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Abstract

The focus of the article is on analysis of skew-symmetric weight matrix functions for
interfacial cracks in two dimensional anisotropic solids. It is shown that the Stroh formal-
ism proves to be an efficient approach to this challenging task. Conventionally, the weight
functions, both symmetric and skew-symmetric, can be identified as a non-trivial singu-
lar solutions of the homogeneous boundary value problem for a solid with a crack. For a
semi-infinite crack, the problem can be reduced to solving a matrix Wiener-Hopf functional
equation. Instead, the Stroh matrix representation of displacements and tractions, combined
with a Riemann-Hilbert formulation, is used to obtain an algebraic eigenvalue problem, that
is solved in a closed form. The proposed general method is applied to the case of a quasi-
static semi-infinite crack propagation between two dissimilar orthotropic media: explicit
expressions for the weight matrix functions are evaluated and then used in the computation
of complex stress intensity factor corresponding to an asymmetric load acting on the crack
faces.

Keywords: Interfacial crack, Riemann-Hilbert problem, Stroh formalism, Weight func-
tions, Stress intensity factor.

1 Introduction

Evaluation of coefficients in asymptotic representations of displacements and stress fields repre-
sents an important issue for addressing vector problems of crack propagation in elastic materials
(Bercial-Velez et all, 2005; Mishuris & Kuhx, |2QQ].|) The explicit derivation of weight functions
is fundamental for the evaluation of stress intensity factors corresponding to a general distribu-
tion of forces acting on the crack faces, as well as for the calculation of higher order coefficients in
the asymptotic expressions of the fields. The latter are used in asymptotic models of incremental
crack growth, and hence are essential for evaluation of the crack path and analysis of fracture
stability. In the work by Bueckner (IB_ue_ck_mad, |_L9§ﬂ, |_19§_Q), weight functions for several types of
cracks in homogeneous elastic media, both in two and three dimensions, have been defined.

In this paper, the term ”symmetric” load is associated to forces of the same magnitude ap-
plied on both crack faces in opposite directions, while the load generated by forces acting on both
crack faces in the same direction is called ”skew-symmetric” or ”anti-symmetric”. For cracks
in homogeneous elastic materials, in the two-dimensional setting the skew-symmetric loading
does not contribute to stress intensity factors, whereas it becomes relevant and it must to be

accounted for in three-dimensional solids (Bueckner, [1985; Meade & Keer, 1984). The situation

is different when the crack is placed at the interface between two dissimilar elastic materials:
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even for two-dimensional problems the skew-symmetric loads generate a non-zero contribution
to stress intensity factors (Bercial-Velez et all, [2005; Lazarus & Leblond, [1998; [Piccolroaz et al.,
2009). In particular, for Mode III interfacial cracks the stress components do not oscillate, but
a non-vanishing skew-symmetric component of the weight function still has to be accounted
(Piccolroaz et all, 2009, 2010). In the case of isotropic media, weight functions for semi-infinite
cracks can be defined as singular non-trivial solutions of the homogeneous boundary problem
with zero tractions on the crack faces but unbounded elastic energy (Willis & Movchan, 1995).
For interfacial cracks between dissimilar isotropic elastic media, the weight functions are well
discussed in literature (Lazarus & Leblond, [1998; [Piccolroaz et all, 2009, 12010). The problem is
generally reduced to a functional equation of Wiener-Hopf type, and its solution gives the sym-
metric weight function matrix (Antipov,1999), while the skew-symmetric component is obtained
by the construction of the corresponding full-field singular solution of the elasticity boundary
value problem discussed in [Piccolroaz et al! (2009). For interfacial cracks between anisotropic
dissimilar elastic media, although weight functions have been derived by |Gao (1991, 11992) and
Ma & Chen (2004), the results on skew-symmetric weight functions are not readily available.

In this article we illustrate a general procedure for the calculation of symmetric and skew-
symmetric weight functions matrices for semi-infinite two-dimensional interfacial crack problems
in anisotropic elastic bi-materials. It is shown that the challenging analysis of the matrix func-
tional Wiener-Hopf equation can be replaced by solving a matrix eigenvalue problem deduced
via an equivalent formulation, based on Stroh representation of displacement and stress fields
(Stroh, 1962). By means of this new approach, general expressions for weight functions matrices,
valid for plane interfacial cracks problems between any anisotropic media, are obtained. This
general result is reported and discussed in details in Section (3).

Section () illustrates the proposed method for the case of a semi-infinite two-dimensional
stationary crack between two dissimilar orthotropic materials under plane stress deformation
(Sug, [1990b), corresponding to a general non-symmetric load. Stroh representations for displace-
ments and stress corresponding to this problem are explicitly calculated and used for deriving
symmetric and skew-symmetric weight functions matrices. In Section () both symmetric and
skew-symmetric weight functions are utilized together with Betti formula in order to evaluate
complex stress intensity factor for an interfacial crack in orthotropic bi-material subject to an
asymmetric loading configuration. In the particular case of isotropic media, the obtained result
is consistent with the stress intensity factor derived for the non-symmetric distribution of forces
obtained by [Piccolroaz et al) (2009).

Finally, in Appendix A, the evaluated skew-symmetric weight function is compared to those
calculated by the full field singular solution of the plane elasticity problem, following the ap-
proach illustrated in [Piccolroaz et al.! (2009). The perfect agreement detected between the ex-
pressions derived by means of two alternative formulations represents an important benchmark-
ing for the correctness of the obtained results.

2 Interfacial cracks: preliminary results

Here we introduce the main notations and the mathematical framework of the model. Consider
a quasi-static advance of a semi-infinite plane crack between two dissimilar anisotropic elastic



materials with asymmetric loading applied to the crack faces, the geometry of the system is
shown in Fig.(T).

The loading is defined via tractions acting upon the crack faces. Considering a Cartesian
coordinate system with the origin at the crack tip, (see Fig.(d)), traction components behind
the crack front are then defined as follows:

UQij(xl,Oi) :p;t(xl) for 1 <0 j=1,2, (1)

where p;-—L (z1) are given functions.

Since the load is assumed to be self-balanced, its resultant force and moment vectors are
equal to zero. Moreover, we assume that forces are applied outside a neighborhood of the
crack tip and vanish at the infinity. The body forces are assumed to be zero. Symmetric and
skew-symmetric parts of the loading are given by the following expressions:

1

(i) (1) = 5 (b7 (@) +95 (@), Ipil(@1) = pf (21) = p5 (@1), =12 (2)

The solutions in form of functions which vanish at the infinity and possess finite elastic energy
are sought. Expressions for the stress field and displacements for a semi-infinite interfacial crack
in anisotropic bi-materials have been obtained by means of Stroh formalism (Stroh, [1962) by
Sud (1990b). This approach to the physical problem of the crack, that is used for the derivation
of weight function matrix in the paper, is reported in Section (2.1I).

In Section (22)) the weight functions are defined as non-trivial singular solutions of the
homogeneous elasticity problem for interfacial cracks with zero tractions on the crack faces but
unbounded elastic energy, following the approach of [Piccolroaz et al) (2009).

Section (23] reports the application of the Betti formula to physical fields and weight func-
tions and the derivation of the fundamental identity in the Fourier space, discussed in details
in (Willis & Movchan (1995); [Piccolroaz & Mishuris (2011) and [Piccolroaz et al! (2007). This
integral identity will be used in the paper for the evaluation of coefficients in the asymptotics
of the stress fields near the crack tip by means of a procedure based on weight functions theory
(Piccolroaz et al., 12009).

The asymptotic representations of physical displacements and stress fields near the crack tip,
including the stress intensity factor as the coefficient of the first term (Piccolroaz & Mishuris,
2011; [Piccolroaz et al!, [2009), are introduced in Section (2.4]).

2.1 Stroh formalism in analysis of interfacial cracks

Physical displacements and stress fields for an intefacial crack between two different anisotropic
materials can be derived by means of the Lekhnitskii or Stroh approaches (Lekhnitskii, [1963;
Stroh, 1962; [Sud, [1990b). Following the article by Suo (Sug, 1990b), we introduce the stress
vectors t; = (01;,09;)T together with the displacement u = (u1, u2)”. The constitutive relations
for both the elastic media occupying respectively the upper and lower half-planes can be written
using the Stroh formulation (Stroh, 1962):

t, = Qll,l + RU,Q (3)
to = RTu; + Tuy, (4)
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Figure 1: Geometry of the model.

where the matrices Q, R and T depend on the material constants. A semi-infinite static crack
placed at the interface between the two materials is considered, as it is illustrated in Fig.(Tl).
Accordingly, the derivative of the displacement u ;(x1, z2) and the traction 7(z1, z2) = ta(x1, z2)
can be written as

7(z1,72) = Bg(z) + Bg(z) ()

and

u (71, 22) = Ag(z) + Ag(z), (6)
where A and B are constant matrices, g(z) is an analytic vector function with components
gi(xz1 + pjza), and p; are complex numbers with positive imaginary parts. According to [Suo
(1990b), if gj(#;) is an analytic function of z; = x1 + p;x in the upper half-plane (or in the
lower half-plane) for one p;, where p; is a complex number with positive imaginary parts, it is
analytic for any ;. On the basis of this property, here and in the text that follows, we reduce
the analysis to a single complex variable. The connection between the elements of A, B and
Q,R, T is given by the following relations (see [Ting (1996), pages 170, 171):

(Qir + (Rir + Ryi)pj + Tz‘k/i?)Akj =0 (7)

Bij = (Rgi + pjTix) Ag;j (8)

Thus, each column of A is a non-trivial solution of the eigensystem (7)), while the eigenvalues
; are roots of the characteristic equation:

Qi + (Rig + Rii)pj + Typpts| = 0 (9)

In turn, for each of the two phases we introduce the Hermitian matrix Y = iAB~!, which will
be used in the text below. Further in the text, we shall use the superscripts ) and @ to denote
the quantities related to the upper and lower half-planes, respectively.
The expression (), in the limit x5 — 0%, leads to a non-homogeneous Riemann-Hilbert
problem:
h*(z;) —h (z1) = 7(21), 21 €R, (10)



A crack advancing along the negative semi-axis x; < 0 is considered, the traction-free con-
dition is imposed for x; < 0, while the continuity of the tractions at the interface is assumed
ahead the crack front. The following equations are satisfied on the real axis (Suo, [1990b):

h't(z;) —i—ﬁ*th_(ml) =7(x1) for x>0 (11)
ht(z1)+H 'Hh (z;) =0 for 2,<0 (12)

The detailed analysis of this problem is included in [Sud (1990h); Suo et all (1992), and it
shows that the stress and displacement fields do not have oscillation near the crack tip for
the case when the matrix H = YU 4 Y? is real, otherwise the stress and displacement are
characterized by the oscillatory behavior near the crack tip. The branch cut for the function
h(z) is assumed to be along the crack line z; < 0. Assuming that the stress vanish at the infinity,
the solution of the homogeneous Riemann-Hilbert problem (I2]) is h(z) = széﬂ'e, where w is
solution of the following eigenvalues problem (Gao et all, [1992; [Sug, [1990b; ISuo et al., [1992):

Hw = ¢ Hw. (13)

The traction 7 ahead of the crack has the form:
1 i€
T(x1) = ——=Re | Kz{'w |. (14)
21y

where K = Ky + iKjs is the complex stress intensity factor including both mode I and mode
IT contributions to the traction, € is the bi-material parameter (a real non-dimensional number
measuring an aspect of elastic dissimilarity of the two materials), and w is the eigenvector
obtained from (I3)).

For the case of plane strain load, it has been shown in Suo (Sud, [1990b; [Suo et all, [1992)
that the displacement jump [u] across a semi-infinite crack running along the negative semi-axis
x1 < 0 is given in the form

1/2 — ic
) = (2520 e (K (15)

T cosh e 1+ 2:e

2.2 Weight functions definition

Following the theory developed by Willis and Movchan (Willis & Movchan, [1995), we define a
vector function U = (Uy, Us)T as the singular solution of the elasticity problem with zero traction
on the faces where the crack is placed along the positive semi-axis 1 > 0. The traces of these
functions on the plane containing the crack are known as the weight functions (Piccolroaz et al.,
2009), and notations [U] and (U) will be used in the paper to denote symmetric and skew-
symmetric weight functions respectively:

[U] (1‘1) = U(ml,mg = O+) — U(.%'l,m'g = O_) (16)
<U>(1‘1) = (U(.%'l,.%'g = 0+) + U(ml,mg = O_)) (17)



The traction vector X = (El,Eg)T associated to the singular solutions is continuous on
the plane containing the crack (see [Piccolroaz et ali (2007, 2009)) and vanishes for z; < 0
(homogeneous boundary conditions are imposed). In practice, for singular solutions we impose
traction-free condition for z1 > 0 and traction continuity at the interface for z1 < 0:

ht(z)+H Hh (z;) =0 for >0 (18)
h(z1) +H 'Hh (z1) = B(z1) for 21 <0 (19)

It is important to note that the domain of singular solutions and then of weight functions is
different from the domain of the physical solution, defined in previous Section, where the crack
is placed along the negative semi-axis. For the singular solution, the branch cut for h(xy) is
chosen to be along the line z; > 0. Using the representation h(z) = vz~ 27 we reduce @) to
the eigenvalues problem:

Hv = e 2™Hv. (20)

The bi-material matrix H is Hermitian, and the eigenvector corresponding to the eigenvalue —e
is v =w (Sug, [1990h). The singular traction 3 is sought in the form:

Njw

(—z1)” - :
Y=-—2%Re (Cw —x1 w) ) 21

V2r (=21) (21)
where C' = C7+iCyy is a complex constant representing both mode I and mode II contributions
to the traction (2IJ), as it is for the complex stress intensity factor K with regard to the physical
traction (see eq.([4])). The shear and normal opening modes for plane stress and plane strain

problems are coupled. Two linearly independent vectors ¥ and associated weight functions can
be identified similar to [Piccolroaz & Mishuris (2011); [Piccolroaz et al. (2009).

2.3 Fundamental Betti identity

As discussed above, U is discontinuous along the positive semi-axis x; > 0, whereas u is discon-
tinuous along the positive semi-axis 1 < 0. X is zero for x1 > 0, whereas T is zero for z; < 0.
Asymmetric loading are applied to the crack faces (see Fig.(I)), thus the physical traction acting
at the interface on the entire x; axis can be written as:

o(r1, 29 =0") =pT(x1) +7(x1), o(r1,22=07)=p (x1)+ 7(x1), (22)

According to the approach illustrated in [Willis & Movchan (1995) and [Piccolroaz et al.
(2007), in order to derive explicit formulas for calculating the coefficients for the asymptotic
of the stress fields near to the crack tip, we apply the Betti formula to the physical fields and to
weight functions. The following relations, respectively in the upper and in the lower-midplane,
are obtained:

/ {UT(xll — 21,0 Ro(z1,01) = 27 (2] — 21,0 Ru(z1, 0+)} dx1 =0 (23)
ro=01

/ (U7 (@) ~ 21,0 )Ro(21,07) = 57 (a) — 21,0 ) Ru(er,00) }dor =0 (24)
xro=0"



where R is the rotation matrix:
R — -1 0
N0 1)

Subtracting the (24)) from the ([23]) and using (22)), we derive the following integral identity:

[ U@ = 2,09 Rp @) + U (@) — 1,01 Rr(an) = UT (@) — 1,07 Rp (1)
xro=0

—UT (2] — 21,07 )R7(21) — [T (2] — 21,07)Ru(z1,0") + 27 (2] — a1, 0_)’R,u(x1,0_)]} dx1 =0
Referring to (I6) and (I7) we deduce

/12:0 {[U]T(HU; — X1, 0+)’R,7-(x1) - ET(.’E; _ x1,0+)’R[u](x1)} _

== [ U@ a0 R 0) () - @~ 0ORpN@) ) (25)

Let us define the Fourier transform of the skew-symmetric weight function and associated
traction X respect to zy:

+00 A - 0 ~
O ©) = [ U))edn, 7@ = [ e, (26)
0 —00
Where the superscript + indicates that [U]™(€) is analytical in the upper half-plane (Imé €
(0, 4+00)) and the superscript — indicates that 537(5) is analytical in the lower half-plane (Im¢ €
(—00,0)). The physical traction and the jump function are defined in such a way that the
transforms 7 (£) and [a]~(€) are analytic in the upper and in the lower half-plane, respectively.

Applying the Fourier transform to the (25]), by means of convolutions properties, the following
relation, valid for £ € R, is derived (Piccolroaz & Mishuris, 2011; [Piccolroaz et all, 2007):

O] TR#++ — 27 Rla]” = —[UTR(p) — (U)*TR[p], ¢€R, (27)

This identity, obtained by [Willis & Movchan (1995) and [Piccolroaz et al) (2007), relates trans-
forms of the physical solutions to transforms of the weight functions, and it is used for the
evaluation of the stress identity factors.

2.4 Asymptotic representation of the fields and stress intensity factors

The physical traction (I4]) and the displacement jump across the crack face (I5) for z; — 0, can
be written in the matrix form, as follows:

-

3

2

(1) = =T (21) e

.%'5
K+—LT
2V 2w 2V 2w 2V 2w

ul o) = Sl uk - S s + 2

(@) + T(21)L + O(x}) (28)

o

UL+ O((—21)?)  (29)




Where K = (K, K),J = (J,J),L = (L,L), and K and L are higher order coefficients, defined
in the same way of the stress intensity factor: J = Jy 4+ iJy;, L = Ly + iLj;. Matrices T (x1)
and U(x1) are given by:

o 2H+H) [w(—z1)* W(—x1)" %
:2 € 1€ —
T (1) (le’wxl ) U(zy) cosh e <1+2z'a’ 1—2ie )’

The evaluation of coefficients in the asymptotic formulas (28] and (29)) is included in Piccolroaz & Mishuris

(2011); Piccolroaz et all (2009) for interfacial cracks between dissimilar isotropic media, by
means of a general integral formula involving symmetric and skew-symmetric weight functions
matrices. Here this approach is extended to anisotropic bi-materials: in the next Section general
expressions for Fourier transforms of symmetric and skew-symmetric weight functions are derived
using the Stroh formulation, as defined in Section (2], while in Section () these expressions
will be specialized to the case of a crack between two orthotropic materials (Sud, 1990h) and the
general formula obtained by Piccolroaz et al. (Piccolroaz & Mishuris, 2011; [Piccolroaz et al.,
2009) will be applied for calculating stress intensity factor for this case.

3 Symmetric and skew-symmetric weight functions for anisotropic
bi-materials

Here we derive general expressions for symmetric and skew-symmetric weight function defined
in Section (2.2]) as the jump [U] and the average (U) of the singular solution for a semi-infinite
interfacial crack with free-traction conditions.

Let us introduce the vector function h(z), solution of the Riemann-Hilbert problem for the
physical traction (I0)), such that:

_J Bg(z), Imz>0,
h(z) = { —Bg(z), Im z < 0.

According to the Plemelj formula, h(z) can be written as follows:

b =5 [ Ty,

T 2mi Jeso — 2

where the integral is understood in the principal value sense. Taking the Fourier transform
respect to x1, for zg = 0%, at the interface, we obtain:

A~ A~ S8 .

h(g, 22 = 0%) =h™(§) =+ / M (L) (n)dy = £H(FE)TT(E), EER,
—00

where H is the Heaviside function, and the traction 7 is defined in such a way that its transform

is analytic in the upper half-plane. To derive the above representation we used the following

relations

s ib(e1£i0) -
———————dx1 = £27wie"S"H .
/_oo n — (z1 £ i0) ! (+¢)



Hence the Fourier transforms of g and g at the interface are obtained in the form
8(6) =B 'h* () = H(-9B'77(¢), ¢e€R,

and

g(¢)=-B 'h () =H(B '#7(¢), feR.

By applying the Fourier transform to (6) for the derivative of the physical displacements, we
deduce:

—i€0(¢, my = 0%) = Ag(§) + Ag(E), €€R

Hence, the Fourier transform of the displacements on the boundary of the upper half-plane is

given by: ‘
(g z = 07) = %{H(—@AB‘l +HEOAB '} +(9)

1

= oYY - HEY ).

By expressing the Heaviside function in the form:

H(£€) = %(1 + sign g)

we obtain:
1 1
2¢ 2/¢|

Following the same pattern of the derivation as above, we derive the Fourier transform of the
physical displacement on the boundary of the lower half-plane:

a(g,m =0%) = {o_ (v - ¥ (YO +Y)late), cer (30)

1
2

Next, we replace u in the above text by the singular solution U for a semi-infinite interfacial
crack. Correspondingly, the vector of tractions 7 is replaced by X, which is the traction vector
corresponding to the singular solution U. The Fourier transforms of the singular displacements
on the boundary can then be derived:

(YO -¥®) 4 L (y® ¥, cer (31)

a2 =07) = { 3

3 oy St <) 1 R UNES
Ul =07) = {5 (YO =¥ - 5o (v Y)}S©, ¢er ()
2 - 1 (2 1 O
U ez =07) = {5 (Y® =¥ )+ g (YO +Y 7). €er. (33)

According to definitions (I6) and (I7), we take the difference and the average of (32) and (33)),

and we derive that:

[O7(€) = 1 {7 stan() m(Y) = Y1) — Re(¥) 4+ Y@)}57(6), (34)



and
. 1 .
(U)(¢) = %{z sign(€) Im(YW + Y®)) — Re(YW - Y<2>)}2 (&), €€R. (35
We note that (34]) is the functional equation of the Wiener-Hopf type, similar to the one studied
inPiccolroaz et al. (2009,12007) and [Piccolroaz & Mishuris (2011)) for the case of isotropic media.
Using the continuity of tractions 3 across the interface, together with (34]) and (35]), we
express the Fourier transform of the skew-symmetric weight function (U) in the form:

(0)(€) = AO)H(€) + 2'32‘(5), ¢eR, (36)

where the diagonal matrix A and the off-diagonal matrix B are
1 -1
A= 2 Re(Y® —Y®) (Re(Y®W +Y®))

and

B= % (Y +Y®) - ATm(YD —Y®),

The formulas (34]) and (B5]) give expressions for the Fourier transform of the symmetric and
skew-symmetric weight functions for interfacial cracks in anisotropic bi-materials in terms of
the transformed singular traction 3. These expressions are compared to those obtained by
the construction of the full-field singular solution for the elasticity problem in an half-plane
(Piccolroaz et all, [2009) in Appendix A. As expected, the weight functions derived via two dif-
ferent approaches agree. Making the inversion of the ([84)) and the (B3] the explicit representation
of the weight functions can be obtained and the complex stress intensity factors associated to
an arbitrary system of forces can be evaluated by means of integral formulas derived by the
application of the Betty identity (Piccolroaz et all, 2009).

4 Interfacial crack in orthotropic bi-materials

In this section explicit expressions for the Fourier transforms of the symmetric and skew-
symmetric weight functions for an interfacial crack in orthotropic bi-materials are derived using

equations (34) and (35]).

4.1 Stroh representation for orthotropic bi-materials

For the case of orthotropic two-dimensional media, the matrices Q,R and T introduced in
section (2.1]) are given by:

o C11 0 . 0 C12 o C66 0
Q_(O CG@‘)’R_(CGG 0)’T_(0 022)'

Where ¢;; are the elements of the materials stiffness matrix, which can be expressed in function
of the elements of the compliance matrix s;; (Sud, [1990h):

522 512
C11 = B R Cl12 = -5 (37)
S79 — 511522 S19 — 511522
S11 1
€2 = ——5—————— Co6= — (38)
S19 — S11522 566

10



The characteristic equation (I0) becomes:

811M4 + (2812 + 866),u2 + 599 =0 (39)

The matrices A and B, defined by relations (8) and (8), are equivalent to those provided by
alternative Lekhnitskii formulation (Lekhnitskii, [1963), more precisely the Lekhnitskii approach
gives a specially normalized eigenvector matrix A, and the characteristics equation derived using
the Lekhnitskii formalism is identical to the ([B9) (Sug, 1990b; Ting, 1996). The relationships
between the two alternative formulations are derived and reported in details in reference [Hwu
(1993), where the elements of A and B in the Stroh representation are reported in function of
the coefficient proposed by Lekhnitskii. Here we write the Stroh matrices A and B using this
particular normalization, reported in [Hwu (1993):

811,u§+812 811M%+812
A \/ﬁ(822—811;ff) \/%(822—811;1%)
- SlQMl'i‘Sﬂll2 812;124-% (40)
2 4 2 4
\/H(Sm_slwl) \/H(822—S11M2)
—p —pi2
\/%(822—811;1‘11) \/%(822—811;1%)

2 4
\/H (s22—51147)

2 4
\/H_I(SQQ_SIIH/Q)

Where p1 and ps are the two roots of the characteristics equation with positive imaginary part.
The Hermitian matrix Y evaluated using (40)) and (4)) is:

(42)

Y — iAB-! — < sulm(ur + p2)  —i(siipipe — s12) )

i(s11lfp — $12)  —s22lm (i + t
Following the notation introduced by Suo, (Sug, 1990b; |Gupta et al., 1992), we define two

adimentional parameters measuring the material anisotropy:

12
Pt _ 12812 + S66

p= 12T 566
599 2 /511522

If A = 1 the material has transversely cubic symmetry, while if A = p = 1 the material is
transversely isotropic. The positive definetess of the strain energy density requires that:

A >0, -1 < p < +4o0,
The characteristics equation (B9) then becomes:
4 i 2
AT+ 20027 +1=0

The roots with positive imaginary parts are:

1 = i)\_%(n +m), = i)\_%(n —m), for 1< p<+oo,
w1 = )\*i(in +m), p2= )\’i(in —m), for —1<p<l,
W1 = Mo = i)\_%, for p=1,

11



Where: )
= (1(1 ))5 = ’1(1 )
n 5 +p , m=|g p

Using this notation the matrix Y becomes:

1 1 . 1
Y —iAB-! — .2n)\4 (811522)2 Z((811_8122)2 + 8112) (44)
—i((s11522)2 + s12)  2nAT1(s118922)2

The bi-material matrix H for two orthotropic materials (Sug, [1990b; |Gupta et all, [1992) is:
~ H —iB8v Hi1Hao
H:Ym+Y®:(. 1 45
iB8v Hy1Hao Hos (45)
Where:

1

H11 = [Qn)\Z(SHSQQ)%](l) —|— [271)\%(811822)%](2),
Hyy = [QTL)\_%(SMSQQ)%](U + [2?1)\_%(811822)%](2),
BV H11Hayy = [((811822)% + 519)]@ — [((511522)% + 512)] W,

B is the generalization of one of the Dundurs parameters (Dundurs, [1969), and is connected to
the bi-material oscillatory index € by the relation:

1 1 <1 — ﬁ)
e=—In|l——
2 1+3
The eigenvector w of the eigensystem ([I3]), associated with the component of displacement jump
([I3) and of the traction ahead of the crack (I4]), is assumed in the normalized form:

T
1.1 [Hy,
g —_— — _— 4
w <ﬁﬂV%J’ (46)

4.2 Weight functions for in-plane deformations

In order to derive explicit expressions for the Fourier transforms of the weight functions matrices
from the relations (34]) and (35), we need to evaluate the Fourier transform of the singular
traction 3. The singular traction on the boundary 3 for an interfacial crack between two
generic anisotropic materials is given by (2I]). Here we report this expression:

(—21)”2

Ver

For studying a crack between two orthotropic media, we assume for w the expression (4g).
As just anticipated, mode I and mode II are coupled, and associated to one single complex
constant C'. Therefore the spaces of singular tractions and of singular solutions U are two-
dimensional linear spaces, and two linearly independent vectors X and weight functions must
be defined (Piccolroaz et al., [2009; [Piccolroaz & Mishuris, 2011). Assuming C; = 1,Cr = 0,

> = Re (CW (1)) (47)
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and C7 = 0,Cr = 1, and substituing explicit components of w, the two independent traction

vectors are defined:
yun(“)g(i«xwa(awk)); (48)
22\ B () + (o))
»2(zy) = @ ( St ) ) ; (49)
22\ B () = (o))

Applying the Fourier transform to (@8] and (@3], the result is:

eof " 1. gie 1, .
o [ e .
I -l S ge oy 7
0 { oF (—5 - Ze) T 2o (‘5 + 28)}
feog”" , 35 ,
.9 5% _Z{ 0c7L (_% B 26) + eoc™ (_% + 26)}
36 = —= . ; (51)
14 4¢? o et 1 1. g 1,
7ol B (—5—25) + 2o (‘5“5)
Where Imé_ € (—o0,0), eg = €2 and
i e QYR

ENEETEN

Substituing the (50) and (B0) into ([B4) and (B5]), and expressing the matrices in term of elements
of H, we derive the Fourier transforms of the two independent symmetric and skew symmetrix

weight functions:
([Ufﬁ [U%1+) T (VR iBsien(© ([iﬂ [2%1). .
U S\ igsiente) 22 ) \By- 53
(<11> <}2>) T [ O/ —isien(d) ([iﬂ [2%1). )
@ )

o) (03) 20 \insin(e) 6,/ B2

Where the following Dundurs-like parameters have been defined:

Db

[2nX7 (s11522) 3] ) — 200 (511592) ]

"= Hyy ’
52 _ [Qn)\_%(susgg)%](l) _ [2n)\_i(811822)%](2)
Hoo ’

[((811822)% + 519)] ) + [((811822)% + 512)]?

VHi1Hao ’
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The superscript + indicates that Ut (€) is analytic in the upper half-plane (Im¢ € (0, +00)).
The expression (B2)) for the transform of the symmetric weight functions, as just anticipated
in previous session, is a Wiener-Hopf type equation similar to the one solved for interfacial
crack in isotropic materials in [Piccolroaz & Mishuris (2011); [Piccolroaz et all (2007, 2009). The
skew-symmetric part of the weight function can also be decomposed by means of relation (G3)):

(U) = A[U)* + B3 (54)
Where the matrices A and B for orthotropic bi-materials using our notation are given by:
1 Hy 1 H.
A:—((Sl 0); g YHu 22( 0 ’y—i—ﬁ(ﬁ);
2 0 52 2 —(’7 + ,8(52) 0

The explicit expressions for the weight functions are obtained by the inversion of the derived
transforms. The symmetric weight function [U](x1) is equal to zero for x1 < 0, while for 1 > 0
it is given by:

1

03] (ay) = 26%_@;:{ vy {(5 _1) (—é + ie> o7+ (B4 1) <_% _ ie) xl}

1

[UQI} (@1) = QCic—h\r/l;_iQfﬂf;Q) {(5 -1 <_% + i5> 331_i6 - (B+1) <—% — ie> xzf}

1

05200 (o))

1

(03] (21) = 20+Cf{y£ﬁ€;2) {(5 ~1) (—% + ie) 27+ (B+1) <_% _ ie) xile}

(55)

The skew-symmetric weight function (U)(x1), is equal to A[U](z) for x1; > 0, while for x; < 0
it is given by:

_ HnGHBS)(e)E [ 1 N (a) T LN
(UL (a1) = — v T i {( 5 +ie ) 5 +< 5 s) o 1)}
_ VHHR(y + fo)(—21) o) (] -
{U3)(a1) = Aot o— \/ﬂ(1+452 {( ) ( )60( 2 }
__Hu(G A8 (e) 1 N (m)TE L o
<U12>(x1) - 4c+c_\/%(1+4€2) {<_2+ €> e ( 2 €> %( 2 }

2
0

i\/H11H22(7+ﬁ52)(—331)7% 1 (—a1)7 " LN o e

dcteV2m(1 + 4e?) ( 2“8) 5 +( 2 w) =) }

(U3)(21) = —
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4.3 Stress-intensity factor for orthotropic bi-materials

The symmetric and skew-symmetric weight functions are now used for evaluating the complex
stress factor for a loading correspondent to an arbitrary system of forces, following the procedure
outlined in [Piccolroaz et al! (2007, 2009) and [Piccolroaz et al! (2010). In Section 24l we have
shown that complex stress identity factor represents the coefficient of the first order asymptotic
term of physical traction field near the crack tip. Remembering equation (28]), for xo — 07 the
traction becomes:

1 3

X 1-2 1.2
7(21) = 5 I=T @)K + 5o=T(@)d + 57—

For orthotropic bi-materials, considering the components of w given by (46, the matrix 7T (z1)
is:

1
2

T(21)L + O(a}) (57)

—ixtf iry "

T (z1) = ]
Hyy e Hyy e
Hayp ™1 Hz "1

The Fourier transform of the (7)), as { — oo and Im¢ € (0, +00), is:

719 = S TleIK + o T(eT + ST o ) (58)
Where: emie e

T(&4) =

[H 5" [Hp ieotis
H_;;c‘;reo H_;; c_Jr
Using this expression, the explicit transforms of the traction > and of the symmetric
weight functions matrix [U]" derived in previous Section, and evaluating [@1]~ , the asymptotic
expansions for the members of Betti identity (27) are derived:
U TR+ = e MUK 46 2MJ + O(67%) for Imé € (0, +00) (59)
SR = € 'MK + € 2MuI + 0(E3) for Imé € (—00,0) (60)

The explicit form for the matrix M is:

_(B=D(=2e) 2 '
Hi 2 eg(B+ 1)(1 + 2ie)

_ﬁ o —92 . .
dctem(1+4e%) | ie-n0-2ie) ;o205 4 1y(1 4 24e)

€0

M, = (61)

Now, we rewrite the Fourier transform of the Betti identity (27)) in terms of a Riemann-
Hilbert problem:

THE) - () = -[UT(OR®)E) - (O ORPBIE), £€R (62)



Where ¥ (¢), according to the Plemelj formula, is:

ey L [T 20
v =5 [ (63)

Then the solution of the (62)) is:
[O]""R++ =¥, Im¢ € (0,+00);

SR =¥, Imé € (—o0,0);

From these expressions asymptotic estimates can be extracted. For £ — oo we can expand
Plemelj’s formula, considering only the first term we have:

1 [ ¥(n) 41 [ _
o :—/ —d:—l—/\lld (e 64
(&) =5 e & omi ) B mdn+0(E™) (64)
Substituing this expression and the expansions (59) and (60) in (62]), comparing the correspond-
ing terms, and considering only the first order, the following general formula for the complex
stress intensity factor is obtained:

o0 A~ A
= oMy [T O @R 0) + () ) RIBI)} d (65)
g} oo
Since we have explicit expressions for matrix M and for the Fourier transforms of both sym-
metric and skew-symmetric weight functions, now using the formula (65]) we can evaluate the
complex stress intensity factor associated to an arbitrary loading for interfacial cracks in or-
thotropic bi-materials. In the next section an illustrative example of computation of K by
means of the (63 is reported.

5 An illustrative example

In this section we present an illustrative example of computation of complex stress intensity
factor K for an interfacial crack loaded by a simple asymmetric force system in orthotropic
bi-materials. The considered force system is illustrated in Fig.([2): the loading consists in a
point force F' acting upon the upper crack face at a distance a behind the crack tip and two
point forces F'/2 acting upon the lower crack face at a distance a —b/2 and a + b/2, respectively,
behind the crack tip.

The loading can be expressed in terms of the Dirac delta function (Piccolroaz et all, 2009):

p*(a1) = ~Fo(m +a),  p ()= s tath) - Lo@ta—b),  (66)

As it is shown in Fig.([2]), the loading can be decomposed into symmetric and skew-symmetric
part:

p)(z1) = —§6(3:1 +a)— %5(:61 +a+b)— g&(azl +a—0>)

p] (1) = —Fé(z1 +a)+ gé(m +a+0b)+ gé(m +a—0) (67)
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Figure 2: ”Three point” loading of an interfacial crack.

The Fourier transform of the symmetric and skew symmetric part of the loading are given by:

D - —ifa _ —Zf(a—}—b) - —Zf(a—b)
<p> (5) 9 e —4 e 1 e
pI(E) = —Fe+ ge%(m) * Zﬂg(a*b) (68)

Using these expressions and the explicit transforms of the symmetric and skew-symmetric weight
functions in orthotropic media, (52 and (B4)), both symmetric and anti-symmetric part of the
complex stress intensity factor K = K + K* corresponding to this loading system have been
evaluated by means of the integral formula (63)):

S _ e0 Hyo ———za : 1 _ —1 e 1 —l—ie}
KS — F,/HH,/ 4(1 bja) 4 4 (14 b/a) S

A 60 ’7+62 Hjy 7—716 l _ —1_ie _1 lis}
KA — ,/HH,/ ~ 301~ by (14 b/a)

In order to study the behavior of these symmetric and anti-symmetric contributions to the stress
intensity factors in function of b/a, the following non-dimensional parameters have been defined

(Sug, 19901):

1 2
(11522 %](2) 1) 812 W 9 812 ®)
oo (usn)2 Y Ja)y 1 s | ge) |12
- 1 9 - 9 - 1 9
[(s11822)2]) (s11522) (s11522)2

SIS

Then we can exprime Hiq, Hoo, 9 and « in function of these parameters:

Hoyo [271)\ ](1) + [271)\ ](2)(1)

Hyy [Qn)\4](1) +2 n)\z](Z)cD
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2nA~ 1] — 2pA 1)@ D
2nA~ 3]0 4 [2nA 7)) D

1+0]®M_1+06]?e
®1+0]1 —[1+06]?

It is important to note that the Dundurs parameter v, associated to the skew-symmetric part
of the loading, depends on 8. Moreover, oscillations of the stress and displacement fields are
excluded for 8 =0, ¢ = 0 (Sug, [1990b). In this case also v = 0.

The complex stress intensity factor has been computed for p™M) = 0.74,1 / AL =100 =
1/2,p? =4.91,® = 6.4 (here we have considered that material (1) is alluminium and material
(2) is boron (Sud, 1990a)), O = 1/2,0) = 2 and five different values of the Dundurs oscil-
lation parameter § = {—1/4,—1/2,0,1/4,1/2}. The values have been normalized multiplying

5y =

L I

by azF~1 and plotted in Fig.([3)) in function of the ratio b/a. The symmetric stress intensity
factor is reported on the left of the figure, while the skew-symmetric is on the right, the real
part is reported on the top while the imaginary is on the bottom. Observing the figure, we
note that both the real and the imaginary part of the skew-symmetric stress intensity factor are
zero for b/a = 0, as expected, since for b = 0 the loading is symmetric. As we increase b/a,
the skew-symmetric contribution to the loading become more relevant, and the skew symmetric
stress intensity factor correspondingly increases. As we can see, in the case without oscillation,
corresponding to 8 = 0, both the imaginary parts K fl and K f} vanish and the stress intensity
factor becomes real. Both the symmetric and the skew-symmetric stress intensity factors diverge
for b/a — 0, because a point force is approaching the crack tip.

In order to characterize the magnitude of the skew-symmetric stress intensity factor respect
to the symmetric stress intensity factor, the ratio K f‘ /K f is evaluated as a function of b/a in
Fig.@). We observe that as b/a increases, K f‘ may reach the 40% of K f , as a consequence
we can say that the contribution of the skew-symmetric part of the loading is not negligible,
and needs to be taken into account in perturbative analysis of interfacial cracks between two
dissimilar anisotropic elastic materials subject to asymmetric forces systems applied on the crack
faces (Piccolroaz et al., 12010, [2009).
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Figure 3: Symmetric and anti-symmetric stress intensity factors as functions of b/a computed for pM =
0.74,1/A0 = 1,00 = 1/2,p® = 4.91,1/X\? = 14.3,0 = 2,® = 6.4 and different values of the Dundurs
parameter 3: f=—1/2, 8=-1/4,8=0,8=1/4, 8 =1/2.
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Figure 4: Ratio Ki'/K7 computed for p™ = 0.74,1/A® = 1,0M = 1/2,p® = 4.91,1/X\?® = 14.3,6® =
2,® = 6.4 and different values of the Dundurs parameter 3: 8 = —1/2, 8 = —-1/4, 8 =0, 8 = 1/4, B = 1/2
reported in function of b/a.

6 Conclusions

The developed general approach for the derivation of symmetric and skew-symmetric weight
function matrices for interfacial plane cracks between dissimilar anisotropic materials, based on
Stroh formulation of displacements and stress fields, have been discussed in details and tested by
means of the application to the case of a crack placed at the interface between two orthotropic
materials under plane stress. The skew-symmetric weight functions obtained by means of the
proposed method have been compared to those obtained for the same problem by the construc-
tion of the full-field singular solution of the elasticity problem in a half-plane (Piccolroaz et all,
2009), the comparison between the two different solutions is reported in Appendix A. The per-
fect equality detected between the expressions derived by means of two distinct approaches is
an important ulterior proof for the obtained results.

Since the proposed Stroh representation is valid for stationary and steady-state elasticity
problems in many anisotropic media (Stroh, 1962;|Suo, 1990b; Ting, 1996), it can be utilized for
evaluating explicit weight functions for plane interfacial cracks in several kind of materials (Stroh
analysis have been proposed for example in quasi-crystals (Radi & Mariano, [2010), piezoelectrics
(Suo et all, [1992) and poroelastics media (Gautier et all, [2011). The derived weight functions
can be used in many important applications: in perturbative expansions for growing cracks or
wavy cracks problems (Piccolroaz et all, [2007), and in the computation of the stress intensity
factor for non-symmetric self-balanced load generated by a system of point-forces applied on
the crack faces. An example of stress intensity factor evaluation for an asymmetric loading
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is reported in Section ([B): weight functions matrices obtained for orthotropic bi-materials have
been used in the computation, and the results show that the contribution of the skew-symmetric
part of the loading is not negligible and must be considered in the asymptotic expressions of the
stress near the crack tip, as it has already been demonstrated for the case of isotropic media
(Piccolroaz et all, 2009, 2010).
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Appendix A

In this appendix, the Fourier transforms of the singular solution of the interfacial crack problem
between two dissimilar orthotropic materials are derived by solving a boundary value problem
for a semi-infinite half-plane subjected to traction boundary conditions at its boundary, following
the procedure illustrated in [Piccolroaz et al! (2009). The derived expressions for the singular
displacements and for the symmetric and skew-symmetric weight functions are compared to those
obtained in Section (B]) by means of the direct solution of the Riemann-Hilbert problem (I0).
The perfect agreement detected between the expressions derived using two different approaches
is an important test for the obtained results.

Initially, we consider the lower half-plane, denoted in the article by the superscript 2.
Introducing the Fourier transform of the stresses respect to the variable x1, we consider the
component G99 as the primary unknown function, so that the plane strain elasticity problem for
the orthotropic material (?) is reduce to the following ordinary differential equation:

1163 — & (si +2517) 63 + €503, = 0 (69)

Where a prime denotes the derivatives respect to x2. The characteristic equation associated to
69 is:
W)t — &2 (sg + 2557 ) WP+ %85 =0, ¢eR

Introducing v = w®) /|¢] and using the same notation of section @, this characteristic equation
becomes:

A@ @4 _2)@\@)3[@12 11 =0 (70)

Assuming that this equation possesses four distinct roots, (p(2) # 1), the general solution of the
plane strain elasticity problem in the lower half-plane is:

. i ) L 1 L T
G59(&,12) = Aﬁz)e‘g‘ 1% +A§)€|£| 20 (€ m) = —5_2022 ;0 (& ) = —5022, (71)
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The Fourier transform on the displacements components are:

e T (2) . 2. _ . 2 2) . _
u; = ¢ (551)011 + 552)022) y o Uy = 2 (551)011 + 552)022) (72)

Where only the two eigenvalues with positive real part (Re(2)1/ > 0), such that the stresses vanish
at the infinity (6;; -0 for x5 — —o0), has been accounted. Remembering the conditions for
having positive definetess of the strain energy density introduced in section [, the two eigenvalues
with positive real part become:

2 2
uf) [A*i(ner)}( ), Véz) = [Aii(n - m)}( )a for 1< P(Q) < +00,

2 2
uf) = {)fi(n + zm)}( ) , y§2) = {)fi(n — zm)}( ) , o for —1<p® <1,
From this form it is straightforward to note that these eigenvalues can be expressed in function

of Stroh eigenvalues introduced in second section by means of the relation:

o = =i, D = i), (73)

In order to derive the weight functions, we need to evaluate explicit expressions for the singular
displacements utilizing the (72). The boundary conditions along the boundary xo = 07 are
defined as follows:

63 w2 =07) =55(6), 63(&a2=07)=37(¢), £€R

where 35, 35, are the components of the singular traction defined in section @ (equations (48]
and ([@9)). It follows that:

(& ma=07) = AP + AP = 57(9),
G (& wa = 07) = —isign(¢) (AP + AP W) = 57 (9),

and thus:
L _ 8y —isign(©]
1= o @ (74)
Vo ' — 1

B isign(5)21 — 1/52)25
V§2) - V§2) ,

The Fourier transforms of the singular displacements fields are then:
ZALI (5’ $2) =

1 . 2 JoR
= WP o) { |:Slgn(§) (s@ — s [ )z + i (892) s [)] ) } gD
Vo ' — 1]

. 2 N — V(2)l‘
+ [&gn({) (351) [ 52)} s2 )) E —i—w( ) (sﬁ) {I/éZ)} — sg)) 22} elélva 2} (76)
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Uy (€, m2) =
1 2 2 2 2)¢&m
) ) {{Z <5§1) [Vg )} - 552) - Sé‘ﬁ)) Vf )21 +

vy vi)
2 A
tsign(€) <S§22> 452 — 52 Mz)} >V§> @) } €z +[ (S@ 452 _ @ [Véz)} )Véwzl n
(@) (o0 [~ o8 - of2) g2 5] ) )

For the upper half-plane, we find the same expressions, subject to replacing |£| with —[¢|
and the superscript (2) with (1) [Piccolroaz et all (2009). From equations (76) and (77)) and
their corresponding expressions on the upper half-plane, we can derive the traces of the singular
displacements transforms on the plane containing the crack:

U (€) = af (§, a0 =0") = <_ [(v2 +v)su]V [s12+ 8111/1’/2](1)) >

T ¢
Uy (&) = af (&,29 =07) = <¢[(311 + 566) — (”2;% + vivg) sy - [snulyg(’u;‘ + 1/1)](1)> .
Ur(§) =y (&m0 =07) = <[(V2 T \VE,)SH](Q)J[SH + 81§1y1y2](2)> .
Uy (€) = iy (6,02 = 07) = (ﬂsn + s00) — (12 ; vt m)su]®) [snylyz('y;' + ,,1)]@)) .

Using the relation (73) between 7 2 and the Stroh eigenvalues:

v = —ipg, Vo = —ijig,
and considering the following relations

2 2 2512 + S66 9

v+ v = —(ui + py) = ——, vivs = 13

2 .
Mo = )

we deduce the expressions for singular displacements along the axes of propagation of the crack
(x2 = 0), as follows:

U () = af (€72 = 07) = (_ [Mm (s + pa)sa]D[suipaps — 312](1)> 5

o SR T
U () = iy (€22 = 0 ( LU +, v 811](2),_2~[811u1uz§— 812](2)> .
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These expressions can be written in the same form of the physical displacements ([30) and (3I)):

049 = {5e(YW =¥ - o (v ¥))8 (79)
079 = {5p(Y® =¥+ o (v ¥))5 (30)

where the hermitian matrices Y and Y® possess exactly the same form ([@2]), evaluated by
specializing the Stroh formalism to the case of a two-dimensional orthotropic material (Sug,

1990b):

(1),(2) . 1),(2)
v ()@ _ <[8111m(m + p2)] —i[s1pp2 — s12] ) (81)

) _ (1),(2)
i [s11Ti Iy — s12) V@ — [Szﬂm (i + i)}

The Fourier transforms of the symmetric and skew-symmetric weight functions are defined re-
spectively as the jump and the average of the singular displacements across the plane containing
the crack:

[0)(§) = TH(E) = U (€) = = {i sign(§) Im(YD — YO) —Re(YD) + YO)15

]

(U)(¢) = % (fﬁ(g) + fJ*(g)) = %{z sign(€) Tm(Y® +Y®@) — Re(YD — Y<2>)}2
(82)

We have finally recovered the expressions (34]) and (B5]), previously derived from the direct solu-
tion of the Riemann-Hilbert problem for the interfacial crack by means of the Stroh formalism,
consequently, we can say that the two alternative formulations are perfectly equivalent, and that
our result is proved by this further test.

24



References

Antipov, Y. A. (1999). An exact solution of the 3-D problem of an interface semi-infinite plane
crack. J. Mech. Phys. Solids, 47, 1051-1093.

Bercial-Velez, J. P., Antipov, Y. A., & Movchan, A. B. (2005). High-order asymptotics and
perturbation problems for 3D interfacial cracks. J. Mech. Phys. Solids, 53, 1128-1162.

Bueckner, H. F. (1985). Weight functions and fundamental fields for the penny-shaped and the
half plane crack in three-space. Int. J. Solids Struct., 23, 57-93.

Bueckner, H. F. (1989). Observations on weight functions. Eng. Anal. Bound. Elem., 6, 3-18.
Dundurs, J. (1969). Discussion of a paper by D. B. Bogy. J. Appl. Mech., 36, 650-652.

Gao, H. (1991). Weight function analysis for interface cracks: mis-mach versus oscillation. J.
Appl. Mech., 58, 931-938.

Gao, H. (1992). Weight function method for interfacial cracks in anisotropic bimaterials. Int.
J. Fract., 56, 139-158.

Gao, H., Abbudi, M., & Barnett, D. M. (1992). Interfacial crack-tip field in anisotropic elastic
solids. J. Mech. Phys. Solids, 40, 393-416.

Gautier, G., Kelders, L., Groby, J. P., Dazel, O., Ryck, L. D., & Leclaire, P. (2011). Propagation
of acoustic waves in a one-dimensional macroscopically inhomogeneous poroelastic material.
J. Acoust. Soc. Am., 130, 1390-1398.

Gupta, V., Argon, A. S., & Suo, Z. (1992). Crack deflection at an interface between two
orthotropic media. J. Appl. Mech., 59, S7T9-S87.

Hwu, C. (1993). Relations among Stroh, Lekhnitskii and Muskhelishvili formulations. In Proc.
of the 10th National Conference on Mechanical Engineering, (pp. 517-525). Taipei, Taiwan,
R.O.C..

Lazarus, V., & Leblond, J. B. (1998). Three-dimensional crack-face weight functions for the
semi-infinite interface crack-i: variation of the stress intensity factors due to some small per-
turbation of the crack front. J. Mech. Phys. Solids, 46, 489-511.

Lekhnitskii, S. G. (1963). Theory of elasticity of an anisotropic mody. Holden-Day, San Fran-
cisco.

Ma, L., & Chen, Y. (2004). Weight functions for interface cracks in dissimilar anisotropic
materials. Acta Mech. Sin., 20, 82-88.

Meade, K. P., & Keer, L. M. (1984). On the problem of a pair of point forces applied to the
faces of a semi-infinite plane crack. J. Elasticity, 14, 3—14.

Mishuris, G. S., & Kuhn, G. (2001). Asymptotic behaviour of the elastic solution near the tip
of a crack situated at a nonideal interface. Z. Angew. Math. Mech., 81, 811-826.

25



Piccolroaz, A., & Mishuris, G. (2011). Integral identities for a semi-infinite interfacial crack in
2D and 3D elasticity. ArXiv:1110.3612v1.

Piccolroaz, A., Mishuris, G., & Movchan, A. B. (2007). Evaluation of the Lazarus-Leblond
constants in the asymptotic model for the interfacial wavy crack. J. Mech. Phys. Solids, 55,
1575-1600.

Piccolroaz, A., Mishuris, G., & Movchan, A. B. (2009). Symmetric and skew symmetric weight
functions in 2D perturbation models for semi-infinite interfacial cracks. J. Mech. Phys. Solids,
57, 1657-1682.

Piccolroaz, A., Mishuris, G., & Movchan, A. B. (2010). Perturbation of mode III interfacial
cracks. Int. J. Fract., 166, 41-51.

Radi, E., & Mariano, P. M. (2010). Stationary straight cracks in quasicrystals. Int. J. Fract.,
166, 105-120.

Stroh, A. N. (1962). Steady state problems in anisotropic elasticity. J. Math. Phys., 41, 77-103.
Suo, Z. (1990a). Delamination specimens for orthotropic materials. J. Appl. Mech., 57, 627-634.

Suo, Z. (1990b). Singularities, interfaces and cracks in dissimilar anisotropic media. Proc. R.
Soc. Lond. A, 427, 331-358.

Suo, Z., Kuo, C.-M., Barnett, D. M., & Willis, J. R. (1992). Fracture mechanics for piezoelectric
ceramics. J. Mech. Phys. Solids, 40, 739-765.

Ting, T. C. T. (1996). Anisotropic elasticity: theory and applications. Oxford University Press.

Willis, J. R., & Movchan, A. B. (1995). Dynamic weight function for a moving crack. I. mode I
loading. J. Mech. Phys. Solids, 43, 319-341.

26



	1 Introduction
	2 Interfacial cracks: preliminary results
	2.1 Stroh formalism in analysis of interfacial cracks
	2.2 Weight functions definition
	2.3 Fundamental Betti identity
	2.4 Asymptotic representation of the fields and stress intensity factors

	3 Symmetric and skew-symmetric weight functions for anisotropic bi-materials
	4 Interfacial crack in orthotropic bi-materials
	4.1 Stroh representation for orthotropic bi-materials
	4.2 Weight functions for in-plane deformations
	4.3 Stress-intensity factor for orthotropic bi-materials

	5 An illustrative example
	6 Conclusions
	7 Acknowledgements

