).

(congruence rule) Ele]=let z=ein ez

55



9 Converting A\ to \°v
We define a translation from A“ to A°?, and prove the correctness of the translation. The language A\© was defined
by Morrisett et al[3] as follows:

7 = alint |V[@].(T) — void | (7) | 3a.7

e = v(7)|if0(v, ey, e2) |halt[r]v |letz = vine|letx = mvine
|letz = vy pvgine|let [, z] = unpackvine

v=uwli| (V) |v[r]|pack[r, v] as Ja.T’
| fizcode z[](T = 7).e

p=+]—|x

The languages A2 to A%, defined below, are intermediate languages to assist the ultimate translation from \¢
to Alow,

9.1 Converting \° to \*2
The language \“? extends \¢ with two distinct kinds (pointer and primitive):
K = ptr | primitive
—

7 = alint |V[a : K].(T) — void | (7) | 3a : K.7

e = v(7)|if0(v, ey, e2) |halt[r]v|letz = vine
|letx = vy pugine|let [, z] = unpackvine

v=uwli| (V) |v[r]|pack[r, v]as Ja : K.7' | 7w

| fizcode x[a : K|(x = 7).e
p=+-1I*
To make the \“-to-A“? translation neater, A2 defines m;v to be a v. The later \“>-to-A\/** translation removes
;v from v.
Type Checking Rules for \©2:
(KD-VAR) A,a:KFa:K
(KD-INT) A F int:primitive

_
Aa:KET7: K;

(KD-ALL) EE
A FV]a: K].(T) — void : primitive
A + T; - Kz
(KD-TUPLE) vt
Aa:KF1: K’
(KD-SOME) — Ga K
(TD—APP) A,FI_U.(T17,Tn)—>V01d A7F|_UZ-T7,

AT Fo(0)
A;THo:int A;TRep AT Reo
A;T Fif0(v, e, e2)

(TD-IF)
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A;ThHo: T

(TD-HALT) A; T halt[r]v
ATFov:7 AT,z:7he
(TD-SUB) A;TFletx =wvine (@¢ 1)
AT Rv: (o Tn)

(TD-PROJECT)

<1<
AT Emw: T (I<i<n)

ATFov:3a:Kr (Aja:K);T,z:7)ke
A;T Flet [, 2] = unpackvine

A;TFopint A;T R og:int A;T) z:int e

A;TFletx =v; pugine

(TD-VAR) AT,z:7hka:T

(TD-UNPACK) @¢TAadA)

(TD-OP) (x¢T)

(TD-INT) A;Tki:int

AFm:K ATFv:Va:K,3:K'|.(7T)— void

(TD-TAPP)
AT Folr] = (V[ : K').(7T[r0/a]) — void)
AT Hw om
(TD-TUPLE)  —x iy (@0 #1)
AF7:K ATHwo:7[7/d]
(TD-PACK) A;T + pack[r, v]as3a : K./ ¢ Ja: Ko7/
(TD-FIX) o Kbk o K;x:Va: KL(F) = void, a1 71, o T ke
AT+ fizcodez|a : K|(z77).e :V|[a: K].(7) — void
A1 K;
(TD-ENV) N {CUI — T1,...,Tn l—>Tn}

The translation from A\ to A\ boxes all non-pointer types:
B({ai,...,an}) = {a1 — ptr,...,a, — ptr}
B{z1—11,...;2n — 1n}) ={z1— B(11),..., 25 — B(1a)}
B(a) =«

B(int) = (int)

B(Y&. 7T — void) = (Va : ptr. B(7) — void)

BEa.r') = Ja : ptr.B(7')

B(o(7)) = (m1(B(v))) (B())

B(if0(v, e1, e2)) = if0 (71 (B(v)), Bler), Blea))
B(halt[r]v) = halt[B(7)]B(v)

B(letz = vine) =letxz = B(v)in B(e)
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B(letx = m;(v)ine) = letx = m;(B(v)) in B(e)
B(letz = vy pugine) =letz = ((m1(B(v1))) p (71 (B(v2)))) in B(e)

B(let [, ] = unpack vine) = let [, 2] = unpack B(v) in B(e)

B(pack[r, v]asJa : K.7") = pack[B(7), B(v)] as 3« : ptr.B(7")

B(fizcode x[](x = 7).€) = (fizcode xola : ptr](x : B(T))letz = (o) in B(e))

Lemmal: If B(A); B(T') F¢, e : B(r[r'/a]), then B(A); B(T') Fe, e : B(1)[B(1')/a]

Proof :
la. 7 = «
B(r[r’ a]) = B(1')
B(T)[B(r')/a] = B(a)[B(7")/a] = a[B(1')/a] = B(7")
Thus, B(r[7'/a]) = B(1)[B(7")/a].
1.7 = f#«
B(r[r'/a]) = B(B) = 8
B(m)[B(r")/c] = B(B)[B(7)/a] = BIB(")/a] = B
Thus, B(r[r'/a]) = B(T)[B(7")/a]
2. 7 =int
B(r[r' /a]) = B(int[7' /a]) = B(int) = (int)
B(7)[B(t")/a] = B(int)[B(7')/a] = (int)[B(7')/a] = (int)
Thus, B(r[7'/a]) = B(1)[B(1")/«
3.7 =V[G.(7) — void -
B(r[r ’/Oé]) = B((V[8].(7) — void)[r' /a]) = B(V[ 3].(1[7' /a]) — void)
<Va ptr.B(r[t"/a]) — void)

B(T)@/a] = B(V[ﬁ](?) — void)[B(7')/a] = <V0¢:—ptr>.B(T) — void)[B(7")/a]
= (Va : ptr.B(7)[B(7")/a] — void) .

By induction, we know B(7)[B(7")/a] = (Va : ptr.B(7[r'/a]) — void)

Thus, B(r[7'/a]) = B(1)[B(7")/a].

4.7 =(T)

B(r[r'/a]) = B{(T)[7'/a]) = B((7[r'/al)) = (B(r[r'/a))

B(7)[B(r')/a] = B(T))[B(r') /o] =
(r

By induction, we can get B




Thus, B(r[r'/a]) = B(T)[B(7')/«a].

5.7 =306.19

B(r[r'/a]) = B((36.m0)[7'/el) = B(3p : ptr.(ro[7'/a])) = 3B : ptr.B((o[7'/a]))
B(r)[B(7')/a] = B(33.70)[B(7')/e] = 3B : ptr.B(7o)[B(r) /a] = 3B : ptr.(B(70)[B(7')/a])

By induction, we obtain B(7)[B(7")/a] = 38 : ptr.(B(1)[B(7")/a]) = 38 : ptr.B((mo[7'/a]))

Thus, B(r[r'/a]) = B(7)[B(r")/al.

Correctness :

1. If At¢ 7, then B(A) b, B(7) : ptr

2. If At¢ T, then B(A) ¢, B(T)

3. If A;T ¢ e, then B(A); B(T') k¢, B(e)

4. ¥ A;T Fo v 7, then B(A); B(T) e, B(v) : B(1)
Proof :

The proof of B(A) k¢, B(T') comes directly from B(A) F¢o, B(7) : ptr. The other proofs are by structural
induction on the typing and kinding derivations:

l.t=a, B(r) =

Because Ao 7 (FTV(1) C A),

B(A) = A« : ptr

By the (KD-VAR) rule, we know A’, a : ptr ¢, « : ptr
Thus, B(A) ke, B(r) : ptr

2. 7 =int, B(r) = (int)

From (KC-INT), A ¢ int

By (KD-INT), B(A) F¢, int : primitive

By the (KD-TUPLE), we know B(A) F¢, (int) : ptr
Thus, B(A) ke, B(r) : ptr

3.7=Va.7T — void, B(1) = (Ya : ptr.B(7) — void)
AFc V. T — void where A, @ F¢ 7.
By induction, B(A, @) ¢ B(r;) : ptr.

- ——
By (KD-ALL), B(A) k¢ (Vo : ptr.B(7) — void) : primitive

- —

By the (KD-TUPLE) rule, we know B(A) k¢, (Va : ptr.B(7) — void) : ptr
Thus, B(A) F¢, B(7) : ptr

—_
4. 70 = (7), B(mo) = (B(7))

AFc (7T),and Ao 7

By induction, B(A) k¢, B() @ K; .
From the (KD-TUPLE) rule, we know B(A) k¢, (B(7)) : ptr
Thus, B(A) F¢, B(1) : ptr

5.7 = 3Ja.7’, B(t) = Ja : ptr.B(1’)

Because A F¢ Jda.7’, then A ja ¢ 7

By induction, we know B(A), « : ptr ¢, B(7) : ptr
By the (KD-SOME), A k¢, 3a : ptr.B(7') : ptr
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6. ¢ = v(T), B(e) = (1 (B()))(B(v))

By the (TC-APP), A;T kg v: (1, - ,7n) — void and A;T o v, 07y
By induction, B(A); B(T) k¢, B(v) : (B(r) — void )

and B(A); B(T) F¢, B(vi) : B(r)

By (TD-PROJECT), B(A); B(T) Fe, m1(B(v)) : B(r) — void ,

—

By (TD-APP), B(A); B(T') k¢, (m1(B(v)))(B(v))

7. e = if0(v, e1, €2), B(e) = if0(m1 (B(v)), B(e1), B(ez))

By the (TC-IF), A;T ko v :int and A;T Feeg, A;T Fo eg
By induction,B(A); B(T") F¢, B(v) : (int),

and B(A); B(T) k¢, Bler), B(A); B(T) ke, B(es)

By (TD-PROJECT), A;T k¢, m1(B(v)) : int

By (TD-IF), B(A): B(T) Fc,, f0(m: (B(v)), Blex), Blex))

8. e = halt[r]v, B(e) = halt[B(7)]|B(v)

By (TC-HALT), A;T ko wv: T

By induction,B(A); B(T') ¢, B(v) : B(r),

By (TD-HALT), B(A); B(T) k¢, halt[B(7)]B(v)

9. eg=letx =wvine, B(eg) =letx = B(v)in B(e)

By the (TC-SUB), A;TFcv:7and A;T; 2 :7hce

By induction, B(A); B(T') k¢, B(v) : B(r) and B(A); B(T'), z : B(7) ¢, B(e)
By (TD-SUB) rule, B(A); B(T) Fe, letz = B(v)in B(e)

10. eg =letz = m;(v)ine, B(eg) =letz = m;(B(v)) in B(e)

By (TC-PROJECT), A;T ke v:(m, - ,mn), and A;T, x 1y o e

By induction, B(A); B(T') k¢, B(v) : (B(7;)) and B(A); B(T), = : B(w;) Fc, B(e)
By (TD-PROJECT) rule, B(A); B(T') k¢, let . = m;(B(v)) in B(e)

11. eg =letz = vipvzine, Bleg) =letx = ((m1(B(v1))) p (m1(B(v2)))) in B(e)
By (TC-OP), we know A; T F¢ vy :int, A;T Fo vg ¢ int,

and A;T, z:int ko e

By induction, B(A); B(T') k¢, B(v1) : (int),

B(A); B(T) Fe, B(vg) : (int), B(A); B(T'), = : (int) F¢, B(e)

By (TD-PROJECT), B(A); B(T") b, m1(B(v1)) : int

By (TD-PROJECT), B(A); B(T") ¢, m1(B(v2)) : int

By (TD-TUPLE) and (TD-OP), B(A): B(T) F, {(r1(B(x1))) p (m (B(v2)) : {int)
By (TD-VAR), B(A); B(T) Fc,, Bleo)

12. ep = let [, ] = unpackvine, B(eg) = let [a, z] = unpack B(v) in B(e)
From (TC-UNPACK), we know A;T' ¢ v : Ja.7, and
(Aya);(T,x:7)Fco e

By induction, B(A); B(T') k¢, B(v) : 3o : ptr.B(7)

B(A), «:ptr; B(T'), z : B(1) k¢, Ble)

By (TD-UNPACK) rule, B(A); B(T') k¢, let [a, ] = unpack B(v) in B(e)

13.v=z,Bv) ==z
From (TC-VAR), A;T,z:7Fca: 7T
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From (TD-VAR), B(A); B(T'),z : B(7) k¢, = : B(7)

14. v =i, B(v) = (i)

By (TC-INT), A;T ¢ i - int

By (TD-INT), B(A); B(T') -, i : int,

and by (TD-TUPLE), B(A); B(T) k¢, (i) - (int)

15. v = (¥), B(v) = (B(v))

By (TC-TUPLE), A;T ¢ (7)) : (7), and A;T ko v, & 7
By induction, B(A); B(T') Fe, B(v;) : B(m;)

By (TD-TUPLE) rule, B(A); B(I") ¢, (B(v)) : (B(r))

16. vo = vl7], B(vo) = ((m1(B(v)))[B(7)]
From (TC-TAPP), A;T ke v : Ve, 8].77 — void, and Abe 7

By induction, B(A); B(T') k¢, B(v) : (V[a : ptr, ﬁ—pt;‘]m — void),

and B(A) F¢, B(7) : ptr

By (TD-PROJECT), B(A); B(T) k¢, (mB(v)) : V[a : ptr, 3 : ptt)B(r') — void
By (TD-TAPP), we obtain .

B(A); B(L) Fo, m(B(v))[B(r)] @-B(T’)[B(T)/a] — void

By the Lemma above, V3 : ptr.B(7")[B(1)/a] — void =V : ptr.B([t/a]7’) — void
and (Vg : ptr.B([7/a]T’") — void) = B(VE.[T/@]T’ — void) N

Thus by (TD-TUPLE), B(A); B(T') ¢, (m1(B®)))[B(T)]) : B(Y 3 .[7/a]T" — void)

\/

v

17. e = fizcode x[|(x: 7).e, B(e) = {fizcode xo[a:—ptf] (x: B(1))let z = (x0) in B(e))

From (TC-FIX), dtcm ,d;z:V[a](T)—void, zy:7, -+, @n:Tabce

By induction,  « : ptr F¢, B(m) :ptr

o ptr @ (V[a—ptf](%) — void), x1 : B(11), -+, @ : B(mn) Fo, Ble)

we know x : V[a—ptf](%) — void ¢, (z0) : (V[a—ptf](%) — void)

By weakening lemma, aptr; (V[a—ptf](%) — void), 1 : B(m1), -+, @n : B(mn), 2o : V[a—ptf](?) —
void FC2 B(e)

By (TD-SUB), o ptr B(11), -+, @p 2 B(Ty), o : V[a—p‘cf](m) — void ¢, let x = (x¢)in B(e)

By (TD-FIX), B(A); B(T) ¢, fizcode xola : ptr](z : B(7))Jet & = (x0)in Ble) : V]o : ptr].(F) — void

By (TD-TUPLE), B(A); B(T') ¢, (fizcode zo[a : ptr](x : B(r))let x = (x0) in B(e)) : (V]a : ptr].(F) — void)

18. e = pack[r, v]asJa : K.7/, B(e) = pack[B(r), B(v)] as Ja : ptr.B(7’)

From (TC-PACK), Atrtc7 , AT keowv: 71/l

By induction, we get B(A) ¢, B(7) :ptr , B(A); B(T') k¢, B(v) : B(r'[7/a])
By lemma 1, we can write B(A); B(T") F¢, B(v) : B(7')[B(1)/a]

By (TD-PACK) rule, B(A); B(T') b¢, B(e) : o : ptr.B(7")

9.2 Converting \“2 to )/

Translating A“? to A" requires some effort to break up nested tuple allocations, so we define a “fattened” variant
of A2 called \f'* to factor out this effort ahead of time. A/ is strictly a subset of A“2: they share the same kind
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and type systems, and any A\/!* expression is also a A2 expression:
K = primitive | ptr
7 = alint |V[a : K].(T) — void | (7) | 3a : K.7

e = x(7)|if0(x, e1, e2) | halt[r]z |let x = tine|let zg = mwine
|let [a, #] = unpack zgine |letzo = (Z')ine

t =z |i|x[r] | pack|r, z]as3a : K.7/| x1 p a2
[
| fizcode x[a : K|(x = 7).e

p=+]—|*

Type Checking Rules For \Flat
(KF-VAR) A,a:KFa:K
(KF-INT) A int:primitive

—_
A a:KbT1: K;

(KF-ALL) A FV[a: K].(T) — void : primitive
(KF-TUPLE) ﬁ%

sy BT

(TF-APP) ATk (g, A:T;)F_a:(‘;j)d ATkRz T
G S
S

aeamn ATELZ ALz (o

AsTha:(m, 1) AT, 20:7i ke
A;TFletzg = mzine
A;Thzp:3a: K (Aja:K);(Tyz:7)ke
A;T F let [, 2] = unpackagine
ATEx;:r AT, zg: (11, ,m)Fe
AT Fletxg i <<?§ ine : (o ¢ 1)
A;TFzycint AT F 2o ¢ int
A;T'F xypxo vint

(TF-PROJECT)

(x¢T'AN1<i<n)

(TF-UNPACK)

(x¢TAhaé¢A)

(TF-TUPLE)

(TF-OP)
(TF-VAR) AT x:7kaz:7
(TF-INT) A;Tki:int

AFr:K ATFz:V[a:K,3:K'.(7)— void
AT zlro) - (V[B : K'].(T[r0/a]) — void)

(TF-TAPP)
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Ab7T:K ATka:7[r/q]

(TF-PACK) AT+ pack[r, z]asJa: K.7' 0 Fa: Ko7/
— — .
a:Kb7: K a:K;z:Va:KJ.(T)—void, z1:71, -+, T :Tn F €
(TF-FIX) . L :
A;T & fizcodex|a: K|(z:7).e :V[a: K].(7T) — void
AFTZ'ZKZ'
(TF-ENV) AF{zi—1,.. ., Zn— T}

To aid the conversion, define a declaration d as:
d=z=t|lz=m2'|z=(T)

Say that (letds,...,d,ine) is short for (letd;in...letd, ine).
Also define abbreviations for typing declarations and typing terms prefixed by sequences of declarations:

ATH@E=t):(x—717)ATHt:7
ATH(=mz"): (z—1) ATEREL (m, - ,T0) T=m7

ATH(@=(T)):(z—(T)) e AT Fx 7

AT hdy,. o dp,t:m < (ATHdy: (= 11))
ANAT (1 — 1) Edey ..o dp,t:T)

The conversion from A\“2 to A\/!! changes expressions e to expressions F(e) and
—
changes values v to declarations followed by terms F(v) = d,t. It does not modify types or kinds.

FUU))=d,z=t 20=(T), x0
—
where .7:(7}1)2 iy t;
—
F(mv) = d, x1 =t, o = mix1, T

where F(v) = d, t

F(pack[r,v]as3a : K.7') = E), x =t, pack[r,z]as Ja : K.7’
—
where F(v) = d, t

F(fizcode x[ﬁ(] (x:7).e) = fizcode x[ﬁ] (x:7).F(e)

— — —

F(T) =let d, di, - ,dp,x =t,7 = tinz(T)
— —
where .7:(7}1) = di, ti, .7:(7}) = d7 t

F(if0(v, €1, e2)) =let d,a = tinif0(z, Fle1), Fles))
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—
where F(v) = d, t

F(halt[r]v) = let d, 2 = tinhalt|r]z
= t

—
where F(v) = d

3

F(letz =vine) = let d inletz = tin F(e)

where F(v) = 7, t

F(letxg = vy pugine) = letz, @, x1 =t1, £ =toinlet zg = z1 paoin F(e)
where .7:(’1}1) = a, tl, .7:(’1}2) = @, t2

F(let [, 2] = unpackvine) = let 7, xo = tinlet [, x] = unpack zo in F(e)
—
where F(v) = d, t

Correctness :

1. IEAFe, 7: K, then Arpr: K

2. HAFo, T, then AbpT

3. If A;T k¢, e, then A;T Fp Fle)

4. f AsTRe, v 7, then A;T Fp F(o) i 1

Proof :
Prove by induction on typing derivations.

l.7and T
The rules fort-p are the same as for ¢,, s0 Ab¢, 7: K implies A Fp 7: K,
and A k¢, I' implies A Fp I’

2. v = z: the TD-VAR and TF-VAR rules are identical

v=1i, Fv)=1
Because A F¢, 7 : int, then A g F(v) : int

4. vo = vlro), F(vro)) = d, = = t, x|r], where F(v)=d,t
From (TD-TAPP), we know A ¢, 79 : K,
N — .
and A;T ke, v:Va: K,8: K'.(T) — void
By induction, Abp 79 : K, and A;TFp d, t:V[a: K,5: K'].(7T) — void
- N = .
By (TF-VAR), A;T ke d,z=t, z:V[a: K,8: K'|.(T) — void
— — .
By (TF-TAPP), A;,T Fp d, z =1, x[ro] : (V[B: K'].(T [10/a]) — void)
5.v=(T), F(T) = d, 5 =1, 20 = (T), 20; F))=d;, t;
From (TD-TAPP), we know A;T ¢, v; @ 7.
—
By induction, A;T' Fp d;, t; @ 7.
—
By weakening, A,F l_F d, ti T .
By weakening and (TF-VAR), A;T'bp d, x =t, 2; : 7;-
-
By (TF—VAR), A,F I—F d7 xTr = t, o = <?>, Zo - <?>
6. v = pack[r,v] as Ja : K.7/,

—

F(pack[r,v]as3a: K.7') = d, x =t, pack[r,z]as o : K.7'; F(v) = 77 t

64



From (TD-PACK), we know Atg, 7: K |, AT ke, v: 7'[1/al.
By induction, AFp7:K ,A;Thp 77 tor'r/al.
—

By (TF-VAR), A;T Fp d,
By (TF-PACK), A:TFp

x=t, x:7[r/al.

—

d,z=t, pack[r, z]asJa : K.7': Ja: K./
7. v = fizcode x[a : K|(z: 7).e , F(v) = fizcode z[a : K|(z:7).F(e)
From (TD-FIX), o«:Kl¢g, 7: K

K3

and o : K; z:Vja: K|.(T) — void, z1 : 71, -+, T : Tw e, €

By induction, we get a:Krpr: Kl

and a: K; z:V]a: K|.(T) — void, z1 : 71, -+ , T : Tn Fr Fle)
s

By (TF—FIX) rule, A,l—‘ Fr fizcode gj[a : K] (JJ—7>').7:(6) :V[O& : K](?) — void

8.e=v(V), Fle) = le‘577 a, ,d_,:,x =tz =tinz(7); F(v;) = Z, t;, Flv)= 7, t
From (TD-APP), we can get A;T ke, v:(m, - ,7) = void A;T ke, v .
By induction, A:T Fp 7, t:(r, - ,m) —void A;Tkp Z, ti T -
. — = — — — —
By weakening, A;T'Fp d,dy, - ,dp, t: (11, ,7) = void A;Tkp d,dy, - ,dy, ti:7 -

—

By weakening and (TF-VAR), A:TFp E}, Z, cosdp,x=tx=t,x: (11, ,Tn) — void
—

andA;l"l—FU, z, Jdp, , x=t,x =1t x:7.

By (TF-LET/TF-PROJECT/TF-TUPLE) and (TF-APP), AT Fplet d, di, - ,dp, o =t,7 = tina(Z) -

9. e = if0(v, ey, e2), Fle) = let d,x = tinifo(z, Fler), Fles)); F(v) = d, ¢

From (TD-IF), we know A;T e, v:int , A;T Fe, e1 AT e, eo.

By induction, A;T Fp d, ¢ :int , A;D Fp Fler), AT Fp Fles).

By (TF-VAR) and weakening, A;T Fp 3, z=t,x:int .

By weakening, (TF-LET /TF-PROJECT/TF-TUPLE), and (TF-IF), A;T bp let d, « = tin if0(z, F(e1), Fle2))

10. e = halt[r]v, F(halt[r]v) = let d ,2 = tinhalt[r]z; F(v) = d, ¢

From (TD-HALT), we know A;T'Fc,v:T .

By induction, A:TFp d,t:7 .

By (TF-VAR) and weakening, A:TFp d,z—=t z:7 -

By (TF-LET/TF-PROJECT/TF-TUPLE) and (TF-HALT), A;T F5 let d, = = tin halt[r]z

11.e=letz =vine, Fletx = vine) = let d inletz = tinF(e); F(v) = 7, t

From (TD-SUB) rule, A;T' ke, v:7 , AT, z:7h¢, e

By induction, A;T k¢, d,t:7 , AT, 2:7 ko, Fe).

By weakening and (TF-LET/TF-PROJECT /TF-TUPLE), A:T F F(letz = vine)

12. vo = m;v, f(’l)o) = ?, T =1, xo = Ty, T2} ]7(1)) = 77 t
From (TD-PROJECT) rule, A;T ke, v:(m, - ,7n) -

By induction, A;Tbp d,t: (r, - ,70) -
By (TF-VAR), AT Fp d, a1 =t a1: (11, ,Tn) -
By (TF-VAR), AT bp d,z =t o= mar, o2 7; -

13.¢g = letzg = v1 pvoine, Fleg) = letz, d_2>, x1 =11, xo = tainlet xg = x1 paoin F(e), F(v1) = d_{, t1, F(ve) =
to
From (TD-OP), A;Tt¢, vy :int AT e, va rint , AT, a0 @ int F¢, e.

. . — —
By induction, AT Fpdy, tyrint AT Fp do, to :int
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AT o - int Fp F(e).

. — — — —
By Weakenlng; AT Fp dy, do, ty rint AsT Fp dy, do, to @ int .
By weakening and (TF-VAR), AT bp dy, do, o1 = b1, @9 = to, 21 int AT bp dy, dy, 21 = b, @2 = ta, @ : int -
By (TF-LET/TF-PROJECT /TF-TUPLE), weakening, and (TF-OP), A; T Fp F(ep).

14. eg = let [, z] = unpackvine, F(eg) = let 37960 = tinlet [, 2] = unpack zpin F(e); F(v) = ?, t
From (TD-UNPACK), A;TFo:3a: K71, (Aja:K);(T,z:7)ke

By induction, A;TF d,t:3a: K., (Aa:K);(ax:7)F Fe)

By weakening, A:T k- 7, xo=1t, xo: Ja: K.1 -

By (TF-LET/TF-PROJECT /TF-TUPLE), weakening, and (TF-UNPACK), A;TF F(eo)

9.3 Converting M\ to \°v

Kind conversion

Kgr =int — int — int —1
A(primitive) =1

A(ptr) =1
Ayyarg(primitive) =1

Atyarg(ptr) = int — Kr — int — int —0

Type conversion

We assume that source types have been checked for well-formedness, and we rely on the resulting kind annotations
to guide the translation.

A(7 : primitive) = AR : K. AE : int. Appim (7)

Atyarg(T : primitive) = Appim (7)

A(7 :ptr) = AR : Kg. AE :int.3L :int; L > 0.(GePtr(Ap, (1) LR) E)

Atyarg (T : ptI‘) = Ao (T : ptI‘)

Apir (T) = pav : Apyarg(tr) AL : int AR : K AE :int. Al :int. - (Ao(7) LRE I, GeCoerce L R (o L R))

Ao(a) =
Ao(Fa: K.7) = ALt int AR : Kg AE : int. Al @ int. 3o : Apyarg(K); L > 1.(Ape(7) (L—1)RE)
Ao({1 : K1, ,7n : Kp)) = AL :int. AR : Kg.AE : int.\I : int.
(3F :int — int —1 .- (Eq(F 0, A(71) R), ..., Eq(F (n — 1), A(tn) R), (GeWord R E I (GcHdr RF Tagn))),
(GeWord RE (I 4+ 1) (A(m1) R)), ..., (GeWord RE (I +n) ((A(tn) R))))
where Tag = (3.1, 27! x tag(K;)), where tag(prim) = 0 and tag(ptr) = 1

5
o+
S—

“
)
s

prim (Y[{a : K)](T) — void) = Y(a : Ayarg(K)).VR : KrVE :int.A (17,(R, E), (A(T) RE)) — Thant

Tint = 31 ¢ int.Int(T)
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Environment conversion:

Atyarg({al = Kl, ey O Kn}) = {al = Atyarg(Kl)u ey Qp Atyarg(Kn)}

A{x1 — 71,...,xn— T}) RE={21 — (A(1)RE),...,xy — (A(1,) RE)}

Expression conversion:

Alz)REg==x
A(i) RE g = pack(i, i) as Tint
A(z1pz2) REg = OP, - (x1, x2),

A(z[r]) RE g = 2[Atyarg(7)]

A(pack[r, z]as33 : K.7’ : primitive) R E g = pack Aiyarg(7), xas38 : Aiyarg(K). A(T)RE
A(pack[r, z]as36 : K.7/: ptr) RE g = ptr_packx RE (A3 : Ayyarg(K).Atyarg(T')) Atyarg(T)x

R —_— _——
A(fizcode x| : K|(z=7).e)REg = fizz : Yo : Ayerg(K). VR : KgVE' : int.~(1,(R',E’), A(T)R'E"Y —
Thatt (R'). _,
Aa: Apyarg(K).AR' : Kr.AE' :int.\y :» (1,(R,E"), A(T) R' E') — let (¢’, ) = yin A(e) R' E' ¢’

A((Z))REg=xRE"(g,7)

A(if0(z, ey, e2)) RE g = unpack 8,21 = zinifx; = Othen A(e;) RE g else A(e2) RE g
A(halt[r]z) REg = halt RE (A(T) RE) ~ (g, x)

A(letz =tine) REg=1letz = A(t) REgin A(e) RE g

— _
A(let zg = (21 : (7: K))ine) RE g = let (¢', o) = obj_loady: ; R E Agyarg(T) " (g, 71)in A(e) RE g’

A(let [ : K, xq : 7o : primitive] = unpackz, : 36 : K.7ine) RE g = unpacka, g = z1inA(e) RE g
A(let [ : K, 20 : 70 : ptr] = unpackz, : 36: K.rine) REg =
unpack o, zg = ptr_unpackg RE (A8 : Ayyarg(K). Atyarg(T)) z1in A(e) RE g

Allet zg = (z:7;)ine) RE g = unpack E', z = alloc | R E Atyarg(7z2) Atyarg(Ty) " (9, 7,7 )in

let (¢/, w0, ¥) = zin A(e) RE' g'; where {y1,- ,yn} = {y: Ty :ptr € FV(e)} — {zo}

Types of \'°” Run-time System Functions:

To simplify the forms of the types below, we treat type application (a 3) as if it were a A\f* type of kind ptr, so
that we can use our definitions of A(7) for (a ), letting Ag(a ) = o 5 (a slight notational abuse).

Ky =int —1

K, = int — int —0

Kp =int — int —1

Kgr =int — int — int -1

Tint = 31 : int. Int(I)

0;R:Kp, E:intbp 79(R, E) : K, , (K, :iAg)

0;:0 1 Thait * Knait » (Khatt =ihait)
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0;0Fr, GeWord : K — int — int — Ky —0

0:0 F; GePtr : K4 — int —1

0:0 7, GeCoerce :int — K — Kz -0

0:0 1, GeHdr : Kr — K — int — int — int -1

0; 0; 0; 0; true; oo b, halt : VR : Kr.VE : int.Va :1 M1g(R,E), ) — Thait

0;0;0; 05 true; oo b, OPy & (Tint, Tint) — Tint

0; 0; 0; 0; true; oo
ptr_packg : VR : KrpVE :int.Vo : Ayyarg(K) = Atyarg(Dtr).V0 @ Aryarg(K). A(aB) RE — A3y : K.(av))RE

0; 0;0; 05 true; oo b
ptr_unpacki : VR : KgVE : int.Va : Ayarg(K) = Ayarg(ptr). A(30 : K (aB)) RE — 30 : Apyarg(K).(A(a ) RE)

0; 0; 0; 0; true; oo
obj_loadg: . : VR : KpVE :int.Va: Apyarg(K). AN (74(R, E), A{a : K)) RE) =" (14(R, E), Al : K;) RE)

0; 0; 0; 0; true; oo 1,

_—
allocl—gm : VR : KrVE rint.Vo : Apyarg(K).VB1 @ Atyarg(ptr). - - -

VB : Aryarg (1) (15 (R, E), Ala: K)RE, A(B : ptr) RE) — 3E' (1,(R, E'), A({a: K)) RE', A(3 : ptr) RE')

Lemma?2 :
IfAFTy: Kgand A,a— Ko b 7: K, then:

o A(T)[Atyarg(10)/0] = A(r[10/0)

® Aprim (7 : primitive)[Asyarg(70)/a] = Aprim ((7[70/c]) : primitive)

Aptr (T2 PT) [Atyarg (10) /] = Aper((T[70/0]) : ptr)

Ao (7 2 ptr)[Aryarg (10) /0] = Ao((T[r0/0]) : ptr)

Atyarg(T)[Atyarg (10)/ 0] = Atyarg((7[10/0]))

where A(r[70/a]), Aprim (7170 /a]), Aper (770 /), Ao (770 /a]) are defined based on the judgment A - {ro/a] : K.

Proof by induction on 7. For each 7, the A(7) case relies on the A, (7) and A, (7) cases, and the Ay, (1)
case relies on the Ag(7) case. The Ayyqrq(7) case follows directly from the A,y (7) and Ag(7) cases.
1. A(7 : primitive)[Asyarg (10)/ ]
= (AR : Kp.AE : int. Aprim (7)) [Atyarg (10)/ ]
AR : KR)\E : int.(Ap”-m (T) [Atyarg (TQ)/O(])
AR : Kp AE :int. Apy i ((T[70/@]) : primitive) by the Ay (7) case
= A(r[no/al)

2. A(r + D) [Asyarg ()]

= (AR : Kg.AE :int.3L : int; L > 0.(GcPtr(Ap (1) L R) E))[Atyarg (10)/

= AR : KgAE :int.3L :int; L > 0.(GePtr((Apir (7)[Atyarg (70) /) L R) E)

= AR : K AE :int.3L :int; L > 0.(GePtr( Ay, ((t[10/¢]) : ptr) L R) E) by the A, (1) case
— A(r[ro/a))

3. Aptr (1 2 ptr) [Aryarg (10) /]

= (pa s Ayyarg(ptr) AL : int AR : Kg AE :int. A :int. - (Ag(7) LR E I, GeCoerce L R (v L R)))[Avyarg(70)/]
= pe : Apyarg(tr) AL - int. AR : Kp AE :int. Al :int. - ((Ao(7)[Atyarg (70)/e’]) LR E I, GeCoerce L R (e L R))
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= pa : Ayyarg(Dtr) AL : int. AR : Kg AE :int. Al @ int. - (Ao(7[10/a]) LR E I, GeCoerce L R (e L R)) by the Ao (1)
case
= Apir(7[10/])

4,5,6: We show several cases for Ay(7) and Ay (7). The proofs for the other cases are similar.

4. Ao(a : ptr)[Atyarg(10) /0] = a[Atyarg(10) /@] = Atyarg(T0)-
Both « and 7 have the same kind Ky = ptr, 0 Ayarg(70 : ptr) = Ag(70).
Finally, Ao (a[ro/a]) = Ao(70)-

5. Aprim (o : primitive)[Asyarg(70) /] = [ Atyarg (T0)/0] = Atyarg(T0).
Both « and 7y have the same kind K = primitive, s0 Aiyarg (70 : primitive) = Appim (70).
Finally, A,,im (a[10/@]) = Aprim (70).

6. Ao(38 : K.7)[Aiyarg(10)/ ]

= (AL :int. AR : Kp AE :int. A :int.30 : Ayyarg(K5); L > 1.(Ape(7) (L — 1) REI))[Atyarg(70)/

= AL :int. AR : Kg AE :int. A 1 int.30 1 Asyarg(Kg); L > 1.((Aptr (7)[Atyarg (10)/]) (L —1) REI)

= AL :int. AR : K AE :int. AL 1 int.30 : Agyarg(Kp); L > 1.(Apir(7170/]) (L — 1) RE I) by induction
_ 40(38 : Kprlmjal)

Correctness :

1L.IfAFrT: K,

then 0; Asyarg(A) Fr A(7) : Kg — int —1

(corollary: 0; Aryarg(A), R: Kg, E :int b7, A(T) RE :1)

and 0; Atyarg(A) Fr Aprim (7 : primitive) 1

and 0; Apyarg(A) Fr Ape (7 ptr) s int — Kz — int — int —0

and 0; Ayyarg(A) Fr Ao(7 : ptr) : int — Kp — int — int -0

and 0; Aryarg (D) Fr Atyarg(T) * Atyarg (K)

2. Arp T and AT Fpt: T

then 0;0; Aiyarg(A), R: Kg, E :int; AT)RE, {g: 174(R, E)};true;oo b, A(t)REg: A(T)RE,

3.If A bp I and A;T g e, then 0;0; Ayarg(A), R : Kg, E : int; AT)RE, {g : 14(R, E)};true;oco
A(e)REg : Thalt

Proof :

Proof by induction on the typing and kinding derivations of ¢, e, and 7. For each 7, the A(7) case relies on the
Ay (1) and Ay, (7) cases, and the A, (7) case relies on the A (7) case. In order to write the proof concisely, we
delete ¥ = (), ® = (), B = true, Limit = oo from environment in the proof.

1.LAFp7T: K,

A(primitive) =1
A(ptr) =1

casel :A(T :ptr) = AR : Kgr.AE :int.3L : int; L > 0.(GePtr(Ap- (1) LR) E)
By the Ay (7) case, Aiyarg(A) Fr Aper(7) 1 int — K — int — int —0.

So Atyarg(A), R: Kg, E :int, L : int -7, GePtr(Ap () LR) E :1.

By (K-SOME), Aryarg(A) b1 A(r : ptr) : K — int —1.
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case 2 :A(T : primitive) = AR : int. AE : int. Apyim (T)
By the Ap,im (7) case, Aiyarg(A) Fr Aprim (T) 1.
So Aiyarg(A) Fr A(T : ptr) : K — int —1.

cased :Apr (T 1 ptr) = po : Apyarg(ptr). AL : int AR : Kp AE :int. A\ : int. -(Ao(7) LRE I, GeCoerce L R (a L R))
By induction, Aiyerg(A) Fr Ao(7 : ptr) : int — Kg — int — int 0.
By the kinding rules, Ayyarg(A) Fr Apr(7) 1 int — Kr — int — int 0.

cases 4,5,6: We show several cases for Ay(7) and A, (7). The proofs for the other cases are similar.

cased :
Aprim (3 : K.7) : primitive) = Jov : Ayarg(K) . Aprim (T)

By induction, Atyarg(A, a0 : K) Fr, Appim (7 : primitive) :1.
SO Atyarg(A)7 (O3 Atyarg(K) l_L Aprim (T) :1.
From (K-SOME) rule, Aiyarg(A) b1 Aprim (3a : K1) 1

cased :

Aprim (0 @ primitive) = o

From (KF-TVAR) rule, A’, o : primitive b « : primitive

By (K-TVAR) rule, Aiyarg(A'), o @ Apyarg(primitive) Fr, o 1 Ayyqrg (primitive)

Thus, Aiyerg(A’, a : primitive) Fr o :1

caseb :

Ao(o: ptr) =

From (KF-TVAR) rule, A’ « : ptr Fp a : ptr

By (K-TVAR) rule, Aiyarg(A’), @ @ Aryarg(ptr) Fr o Apyarg(ptr)

Thus, Ayyerg(A' o ptr) Fp o int — K — int — int —0

2. Ax)REg==x
By (T-VAR), Ayarg(A), R: Kg, E :int; AT)RE, {g: 74(R, E)}, z : A(T)RE Fr z : A(T)RE
So Aiyarg(A), R: Kg, E :int; AT,z : T)RE, {g: 74(R, E)} Fr = : A(T)RE

3. A(i) R E g = pack(i, i) as 31 : int.Int(I)

From (TF-INT), A;T Fp i : int

Becuase by (K-IVAR) Asyarg(A), R: Kg, E :int; A(T)RE, {g: 74(R, E)} - i : in,

by (T-PACK), Aiyarg(A), R : Kg, E : int; A(T)RE, {g : 174(R, E)} Fr pack(, ¢)as3I : int.Int(I) : 3 :
int. Int(I)

Thus, Aiyerg(A), R: Kg, E :int; AT)RE, {g: 74(R, E)} b1, A(i) RE g : A(int)RE

4. A(xipzo) RE g = OP, - (x1, x2), (A;T" Fr OPy : (Tint, Tint) — Tint)

From (TF-OP) rule, A;T kg 27 :int, and A;T Fp a9 : int

By induction, Ay erg(A), R: Kg, E :int; AT)RE, {g: 74(R, E)} Fr 21 : Tins

Aiyarg(A), R: Kg, E :int; A(T)RE, {g: 74(R, E)} FL @2 : Tint

Because Ayyarg(A), R : Kg, E :int; A(T)RE, {g : 74(R, E)} b, OP, : (Tint, Tint) — Tint

By (T-APP) rule, Aiyarg(A), R: Kg, E :int; AT)RE, {9 : 74(R, E)} Fr, A(zipx2) RE g : Tint

5. A(z[ro]) RE g = z[Atyarg(70)]
From (TF-TAPP) rule, we know AFp7:K ,A;TFpa:Va: K,3: K'|.(T) — void
By induction, Atyarg(A), R: Kpg, F:int Fr Atyarg(TO) : Atyarg(K)
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Atyarg(A), R: Kg, E :int; AT)RE, {g: 174(R, E)} Fr

x:Va: Atya,’rq( ) G Atyar ( I) VR: KrVE :int. A <Tq(R, E)7 .A(T)> — Thalt

By (T-TAPP) rule, A;y4rg(A), R: Kg, E :int; AT)RE, {g: 74(R, E)} Fr,

2[Atyarg(10)] : V0 : Atyarg(K').VR : KpVE : int.(A(ry (R, E), A(7)) = Thait)[Atyarg(70)/]
Using Lemma2, Ayyqrg(A), R: Kg, E :int; AT)RE, {g: 7,(R, E)} F1

z[Atyarg(10)] : V0 : Atyarg(K') VR : Kg.VE :int. A (14(R, E), A(7[10/¢])) = Thait

Thus, Aiyarg(A), R: Kg, E :int; AT)RE, {g: 74(R, E)} Fr

A(z[r]) REg : A(V[3 : K'|.(T[r0/a]) — void)RE

6.

case 1. A(pack[r, z]as 33 : K.7' : primitive) R E g = pack Ayyarg(7), xas30 : Ayarg(K). A(T) RE

From (TF-PACK) rule, AFp7:K, A;Tkpa:7[r/f]

and A;T bFp pack[r, z]as38: K.7': 36 : K.7/

By induction, A;yerg(A), R: Kg, E :int b, Aiyarg(7) + Aryarg(K)

Aiyarg(A), R: Kg, E :int; A(T)RE, {g: 74(R, E)} b z: A(T'[7/8]) RE

using lemma2, we have Ayyarg(A), R: Kg, E :int; AT)RE, {g: 74(R, E)} Fr 2 : A(7")[Atyarg(T)/B] RE
By (T-PACK) rule, Ayyarg(A), R: Kg, E :int; A(T)RE, {g: 74(R, E)} Fr

pack Aiyarg (1), £as 30 : Aiyarg(K). AT )RE : 30 : Apyarg(K).A(T)RE

case 2. A(pack[r, z]as 33 : K.7": ptr) RE g = ptr_packx RE (A8 : Atyarg(K)-Atyarg (7)) Atyarg (T)2

We already know, A; T Fp pack[r, z]as38 : K.7/: ptr : 30 : K.7'/

AT kg x:7'[r/0]

By induction, Atyarg(A), R: KR, E :int FL Atyarg( ) Atyarg( )

Aiyarg(A), R: Kg, E :int; A(T)RE, {g: 74(R, E)} Fp x: A(7'[7/08]) R

Lemma2 tells us that (A8 : Atyarg(K)-Atyarg(T')) Atyarg(T) = A uarq( N Atyarg(T)/B] = Atyarg(T'[7/5])
Ao(7'[7/B]) and (AB 1 Apyarg(K)-Atyarg(T')) Atyarg (V) = Atyarg(T')[Atyarg(7)/ 8] = Atyarg(T'[7v/8]) = Ao(7'[v/B])-
Using this with the type of ptr_packk tells us that Ayyarg(A), R: Kg, E :int; A(T)RE, {g: 74(R, E)} F1

ptr_packg RE (A3 : Atyarg(K)-Atyarg (7)) Atyarg () : A(T'[7/B]) RE — A3y : K(7'[v/0])) RE
From this we conclude Ayyqrq(A), R: Kg, E :int; A(T)RE, {g: 74(R, E)} b

ptr_packig RE (AB : Ayarg(K) Atyarg (7)) Atyarg(T)x : A3y : K.(7'[v/B])) RE
And Iy : K.(7'[y/B]) =308 : K.7'.

R _ —_

7. A(fizcodez|o: Kl(x:7).e)REg = fizx : Vo : Apyarg(IK).YR' : KrVE' : int. A (14(R',E"), A(T)R'E') —
Thatt (R')- N
Aa: Apyarg(K). AR : K. AE' :int.\y : A(1,(R',E"), A(T) R'E') — let (¢, ) = yin A(e) R' E' ¢’
— — — .
From (TF-FIX) rule, a : K Fp 7t K, a: K; z:V[ja: K].(T) = void, z1 : 71, -+, Zp:Th Fr e
N —_—
and  A;lbp fizcodez|o : K|(Z:7).e @ V[a: K|.(T) — void
By induction, Asyarg(a: K), R : Kg, E' :int -1, A(7)R'E' :1
e / ’s = : Il Al I
Aiyarg(a: K), R : K, E' :int; z: AV]ja: K].(7T) — void)R'E’, x1 : A(m)R'E’, -+, & : A(Ty,)R'E’,
{g:79(R', E")} i, A(e) R E' g : Thait
- —_——
by (T-VAR), y : AN(7,(R',E'), A(T)R'E") by : N(74(R',E"), A(T) R' E")
_— . e — . —_—
By (T-LET) rule, Aiyorg(a : K), R' : Kg, E' :int; x : A(V[a : K].(T) — void)R'E’, y : N(14(R',E"), A(T)R'E") Fp,
let (¢', ) = yin A(e) RE' ¢ : Thaut
. — . — = — .
By (T-ABS) rule, we obtain Ayyqrg(a: K), R': Kg, E' :int; 2 : A(V[e: K].(T) — void)R'E’ Fp,
N o o — . N )
Ay N1y(R',E"), A(T)R'E"y = let (¢’, ) =yin A(e) R" E' ¢' : N(14(R',E"), A(T) R' E") = Thaut
Because o : Agyarg(K) Fr @ Apyarg(K), E' :int b, E' :int, and R’ : Kr b R’ : Kg
—
by (T-TABS) rule, 0; z : A(V[a : K].(7T) — void)R'E’ -,
. - H

Ao Apyorg(K).AR : Kg AE' :int.\y : A(1y(R',E'), A(T)R'E") — let (¢', @) = yin A(e) R" E' ¢’ :

|l
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_—
A(T)R'E') = Thais

A), R : Kg, E' :int; AD)R'E’, {g: 7y(R', E')} 1
7) — void)R'E’

-
Va: Aiyarg(K) VR : KrVE' :int. A (14(R', E'),
By (T-FIX) rule and weakening lemma, Ayyqrg(
A(fizcode x| : K|(z:7).e) REg: A(V[a : K].(

8. A(z(Z))REg=xRE A{g,T)

From (TF-APP) rule, A;T bpa; i 7, A;Thp 2 (70, -+, 1) — void

and A;T g z(7)

By induction, Ay erg(A), R: Kg, E :int; AT)RE, {g : 74(R, E)} b z; : A(;)RE

Aiyarg(A), R: Kg, E :int; AD)RE, {g: 74(R, E)} b z : VR : KrVE :int. A (74(R, E), A(T) RE) — Thau
By (T-APP) rule, we get Aiyarg(A), R: Kg, E :int; AT)RE, {g: 7y(R, E)}Fr, 2 RE A9, Z) : Thait

9. A(if0(z, ey, e2)) RE g = unpack 8,21 = zinifz; = 0then A(e;) RE g else A(e2) RE g

From (TF-IF) rule, A;T Fp z:int , A;T Fpe; AT Fpes,

and A;T FpifO(z, e1, e2)

By induction, Ayyerg(A), R: Kg, E :int; AT)RE, {g: 7y} RE L x : Tins

Aiyarg(A), R: Kg, E :int; A(T)RE, {g: 74(R, E)} . Ale1) RE g : Thait

Aiyarg(A), R: Kg, E :int; A(T)RE, {g: 74(R, E)} 1 Ale2) RE g : Thait

Because Aiyarg(A), R: Kg, E :int, §:int; A(T)RE, {g: 74(R, E)}, 1 : Int(8) Fr (x1 = 0) : Bool(3 = 0)

From (T-IFE) rule , we know

Aiyarg(A), R: Kg, E :int, 8 :int; AT)RE, {g: 174(R, E)}, x1 : Int(8) b1 ifx; =0then A(eq) RE g else A(e2) RE g :
Thalt

By (T-UNPACK) rule, Asyarg(A), R: Kg, E :int; A(T)RE, {g: 74(R, E)} b1 A(ifO(z, e1, €2)) RE g : Thait

10. A(halt[r]z) REg=halt RE(A(T) RE)A < g, x >,

From (TF-HALT) rule, we know A;T'Fpx:7 ,and A;T kg halt[r]z

By induction, Aiyerg(A), R: Kg, E :int; AT)RE, {g: 74(R, E)} Fr z : A(T)RE

Because 0; 0; 0; 0; true; co b, halt : VR : Kr.VE : int.Va A< T4(R, E), a0 >— Thait

By (T-APP) rule, Aiyarg(A), R: Kg, E :int; A(T)RE, {g: 74(R, E)} Fr halt RE (A(T) RE)A < g, > Thait

11. A(letx =tine) REg =letx = A(t) REgin A(e) RE g

From (TF-SUB) rule, A;TFpt:7, AT, 2 :7hpe, and A;T Fpletz =tine

By induction, Aiyerg(A), R: Kg, E :int; AT)RE, {g: 74(R, E)} Fr A(t) : A(T)RE

Aiyarg(A), R: Kg, E :int; A(T)RE, {g: 74(R, E)}, z : A(T) RE Fr, A(e) : Thau

By (T-LET), we get Ayyarg(A), R: Kg, E :int; AT)RE, {g: 174(R, E)} Fr, Alletz =tine) RE g : Than

12. A(let xg = m;(xq : (77)@) ine) RE g =let (g, x0) = obj_loady , RE Atyarg(T) N (g,71)in A(e) RE g’

From (TF-PROJECT), A;T bp ay i (11, ,Tn), T, 2o : 7 bp e,)

and A;T Frletzg = mzrine

By induction, Aiyerg(A), R: Kg, E :int; AT)RE, {g : Tg( E)ybpayc A((T: K)) RE

Atyarg(A), R: Kg, E:int;A( )RE {g/'Tg(R E)} ( z) RFE +y, A( )REg/;Thalt

Because ;0 -1, obj _loadz ; : VR : KpVE :int.Vo : Atywq( ).A14(R, E), A((cﬁf)) RE) — N1y(R,E), A(e; :
K)RE)

By (T-APP) rule and lemma2, A;yerg(A), R: Kg, E :int; AT)RE, {g: 74(R, E)} F1,

obj_load?ﬂ. RE Avyarg (1) N{(g,21) : N74(R, E), A(7; : K;) RE)

By (T-LET) rule, Aiyarg(A), R: Kg, E :int; AT)RE, {g: 74(R, E)} Fr
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A(letzg = mi(z1 : (7: K))ine) RE g : Thait

13.

casel. A(let o : K, xg : 7o : primitive] = unpackx; : 3o : K.7ine) RE g = unpack o, 29 = z1in A(e) RE g
From (TF-UNPACK) we know A;T Fp 2y : Ja: Ko7, (A,a: K); (T, 20 :7) Fr e,

and A;T Fp let [, 2] = unpackz; ine

By induction, Aiyerg(A), R: Kg, E :int; AT)RE, {g: 74(R, E)} Fr 21 : AGa: K.T)RE

Aiyarg(Aya: K), R: Kg, E :int; AT, 20 : T)RE, {g: 174(R, E)} Fr, A(e) RE g : Thai

Because A;T' g 7 : primitive,

Aiyarg(A), R: Kg, E :int; A(D)RE, {g: 74(R, E)} Fr 21 : o 0 Apyarg(K) .- Aprim (7)

Ayarg(A), ot Apyarg(K), R: Kg, E :int; AT)RE, {g: 74(R, E)}, 0 : Aprim(T) RE Fr, A(e) RE g : Thait
By (T-UNPACK) rule,

Aiyarg(A), R: Kg, E :int; A(T)RE, {g: 74(R, E)} 1 unpacka, zo = z1in A(e) RE g : Thant

case2. A(let [ : K, xg : 7o : ptr] = unpackz; : Ja: K.rine) RE g =

unpack o, 29 = ptr_unpackx RE (A : Aiyarg(K). Atyarg(T)) z1in A(e) RE g

From (TF-UNPACK) we know A;T'Fp ay : 3a: Ko7, (A,a: K); T,z :7) Fre,

and A;T Fp let [, 2] = unpackz; ine

By induction, Ay erg(A), R: Kg, E :int; AT)RE, {g: 174(R, E)} Fr 21 : ABa: K.7)RE

Ayarg(D), Aryarg (@) © Apyarg(K), R: Kg, E :int; AT)RE, {g: 174(R, E)}, z0: A(T)RE F1, A(e) RE g : Thalt

From definition we know 0; 0 1,

ptr_unpackyi : VR : Kp.VE : int Vo : Apyarg(K) — Atyarg(ptr). ABB : K.(aB)) RE — 38 Ayarg(K).(A(e8) RE)

Lemma?2 tells us that (A : Aiyarg(K).Atyarg (7)) Atyarg () = Atyarg(T)[/a] = Atyarg(T) = Ao(7). Using this
with the type of ptr_unpackg tells us that Ayyarq(A), R: Kg, E :int; A(T)RE, {g: 74(R, E)} F1

ptr_unpackx RE (Ao : Apyarg(K). Ayarg(7)) : ABa: K1) RE — 3ot Apyarg(K).(A(T) R E).

Thus, Aiyerg(A), R: Kg, E :int; AT)RE, {g: 74(R, E)} k1,

ptr_unpackg RE (Aa : Aryarg(K).-Aryarg(7)) 21 : Fo : Apyarg(K).(A(T) R E)

Because Aiyarg(A), Atyarg(@) : Atyarg(K), R: Kg, E :int; A(T)RE, {g: 74(R, E)}, zo: A(T)RE 1 A(e) RE g :
Thalt

By (T-UNPACK) rule, Ayyarg(A), R: Kg, E :int; AT)RE, {g: 74(R, E)} b1,

unpack o, zg = ptr_unpackg RE (A : Aiyarg(K) . Aiyarg(T)) 21in A(e) RE g : Thait

14. A(letzo = (z: 7,)ine) RE g = unpack E', z = alloc; \ R E Avyarg(72) Atyarg(7y) A (9,7, Y )in
let (¢, 70, ¥) = zin A(e) RE' g'; where {y1, -+ ,yn} = {y: 7, : ptr € FV(e)} — {zo}
From (TF-VECQC) rule, we know A;T Fp 2 07, AT, 2 : (11, ,7Tn) Froe,
AT Fpletry = (7)ine
By induction, we get Aiyarg(A), R: Kg, E :int; A(T)RE, {g: 74(R, E)} Fr 2; : A(m)RE
and Asyarg(A), R: Kg, E' :int; AT)RE', {g' : 74(R, E")}, w0 : A(T2)) RE' -, A(e) RE' ¢ : Thant
_—
From definition, 0; 0 -, allocl—(:n : VR : KpVE rint.Vo : Ayarg(K) Y01 @ Atyarg(ptr). - - -
- _—
V6 ¢ Atyarg(ptr) A(14(R,E), A(e: K)RE, A(S : ptr) RE) — 3E' N(14(R,E’), A({ac: K)) RE', A(B : ptr) RE")
Using lemma2, Ayyerg(A), R : Kg, E : int; AT)RE, {g : 174(R, E)} Fr allocy; RE Atyarg(Tz) Aryarg(Ty) A
(9,7, %):

N —_—
AE'. A (1y(R,E"), A(7z)) RE', A(ty) RE')
We know Ayyarg(A), R: Kg, E' :int; AT)RE’, {g’ : 74(R, E")}, m0 : A(T2)) RE' -, A(e) RE' g : Tha-
Say that I' = I'ptr U ptregtra U Iprim where I pyr, Uptreatra, Iprim have disjoint domains and:
Tpir = {y1 — 7y, DL, ..., yn — Ty, @ DIr}
Fptremtra = {yi — Ty; : ptI‘, cee 7y;1’ — Ty;l/ : ptr}
Tprim = {z+> 7, tprim,..., 2, — 7, :prim}
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All free pointer variables in e are in I',,, so no free variables of e appear in I'pirextra. It’s easy to show that e
typechecks without I'ptrestra (by induction on the typing derivation), and that each free pointer variable y; in e must
appear in T' (also by induction on the typing derivation):

Atyarg(D), R: K, E' :int; A(Tpiyr U T prim ) RE', {g" - 74(R, E")}, 20 : A((T2)) RE' b1, A(e) RE' ¢ : Thaut-

Then by (T-LET) and (T-VAR):

_

Atyarg(D), R: K, E' ¢ int; A(Dprim)RE', 2 : AN74(R, E'), A((72)) RE', A(Ty) RE") 1,

let (¢/, w0, ¥) = zin A(e) RE" ¢ : Than

For primitive types, A(7 : primitive) = AR : Kr.AE : int.Apim(7), so A(r : primitive) RE' = A(r :
primitive) R E. This means that A(T'pyim) RE" = A(Tprim) R E, which we can use after weaking the environment
with E:

Atyarg(A), R: Kp, E :int, E' :int; A(Tprim )RE, 2 : N1,(R, E"), A(72)) RE', A(1,) RE") [,

let (¢/, w0, ¥) = zin A(e) RE" ¢ : Than

We can weaken I'yip, to the superset I':

—_—

Atyarg(A), R: Kp, E :int, E' :int; A(T)RE, 2 : N74(R, E'), A((72)) RE', A(t,) RE") 1,

let (¢/, w0, ¥) = zin A(e) RE" ¢ : Thait

By (T-UNPACK), we get

Aiyarg(A), R: Kg, E :int; AT)RE, {g: 74(R, E)} F1

unpack E’/, z = alloc?ynREAtyarg(Tw) Avyarg(7y) N9, T,y )inlet (¢', 20, ¥') = zin A(e) RE' ¢' : Than
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