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Abstract

The purpose of this thesis is to characterize the behavior of the smallest turbulent scales in high

Karlovitz number (Ka) premixed flames. These scales are particularly important in the two-way

coupling between turbulence and chemistry and better understanding of these scales will support

future modeling efforts using large eddy simulations (LES). The smallest turbulent scales are studied

by considering the vorticity vector, ω, and its transport equation.

Due to the complexity of turbulent combustion introduced by the wide range of length and

time scales, the two-dimensional vortex-flame interaction is first studied as a simplified test case.

Numerical and analytical techniques are used to discern the dominate transport terms and their

effects on vorticity based on the initial size and strength of the vortex. This description of the effects

of the flame on a vortex provides a foundation for investigating vorticity in turbulent combustion.

Subsequently, enstrophy, ω2 = ω · ω, and its transport equation are investigated in premixed

turbulent combustion. For this purpose, a series of direct numerical simulations (DNS) of premixed

n-heptane/air flames are performed, the conditions of which span a wide range of unburnt Karlovitz

numbers and turbulent Reynolds numbers. Theoretical scaling analysis along with the DNS results

support that, at high Karlovitz number, enstrophy transport is controlled by the viscous dissipation

and vortex stretching/production terms. As a result, vorticity scales throughout the flame with

the inverse of the Kolmogorov time scale, τη, just as in homogeneous isotropic turbulence. As τη

is only a function of the viscosity and dissipation rate, this supports the validity of Kolmogorov’s

first similarity hypothesis for sufficiently high Ka numbers (Ka & 100). These conclusions are in

contrast to low Karlovitz number behavior, where dilatation and baroclinic torque have a significant

impact on vorticity within the flame. Results are unaffected by the transport model, chemical model,
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turbulent Reynolds number, and lastly the physical configuration.

Next, the isotropy of vorticity is assessed. It is found that given a sufficiently large value of the

Karlovitz number (Ka & 100) the vorticity is isotropic. At lower Karlovitz numbers, anisotropy

develops due to the effects of the flame on the vortex stretching/production term. In this case, the

local dynamics of vorticity in the strain-rate tensor, S, eigenframe are altered by the flame. At

sufficiently high Karlovitz numbers, the dynamics of vorticity in this eigenframe resemble that of

homogeneous isotropic turbulence.

Combined, the results of this thesis support that both the magnitude and orientation of vortic-

ity resemble the behavior of homogeneous isotropic turbulence, given a sufficiently high Karlovitz

number (Ka & 100). This supports the validity of Kolmogorov’s first similarity hypothesis and

the hypothesis of local isotropy under these condition. However, dramatically different behavior

is found at lower Karlovitz numbers. These conclusions provides/suggests directions for modeling

high Karlovitz number premixed flames using LES. With more accurate models, the design of air-

craft combustors and other combustion based devices may better mitigate the detrimental effects of

combustion, from reducing CO2 and soot production to increasing engine efficiency.
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〈Ĉ〉=0.8 demarcate the extents of the turbulence flame brush (Ĉ is defined in section
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Chapter 1

Introduction

1.1 Background

1.1.1 Motivation

Combustion is a central component of energy production in our world today. Its important role

in supporting the activities of society is demonstrated in the annual report of the U.S. Energy

Information Administration [114]. Among the different energy sources, eighty-percent of all energy

currently consumed in the U.S. comes from combustion. Furthermore, the U.S. Energy Information

Administration predicts that combustion based energy sources will continue to supply this same large

fraction of energy into the foreseeable future (Fig. 1.1). The near ubiquitous use of combustion can

be explained by its advantageous characteristics: the ease of accessing combustion fuels (wood, oil,

coal, etc.), the relative abundance of these fuels, the ability to store and transport these fuels, the

simple process by which the internal energy is released, and the legacy of previous technologies for

converting the energy into useful work.

The use of combustion as an energy source is, however, not without dangers and disadvantages.

Some of these include the danger of uncontrolled combustion, limited fuel resources, detrimental

health and environmental effects of soot and NOx, emission of green-house gases, and high tem-

peratures constraining engineering design. Because of the extensive use of combustion, each of

these drawbacks deserves the attention of scientific research and creative engineering to eliminate or

mitigate their detrimental effects.
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Figure 1.1: U.S. primary energy usage by fuel with projections to 2040 in quadrillion Btu. Figure
adapted from Ref. [114].

As a relevant example, energy consumption by transportation accounts for one-quarter of all

energy usage in the US. Aircrafts alone are responsible for nearly 10% of this energy production,

and this fraction is predicted to increase [114]. To address the detrimental effects of combustion,

aircraft engines are under strict emission requirements based on their noise and chemical exhaust

products, including NOx [30] and possibly CO2 in the future [29]. In order to meet these increasingly

stringent emissions requirements and improve performance and efficiency, aircraft combustor design

is moving towards lean premixed combustion at highly turbulent conditions [39].

Engine development requires a significant amount of engineering and design testing. This often

comes with substantial costs of time and resources due to construction of prototypes and the difficulty

of predicting the complex turbulent combustion processes occurring in these highly turbulent engines.

To minimize these costs and support engineering advancement, computational modeling of engines

is increasingly a central part of the design cycle. The purpose of this thesis is to further understand

the fundamental processes in premixed turbulent combustion to support improved modeling efforts

of practical devices like aircraft combustors.

The large eddy simulation (LES) framework [97, 82] is a promising numerical tool for the purpose

of obtaining accurate engine performance information at a reasonable computational cost. This
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Figure 1.2: LES of a Pratt and Whitney gas turbine combustor. Figure adapted from Ref. [62].

modeling tool has been used previously for numerical simulations of aircraft engines, as shown in

Fig. 1.2. LES, in its basic form, resolves the large scale flow features in space and time, called the

resolved scales. By applying a spatial filter over the smaller flow features, called subfilter scales, these

scales are unresolved and their effects are modeled. While various models have been developed for

the subfilter scales in homogeneous isotropic turbulence [21, 107, 89], LES of turbulent combustion

remains an active area of research.

More precisely, LES of premixed turbulent combustion requires further development and model

validation. For instance, models applied within premixed turbulent combustion [79, 48, 108, 68]

were often developed for homogeneous isotropic turbulence and use the Kolmogorov hypotheses

within the model. The three Kolmogorov hypotheses include the hypothesis of local isotropy, first

similarity hypothesis, and second similarity hypothesis. The first two hypotheses relate to small scale

turbulence. They state that the smallest turbulence scales are isotropic, and they depend only on the

viscous dissipation rate, ε, and the kinematic viscosity, ν, respectively [53, 87]. It is not clear if these

two hypotheses are still valid in premixed turbulent combustion, where the density and viscosity vary

significantly and the flame introduces specific length and velocity scales [79]. To develop accurate

LES models for turbulent combustion, testing these two hypotheses and characterizing the behavior

of the smallest turbulent scales are particularly relevant as these scales are smaller than the filer

width, ∆, and must be modeled.
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1.1.2 Combustion Regimes

Turbulent combustion involves the two-way coupling between turbulence and chemistry [121, 25,

85, 3]. This includes the individual yet connected processes of turbulence impacting the flame

structure [79, 3, 101, 83, 105] and the flame altering the turbulence characteristics [58, 73, 14, 38];

each process is integral to understanding and predicting the behavior of turbulent combustion [58].

In premixed turbulent combustion, the coupling of the flame and turbulence has been qualitatively

described by the commonly used premixed turbulent combustion regime diagram [79, 3, 101, 38, 16].

This diagram, presented in Fig. 1.3, delineates different qualitative modes of combustion by the

relation of the flame time scale (τF ) to that of the smallest turbulent eddies (τη), defined as the

Karlovitz number (Ka),

Ka =
τF
τη
, (1.1)

with τη being the Kolmogorov time scale

τη ≡
(ν
ε

)1/2

, (1.2)

where ν is the kinematic viscosity and ε is the dissipation rate. τF is evaluated as

τF =
lF
SL

, (1.3)

with SL being the laminar flame speed and lF being the laminar flame thickness. The laminar flame

thickness is defined here as the thermal width, lF = (Tb − Tu)/|∇T |max, where subscripts b and u

represent quantities evaluated in the burnt products and unburnt reactants, respectively.

By defining the turbulence integral length scale as l = u3
o/ε (where uo is the integral velocity

scale), assuming D = SLlF (where D is the molecular diffusivity), and assuming unity Schmidt

number (Sc ≡ ν/D = 1), the Karlovitz number may be written as

Ka∗ =

(
lFu

3
o

loS3
L

)1/2

. (1.4)
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This form of the Karlovitz number allows the different modes of combustion to be distinguished based

on integral properties of the flow, as shown in Fig. 1.3, and is often used for reporting experimental

and numerical results [79]. It is common to evaluate the Karlovitz number using the turbulence

characteristics in the unburnt flow; this quantity is referred to here as the unburnt Karlovitz number

(Ka∗u).

When the smallest turbulent time scale is larger than the flame time scale, the turbulence is only

able to alter the large scale geometry of the flame surface, which corresponds to the wrinkled and

corrugated flamelet regimes (Ka∗u < 1). The turbulence is able to manipulate the flame geometry

to a greater extent in the corrugated flamelet versus the wrinkled flamelet regime. When τη is

smaller than τF , the turbulence is expected to penetrate and alter the internal structure of the flame

(Ka∗u > 1). The behavior at higher Karlovitz numbers is separated into two regimes: the thin and

broken reaction zone regimes. Between 1 < Ka∗u < 100, the turbulence is expected to only alter

the preheat zone, leaving the reaction zone unaltered. This is called the thin reaction zone. In this

regime, the chemical structure of the flame is expected to resemble its laminar counterpart. As the

turbulent eddies become smaller, they are eventually able to penetrate the interior reaction zone

and alter its chemical structure. This is called the broken reaction zone and is estimated to occur
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for Kau > 100.

Relevant engine applications are at high Karlovitz numbers, such as a typical gas turbine engine,

which resides at the border between the thin and broken reaction zone regimes [24]. Other appli-

cations, such as scramjet combustors, extend to even higher Karlovitz numbers [90]. These regimes

are less well studied both experimentally and numerically than lower Karlovitz number regimes.

Previous studies have also shown the importance of the local Karlovitz number, Ka, (as opposed

to Kau) in determining the internal flame structure [55]. As the Karlovitz number is controlled

by the smallest turbulent scales, it is important to describe the behavior of these turbulent scales

within the flame to better understand the effects on the flame by turbulence. More fundamentally,

the significance of τη within the definition of the Karlovitz number relies on the assumption that the

smallest turbulent scales depend on ν and ε alone (Eq. 1.2, Kolmogorov’s first similarity hypothesis),

which, as mentioned previously, has not been tested within premixed flames.

Considering the above, the focus of this thesis is on the behavior of the smallest turbulent scales

within high Karlovitz number premixed flames. To reiterate, investigating the smallest turbulent

scales is particularly important as they must be modeled in LES [82, 70], their behavior relates to

two of the Kolmogorov hypotheses (the first similarity hypothesis, and local isotropy [53, 87]), and

they are responsible for altering the internal structure of the flame [3, 85, 103, 102, 55].

1.1.3 Vorticity

To study the effects of the flame on the incoming turbulence, previous studies have considered various

quantities. Many focused on quantities related to the turbulent kinetic energy (TKE) transport

equation, often for modeling purposes [9, 127, 77, 15, 16]. Though studying the TKE provides

valuable insight into the integral scales, it does not describe the behavior of the smallest scales.

Other studies focused on the rate of strain tensor,

S =
1

2
(∇u +∇uT ), (1.5)
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for its relevance to the transport equation of the reaction progress variable scalar dissipation rate [17]

and is found to be related to flame stretch [17, 18, 109, 110]. The rate of strain tensor has been

studied for the alignment of its principle axes with various quantities such as the flame normal and

vorticity [110, 38, 14]. Used in this way, the rate of strain tensor provides detailed information on

the dynamics of the flame-turbulence interaction, but does not directly provide information about

the smallest turbulence scales. Study of the smallest turbulent scales can be accomplished through

the energy spectrum [52]; however, evaluating the energy spectrum along a line in physical space,

which crosses different regions (for instance burnt and unburnt) of a curved, turbulent flame, does

not precisely measure the evolution of the energy spectrum as a function of progress through the

flame.

In order to study the behavior of the smallest turbulent scales, the vorticity vector,

ω = ∇× u, (1.6)

and the terms in its transport equation may be investigated. Vorticity, like dissipation, has been

shown to scale with the smallest turbulent scales in homogeneous, isotropic turbulence [46, 72, 88,

113]. Previous studies focused on the vorticity for the importance of the vortex-stretching mechanism

in the energy cascade and its appearance in the scalar gradient transport equation [38, 37, 14, 59].

It is advantageous to consider vorticity, as it may be evaluated locally in physical space without

the use of Fourier transforms (which require periodicity), and it may be projected onto various

coordinate systems, such as the eigenframe of the strain-rate tensor, providing insights into the local

flame-turbulence dynamics. Furthermore, vorticity has a known transport equation, and the terms

in its transport equation may be readily related to physical processes. For these reasons, vorticity

provides insight into the behavior of the smallest turbulent scales along with the processes affecting

their behavior. Thus, vorticity is used in this work to study the smallest turbulent scales.

Both the magnitude and individual components of the vorticity vector provide useful insight into

the behavior of the smallest turbulent scales. In homogeneous isotropic turbulence, the vorticity
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magnitude scales with 1/τη. As τη is a function of the dissipation rate and kinematic viscosity alone,

the relationship |ω| ∝ 1/τη is simply a restatement of Kolmogorov’s first similarity hypothesis.

Therefore, by studying enstrophy,

ω2 = ω · ω, (1.7)

it is possible to assess the validity of this hypothesis in premixed flames. By comparison of the three

components of the vorticity vector, it is possible to assess the effects of the flame on the small scale

isotropy, which relates the Kolmogorov’s hypothesis of local isotropy.

The goal of this thesis is to characterize the transport of the vorticity magnitude and isotropy in

high Karlovitz number premixed flames. The evolution of these quantities is studied by considering

their transport equations. The vorticity transport equation is derived from the momentum equation

and written as

Dω

Dt
= S · ω − ω (∇ · u) +

1

ρ2
(∇ρ×∇P ) +∇×

(
1

ρ
∇ · τ

)
, (1.8)

where D/Dt is the material or total derivative, ρ is the density, u is the velocity vector, P is the

pressure, and τ is the viscous stress tensor. Equation 1.8 represents a set of three equations, one

for each component of the vorticity vector. Each term on the right hand side is associated with

a specific physical process: production/vortex stretching, dilatation, baroclinic torque, and viscous

diffusion, respectively. Production and viscous diffusion are active even when density is constant,

while dilatation and baroclinic torque arise here only due to the presence of the flame. The change

in fluid properties (such as density and viscosity) within a premixed flame alters the vorticity of the

incoming turbulence through these terms. The enstrophy transport equation is obtained by taking

the dot product of vorticity with this set of equations.

Previous DNS studies at low Karlovitz numbers found the turbulence characteristics within the

flame to be significantly different than in homogeneous isotropic turbulence. For example, Lipatnikov

et al. [59] observed that large density ratios resulted in an average production of vorticity in the

flame and that dilatation and baroclinic torque played a significant role in the transport of enstrophy.

Additionally, Kolla et al. [52] showed a collapse of the viscous scales in the turbulent kinetic energy
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spectrum when normalizing using the flame thickness. At high Kalovitz number, the behavior of

the vorticity transport terms is largely unclear, but these previous results suggest the possibility

that baroclinic torque and dilatation (absent in homogeneous isotropic turbulence) may dominate

or dramatically alter the behavior of vorticity in the flame from that of homogeneous isotropic

turbulence.

1.2 Previous work

1.2.1 Vortex-flame interaction

The interaction of a two-dimensional (2D) vortex with a laminar flame is a unique test problem

because it captures many aspects of the coupling of the fluid mechanics and the chemistry while

remaining laminar. For instance, the vortex-flame interaction may be used to investigate the effects

of the flame on the fluid mechanics as, analogous to turbulence, vorticity and velocity structures cross

the flame. It may also be studied for the effects of the fluid mechanics on the flame, as it contains

a combination of hydrodynamic effects such as positive curvature, negative curvature, strain, and

unsteady dynamics [123, 26]. Through this, changes in the flame structure may be examined [5, 115].

Additionally, the vortex-flame interaction has application to practical situations in which vortices

interact directly with a flame [71]. These vortices are often large scale coherent structures within a

turbulent flow.

Furthermore, the vortex-flame interaction has been also used as a model for premixed turbulent

combustion, as turbulence has been considered as a collection of vortices. Arguments based on

associating turbulent length and velocity scales as individual eddies interacting with a flame extend

back to the Klimov-Williams criterion [49, 121] as well as the Gibson scale [78], where premixed

turbulent combustion behavior has been inferred based on these individual interactions.

This idea was applied by Poinsot et al. [83] and a regime diagram was constructed based on

vortex-flame simulations. Using numerical simulations, they investigated a dipole vortex interacting

with a planar flame and focused on local flame extinction. These results were later used as support
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for the premixed turbulent combustion regime diagram by Peters [79]. Here, again, various eddies

within a turbulent flow were modeled by the behavior of an individual vortex of the same length and

velocity scale. This has been used less as a reduced order model in application, like in LES, but more

as a means to explain and predict qualitative behavior. Considering these applications, the vortex-

flame interaction provides a computationally, analytically, and experimentally approachable test

problem which captures multiple aspects of the chemistry and fluid mechanics present in turbulent

combustion. A review of additional previous studies on the vortex-flame interaction follows.

Rutland and Ferziger [95] investigated the interaction of a monopole vortex with a premixed

flame. They furthered the work of Poinsot et al. [83] showing that different sizes and strengths of

vortices resulted in different effects on both the flame and vortex. Their analysis produced different

regimes of qualitatively unique behavior based on the Damköhler number, defined as the ratio of

the vortex time scale, τv = lv/uv (where lv and uv are the vortex characteristic length and velocity

scales), to the flame time scale. They used a single-step Arrhenius reaction rate to model the

chemistry.

Roberts et al. [93] carried out experiments with analysis similar to Poinsot et al. [83], presenting

modifications to the boundaries in their regime diagram along with additional Lewis number (Le)

effects. Their experiments covered a range of vortex to flame length scale ratios, lv/lF = 1 − 5.3,

and velocity scale ratios, uv/SL = 9.3− 20.

Mueller et al. [73] studied experimentally the vortex-flame interaction using vortex rings at a

fixed length ratio, lv/lF ' 10 but with three velocity ratios, uv/SL = 1.4, 3.6, 10.1. They reported

that the survival or destruction of the vortex varied with the three velocity ratios tested. Louch

and Bray [60] performed a numerical study of one of these experimental cases, uv/SL = 1.4. They

compared their simulation results against those of Mueller et al. [73] and also proposed three regimes

describing whether the vortex survived past the flame. However, the regimes are based upon the

value of the flame heat release and the mean pressure gradient. Their simulations relied on a one-step

reaction with an Arrhenius reaction rate and constant viscosity and thermal diffusivity throughout

the simulation. More recently, Moeck et al. [71] considered the interaction of a helical precessing
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vortex core and a flame with relevance to swirl burners. A more complete review of vortex-flame

interaction studies has been done by Renard et al. [92].

Despite the relevance of the vortex flame interaction, the effect of the flame on the vortex is

not well characterized and this interaction has not been explored with analytical techniques. For

instance, various parameters have been suggested to alter the resulting behavior of the vortex.

However, a suitable analysis has not been performed to characterize the relative importance of

the terms in the vorticity equation based on the size and velocity of the initial vortex. This lack

of understanding of how the vorticity is modified by the flame is referenced in the review article

covering the effects of a flame on turbulence by Lipatnikov and Chomiak [58]. Additionally, to the

knowledge of the author, little information has been reported on the vortex characteristics after

passing through the flame (beyond its survival or destruction). This information would be useful

for the study of premixed turbulent combustion as it provides a foundation for understanding how

the flame alters the vorticity through the terms in the vorticity transport equation and under what

conditions each term is important.

1.2.2 Small scale turbulence

High Karlovitz number premixed flames have been the subject of relatively few previous studies [86,

2, 4, 102, 38, 84]. The reason for this is the difficulty of producing high Karlovitz number flames

both numerically and experimentally. Furthermore, a larger portion of these studies has focused on

the internal flame structure [86, 2, 4, 102, 55, 99] rather than the behavior of the turbulence [38, 37].

Examples of studies which focused on the flame include Aspden et al. [3], who investigated distributed

burning in lean hydrogen flames, and Poludnenko and Oran [85, 86], who studied the mechanisms

impacting the turbulent flame speed. A review of relevant studies on the behavior of the small

turbulent scales follows.
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1.2.2.1 Enstrophy

Several relevant conclusions have been made in previous work with respect to the evolution of

vorticity in premixed flames [38, 59, 14, 84]. Chakraborty [14] analyzed data from direct numerical

simulations (DNS) using one-step chemistry with Ka∗u up to 13 for the alignment of vorticity with

the principle axes of the local strain rate tensor. It was found that the vortex-stretching term is on

average positive even with different flame density ratios and Lewis numbers. Lipatnikov et al. [59]

considered DNS at low unburnt Karlovitz numbers (Ka∗u = .2− .3). They found that dilatation and

baroclinic torque are important in the transport of enstrophy and observed that large density ratios

resulted in an average production of vorticity in the flame.

The only relevant study at high Karlovitz number is attributed to Hamlington et al. [38] who

performed several simulations of high Kau (Ka∗u = 3 − 125) premixed H2-air flames varying the

turbulence intensity at a single value of l/lF and flame density ratio. These simulations relied on

numerical viscosity using an implicit large eddy simulation (ILES) framework [35] and employed

one-step chemistry with unity Lewis number assumption. In their work, the vorticity magnitude

was observed to be reduced by heat release for low turbulence intensities, while at high turbulence

intensities the flame weakly affected the vorticity magnitude. Recently, Poludnenko [84] discussed

the magnitude of terms in the vorticity equation for moderately high values of the Karlovitz number

(Kau = 7 − 30) from simulations of H2-air premixed turbulent flames also relying on numerical

viscosity in an ILES framework and using one-step chemistry with unity Lewis number assumption.

It was observed that for the higher value of Kau (Kau = 30), vorticity production had a similar

magnitude through the flame as in the reactants. As viscosity is critical to the behavior of the

smallest turbulent scales, it is relevant to consider if these observations of enstrophy in simulations

relying on numerical viscosity are impacted by temperature dependent molecular viscosity, which

increases through a flame.

Despite these previous contributions, it remains unclear how the flame affects enstrophy at high

Kau, in what manner do terms in the enstrophy transport equation vary with parameters such as

Kau and the flame density ratio, and under what conditions Kolmogorov’s first similarity hypothesis
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is valid within premixed turbulent flames. Lastly, as viscosity is critical to the behavior of the smallest

turbulent scales, it is unclear if these scales are accurately represented by a ILES framework which

relies on numerical viscosity.

1.2.2.2 Vorticity Isotropy

Previous relevant studies on small scale isotropy within premixed flames also include those of Li-

patnikov et al. [59], Poludnenko[84], and Hamlington et al.[38]. At low unburnt Karlovitz numbers,

Lipatnikov et al. [59] found anisotropy in vorticity and related this primarily to the effects of baro-

clinic torque. Vortex stretching was found to be unimportant in these low Ka∗u simulations. At

their lower Karlovitz number tested (Kau = 7), Poludnenko [84] found that the total production of

vorticity was anisotropic, due to the significant role of dilatation and baroclinic torque. However, at

the higher value of Kau (Kau = 30), the total production of vorticity was largely isotropic. The only

relevant study at higher Karlovitz numbers is again by Hamlington et al. [38, 37] (Ka∗u = 3− 125).

In their work, they observed that anisotropy decreased as the turbulence intensity increased, and

offered a possible explanation for anisotropy involving vortex stretching and the local alignment of

vorticity and the flame. The effect of baroclinic torque and viscous dissipation on isotropy was not

considered in their analysis.

Despite this previous work, it is still unclear if and when the smallest turbulent scales are isotropic

within the flame. Additionally, it is uncertain what mechanism is responsible for producing small

scale anisotropy and how this is impacted by different flow parameters.

1.2.3 Chemical and transport model effects

Previous DNS performed to the study the behavior of the flame at high Karlovitz numbers have

largely employed finite-rate chemical models and non-unity Lewis number transport [2, 4, 102, 55, 99].

This is because the internal flame structure is altered by the turbulence at these conditions and

different transport and chemical models result in different behavior of the flame. For example,

Savard and Blanquart [102] found that with non-unity Lewis number transport (compared with
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unity Lewis number transport) the fuel chemical consumption rate exhibited more local extinctions

and its mean value was reduced by 40%. This variation in the fuel source term was found to

significantly reduce the turbulent flame speed (ST /SL) compared to the unity Lewis number flame.

However, in previous numerical studies which focus on the turbulence behavior, DNS were often

performed with simplified models for the chemistry and species transport. The relevant studies

of Chakraborty [14], Lipatnikov et al. [59], Poludnenko [84], Hamlington et al. [38] all consider

one-step chemical models with unity Lewis number transport. As noted by Chakraborty [14], it

is unclear if the chemical and transport models impact the observed behavior of the turbulence.

For example, one-step chemical models assume a single chemical pathway, whereas many engine-

relevant applications use complex hydrocarbon fuels with many chemical pathways. At high Kau,

when the turbulence is expected to disrupt the complex internal structure of the flame, the need to

retain this structure in order to capture accurately the effects of the flame on the turbulence has

not been studied. This knowledge is critical as it would support selecting models with minimal yet

sufficient detail in order to numerically investigate the effects of the flame on turbulence accurately

and efficiently.

1.3 Objective and outline

The primary goal of this thesis is to better characterize the behavior of the smallest turbulent scales

in high Karlovitz number premixed flames through the study of vorticity. For this, three specific

objectives are addressed. The first goal is to study how an individual vortex is altered by a premixed

flame through the terms in the vorticity transport equation. The second goal is to characterize the

behavior of enstrophy and its evolution through the turbulent flame. The final goal is to assess the

isotropy of vorticity within the flame. The resulting conclusions are employed to assess Kolmogorov’s

first similarity hypothesis and hypothesis of local isotropy in high Karlovitz number premixed flames.

The outline of this thesis is discussed subsequently.

To accomplish the above goals, we consider the low Mach number reacting flow equations used in

combination with finite-rate, tabulated, or one-step chemistry models. These equations are presented
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in chapter 2 along with the numerical solver used for the simulations performed in this work.

In chapter 3, the 2D vortex-flame interaction is investigated as a simplified test case for premixed

turbulent combustion. The purpose of this chapter is to understand how the flame alters the vortex

through the terms in the vorticity transport equation and when these terms are important given the

initial size and strength of the vortex. This is accomplished by investigating the limiting behaviors

of the vortex based on the ratios uv/SL and lv/lF through numerical and analytical techniques. Five

different limiting behaviors are identified along with the dominant term in the vorticity transport

equation in each case. The resulting effects on vorticity are characterized. This provides a qualitative

framework for understanding the mechanisms by which the flame impacts vorticity.

To study premixed turbulent flames, a series of DNS with varying Karlovitz numbers, Reynolds

numbers, and flame density ratios are performed and discussed in chapter 4. The simulations are of

slightly lean n-heptane/air flames modeled with a finite-rate chemical model and constant non-unity

Lewis numbers. This fuel is chosen as larger hydrocarbon fuels are often used in engine applications.

Several additional DNS are performed, varying the chemical model and species Lewis numbers to

investigate the effects of these modeling simplifications.

The second primary goal is to understand the transport of enstrophy through the flame (chapter

5). This is accomplished by deriving theoretical scaling estimates for each term of the enstrophy

transport equation to explain their variation through the flame. Predictions from this analysis are

tested using results from the present DNS. A normalized enstrophy transport equation is proposed

which involves a small set of parameters so that the relative magnitude of vortex stretching, di-

latation, baroclinic torque, and viscous dissipation may be predicted as a function of the Karlovitz

number and flame conditions. This information is used to characterize the transport of ensrophy at

high Karlovitz numbers and assess Kolmogorovs first similarity hypothesis, i.e. whether the small

turbulent scales depend on ε and ν alone.

The third goal of this thesis is to characterize vorticity isotropy (chapter 6). Within this goal,

the objectives are first to determine if the smallest turbulent scales are isotropic; and second, to

isolate the processes which are primarily responsible for the production of small scale anisotropy in
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high Karlovitz number premixed flames. Lastly, the final objective is to determine how different

parameters (such as Kau and l/lF ) impact small scale anisotropy.

Finally, the conclusions are summarized in chapter 7 and several points of application are made.

While the development of subgrid scale models is beyond the scope of this present work, the above

results are used to suggest directions for modeling these flames using LES.
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Chapter 2

Governing equations and numerical
solver1

In this chapter, the governing equations used throughout this work are discussed. This includes

equations for the conservation of mass, conservation of momentum, species transport, and temper-

ature. This is followed by an overview of the three different chemical models used. The numerical

solver employed in this thesis is then described.

2.1 Governing equations

The reacting flows which are of interest to this work have a relatively low Mach number (Ma), with a

value typically below 0.3 [23, 106, 103]. With this value of Ma, acoustic waves can be neglected and

the pressure field may be separated into a fluctuating hydrodynamic pressure and spatially-invariant,

but (potentially) time-dependent component, Po(t), P (x, t) [23, 106, 122, 79], with

P (x, t)

Po(t)
= O

(
Ma2

a

)
. (2.1)

To simplify the numerical algorithm, Soret and Dufour effects, body forces, and radiative heat

transfer are ignored [76, 50, 106, 28]. The species molecular diffusion is assumed to be described

by the Fickian law [76, 50, 106, 122, 79]. Under these assumptions, the evolution of the system is

1This chapter is based in large part on the publication [104]: B. Savard, Y. Xuan, B. Bobbitt, and G. Blanquart. A
computationally-efficient, semi-implicit, iterative method for the time-integration of reacting flows with stiff chemistry.
J. Comput. Physics, 295:740 – 769, 2015.
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governed by the following low-Mach number reacting flow equations [64, 65], which include equations

for the conservation of mass, conservation of momentum, species transport, and temperature:

∂ρ

∂t
+∇ · (ρu) = 0, (2.2)

∂ρu

∂t
+∇ · (ρu⊗ u) = −∇P +∇ · τ, (2.3)

∂ρYi
∂t

+∇ · (ρuYi) = −∇ · ji + ω̇i, (2.4)

∂ρT

∂t
+∇ · (ρuT ) = ∇ · (ρα∇T ) + ω̇T −

1

cP

∑
i

cp,iji · ∇T +
ρα

cp
∇cp · ∇T. (2.5)

In these equations, ρ is the density, u is the velocity vector, and P is the hydrodynamic pressure.

Bold symbols are used to denote vectors. The viscous stress tensor is defined as

τ = 2µ

(
S − 1

3
(∇ · u)I

)
, (2.6)

where µ is the mixture dynamic viscosity, and I is the identity tensor. In the species equations, Yi is

the mass fraction of species i, ω̇i is the species chemical source term, and ji is the species diffusion

mass flux vector defined as

ji = −ρDi
Yi
Xi
∇Xi − ρYiuc, (2.7)

where

uc = −
∑

Di
Yi
Xi
∇Xi (2.8)

is the correction velocity, Xi is the species mole fraction, and Di is the species molecular diffusivity.

In the temperature equation, T is the temperature, ω̇T is the heat source term defined as ω̇T =

−1
cp

∑
hiω̇i, where hi(T ) is the species enthalpy, cp,i is the species heat capacity, cp is the mixture

heat capacity, α is the mixture thermal diffusivity, given by α = λ/(ρcp), and λ is the mixture

thermal conductivity. These equations are combined with the ideal gas law as the equation of state,

ρ = PoW/RT, (2.9)
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with 1/W =
∑
Yi/Wi. Here, R is the universal gas constant, Wi is the species molecular weight,

and Po is the thermodynamic pressure.

The species molecular viscosities are calculated using standard kinetic theory [44]. The mixture

molecular viscosity, µ, is computed using a modified form of Wilke’s formula [120, 55] and the

mixture thermal conductivity, λ, is calculated following Mather et al. [67]. The individual species

thermal conductivities are obtained using Euken’s formula [31], and the individual species molecular

diffusivities, Di, are calculated through the relation Di = α/Lei, where Lei are the species Lewis

numbers. As differential diffusion is not the primary focus of this thesis, constant Lewis numbers

(unity and non-unity) are employed in order to reduce computational cost [10].

2.2 Chemical models

Three different chemical models are used in this thesis. The majority of simulations are performed

using finite-rate chemistry, while tabulated and one-step chemistry are employed to test the effects

of using simplified chemical models.

2.2.1 Finite-rate chemistry

In finite-rate chemistry, the mixture is assumed to be composed of N species and with a total of K

chemical reaction (forward and backward reactions counted separately). The species chemical source

term of species i, ω̇i, in Eq. 2.4 may be separated into a production term, ω̇+
i , and a consumption

term, ω̇−i , as

ω̇i = ω̇+
i − ω̇

−
i . (2.10)

With this definition, both the production term, ω̇+
i , and the consumption term, ω̇−i , take positive

values.

The production rate of species i, ω̇+
i , is given by the sum of the contributions from all elementary
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chemical reactions leading to the formation of this species

ω̇+
i = Wi

r∑
j=1
νji>0

νjikj N∏
s=1
νjs<0

(
ρYs
Ws

)−νjs , (2.11)

where r is the total number of chemical reactions and νjs is the stoichiometric coefficient of species

s in reaction j (negative for reactants and positive for products). The rate constant of reaction j

is kj , and is given by the Arrhenius form, kj(T ) = AjT
bj exp−Ta,j/T , where Ta,j is the activation

temperature for this reaction. Similarly, the consumption rate of species i, ω̇−i , is given by the sum

of the contributions from all elementary chemical reactions leading to the destruction of this species

ω̇−i = −Wi

r∑
j=1
νji<0

νjikj N∏
s=1
νjs<0

(
ρYs
Ws

)−νjs . (2.12)

2.2.2 Tabulated Chemistry

Flamelet generated manifolds (FGM), or tabulated chemistry [51, 33, 116, 91], may be used in place of

finite-rate chemistry to reduce the computational cost. In tabulated chemistry the flame is modeled

through a single progress variable, C, against which all fluid properties (including the chemical

source term) are tabulated. Tabulation is performed here with the solution of a 1D unstretched

flame using a finite-rate chemical model. The progress variable is often defined as the sum of several

species mass fractions [69] and is governed by the transport equation

∂ρC

∂t
+∇ · (ρuC) = ∇ · (ρD∇C) + ω̇. (2.13)

In tabulated chemistry, the transport equation for C is used in place of the temperature and species

transport equations. The use of tabulated chemistry relaxes the computational cost compared to

finite-rate chemistry as a single scalar must be transported.



21

2.2.3 One-step chemistry

This thesis also considers one-step chemistry, where only the global reactants and products are trans-

ported. The chemical source terms are determined through a single irreversible, one-step reaction,

written generally as

νFF + νOO→ νP1P1 + νP2P2, (2.14)

where F is the fuel species, O is the oxidizer, Pi are the products, and νi are their respective stoi-

chiometric coefficients. The reaction rate is determined through a second-order Arrhenius kinetics,

ωi = νi[F][O]A exp(−Ta/T). (2.15)

The rate constant, A, and activation temperature, Ta, are chosen here so that the 1D unstretched

laminar flame speed (SL) and thickness (lF ) closely match those of the respective finite-rate mecha-

nism. One-step chemistry requires less computation resources compared to finite-rate chemistry as

fewer species must be transported.

2.3 Numerical solver

The governing equations are solved using the multiphysics and multi-scale, low-Mach number, finite

difference, reacting flow solver NGA [23]. The NGA code allows for accurate, robust, and flexible

numerical simulations of both laminar and turbulent flows [124, 125, 126], constant and variable

density flows [23, 11, 118], as well as LES [125, 74] and DNS [6, 118, 12]. This numerical solver has

been shown to conserve discretely mass, momentum, and kinetic energy, with arbitrarily high order

spatial discretization [23].

Variables in NGA are staggered in both space and time [23]. All scalar quantities (ρ, T , Yi,

P ) are stored at the cell centers while the velocity components are each stored on the respective

cell faces. The variables are advanced in time using the second-order semi-implicit Crank-Nicolson

scheme of Pierce and Moin [80].
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This numerical scheme employs an iterative procedure to fully cover the non-linearities in the

Navier-Stokes equations. This iterative procedure has been found of critical importance for stability

and accuracy considerations [23, 106, 80]. Three to four sub-iterations are often used to provide

the sufficient accuracy with the highest level of efficiency. The sequence of the numerical algorithm

through one time step is subsequently described, where a uniform time step ∆t is employed. The

density, pressure, and scalar fields are advanced from time level tn+1/2 to tn+3/2, and the velocity

fields are advanced from time level tn to tn+1. The total number of sub-iterations for one time step

is denoted as Q. The chemical source terms are integrated explicitly in the following for the purpose

of clarity.

0. Upon convergence of the previous time step, the density, ρn+1/2, pressure, Pn+1/2, velocity

fields, un, and scalar fields, Y n+1/2, are stored, where Y represents the vector of species mass

fractions (Y1, ..., YN ). The solutions for pressure, species mass fractions, and momentum (from

the previous time step) are used as initial best guesses for the forthcoming iterative procedure,

P
n+3/2
0 = Pn+1/2, Y

n+3/2
0 = Y n+1/2, and (ρu)n+1

0 = (ρu)n, (2.16)

where the subscript indicates the index of the sub-iteration. The Adams-Bashforth prediction

is used for the initial density evaluation,

ρ
n+3/2
0 = 2ρn+1/2 − ρn−1/2. (2.17)

This ensures that the continuity equation is discretely satisfied at the beginning of the iterative

procedure. The vector of chemical source terms is denoted by Ω = (ω̇1,..., ω̇N ), and Ω
n+3/2
0

is evaluated using the thermochemical quantities obtained at the conclusion of the previous

time step (explicit prediction).

For the sub-iteration k = 1, ..., Q

1. The scalar fields are advanced in time using the semi-implicit Crank-Nicolson method [23, 80]
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for the convective and diffusive terms, and explicit integration for the chemical source terms,

Y ∗k =
Y n+1/2 + Y

n+3/2
k

2
, (2.18)

ρ
n+3/2
k Y

n+3/2
k+1 = ρn+1/2Y n+1/2 + ∆t

[(
Cn+1
k + Dn+1

k

)
· Y ∗k + Ω∗k

]
+

∆t

2

(
∂C

∂Y
+
∂D

∂Y

)n+1

k

·
(
Y
n+3/2
k+1 − Y

n+3/2
k

)
. (2.19)

To simplify the discrete notations for spatial differential operators, the operators correspond-

ing to the convective and diffusive terms in the species transport equation (Eq. 2.4) are

written as C and D, respectively. ∂C/∂Y and ∂D/∂Y are the Jacobian matrices corre-

sponding to the convective and diffusive terms, respectively. C and ∂C/∂Y are functions of

the density and velocity, while D and ∂D/∂Y are functions of the density and the kinematic

viscosity. They are consistently updated at each subiteration. Depending on the order of

discretization, these operators are generally banded diagonal matrices (e.g. tridiagonal for

second-order discretization and pentadiagonal for third-order discretization). It is important

to note that the semi-implicit Crank-Nicolson method proposed by Pierce [80] is not applied

to the time-integration of the species chemical source terms, Ω∗k. This is due to the extremely

high computational cost associated with the calculation of the chemical Jacobian matrix,

(∂Ω/∂Y )n+1
K , and the even more expensive inversion of this matrix.

The stiffness of chemically reacting flows is generally believed to be due to the stiff source terms

in the species transport equations, but not due to the temperature transport equation [34, 63,

54]. An estimate for the temperature time scale in an n-C7H16 /air premixed flame (used in

the DNS described in chapter 4) gives τT ∼ (Tb − Tu)/(ω̇/(ρcp))max ∼ 104s, where Tb and Tu

are the burnt and the unburnt temperatures, respectively. This time scale is approximately

an order of magnitude larger than the time step corresponding to a unity convective CFL in

such a laminar flame. Therefore, the temperature equation (Eq. 2.5) is advanced in time in

the exact same fashion as the species mass fractions (Eqs. 2.18 and 2.19) without any further

implicit treatment. The discretized temperature equation is not shown for clarity.
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2. The density field is predicted from thermodynamics using

ρ
n+3/2
k+1 =

P0

(∑N
i=1

Y
n+3/2
i,k+1

Wi

)−1

RT
n+3/2
k+1

. (2.20)

It is important to note that this density evaluation does not ensure conservation of the species

densities, ρYi, since no density rescaling, such as the one proposed by Shunn et al. [106], is

used. However, upon convergence of the subiterations, this formulation is equivalent to the

density treatment proposed by Shunn et al.

3. The momentum equation is advanced in time using a similar semi-implicit Crank-Nicolson

method as for the scalar fields,

u∗k =
un + un+1

k

2
, (2.21)

ρn+1/2 + ρ
n+3/2
k+1

2
ûn+1
k+1 =

ρn−1/2 + ρn+1/2

2
un + ∆t

[(
Cn+1
u,k + Dn+1

u,k

)
· u∗k +∇pn+3/2

k

]
+

∆t

2

(
∂Cu

∂u
+
∂Du

∂u

)n+1

k

·
(
ûn+1
k+1 − un+1

k

)
, (2.22)

where Cu and Du are discrete operators associated with the convective and the viscous terms,

respectively. û is the predicted velocity field used to compute the fluctuating hydrodynamic

pressure (Step 4).

4. A Poisson equation is then solved for the fluctuating hydrodynamic pressure,

∇2δp
n+3/2
k+1 =

1

∆t

[
∇ ·

(
ρn+1/2 + ρ

n+3/2
k+1

2
ûn+1
k+1

)
+
ρ
n+3/2
k+1 − ρn+1/2

∆t

]
. (2.23)

The Poisson equation is solved using the high-fidelity HYPRE package [23, 32]. The predicted

velocity field is then updated through a projection step,

un+1
k+1 = ûn+1

k+1 −
2∆t

ρn+1/2 + ρ
n+3/2
k+1

(
∇δpn+3/2

k

)
and P

n+3/2
k+1 = P

n+3/2
k + δp

n+3/2
k+1 . (2.24)
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5. Upon convergence of the sub-iterations, the new solutions are updated,

ρn+3/2 = ρ
n+3/2
Q , Pn+3/2 = P

n+3/2
Q , Y n+3/2 = Y

n+3/2
Q , and un+1 = un+1

Q , (2.25)

It is important to note that the above formulation becomes equivalent to the fully-implicit Crank-

Nicolson time-integration scheme upon convergence of the sub-iterations [80].
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Chapter 3

Vortex-flame Interaction1

The interaction of a 2D vortex with an initially planar flame is investigated in this chapter as a

simplified test case for premixed turbulent combustion. While not all aspects of three-dimensional

(3D) premixed turbulent combustion are present, this test case is useful because it provides a simple

framework for investigating the coupling of vorticity and the flame. It is specifically studied here

to better understand how the flame alters the vortex through the terms in the vorticity transport

equation and when these terms are important given the initial size and strength of the vortex. This

is accomplished by investigating the limiting behaviors of the vortex based on the ratios uv/SL

and lv/lF . The results provide a foundation to understand how a flame interacts with vorticity in

turbulent combustion.

The following section (section 3.1) presents an overview of the physical system and a description

of the numerical configuration. In section 3.2, a theoretical analysis is performed using analytical

techniques yielding leading-order solutions of the vortex and flame. The numerical and theoretical

results are compared in section 3.3 to characterize the different limiting behaviors and the impact

of the relevant transport terms. Lastly, in section 3.4, the conclusions presented here are compared

with the results of previous studies.

1This chapter is based in large part on the following conference proceedings: Bobbitt, B., Blanquart, G., Investiga-
tion of Vortex-Premixed Flame Interaction with Detailed Chemistry, Proceedings of 8th US Combustion Meeting, Salt
Lake City, Utah (2013); Bobbitt, B., Blanquart, G., Approximate Solutions of the Transformation of Vortices through
a Premixed Flame using Generalized Expansions, Proceedings of Western States Section/Combustion Institute, Fort
Collins, Colorado (2013)
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3.1 Problem setup

In this section, the physical and numerical configuration of the vortex-flame simulations are dis-

cussed.

3.1.1 Physical setup

This study considers a two-dimensional vortex initially in front of a planar premixed flame, as shown

in Fig. 3.1. A monopole vortex is chosen over a dipole because a dipole may be thought of as two

monopoles and has the added effect of a self-induced convective velocity. Therefore, a monopole is

simpler and more general. The monopole vortex employed is the two-dimensional Taylor vortex. The

Taylor vortex has the advantage of having an analytical solution to the momentum equation and a

velocity that quickly decays in space, which in turn allows for a smaller computational domain. The

required size of the domain for numerical convergence is addressed in appendix A.1. The equation

for the vortex is given by

uθ(r, t) = uθ,max
r

ra
e

[
1
2

(
1−( r

ra
)
2
)]
, (3.1)

where uθ,max is the maximum tangential velocity, and ra is the vortex core radius defined as the

location of maximum tangential velocity. The vortex core radius is a funciton of time and equal

to ra =
√

2νt. The radial profiles of the velocity, vorticity, and pressure are displayed in Fig.

3.2 normalized by the maximum velocity, the maximum vorticity, and ρu2
θ,max, respectively. The

pressure profile is calculated for a steady vortex. The 2D domain is periodic in the y direction with

an inflow and outflow at the left and right x boundaries, respectively. The flame moves from right

to left, but is stabilized by an inflow at the left boundary approximately equal to the laminar flame

speed.

For this study, the vortex characteristic length scale is defined as twice the vortex core diameter,

lv ≡ 4ra, and the vortex characteristic velocity scale is defined as the maximum velocity, uv ≡ uθ,max.

This length scale encompasses the region where the vortex velocity is above half its maximum. While

other velocity scales such as the vortex core average velocity or average velocity over lv could be



28

Figure 3.1: Diagram of the initial conditions and the definition of scales.

used, uθ,max is preferred, as it provides easy comparison with other studies.

The reactants are that of hydrogen-air with an initial temperature of 298K and pressure of

1 atm. The equivalence ratio is equal to unity (φ = 1), so that there is no limiting reactant. This

fuel is chosen because hydrogen-air chemistry closely resembles a one-step reaction, removing the

added effects of particular fuel chemistry. Additionally, hydrogen-air flames may be modeled using

a small number of species and reactions compared to other larger hydrocarbon fuels, reducing the

computational cost of simulations that use finite-rate chemistry. The chemistry is modeled by the

detailed mechanism of Davis et al. [22], with all the species involving carbon atoms and their related

reactions removed. Unity Lewis number transport is employed as the vortex-flame test case is not

used to focus on the specific effects of differential diffusion. The specific impact of the transport

model on vorticity in premixed turbulent combustion will be addressed in chapters 5 and 6 as the

purpose of this chapter is to provide a qualitative framework for understanding the mechanisms by

which the flame impacts vorticity.

The simulation is initialized with a planar flame near the center of the domain whose structure

is acquired through interpolation of a one-dimensional flame solution. This one-dimensional flame

solution is taken from a steadily propagating flame with the same numerical setup. The initial vortex

velocity profile is added to the velocity field ahead of the flame. The separation between the vortex

and flame is sufficient such that early aspects of the interaction are retained. The distance between

the vortex center and where the flame temperature equals 450K is set to 3.5 ra. This temperature
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Figure 3.2: Radial profiles of the Taylor vortex with the normalized radius being r/ra.

is reduced to T = 350K for the simulations with the smallest vortices tested. At 3.5 ra, the vortex

velocity is 1% of its maximum.

3.1.2 Simulations

The vortex and flame are each characterized by a length and velocity scale, providing the velocity

and length scale ratios uv/SL and lv/lF , respectively. Simulation test conditions are varied over a

wide range of uv/SL and lv/lF so that the limiting cases based on these parameters may be probed.

Specifically, the velocity ratio is varied between 0.1 to 50 and the length scale ratio is varied between

0.2 to 10. Figure 3.3 graphically displays the various initial conditions, which are also listed in

table A.1 located in appendix A.3. Starting at the top left of Fig. 3.3 and going down then across,

tests are referred to as run A, B, C, D, and E. Additional parameters may affect the vortex-flame

interaction, such as particularities of fuel chemistry and the impact of gravity, but determining their

effects are not within the scope of the current work.

The vortex-flame interaction possesses various time scales, each with a different physical signifi-

cance. The length and velocity of the flame and vortex provide three important time scales,

τ1 =
lv
uv
, τ2 =

lF
SL

, τ3 =
lv
SL

. (3.2)
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Figure 3.3: Graphical test matrix of simulations used for the analysis in section 3.3.

The first, τ1, is the time for one rotation of the vortex. The second, τ2, is often referred to as the

chemical time scale. It characterizes the time for the flame to move the length of its own thickness

and, consequently, for a infinitely small vortex to pass through the flame. The third, τ3, is the time

for the flame to move the length of the vortex. When considering diffusion of momentum with the

kinematic viscosity ν, there is an additional relevant time scale, namely

τ4 =
l2v
ν
. (3.3)

This is the vortex diffusion time, and is related to the time for the vortex to decay. Indeed, the

vortex core radius for the Taylor vortex (Eq. 3.1) is ra =
√

2νt, so that the diffusion time scales as

r2
a/(2ν).

Various non-dimensional parameters may be constructed from these time scales. For example,

the Damköhler number is the ratio of τ1 to τ2, and the vortex Reynolds number is the ratio of τ4 to

τ1:

Dav =
τ1
τ2
, Rev =

τ4
τ1
. (3.4)

The vortex Damköhler number increases moving down and to the right in Fig. 3.3, so that run A
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has the lowest value of Dav. The vortex Reynolds number increases moving up and to the right in

Fig. 3.3.

One other important non-dimensional parameters is the ratio of τ2, to τ4,

τ2
τ4

=
1

a

(
lF
lv

)2

, (3.5)

where a is defined as a ≡ lFSL/ν. This is the ratio of the time for a small vortex to pass through

the flame versus the time for a vortex to diffuse. In the limit that this ratio is large, a small vortex

will diffuse before passing through or even interacting with the flame. Therefore, in the limit of a

small vortex, diffusion is expected to dominate the vortex-flame interaction. This behavior will be

further discussed in section 3.3. In order to study how the flame alters vortices through dilatation

and baroclinic torque, runs A and B are performed with a reduced value of the physical viscosity.

In this way, all runs represent high Reynolds number behavior where viscous effects are small over

the time of the interaction. The value of the viscosity is chosen so that the ratio of the viscous time

scale to the time over which the vortex-flame interaction occurs is held constant between runs A

and D. To accomplish this, µ is reduced by about a factor of 150 in runs A and B. The resulting

initial vortex Reynolds numbers are listed in table A.1 located in appendix A.3.

In order to study the case where viscous effects dominate, runs A and B are performed a second

time with the unaltered physical viscosity. These will be referred to as runs Av and Bv and will be

discussed in section 3.3.

3.1.3 Computational domain

The computational domain has a uniform mesh occupying the central third, which is surrounded by

a stretched mesh in all directions. The central region is intended to resolve accurately the vortex

and the perturbed flame while the stretched mesh provides for a larger domain size at a reduced

computational cost. The maximum stretch ratio between grid points is 1.1. An example of the

domain and initial conditions is displayed in Fig. 3.4.
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Figure 3.4: Shaded plot of velocity illustrating the grid and initial conditions of the vortex and
planar flame.

Parameter Requirement
nF : Number of points across lF ≥ 55
nv: Number of points across lv ≥ 180
Ly: Length of domain in y-direction ≥ 16 lv
Lx: Length of domain behind flame ≥ 3 lF ; 9 lv
∆t: Time step ≤ 2× 10−8s

Table 3.1: Numerical requirements to resolve the relevant physics.

Efforts are taken to ensure the simulations capture all the relevant physics and are free of numer-

ical resolution errors. Towards this goal, convergence studies are performed on a one-dimensional

flame, an isolated decaying vortex, and run C. The determined resolution requirements are expressed

as five criteria, namely, the number of points across the flame, nF , the number of points across the

vortex, nv, the length of the domain in the y-direction, Ly, the length of the domain behind the

flame, Lx, and the time step, ∆t. A summary of these variables and their values is located in table

3.1. A detailed description of how these constraints are chosen is located in appendix A.1. As the

central uniform mesh contains the vortex and perturbed flame, the requirements for nF and nv are

placed on the grid in this region, while Ly and Lx are satisfied using the stretched mesh.
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3.2 Theoretical analysis

Before presenting the results of the numerical simulations, it is insightful to perform a theoretical

analysis to investigate the limiting behaviors of the vortex-flame interaction based on the ratios

uv/SL and lv/lF . Through this analysis, the important terms in the vorticity transport equation

may be determined and the resulting impact on the vortex may be characterized either quantitatively

or qualitatively in these limiting cases.

3.2.1 Methodology overview

This analysis seeks the leading-order solution of the vortex and flame based on the velocity and length

scale ratios through generalized expansions. Using this method, higher-order equations may be

derived, potentially providing further detail and insight. The theoretical analysis proceeds separately

for uv/SL � 1, a slow vortex, and uv/SL � 1, a fast vortex. Each of these are further separated

for lv/lF � 1, a small vortex and lv/lF � 1, a large vortex.

The present theoretical analysis considers the continuity and momentum equations (Eq. 2.2 and

2.3), as well as the vorticity and progress variable transport equations (Eq, 1.8 and 2.13). To simplify

the analysis, the transport equation for the vorticity divided by density is used:

ρ3

(
∂ω∗

∂t
+ u · ∇ω∗

)
=∇ρ×∇P + ρ2∇×

(
1

ρ
∇ · τ

)
, (3.6)

where ω∗ = ω/ρ. The vorticity equation expressed using ω/ρ is derived in a similar form by

Saffman [96]. Written as such, the effects of dilatation on vorticity are accounted for in the material

derivative of ω∗. As this problem is restricted to two-dimensions, vorticity is present only in the

direction out of plane and is considered a scalar. As a result, the production/vortex stretching term

is not present in Eq. 3.6 since it represents inherently three-dimensional phenomenon and is exactly

equal to zero in this configuration. The present theoretical analysis assumes constant values of µ,

λ, and cP . As used in Peters [79], the species diffusivity is equated to SL times lF . To better

understand the influence of the flame through dilatation and baroclinic torque, the effects of viscous
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ρ = ρF (x) → ρ = ρuρF ( xlF )

u = uF (x) + uvort(x, y) → u = SLuF ( xlF ) + uvuvort(
x
lv
, ylv )

v = vvort(x, y) → v = uvvvort(
x
lv
, ylv )

P = PF (x) + Pvort(x, y) → P = ρuS
2
LPF ( xlF ) + ρuu

2
vP vort(

x
lv
, ylv )

ω∗ = ω∗vort(x, y) → ω∗ = uv

ρulv
ω∗vort(

x
lv
, ylv )

c = cF (x) → c = cbcF ( xlF )

Table 3.2: Initial conditions.

diffusion are not included in the following analysis. Viscous effects were addressed in section 3.1.2

by considering the relevant time scales and will be further discussed in section 3.3.3.

Modeling the chemistry using a detailed chemical mechanism requires an additional transport

equation for each species, making this model inconducive to theoretical analysis. Tabulated chem-

istry, as presented in section 2.2.2, is more tractable while containing the physics necessary to

investigate the effects of the flame on a vortex (simulation results support the use of this model,

with additional details provided in appendix A.2). By use of the progress variable, c, species mass

fractions and temperature are written as Yi = Yi(c) and T = T (c). As the low Mach number

Navier-Stokes equations are solved, the density is related to the progress variable, here, through the

function ρ = g(c). The progress variable chemical source term has the form ω̇ = f(c), where f is a

continuous function.

The physical system solved in this theoretical analysis is the same as for the numerical simu-

lations, namely a monopole vortex in front of a planar, laminar premixed flame, as shown in Fig.

3.1. The left boundary condition is an inflow condition equal to the laminar flame speed, so that an

undisturbed flame remains fixed in space.

The initial conditions for the purpose of the theoretical analysis are listed in table 3.2. The

vortex and flame are initially sufficiently separated so that the initial conditions are merely the sum

of the two, noted by subscripts of vort or F . The initial conditions are then normalized so that

each is equal to a constant times a variable with a magnitude of order one. These initial variables,

signified by an over-line, are constructed so that their coordinates are divided by the physical length

scale of the corresponding vortex or flame.
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ρ̃ = ρF (x̃) + 0 + 0

ũ = uF (x̃) + uv

SL
uvort(

lF
lv
x̃, lFlv ỹ) + 0

ṽ = 0 + uv

SL
vvort(

lF
lv
x̃, lFlv ỹ) + 0

P̃ = PF (x̃) + 0 +
(
uv

SL

)2

P vort(
lF
lv
x̃, lFlv ỹ)

ω̃∗ = 0 + uv

SL

lF
lv
ω∗vort(

lF
lv
x̃, lFlv ỹ) + 0

c̃ = cF (x̃) + 0 + 0

Table 3.3: Normalized initial conditions for a slow vortex, uv/SL � 1, separated into columns based
on the order of ε (uv/SL = ε).

3.2.2 Slow vortex

Equations are first derived for a slow vortex, uv/SL � 1, and then solutions are found individually

for small, lv/lF � 1, and large, lv/lF � 1, vortices. The governing equations and initial conditions

are normalized by the velocity of the flame, SL, flame thickness, lF , unburnt density, ρu, and the

progress variable for the burnt conditions, cb. As SL is larger than uv, this normalization supports

taking an expansion where uv/SL is a small parameter, and is partially inspired by that of Matalon

and Matkowsky [66]. Normalized variables are represented with a tilde: u = SLũ, v = SLṽ, ρ = ρuρ̃,

P = ρuS
2
LP̃ , ω∗ = SL/(lF ρu)ω̃∗, and c = cbc̃. The progress variable chemical source term is

normalized as such: ω̇ = (SLρucb/lF )˜̇ω. The normalized initial conditions are listed in table 3.3.

Taking ε to be a small parameter, a solution is sought of the form of a generalized expansion in

ε (Eq. 3.7). In the limit of a slow vortex, the velocity scale ratio is defined as uv/SL = ε,

ρ̃ = ρ̃o + ερ̃1 + ...,

ũ = ũo + εũ1 + ...,

ṽ = ṽo + εṽ1 + ...,

P̃ = P̃o + εP̃1 + ...,

ω̃∗ = ω̃∗o + εω̃∗1 + ...,

c̃ = c̃o + εc̃1 + ....



(3.7)

After inserting the above expressions into the governing equations, terms are separated based on

powers of ε, with ε0 as zeroth-order, ε1 as first-order, and so forth.



36

3.2.2.1 Zeroth-order equations

The zeroth-order equations are given in Cartesian coordinates by

∂ρ̃o

∂t̃
+ ũo

∂ρ̃o
∂x̃

+ ṽo
∂ρ̃o
∂ỹ

=− ρ̃o
(
∂ũo
∂x̃

+
∂ṽo
∂ỹ

)
, (3.8)

ρ̃o

(
∂ũo

∂t̃
+ ũo

∂ũo
∂x̃

+ ṽo
∂ũo
∂ỹ

)
=− ∂P̃o

∂x̃
, (3.9)

ρ̃o

(
∂ṽo

∂t̃
+ ũo

∂ṽo
∂x̃

+ ṽo
∂ṽo
∂ỹ

)
=− ∂P̃o

∂ỹ
, (3.10)

ρ̃3
o

(
∂ω̃∗o
∂t̃

+ ũo
∂ω̃∗o
∂x̃

+ ṽo
∂ω̃∗o
∂ỹ

)
=
∂ρ̃o
∂x̃

∂P̃o
∂ỹ
− ∂ρ̃o

∂ỹ

∂P̃o
∂x̃

, (3.11)

ρ̃o

(
∂c̃o

∂t̃
+ ũo

∂c̃o
∂x̃

+ ṽo
∂c̃o
∂ỹ

)
=

(
∂

∂x̃

(
ρ̃o
∂c̃o
∂x̃

)
+

∂

∂ỹ

(
ρ̃o
∂c̃o
∂ỹ

))
+ ˜̇ωo, (3.12)

ρ̃o =g̃(cbc̃o), (3.13)

with the corresponding initial conditions provided in table 3.3. The progress variable chemical source

terms is ˜̇ωo = f̃(cbc̃o). The zeroth-order equations are the same Navier-Stokes and progress variable

transport equations, but for the zeroth-order quantities only. The initial conditions correspond to

an unperturbed, planar, laminar flame. By this, and including the inflow condition, the solution

of the zeroth-order system of equations is a steady planar flame. The solution may be written as:

ρ̃o = ρF , ũo = uF , ṽo = 0, P̃o = PF , ω̃∗o = 0, and c̃o = cF . This is the leading-order solution for

the flame and, interestingly, is uncoupled from the vortex for this case. This result is valid for both

small and large vortices.
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3.2.2.2 First-order equations

The first-order terms are listed in Eq. 3.14 - 3.19 after applying the solution of the zeroth-order

quantities,

(
∂ρ̃1

∂t̃
+ uF

∂ρ̃1

∂x̃

)
+ ũ1

∂ρF
∂x̃

=− ρ̃1
∂uF
∂x̃
− ρF

(
∂ũ1

∂x̃
+
∂ṽ1

∂ỹ

)
, (3.14)

ρF

(
∂ũ1

∂t̃
+ uF

∂ũ1

∂x̃

)
+ ρ̃1uF

∂uF
∂x̃

+ ρF ũ1
∂uF
∂x̃

=− ∂P̃1

∂x̃
, (3.15)

ρF

(
∂ṽ1

∂t̃
+ uF

∂ṽ1

∂x

)
=− ∂P̃1

∂ỹ
, (3.16)

ρ3
F

(
∂ω̃∗1
∂t̃

+ uF
∂ω̃∗1
∂x̃

)
=
∂ρF
∂x̃

∂P̃1

∂ỹ
− ∂ρ̃1

∂ỹ

∂PF
∂x̃

, (3.17)

ρF

(
∂c̃1

∂t̃
+ uF

∂c̃1
∂x̃

)
+ ρ̃1uF

∂cF
∂x̃

+ ρF ũ1
∂cF
∂x̃

=
∂ρ̃1

∂x̃

∂cF
∂x̃

+ ρ̃1
∂2cF
∂x̃2

+
∂ρF
∂x̃

∂c̃1
∂x̃

+

ρF

(
∂2c̃1
∂x̃2

+
∂2c̃1
∂ỹ2

)
+ ˜̇ω1, (3.18)

ρ̃1 =cbc̃1g̃
′(cbc̃o), (3.19)

and the corresponding initial conditions are also provided in table 3.3. Here, the chemical source

term is ω̇1 = cbc̃1f
′(cbc̃o). This system of equations corresponds to the leading-order solution of the

perturbed vortex and perturbed flame. These equations are not the Navier-Stokes equations, but

actually a set of equations linear in the first-order quantities. The analysis will continue separately

based upon the size of the vortex.

3.2.2.3 Slow and small vortex

As the zeroth-order solution is a planar flame, its associated vorticity is zero. For a small vortex,

its initial vorticity is relatively large, as seen by lF /lv in the initial condition. It is therefore more

appropriate to rewrite the vorticity as φ1 = lv/lF ω̃
∗
1 . This only alters the vorticity equation,

ρ3
F

(
∂φ1

∂t̃
+ uF

∂φ1

∂x̃

)
=
lv
lF

(
∂ρF
∂x̃

∂P̃1

∂ỹ
− ∂ρ̃1

∂ỹ

∂PF
∂x̃

)
, (3.20)
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and initial condition,

φ1(x̃, ỹ, t̃ = 0) = ω∗vort

(
lF
lv
x̃,
lF
lv
ỹ

)
. (3.21)

Including this as the vorticity equation, a second generalized expansion is performed in ξ on the

first-order equations, taking ξ = lv/lF . A solution of the form of Eq. 3.22 is sought,

ρ̃1 = ρ̃1,o + ξρ̃1,1 + ..., (3.22)

for ρ̃1 and analogously for the remaining variables. After inserting these expressions into Eq. 3.14

- 3.19, terms are separated based on powers of ξ in the same manner as before. For the sake of

brevity, only the resulting leading-order vorticity equation is written, which is as follows:

∂φ1,o

∂t̃
+ uF

∂φ1,o

∂x̃
= 0, (3.23)

along with the corresponding initial condition,

φ1,o(x̃, ỹ, t̃ = 0) = ω∗vort

(
lF
lv
x̃,
lF
lv
ỹ

)
. (3.24)

It is important to recall that dilatation is accounted for in the left hand side of Eq. 3.23. This

equation may be solved explicitly as it is uncoupled from the rest of the system. It is an advection

equation; the vorticity of the vortex is merely advected by the flame velocity, uF . The solution is

given by

ω1,o(x̃, ỹ, t̃) =
ρF (x̃)

ρF (x̃o)
ωvort(x̃o, ỹ), (3.25)

where the value of x̃o is solved through the Lagrangian equation
∫ x̃(t̃)

x̃o
1/uF (x′)dx′ = t̃. This provides

the relation between the initial location, xo, the current location, x, and time. As uF increases with

x, this results in the vortex lengthening in the flame normal direction. In this solution, the circulation

is of the vortex is conserved.

Equation 3.25 is the leading-order solution for the transformation of a vortex across the flame in
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the limit that uv/SL � 1 and lv/lF � 1. In this limit, the vortex is dampened with the ratio of the

local to initial density and stretched in the normal direction to the flame by the inverse of the same

ratio due to the effects of dilatation.

3.2.2.4 Slow and large vortex

Starting from Eq. 3.14 - 3.19, a generalized expansion is taken again in ξ, here equated as ξ = lF /lv.

Similar to before, a solution of the form below is sought,

ρ̃1 = ρ̃1,o + ξρ̃1,1 + ..., (3.26)

for ρ̃1 and analogously for the remaining variables. After inserting the above expressions into Eq.

3.14 - 3.19, terms are separated based on powers of ξ. Again, only the resulting leading-order

vorticity equation is written, which is given by

∂ω̃∗1,o

∂t̃
+ uF

∂ω̃∗1,o
∂x̃

=
1

ρ3
F

(
∂ρF
∂x̃

∂P̃1,o

∂ỹ
− ∂ρ̃1,o

∂ỹ

∂PF
∂x̃

)
, (3.27)

along with the initial condition,

ω̃∗1,o(x̃, ỹ, t̃ = 0) = 0. (3.28)

The resulting system of equations contains the leading-order solution of a slow and large vortex

and the perturbation to the flame. The leading-order vorticity equation is different from the small

vortex in that the terms of baroclinic torque, (∇ρ × ∇P ), are retained and the vorticity initial

condition is zero (the initial condition ω∗vort has been pushed to higher-orders in ξ). Equation

3.27 is coupled to the other equations in the system, and though an analytical solution is not

derived, a qualitative description is possible. The baroclinic torque is non-zero and the corresponding

production of vorticity is significantly larger than the initial vorticity of the vortex. Combined with

the leading-order solution for the flame, the behavior in the limit of a large and slow vortex is

predicted as a planar flame with minor perturbations and a significantly altered vortex through the
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action of baroclinic torque.

3.2.3 Fast vortex

In the limit of a fast vortex, uv/SL � 1, a similar analysis could be performed as above. If this is

done, the equations and initial conditions are normalized once again, this time using uv in place of

SL. A solution of the form of a generalized expansion, Eq. 3.7, is sought with ζ = SL/uv being

the small parameter, and terms of the governing equations are separated based on powers of ζ. The

zeroth-order equations in two-dimensional Cartesian coordinates are given by

∂ρ̃o

∂t̃
+ ũo

∂ρ̃o
∂x̃

+ ṽo
∂ρ̃o
∂ỹ

=− ρ̃o
(
∂ũo
∂x̃

+
∂ṽo
∂ỹ

)
, (3.29)

ρ̃o

(
∂ũo

∂t̃
+ ũo

∂ũo
∂x̃

+ ṽo
∂ũo
∂ỹ

)
=− ∂P̃o

∂x̃
, (3.30)

ρ̃o

(
∂ṽo

∂t̃
+ ũo

∂ṽo
∂x̃

+ ṽo
∂ṽo
∂ỹ

)
=− ∂P̃o

∂ỹ
, (3.31)

ρ̃3
o

(
∂ω̃∗o
∂t̃

+ ũo
∂ω̃∗o
∂x̃

+ ṽo
∂ω̃∗o
∂ỹ

)
=

(
∂ρ̃o
∂x̃

∂P̃o
∂ỹ
− ∂ρ̃o

∂ỹ

∂P̃o
∂x̃

)
, (3.32)

ρ̃o

(
∂c̃o

∂t̃
+ ũo

∂c̃o
∂x̃

+ ṽo
∂c̃o
∂ỹ

)
=0, (3.33)

ρ̃o =g̃(cbc̃o), (3.34)

along with the initial conditions

ρ̃o(x̃, ỹ, t̃ = 0) = ρF (x̃),

ũo(x̃, ỹ, t̃ = 0) = uvort(
lF
lv
x̃, lFlv ỹ),

ṽo(x̃, ỹ, t̃ = 0) = vvort(
lF
lv
x̃, lFlv ỹ),

P̃o(x̃, ỹ, t̃ = 0) = P vort(
lF
lv
x̃, lFlv ỹ),

ω̃∗o(x̃, ỹ, t̃ = 0) = lF
lv
ω∗vort(

lF
lv
x̃, lFlv ỹ),

c̃o(x̃, ỹ, t̃ = 0) = cF (x̃).



(3.35)

Unfortunately, both the vortex and flame quantities are represented in the initial conditions,
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suggesting that, to a larger extent, the behaviors of the vortex and the flame are intrinsically

coupled. For this reason, a different approach is used in order to obtain an analytical solution for

the case of a small and fast vortex.

3.2.3.1 Fast and small vortex

In the limit of a fast, uv/SL � 1, and small, lv/lF � 1, vortex, the equations are derived in a

different manner and the analysis involves two separate stages.

First, the behavior of the flame evolution is investigated. As done for the slow and small vortex

(section 3.2.2.3), the governing equations are normalized by SL, lF , ρu, and cb. It is important

to note that the coordinate system is centered on the initial vortex. A generalized expansion is

performed, taking ξ to be a small parameter such that ξ = lv/lF , and seeking a solution of the

following form,

ρ̃o = ρ̃o + ξρ̃1 + ..., (3.36)

for each of the variables. After separating the terms based on powers of ξ, the zeroth-order equations

written in Cartesian coordinates are as follows,

∂ρ̃o

∂t̃
+ ũo

∂ρ̃o
∂x̃

+ ṽo
∂ρ̃o
∂ỹ

=− ρ̃o
(
∂ũo
∂x̃

+
∂ṽo
∂ỹ

)
, (3.37)

ρ̃o

(
∂ũo

∂t̃
+ ũo

∂ũo
∂x̃

+ ṽo
∂ũo
∂ỹ

)
=− ∂P̃o

∂x̃
, (3.38)

ρ̃o

(
∂ṽo

∂t̃
+ ũo

∂ṽo
∂x̃

+ ṽo
∂ṽo
∂ỹ

)
=− ∂P̃o

∂ỹ
, (3.39)

ρ̃o

(
∂c̃o

∂t̃
+ ũo

∂c̃o
∂x̃

+ ṽo
∂c̃o
∂ỹ

)
=
∂

∂x̃

(
ρ̃o
∂c̃o
∂x̃

)
+

∂

∂ỹ

(
ρ̃o
∂c̃o
∂ỹ

)
+ ˜̇ωo, (3.40)

ρ̃o =g̃(cbc̃o), (3.41)
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with the initial conditions,

ρ̃o(x̃, ỹ, t̃ = 0) = ρF (x̃),

ũo(x̃, ỹ, t̃ = 0) = uF (x̃) + uv

SL
uvort(ξ

−1x̃, ξ−1ỹ),

ṽo(x̃, ỹ, t̃ = 0) = uv

SL
vvort(ξ

−1x̃, ξ−1ỹ),

P̃o(x̃, ỹ, t̃ = 0) = PF (x̃) +
(
uv

SL

)2

P vort(ξ
−1x̃, ξ−1ỹ),

c̃o(x̃, ỹ, t̃ = 0) = cF (x̃).



(3.42)

This zeroth-order system represents the solution as ξ approaches zero (ξ = lv/lF → 0). As the coor-

dinates of the vortex initial conditions are multiplied by ξ−1, this limit creates a “jump condition:”

if x̃ > 0, then ξ−1x̃ → ∞ and if x̃ < 0, then ξ−1x̃ → −∞. Both correspond to locations far away

from the vortex where its initial conditions equal zero. Only at x̃, ỹ = 0 are the initial conditions

for the vortex non-zero.

In these equations the vortex may be considered as infinitely thin and provides a jump discon-

tinuity, though no variables have jumps in their values. By this, it is concluded that the initially

planar flame is perturbed only at a single point and the progress variable, co, does not vary over the

area of the vortex. Taking this limit, the initial conditions then become

ρ̃o(x̃, ỹ, t̃ = 0) = ρF (x̃),

ũo(x̃, ỹ, t̃ = 0) = uF (x̃),

ṽo(x̃, ỹ, t̃ = 0) = 0,

P̃o(x̃, ỹ, t̃ = 0) = PF (x̃),

c̃o(x̃, ỹ, t̃ = 0) = cF (x̃).



(3.43)

Once again, these initial conditions and the associated equations (Eq. 3.37-3.41) correspond to that

of a one-dimensional planar flame. In summary, this zeroth-order solution for a small vortex is a

planar unperturbed flame.

In this second stage, and in order to gain insight into the transformation of the vortex through

the flame, the governing equations are normalized instead by uv, lv, ρu, and cb. It is important to



43

remember that the coordinate system is centered on the initial vortex. Using the above results, the

progress variable is assumed constant in space over the area of the vortex, changing in time from

the unburnt to burnt quantities, c̃ = c̃(t), as the vortex passes through the flame. Expanding again

in ξ = lv/lF , the zeroth-order equations become as follows,

∂ρ̃o

∂t̃
+ ũo

∂ρ̃o
∂x̃

+ ṽo
∂ρ̃o
∂ỹ

=− ρ̃o
(
∂ũo
∂x̃

+
∂ṽo
∂ỹ

)
, (3.44)

ρ̃o

(
∂ũo

∂t̃
+ ũo

∂ũo
∂x̃

+ ṽo
∂ũo
∂ỹ

)
=− ∂P̃o

∂x̃
, (3.45)

ρ̃o

(
∂ṽo

∂t̃
+ ũo

∂ṽo
∂x̃

+ ṽo
∂ṽo
∂ỹ

)
=− ∂P̃o

∂ỹ
, (3.46)

ρ̃3
o

(
∂ω̃∗o
∂t̃

+ ũo
∂ω̃∗o
∂x̃

+ ṽo
∂ω̃∗o
∂ỹ

)
=

(
∂ρ̃o
∂x̃

∂P̃o
∂ỹ
− ∂ρ̃o

∂ỹ

∂P̃o
∂x̃

)
, (3.47)

ρ̃o =g̃(cbc̃(t)), (3.48)

with the initial conditions,

ρ̃o(x̃, ỹ, t̃ = 0) = ρF (0),

ũo(x̃, ỹ, t̃ = 0) = SL

uv
uF (0) + uvort(x̃, ỹ),

ṽo(x̃, ỹ, t̃ = 0) = vvort(x̃, ỹ),

P̃o(x̃, ỹ, t̃ = 0) =
(
SL

uv

)2

PF (0) + P vort(x̃, ỹ),

ω̃∗o(x̃, ỹ, t̃ = 0) = ω∗vort(x̃, ỹ).



(3.49)

As a result of assuming c̃ is constant in space, ρ̃o is constant in space through 3.48, but again changes

in time from the unburnt to burnt quantities. This is also reflected in the initial conditions. After

applying this result, a second generalized expansion is performed in ζ, taking ζ = SL/uv, limiting

the solution to a fast vortex. A solution of the form of Eq. 3.50 is sought,

ũo = ũo,o + ζũo,1 + ..., (3.50)

for ũo and similarly for the remaining variables. In the same manner as previously performed, terms
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are separated based on powers of ζ. The leading-order equations are as follows, written in cylindrical

coordinates centered on the initial vortex,

∂ρ̃o

∂t̃
+
ρ̃o
r

(
∂(ũr;o,or)

∂r̃
+
∂ũθ;o,o

∂θ̃

)
=0, (3.51)

∂ũr;o,o

∂t̃
+ ũr;o,o

∂ũr;o,o
∂r̃

+
ũθ;o,o
r

∂ũr;o,o

∂θ̃
−
ũ2
θ;o,o

r
=− 1

ρ̃o

∂P̃o,o
∂r̃

, (3.52)

∂ũθ;o,o

∂t̃
+ ũr;o,o

∂ũθ;o,o
∂r̃

+
ũθ;o,o
r

∂ũθ;o,o

∂θ̃
+
ũθ;o,oũr;o,o

r
=− 1

ρ̃or

∂P̃o,o

∂θ̃
, (3.53)

∂ω̃o,o

∂t̃
+ ũr;o,o

∂ω̃o,o
∂r̃

+
ũθ;o,o
r

∂ω̃o,o

∂θ̃
=0, (3.54)

with the initial conditions,

ũr;o,o(r̃, θ, t̃ = 0) = 0,

ũθ;o,o(r̃, θ, t̃ = 0) = uvort(r̃),

P̃o,o(r̃, θ, t̃ = 0) = P vort(r̃),

ω̃∗o,o(r̃, θ, t̃ = 0) = ω∗vort(r̃).


(3.55)

Note that in these equations the vortex center does not move in time as the flame velocity does

not appear here. As the initial conditions and ρ̃o have no θ dependence, there is no dependence

on θ through time. Therefore, the vorticity and velocity remain axisymmetric, providing for the

reduction of the continuity and vorticity equations into their final simplified form.

r

ρ̃o

∂ρ̃o

∂t̃
+
∂(ũr;o,or)

∂r̃
=0, (3.56)

∂ω̃o,o

∂t̃
+ ũr;o,o

∂ω̃o,o
∂r̃

=0. (3.57)

The radial velocity, ũr,o,o, induced by the density change is solved and substituted into the vorticity

equation. Like the case of a slow, small vortex, this is again an advection equation, but here the

vorticity is advected radially. The solution is given by

ω̃o,o(r̃, t̃) =
ρ̃o(t)

ρF
ωvort

(
r̃

√
ρ̃o(t)

ρF

)
. (3.58)
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The density in Eq. 3.58 is evaluated at the vortex. This is the solution for the leading-order

transformation the vortex across the flame in the limit of a fast and small vortex, uv/SL � 1 and

lv/lF � 1. In this solution, the vortex is dampened by the local to initial density ratio and expanded

radially by the square root of the same ratio due to the effects of dilatation. The circulation of the

vortex is conserved. This solution is very similar to the slow, small vortex, but the vortex expands

radially rather than normal to the flame front.

3.2.3.2 Fast and large vortex

For the case of a fast (uv/SL � 1) and large (lv/lF � 1) vortex, the analysis begins with the

zeroth-order equations in ζ, Eq. 3.29 - 3.34. These are further expanded in ξ, equating ξ = lF /lv.

The leading-order continuity and vorticity equations are given by,

∂ρ̃o,o

∂t̃
+ ũo,o

∂ρ̃o,o
∂x̃

+ ṽo,o
∂ρ̃o,o
∂ỹ

=− ρ̃o,o
(
∂ũo,o
∂x̃

+
∂ṽo,o
∂ỹ

)
, (3.59)

ρ̃3
o,o

(
∂ω̃∗o,o

∂t̃
+ ũo,o

∂ω̃∗o,o
∂x̃

+ ṽo,o
∂ω̃∗o,o
∂ỹ

)
=

(
∂ρ̃o,o
∂x̃

∂P̃o,o
∂ỹ

− ∂ρ̃o,o
∂ỹ

∂P̃o,o
∂x̃

)
, (3.60)

along with the initial conditions,

ρ̃o,o(x̃, ỹ, t̃ = 0) = ρF (x̃),

ũo,o(x̃, ỹ, t̃ = 0) = uvort(
lF
lv
x̃, lFlv ỹ),

ṽo,o(x̃, ỹ, t̃ = 0) = vvort(
lF
lv
x̃, lFlv ỹ),

P̃o,o(x̃, ỹ, t̃ = 0) = P vort(
lF
lv
x̃, lFlv ỹ),

ω̃∗o,o(x̃, ỹ, t̃ = 0) = 0,

c̃o,o(x̃, ỹ, t̃ = 0) = cF (x̃).



(3.61)

These equations are the leading-order solution for the vortex and flame. The presence of both

vortex and flame quantities in the initial conditions suggests their strong intrinsic coupling. Like

the case of the slow and large vortex, the terms of baroclinic torque, (∇ρ ×∇P ), are retained and

the initial condition of the vortex vorticity, ω∗vort, has been pushed to higher-orders in ξ. However,
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Figure 3.5: Graphical illustration of the limiting behaviors of the vortex-flame interaction and the
corresponding dominant term(s) in the vorticity transport equation based on the ratios uv/SL and
lv/lF .

there is no zeroth-order solution of an unperturbed flame. Again, a qualitative solution is provided

of vorticity production through baroclinic torque which significantly alters the vortex. In summary,

the behavior in the limit that uv/SL � 1 and lv/lF � 1 is predicted here as a significantly altered

flame and vortex.

3.3 Numerical results

In this section, the different limiting behaviors of vorticity transformation found in the theoretical

analysis are compared to the numerical results. The results are summarized graphically in Fig. 3.5.

The dominant terms and the impact on vorticity are subsequently described based on the initial size

and strength of the vortex.
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3.3.1 Slow vortices

For relatively slow vortices, uv/SL � 1, the time for the flame front to pass over the vortex, τ3,

is much smaller than the time for the vortex to make one rotation, τ1. As a result, the relative

distortion of the flame by the vortex is small. From the theoretical analysis, the leading-order

solution is an unperturbed planar flame. Therefore, for all slow vortices, it may be expected that

the flame is only slightly perturbed. Higher-order terms include perturbations to the planar flame

as well as the perturbations to the vortex.

3.3.1.1 Small and slow vortex

For a small, slow vortex (uv/SL � 1 and lv/lF � 1) when viscous effects do not dominate, the

series of plots in Fig. 3.6 illustrates the behavior of this case, taken from simulation B. In this limit,

vortices transform as a function of the density ratio, and are too small and too weak to generate

any significant curvature of the flame.

The vortex is initially circular (Fig. 3.6a) but is stretched normal to the flame and dampened

(i.e. its maximum vorticity decreases) (Fig. 3.6b) The magnitude of the stretching and dampening

increases as it passes through the flame. During the interaction, the flame remains planar and the

density and temperature fields remain largely fixed (Fig. 3.6c). After passing through the flame, the

vortex is greatly weakened and strongly stretched (Fig. 3.6e). At this stage, the vortex for run B is

not identified as a vortex by the λci criterion [19]. This suggests that the vortex may be considered

destroyed and transformed merely into a streak of vorticity.

The explanation for this behavior is as follows. The pressure and density gradients are controlled

almost entirely by the leading-order solution, which is a planar flame. As such, they remain virtually

fixed in space and occur over a distance much larger than the size of the vortex. Under these

conditions, the interaction exhibits negligible amounts of baroclinic torque. As the velocity due to

the flame is much larger than the vortex, the vorticity is merely advected and dilated through the

flame, described by the leading-order solution of the vortex (Eq. 3.25). These results are summarized
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Figure 3.6: Results of run B, demonstrating the behavior of this limiting case. Top figures are
shaded contours of vorticity with lines of constant temperature superimposed and bottom figures
are shaded contours of temperature.

through the following relations describing the transformation of the vortex,

Vorticity:
ωmax(t)

ωmax,o
=
ρ(t)

ρo
(3.62)

Circulation: Γ = constant (3.63)

Area:
A(t)

Ao
=

ρo
ρ(t)

(3.64)

Radius:
rx(t)

rx,o
=

ρo
ρ(t)

(3.65)

Minor Radius: ry(t) = constant, (3.66)

where the naught subscript signifies the initial conditions. These are all derived from Eq. 3.25 and

are all merely a function of the density ratio.

These relations are compared against the results of the simulation B in Fig. 3.7. There is

excellent agreement for the maximum vorticity and vortex core radii. The differences are likely due

to the effects of viscosity. In summary, the vortex stretches in the flame normal direction and its

peak vorticity decreases proportional to the density ratio due to the effects of dilatation. The density

ratio is of central importance, as it has a direct effect on the transformation of the vortex. The flame

is negligibly perturbed.
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Figure 3.7: Results of run B compared against the theoretical relations of a small, slow vortex. �
rx(t)/rx,o, � ry(t)/ry,o, • ωmax(t)/ωmax,o.

3.3.1.2 Large and slow vortex

For a large, slow vortex (uv/SL � 1 and lv/lF � 1), located in the bottom right corner of Fig. 3.5,

the series of plots in Fig. 3.8 illustrates the behavior of the vortex-flame interaction. In this limit,

the vortices are too weak to disrupt much of the planar symmetry of the flame but large enough to

generate slight curvature.

The interaction begins as the incoming vortex perturbs the perfect planar symmetry of the flame.

The vortex velocity into the flame pushes the flame back while the other side of the vortex pulls it

forward, causing the flame to curve over the length of the vortex (Fig. 3.8b and c). This induced

curvature results in the production of vorticity within the flame. This vorticity is then convected

downstream (Fig. 3.8c). As the curvature increases, so does the vorticity produced, which eventually

reaches a magnitude greater than that of the incoming vortex (Fig. 3.8d). At this point, the vortex

is destroyed, leaving only streaks of positive and negative vorticity behind the flame (Fig. 3.8e).

This behavior is explained by the leading-order equation for the vortex (Eq. 3.27). As mentioned

in section 3.2, the right hand size of this equation contains the terms of baroclinic torque. The

baroclinic torque is predicted to alter significantly the incoming vortex because the initial conditions

of the vortex vorticity are accounted for only in higher-order terms. In the numerical results, the

vortex is indeed destroyed by vorticity produced through baroclinic torque in the flame. During the
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Figure 3.8: Results of run E, demonstrating the limiting case of a large, slow vortex. Top figures are
shaded contours of vorticity with lines of constant temperature superimposed and bottom figures
are shaded contours of temperature.

Figure 3.9: (a) Diagram of a flame cusp and (b) illustration of terms in Eq. 3.67.

interaction, the vortex perturbs the flame, possibly exciting the Darrieus-Landau instability, but

this aspect and the possible production of vorticity by the flame after the interaction is beyond the

scope of this work.

A simple model may be constructed to estimate the magnitude of the vorticity produced through

baroclinic torque, ωB , relative to that of the incoming vortex. In this way, the conditions under

which the initial vortex is destroyed may be predicted. A flame cusp (shown in Fig. 3.9a) is the

point where two laminar flames intersect, and propagates at a rate of SL/ cosφ, with φ defined in

Fig. 3.9a. Observing that a flame cusp occurs near the location of the vortex peak velocity into the

flame, Fig. 3.8d, the angle φ is estimated as cosφ = SL/(uv + SL).

The baroclinic torque is modeled using the expression from the generalized expansion (Eq. 3.27).

The gradients are evaluated as jumps across the flame, providing an equation for the magnitude of
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vorticity produced,

ωB =
∆t

ρ2
u

(
∆ρF
∆x

∆P1

∆y
− ∆PF

∆x

∆ρ1

∆y

)
. (3.67)

Each of these terms can be evaluated with respect to the flame cusp. Analogous to the theoretical

solution, ρF and PF are the flame initial conditions and ρ1 and P1 are deviations from a planar

flame. It is observed in run E that the pressure field remains largely unchanged and therefore P1 is

taken to be zero and ∆PF is estimated as ρuS
2
L−ρb(ρu/ρbSL)2. As shown in Fig. 3.9b, the jump in

x is the flame thickness and ∆y = lF / sinφ. Integrating over the time to cross the flame, ∆t = τ2,

and using ωvort = a uv/lv where from the Taylor vortex equation a = 8e1/2, the resulting equation

for the ratio of the vorticity magnitudes is given by

∣∣∣∣ωvortωB

∣∣∣∣ =

[
uv
SL

lF
lv

]
a ρu/ρb

(ρu/ρb − 1)2
√

1− (SL/(SL + uv))2
. (3.68)

When this ratio is small, the vorticity produced by the flame is much greater than that of the

vortex, which is then likely destroyed. A comparison with run E when the vortex is nearly centered

on the flame shows qualitative agreement as the simulation and model give values of 0.32 and 0.10,

respectively. This simple model provides a scaling relationship for a large, slow vortex, showing that

the ratio ωvort/ωB approaches zero if uv/SL → 0 or lF /lv → 0. This supports that indeed for all

values satisfying uv/SL � 1 and lv/lF � 1, the vorticity produced by the flame dominates that of

the incoming vortex. In summary, the numerical and theoretical results corroborate to support that

in the limit of uv/SL � 1 and lv/lF � 1, the incoming vortex is destroyed by the production of

vorticity through baroclinic torque.

3.3.2 Fast vortices

3.3.2.1 Small and fast vortex

For a small, fast vortex (uv/SL � 1, lv/lF � 1) when viscous effects do not dominate, the series

of plots in Fig. 3.10 illustrate the behavior. In this limit, vortices transform as a function of the

density ratio while generating curvature in the flame over the vortex length.
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Figure 3.10: Results of run A, demonstrating the behavior of this limiting case. Top figures are
shaded contours of vorticity with lines of constant temperature superimposed and bottom figures
are shaded contours of temperature.

In this case, the vortex pulls consecutive layers of the flame around the exterior of the vortex

(Fig. 3.10a - c). During this process, the flame experiences curvature only over the area of the

vortex. In the limit of a small vortex, the temperature and density vary negligibly across the area

of the vortex and little baroclinic torque is produced. As the interaction proceeds, the vortex grows

in size and decreases in velocity (Fig. 3.10d). As a result of the decrease in velocity, the induced

curvature of the flame also becomes less significant through the flame. The vortex survives passing

through the flame, maintaining its original structure but expanding nearly uniformly in size and

decreasing in strength (Fig. 3.10e).

The behavior of this case is understood through the leading-order solution for the vortex, derived

in section 3.2 and listed in Eq. 3.58. In the limit of lv/lF � 1, the gradients due to the flame are

small across the vortex, so that little baroclinic torque is produced. Due to the large velocity of

the vortex, the velocity from the flame is negligible and the vortex expands radially. As the vortex

expands, it loses strength, decreasing the velocity magnitude due to the effects of dilatation. The

results are summarized through the following relations derived from Eq. 3.58 and, notably, are all
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Figure 3.11: (a) Results of run A compared against the theoretical solution. � A(t)/Ao, � Γ(t)/Γo,
◦ Umax(t)/Umax,o, • ωmax(t)/ωmax,o. (b) Run A final vortex vorticity in two directions compared to
the initial profile rescaled according to Eq. 3.73d and normalized to the same maximum vorticity.

a function of the density ratio,

Vorticity:
ωmax(t)

ωmax,o
=
ρ(t)

ρo
(3.69)

Circulation: Γ = constant (3.70)

Area:
A(t)

Ao
=

ρo
ρ(t)

(3.71)

Radius:
ra(t)

ra,o
=

√
ρo
ρ(t)

(3.72)

Velocity:
Umax(t)

Umax,o
=

√
ρ(t)

ρo
, (3.73)

where the naught subscript signifies the initial conditions.

The above theoretical relations are compared against the numerical results in Fig. 3.11a. The

vortex core circulation, core area, peak velocity, and peak vorticity in the simulation show excellent

agreement with the theoretical predictions throughout the flame thickness. Once again, differences

may be attributed to viscous dissipation. In this limiting case, the vortex maintains its original

structure. To demonstrate this, the final vortex vorticity profile is plotted against the initial profile

rescaled according to Eq. 3.73 and normalized to the same maximum vorticity, as shown in Fig.

3.11b. The vortex in the numerical solution retains its structure well, again supporting the validity
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of the relations in Eq. 3.69 - 3.73.

In summary, the numerical and theoretical results support that in the limit of a small and

fast vortex when viscous effects do not dominate, the vortex expands radially while decreasing in

strength. This is due to dilatation, and the changes in the vortex are only a function of the density

ratio.

3.3.2.2 Large and fast vortex

For a fast and large vortex (uv/SL � 1, lv/lF � 1), the series of plots in Fig. 3.12 illustrate the

vortex-flame interaction. In this limit, vortices are large enough to affect the entire flame thickness

simultaneously and fast enough to break the planar symmetry.

In the initial stage of the interaction, a portion of the flame is pulled into the exterior of the vortex

(Fig. 3.12a). The flame remains continuous and the out shoot is referred to here as a flame peninsula

(Fig. 3.12b). The tip of the flame peninsula is referred to as the crown. The flame peninsula is

further pulled by the vortex until it is wrapped potentially multiple times around the vortex (Fig.

3.12c), forming a continuous spiral separated by unburnt reactants. As the flame is wrapped, the

flame crown moves towards the center of the vortex. The largest values of baroclinic torque are

present in the flame crown, which acts like a wedge, breaking into the vortex and disrupting its

original structure. At this stage, the competing time scales are evident as the vortex attempts to

wrap the flame before the flame consumes the entire vortex area. Once the crown approaches the

vortex core, the spiral structure and vortex break up, forming pockets of unburnt reactants and

small regions of positive and negative vorticity (Fig. 3.12d). The interaction completes as these

pockets are consumed and the individual regions of vorticity reform into a new vortex (Fig. 3.12e).

As the vorticity passes through the flame, its magnitude decreases by the effects of dilatation. The

size and velocity of the resulting vortex are significantly different from those of the initial vortex.

Despite the complicated wrapping process and the significant role of baroclinic torque, in run C and

D the characteristics of this new vortex are well approximated by the same relations derived for a

small, fast vortex in the absence of viscous dissipation (Eq. 3.69 - 3.73).
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Figure 3.12: Results of run D demonstrating the limiting case of a large, fast vortex. Top figures are
shaded contours of vorticity with lines of constant temperature superimposed and bottom figures
are shaded contours of temperature. The cross indicates the location of the flame crown.

Figure 3.13: Schematic diagram of the flame behavior for a large, fast vortex.

The wrapping process and the peninsula are depicted in Fig. 3.13. It is observed in run D that

the peninsula begins near 3ra. This figure shows that the flame propagates normal to itself while

advected by the local vortex velocity. As a result, the flame crown moves towards radii of higher

angular velocity, which, for a Taylor vortex, is towards the center of the vortex. This creates the

spiral structure.

Additional important facets of this regime include flame curvature, baroclinic torque, and flame

strain within the flame peninsula. As the peninsula is wrapped around the exterior of the vortex, the

majority of the flame peninsula experiences curvature with a length scale of lv. The flame crown,

however, experiences curvature with a length scale of the flame thickness, lF . The leading-order

vorticity equation for this regime, Eq. 3.60, retains the terms of baroclinic torque, suggesting its

importance. The simulations confirm that significant values of baroclinic torque are present in the
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flame peninsula, with the largest values located in the flame crown where the flame curvature is

largest. The vorticity produced through baroclinic torque in run D is of similar magnitude to that

of the vortex, as shown in Fig. 3.12c. The entire peninsula predominantly experiences positive

stretch. As the flame peninsula remains continuous in run D, the flame stretch was not large enough

to cause local extinction.

The boundaries of this regime may be estimated by defining at least one full rotation of the

flame peninsula as within this regime. It is observed in run D that the vortex breaks up as the flame

reaches the core. Since the peninsula has a minimum thickness of 2lF , the smallest vortex within

this regime is approximately lv/lF = 6. The minimum vortex velocity to exhibit this behavior is

estimated through the following simple model.

The location of the flame front is modeled by each point propagating towards the center of the

vortex with the speed SL while advected (tangential to the vortex) by the local vortex velocity,

similar in concept to the G-equation [79]. Considering an initially planar flame and the Taylor

vortex, each point on the flame front is given by

r(t) = ro − SLt, (3.74)

θ(t) =
uv
SL

√
eπ

2

(
erf

[
ro√
2ra

]
− erf

[
r(t)√
2ra

])
+ θo, (3.75)

where r is the distance from the center of the vortex, θ is the angle from the horizontal, ro is the

initial distance from the vortex, θo is θ at t = 0, and erf is the error function. The slowest vortex

to produce one full rotation of the flame peninsula before it reaches the vortex core (θ = 2π), is

approximately uv/SL = 10. Interestingly, the number of times the flame is wrapped around the

vortex is linearly proportional to uv/SL.

To summarize, the vortex wraps the flame into a spiral structure and the curvature of the flame

leads to vorticity production through baroclinic torque. This vorticity mixes with the initial vortex

which is acted upon by dilatation. The original structure of the vortex is destroyed, leaving a

vortex of different strength and size from the incoming vortex. While the vortex was observed to
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Figure 3.14: Results of run Av with unaltered viscosity, demonstrating the behavior when diffu-
sion dominates. Top figures are shaded contours of vorticity with lines of constant temperature
superimposed and bottom figures are shaded contours of temperature.

transform approximately according the to Eq. 3.73, the flame produces significant amounts of both

dilatation and baroclinic torque. The bounds within which this behavior is expected to be observed

is approximately uv/SL > 10 and lv/lF > 6.

3.3.3 Viscous dissipation

In the limit of a small vortex, the time for a vortex to decay (due to viscous effects) is much smaller

than the time to pass through the flame, as discussed in section 3.1.2. This is supported by the

results of the smallest vortices tested with the unaltered viscosity, runs Av and Bv. These simulations

have lower vortex Reynolds numbers than runs A and B, so that viscous effects are relatively more

important. Results from run Av are illustrated in Fig. 3.14. The initial vortex vorticity is presented

in Fig. 3.14a, which is the same initial condition as run A. At first, the vortex creates curvature of

the flame front as it begins to decay (Fig. 3.14b). However, the diffusion of vorticity is fast, such

that the vortex is unrecognizable before passing through the flame (Fig. 3.14c and d). In this way,

the only term in the vorticity equation which is relevant in the limit of a small vortex is that of

viscous diffusion.

By the simple time scale analysis in section 3.1.2, the largest vortex for which viscous effects

will dominate depends on the parameter a (Eq 3.5), which is equal to 23 in the unburnt flow of the
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present H2-air configuration. This parameter will vary based on the reactant conditions, so that the

onset of the viscous dominated regime is expected to vary as well.

3.4 Discussion

In this section, the conclusions presented here are compared with results of previous studies.

Mueller et al. [73] performed experiments using vortex rings of almost the same size, lv/lF ' 10

but three different velocities, uv/SL = 1.4, 3.6, 10.1. These values fall near or within large, slow

vortices or large, fast vortices as described above. In the case of the slowest vortex, uv/SL = 1.4,

the vortex was destroyed by the creation of vorticity in the flame, which matches the description of

the large, slow vortices. The second case exhibited characteristics of both the large, slow and large,

fast vortices, possibly representing an intermediate case between these two limits. In the case of

their fastest vortex, uv/SL = 10.1, the vortex survived through the flame, which agrees with the

description of large, fast vortices provided here. However, in this case they observed local extinction

of the flame through stretching, but this difference is likely due to the high stretch rate at the leading

edge not present in a monopole vortex.

Louch and Bray [60] simulated vortices of only one size and velocity, lv/lF ' 10 and uv/SL = 1.4,

which is a large, and relatively slow vortex. They proposed three regimes that depended on the heat

release of the flame and mean pressure gradient, stressing the importance of baroclinic torque. Their

regimes progress from low to high heat release and bear resemblance to the description provided

here of a small, slow vortex, and a large, slow vortex, respectively. This relates to the results of this

study as the magnitude of heat release determines the magnitude of the density gradient across the

flame, and is, therefore, related to the magnitude of vorticity produced through baroclinic torque.

In other words, reducing the heat release is comparable to reducing the size of the vortex as both

result in lower levels of ∂ρ̃o/∂x̃ and baroclinic torque. Given this, the magnitude of the heat release

may vary the transition between the limiting behavior of a small, slow and large, slow vortex.

Rutland and Ferziger [95] proposed regimes based upon the Damköhler number which they

defined as the ratio of the vortex time scale to the flame time scale, τ1 to τ2. Their description of the
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low Damköhler regime resembles that of a large, fast vortex provided here and their high Damköhler

regime resembles a small, slow vortex described in this work. While the descriptions resemble

results presented here, the demarcations between the regimes do not. Relating their definition of

the Damköhler number to lv/lF and uv/SL results in

Da =
e−0.5

4

lv
lF

(
uv
SL

)−1

, (3.76)

demonstrating that lines of constant Damköhler have positive slope in the Fig. 3.5. For example,

small, slow vortices can have the same Damköhler number as large, fast vortices. Since their sim-

ulations and analysis were performed in a narrower band of lv/lF (4 < lv/lF < 20), defining the

regimes based on the Damköhler number sufficiently described their results. However, when con-

ducting analysis with a wider range of size ratios, it is apparent that the Damköhler number does

not accurately delineate regimes of behavior of vortex-flame interaction. For example, run B has a

Damköhler number of 0.3, which fits into their low Damköhler regime, but clearly behaves like their

high Damköhler regime.

3.5 Summary and conclusions

In this chapter, the 2D vortex-flame interaction was studied. Numerical simulations with detailed

chemistry were performed across three orders of magnitude in uv/SL and two orders of magnitude in

lv/lF . Additionally, generalized expansions applied to the governing equations were used to derive

leading-order solutions for the vortex and the flame. These methods were used to understand how

the flame alters the vorticity through the different terms in the vorticity transport equation and

when these terms are important given the initial size and strength of the vortex. Comparison of

the analytical and numerical results found five different qualitative behaviors of the vortex-flame

interaction. Each regime possesses a dominate term (or terms) in the vorticity transport equation.

The resulting effects on vorticity were characterized. Excellent agreement was found between the

numerical and theoretical results.
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Large (lv/lF � 1) and slow (uv/SL � 1) vortices are able to generate large scale flame curvature

which results in the creation of baroclinic torque. The resulting vorticity production destroys the

initial vortex. A small (lv/lF � 1) and fast (uv/SL � 1) vortex, when viscous effects do not

dominate, is altered only by the effects of dilatation. As a result, the vortex is dampened and

expands radially with the density change. A fast and large vortex generates significant distortions

to the flame front geometry. Both dilatation and baroclinic torque are important in this case.

Though altered, the vortex survives through the flame. A small and slow vortex does not generate

any significant effects on the flame. In this case, the vortex is dampened and lengthened normal to

the flame due to dilatation when viscous effects do not dominate. In the limit of an infinitely small

vortex, viscous effects dominate the transport of vorticity. As a result, the vortex is destroyed before

even interacting with the flame.

This study of the vortex-flame interaction yielded a qualitative understanding of how and when

the flame effects vorticity through the terms in the vorticity transport equation. Specifically, dilata-

tion acts to reduce vorticity and expand the vorticity in space. This term is primarily important for

small vortices when viscous effects do not dominate. Baroclinic torque was active for large vortices

and its production was mainly associated with flame curvature. Lastly, viscous effects are important

for very small vortices. This qualitative description provides a foundation for investigating vorticity

in turbulent combustion, though not all aspects of turbulent combustion are present in the vortex-

flame interaction. The results of the current chapter are informative for the following investigation

of high Karlovitz number premixed flames and are connected to vorticity transport in turbulent

combustion in sections 5.4 and 6.3.
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Chapter 4

Three dimensional direct numerical
simulations1

In order to study vorticity within high Karlovitz number premixed flames, a series of direct numerical

simulations are performed and analyzed in this thesis. The physical and numerical configuration of

these simulations are described within this chapter. A preliminary analysis is performed to verify

the turbulent kinetic energy, integral length scale, dissipation rate, and global flame properties are

produced as expected. The method of conditional averaging used throughout the subsequent analysis

is also introduced here.

4.1 Configuration of direct numerical simulations

The physical and numerical configuration of the DNS is described in this section. This simulation

configuration is primarily based on the work of Savard et al. [103] and Lapointe et al. [55].

4.1.1 Physical Configuration

The present study considers statistically-stationary, statistically-planar premixed turbulent n-heptane/air

flames at a slightly lean equivalence ratio (φ = 0.9) and atmospheric pressure. This fuel is chosen as

larger hydrocarbon fuels are often used in engine applications. The three-dimensional domain has an

inflow and outflow at the left and right x boundaries, respectively, and periodic boundary conditions

1This chapter is based in large part on the publication [8]: Brock Bobbitt, Simon Lapointe, and Guillaume
Blanquart. Vorticity transformation in high Karlovitz number premixed flames. Phys. Fluids, 28, 015101 (2016).
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Figure 4.1: Computational domain demonstrating the approximate location of the flame and region
of forcing. Diagram taken from Ref. [103].

in the y and z directions (Fig. 4.1). The height and width of the channel are equal and denoted as

L, while the length, Lx, is equal to 11L. Based on previous studies [94, 11], the turbulence integral

length scale is expected to be proportional to the domain width, specifically lo = 0.19L, which is

used for the values in Table 4.1 and 4.2 and further discussed in section 4.1.4. Table 4.1 and 4.2 also

provide the length scale L, defined as

L =
π

2u′2

∞∫
0

E(κ)

κ
dκ, (4.1)

which yields similar values as lo. Here, κ is the wavenumber and E(κ) is the two-dimensional three-

component velocity spectrum calculated in the unburnt gas using a single y-z plane and averaged

over time. A separate DNS is performed of relatively weak, homogeneous, isotropic, triply-periodic

box turbulence and is used to generate the inflow condition. The mean inflow velocity is a constant

and set to a value that approximates the turbulent flame speed in each case, allowing for an arbitrary

long run-time. This configuration was designed to have no mean shear so that the effects of the

flame on the turbulence may be studied in isolation.

The turbulence and temperature in the reactants are varied between simulations to investigate the

effects of the unburnt Karlovitz number, integral length scale, and flame density ratio. All necessary

information about the different simulations is provided in Table 4.1 and 4.2, where Ret,u = u′lo/ν,

u′, and ηu are the turbulent Reynolds number, rms velocity fluctuation, and Kolmogorov length

scale, respectively, all calculated in the unburnt gas. The cases in this study are based on the

previous work of Savard et al. [103] and Lapointe et al. [55]. Specifically, cases B and B1 are based

on the simulations performed by Savard et al. [103] while cases A, C, C′, and D are based on the
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A B C C′ C* D
Tu [K] 298 298 800 500 298 800
ρu/ρb 7.8 7.8 3.3 4.9 7.8 3.3
Lx[mm] 25.6 25.6 16.8 18.7 25.6 16.8
L [mm] 2.33 2.33 1.53 1.70 2.33 1.53
Grid 11× 1283 11× 1283 11× 1283 11× 1463 11× 2403 11× 2203

Ret,u 83 190 170 290 390 380
Kau 70 220 200 650 640 750
u′/SL 9 18 19 38 37 45
lo/lF 1.1 1.1 1.2 1.0 1.1 1.2
L/lF 1.3 1.2 1.3 1.0 1.1 1.2
ηu[µm] 16 9 7 4.6 5.1 3.5
SL[m/s] 0.36 0.36 2.3 0.86 0.36 2.3
lF [mm] 0.39 0.39 0.25 0.32 0.39 0.25

Table 4.1: Physical and numerical parameters of the DNS which employ finite-rate chemistry and
non-unity Lewis number transport.

simulations of Lapointe et al. [55]. These simulations are performed in this study with a slightly

modified turbulence forcing method, discussed in section 4.1.3. Cases C*, BTab,1, B4
Tab,1, and BOS,1

are new to this work. Cases B1, BTab,1, BOS,1, and B4
Tab,1 are performed to test the effects of the

transport models, chemical models, and integral length scale, and use the same method described

here unless specifically stated otherwise in sections 5.2 or 5.3.1 where they are discussed.

Between the cases studied, the unburnt Karlovitz number and turbulent Reynolds number each

vary by an order of magnitude (Kau=70 - 750, Ret,u=83 - 1150). These conditions are chosen so

that the Karlovitz number is comparable to those found in a typical gas turbine combustor, which

lies on the border of the thin and broken/distributed reaction zone regimes (Fig. 1.3). The unburnt

temperature spans conditions of practical relevance (Tu=298 - 800K) as the reactants in a typical gas

turbine may be significantly preheated over atmospheric temperatures [24]. The resulting density

ratio across the flames are typical of hydrocarbon fuels near stoichiometric conditions. Cases A, B,

and C* have the same density ratio and are used to test the effects of Kau independently, while

the pairs B, C and C*, C′ have the same Kau and are used to test the density ratio independently.

Case B4
Tab,1 has the same Karlovitz number as case B, but an integral length scale which is four

times larger. The difference in domain size is demonstrated in Fig, 4.2 which presents instantaneous

contour plots of the progress variable from BTab,1 and B4
Tab,1. Figure 4.3 shows Kau and the density
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B1 BTab,1 BOS,1 B4
Tab,1

Tu [K] 298 298 298 298
ρu/ρb 7.8 7.8 7.3 7.8
Lx[mm] 25.6 25.6 25.6 60.6
L [mm] 2.33 2.33 2.33 9.32
Grid 11× 1283 11× 1283 11× 1283 2574× 5122

Ret 190 190 190 1150
Kau 280 280 250 280
u′/SL 21 21 22 33
lo/lF 1.0 1.0 1.2 4
L/lF 1.0 1.0 1.2 3.7
ηu[µm] 9 9 9 9
SL[m/s] 0.29 0.29 0.27 0.29
lF [m] 0.43 0.43 0.36 0.43

Table 4.2: Physical and numerical parameters of additional DNS that vary the transport and chem-
ical models. Subscripts 1, Tab, and OS correspond to simulations using unity Lewis number trans-
port, tabulated chemistry, and one-step chemistry, respectively. Superscript of 4 corresponds to
lo/lF = 4.

ratio for each case as well as their location on the Peters’ regime diagram. These conditions span

the transition from the thin to broken/distributed reaction zone regimes.

To ensure a statistical steady-state, each case is run initially for at least 13 eddy turnover times

(τo = k/ε, where k is the TKE) to remove any initial transient effects. After this period, data

is collected for over 25τo in order to provide sufficient statistical samples. During the simulation,

data is collected at a constant rate of approximately 0.5τo, in order for each data file to represent

an independent statistical sample. Further specifications of the simulation conditions are listed in

Table 4.1 and 4.2.

4.1.2 Governing equations

In this study, we solve the low-Mach number reacting flow equations as outlined in Chapter 2.1. To

these equation, a forcing term is added to the momentum equation,

∂ρu

∂t
+∇ · (ρu⊗ u) = −∇P +∇ · τ + f , (4.2)

where f is the applied forcing term. The form of this term will be discussed subsequently.
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(a) case BTab,1

(b) case B4
Tab,1

Figure 4.2: Two-dimensional slices of the progress variable C from cases BTab,1 and B4
Tab,1. The

form of the progress variable is defined section 5.2.2. Each figure represents a region of size L× 5L
and both are scaled to match physical length scales.
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Figure 4.3: Conditions in the unburnt flow of performed simulation. Symbols on the left plot
correspond to the same simulations on the right.
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The n-heptane/air chemistry was modeled with a reduced finite-rate chemical model containing

35 species and 217 reactions (forward and backward counted separately) [6, 103]. An additional

reduction of the mechanism from Ref. [6] was performed removing aromatic species, justified by the

slightly lean conditions. Constant non-unity Lewis numbers are employed [10], determined as the

Lewis numbers of each species in the burnt region in a one-dimensional unstretched premixed flame

simulation using full transport. The species Lewis numbers used in these simulations are the same

as those listed in the work of Savard and Blanquart [102]. This chemical and transport model has

been tested against experimental data and numerical results using full transport (mixture-averaged

formulation). Good agreement was found for species mass fractions, species chemical source terms,

as well as laminar flame speeds across a wide range of equivalence ratios [102].

The governing equations are solved using the low-Mach, variable density, reacting flow solver

NGA [23], discussed in section 2.3. The chemical source term time integration is performed using

a recently developed iterative, semi-implicit method that allows numerical time steps limited here

only by the convective CFL, while remaining second-order accurate in time and free of lagging er-

rors [100, 104]. The integration uses an approximation of the diagonal of the chemical Jacobian

as the preconditioner, which is calculated at negligible computational cost. The overall scheme

is second-order accurate in space and time while discretely conserving kinetic energy [23]. Scalar

transport is performed with the Bounded QUICK scheme, BQUICK [57, 41]. The numerical reso-

lution is designed to resolve all relevant physical length scales of the turbulence and flame, given by

the criteria κmaxη > 1.5 [87] and a minimum of 20 grid points per lF [104]. Additional numerical

parameters are also provided in Table 4.1 and 4.2.

4.1.3 Turbulence forcing

A variety of configurations have been used in DNS of premixed flames such as V-flames [27], slot

Bunsen flames [98, 99], statistically-planar flames with decaying turbulence [77, 16], and statistically-

planar flames with forced turbulence [85, 102, 3, 38]. In order isolate the effects of the flame on the

turbulence and to reach high Karlovitz numbers, the DNS performed here consider a statistically-
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planar flame and use turbulence forcing to prevent the decay of turbulence. Applying the chosen

forcing method results in the correct characteristics of the large and small turbulence scales as it

mimics the production of turbulence by mean shear. In this section, the alternative approaches are

discussed along with the rationale and advantages of the selected configuration. This is followed by

a description of the current implementation of the forcing method.

4.1.3.1 Shear flow

In one approach, mean shear is present in the flow which generates turbulence through the flame.

For example, Sankaran et al. [98, 99] studied slot Bunsen flames, which develop downstream of the

burner exit, while being statistically-stationary. Dunstan et al. [27] investigated V-flames, again,

with spatially developing statistics while being statistically-stationary. Lastly, Kolla et al. [52] sim-

ulated rectangular slot-jet premixed flames which are statistically homogeneous in the plane of the

flame, while developing in time. For the purpose of the current study, these configurations present

two drawbacks. First, they require directing computational resources towards large domains to con-

tain the mean shear, which limits the highest attainable Karlovitz number for given computational

resources. Second, these flows develop in space or time which increases the complexity of isolating

the effects of the flame on turbulence.

4.1.3.2 Spatially decaying turbulence

To alleviate the difficulties of simulated shear driven turbulence, several studies have considered

another class of configurations, where a statistically-planar, statistically-steady flame interacts with

decaying homogeneous isotropic turbulence. This was used, for example, in the work of Lipatnikov

et al. [59] and Chakraborty et al. [16] at low to moderate Kau (Ka∗u = 0.2−0.3 and Ka∗u = 0.5−13,

respectively).

To assess the feasibility of this configuration for high Karlovitz number flames, it is insightful to

consider the limiting, simpler case of non-reacting decaying grid turbulence. Under homogeneous

and isotropic conditions, the TKE equation simplifies to dk/dt = −ε, and the turbulent eddy turn
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Figure 4.4: Local turbulent Reynolds and Karlovitz numbers for spatially decaying turbulence cases
BNR and DNR. The Reynolds number is calculated as Re = (2k/3)2/(εν). The spatial coordinate,
x, is transformed to time through the bulk flow velocity, t = x/Uo. The quantities Re0 and Ka0 are
the initial Reynolds and Karlovitz numbers.

over time, τo = k/ε, is a measure of the decay rate of the TKE. This time scale should be compared

to the time necessary for any flow features to traverse the flame, τF = lF /SL. The ratio of these

two quantities is nothing more than the Damköhler number, Da = τo/τF . For low Da number

flames, turbulence decays significantly before crossing the flame. For reference, Fig. 4.4 shows the

evolution of the local Karlovitz number and Reynolds number for one τF in the unburnt gas for

cases B (Da = 0.1) and D (Da = 0.04), if the forcing is removed. These additional non-reacting

simulations are labeled BNR and DNR, respectively. As evident from this figure, the decay is such that

not only are the Karlovitz numbers no longer high after this time, but the flow is barely turbulent,

preventing the study of high Karlovitz number flames. The fast decay can be mitigated by increasing

the Damköhler number (or equivalently the integral length scale). While the required larger domain

size may be experimentally obtainable, the computational cost is currently prohibitive.

4.1.3.3 Forced turbulence

Due to the above considerations, most direct numerical simulations of high Karlovitz number pre-

mixed flames considered a statistically planar flame and used turbulence forcing to prevent the decay

of TKE. This configuration is similar to that of Lipatnikov et al. [59] and Chakraborty et al. [16], but
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the decay of turbulence is prevented. Various researchers have used this configuration to investigate

both the dynamics of the flame [86, 2, 4, 103, 102, 55] and that of the turbulence [38, 37, 84]. For

instance, Aspden et al. [3] investigated distributed burning in lean hydrogen flames, Poludnenko and

Oran [85] studied the mechanisms impacting the turbulent flame speed, and Hamlington et al. [37]

studied the intermittency of enstrophy.

4.1.3.4 Current implementation

The present study takes a similar approach while selecting linear forcing over spectral forcing. It

is relevant here to summarize the analysis of Lundgren [61] on the origins and benefits of linear

forcing. By applying a Reynolds decomposition of velocity to the momentum equation, namely,

u = u′ + 〈u〉, where 〈u〉 denotes the ensemble average, the transport equation for the fluctuating

velocity, u′, may be derived. This equation contains the term ∇〈u〉 ·u′, which drives the fluctuating

velocity as a result of mean shear. In the TKE transport equation, this term becomes 〈u′ ·∇〈u〉 ·u′〉,

and represents the energy transfer from mean shear into turbulent kinetic energy. It is important

to highlight that in practical turbulent reacting flows, the mean shear term is non-zero throughout

the flame. In other words, energy production occurs in the preheat zone as well as on the burnt

side and throughout the flame. Following this analysis, linear forcing in its basic form appends the

term, Au′, to the momentum equation. Momentum is thus injected across all wavenumbers and in

proportion to the local velocity, just as in shear flows, with production primarily occurring at the

large scales [94] (Carroll and Blanquart [12] show that the production spectrum peaks at the large

scales). In experimentally obtainable shear flows, produciton is also primarily at the large scales.

Even though some energy (albeit very small) is injected at the small scales, linear forcing has

been found to maintain the correct dynamics of these small turbulent scales [94]. As shown by

Carroll and Blanquart [12], all forcing techniques (spectral or linear) produce the exact same small

scales behavior as characterized by the second order structure function, namely,

BII(r) =
ε

15ν
r2 +O(r4). (4.3)
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Equation 4.3 was derived analytically by considering a Taylor expansion of the forced Karman-

Howarth equation and did not presume any form of the forcing term. This theoretical behavior was

also confirmed by numerical simulations, as shown in the same paper. Rosales and Meneveau [94]

also concluded that linear forcing leaves the small scale behavior essentially unaltered. The spe-

cific forcing method has little impact on the small scale turbulence behavior since these scales are

independent of the large scales where the energy is primarily produced.

Appropriate large scale characteristics are also observed. It is important to note that linear

forcing does not impose isotropy nor enforces any arbitrary energy spectrum (κ−5/3 or otherwise)

and allows these characteristics to evolve naturally. As a result, the decay rate of the energy

spectrum, i.e. the n in E(κ) ∝ κ−n, was found to be smaller than 5/3 and to depend on the

Reynolds number, a result consistent with a large body of experimental studies [12, 75]. This is

shown in Fig. 4.5, which presents the two-dimensional three component velocity spectra in the

unburnt gas for each of the present cases, calculated in a single y − z plane (at x = 1.5L) and

averaged over time. Superimposed are the energy spectrum decay rates measured experimentally in

decaying grid turbulence [75] for the high Reynolds number limit, κ−5/3, and for a comparable Reλ

of case C*, κ−1.35. Agreement with the latter demonstrates that the current simulations present the

correct scaling of the energy spectrum and capture accurately the energy cascade at the large scales.

Therefore, the current forcing method results in the accurate production of both the large and small

turbulent scales. This result supports that the turbulence characteristics are correctly represented

in the current configuration.

In the current simulations, linear forcing, modified from the work of Carroll and Blanquart

[11] by subtracting the Favre average velocity, is employed by appending the following term to the

momentum equation,

f = A
koρ

k(x, t)
(u− ũ) . (4.4)

The definition of f differs from Savard et al. [103] and Lapointe et al. [55] by only using the

instantaneous local density, not the planar average. This simplifies the TKE and enstrophy budget
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Figure 4.5: The normalized energy spectrum in the unburnt gas for each case. Solid black lines
provide the decay rate of the energy spectrum for arbitrarily high Reλ (κ−5/3) and for Reλ = 70
(κ−1.35) from experimental decaying grid turbulence [75].

analysis, but does not alter the results. Here A is the forcing parameter and is equal to

A = 1/(2τo), (4.5)

ko is the target TKE given by the expression

ko = (27/2)l2oA
2, (4.6)

and k(x, t) is the instantaneous Favre y-z planar averaged TKE, defined as k(x, t) = ũ′′ · u′′/2. The

planar Favre average for an arbitrary field ψ is defined as ψ̃ = (ρψ)/ρ with ψ′′ = ψ − ψ̃, where ψ

here is the standard planar average,

ψ(x, t) =
1

LyLz

∫
ψ(x, y, z, t)dydz, (4.7)

with ψ′ = ψ − ψ. In order to avoid negative velocities at the inflow and outflow, forcing is not

applied near these boundaries but within the range 0.5L to 8L (Fig. 4.1).

Further justification for the present forced approach is provided in section 5.3.2, where the current

DNS results are compared to the recent high Karlovitz number slot Bunsen flames of Sankaran et
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al. [99]

4.1.4 Forcing analysis

The implemented method of turbulence forcing intends to maintain a constant TKE throughout

domain (where the forcing is applied). Figure 4.6a displays the planar averaged TKE for case B,

which, as expected, is nearly constant in the region of forcing. The TKE shows a slight dip near the

location of the flame and then returns to the imposed value behind the flame. This decrease, though

small, is in line with the experimental results of Cheng et al. [20] which contain a similar trend.

Next we consider the planar averaged dissipation rate, defined as ε = τ ′ : S′′/ρ [56]. Figure

4.6b shows that this quantity is constant in the region of forcing. This may be explained through

the TKE transport equation for the case of statistical stationarity and homogeneity in the y and z

directions,

ũ
∂k

∂x
=− ε+ 2Ako − ũ′′u′′

∂ũ

∂x
(4.8)

+
1

ρ

∂

∂x

(
ex · τ · u′′ +

1

2
u′′ρ(u′′ · u′′)− P ′u′′

)
− 1

ρ
τ : S′′ − u′′

ρ

∂P

∂x
+

1

ρ
P ′∇ · u′′, (4.9)

where u is the velocity in the x direction and ex is the unit vector in the x direction. The first

four terms in this equation, namely the left hand side (LHS), dissipation, forcing, and dilatation,

respectively, are plotted in Fig. 4.6c along with the residual, which represents the cumulative

magnitude of all the remaining terms. Within the region where the forcing is active, dissipation and

forcing are the dominant terms, even through the flame. Therefore, the TKE transport equation

reduces to the balance: ε = 2Ako, which is indeed the value obtained by ε in Fig. 4.6b.

Previous studies in 3D periodic homogeneous, isotropic turbulence found that linear forcing

results in an integral length scale, l = (2k/3)3/2/ε, which is proportional to the domain size [11],

namely about 0.19L. The integral length scale for the present configuration is fairly constant through

the domain and acquires a value of approximately 0.16L (Fig. 4.6d). It is important to note that

the effective integral length scale, l, differs only slightly from the a priori integral length scale, lo,
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(a) Turbulent kinetic energy.
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(b) Dissipation rate.
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Figure 4.6: Planar and temporal average of turbulent kinetic energy, dissipation rate, and terms in
the TKE transport equation, and integral length scale for case B. Green dashed lines correspond
to averages when either the first or second half of the data is used; they are indicative of the
statistical uncertainty in the computed averages. 〈Ĉ〉=0.05 and 〈Ĉ〉=0.8 demarcate the extents of
the turbulence flame brush (Ĉ is defined in section 4.3). In (d), 0.19 denotes the approximate size
of the integral length scale obtained in previous studies of homogeneous isotropic turbulence with
linear forcing [94, 11].
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used in setting up the simulations (see section 4.1.1). The difference is the result of a slightly smaller

TKE in the present work than observed for homogeneous, isotropic turbulence.

4.2 Global flame properties

Two of the most important quantities to characterize a turbulent flame are the turbulent flame

speed, ST and brush thickness, lT , which are reported here. The time-dependent turbulent flame

speed, ST and brush thickness, lT , are presented in Fig. 4.7. The turbulent flame speed is defined

as,

ST =
1

(ρYF )uL2

∫
V

ρω̇F dV, (4.10)

where ω̇F is the fuel source term and the subscript u indicates quantities evaluated in the unburnt

gas. The flame brush is defined as the volume of fluid for which the normalized progress variable is

between Ĉ = 0.05 and Ĉ = 0.8 divided by the cross-sectional area,

lT =
Vol(0.05 ≤ Ĉ ≤ 0.8)

L2
. (4.11)

This definition applied to the laminar flames under consideration produces nearly the same flame

thickness as the thermal width used above, lF = (Tb − Tu)/|∇T |max. As shown in Fig. 4.7, the

turbulent flame speed and flame brush thickness change in time, but are statistically constant.

This supports that the any initial transient behavior in the simulations has passed. All simulations

have been performed for at least 25τo, but several were run for a longer period of time. Table

4.3 summarizes the time averaged turbulent flame speeds and brush thicknesses. As the Karlovitz

number increases, these quantities increase as well. Lapointe et al. [55] further investigated the

behavior of these quantities (for a fixed ratio of integral length scale to flame thickness), specifically

showing that they vary with the reaction zone Karlovitz number. While employing a different

definition of the turbulent flame speed and flame brush thickness, Sankaran et al. [99] also observed

an increase in these quantities with the Karlovitz number.
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A B C C′ C* D
ST /SL 1.5 2.0 3.3 3.3 2.6 4.8
lT /lF 6.1 9.1 10.2 11.2 11.5 14.5

Table 4.3: Turbulent flame speed and flame brush thickness normalized by their respective laminar
quantities.
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(b) Flame brush thickness.

Figure 4.7: Instantaneous turbulent flame speed and flame brush thickness normalized by their
respective laminar quantities. The time t = 0 corresponds to the beginning of the period over which
data is collected.
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4.3 Conditional averaging

This study reports quantities primarily through conditional averages in order to present their be-

havior through the flame. Turbulence quantities are expected to vary through the flame based upon

the local thermodynamic properties of the fluid (such as density and viscosity). In a curved and

transient flame, these quantities correlate better with a flame progress variable, denoted as C (Fig.

4.8a), compared to the spatial coordinate x. For this reason, averages are conditioned on C and

denoted as

〈ψ|C〉 (4.12)

for a given field ψ. As each fluid property (especially density) collapses to a single curve as a function

of C, Reynolds and Favre averages are virtually identical in C space. The form of the progress

variable chosen is C = YH2O + YH2 + YCO2 + YCO, as it tracks the flame evolution through the

preheat and reaction zones. Additionally, its maximum value was found to exhibit little dependence

on the unburnt temperature [69]. The progress variable range is standardized by considering

Ĉ =
C

Cmax
(4.13)

so that 0 represents the reactants and 1 represents the products. Conditional averages are performed

excluding the domain outside the region of turbulence forcing due to the presence of very weak

turbulence. Figure 4.9 is provided to illustrate this averaging procedure by considering the enstrophy

in case B. This figure presents the pointwise values of the enstrophy versus the progress variable

at one instance in time (the local values without any averaging imposed) which includes more than

1.2×107 individual data points. Also plotted in this figure is the conditional average of enstrophy at

this time snapshot (representing the conditional average of one data file), and the conditional average

of the enstrophy over the entire simulation time (averaging over all data files). Each conditional

average is performed using 50 individual bins in C.

By use of this conditional averaging, we define the local Kolmogorov time, length, and velocity
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Figure 4.8: (a) Conditional average of density and viscosity; the standard deviation about the mean
is represented by dashed lines. (b) Dissipation rate conditioned on the progress variable C and
normalized by its approximate value, 27l2oA

3, imposed by the forcing [11].

Figure 4.9: Pointwise values of the enstrophy versus the progress variable at one instance in time
(blue symbols), the conditional average of enstrophy at this time snapshot (red dashed line), and
the conditional average of enstrophy over the entire simulation time (solid black line) for case B to
illustrate the averaging procedure used in this thesis.
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scales as

τη(C) =

(
〈ν|C〉
〈ε|C〉

)1/2

, (4.14)

η(C) =

(
〈ν|C〉3

〈ε|C〉

)1/4

, (4.15)

uη(C) = (〈ε|C〉〈ν|C〉)1/4
, (4.16)

the local Karlovitz number as

Ka(C) = τF /τη(C), (4.17)

and the dissipation rate conditioned on C as

〈ε|C〉 = 〈τ ′ : S′′|C〉/〈ρ|C〉. (4.18)

Additionally, we define a quantity involving the flame density change,

γ(C) = ∆ρ/〈ρ|C〉, (4.19)

where ∆ρ = ρu−ρb, which will be used in the subsequent analysis. Further references to the Karlovitz

number and the Kolmogorov scales are written as τη, η, uη, and Ka, where the dependence on C is

implicit.

It is relevant to note that conditioning on C rather than x can highlight aspects of the turbulence

transformation. This is demonstrated through comparing the dissipation rate conditioned on x and

C for two cases, B and D. As mentioned earlier, ε conditioned on x is constant in the region of

forcing for both cases (Fig. 4.6b). However, ε is able to vary as a function of C within each plane,

which is observed for case B, and D to a much lesser extent (Fig. 4.8b). As the Karlovitz number

increases, the variation in 〈ε|C〉 deceases, as shown by case D.
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4.4 Summary and conclusions

In this chapter, the physical and numerical configurations of the DNS performed in this thesis

were presented. Preliminary analysis of these high Karlovitz number premixed flames showed that

the turbulent kinetic energy, integral length scale, and dissipation rate agree well with the values

expected based on previous work. It was also found that the turbulence increases the turbulent

flame speed and thickness over that of the respective laminar flames. This behavior is as expected

given the results of comparable turbulent flames in previous studies. The DNS results are analyzed

in the subsequent chapters to study the behavior enstrophy and vorticity isotropy in these flames.
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Chapter 5

Enstrophy transport1

In the present chapter, the simulations described in chapter 4 are analyzed to investigate the be-

havior of enstrophy in high Karlovitz number premixed flames. This analysis is used to assess the

validity of Kolmogorov’s first similarity hypothesis within these flames. To characterize the behavior

of enstrophy through the flame, the terms in the enstrophy transport equation are analyzed, and a

scaling is proposed for each term. Employing these scalings, a normalized enstrophy transport equa-

tion is proposed that involves only a small set of parameters. This equation is used to characterize

the behavior of enstrophy in the limit of high Karlovitz number. Comparison is then made between

the behavior of enstrophy within the flame and in homogeneous isotropic turbulence.

The current simulations are performed using a statistically-planar flame with forced turbulence.

To demonstrate the applicability of the present conclusions to alternative configurations, the results

are compared in this chapter with the recent high Karlovitz number slot Bunsen flame of Sankaran

et al. [99]. This case provides comparison of an unforced, shear driven, high Karlovitz number flame

with the present forced, zero mean shear, high Karlovitz number flames.

The primary analysis in this chapter is performed using simulations employing a finite-rate

chemical model with constant non-unity Lewis number transport. To determine the impact of

simplified chemical and transport models, the results are compared with simulations using alternative

models but having the same physical conditions. Lastly, the impact of the turbulent Reynolds

number on the results is analyzed.

1This chapter is based in large part on the publication [8]: Brock Bobbitt, Simon Lapointe, and Guillaume
Blanquart. Vorticity transformation in high Karlovitz number premixed flames. Phys. Fluids, 28, 015101 (2016).
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5.1 Analysis of enstrophy transport

In this section, the results are introduced and scaling estimates for each term of the enstrophy

equation, namely vortex stretching, dilatation, baroclinic torque, viscous dissipation, and forcing,

are derived to explain their variation through the flame and across reactant conditions. Predictions

from this analysis are tested using results from the present DNS.

5.1.1 Overview

The enstrophy, ω2 = ω ·ω, transport equation is derived from the momentum equation (Eq. 4.2) as

1

2

Dω2

Dt
= ω · S · ω − ω2 (∇ · u) +

ω

ρ2
· (∇ρ×∇P ) + ω · ∇ ×

(
1

ρ
∇ · τ

)
+ ω · ∇ × f

ρ
, (5.1)

where D/Dt is the material or total derivative. Each term on the right hand side is associated with

a specific physical processes: vortex stretching, dilatation, baroclinic torque, viscous dissipation,

and forcing, respectively. Vortex stretching, viscous dissipation, and forcing are active in constant

density flows, while dilatation and baroclinic torque arise here only due to the presence of the flame.

The change of fluid properties (such as density and viscosity) within a premixed flame alters the

enstrophy of the incoming turbulence through these five terms.

To begin the discussion of enstrophy, a budget analysis of its transport equation is performed

for case B (Fig. 5.1) to demonstrate behavior common to all cases tested. The other cases show

similar trends, but baroclinic torque and dilatation are observed to have even smaller magnitudes

relative to the other terms (with the exception of case A for which these two terms are slightly

larger). Additionally, the magnitude of the forcing term relative to vortex stretching and viscous

dissipation decreases from cases A, to B, to C* to D. In Fig. 5.1, the terms are conditionally

averaged on x specifically to illustrate the flow configuration. In order to minimize numerical errors,

the calculation of each term is performed using compact finite difference stencils and minimal spatial

interpolations, accounting for the spatial staggering of variables. The flow enters the domain on the

left side of the figure with very weak turbulence; vortex stretching, viscous dissipation, and forcing
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(b)

Figure 5.1: Spatially and temporally averaged terms in the enstophy budget equation of case B
for (a) the entire domain and (b) the location of the flame. 〈Ĉ〉=0.05 and 〈Ĉ〉=0.8 demarcate the
approximate extents of the turbulence flame brush.

then increase due to the onset of turbulence forcing (x/lF ' 3). These terms maintain fairly constant

values in the unburnt region, and subsequently decrease through the flame to smaller values in the

burnt region. The flame location may be approximated by the peak density gradient which occurs

near x/lF = 22 in Fig. 5.1. Dilatation and baroclinic torque peak within the flame, but they

have a smaller magnitude than the other three terms (for all the present cases). Lastly, each term

approaches zero as the forcing subsides (x/lF ' 48) prior to the outflow.

Next, the transformation of enstrophy is qualitatively observed by plotting the vorticity magni-

tude through the flame. Figure 5.2 displays instantaneous 2D contours of cases A, B, C, C*, and

D. The change in vorticity is dramatic as the magnitude is greatly suppressed through the flame.

Preliminary observation suggests the vorticity is reduced to a lesser extent in cases C and D, which

have a similar Kau as B and C*, respectively, but a higher unburnt temperature. The vorticity

magnitude is significantly altered by the flame for all values of Kau tested, in contrast to the ob-

servations of Hamlington et al. [38] who found the vorticity magnitude varied little through the

flame at similar Kau values. Possible reasons for these differences will become more apparent in the

following and further discussed in section 7.6.
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(a) (b) (c) (d) (e)

Figure 5.2: Two-dimensional slices of vorticity magnitude for cases A, B, C, C*, and D. Each
figure corresponds to a region of size L × 5L and the flow direction is from bottom to top. Height
and width dimensions are relative to region plotted in the figures. The contours range between
[0; 2.1e5 s−1], [0; 6.2e5 s−1], [0; 5.5e6 s−1], [0; 1.7e6 s−1], and [0; 2.1e7 s−1], respectively. Blue and red
contours represent the extent of the turbulent flame brush defined as the iso-surfaces of Ĉ = 0.05
and Ĉ = 0.8.
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5.1.2 Vortex stretching

In dimensional form, the vortex stretching term can vary by more than an order of magnitude across

the flame and varies by several orders of magnitude between the different cases (Fig. 5.3a). Scaling

of this term requires estimates for vorticity and the rate of strain tensor.

Scaling the rate of strain tensor is accomplished through the viscous dissipation rate

〈ε|C〉 = 〈τ ′ : S′′|C〉/〈ρ|C〉. (5.2)

By assuming the molecular viscosity is only a function of the progress variable, µ = µ(C), Eq. 5.2

may be rewritten as,

1

2τ2
η

= 〈S′ : S′′ − 1

3
(∇ · u)′(∇ · u)′′|C〉. (5.3)

Next, by assuming conditional Favre and Reynolds averages are equivalent (section 4.3), the following

equation may be obtained,

〈S′ : S′|C〉 =
1

2τ2
η

+
1

3
〈(∇ · u′)2|C〉. (5.4)

By this, the rate of strain tensor scales with the Kolmogorov time scale, a quantity related to the

turbulence characteristics, as well as the velocity divergence, a quantity related to the flame charac-

teristics. The velocity divergence may be rewritten through the continuity equation as −(Dρ/Dt)/ρ

and estimated using the density jump across the flame and the laminar flame timescale,

〈∇ · u|C〉 ∝ −1

〈ρ|C〉
∆ρ

lF /SL
. (5.5)

The magnitudes of these two components of the rate of strain tensor are then compared through the

ratio,

1/τη
∆ρ/(ρlF /SL)

=
1

γ
Ka. (5.6)

As this ratio gets larger, the component related to the turbulence increases in magnitude compared

to the component related to the flame. Therefore, in the present configuration of high Karlovitz
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Figure 5.3: Vortex stretching term in dimensional and normalized form. The line Reλ is calculated
from the previous simulations of homogeneous, isotropic turbulence by Carroll and Blanquart [11].

number (Kau >70), the magnitude of S is estimated as 1/τη. This result is consistent with homoge-

neous, isotropic turbulence where S′ : S′ also scales as (1/τ2
η ) [87]. As a spatial gradient of velocity,

like the rate of strain tensor, vorticity is estimated as 1/τη and enstrophy with 1/τ2
η . Previous

experimental and numerical work supports a correlation of vorticity with the Kolmogorov time scale

under conditions of homogeneous, isotropic turbulence [88, 46, 72]. The above analysis results in

the scaling,

〈ω · S · ω|C〉 ∝ 1

τ3
η

. (5.7)

The same scaling was obtained in the case of homogeneous isotropic turbulence by Tennekes and

Lumley [112].

Normalized according to the above expression, the vortex stretching term for each case collapses

to a fairly constant value close to 0.15, which is the same value obtained in DNS of homogeneous,

isotropic turbulence (Fig. 5.3b). Near Ĉ = 0.95, the values for cases A and B decrease below 0.15;

and at this point, the local values of Ka/γ are 2.1 and 6.5, respectively, which are the lowest values

among all the cases. As the validity of Eq. 5.7 depends on Eq. 5.6 being large, this observed decrease

may be due to the low values of Ka/γ and a breakdown of the proposed scaling. Otherwise, the



86

0 0.2 0.4 0.6 0.8 1
10

10

10
12

10
14

10
16

10
18

10
20

〈ω
2
(∇

·
u
)|
C
〉[
1
/
s3
]

Ĉ
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Figure 5.4: Dilatation term in dimensional and normalized form.

proposed normalization accurately represents the changes in this term through the flame and across

all runs. The small magnitude of the constant obtained for this term (0.15) may be due to the

preferential alignment of vorticity with the second eigenvector of the rate of strain tensor [38], whose

eigenvalue is known to be small [113, 1]. The success of the normalization suggests that within the

flame, the vortex stretching term behaves similar to homogeneous, isotropic turbulence in the limit

of high Karlovitz number.

5.1.3 Dilatation

Dilatation in the present configuration is due only to the effects of the flame. Therefore, it will

tend toward zero away from the flame. This is shown in Fig. 5.4a, where dilatation decreases going

towards the largest and smallest values of the progress variable and the peak value varies by nearly

six orders of magnitude between cases. Scaling the dilatation term requires estimates of enstrophy

and the divergence of velocity, which are analyzed in the previous subsection on vortex stretching.

This leads to the following scaling:

〈ω2(∇ · u)|C〉 ∝ γ SL
lF τ2

η

. (5.8)
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Normalized in this manner, results from all cases obtain a similar trend and magnitude (Fig. 5.4b).

In the present cases, the peak value increases slightly with a higher unburnt Karlovitz number and

lower flame density ratio. Considering the wide range of conditions tested, the curves in Fig. 5.4b

are sufficiently similar to support that Eq. 5.8 captures the scaling of dilatation. Additionally, the

peak value obtained is near unity, supporting that the normalization captures not only the scaling

of this term but the magnitude as well.

5.1.4 Baroclinic torque

Baroclinic torque, like dilatation, is only present due to the density variations within the flame.

Likewise, it tends toward zero in the reactants and products. This is shown in Fig. 5.5a, which also

demonstrates that the peak value varies by orders of magnitude between cases. Though analytically

equivalent, baroclinic torque is calculated as ω ·∇× (∇P/ρ) rather than ω · (∇ρ×∇P )/ρ2 to reduce

errors in the numerical evaluation. Scaling of baroclinic torque requires estimates for the gradients

of pressure and density. In this estimate, only the magnitude and not alignment of these two vectors

are considered.

Analogous to the previous analysis for the rate of strain tensor, we consider pressure decomposed

into turbulence and flame related quantities and note that through dimensional analysis pressure

gradients scale with ρu2/l. Using quantities related to the flame produces the scaling ρS2
L/lF . Using

turbulent quantities, this scaling is largest at the smallest turbulent length scales, providing the

scaling ρu2
η/η. The ratio of these scalings is given by,

ρu2
η/η

ρS2
L/lF

= αKa3/2, (5.9)

where ν(C) = α(C)2SLlF . Given the present definition of lF , α(C) commonly varies between about

0.1 to 1. Therefore, in the present case of high Ka, the pressure gradients scale with the turbulence

quantities, ρu2
η/η.

Next, the gradient of density is estimated. Analogous to the temporal derivative of density, we
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Figure 5.5: Baroclinic torque term in dimensional and normalized form.

scale spatial density gradients with the density change across the flame, ∆ρ, divided by the laminar

flame thickness so that, ∂ρ
∂x '

∆ρ
lF

. The following scaling for baroclinic torque is obtained:

〈 ω
ρ2
· (∇ρ×∇P )|C〉 ∝ γ uη

lF τ2
η

. (5.10)

When normalized according to the above expression, the variation in the peak value between

the six cases reduces from five orders of magnitude to a factor of 2 (Fig. 5.5). The peak value

is small and varies from 0.1 at the lower Karlovitz numbers to a constant value of about 0.04 for

sufficiently high Karlovitz numbers. This transition is made more clear in Fig. 5.6a, which shows

for each case the peak value of the normalized baroclinic torque versus the local Karlovitz number.

To possibly reduce this variability with Ka, two alternative scalings are proposed: multiplying the

proposed scaling with 1/
√
Kau and replacing lF with lT (Fig. 5.6b and c, respectively). Both reduce

the overall variability; however, the first is somewhat arbitrary and the second requires an a priori

expression for lT based on lF and Kau for further scaling analysis, of which no adequate expression

is known. The original scaling is used subsequently for its theoretical basis, suitability for scaling

analysis, and consistent behavior at high Karlovitz number, which is the focus of the present study.

As the present simulations only include pressure gradients from hydrodynamic pressure fluctuations,
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(c) Alternative scaling 2.

Figure 5.6: Peak value of normalized baroclinic torque plotted against the local value of Ka for the

scaling proposed in Eq. 5.10, along with two alternative scalings: multipling Eq. 5.10 by Ka
−1/2
u ,

and employing lT in place of lF .

the overpressures discussed by Poludnenko [84] and observed to play a role in the production of

baroclinic torque are not included here. However, their effect on vorticity transport was observed to

be lower at higher Karlovitz numbers [84], suggesting their relevance to the transport of enstrophy

diminishes as Ka increases. Their effect at high Ka on vorticity and anisotropy should be the

subject of future work.

To further investigate the mechanisms controlling the magnitude of baroclinic torque, the normal-

ized gradients of density and pressure are calculated (Fig. 5.7). Though baroclinic torque decreases

with Kau, these quantities do not. The gradient of pressure increases with Kau, due to finite Re

effects, and the density gradient primarily varies with the flame density ratio. Additionally, as both

have a magnitude close to unity, the small peak magnitude of the normalized baroclinic torque is

not explained by the behavior of these quantities. Next, the alignment of the density and pressure

gradient vectors is calculated. Figure 5.7c shows for case B that these vectors are either preferentially

parallel or anti-parallel. Either case corresponds to a cross product of zero, so that the preferential

alignment modulates the magnitude of baroclinic torque. This alignment of the pressure and den-

sity gradients is not accounted for in the proposed scaling (Eq. 5.10), hence the small magnitude

observed in Fig. 5.5b.
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Figure 5.7: Normalized components of baroclinic torque and preferential alignment of pressure and
density gradients. In (c), the angle between the vectors, θ, is defined such that cos(θ) = 0 represents
perfect misalignment.
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Figure 5.8: Viscous dissipation term in dimensional and normalized form. The line Reλ is calculated
from the previous simulations of homogeneous, isotropic turbulence by Carroll and Blanquart [11].
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5.1.5 Viscous dissipation

Viscous dissipation, like vortex stretching, is present in constant density flow. In dimensional form,

it can vary by nearly two orders of magnitude across the flame and it varies by many orders of

magnitude between the cases tested (Fig. 5.8a). The primary component of viscous dissipation,

∇× ((∇ · τ)/ρ), by considering dimensional analysis scales as νu/l3. Given a Kolmogorov turbulent

cascade, this is again largest for the smallest scales of turbulence resulting in the scaling,

〈∇ ×
(

1

ρ
∇ · τ

)
|C〉 ∝ 1

τ2
η

. (5.11)

As with several quantities discussed prior, in the case of high Ka, viscous dissipation scales with the

turbulent quantities, specifically,

〈ω · ∇ ×
(

1

ρ
∇ · τ

)
|C〉 ∝ 1

τ3
η

. (5.12)

In the high Reynolds number limit of homogeneous, isotropic turbulence, Tennekes and Lumley [112]

propose a similar scaling.

Normalized according to the above expression, viscous dissipation obtains a fairly constant value

through the flame and across conditions (Fig. 5.8b). As Kau increases between cases A, B, and

C*, the variation in the normalized quantity decreases. This suggests that the normalization better

characterizes the behavior of this term as the Karlovitz number increases, which aligns with the

chosen normalization representing the high Ka limit. Additionally, the constant tends toward the

value obtained for homogeneous, isotropic turbulence as Kau increases.

5.1.6 Forcing term

In dimensional form, the forcing term varies by several orders of magnitude between the cases tested

(Fig. 5.9a). Assuming the TKE is everywhere equal to the imposed value, ko, the forcing term is

identically Aω2. As stated in section 4.1.3, A is equal to A = (2τo)
−1 and is imposed as a parameter
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Figure 5.9: Forcing term in dimensional and normalized form.

of the simulation. Therefore, the forcing term scales as

〈ω · ∇ ×
(
f

ρ

)
|C〉 ∝ 1

2τoτ2
η

. (5.13)

Normalized in this manner, the forcing term obtains a nearly constant value through the flame and

across conditions (Fig. 5.9b). It is observed that the normalized forcing term has less variation as

the Karlovitz number increases.

5.1.7 Normalized enstrophy transport equation

The above scaling estimates are used to propose a normalization of the entire enstrophy transport

equation, which is then given by,

1

2

Dω̂2

Dt̂
= KaT̂1 + γT̂2 + αγ

√
KaT̂3 +KaT̂4 +

1

2Da
T̂5, (5.14)

where t̂ = t/τF , ω̂2 = 〈ω2|C〉τ2
η , and the Damköhler number is Da = τo/τF . Again, Ka is the

local Karlovitz number, Ka(C). As written above, T̂1 is vortex stretching, T̂2 is dilatation, T̂3 is

baroclinic torque, T̂4 is viscous dissipation, and T̂5 is the forcing with each component normalized
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enstrophy transport equation. Lines are calculated from Eq. 5.14 using the parameters (α and γ)
of case B. Symbols represent simulation results evaluated at Ĉ = 0.5 with α and γ scaled to match
conditions.

according to the above discussion. The form of these terms are written explicitly in B. The preceding

analysis in this section shows that the normalized terms obtain nearly constant values (or a constant

peak value) through the flame and across conditions with T̂1 ' 0.15, 0 < T̂2 . 0.7, 0 < T̂3 . 0.1,

−0.3 < T̂4 < −0.15, and T̂5 ' 1, which are shown to be valid at high Kau. Equation 5.14 is not

intended to be precisely solved for enstrophy transport, but provides the scaling and approximate

magnitude of each term. It also represents the local balance of vortex stretching, viscous dissipation,

and forcing in the present high Kau cases, as shown in Fig. 5.1.

The scaling in Eq. 5.14 suggests that as the Karlovitz number increases, vortex stretching and

dissipation increase in magnitude relative to baroclinic torque, dilatation, and forcing. This is

consistent with the observed relative decrease of baroclinic torque and dilatation as Ka increased

in the results of Hamlington et al. [38]. It is also consistent with the behavior observed at low Kau

where baroclinic torque and dilation contribute significantly to the transport of vorticity [59]. Going

further, Eq. 5.14 may be used to predict the relative magnitude of vortex stretching, dilatation,

baroclinic torque, and viscous dissipation as a function of the Karlovitz number (Fig. 5.10). It is

important to stress that these predictions are only accurate when the proposed scaling is valid, i.e.
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at high Karlovitz numbers. Thus, dashed lines in Fig. 5.10 are used to reflect the uncertainty in

extrapolating below the lowest value of Ka tested in this work. Lines in Fig. 5.10 are calculated using

α and γ from the results of case B evaluated at Ĉ = 0.5, which is near the location of peak dilatation

and baroclinic torque. Symbols represent the simulation results with each term again evaluated at

Ĉ=0.5. The numerical and theoretical values show good agreement, and this agreement improves

as the Karlovitz number increases. Using these results, vortex stretching and viscous dissipation are

both predicted to be larger than dilatation and baroclinic torque when Ka & 20. This value of the

Karlovitz number was calculated using α and γ from case B, and will vary slightly with different

reactant conditions. Sufficiently above this value of Ka, it is predicted that vortex stretching and

dissipation dominate the transport of enstrophy.

5.1.8 Summary

In the limit of high Ka, enstrophy transport results in a local balance between production and

dissipation. This is also the case for homogeneous, isotropic turbulence [111, 112]. This confirms

theoretically the hypothesis that, in high Ka premixed flames, the mean enstrophy behaves locally

in a similar manner to constant density, homogeneous, isotropic turbulence. This implies that

enstrophy should scale with the Kolmogorov time scale, which is confirmed in Fig. 5.11, with a

proportionality constant close to unity. From homogeneous, isotropic turbulence it can be shown

that

ε = 15ν

(
∂u

∂x

)2

, (5.15)

as well as

ω2 = 15

(
∂u

∂x

)2

, (5.16)

so that a normalized value of unity is expected [87]. Variations in the normalized enstrophy decrease

as the Karlovitz number increases, which is expected as the normalizations are chosen for the limit

of high Ka. Therefore, for sufficiently high Kau, the mean enstrophy has the same value as in

homogeneous, isotropic turbulence given the local ε and ν. This demonstrates that it is the change
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Figure 5.11: Enstrophy in dimensional and normalized form. In normalized form, enstrophy has less
variation through the flame as the Karlovitz number increases. The line Reλ is calculated from the
previous simulations of homogeneous, isotropic turbulence by Carroll and Blanquart [11].

in kinematic viscosity, as opposed to the effect of the density change through dilatation and baroclinic

torque, which drives the enstrophy transformation through the flame.

These results shed light on the validity of Kolmogorov’s first similarity hypothesis within pre-

mixed flames, since enstrophy is characteristic of the smallest turbulent scales. Though the fluid

properties and turbulence characteristics vary widely across the flame and between the present cases,

enstrophy is found to vary only as a function of τη, or equivalently ν and ε alone. This supports

that Kolmogorov’s first similarity hypothesis is valid for sufficiently high Karlovitz number premixed

flames. In contrast, this result suggests that Kolmogorov’s first similarity hypothesis may not be

valid for low Kau premixed flames, but remains to be confirmed. While aspects of these results may

not be surprising, high Kau behavior is found to be fundamentally different than low Kau behavior.

For example, Kolla et al. [52] performing DNS of low Karlovitz number flames show a collapse of

the viscous scales in the TKE spectrum when normalizing using the flame thickness. At low Ka,

the impact of the flame is more than to simply increase the viscosity, which is the primary effect in

high Ka flames, as demonstrated here.
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5.2 Model testing

The above conclusions are obtained using finite-rate chemistry and non-unity Lewis numbers. Tur-

bulent combustion research often employs other chemical and transport models. In this section, the

effects of chemical and transport models on the conclusions of this work are tested. Case B is chosen

for these tests as the Karlovitz number is high enough such that substantial flame broadening and

chemical source term variation occurs, but low enough such that differential diffusion effects are not

eliminated [101, 103, 102] providing a rigorous test case for both transport and chemical models.

5.2.1 Effects of unity-Lewis number assumption

To test the effects of transport models, case B is repeated setting all Lewis numbers to unity, which

is referred to as case B1. These two cases are compared primarily to investigate changes in the mean

enstrophy, as this study focuses on the transport of this quantity.

Figure 5.12a and b show that varying the transport model has negligible effects on the dimen-

sional and normalized mean enstrophy. The agreement between cases B and B1 can be understood

by considering the vortex stretching and viscous dissipation terms. Figure 5.12c shows that vortex

stretching is nearly identical between cases B and B1; similar agreement is found for viscous dissi-

pation. As vortex stretching and viscous dissipation dominate the transport of enstrophy at high

Karlovitz number, the mean enstrophy evolves similarly in the two cases. Good agreement is also

observed in the remaining terms, such as dilatation (Fig. 5.12d). These results suggest that, at high

Karlovitz number, the transport model has negligible effects on the smallest turbulent scales. This

is in contrast to the importance of the transport model in representing the effects of the turbulence

on the flame. For example, Savard and Blanquart [102] found that with non-unity Le transport

(compared with unity Le transport) the fuel chemical consumption rate in case B exhibited more

local extinctions and its mean value was reduced by 40%. This variation in the fuel source term was

found to significantly reduce the turbulent flame speed (ST /SL) compared to the unity Le flame.

While the transport model may affect quantities central to flame propagation, the resulting impact

on the mean enstrophy is found here to be negligible. It is important to note that this analysis is
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(d) Dimensional dilatation.

Figure 5.12: Comparison of case B with constant non-unity (B) and unity Lewis numbers (B1).
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in the absence of thermo-diffusive instabilities, and these results may not extend to flames, such as

lean hydrogen/air, where these instabilities occur.

5.2.2 Effect of chemical models

To investigate the implications of chemical models, case B1 is repeated using two alternative chemical

mechanisms: one-step (BOS,1) and tabulated chemistry (BTab,1). These models are introduced in

sections 2.2.3 and 2.2.2, respectively. In order to focus on the effects of the chemical model, unity

Lewis numbers are used in all three simulations in order to eliminate effects due to differences in the

transport models.

Using one-step chemistry, only the reactants and products, n-C7H16, O2, H2O, and CO2, are

transported. The chemical source terms are determined through a single irreversible, one-step re-

action (Eq. 2.15). The rate constant, A, and activation temperature, Ta, are chosen so that the

1D unstretched laminar flame speed and thickness closely match that of the finite-rate mechanism

(A = 6.0×109 m3/kg s and Ta = 15, 000K). As this model excludes intermediate species, the progress

variable is defined as the sum of the chemical product mass fractions, C = YH2O + YCO2 . One-step

chemistry requires less computation resources compared to finite-rate chemistry as fewer species

must be transported.

Using flamelet generated manifolds (FGM), or tabulated chemistry, the flame is modeled through

a single progress variable, C, with which fluid properties and the chemical source term are tabu-

lated [51, 33, 116, 91]. Tabulation is performed using the 1D unstretched flame solution of the

finite-rate chemical model obtained using FlameMaster [81]. Once again, the progress variable is de-

fined as the sum of H2O, H2, CO2, and CO mass fractions and its transport is governed by Eq. 2.13.

The use of tabulated chemistry relaxes the computational cost compared to finite-rate chemistry as

a single scalar must be transported. Time integration of the chemical source terms is performed

explicitly for tabulated and one-step chemistry.

The results obtained with each model are compared primarily through the mean enstrophy as,

again, the transport of enstrophy is the focus of this study. Figures 5.13a and b show that the
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(d) Dimensional dilatation.

Figure 5.13: Comparison of case B1 with finite-rate, tabulated, and one-step chemistry.
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chemical models induce little differences in the dimensional and normalized mean enstrophy. This

is again explained by the agreement of vortex stretching (Fig. 5.13c) and dissipation among the

chemical models, which control the transport of enstrophy in high Ka premixed flames. As one-step

has a slightly different definition of C and value of Cmax, a small shift in the curves in Ĉ space and

differences near Ĉ = 1 are expected. A greater effect is observed for the dilatation (Fig. 5.13d) and

baroclinic torque terms with one-step chemistry, though this has negligible effects in the transport

of enstrophy as their magnitude is small relative to vortex stretching and viscous dissipation. The

agreement observed in the mean enstrophy further emphasizes that the smallest turbulent scales

evolve through the flame with the local fluid properties, independent of the tested transport or

chemical models.

5.3 Results extension

In this section, the above results are compared with a higher Reynolds number simulation and the

recent slot Bunsen flames of Sankaran et al. [99], demonstrating the applicability of the present

conclusions to these alternative configurations.

5.3.1 Higher Reynolds numbers

While this study considers a wide range of Karlovitz numbers, the integral length scale in each DNS

discussed thus far is limited to approximately the flame thickness. It is important to consider whether

these results are applicable to larger values of lo/lF , or equivalently, larger Reynolds numbers. This

is investigated, first, theoretically through the vorticity spectrum, Ω(κ) and, second, practically

through an additional DNS with a larger integral length scale.

In the present lowReDNS, all the entrophy is contained in scales smaller than the flame thickness.

For a larger Re, the portion of enstrophy contained in scales smaller than the flame thickness may

be determined by considering the model spectrum of Pope for the high Re limit [87],

E(κ) = 1.5ε2/3κ−5/3

(
κlo

[(κlo)2 + 6.78]1/2

)11/3

exp
[
−5.2

(
[(κη)4 + 0.44]1/4 − 0.4

)]
, (5.17)
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(a) case BTab,1

(b) case B4
Tab,1

Figure 5.14: Two-dimensional slices of density from cases BTab,1 and B4
Tab,1. Each figure represents

a region of size L× 4L and both are scaled to match physical length scales.

and evaluating the vorticity spectrum as Ω(κ) = 2κ2E(κ). Using this model spectrum, the wavenum-

ber κ∗, corresponding to κ∗ = 2π/lF , for which 80% of the enstrophy is contained in scales smaller

than the flame thickness may be found through the integral

1

ω2
u

∞∫
κ∗

Ω(κ)dκ = 0.8. (5.18)

Considering an infinite Re, at least 80% of the enstrophy is contained in scales smaller than the

flame if lF /η > 40. This is approximately the condition of case B. Said another way, if case B had

an arbitrarily large Re but the same Kau, then only 20% of the enstrophy would be in scales larger

than the flame thickness. In summary, any high Reynolds number turbulent flame with the same

Karlovitz number of the present cases would have nearly the same fraction of vorticity contained

in scales smaller than the flame. The present results should thus remain valid for larger integral to

flame length scale ratios.

An additional DNS, labeled case B4
Tab,1, is performed to verify if the results are indeed indepen-

dent of the Reynolds number. This simulation has the exact same conditions as case BTab,1, but a

higher Reynolds number, Ret = 1150. The increase in Ret is accomplished by increasing both L as

well as u′, in order to maintain the same Kau number, resulting in a four-fold increase in the integral
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length scale (lo/lF = 4 and u′/SL = 33). Figure 5.14 presents instantaneous density contour plots

from BTab,1 and B4
Tab,1. While still maintaining sufficient length for the turbulent flame brush, Lx

is set to 6.5L with the forcing applied between Lx = 0.5L and Lx = 4.5L. To further minimize the

computational cost, the grid is stretched in the x-direction near the x-outflow where the forcing is

not applied. Utilizing the results of section 5.2, which found little effect of the transport and chemi-

cal models on the vorticity transformation, this much larger simulation employs tabulated chemistry

with unity Lewis number transport. This, again, reduces the computational cost of the simulation

(compared to finite-rate chemistry), while still retaining the physics necessary to this study. Due to

the larger domain size, each data file represents significantly more independent statistical samples

than case BTab,1. Therefore, after an initial transient, it is only necessary to collect data over 7τo.

Cases BTab,1 and B4
Tab,1 are compared, as before, by considering the mean enstrophy, vortex

stretching, and dilatation terms. Figure 5.15 shows that increasing the turbulent Reynolds number

introduces only small changes to these quantities. Particularly, the mean enstrophy exhibits a

similar variation through the flame. This agreement, along with the preceding theoretical analysis,

supports that the conclusions of this chapter are independent of the turbulent Reynolds number (or

equivalently the integral to flame length scale ratio). Combined with the results of section 5.2, this

reinforces the primary conclusion of this chapter.

To summarize, first, the unity Lewis number case, B1, has significantly less local extinction than

case B [102, 55], yet there is virtually no effect observed on the behavior of the smallest turbulent

scales (Fig. 5.12). Second, BTab,1 and BOS,1 have entirely different chemical models and responses

to straining and wrinkling. Even more, in the case of tabulated chemistry, all chemical source terms

are only functions of the progress variable, and hence remain the same regardless of flow straining

and flame wrinkling. Despite these difference, no effects were observed on enstrophy (Fig. 5.13).

Third, case B4
Tab,1 has a four times larger integral length scale, intentionally introducing straining

and wrinkling on a much larger scale (as shown in Fig. 5.14). Yet again, virtually no effect is

observed on the smallest turbulent scales (Fig. 5.15). These results support the conclusion of the

thesis that, given a sufficiently high Karlovitz number, it is not the large flame dynamics which
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(d) Dimensional dilatation.

Figure 5.15: Comparison of case BTab,1 with the case of a larger Reynolds number, B4
Tab,1.
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determine the smallest turbulent scales, but only the local kinematic viscosity and dissipation rate.

This is essentially a restatement of Kolmogorov’s first similarity hypothesis.

5.3.2 Slot Bunsen flame

The simulations in the present study consider a statistically-planar flame with zero mean shear and

forced turbulence. While providing a configuration favorable to fundamental study, other simulations

and most practical devices operate under different conditions. To investigate the applicability of the

current results and conclusions to alternative configurations, the present results are compared to the

recent high Karlovitz number slot Bunsen flames of Sankaran et al. [99]. The reader is referred to

Ref. [99] for complete details about the DNS. Only a brief overview is provided here.

Sankaran et al. [99] simulated preheated (Tu=800K) methane/air premixed slot Bunsen flames at

atmospheric pressure. The slot, containing unburnt reactants, extends in the spanwise, z, direction

and is bounded in the transverse, y, direction by a heated, laminar coflow of burnt products. The

difference in inlet velocities between the slot and laminar coflow introduces a strong mean shear.

The flame and flow spatially develop in the streamwise, x, direction. This configuration is illustrated

in Fig. 5.16. The present comparison considers case C, which has the highest unburnt Karlovitz

number and turbulent Reynolds number among their cases. To remove any confusion with our case

C, case C from Sankaran et al. [99] is referred to as S-C in the following. The chemistry is modeled

using a reduced finite rate chemical mechanism with 13 transported species and four additional

species assumed in quasi-steady state. Species transport is performed with constant non-unity

Lewis numbers.

Downstream of the slot, the Karlovitz number decreases along the centerline. This gives rise to

different values of Ka through the flame within different y− z planes, as shown in Fig. 5.17. As we

use a different definition of Kau than used by Sankaran et al. [99], the exact numerical values are

expected to be slightly different. These results are compared with the present cases A and B, as they

have comparable Karlovitz numbers. In case S-C, the abrupt decrease in Ka near Ĉ = 1 is likely

due to the laminar coflow bounding the turbulent flame. Additionally, the S-C3/4 curve does not
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Figure 5.16: Configuration of the slot Bunsen flame performed by Sankaran et al. [99] and analyzed
here. Plotted is the Favre averaged mean progress variable, where red denotes the products and blue
denotes the reactants. The black line is the iso-contour where the Favre averaged mean progress
variable equals 0.65 and represents the mean location of the flame front. Figure adapted from
Ref. [99].
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Figure 5.17: Local Karlovitz number versus Ĉ for the present cases A and B, as well as the slot
Bunsen flame S-C of Sankaran et al. [99] at three downstream locations. For case S-C, superscripts
refer to 1/4, 1/2, and 3/4 of the domain length. The progress variable is defined as the sum of H2O,
H2, CO2, and CO mass fractions.

extend to Ĉ = 0 because there are no more pure unburnt reactants. The simulation results may be

parameterized by two variables, one to represent the spatial progress in the x direction and another

for the progress through the flame. Investigating different planes in x provides a similar function

as varying Kau between cases in the present configuration. Therefore, comparison is performed by

analyzing the data at three y − z planes, corresponding to 1/4, 1/2, and 3/4 of the domain length,

denoted as S-C1/4, S-C1/2, and S-C3/4, respectively. These are the same locations where Sankaran et

al. [99] primarily report results. Quantities are then conditionally averaged on the progress variable

C in these individual planes to characterize the variation through the flame. The progress variable

is again defined as the sum of H2O, H2, CO2, and CO mass fractions. All quantities are computed

based on the fluctuating velocity after the mean flow has been subtracted.

Once again, the normalized enstrophy is considered to test the dependence of the smallest tur-

bulence scales on ε and ν. Figure 5.18 shows good agreement between these two very different

configurations. Most notably, the normalized enstrophy is nearly constant with values slightly be-

low unity within the flame (Fig. 5.18a), as observed in the present forced cases. The normalized

vortex stretching term is also nearly constant through the flame (Fig. 5.18b), again supporting

the proposed scaling. Similar to Ka in Fig. 5.17, low turbulence levels close to the products (near
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(b) Normalized vortex stretching.

Figure 5.18: Comparison of normalized enstrophy and vortex stretching between cases A and B and
the slot Bunsen flame S-C of Sankaran et al. [99] at three downstream locations.
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Figure 5.19: Comparison of enstrophy and vortex stretching and their respective proposed scalings
for the slot Bunsen flame S-C of Sankaran et al. [99] as well as the present cases A, B, C, and D.
Black dotted lines represent the theoretical values.
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Ĉ = 0.9) due to the laminar coflow may be responsible for differences in these quantities, particularly

for the plane closest to the slot inlet, S-C1/4. Additionally, the curves corresponding to the S-C3/4

plane do not extend to Ĉ = 0 as there are no pockets of unburnt reactants left.

Despite some differences in the curves shown in Fig. 5.18, the proposed scaling remains valid

in the turbulent Bunsen flame. This is made clearer in Fig. 5.19 by comparing the dimensional

enstrophy and vortex stretching to the expected scaling through the flame (0.05 < Ĉ < 0.9). In

summary, the present simulations and the results from the slot Bunsen flame of Sankaran et al. [99]

follow the proposed scalings, and no effects of the physical configuration could be identified.

5.4 Correspondence to vortex-flame interaction

The conclusions of this chapter may be qualitatively compared with the 2D vortex-flame interaction

discussed in chapter 3.

In high Karlovitz number flames, the smallest turbulent scales (where most of the vorticity is

located) are much smaller than the flame thickness (η � lF ). The corresponding representative 2D

vortex is a small vortex (lv � lF ). In chapter 3, it was found that such a vortex is dominated by

viscous effects, given by the ratio of τ2/τ4 in Eq. 3.5. In the current chapter, it is also found that

viscous effects dominate over baroclinic torque and dilatation in the limit of high Karlovitz number.

More specifically, viscous effects were shown in this chapter to scale with the Karlovitz number,

which (by defining a ≡ SLlF /ν) may be rewritten as Ka = (lF /η)2/a. Comparison with Eq. 3.5,

τ2/τ4 = (lF /lv)
2/a, reveals that there is a similar scaling for the importance of viscous effects in the

vortex and turbulence cases.

However, the vortex stretching/production term was not present in the 2D vortex-flame inter-

action. This term, in addition to viscous dissipation, was found to be critical to the transport of

enstrophy. In the turbulent case, vortex stretching/production term balances viscous dissipation,

which does not occur with a 2D vortex.

In contrast, at low Karlovitz numbers, the smallest turbulent scales are larger and slower than

the flame (η � lF , uη � SL). This condition corresponds to a large-slow 2D vortex. In the
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present chapter, dilatation and baroclinic torque were found to increase in relative magnitude as the

Karlovitz number decreases. Furthermore, dilatation and baroclinic torque were found in a previous

study at low Karlovitz numbers to contribute significantly to the transport of vorticity [59]. In

chapter 3, the corresponding large-slow vortex was also found to be dominated by baroclinic torque.

Though not pursued in this thesis, further comparison of these cases could help shed light on the

mechanisms controlling the production of baroclinic torque in turbulent combustion.

5.5 Summary and conclusions

The primary goal of the present chapter was to understand the changes in the smallest turbulent

scales within a high Karlovitz number turbulent premixed flame brush via the study of the mean

enstrophy. For this purpose, the series of high Karlovitz number direct numerical simulations de-

scribed in chapter 4 were analyzed and which spanned a wide range of Karlovitz numbers and flame

density ratios. These simulations of n-heptane/air premixed flames employed a reduced finite-rate

chemical mechanism and non-unity Lewis number transport. Using the DNS results, a theoretical

scaling analysis was performed to estimate the magnitude of each term in the enstrophy transport

equation. As a result, a normalized enstrophy transport equation was proposed for high Karlovitz

numbers. Several conclusions are as follows.

The proposed normalized enstrophy transport equation involves a small set of parameters so that

the relative magnitude of vortex stretching, dilatation, baroclinic torque, and viscous dissipation may

be predicted as a function of the Karlovitz number and flame conditions.

In the limit of high Ka, vortex stretching and viscous dissipation dominate the behavior of en-

strophy. A balance of these two terms is also observed in homogeneous, isotropic turbulence. As a

consequence, given a sufficiently high Ka, the mean enstrophy scales in the same manner as homo-

geneous, isotropic turbulence, namely with the inverse of the Kolmogorov time scale squared, 1/τ2
η .

Therefore, for sufficiently high Kau, the mean enstrophy obtains the same value as in homogeneous,

isotropic turbulence given the local ε and ν. These conclusions were found to be independent of the

Reynolds number and the physical configuration (i.e. forced or unforced).
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As τη is only a function of ε and ν, this conclusion supports the validity of Kolmogorov’s first

similarity hypothesis in high Ka premixed flames. In contrast, this suggests that in moderate to low

Ka flames this hypothesis may not be valid and different characteristics of the turbulence through the

flame are expected. The following chapter will address the validity of the Kolmogorov’s hypothesis

of local isotropy in high Karlovitz number premixed flames.

Several additional DNS were performed and analyzed with alternative transport and chemical

models to test their effects on the transformation of enstrophy. It was found that unity Lewis

number transport provided sufficient detail of the flame structure to capture the relevant effects of

the flame on turbulence. Additionally, simulations using one-step and tabulated chemistry captured

the behavior of the mean enstrophy. This suggests that future research studying the effects of the

flame on turbulence at high Karlovitz number does not need to include details of finite-rate chemistry

and differential diffusion in numerical simulations to accurately capture the behavior of the smallest

turbulent scales.
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Chapter 6

Vorticity isotropy1

In the previous chapter, the validity of Kolmogorov’s first similarity hypothesis was addressed in high

Karlovitz number (Ka) turbulent premixed flames by considering enstrophy. The current chapter

investigates the isotropy of the small scale turbulence through the vorticity vector, which relates to

Kolmogorov’s hypothesis of local isotropy. The source of anisotropy is then investigated through

the vorticity transport equation, which is followed by an analysis of how different parameters (such

as Kau and l/lF ) impact small scale anisotropy.

For the sake of clarity, only cases A, B, BTab,1, B4
Tab,1, C*, and D (presented in chapter 4) are

considered here. Between the cases considered in this chapter, the turbulence intensity, lo/lF , and the

unburnt temperature are varied in order to investigate the effects of the unburnt Karlovitz number,

largest turbulent length scales, and flame density ratio. Case BTab,1 has the same conditions as case

B and is provided to test the impact of unity Lewis number transport and tabulated chemistry on

the behavior of small scale isotropy.

The chapter is organized as follows. Section 6.1 presents an analysis addressing the presence

of small scale isotropy followed by an investigation of the vorticity equation to identify the specific

term primarily responsible for the production of anisotropy. Section 6.2.1 then presents a further

analysis of the impact of different parameters on anisotropy. The correspondence between this

chapters results and the vortex-flame interaction is discussed in section 6.3. Lastly, a discussion of

the conclusions and their application is provided in section 6.4.

1This chapter is based in large part on the publication [7]: Brock Bobbitt and Guillaume Blanquart. Vorticity
anisotropy in high Karlovitz number premixed flames. Phys. Fluids, (To be submitted).
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6.1 Vorticity isotropy

In this section, the presence of small scale isotropy is investigated in the high Karlovitz number

premixed flames. The vorticity transport equation is then analyzed to isolate the term (or terms)

primarily responsible for the production of anisotropy.

6.1.1 Isotropy

If the smallest turbulent scales are isotropic, then the vorticity vector components are statisti-

cally equal in a fixed Galilean coordinate system. As the present configuration is statistically one-

dimensional in x, and periodic in y and z, an orthogonal coordinate system aligned with x best

characterizes any anisotropy resulting from the flame. Furthermore, as a result of the symmetry in y

and z, any differences between the two corresponding vector components would be due to statistical

uncertainty.

Using this domain fixed coordinate system, isotropy of the vorticity vector is assessed by con-

sidering a vector, W , defined here as the square of each vorticity component less one-third of the

enstrophy,

Wi = ω2
i −

ω2

3
. (6.1)

Subsequently, W will be referred to as the anisotropy vector. Figure 6.1 presents Wx conditionally

averaged on the progress variable. Once again, any deviations from zero are signs of anisotropy. As

a result of the symmetry in y and z, 〈ω2
y|C〉 is equal to 〈ω2

z |C〉. Therefore, the components in Eq.

6.1 may be rewritten as

〈Wx|C〉 =
2

3
〈ω2
x|C〉 −

2

3
〈ω2
y|C〉, (6.2)

〈Wy|C〉 =
1

3
〈ω2
y|C〉 −

1

3
〈ω2
x|C〉. (6.3)

From this, 〈Wy|C〉 and 〈Wz|C〉 are equal to −〈Wx|C〉/2, so that their values may be inferred based

on 〈Wx|C〉 provided in Fig. 6.1.
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Figure 6.1: The anisotropy vector in the x direction, Wx, for cases (a) A, B, C∗, and D; as well
as (b) B, BTab,1, B4

Tab,1. Dashed line at zero represents perfect isotropy. Wx is normalized by the
conditionally averaged enstrophy. In (a), thin black lines correspond to averages for case B when
either the first or second half of the data is used; they are indicative of the statistical uncertainty in
the computed averages.

Near the reactants (Ĉ ' 0), vorticity is isotropic for all flames. This is simply because the

reactants are initialized with homogeneous isotropic turbulence. Consider first cases A, B, and C∗

(Fig. 6.1a). As the turbulence enters the preheat zone, anisotropy begins to develop in case A, and

to a lesser extent in case B. The anisotropy is characterized by a larger vorticity in the direction of

the mean flow (x direction) than in the plane of the time-averaged flame (y and z directions). The

degree of anisotropy in both cases continues to increase toward the products. In case C∗, discernible

levels of anisotropy only develop later in the flame. Finally, for case D, with a similar Kau, but

lower flame density ratio compared to case C∗, the anisotropy is negligible throughout the flame.

Between cases A, B, and C∗, the unburnt Karlovitz number increases by an order of magnitude,

yet the ratio of the integral length scale to flame thickness remains close to unity. In contrast, cases

B and B4
Tab,1 have the same Karlovitz number, but different integral length scales (lo/lF=1 and 4

respectively). Equivalently, they also have different turbulent Reynolds numbers (Ret,u=190 and

1150, respectively) since the Karlovitz number, turbulent Reynolds number, and length scale ratio
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are not independent:

Ret,u =

(
l

lF

)4/3

(Ka∗u)2/3. (6.4)

As shown in Fig. 6.1b, the vorticity in B4
Tab,1 is more isotropic than case B throughout the flame.

(Note that there is very good agreement between cases B and BTab,1, supporting the independence

of the observed behavior from the chemical and transport model.)

In summary, at a sufficiently large Karlovitz number and l/lF , the smallest turbulent scales are

found to be isotropic, as defined by Eq. 6.1. Additionally, isotropy is promoted by lower flame

density ratios. This is exemplified in case D, which shows no anisotropy throughout the flame. The

dependence of small scale anisotropy on the large turbulent scales is somewhat surprising given

they were found to have virtually no impact on the enstrophy (chapter 5). The impact of these

parameters on the anisotropy will be further discussed in section 6.2.

Hamlington et al. [38] observed that the probability density function (PDF) of the vorticity

component in the mean flow direction (x direction) resembled isotropic conditions at large turbulence

intensities (defined as u′/SL). Their results are consistent with the decreasing vorticity anisotropy

as observed in Fig. 6.1a with increasing Kau. However, Hamlington et al. [38] observed the onset

of isotropy at significantly lower Karlovitz numbers than in the current study. Considering similar

density ratios, their case F4 (Kau = 57, calculated assuming Sc = 1, where Sc = ν/D) demonstrated

negligible anisotropy, while the present case B (Kau = 220) has significant anisotropy. The reason

for this difference is addressed in section 6.4.

6.1.2 Transport equation

The source of anisotropy is determined by considering the transport equation for vorticity derived

from the momentum equation,

Dω

Dt
= S · ω − ω (∇ · u) +

1

ρ2
(∇ρ×∇P ) +∇×

(
1

ρ
∇ · τ

)
+∇× f

ρ
. (6.5)
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Equation 6.5 represents a set of three equations, one for each component of the vorticity vector.

Analogous to the enstrophy transport equation (Eq. 5.1), each term on the right hand side is asso-

ciated with a specific physical process: production/vortex stretching, dilatation, baroclinic torque,

viscous dissipation, and forcing, respectively. Vortex stretching, viscous dissipation, and forcing are

active even when density is constant, while dilatation and baroclinic torque arise here only due to

the presence of the flame. The enstrophy transport equation is obtained by taking the dot product

of vorticity with this set of equations.

From Eq. 6.5, we derive the transport equation for the anisotropy vector, W . This is ac-

complished by multiplying each component of the vorticity transport equation by its respective

vorticity component, then subtracting one-third of the enstrophy transport equation and grouping

corresponding terms,

1

2

DW

Dt
= A1 + A2 + A3 + A4 + A5. (6.6)

Terms are again ordered as in Eq. 6.5 and the explicit form of each is provided in Appendix C.

In the remainder of this work, these terms will be referred to as the anisotropic transport terms.

For example, A1,x is the anisotropic vortex stretching term in the x direction. To disrupt the base

isotropic flow, the flame must alter the behavior of at least one term in Eq. 6.6 in order to produce

anisotropy. The flame directly alters these terms through changes in the velocity divergence, fluid

properties (such as ρ and µ), and mean gradients of turbulence quantities (such as the mean velocity).

The dilatation and forcing terms are addressed first.

The anisotropic dilatation term may be written analytically as

A2 = (−W )(∇ · u). (6.7)

In other words, this term is a function of the velocity divergence and depends linearly on W . In

the absence of anisotropy, this term is identically zero. Thus, this term cannot be responsible for

the initial production of vorticity anisotropy. Furthermore, dilatation is expected to decrease the

magnitude of W since fluid expansion from heat release results in a positive divergence of velocity.
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Figure 6.2: Comparison of exact versus approximate anisotropic forcing term for case B4
Tab,1 through

the (a) joint PDF at Ĉ = 0.75 and (b) conditional average of A5,x and A′5,x. Both quantities are
normalized by 1/τ3

η . In (a) the dashed line represents perfect equality between A5,x and A′5,x, and
in (b) the dashed line at zero represents no anisotropy production.

In conclusion, this term cannot initiate or increase anisotropy, and will not be further considered as

the possible source of anisotropy.

By neglecting gradients of the TKE and mean velocity (i.e. the associated effects of the flame),

the forcing term is approximated by

A′5 = A
ko
k
W . (6.8)

Note that A is the forcing parameter defined in Eq. 4.5. If the effects of the flame on the forcing

term are small, then A′5 well approximates A5. These quantities are compared by computing the

joint PDF of the instantaneous, point-wise values of A5,x versus A′5,x for case B4
Tab,1 within the flame

(Ĉ = 0.75). As shown in Fig. 6.2a, the effect of the flame on this term is very small locally and

instantaneously. Additionally, Fig. 6.2b shows that, on average, the effects of the flame introduce

a negligible contribution to the value of anisotropic forcing (A5). Similar results are found for

the remaining cases. As the effects of the flame on the anisotropic forcing term are negligible, we

approximate A5 as A′5. As with dilatation, this term depends linearly on W and is exactly zero

when vorticity is isotropic. Therefore, the growth of anisotropy is not caused by this term, and it
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will not be further considered.

By exclusion of A2 and A5, either the vortex stretching, baroclinic torque, or dissipation terms

must be responsible for the development of vorticity anisotropy. To isolate the cause, their relative

contribution to the development of anisotropy is investigated subsequently by considering the effect

of the flame on each.

6.1.3 Possible sources of anisotropy

The effects of the flame on vortex stretching are isolated by considering A1 = A′1 + AF
1 , similar to

the forcing term, where the effects of the flame are associated with AF
1 . In the absence of the flame,

A1 = A′1. The flame may alter the anisotropic vortex stretching term through the strain-rate tensor

(S). The flame-induced flow strain is isolated by performing a Helmholtz (or Weyl) decomposition

of the velocity field, u = uD +uS . For three-dimensional vector fields, there exists a decomposition

which separates the vector field into an irrotational component (uD) and a divergence free component

(uS), where uD = ∇φ and uS = ∇×B. Here φ is a scalar potential and B is a vector potential.

As a result,

∇ · uS = 0, ∇ · uD = ∇ · u,

∇× uS = ω, ∇× uD = 0.

The dilatational velocity field is computed by solving for φ through the Poisson equation ∇2φ = ∇·u

and computing uD = ∇φ. The solution of the Poisson equation follows the same methodology as

used for NGA (chapter 2). The solenoidal velocity field is then calculated as uS = u− uD.

This decomposition is used to separate the strain-rate tensor into that resulting from the di-

latational velocity field (SD) and the solenoidal velocity field (SS). Under the current low-Mach

conditions, dilatation is due only to the heat release and ω ·SD ·ω can be associated with the effects

of the flame in the enstrophy transport equation. The two terms employing the separate velocity

fields are plotted for case B4
tab,1 in Fig. 6.3. As expected, ω · SD · ω is non-zero within the flame,
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Figure 6.3: Dilatational and solenoidal parts of the vortex stretching term in the enstrophy transport
equation (ω ·SD ·ω and ω ·SS ·ω, respectively) for case B4

Tab,1. Each are normalized by the vortex
stretching term using the full velocity field, ω · S · ω.

while going to zero in the reactants and products where ω ·SS ·ω is equal to the full term, ω ·S ·ω.

This decomposition is applied to the anisotropic vortex stretching term, so that AD
1 and AS

1

employ the strain-rate tensor calculated using only the dilatational and solenoidal velocity fields,

respectively. AD
1 is associated with the effects of the flame and, as such, is subsequently referred to

as AF
1 . The x components of these terms are plotted in Fig. 6.4a for case A. Like the anisotropy

vector (W ), AF
1 is positive in the x-direction. Additionally, the qualitative behavior as a function

of Ĉ is very similar to W , with the magnitude increasing through the flame. In contrast, AS1,x is

negative, and has the opposite sign as Wx; behavior similar to case A is found in the remaining cases.

This suggests that AS1,x acts to relax the flow to isotropy. In the absence of the flame, the turbulence

relaxes the small scales toward isotropy. AF1,x is provided in Fig. 6.4b for cases A, B, B4
Tab,1, C∗,

and D; and it decreases in magnitude as both the Karlovitz number and l/lF increase (Fig. 6.4b).

From these results, the effects of the flame on the vortex stretching term must be considered as the

possible cause for anisotropy.

Lastly, baroclinic torque and viscous dissipation are considered. Baroclinic torque is non-zero

only due to the presence of the flame and the induced density gradient. It was observed to contribute

significantly to vorticity anisotropy at low values of Kau [59]. The effects of the flame on viscous
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Figure 6.4: (a) Anisotropic vortex stretching term (A1,x) along with the dilatational (AF1,x) and

solenoidal (AS1,x) parts for case A. Dashed line at zero represents no anisotropy production. (b) AF1,x
for cases A, B, B4

tab,1, C∗, and D.

dissipation are determined by, again, separating the flame contribution as A4 = A′4 + AF
4 , where

A′4,j = νωj∇2ωj −
1

3

3∑
i=1

νωi∇2ωi, (6.9)

(summation over repeated indices is not implied). The AF
4 term includes gradients of fluid properties

and the velocity divergence.

6.1.4 Summary

The contribution of AF1,x, A3,x, and AF4,x to the growth of anisotropy is compared in Fig. 6.5 for

cases A and B4
Tab,1. As shown, effect of the flame on the anisotropic vortex stretching term is greater

than for both the baroclinic torque and viscous dissipation terms. In all the remaining cases, the

magnitude of AF1,x is larger than A3,x and AF4,x to a similar or greater extent than in case A.

From these results, it is concluded that the effect of the flame on the vortex stretching term is

the primary cause for the growth of anisotropy. As these effects are through the velocity divergence,

which may be equated to −(Dρ/Dt)/ρ, the anisotropy is a result of the density change through

the flame. The following section investigates the impact of the Karlovitz number and l/lF on the
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Figure 6.5: Terms AF1,x, A3,x, and AF4,x for case (a) A and (b) B4
Tab,1, showing the contribution to

anisotropy by the effect of the flame on the anisotropic vortex stretching, baroclinic torque, and
viscous dissipation terms.

vorticity anisotropy.

6.2 Local versus global effects

The purpose of this section is to address how the parameters Ka and l/lF impact the behavior of

the anisotropic vortex stretching term and vorticity vector. This is accomplished by distinguishing

aspects of the local flame-turbulence dynamics from the flame geometry and its orientation.

6.2.1 Local vorticity behavior

In this section, the local behavior of the vorticity vector is investigated by considering its alignment

within the strain-rate tensor, S, eigenframe [42, 43]. This is considered because of the importance

of this vorticity alignment to the vortex stretching term and the local dynamics of homogeneous

isotropic turbulence [113, 1, 47, 36].



121

6.2.1.1 Review of homogeneous isotropic turbulence

As S is a real symmetric tensor, its eigenvectors are orthogonal and all the eigenvalues are real. The

eigenvectors of the strain-rate tensor are denoted as S1, S2, S3 with corresponding eigenvalues, λ1,

λ2, λ3. The eigenvalues are listed in decreasing order so that S1 is the most extensive direction and S3

is the most compressive direction. Considering DNS of homogeneous isotropic turbulence, Ashurst

et al. [1] found that vorticity preferentially aligns with the second, or intermediate, eigenvector of

the strain-rate tensor (S2), with a slight preference to align with the S1 over the S3 eigenvector.

This preferential alignment of vorticity within the eigenframe is often used for gaining insight into

the local turbulence dynamics and for modeling purposes [117]. It was also found that λ2 is, on

average, positive, and λ1 and λ3 are nearly equal in magnitude but of opposite sign [113, 1]. Finally,

vortex stretching (represented in the vortex stretching term) is the amplification of vorticity through

its alignment with the S eigenvectors which have positive eigenvalues. Therefore, vortex stretching

can only occur if vorticity is aligned in either the S1 or S2 directions [113].

6.2.1.2 High Karlovitz number case

The alignment of vorticity with the eigenvectors is discussed first for case D, which is the least

anisotropic case, as it has the highest Karlovitz number and lowest flame density ratio. This is

investigated qualitatively by computing three-dimensional surface PDFs, referred to here as spherical

PDFs. Color levels represent the PDF of the vector orientation, and are normalized by the value

corresponding to uniform random vector orientation [117]. Spherical PDFs have been previously used

as an effective means of communicating the alignment of vorticity in the strain-rate eigenframe [42,

43, 117]. Figure 6.6 presents the spherical PDFs of the vorticity alignment for case D near the

reactants (Ĉ = 0.05) and within the flame (Ĉ = 0.8). These results show the preference for vorticity

to align with the S2 direction, as expected from homogeneous isotropic turbulence.

Results are compared quantitatively with a previous DNS of homogeneous isotropic turbulence

by Carroll et al. [13] (Ret = 201; Reλ = 55), which has a comparable turbulent Reynolds number

to case D (Ret,u = 380, which reduces to Ret,b = 68 in the products). Comparison is made through
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(a) (b)

Figure 6.6: Spherical PDF for the alignment of vorticity with the S eigenvectors for case D (a) in
the reactants (Ĉ = 0.05) and (b) within the flame (Ĉ = 0.8).
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Figure 6.7: PDFs of | cos(θi)| where θi is the angle between the vorticity vector and the eigenvector
Si. Solid lines correspond to case D at Ĉ = 0.85. Dashed lines representing Ret = 201 are calculated
from the previous simulation of homogeneous, isotropic turbulence by Carroll et al. [13].

the PDFs of | cos(θi)|, where θi is the angle between the vorticity vector and the eigenvector Si,

as similarly calculated in previous studies [1, 14] (Fig. 6.7). The alignment of the vorticity vector

within the flame is in excellent agreement with results from homogeneous isotropic turbulence. Good

agreement was also found in the eigenvalue of S, as discussed in Appendix D. Combined with the

vorticity isotropy found in section 6.1, these results support that given a sufficiently high Karlovitz

number, the vorticity isotropy and its alignment within the S eigenframe are unaltered by the flame

and resemble that of homogeneous isotropic turbulence.



123

(a) (b) (c)

Figure 6.8: Spherical PDFs of the vorticity alignment with the strain-rate tensor eigenvectors for
case (a) A, (b) B, and (c) B4

Tab,1 at Ĉ = 0.8.

6.2.1.3 Moderate Karlovitz number cases

In the remaining cases, spherical PDFs (Fig. 6.8) show that the alignment of vorticity within the S

eigenframe is altered by the flame. Qualitatively, there is greater alignment with the S1 eigenvector,

and this change is more prominent at lower values of Ka. Notably, the spherical PDFs of cases B

and B4
Tab,1 show a similar increase in the alignment with S1.

Quantitatively, the PDFs of | cos(θi)| in Fig. 6.9 similarly show the alignment with the S1 direc-

tion increases, while the alignment with the S2 direction decreases in the flame. This result agrees

with previous findings in turbulent reacting flows [45, 14, 38]. To further compare the increased

alignment with S1 between the different cases, the mean value of | cos(θ1)| at Ĉ = 0.85 is plotted

versus the corresponding value of Ka/γ (Fig. 6.10). The quantity Ka/γ was shown in chapter 5 to

capture the competing effects of the turbulence and the velocity divergence on the strain-rate tensor

(Eq. 5.6) and appears to present a good scaling for the vorticity alignment in the present cases.

Once again, cases B and B4
Tab,1 are very similar, suggesting the independence of the local vorticity

behavior from l/lF .

As the alignment with the S1 direction increases at lower Karlovitz numbers, the effects of the

flame are to promote an increase in vortex stretching in this direction (S1 has a positive eigenvalue).

This additional production of vorticity by vortex stretching in a manner unlike homogeneous isotropic

turbulence is consistent with a growth of anisotropy.
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Figure 6.9: PDFs of | cos(θi)| where θi is the angle between the vorticity vector and the eigenvector
Si: cases (a) A, (b) B, and (c) B4

tab,1 at Ĉ = 0.85.
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Figure 6.10: Mean value of | cos(θ1)| at Ĉ = 0.85, showing the increased alignment with the S1

eigenvector as a function of Ka/γ (also evaluated at Ĉ = 0.85). Values are relative to that of
homogeneous, isotropic turbulence at Ret = 201, calculated from the DNS previously preformed by
Carroll et al. [13] and represented by the dashed line at zero.
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Tab,1, and D. Thin black lines
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indicative of the statistical uncertainty in the computed averages.

The following section further investigates the local turbulence behavior by considering the vortex

stretching term, due to its importance in generating anisotropy.

6.2.2 Local vortex stretching term

The local dynamics of the vortex stretching term are investigated by considering the scalar quantity

AF
1 ·AF

1 , as it is independent of the vector orientation. The purpose of considering this quantity is to

remove any dependence on the geometry and coordinate system. A value of zero signifies the flame

does not contribute to anistoropy through the production term. Figure 6.11 shows, as expected,

that this quantity is reduced as the Karlovitz number increases and the density ratio decreases. In

case D, the effect of the flame on the anisotropic vortex stretching term is smallest.

Notably, there is good agreement between cases B and B4
Tab,1. This agreement points to the

similar behavior of the anisotropic vortex stretching term in a local sense based on the Karlovitz

number and flame density ratio, independent of the flame geometry and large turbulent length scales

(l/lF ). Combined with the previous section (sec. 6.2.1), these results suggest that the fundamental

flame-turbulence interaction is largely unaltered between cases B and B4
Tab,1. The cause for the dif-

ferences of 〈AF1,x|C〉 and 〈Wx|C〉 between cases B and B4
Tab,1 (Fig. 6.1b and Fig. 6.4b) is investigated

next by considering the impact of the large scales through the flame geometry.
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Figure 6.12: Illustration of the influence of flame geometry on the resulting anisotropy production.
The solid black line represents the flame surface while arrows represents the effect of the flame on
vorticity.

6.2.3 Flame orientation

The net contribution to anisotropy by AF
1 may be zero (〈AF1,i|C〉=0), even if AF

1 is locally and

instantaneously non-zero. This occurs if the flame alters the vortex stretching term, but does so

equally in all directions. This geometric effect is particularly relevant due to this term’s dependence

on the dilatational velocity field, uD, which depends on the flame geometry through the density field.

This is illustrated in Fig 6.12 by considering two hypothetical cases with different flame geometries.

In this figure, the solid black line represents the surface of the flame and the arrows represent the

effect of the flame on vorticity. As shown, even if the local behavior is similar along the flame surface,

differences in a fixed coordinate system cause the net contribution to anisotropy to not be equal.

As a measure of the flame surface orientation, Fig. 6.13 presents the PDFs of (∂ρ/∂x)/|∇ρ|

within the flame (Ĉ = 0.85). For all cases, the density gradient is on average in the x direction,

corresponding to a value of (∂ρ/∂x)/|∇ρ|=1. Departure of the PDFs from this alignment is due

to wrinkling of the flame. In the limit that the density gradient is completely isotropic, the PDFs

uniformily equal 0.5.

Considering cases A, B, C∗, and D, the orientation of the density gradient becomes more isotropic

as the Karlovitz number increases and density gradient decreases. In addition, there is a significant

increase in the isotropy of the density gradient with a larger value of l/lF , (case B versus B4
Tab,1). The

greater isotropy of the flame normal (defined as the unit normal aligned with the density gradient)

in B4
Tab,1 is visually evident when considering Fig. 4.2 and is due to the larger length scales over
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which the flame may wrinkle.

6.2.4 Discussion

In section 6.1, it was found that larger values of both the Karlovitz number and large turbulent

scales (l/lF ) promote vorticity isotropy. However, they alter the isotropy of the smallest turbulent

scale in different ways.

At sufficiently high Karlovitz numbers, the local dynamics of the vortex stretching term and

vorticity vector were found to resemble homogeneous isotropic turbulence (exemplified by case D

in sections 6.2.1 and 6.2.2). Small scale isotropy results because of a fundamental similarity in

the behavior of the smallest turbulent scales throughout the flame and in homogeneous isotropic

turbulence. The Ka and density ratio dependence helps explain the increasing isotropy between

cases A, B, C∗, and D.

This description is illustrated in Fig. 6.14, which highlights the competing effects of the tur-

bulence and flame on the alignment of vorticity in the strain-rate eigenframe. In the flame, the

alignment with the S1 direction increases at lower Karlovitz numbers, promoting an increase in vor-

tex stretching in S1 (possibly scaling with Ka/γ). Concurrently, the turbulence attempts to relax

the flow towards homogeneous isotropic turbulence with vorticity preferentially aligning with S2.

As written in the figure, vortex stretching (when considered alone) amplifies vorticity, resulting in
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Figure 6.14: Illustration of the competition between the flame and the turbulence on the local
alignment of vorticity in the strain-rate eigenframe, relaxing the turbulence toward homogeneous
isotropic turbulence (HIT) or causing the growth of anisotropy. The quantity ωSi

is vorticity aligned
with the Si eigenvector, and, considering the effects of vortex stretching alone, exponentially grows
or decays according to its associated eigenvalue, λi.

its exponential growth. Qualitatively, the effects of this mechanism are consistent with the observed

behavior of Wx, as λ1 is the largest positive eigenvalue and vorticity anisotropy demonstrates a

compounding growth through the flame (Fig. 6.1). This is most clearly seen in cases A and B which

have the greatest levels of anisotropy.

The local dynamics of vorticity and the vortex stretching term, however, do not explain the

greater vorticity isotropy observed in case B4
Tab,1 compared to case B (Fig. 6.1b), as the large scales

(l/lF ) were found to have minimal impact on their behavior (Fig. 6.10 and 6.11). However, greater

isotropy of the flame normal in case B4
Tab,1 compared with case B (Fig. 6.13) suggests the decreased

vorticity anisotropy is simply due to the flame altering the vortex stretching term more equally in

all directions, thus reducing the net contribution to anisotropy (the different flame geometries are

also visually evident in Fig. 4.2). This a geometric effect only and is expected to be configuration

dependent. The resulting small scale isotropy does not reflect a fundamental similarity between the

small scale turbulence dynamics in the flame and in homogeneous isotropic turbulence.

In summary, local and global effects are found to depend separately on the Karlovitz number

and large turbulent scales. The combination of these effects produces the observed dependence of

anisotropy on these parameters.
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6.3 Correspondence to vortex simulations

This chapter found that anisotropy is primarily produced through the vortex stretching term. This

term involves inherently 3D dynamics, which are not present when considering a 2D vortex. While

the 2D vortex-flame interaction is useful, it does not have a correspondence to the mechanism

responsible for the production of anisotropy found at high Karlovitz numbers.

Previous studies at low Karlovitz numbers [59], found anisotropy in vorticity and related this

anisotropy primarily to the effects of baroclinic torque. At low Karlovitz numbers, the smallest

turbulent scales are larger and slower than the flame (η � lF , uη � SL), which corresponds a large-

slow vortex. As this type of vortex is also dominated by baroclinic torque, further comparison of

these two cases may yield useful insights into the mechanism producing anisotropy at low Karlovitz

numbers.

6.4 Summary and conclusion

The isotropy of the smallest turbulent scales in high Karlovitz number premixed flames was studied

in this chapter by considering the vorticity vector and its transport equation. For this purpose,

the DNS of high Karlovitz number premixed flames described in chapter 4 were analyzed. The

conclusions are summarized in the following and several points of application are discussed.

Larger values of both the Karlovitz number and l/lF were found to promote vorticity isotropy.

Given a sufficiently high value of the Karlovitz number, the vorticity is isotropic throughout the flame

and the behavior of vorticity within the strain-rate tensor eigenframe resembles that of homogeneous

isotropic turbulence. This supports the validity of Kolmogorov’s hypothesis of local isotropy in this

case.

Vorticity anisotropy, at moderate values of Ka, suggests that Kolmogorov’s hypothesis of local

isotropy is not valid at lower Karlovitz numbers. The primary cause for the growth of anisotropy was

determined to be the vortex stretching term. The local dynamics of the vortex stretching term and

vorticity were found to depend on the Karlovitz number and flame density ratio. In this case, the
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vorticity was found to have greater alignment with the most extensive eigenvector of the strain-rate

tensor compared with homogeneous isotropic turbulence. This suggests that the flame promotes an

increase in vortex stretching.

A larger value of l/lF was found to have minimal impact on the local dynamics of vorticity

and the vortex stretching term. The results suggest that greater vorticity isotropy is simply due

to the flame altering the vortex stretching term more equally in all directions, reducing the net

contribution to anisotropy. The resulting isotropy does not reflect a fundamental similarity between

smallest turbulent scales in the flame with homogeneous isotropic turbulence. This is a geometric

effect only and is expected to be configuration dependent. This conclusion is particularly relevant

to practical applications which possess larger integral length scales.

Lastly, it was found that using tabulated chemistry with unity Lewis number transport resulted

in the same vorticity anisotropy as with a finite-rate chemical model and constant non-unity Lewis

numbers, as similarly found previously for the transport of enstrophy in chapter 5. This further

supports the use of these simplified chemical and transport models in simulations studying the effects

of the flame on turbulence. The ability to employ alternative chemical models allows the future study

of more complex geometries and larger turbulent Reynolds numbers. Extension of these conclusions

to other conditions, such as lean hydrogen/air flames, where thermo-diffusive instabilities occur, is

unclear and should be the subject of future work.

The present results may be related to those of Hamlington et al. [38]. The primary source of

anisotropy identified in the current study is similar to the explanation offered in their work, that being

vortex stretching. However, Hamlington et al. [38] observed the onset of isotropy at significantly

lower Karlovitz numbers than in the current study. The reasons are as follows. Temperature

dependent viscosity increases through the flame which reduces the local Karlovitz number. Lower

local Karlovitz numbers were shown here to support an increase in flame induced vortex stretching

(possibly scaling with Ka/γ). Without the effects of temperature dependent viscosity (absent in an

ILES framework with zero molecular viscosity), the local Karlovitz number will be relatively larger

and vortex stretching by the flame will be weaker, which will promote isotropy at lower values of
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Kau. This emphasizes the importance of the physical viscosity to correctly capture the behavior of

the smallest turbulent scales in premixed turbulent combustion.
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Chapter 7

Comprehensive summary and
conclusions

The objective of this thesis was to characterize the behavior of the smallest turbulent scales within

high Karlovitz number premixed flames through the study of vorticity. Three specific objectives

were addressed. The first objective was to understand how the flame alters an individual 2D vortex

through the different terms in the vorticity transport equation based on the initial size and strength

of the vortex. After studying this simplified test case, the second objective was to characterize the

behavior of enstrophy and its transport through high Karlovitz number premixed flames. The final

objective was to then assess the isotropy of vorticity.

The primary conclusion from this thesis is that the effect of the flame on both the magnitude

and orientation of vorticity diminishes as the Karlovitz number increases. The results support the

validity of Kolmogorov’s first similarity hypothesis and the hypothesis of local isotropy given a

sufficiently high Karlovitz number (Ka & 100). As the limit of a low Karlovitz number represents

the absence of any effects of the turbulence on the flame, this provides a cohesive picture that the

limit of high Karlovitz number represents the absence of any effects of the flame on the small scale

turbulence. Therefore, the Kolmogorov time, length, and velocity scales (τη, η, and uη, respectively)

correctly characterize the smallest turbulent scales within the flame, just as in homogeneous isotropic

turbulence. Thus, it is physically meaningful to consider the local Karlovitz number within the flame.

However, the Kolmogorov scales are likely not meaningful at lower Karlovitz numbers, where the

smallest turbulent scales do not depend on ε and ν alone.
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The following provides a discussion of the individual conclusions of each chapter, implications on

implicit large eddy simulations (ILES) and, lastly, possible directions for future LES modeling efforts

given these results. These results may be used within future work to develop improved LES models

of high Karlovitz number premixed turbulent combustion. With more accurate models, the design of

aircraft combustors and other combustion based devices may better mitigate the detrimental effects

of combustion, from reducing CO2 and soot production to increasing engine efficiency.

7.1 2D vortex-flame interaction

In chapter 3, the 2D vortex-flame interaction was studied. Simulations were performed over a wide

range of sizes and strengths of the initial vortex. These results were combined with a theoretical

analysis to determine different limiting behaviors of the vortex. In each limiting case, the most

relevant transport term and the resulting impact on vorticity by the flame was characterized.

Specifically, it was found that large (lv/lF � 1) and slow (uv/SL � 1) vortices generate large

scale curvature of the flame front which results in the significant production of vorticity by baroclinic

torque. Small (lv/lF � 1) and fast (uv/SL � 1) vortices do not produce large scale curvature, and

the vortex is altered by the effects of dilatation when viscous effects do not dominate. This causes

the vortex vorticity to decrease and expand radially. A fast and large vortex generates significant

distortions to the flame front geometry; the vortex is transformed by the effects of both dilatation

and baroclinic torque. A small and slow vortex is dampened and lengthened normal to the flame

due to dilatation. In the limit of an infinitely small vortex, viscous effects dominate and destroy the

vortex before it even interacts with the flame.

This study of the vortex-flame interaction yielded a qualitative understanding of how and when

the flame affects vorticity through the terms in the vorticity transport equation. Specifically, di-

latation reduces vorticity through volumetric expansion. This term is important for small vortices

when viscous effects do not dominate. Baroclinic torque may significantly alter the initial vortex

and was found to be important only for large vortices. Lastly, viscous effects become more impor-

tant as vortices become smaller. This qualitative description provides a foundation for investigating
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vorticity in turbulent combustion. The limit of a small vortex was found to relate to high Karlovitz

number behavior (η � lF and lv � lF ) as viscous effects scale similarly and dominate over di-

latation and baroclinic torque in both cases. Additionally, baroclinic torque has been found to be

important for both lower Karlovitz numbers [59] and larger vortices (section 3.3), but investigating

this correspondence requires further study.

7.2 DNS of high Karlovitz number premixed flames

In chapter 4, the physical and numerical configurations of the high Karlovitz number, n-heptane/air,

premixed flame DNS performed in this thesis were presented. The turbulence intensity, lo/lF , and

temperature in the reactants were varied between simulations to investigate the effects of the unburnt

Karlovitz number, largest turbulent length scales, and flame density ratio. The unburnt Karlovitz

number and turbulent Reynolds number each varied by an order of magnitude (Kau=70 - 750,

Ret,u=83 - 1150). A preliminary analysis found that the turbulent kinetic energy, integral length

scale, and viscous dissipation rate were in good agreement with the expected values imposed by the

forcing.

7.3 Enstrophy transport at high Karlovitz numbers

The behavior of the mean enstrophy and terms in its transport equation were characterized in

chapter 5. A theoretical scaling analysis was performed to estimate the magnitude of each term

through the flame and across run conditions. Supported by the DNS results, this analysis was used

to propose a normalized enstrophy transport equation for high Karlovitz numbers. Three primary

conclusions are as follows.

First, the proposed normalized enstrophy transport equation involves a small set of parameters.

From this equation, the relative magnitude of vortex stretching, dilatation, baroclinic torque, and

viscous dissipation within the flame may be predicted as a function of the Karlovitz number and

flame conditions.
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Second, the normalized enstrophy equation predicts that vortex stretching and viscous dissipation

dominate the behavior of enstrophy in the limit of high Ka. In homogeneous, isotropic turbulence,

enstrophy transport also obtains a balance of these two terms. As a consequence, enstrophy scales

in the same manner within the flame as in homogeneous, isotropic turbulence given a sufficiently

high Ka. Specifically, the mean enstrophy scales with the inverse of the Kolmogorov time scale

squared, 1/τ2
η . Therefore, for sufficiently high Kau, the mean enstrophy obtains the same value as

in homogeneous, isotropic turbulence given the local ε and ν. These conclusions were found to be

independent of the Reynolds number and the physical configuration (i.e. forced or unforced).

Third, as τη is only a function of ε and ν, this conclusion supports the validity of Kolmogorov’s

first similarity hypothesis in high Ka premixed flames. It also suggests that in low Karlovitz number

flames, the smallest turbulent scales behave differently through the flame and this hypothesis may

not be valid.

7.4 Vorticity isotropy at high Karlovitz numbers

The isotropy of the smallest turbulent scales in high Karlovitz number premixed flames was studied

in chapter 6 by considering the vorticity vector and its transport equation. This analysis was also

performed using the simulations discussed in chapter 4. The conclusions are summarized in the

following.

Larger values of both the Karlovitz number and l/lF were found to promote vorticity isotropy.

Given a sufficiently high value of the Karlovitz number, the vorticity is isotropic throughout the flame

and the behavior of vorticity within the strain-rate tensor eigenframe resembles that of homogeneous

isotropic turbulence.

Combined with chapter 5, these results support that for a sufficiently high Karlovitz number the

only effect of the flame, which is relevant to the smallest turbulence scales, is the increase in local

viscosity. The increase in viscosity reduces enstrophy through the relationship, ω2 = 1/τ2
η . Both

the magnitude and orientation of vorticity are otherwise unaffected by the flame. Together, these

studies support the validity of Kolmogorov’s first similarity hypothesis and the hypothesis of local
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isotropy given a sufficiently high Karlovitz number.

At moderate values of Ka, significant anisotropy was found in vorticity, suggesting that Kol-

mogorov’s hypothesis of local isotropy is not valid in this case. Considering the vorticity equation,

the vortex stretching term was determined to be the primary cause for the growth of anisotropy. The

local dynamics of the vortex stretching term and vorticity were found to depend on the Karlovitz

number and flame density ratio. In this case, the vorticity was found to have greater alignment

with the most extensive eigenvector of the strain-rate tensor compared with homogeneous isotropic

turbulence. This suggests that the flame promotes an increase in vortex stretching.

A larger value of l/lF was found to have minimal impact on the local dynamics of vorticity

and the vortex stretching term. The results suggest that greater vorticity isotropy is simply due

to the flame altering the vortex stretching term more equally in all directions, reducing the net

contribution to anisotropy. The resulting isotropy does not reflect a fundamental similarity between

smallest turbulent scales in the flame with homogeneous isotropic turbulence. This is a geometric

effect only and is expected to be configuration dependent.

7.5 Impact of chemistry and transport models

In chapters 5 and 6, simplified chemical and transport models employed in additional DNS were ob-

served to introduce negligible effects on the results. Tabulated chemistry modeled with unity Lewis

number transport provided sufficient detail of the flame structure to capture the same characteristics

of mean enstrophy and vorticity isotropy as detailed chemistry with constant non-unity Lewis num-

bers. This suggests that future numerical simulations used to study the effects of the flame on small

scale turbulence does not need to include details of finite-rate chemistry and differential diffusion to

accurately capture the relevant physics. The ability to employ alternative chemical models allows

the study of more complex geometries and larger turbulent Reynolds numbers.
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7.6 ILES

The results of this thesis have implications on numerical methods, such as implicit large eddy

simulations (ILES) [35], which rely on numerical viscosity for all or part of the energy dissipation in

simulations of premixed turbulent combustion. This discussion builds upon this thesis and the recent

work of Lapointe et al. [55], both of which shed light on the importance of temperature dependent

viscosity in premixed turbulent combustion.

Recall that one conclusion of the present work is that, at high Ka, the smallest turbulent scales

throughout the flame are controlled entirely by the local dissipation rate and the local molecular

viscosity; this is Kolmogorov’s first similarity hypothesis. Given the importance of viscosity, two

simulations performed with different viscosity models would produce correspondingly different trans-

formation of the enstrophy field. For instance, in the work of Hamlington et al. [38] which used an

ILES framework (with zero molecular viscosity), it was observed that the flame had little effect on

the mean vorticity at high turbulence intensities. This behavior is in contrast to the present work,

which demonstrated large changes through the flame, and the behavior is likely due to the absence

of temperature dependent molecular viscosity which varies through the flame.

A further implication of these results relates to the response of the flame chemical reaction zone to

the incoming turbulent flow. Lapointe et al. [55] found that the reaction zone behavior in high Kau

premixed flames is controlled by the local reaction zone Karlovitz number, Kaδ = (δ/η)2, where δ is

the reaction zone thickness, rather than the unburnt Karlovitz number. As η increases significantly

through the flame via its dependence on ε and ν, any discrepancies in these quantities due to modeling

simplification (such as used in ILES) would result in a different value of Kaδ. In other words, the

treatment of molecular viscosity through the flame directly impacts the behavior of the chemical

reaction zone. Therefore, the transition between the thin reaction zone, broken reaction zone, and

distributed reaction zone may vary between simulations employing numerical viscosity and physical

molecular viscosity. This discussion highlights certain limitations of ILES given recent results which

demonstrate the importance of temperature dependent viscosity in premixed turbulent combustion.
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7.7 Future application to LES

While the development of subgrid scale (SGS) models is beyond the scope of this thesis, the above

results provide/suggest directions for modeling high Karlovitz number premixed flames using LES. It

was found that within high Ka premixed flames, the vorticity is isotropic and its magnitude scales in

the same manner as in constant density, homogeneous, isotropic turbulence. Once again, vorticity is

characteristic of the smallest turbulent scales and these scales are smaller than the flame thickness at

high Ka. Therefore, this suggests the scales smaller than the flame thickness may be modeled in the

same manner as in homogeneous isotropic turbulence within the framework of large eddy simulations.

This corresponds to an LES filter width smaller than the flame thickness: lF > ∆ > η. For example,

versions of the linear-eddy turbulent mixing model, used in premixed turbulent combustion, employ

the Kolmogorov scales as parameters within the model [48]. At sufficiently high Karlovitz number

this work suggests these parameters can remain the same as in homogeneous isotropic turbulence.

While, it is unclear if this result holds for filter widths larger than the flame thickness, in section 5.3.1

it is shown that the majority of enstrophy is contained in scales smaller than the flame thickness.

This suggests the possibility that models based on vorticity [70, 119] need not be altered for use

in high Ka premixed flames. In contrast, as the local turbulence dynamics at lower values of Kau

are not the same as in homogeneous isotropic turbulence, LES models based solely on homogeneous

isotropic turbulence are not expected to fully capture the behavior of the smallest turbulent scales

within the flame. Future testing and validation is required to confirm these hypotheses.
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Appendix A

Vortex-flame simulations

A.1 Numerical grid resolution

In this appendix, the resolution requirements and their evaluation are discussed for numerical simu-

lations of the vortex-flame interaction. The resolution requirements are expressed as five parameters:

the number of points across the flame, nF , the number of points across the vortex length scale, nv,

length of domain in y direction, Ly, length of domain behind the flame, Lx, and the time step, ∆t.

The determined constraints are listed in table 3.1.

A.1.1 Number of Points Across the Flame

The number of points required across the flame, nF , is meant to capture the computational grid

size required to resolve spatial gradients within the flame. The minimum acceptable value of nF is

determined in four ways: convergence of the laminar flame speed, the number of points across the

OH chemical source term, the species profiles in the flame, and a convergence study of run C.

First, a convergence study is performed for the flame speed of a one-dimensional flame varying

the grid resolution. The flame speed is determined by linear regression of the flame position over time

after reaching a steadily propagating flame. These show that the flame speed continues to increase

until nearly 100 points per flame thickness, though changes may be under 1%. Second, Hawkes et

al. [40] suggest that the OH source term should be spanned by at least 20 points. Here, this is

satisfied when nF > 30. Third, the chemical species profiles across the flame are compared based
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upon the number of points across the flame. All the species profiles are very similar for nF > 18

except for slight differences in the peak value of H2O2. These three results raise the question of

how large of a deviation from the converged flame speed and species profiles is acceptable for the

purposes of this study. To resolve this question, the convergence study of run C is performed, as

described below in A.1.5. To summarize these results, the minimum value of nF is determined to

be 55.

A.1.2 Time Step

To determine the largest allowable time step, one-dimensional flame simulations are performed with

various time steps, CFL conditions, and inflow velocities. Convergence occurs for ∆t = 2× 10−8 as

no changes are observed in the flame below this value. With a larger time step, discontinuities or

negative values develop in the chemical species profiles. The largest allowable time step is found to

be related to the maximum production rate of the chemical reaction normalized by the local density

and species mass fraction involved (i.e. smallest chemical time scales). The largest normalized

reaction rate is approximately equal to 1/(2× 10−8s) and removing the associated reaction relaxes

the required time step.

In the convergence study of run C, runs are performed with ∆t = 2× 10−8 and ∆t = 5.7× 10−9.

Negligible differences are observed, supporting that ∆t = 2×10−8 is sufficient in the one-dimensional

flame as well as the full two-dimensional simulations.

A.1.3 Number of Points Across the Vortex

To determine the number of points required to resolve the vortex, nv, two-dimensional simulations

of isolated decaying vortices are performed with varying grid resolutions. Simulated vortices are

analyzed for asymmetries after the same duration of the corresponding vortex-flame interaction.

Convergence requirements vary only slightly based on the size of the vortex and are most stringent

for stronger vortices. For the vortex of run C, the vortex develops a non-symmetric profile about

its axis with about 4% variation in the peak velocity when nv = 15. This decreases to 0.5% when
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nv = 22. While this suggests convergence, run C requires a grid with nv equal to 180, which is

nearly an order of magnitude larger. The large difference highlights the effects of the coupling of the

fluid mechanics and chemistry. Therefore, the criteria of nv ≥ 180 is enforced for each simulation.

A.1.4 Domain size

The requirement on the length of the domain in the y-direction, Ly, is primarily due to the expansion

of products behind the flame while the length of the domain behind the flame, Lx, has the additional

requirement of containing the flame thickness and final vortex.

During the flame-vortex interaction, the planar symmetry is broken and the rate of reactants

consumed increases, causing the products to expand in all directions. Because of the periodic bound-

ary conditions in the y-direction, the domain must be sufficiently large to capture this expansion

unconstrained. Once again, a convergence study is performed, varying the length of the domain in

the x and y-directions of run C providing six cases. Convergence is found for Lx = 9lv, Ly = 16.5lv,

where the size and strength of the final vortex differs by about 1% from a significantly larger domain.

Here, the fine grid occupies the central third of the domain which is also used subsequently.

The domain behind the flame, Lx, has the additional requirement of containing the flame thick-

ness. In one-dimensional flame tests, the flame speed varies by less than 0.04% when Lx was greater

than 3lF . This criteria is relevant for the simulations of small vortices. Lastly, to practically contain

the vortex within the region of fine grid spacing, the requirement is used that 2.5lv be present in

the region of fine grid spacing behind the flame. This is determined through run C and is found

sufficient for the other cases.

A.1.5 Convergence of run C

Several of the resolution requirements discussed above only consider the chemistry or the fluid

dynamics in isolation. It is necessary to test convergence of the full vortex-flame interaction where

these aspects are coupled. Towards that end, a convergence study is performed on the case lv/lf =

3.25 and uv/SL = 52, labeled run C. This is chosen because it is a fast and large vortex, which is
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Figure A.1: Convergence tests of run C showing vorticity fields after the vortex has passed through
the flame.

Figure A.2: Error in the vortex size and velocity after completion of burning based on grid resolution.
The case of nxfine = 1680 and ∆t = 5.7× 10−9s is taken as the exact solution.

expected to be the most difficult case to resolve.

Run C is simulated with five different grid resolutions: nxfine = 240, 336, 720, 1008, and 1680,

where nxfine is the number of grid point in x within the central uniform mesh. These cases use the

determined domain size and time step listed previously. One additional test with nxfine = 1680 is

performed using a smaller time step, ∆t = 5.7× 10−9s. Against this run, the others are compared.

To determine convergence, three items are investigated: the presence of negative mass fractions,

the fields of temperature and vorticity, and the final vortex characteristics. First, negative mass

fractions are due to numerical errors, which may be removed by increasing the grid resolution. Here,

negative mass fractions are found for multiple species in non-negligible quantities when nxfine = 720

or less. Finer grids do not possess the duration or quantity of negative mass fractions, with at most

one species with a negative value. Second, the vorticity and temperature fields show qualitative
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convergence for nxfine = 1080. Figure A.1 displays vorticity fields nxfine = 720, 1080, and 1680 at

the completion of burning. These plots show little difference between the latter two, but the first

vortex has differences in shape and orientation. Third, the velocity and length scale of the final

vortex is computed for each of the tests. In Fig. A.2, the differences between these values and the

most resolved are compared. This reveals near second-order convergence of the global flow field

based on grid spacing. For nxfine = 1080, the error in the vortex characteristics is near 1%. Based

on all these results, it is determined that with nxfine = 1080 the simulation is sufficiently converged.

The convergence study supports that the simulations performed under these conditions capture all

the relevant physics of this vortex-flame interaction.

For nxfine = 1080, the number of points across the flame is approximately 55 and the number

of points across the vortex is 180. These requirements on nF and nv are much more stringent than

for an isolated vortex or flame. These requirements are placed on all the simulations, but are likely

over restrictive for small values of uv/SL, as it is expected that the coupling is less severe.

A.2 Tabulated chemistry

The analytical analysis in section 3.2 assumes the flame maintains the species temperature mapping

of the one-dimensional flame by the use of tabulated chemistry. The validity of this assumption

is tested by comparing the flame structure in the simulations and that of the one-dimensional

flame. This is possible because of the use of detailed chemistry and is performed by plotting the

temperature versus species mass fractions for every point in the domain. For run C, figures for two

species are presented, H2O and OH, at the time when the deviation from the one-dimensional flame

is approximately the greatest, Fig. A.3. For H2O, the results of the vortex flame interaction fall

almost identically onto the one-dimensional flame structure. This is especially important because

this species is often used as the progress variable in H2-air chemistry. For OH, the results show

only slight deviations. These two examples are representative of the other species. H2O2, however,

shows a greater discrepancy, but is a minor species. These results support that for the analytical

analysis, the use of a progress variable in place of detailed chemistry introduces only small errors in
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Figure A.3: Comparison of species mass fraction obtained with detailed chemistry, blue, with one-
dimensional flame solution, red, for (a) OH and (b) H2O.

the structure of the flame.

A.3 Results detail

The simulation run conditions and final vortex characteristics are listed in table A.1. The vortex

length scale and core circulation are obtained through identifying the vortex by the λci criterion [19].

Empty entries are a result of the vortex being effectively destroyed.
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Case Run A RunB Run C Run D Run E
Lx [m] 0.00285 0.00285 0.0165 0.0378 0.0378
Ly [m] 0.00114 0.00114 0.0165 0.0378 0.0378
nxfine 2528 2528 1008 2304 2304
nyfine 1011 1011 1008 2304 2304

Initial Vortex
uθ,max [m/s] 32.5 0.163 85 85 0.163
lv [m]×10−4 0.678 0.678 9.90 22.6 22.6

ωmax [s
−1

]× 105 63.2 0.316 11.3 4.95 0.00947
Γ [m2/s]× 10−2 0.346 0.00173 13.2 30.2 0.0578
Rev 100 0.51 3900 9000 17

Final Vortex
uθ,max [m/s] 11.2 - 29.9 46.0 -
lv [m]×10−4 1.68 - 22.1 49.7 -
ωmax [s−1]× 105 8.35 0.0339 1.83 1.43 -
Γ [m2/s]× 10−2 0.281 - 8.59 27.6 -

Table A.1: Simulation conditions with vortex initial and final characteristics. As the λci criterion
only identifies the vortex core of the Taylor vortex, the calculated circulation is non-zero. Cases
A and B have the same initial conditions as runs Av and Bv, respectively. The vortex Reynolds
number is defined as Rev = uθ,maxlv/ν.
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Appendix B

Normalized enstrophy transport
equation

The scaling estimates in chapter 5 are used to propose a normalization of the entire enstrophy

transport equation, which is then given by,

1

2

Dω̂2

Dt̂
= KaT̂1 + γT̂2 + αγ

√
KaT̂3 +KaT̂4 +

1

2Da
T̂5, (B.1)

where, t̂ = t/τF , ω̂2 = 〈ω2|C〉τ2
η , and the Damköhler number is Da = τo/τF . Additionally, Ka is

the local Karlovitz number, Ka(C), and the quantities γ and α are assumed to be only function of

the progress variable and defined through the relations γ(C) = ∆ρ/〈ρ|C〉 and ν(C) = α(C)2SLlF ,

respectively. The term T̂1 is the normalized vortex stretching term,

T̂1 = 〈ω · S · ω|C〉
(

1

τ3
η

)−1

. (B.2)

T̂2 is the normalized dilatation term,

T̂2 = 〈ω(∇ · u)|C〉
(
γ
SL
lF τ2

η

)−1

. (B.3)

T̂3 is the normalized baroclinic torque term,

T̂3 = 〈 ω
ρ2
· (∇ρ×∇P )|C〉

(
γ
uη
lF τ2

η

)−1

. (B.4)
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T̂4 is the normalized viscous dissipation term,

T̂4 = 〈ω · ∇ × ∇ · τ
ρ
|C〉

(
1

τ3
η

)−1

. (B.5)

Lastly, T̂5 is the normalized forcing term,

T̂5 = 〈ω · ∇ × f

ρ
|C〉

(
1

2τoτ2
η

)−1

. (B.6)
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Appendix C

Transport equation for vorticity
anisotropy

The terms in the transport equation for the anisotropy vector, W , are provided explicitly here. This

equation is written as

1

2

DW

Dt
= A1 + A2 + A3 + A4 + A5, (C.1)

where each term on the right hand side is associated with a specific physical process: produc-

tion/vortex stretching, dilatation, baroclinic torque, viscous dissipation, and forcing, respectively.

The anisotropic production term is written as

A1,i = ωiei · S · ω −
1

3
ω · S · ω, (C.2)

anisotropic dilatation may be written as

A2 = (−W )(∇ · u), (C.3)

anisotropic baroclinic torque writes

A3,i =
ωiei
ρ2
· (∇ρ×∇P )− 1

3

ω

ρ2
· (∇ρ×∇P ), (C.4)
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anisotropic viscous dissipation is written as

A4,i = ωiei · ∇ ×
∇ · τ
ρ
− 1

3
ω · ∇ × ∇ · τ

ρ
, (C.5)

and, lastly, anisotropic forcing takes the form

A5,i = ωiei · ∇ ×
f

ρ
− 1

3
ω · ∇ × f

ρ
. (C.6)
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Appendix D

Eigenvalues of S

In this appendix, the eigenvalues of the strain-rate tensor, S, are discussed. Figure D.1 presents

all three eigenvalues for cases A, B, BTab,1, B4
Tab,1 and D. As a result of the velocity divergence

generated by the flame’s heat release, the sum of the eigenvalues is non-zero. In case D, however,

their normalized sum is approximately zero and the effect on the eigenvalues is negligible. This is

not true of the remaining cases. In case A, this sum is relatively large within the flame, and λ1 and

λ2 increase over their respective values in homogeneous isotropic turbulence. Figure D.1b shows

that the eigenvalues are very similar between cases B, BTab,1 and B4
Tab,1.

The changes in the eigenvalues may be explained by comparing their magnitude to the flow

divergence. The eigenvalues of S are proportional to (S : S)1/2, which scales with 1/τη in homoge-

neous isotropic turbulence [112]. By writing the velocity divergence as −(Dρ/Dt)/ρ, the velocity

divergence (as in chapter 5) is estimated as

∇ · u ' −1

〈ρ|C〉
∆ρ

lF /SL
. (D.1)

The ratio of these two terms scales as

1/τη
∆ρ/(ρlF /SL)

=
1

γ
Ka. (D.2)

As this ratio gets smaller, the flow divergence increases in magnitude compared to velocity gradients

due to the turbulence. Therefore, at high flame density ratios and low Karlovitz numbers, the flame
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Ĉ

 

 

λ1

λ2

λ3

Sum

A

B
D

(a) Cases A, B, and D.

0 0.2 0.4 0.6 0.8 1
−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

〈·
|C

〉
(

1 τ η

)

−
1

Ĉ
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Figure D.1: Eigenvalues of the strain-rate tensor normalized by 1/τη for cases (a) A, B, and D; and
(b) B, BTab,1, and B4
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is able to induce greater changes in the eigenvalues. This scaling confirms the dependence of the

magnitude of the eigenvalues on the Karlovitz number (Fig. D.1a) and the independence of the

ratio of the integral length scale to the flame thickness (Fig. D.1b). In other words, this observed

behavior should not be configuration dependent. Figure D.2 presents λ1 evaluated at Ĉ = 0.55 as

a function of Ka/γ including the high Karlovitz number slot Bunsen flames of Sankaran et al. [99].

There is fairly good agreement between these very different configurations.
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