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ABSTRACT

This is a two-part thesis concerning the motion of a test
particle in a bath., In part one we use an expansion of the operator

PLeit(l-P)L

LP to shape the Zwanzig equation into a generalized
Fokker-Planck equation which involves a diffusion tensor depending
on the test particle's momentum and the time.

In part two the resultant equation is studied in some detail
for the case of test particle motion in a weakly coupled Lorentz Gas.
The diffusion tensor for this system is considered. Some of its
properties are calculated; it is computed explicitly for the case
of a Gaussian potential of interaction.

The equation for the test particle distribution function can
be put into the form of an inhomogeneous Schroedinger equation.
The term corresponding to the potential energy in the Schroedinger
equation is considered. Its structure is studied, and some of its

simplest features are used to find the Green's function in the

limiting situations of low density and long time.
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I. INTRODUCTION

The N-body problem is one of the oldest and most challenging
problems in science. Consider N particles in a volume Q. Let
these particles interact with one another by means of a specified
potential energy. Given an initial condition, find the resulting motion.

In this thesis we concern ourselves with some of the modern
techniques that have been developed to deal with such a system. We
consider a system governed by Newtonian mechanics. All forces
are central. All speeds are non-relativistic. In particular, we
are concerned with following the motion of a single particle in this
N-body system.

Up until quite recently we have had to rely on the Boltzmann
equation to furnish us with this kind of information. Now, important
new work has been done which may enable us to probe deeper than
the Boltzmann equation has allowed. This is, then, our general

area of investigation.
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A. General Background

(1)

We begin with Hamilton's formulation of Newtonian mechanics.
Denote the set of all coordinates in an N-particle system by
Q= {31‘32’ e gN} , the set of momenta by P = [El’ a1 s ’EN} and
T ={ay,--..9ppPys---+Py}- If the Hamiltonian is H(P, Q), the
equations of motion can be expressed as

dQ aH dP 9H
dat ~ap "% &
Any function of the q(t).'s and p(t)i's in this system is called a

dynamical variable. Examples are the momentum P;» the kinetic
N E

energy EiZ/Zmi, and the one-particle density Z 63(L—gi)63(2—2i). If
i=1

A and B are dynamical variables, the Poisson bracket of A and B is

N
0A oB OB oA
[A,B] = . - . :
zl(aq. aEi Bgi BEi

Hamilton's equations can be expressed as

From the chain rule for differentiation one can see that

48 -2 4 [a,H] .
The Poisson bracket formulation of classical mechanics is
also useful in describing the evolution of distribution functions. An
ensemble of N-particle systems is a set of identical N particle

systems, prepared in a prescribed way. For an ensemble of systems

. 3 3 3 3
define D(gl,...,gN, Py - - "EN’t)d gl...d gNd Py- ..d PN to be the
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number of systems in the ensemble which at time t, have positions
and momenta in a differential volume element of phase space about I .

(1)

Liouville's Theorem states that

dp(Q, P) _

dt .
That is,

9p(Q, P)
—3:— = -[p,H] .

The N-particle distribution function, p(Q, P, t), often contains
more information than we need to understand a particular system.
An especially useful function in this regard is the one particle distri-

. : . 3 3 3 3
bution function f(_gl, Py’ t) defined as Id 95 .- d gNd Py - - d ENp(_C_)_,g, t)
Note that f may also be given in terms of a dynamical variable:
3, B ’ 3 3

fa,,y. 0= [a%q). . . a%pl 0@ B 0083 (a, (81-97)5(p, (61D -

The Poisson bracket can be regarded as a linear operator in a
vector space of dynamical variables A. We can define the Liouville

(or Poisson bracket) operator L by

LA = -i[A,H] .
Then

9p(Q, P, t)

ot = ‘in(Q; B’ t) &

The formulation of classical mechanics in a Hilbert space,

with dynamical variables as vectors and the Liouville operator as a

(2)

self adjoint linear transformation was accomplished by B. Koopman

and J. von Neumann(3). For our purposes, let it suffice to say that

this formulation is extensive and complete. There are several
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possible inner products that one can use. All operations which one
normally performs in a Hilbert space are justified in this space, the
proofs are contained in the works of these two authors. With the

equation

B0(q.xs > = » 5 Pogr 1)
1 N
st = -iLpgy, - - -5 Ppp t)

and the initial condition

p(Qys - - -» Ppp 0) = 0(31’ e Prp t=0) ,
we have
-itL
D(ﬂl:-—-,EN,t): e O(ﬂl,...,EN,O)
The mean value of a dynamical variable A at time t is

A®) = [T, 0o, t=0a’q, ... a’p,

Since A(t) = eltL A(0), and L is self adjoint

A®) = [AT, =000, a’y,. .. a%py

This formula is useful in connection with autocorrelation
functions. The autocorrelation of variable A is simply (A(0)A(t)).
All autocorrelation functions can be computed by using the definition
given above. Some special autocorrelation functions can also be
computed by finding a distribution function subject to particular initial
conditions.

In the work that follows we will assume that all distribution
functions vanish as any argument becomes extremely large. We also
confine ourselves to time-independent Hamiltonians so that the Liouville
operator becomes

P; 9 9 8
. - =1 & alla2 =
< "Z m,  9q, + Z Eij (a}_)i agj ’
i i)




B. The Zwanzig Equation

In the early 60's Robert Zwanzig(4) extended Koopman's work
by utilizing still other Hilbert space ideas. A projection operator P

is one which satisfies the property that

PZ:P.

Zwanzig noticed that starting with the Liouville equation for a yet
unspecified projection operator,a new equation may be obtained by

projecting the old one

) -
igpp@, t) = Lo(T, t) .

Thus,
. 0
18—th(£, t) = PLip(T, t) »
Similarly,
. 0
i57(1-P)p(T, t) = (1-P)Lo(T, t) .
Now,
PLo(T, t) = PLPo(T, t) + PL(1-P)p(T, t)
and

(1-P)Lp(T, t) = (1-P)LPp(T, t) + (1-P)L(1-P)p(L, t) .

Designating Po([, t) as p (I, t), and (1-P)p(T, t) as o, (T, t). We can
I -

rewrite our two equations as

Ny - '
iggP, @ t) = PLo (T, t) + PLo (T, t)

iEaEQL(L t) = (l—P)LD"(E: £+ (I—P)LQJ_(E.t) '
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Introducing the Laplace Transform in t

T(s) :I ate St g(t)
0

i[ 6, (. ) - p,(L,t=0) | = PLZ, (T, s) + PLE, (T, )

and

i[ 5T, 5) - p, T, t=0)| = (1-P)LF (T, s) + (1-P)L, (T, 5) .
From the second equation we see that
[s+i(1-P)LTp (T, s) = -i(1-P)Lp (T, s) + (1-P)p(T, t=0) .

This gives us ’EJ_(L s) in terms of p (T, s) and the initial
n

condition, p(T, t=0). Substituting this into the first equation

i[5 @ s) - o, (T,t=0) ]

PLB"(L s) + PL——sﬁ(lfp)L [(1-P)p(£, $=0) - i(1-P)'5” (L, s)]

1

PJI‘sH(f—PS“L (1-P)LS, (T, 5) +*PLogmopyr (1-Ple(L,t=0)

Simplifying and Laplace transforming back into t

op, (L, 1)
T

¢
- -iPLPp(T, 1) +] dr iPLe T PILy pyrpo, tom)
0

e—lt(l—P)L

-PiL (1-P)p(T, t=0) .

Known as the Zwanzig equation, this equationhas some surprising
and interesting features. It is exact. That is, it is nothing more than
the Liouville equation for a portion of p projected into a particular
subspace. It tells us that the time behavior of the projected portion of

the N-particle distribution function is governed by a system with



memory. The term

t
[ ar x@, no(@, t-7)
0

clearly demonstrates that the present behavior of the system is subject
to the integrated evolution.

The equation is nearly closed
2, (T, )= 0 (T, t) + 0.,p (T, t=0)

However, the innocent-looking term involving pJ_(L t=0) is difficult.
Prigogine(s) called this term the ''destruction fragment'. Most

investigators assume at one point or other that it is small, or rapidly

(6)

becomes small compared to the other terms

In both the destruction fragment term and the "01” term there

-it(1-P)L

appears the operator e The physical meaning of this

important factor appears somewhat obscure. We do understand e_ltL.
This operator is that which describes the time evolution of the

N-particle system. But cit(1-P)L ,

We shall investigate this in the
course of our work.
An example of an application of the Zwanzig equation uses the

particular projection operator

B [ 3 3 3 B o
Po(T) =p(gps - - -5 Qpp Por -+ - s Ppy)) 47950 - - 47Qn@ Py - - d PP (L) -

If we single out particle number one to be a test-particle, and
consider particles 2 through N as a kind of '"bath' we can rewrite

the projection operator as

Pf = pB(EB)Id Tf and {ffy = j'ngpr.
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In the late 1960's Corngold”’ showed that the use of this
particular projection operator shapes the Zwanzig equation into a

Generalized Fokker-Planck equation. The Zwanzig equation becomes

t
9 .1 3 ) (8 8 _ . g2

— t—p . T f(q.p,t):_[ dT{z5- 2 " % *E Ji(qp,pp t-T)
(Bt mIEI 831 | 0 kapl = aP_l 9p) ) 4

8 -it(1-P)L "
+ '[drBEI 05?);6 (l—P)p(E, t=0)
where
_ -it(1-P)L
8= (E;[De B Ty
B - (et PILYE {I‘)-B—Rj-)
— 7 =1'= (| lj - . B
j=2 J
and
1
B=
kB'I'
This is nearly in the form of the classic Fokker-Planck
equation(s). The appearance of the destruction fragment adds an

additional term not found in the usual theory. There are other
differences. Unlike the ordinary Fokker-Planck equation this is exact.
Note that the § and E coefficients which are merely numbers in the
ordinary Fokker-Planck equation are now operators in 4y, Py and t.
We return to this equation later in our study.

Another application of the Zwanzig equation is an expression
for autocorrelation functions. Consider the autocorrelation function
(A(0)A(t)) = ¥(t) with {(0)=1. Using his own projection operator
(4)(9)

techniques, Zwanzig was able to show that

t
4l - [ ark(nce-m r1-a1
0

where



(32 (t=0)e! T1-PIL B (4

(A(0)A(0))

K(T) =

We will make use of this formula in the course of our investigation.
Just as projection operator techniques can lead to Generalized
Fokker-Planck equations, they lead to Generalized Langevin equations
as well. The most important of these is associated with the work of
H. Mori(lo).

Mori studied equations formed by the projection operator

(A+B)
PE = fzuay A A = A(t=0) .

This is a particularly interesting projection operator for, PA(t) is the

autocorrelation function of A.

Using this projection operator Mori was able to derive an exact

equation of motion for A(t). We consider the case A(t) being real

dA(t) d
= = i0A(t) - L dt K(T)A(t-T) + F(t) .
(AL+A)
= w =0 for A real
(F(0)+eiT1-PILp ()
K(T) = (é' éi

F(t) is called the fluctuating force and is defined by

Lit(1-P)L

F(t) = (1-P)iLA .

Mori showed that the Generalized Langevin equation simplified

under certain conditions. By projecting P onto the equation of motion
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for A(t), we obtain an equation for the autocorrelation function of A,
The autocorrelation function equation obtained in this manner is the
same as the Zwanzig equation for autocorrelation functions. Just as
in Zwanzig's autocorrelation function equation, the destruction
fragment term vanishes.

Our investigation is concerned with still another projection
operator. The projection operator we study here is of interest in that
it leads to a Generalized Fokker-Planck Equation in which the destruc-
tion fragment vanishes independent of assumptions about whether the
solution to the equation is or is not an autocorrelation function. We
make contact with two important kinetic equations derived recently and
described below. The solution is then studied in detail for the case of

a Lorentz Gas.

C. Important Special Cases

Recent work by Forster and Martin(ll), Mazenko(lz) and
(

(E3 !
Boley and Desai )has been concerned with generalized kinetic equations

for autocorrelation functions., These arelimiting cases of the general
forms presented above. In the thermodynamic limit(14), the distri-
bution function itself as well as the other terms we study all depend
parametrically on the density of the system and the strength of the
interaction between particles. Forster and Martin systematically
expanded all pertinent quantities in the interaction strengths and

arrived at a tractable result by considering only terms of second and

lower orders. Mazenko and Boley did the same for density. In
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classical systems it turns out that the weakly coupled system is a
special case of the low density system.

All of the equations discussed so far are quite general. For
example, there are no constraints as to the mass that each particle
must have. The problem we will be considering in Parts II-IV is the
test particle problem. One particle is distinguished in some way from
all of the other particles and is referred to as the test particle. All
of the other particles are taken to be the same as each other. These
are the ""bath'" particles. When the mass of the test particle is
much larger than the mass of a bath particle we have a Brownian
system. When the mass of the test particle is much smaller than
the mass of a bath particle we have a Lorentz Gas. {15}

A particularly interesting description of Brownian motion has

(L6)(17) and his co-workers. They have

been developed by Lebowitz
demonstrated that the distribution function for the test particle obeys

the Fokker-Planck like-equation

t
f(u, t
_‘aEt o Ld’l‘ —8—;G(t—'r) . (%m)ffzs ) -

Mazo(ls) has investigated some of the properties of the solution to
this equation.

It is most important to note that the kernel G(t) depends only
on time, not on momentum or space. We hope to show in the course
of our investigation that this is a severely restrictive model,
physically unreasonable except in the case of a Brownian particle. In

Mazo's work G(t) is '"'modelled' in order to arrive at analytical results.



= 11 =

The Lorentz Gas limit has received much less attention.
However, J. Van Leeuwen and A, Weijland, have published some
interesting work on this problem. Their paper, Non Analytic Behavior

(19) .

of the Diffusion Coefficient of a Lorentz Gas is concerned with the

Lorentz Gas with mlight/m‘heavy = 0, and the interaction between
particles being that of hard spheres. Their final goal is to derive
from first principles a density expansion for the mutual diffusion
coefficient. Since the terms in this expansion begin to diverge
logarithmically after the n2 term, they are addressing themselves
to a difficult problem.

Our work is concerned with a different aspect of Lorentz Gas
motion. As far as our investigation of the literature has taken us, we

are unable to findmuch further new work on Lorentz Gas motion.
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II. A NEW FORM OF THE ZWANZIG EQUATION

A. Introduction

In this section we shall work with a partic‘ularly simple form
of the Zwanzig equation. We achieve this form by choosing a projection
operator which causes the destruction fragment to vanish. The result-
ing equation is of the form
t
ai‘?tlr’t_) . ]‘0 ar [a’p’ 0, (p,, P, (R t-7)

01 is then studied in detail. Its low density limit is shown to be
entirely equivalenttothe self-correlationpartof the Mazenko kernel for
solutions uniform in the spatial variable, while its weak coupling limit

is equivalent to the self-correlation part of the Forster-Martin kernel

uniform in space.

B. A Judicious Choice of P

Consider a spatially uniform system such as a liquid or gas.

Let

3
2 2
N B )’ -Bp. /2m,
M(pj) = (zﬂmj e ") J
where j refers to particle j and B= llkBT . This is the famous
Maxwell-Boltzmann distribution. Let U(Q) be the potential energy of
interaction for the system, taken to be pairwise additive. We will

N-1

denote by ngz d331. ais d3g_N and d P= d322. » d3RN' po(g) is

defined to be ¢ PV [[aNg e PUER) o ) will be defined as
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N
TI_ M(pj) e-ﬁU(Q)/J‘dNQe_ ﬁU(Q). This is the canonical distribution
j=1

function.

Choose P to be

N
- T Mz, @] [aN@a™1p .

Then

f(p,)
Pp(D) = TT M(p;)0((Q)f(p;) = po(r)M(p 5 -
o2

The Zwanzig equation is

o[ Pp(T, t)] -iT(1-P)L

_——51:_— = -iPLPp (E, t) + J' dtPilLe inD(E; t-T)
0

APT - Pl s, 40} .
Consider
N
PilP =P -E]— . 8 F, o 8 P
L mJ ng =5 an

Then since

PiLLP becomes

N N
9 _

jITZM(pj)pO(Q_)J‘dN ZE ~ T_T (Pg)po(Q)J. dNQdN IE

- . A

Which leaves upon integrating over ghi-1 P

N

8 [ 4NygN-1
PiLP = JIY M(p; )oO(Q)J.d QE,0,(Q) - 5p, J'd Qd” P
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U@ e PUR o
£1°0@ = -5 TaNgePU@ "~ P 3, Pg(R) -
Hence, since
1f.N. 0
gj.d QEDO(Q) =0,

PiLP vanishes.

With PiLP =0 our original equation becomes

t .
—a[Pa(EJ—Lt 1. I drPiLe 1T(1-PILyy p p@, t-7)
0

-it(1-P)L

-PiLe (1-P)p(T, t=0).

Furthermore, for the destruction fragment

1]

N
(1-Pp(T, £0) = (T, £=0) - I Mip))og(@ [ a¥aa™ tpo(r, t-0)
J:

N N-1 N
= 0T, £=0) - TT M(p.)oo(@ [ aN 'R elp, t=07 T M(p,)
j:Z J j=2 J
N
= (L, t=0) - f(p,, t=0) T[_ M(p.)p,(Q) -
=2’

For a test particle problem, we take the initial ensemble to be

N
f(EI)TrzM(pj)po(_Q_) which causes the destruction fragment to vanish.
J:

The Zwanzig equation becomes

t A
APp(lt] . [arpine TP Ly por ¢on) .
0

The left hand side is proportional to f(P-l’ t). We now consider

-iT(1-P)L

properties of the kernel PLe LP in some detail.
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it(1-P)L

C. A Study of the Operator PLe LP

We begin by Laplace transforming the operator into s space.

That is, we study
1

FLe—nit-pn LF
Recalling the operator identity
1 1 1 1

1

e-T1-BIL =%

PL

1

s I LRPL

PL

- PL{S -iL, s-i 1PLS 1L+1PL] LP .

Continuing in this manner

1 1 1

1

il : [ .
- 1:,L'[s—iL e 1PLS 1L LIPL -1L1PL

s-iLL

1

Note that
pLeltl1p =18 pre
i dt

which implies (since PLP =0) that

1 1 1
saL WP =1sPLagy

PL

Putting this back into equation [II-A] we get

1 1 1 1

PLo—m-py P = Plaoay PR

1 1 1 1
+§P s-iL, r}

1 . .
PL;_—i-ELP—PLS i 1PLS iLLP+PLs—i 1PLs-1L

itLP

P =-5iP

e

iPLSL.LP-. .

-iL,

1
-iL

1

LP & PL—/——LP+=PlL———— LP PLE.—LP

-iL

1

[11-A]
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1 itL

Now consider PLm—LP in t space; PLe L.
i 2.2 3;3 4.4
Pl L = PL[1+itL-t ity :| LP
2 3 tz 4

PL P+itPL P -

?PL 1 255 TR

But for a homogeneous isotropic medium

PL2n+1 P=0

as follows:

Recall that

where

vipy = [V [aN 1Ry .

Mgst o gy Bﬂki Py,

1 1 I

N /P
M Po@p N N1 M ke - 9 8U
PGLMPY(T) - aNo [aN-1p T L8 :
ol M(pliJ‘ J. == gy Zzl 1
1

X AT %\ &
Po(D) M(p,)
When the product is expanded, each term contains M gradient
operators in q operating on U(Q) and po(g) (which is also a function

of U). Since U is invariant under-coordinate reflection, it is clear
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that those terms with the odd number of gradients vanish upon inte-
gration.

Thus

Ll 1p - Prlp - L prip + i pP1OP 4.

and expansion of such terms as

1 1 1 1 1
;PL AT LP;PL T LP PL L LP

produces products of operators of the form PLsz. Thus

1-FILy b 44 composed of building blocks of the form PLZkP.

Ple
Our investigation focuses on these operators. Onmne of the easy
fundamental properties of PLZkP concerns the L immediately
following the leftmost P.

PLZkP is related to

N
[aNg [aN-1p 1 1.2k I_sz M(p;)0,(Q) -
j=

Again we make use of the fact that

iL = Z(J g Ej'a_;.‘)'

Due to the boundary conditions, the Blag_j part is integrated

out by the P operator to yield zero. Similarly for j other than 1,
the momentum-dependent part of E'F-j . a/aEJ. will yield a zero contri-
bution. This leads us to the conclusion that the L immediately

following the leftmost P must be -iF, - 8/8}21 and

PLZkP = -iPF 0'-'2—- LZk—l P.
=1 821
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Consider now the rightmost L in PLZdey(z) . We are then

interested in the behavior of

iLPU(I) = iLpo([0) 1rm M(pl)

Since inO(I_‘) = 0,

U(py)
M(p,)
PoDE; *3p Mp,)

20D [, o Bp,
M(pl)[ "p, T 51 ml]‘“}h)

iLPy(T)

P L=

1l

) 9 Fpy
= | By .E+El " = Py(T) .

We have shown, then, that

Bp
it e e )
424 ] By 1

We introduce the notation f(x)=0O(k) where k is a parameter.

f(x) is O(k) for x in a specified interval, if there exists some constant
M such that lf(x)l <Mk for all x in the interval.(d)lf we denote the

interaction strength between all particles by )\, then PLZkP is O()LZ) .
Since PLe*T'LP = °z°0 plitr1?? 2P, PLe!*TLP 1s 012y, and
n=

it(1-P)L itL

Ple LP=PLe LP+O(?L4) .

If we would take the thermodynamic limit, where N-® and Q-

in such a way that %zn, PLeltLLP would also have a density
dependence. To extract the appropriate dependence we will make use

of the Binary Collision Expansion. (14)(20)
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Define
B 1
G(s) = s-iLL
and
1
G _(s) =
= TR Y A
0 9 8201
1 2
where

N
1Ly, = Z .
0 m, 831
i=1

and « is a specified pair of particles. For our convenience we will
choose o to be particle one, the test particle, and particle two, some
specified bath particle; oy = 1,; oy = 2. The binary collision expansion

is concerned with expanding the full N-particle time evolution operator

) S : s e
s-iL interms of the Ga's, and binary collision operators Ta ;

Ta operating on a function of I describes that motion in which

all particles stream freely except for the pair o which collide. The

(14)

T,'s were first used in connection with fluid motion by Zwanzig.

In his paper Method of Finding the Density Expansion of Transport

Coefficients in Gases, he discusses many of the important properties

of these operators. A form of the binary collision expansion is

G(s) = Gcr(s) + Z GaTﬁGa + Z GaTﬁGaTyGa HE oo e s
g B,y
Bfa a#PB#Y

As one can see, the higher order terms involve progressively more

collision operators.

1

el WP

With this insight into the behavior of G(s), PL

becomes
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1 Po@ J‘ N_.N-1_ 8 1 (‘321 9
Bl e T Tod e 8 g top f S, 0
s-iL M(pl) 2 —321 —1s-iLL =1 m, 821

p,T)
0 j‘dNQdN-lg'

XI'\T_PI) [11-B]

Consider
N 1 _ N
[Mar, s3r Fy00@ = [aVQE, G (aF, py(@
N |
+ J.d 9}_. EIGQT{BG ]F‘1 po(g)

Working with this kind of expression Kawasaki and Oppenheim(zo)

were able to show that

[aNQ) £ 16 (6)T4(5)G, (5)F, py@ is O@?)

P
and all other terms are of higher order in density. Since it is readily
verified that all other quantities appearing in [II-B] for PLS_IT LP have

leading order 1 in density,

1
s-iLL

PL LP is O(n)

_1_
s-iLL
either the low density (n-0) or weakly coupled (A->0) form of
it(1-P)L

and hence PL LP is O(n‘)\z). As a result, if we wish to examine

Ple LP, we deal with
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po@)

oL r N, oN-1 9 1

. el LS ey

M(Pl)‘r Rk T -(%-%)
o
1 2

531 a Po@ e N .N-1
X'E-l )M(pl) Xd Qd P

it(1-P)L; 5 44 O(nxz). Using the approximation we

This is, then, PLe
can study the low density or weak coupling form of Generalized Kinetic
Equations.

Inserting this expression into the Zwanzig equation then yields

9f(py, t)
ot

t
= J'd-r IdNQdN lop. W
0 - _—=1 aP_l

po(l“)

With this form of the Zwanzig equation we are now in a position
to make contact with the equations of Forster and Martin,(ll) Boley, 13
and Mazenko.(lz)ln the Forster-Martin equation, the integral kernel
is proportional to precisely n)\z . Since we have already seen that
contributes a power of )\ to our kernel we must consider

it[ by s™ (5383—1 . ﬁ}%)]

further the terms po(g_) and e to maintain this

each Fl .

proportionality. To lowest order in )\

lt’—L +F12 (821 Bp__z)]
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Similarly, since

LBUR =1-38) 2
(lg.-q. + O\ P
o5 Yargh +ont)

to maintain the kernel to O()\z) we use

| PUQ)
J‘nge-ﬂU(Q) - QN

[

We obtain
t &
81'(]31, t) T J.ng dN'l 9 11‘1..0
5t - J 4TI E &
0 Q By

Pp oy
8 1
i (BE_1+ Tl) jzrz Mip,)E(py, t-m) + on) .

Since we are considering two-body forces, El =Z£lk and

af(Er ]; J‘ Q N-1; o, 8 ‘"M

9 BBI
213'(E+ = )_TT M(p)E(p;, t-)

The term of O(NZ) can be seen to vanish because of the odd

symmetry under reflection of EIZ £13 . Since 8L s 5%— acting on
N

93

any function of q, and =0 only yields zero, the integral kernel

becomes
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3 3
d"q,d"gq
1 A a 1
| ——dh, Mip,) F.. o
J. Q 2 27 =12 821 Bl. 3 +EZ. 9

m; Bg, m, 8g,

s+i

Bp
*Eyp* (3_8_+__L )
By ™

(11

We compare this with the Forster-Martin )kernel for self-

correlations (for spatially uniform solutions) their kl(El’E) satisfies

3 ,.3 d39. d39.
1* 95
k) = 0] pa’p, ——EMp M)
av(|g,-9,|) 7
1~gp 9 3 1
X [ 5 " Bp. 0 R | sHET )
94 21 ] 8T 0\Ry» 990 Ppr 95
C[ovla gD o I
“9g, dp, © BBl |M®)

Integrating by parts and carrying out the p’ differentiation

s r el ov(lg;-g,|)
ky(pp 2 = nfd’p] —5—2 a’p, MlpyIM(Py) —5g ——
ov(lg;-g,1)
3, 1 1 =22 9 3
X =i - . . =
57(p El) s+1L0(P_1,Rz, 9_1,32) 831 BRB (El p)

1 [o , Bp
M(p) |[9p’ m ’
Carrying out the p’ integration yields the same form, with p; in place
of p’ everywhere. The Py Maxwell distributions in numerator and

denominator cancel, integrating by parts then yields

.
s+iL0
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5. 8
niId3 d’g,d g, av(lgl-ﬂzl)M( ) 1
Bpd” 2270 oty P2 Py 5 P2 9
S+i[m1 99, +mz . aﬂz]

ov(lg;-q, ) ( 2, B

—sg—— * (5 * 74T
This is easily seen to be the same as the expression we derived
directly from the Zwanzig equation.

Using similar techniques we can reduce the Zwanzig equation to
the Mazenko equation. In this case we are able to keep powers of )
higher than the second, as long as we keep the kernel proportional to
n. Since in the thermodj}namic limit po(f_) =%+O(n), the only difference
in re-deriving the Boley form of the Mazenko kernel(lz)comes from

using the full : 1( 5 3 ) operator, instead of its weakly

s-iL..-iF -
dp; "9,

e

coupled form.

Further investigation will involve use of our form of the Forster-
Martin equation. From this point on we will use dimensionless
variables unless stated otherwise. Our form of the Forster-Martin

self-correlation equation in dimensionless variables is

t
f(u, t) _ 0 9
s L By *efd(u, t-T) (61_1_ +1_1_)f('r, u)dT

1

where (0, t-7) = (El m El)

k=3

®
~
1
<:|:u
[}

(=}

2
ce=na®() L lul= |




= 2B «

fE T
Vo = r]?'x and a is the range of force. The force is taken to be

purely repulsive.
In this context of weak-coupling the symbol
1 [N, .N N
(X(D)) =—led Qda P xXO) [T M(p,).
s J
0 j=1
This new use of the average symbol will be carried throughout the

remainder of our investigation.
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III. ANALYSIS OF THE WEAKLY COUPLED EQUATION

A, 8§ and Q_L
Sl | I

As we saw in the last section

8f(u t 0
) ‘[ dr 8 *ef(u, t-7) * (aE+t_.1_)f(E, T)
where

8(u, 7)

& sl *a,] & “zM(“z)Flz(‘ - |)expr1ta(“"a——+—z 5q, )] —12(]9%0

and 912=9;"9- 8(u, t) is a second rank tensor function of u. For

this particular kind of tensor, where f(u, t) =§(u2, t),

u. o

is known as the longitudinal component of § .
s(zt)—l[Tﬂ( t) -8 ( t):l
A\t s =g LSS 0=

is the transverse component.

One can easily verify that

2

2] 7 2] 1 ©
BE.rﬁ(u L E) (aE+1_1_)= u—z-a—-u AD (u,t)(a +u) :D (u, t) L,
where
2 ) p*
Ly = sin @8 + e
= W (m0E) Yo7, o2




- A =

9f(u, t) [1 8 2,2 (a 1 2 2
— EJ.OdT{F e :9"(11 ,T) E+u)+u_2£"' (u”, T)L" }f(u, t-T) ,
[1II-A]
It is worth noting that
[a3u, M(u, )T 8(u,, t)
o "-1 1 N_I’

N itL
e | 3 J' 3 3 [ N 0
_—QN J‘d EIM(EI) d EZ"’d ENJ.leM(Ej)ed QEIe .El

is the weakly coupled limit of

(E;(0)+F, (1)) = _fd QJ‘d u, '[TM(u )E, @)t HE (e PUD),

The proof follows using the methods of Chapter II.
We consider shortly which forces are reasonable in a weakly

coupled situation.

B. Conservation Laws

If we consider particle one to be a '"'test particle' moving through
the bath of the other particles, we are dealing with a two
component system. We do not expect the momentum and energy of the
test particle to remain constant upon colliding with the other particles.
We do, however, expect the total number of particles to remain the
same.

This is readily verified for our equation since as we shall show,
E(E' t) vanishes as lE'-bm, as does f(u,t) and its gradient. Hence,

50 =0

t

B—ﬂd33f(5, By = J' dr {Id3

0

¢ O(u, t-T) * 8

b
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We also expect a Maxwell-Boltzmann distribution of test

particles to remain stationary, This is easily seen since

(+a)e™ 0.

C. The Diffusion Tensor for a Weakly Interacting Brownian Particle

The physical situation of Brownian motion is that of a heavy,
nearly stationary, test particle being constantly bombarded by very

light bath particles. In this case u is nearly zero and

1 N-'-|

ital ue L + + . 8
N 2'%q, T TEN'D
1 P.N N-1 St q
By, t) = N Id de u i:HZ M(u,)F, e F,

becomes
Su, t) = 8(t) .
Denoting the resultant isotropic tensor by 8 _(t), the test

particle equation becomes

t
e, t) [ A g i -(a+ )f( )
ot - 0 TBB 'gm( 7} ou LTl R

This is an equation of the form studied by Lebowitz, Percus and
Sykes. The reader is referred to (16) and (18) for an excellent analysis

of this equation.

D. The Diffusion Tensor for a Weakly Interacting Test Particle in a

Lorentz Gas

As we have seen,the physical situation of a test particle in a
Lorentz Gas is that of a very light particle moving through a medium of

heavy stationary particles. In such a situation



0
k=1
becomes
0
il = au e —
0 )]
8_9_1
Thus,
S(u, s = (F : F.)
= =1 N =1
I/ [
s +a ng agk
k=1

=lId3312£12(|3;2‘>s,+ al 5 12(15112 )

= 8g,,

Further calculations are most conveniently carried out in

Fourier transform space. For convenience we continue to use

dimensionless variables. Since

q q s
r, 12 3312 (l 121) j‘d » 12kv(k)

we restrict ourselves to considering only Fourier transformable

Even more restrictive, we will limit ourselves in this

potentials.
investigation to those potentials which are entire functions. Then,
S(u, 8% = <F12:,+a2""_‘1:;_"_8— Fyp)= (_2117)? Id?’_l_c_{l_c':}'(l_c);—;_l_ilg—.li K () |
42
54 3 00w (Y012 1 [ A a2 3 dnn’
39nh—J" &) _(21”3 Id k 2  slihisk 2 I dkk"[v(k)] J:l s+ikun

and
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o k
1 3 2 d
Tr(u, s’) = dk k> [¥(k)] r —
~ (211_)2 J; ‘xS +iuy

To simplify the trace term further, we integrate by parts.

Define by @n(k)
3_(k) = _L ak K2 [vK)]2 .

Then

1
(21)°

If we extend the definition to include negative (real) k we see

Tri(u, s) = J:dk§3(k)[s'+liuk - s'—-iluk] .

that for n odd, @n(k) is even, and for n even @n(k) is odd. Thus,

of o4 ¥3WM
Trgtw o) =~y [ A o
2”0 s +u"k

Similar calculations show that

’ 4

S 12 3 §:l.(k)
8, 8) =—5—5[8,(0) - s J. dk——"—5—>
27 u s u

0 +uk
and
o2
o Lo 53(k)+:;_r¢1(1<) ot 3,(k=0)
5, (u, s) = E[Trg-s"} o B B o

E. A Theorem Due to Corngold

The two seemingly independent components of the tensor, 8

and 9, are connected in a surprising way. Consider
1 2

5 (u,8) = —— [ axx*rva071? [ an—-0—
(2m)° 0 "1

s +ikun
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Upon the change of variables un=y and suitable manipulation

with this variable, we see that

o 4 2
_lz..diu3g (u’s’)=;2‘[ dkk——@]—
H u n (2m)° “e s +iku

1 ¢ [ 8 1
- 2 ) o di s¥ika * §3(k)kdk s+uk

Since

3(k)dk

(2m)° Lo s+iuk

and

4 1 _d_ 1
dk g'tiuk  du gHiuk

we have that

d
" 1. du s_l. - du (u’gJ.)

We also note that

* 25(k)
1 d (3 _ 1 3
2 du (u 8, (w 89)= (2m)2 Ldk s +iku

F. General Properties of 8

@
3 ,(k) = J:( dkk3['x7(k)]2
For k real and positive, §3(k) is positive. Thus
% ,(k)

I
Tr‘_ag(u,s) ‘[ dk —s——5— ’2 2 5

is positive as long as s is real and positive. Trf(u, §) is easily seen



w3

to be monotonically decreasing with u.
2

2 .
i Idkk [¥(k)] J' e

7.2
1 o4 2 2dn
z‘r dkk [N(k)] J. 2 2 2 dﬂ
tku'n
Again, for s’ real and positive, 39" is obviously positive. It is also a
decreasing function of u. Similar considerations and results apply

to aDJ_.

G. Series Expansions for 59", 8 and TrQ

The combination of variables u/s’ turns out to be a convenient
. _ ’ ’ 7
grouping for examining the behavior of §. For u/s'< 1 we can arrive

at the following representations.

Trg o =1 )2]' dnf ack* 1v097? s
&) 1 4 iuk

~—12%j dk k>R (k)] 1 s

(2m) 1-—

s
Expansion of the logarithm in a series in iuk/s and term by
term integration produces the asymptotic series

2 4
3 (0) &,(0)u &,(0)u
Trd(u, s) = 12[4 .- oo -+...:|

2 s’ 3s'3 53'5

By making direct use of the integral expressions for 8" and
S_L , integrating over the k variable and expanding the resulting

logarithmic term, one can also deduce
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+

Qu— 2[3s’ "3 §
T s

4
§4(0) uZ §6(0) u @8(0) E J
6?7
and
o o L[240 w36,
1 o0 35" st3 15 o
Whenever the first term of the ﬂ" and 8 series approximates

the sum of the series, 8 becomes

% ,(0)

8 = 1
~ 611'28’ ~

But this is the type of momentum independent isotropic diffusion
tensor which has been studied by ILebowitz and others.(17)Reca11 that
their conjecture was that the diffusion tensor depends only on s’. We
see that for the weakly coupled Lorentz Gas, this conjecture holds only

at short times or small test-particle velocities.

The long time (s'+ 0) limit is messier. Consider

’
Trg(u, 8 = 5
2t

25 1
_1; Al 1 VT2 Il ;,Q—ER

The mn integral is a usual Cauchy integral and exists for all u and

s> 0. If we expand in s/ku and integrate over k, we find that some
of the higher order terms in the series are difficult to compute.
Fortunately, the first two terms are always easy and suffice, for our

analysis
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A PR ?,(k)
Trd(u, s) = dk
- szuz 0 (s'/u)2+k2

o k

S T [2,(0) - [ az2%092)1% ]
0

2 B el Ty

@

$,(0) ’
_ A =3 - s I dk rdzz3[v(z)]2
0 0

4r Z'rr?"u2 kz+(*.=."/u)2

The second term can be expanded in s'/u so that

(=]

!

Trgte, o) = 2o - =25 [ G100
2ru 0 k

where

K
T(k) = J' des TR
0

Integrating by parts yields
<I>3(0) ’

s
> 62(0) TP
Tu

7.
Tr'g(u, 8) = iy

We can find Q" and QJ_ by using Corngold's theorem.

dg t§3(0) g’ @2(0)

L _
3QJ.+udu—41ru_ 2 7z t..
2m u

and solving the differential equation term by term one gets

8,(0) 1 @2(0)5’

o Bru 21'r2 :Z

+* o a

which implies that
s'%,(0)
§ =—5—=+...
n 2

2m u

Thus,
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5 33 for a Gaussian Potential

To make further progress it is convenient to focus on a specific
potential. Because of its analytic properties we choose to study a

Gaussian potential

2.2 2 2
T T Lt L B - VR L

Z 2
3 ,(k) = Kﬂ3a2e'(k a /2)[2 +k2a2]

The Gaussian potential is not a good approximation to the true
intermolecular potential. It is purely repulsive, it doesn't diverge at
the origin. Nevertheless, it is a kind of weak version of the hard core
potential, particularly if its peak is high. Such a function can give us
some insight into this weakly coupled model and can yield some
physically meaningful results for test particle motion in a Lorentz Gas.

By directly integrating the definition of ﬂ" and AQ_L we find that

2
)= @ 3 17 A e D)

Z ’ 2 ’
aQ_L (u, 8%) = %% e(s //Z) erfc (\/—;u)

The time dependent 8 and § are

3
dz'rr

1
-
. dt2 . u,2

e-(uZtZIZ)

and

3, - (gf o-e0E
&
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We notice that the combination of variables s'/J/Zu appears
naturally in :&“ (u, s’) and .QJ_(u, s') . Equation [1II-A] can be rewritten

in terms of this variable x=s'//2u .

By B 2 ] B &
8, ole )m,(X)%g(X)—[fEHZ;l e*‘-‘l(X)]e Gl ™

€ ax
_Slz
= T io™
x
-rr% xz " xz
:D"(x) = :/_f'? ] 1 -./7 xe erfc(x)j
and
172 x xz
Q_L(x) =g gr'e erfc(x) .
22

See Figure (III-1),

I. Autocorrelation Functions

Trl(u, s') =

o r’ - 3 (k)

we have seen previously that

2 .
1 % Ie_(u IZ)TI"_%(U., S’)d3E = <£(0).E(SI)> )
(2)
Hence,
P ’ o @ (k) 7 ’ 2 P
HYy = =2 3 s”  (s'//Zk)
(E(O)'E(S )> = 2172 l[)dk kz [1 - A “ﬁ e erfc (,\/;‘k)]
[111-B]

Then,
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P B,IR) 42 B2
(E () F1)) = L3 [ a3 L (K /2)
2w 0 k®  dt

2'—12 J:dk 8,00[ 1 -tzkzje'(tzsz-z)
m

The long time behavior is particularly interesting. To extract it,

let x=kt, then

(E(0)+E(t)) = Z—ﬂlz—t J:dx§3(%)[l—x2]e-(x2/2) _

K
But ¢3(k):f dk k> [¥(k)]® and for small k goes as #4v01%. By
0

expanding <I>3(%\, about the origin, we see that the first non-vanishing

4
term will be of order (Et and all higher order terms will contain

higher powers of t in the denominator. Thus the leading power of

t for (F(0)*E(t)) is +.
t

In the case of a Gaussian potential (using dimensional variables

for better physical insight)

{283 "n -
ﬁvos (ﬁm+ 2)-.:

From the well known Kubo relation

(E(0)+E(t)) =

o+

W

D = lim — (p(0)*p(3))
s=0 3m

we calculate the diffusion coefficient for the test particle.
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Using the Zwanzig equation [1-A]
k.. T
e
m
(F(0)+F(s))
8=l

. 1 1
D= lim syt {p(0)+p(s)) = lim
s-»0 3m s=0

(F(0)+*F(s)) is given by [III-Blso that in the case of the Gaussian

potential

where o=ma

Notice that the parametric dependence is reasonable. D varies
inversely with the density and interaction strength as well as the
radius of the scattering particles. This agrees with the Chapman
Enskog approach.(ls) The temperature dependence D« T% is charac-
teristia of a weak interaction. The weakly coupled autocorrelation
function {p(0)+p(t)) and its kernel (F(0)+F(t)) are displayed in

Figures [II1I-2] and [IO-3].

J. The Weakly Coupled Equation

We have seen that

t
1 8 2 2 a 1 2 o
ai(a%d:) = efo d'r{u—2 ol aD"(u . T)(-a-a+u)+u—2£_'_(u , T)L }f(g, t) . [1II-A]

Expanding f(u, t) in spherical harmonics,
fu,t) =) R, (9, 1Y, (6,0).
£, m
Because of axial symmetry,

Rﬂm(u, t)=R t) and [III-A] becomes

EO (u)



= 3% =

R (u, t)
ef { gt (0% Mgyt e)-5 8,05 f(f+1)} R (v, =),

This scalar form of [III-A] is most convenient, for upon taking
the Laplace transform we reduce [III-A] to the ordinary differential
equation

2

1 © 2 0 1 & .a
s’RE(u. s’) -e{u—z-ﬁu 9 (u”, S')(ﬂ'i'u)"‘:z 8 (u’,s )B(E+I)}R£(u, s’)

= R,(u, t=0) . [rt-e]

At times it will be convenient to make the change of variables

2
R, (w89 = e (0 /) g (u, o)
in which case the equation becomes
8 2 -(u’/2) n B , 2 (62 /2) ;
€EFg ¢ © 8 (v, 8558w, 89 - (sa” +2(+1)e8, (u, sY))e g(u, s)

2
= -u fOE(u' t=0} .
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IV. APPROXIMATE SOLUTIONS

A. >0

In this section we take (>0.

Although solving

d Ze-(u2/2)

fi ’
€ga Y s“ (u, S)du gl(u, s)

-(u2/2)

) (s’uz+z(2+1)e 9 (u, s‘))e g, (u, s = -uzfﬂ(t:O, w)  [IV-A]

exactly is a formidable undertaking, we can use a number of methods
to obtain approximate solutions. In the course of this investigation we
will focus on the Gaussian potential as illuminating example.

We begin by noting that this problem contains two natural time

scales. The dimensionless inverse time which we will call frequency
k.. T

is s'= as/\r0 (a being the range of force and vy = % ). This
dimensionless frequency measures time in units of the time needed to
complete a collision. The other time scale is related to the mean
free path of the bath. Since the mean free path is equal to ~ 1/na® "
a particle traveling with speed Yo will experience an elapsed time of
1/na2v0 between collision. The corresponding frequency, s’, in this
case is na> . In a gas na3S 1072 ‘ Considering test particle
motionin a moderately dilute gas will then mean studying those motions
which occur when s'<« 1,

Another dimensionless parameter ¢ :na3(7\ /k BT)Zis the product

of "weak coupling'' \/kgTand "low density" na>. That ¢ is the

product of these two small quantities makes sense since the weakly
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coupled equation (Forster-Martin) is a special case of the low density
equation (Mazenko, Boley and Desai).eg is also much less than unity.
To begin our analysis, we study the solutions to the associated

homogeneous equation. Expanding f(u, s’) in spherical harmonics we

have
N _ _-(uZ/2) ,
f(u, 8,p,8) = e g(u, 6,0, s) = Z RE(u, s‘)Y!O (8, )
£
By making the change of variables
1 ~(u®/4)
R,(u, 89 = e h,(u, s’)

«/:B" (u, su

the homogeneous equation related to [IV-A] is

a%h (89
T + v(u, s')h (u, 8’) = [1v-B]

v(u, s’) can be expressed in many ways. Denoting
2
uzaD" (u, s')e-(u he) by A we can express v(u, s’) as

) He) 8 (w8 (A
V(u, S,) eﬂ" + u —'Lm—r (,J_')

If we carry out the differentiations in (/A') we obtain

2 8" 9 1418
w17, Ty l_n] _u._ __S ; L
v(u, s’) = T"53 5u + 4'- + + =y =z,
n

For fixed s’ and extremely small u, we have shown that

2 2
: §4(0) @6(0)u ) Cq Cgu
9"(1.1,8): 57 = % 3+...—-s—,-—3+...
6wr~s’ 10m"s’ s’




w G2 =

5 (0) &,(0)’ &, &8
_ 4 6 4 6
S_L(u,s')- > - > 3+...=?— 3+.
6r s’ 30m"s’ 3g’
and hence
2c6u
’ p— —
ﬂfl(u’ S‘) - '3 e
2¢c
s”(u,s')=— 6+.-
] s,3
C c 2c,u Y
N _ 4 _ 4 ro_ 6 o 6
By substituting a&)" Sy Q_L ) gty ;s" B a— and Q’"_ - 5’3

into our expression for v(u, s’) we see that v(u, s’) becomes

viy, s = - 2D 4 o)
u

For extremely small u then, the functional form of v(u, s’) is
independent of both s’ and ¢. However, the range of u over which
this expression is valid will depend on both parameters.

Consider now extremely large u. In this case

s'%,(0)
9 (u,s) = . +
A ., 2.2
2t u
s'8,(0)

, = - —™e,
Qu(u,s')_ 53 * s
T u

3878, (0)
+
—— .

m u

Q’:' (u, s’

and

$,(0)

’
AD_L(\J., s’) =
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Now

Zﬂzuz

v(u, s’) = -W+O(I)

A common technique for studying the solutions to
y'(x) + a(x)y(x) + b(x)y(x) = 0

in the limiting situtations x-® and x-0 is to assert that lim y(x)
X=pco

x=»0

is the solution to

vy (x) + {}Icl_rg a(X)] y'(x) + [chl_’rg b(X)J y(x) = 0.
x=0

(21)

x=0

Thus, the solutions to [IV-A] as u=0 are the solutions to

That is,
héu)~u(l+1), ot s uel
As u»» [IV-A] becomes
dzhz(u)

- ik azuzhz(u) =0,
du

where o, = 2w2/e§2(0) . Then
u2 u2
hi(u) NJE K% (A/CIZ T) » ,\/G.‘I% (4/0’2 '—2'-') for large u.

Intermediate values of u are much more difficult to discuss for
an arbitrary potential. Hence, we might best examine the behavior of

v(u, s’) in specific instances. For the Gaussian potential our equation




_ 44 -

becomes particularly simple. We shall show that v(u, s’) is negative
for all u and s’>0. Thus, one can use a single WKB approximation
for solutions. This we do later. We also consider the following more
intuitive ''regional'' approach.

As we have seen, v(u, s’) is an unwieldy function of u and s’
except in certain limiting cases, However, experience with the
Gaussian potential shows that for fixed s’, at any value of u, one
simple part of v(u, s’) is dominant. For example, for extremely small
u< 1, we will see that v(u, s) is dominated by the term E#gi

'

For extremely large u>>1 the term E;:ﬁs_ dominates and so on. This
1

leads us to believe that we may be able to approximate the true poten-
tial by a simpler analytical form and still retain its significant prop-
erties.

Consider the exact expressions for aD“ and § in the Gaussian

case. As we showed in Chapter III

8 (v, = (%)% us—zl[l -ﬁﬁLlu e(sllﬁuferfc(’\/s_Tlu)] [1V-C]

I ‘lT
S_L(u, -] ) T -

% (s'//Z)° erfc(J;' ) [1V-D]

Then, by direct differentiation

(27 St on = 5 (5 L) (1 WP erre( )
u u

JZu © MZu

[1IVv-E]
and
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(z)@d 8, (3, s) _ 6s” _ S'Z
u u
+(12us—;+ o2, )(1 /“ s’ (S'/ﬁu)aerfc(a/;,u))

[1IV-F]
It is interesting to note that these last two expressions imply that

9" (u, s”) satisfies two simple differential equations. Namely,

Lo = (D5 - B+ 55) 8,009

and
a® 5 m\2[ 6’ 12, gs'" g%
— 8, (v,8) = - Vi _4'" —B' 8, (u, s .
du B u
We now determine the form of v(u, s’) for small u. The

which determines the behavior

function ,\/—"\/_ (s /fu) erfc(\/;’
2u u

of 8 and 9§ has an important asymptotic expansion in this region.

As u/s becomes small, we have

-4 6

u 15u

3 7. Gl e
s s

’ ! 2
,\/1?7_:— e(s IZ ) erfc(
u A

o .

This asymptotic limit is reached rather quickly. From numerical
studies‘?) it turns out that the expansion is useful for s'/,/2u=6.
Making use of this expansion, using the small u/s’ form of 8 8

and its derivatives, and putting these values into our expression for

v(u, s’), we obtain
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v(u, s) = - @ +op(s’) + R(u)
u

2
14 i 3 B
where cp(s') = =5 - B +§ and ]R(u)l < p(s’), u>_150. This is region I.
s

€

’ ’ 2 ’
We have seen that ,/m —ﬁ-.—e‘s INZa) erfc( 2 ) rapidly

u JZu

approaches its asymptotic form as u/s’+0. In the opposite case, as

u becomes greater than s’ this function becomes much less than unity.

10s’ . 3 s’ (s'/,/Zu)2 s’ )
¥ 1 » T 1 2l f =t =l I In
or example, u 7z implies ./m Ta e er C(,\/?u

this region

w|w

’
S
2
u

T
8, ('2')
3
¢ ™ 3 ZS’
oy _’_(E) 3
u

3
o 6 &
u

and

As we have already seen, for a moderately dense gas s’'= 10_2

by the time a mean free path has been traversed by a test particle with

speed v Much of the physically interesting phenomena in our system

0"
occurs when s'« 1., Consider small s’ for the moment. Under this

constraint, and for u> 10s’, we substitute the approximate values for

;94. , 19" and its derivatives shown above into v(u, s). The resulting
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-2(2+1)8
v(u, s’) is again dominated for a range of u by % . For u>s’,

u f
i
however, the form of this term becomes

LD 0y R
2 B us 'JZ :

u 9"

2(£+1)8,
Of course, there is a smooth transition between —3 —— as u goes
u 8
"

from less than s’/10 to greater than 10s’. The functional form in the
transition region is somewhat complicated as we shall see.

Where u = 10s’
-2(2+1) [w 2(1 l) 2
v(u, s’) = i /2 --u(e-{-4 +5

That -—l\(f:—ll /% dominates v(u, s’) for a range of u is due primarily
to the fact that this term is the only term where s’ appears uncancelled

in the demoninator. We refer to the region where u> 10s’, and where

e (5e )L TR _
—;2_,9_— ominates v(u, s’), as region IL.

In the preceeding discussion of Region II we have assumed that
s’<1. For values of the frequency, s’z1, region II simply doesn't
appear. For all values of u> s’ (and hence >> 1) the term -uZ/e: will
be the largest. g However, we should point out that for these
large frequencies our 0 speed particle has not yet had time to
complete even a single collision. For the remainder of our investiga-

tion we will restrict s’ to be s'<1.

*
When £(£+1) is extremely large, region II will appear for a small
domain of u.
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Even for the smallest s’, the term -s’/csn becomes dominant

at very large u. This occurs when

-£(2+1) /1 2 -u2
s’u 2 e

or

u >::/1(c+1)\/—§§ﬂ = B,(s"

This is region III.

In summary then,

f
Leading Terms Approximate v(u, s) Range o

Validity
-0(2+1)8 8 2 (0+1 s’
N =5 ] 4 e
viu, 87} = 5 e L) 4 (s’ 0<u<ss
u 9 1 u
1
-2(2+1)9 a
“arriie, =E(t+1) % 108’ < u < B, (s
2 us 2 2
8 u
1
4" uZ
" r
2 <
es, - ﬁE(S) u
where '2
9 s 3
= -t - —Ft =
CP(S’) 5'2 e 2

By(s) =2(+1)/n]2 € /s"

A few remarks concerning this summary are appropriate. The

comments made here do not hold for £=0 which will be treated later
as a separate case. Notice that the bounds of the regions are s’

dependent. Region I shrinks as 8’>0. For certain values of s’

region II cannot exist because s’is not sufficiently small to satisfy the
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inequality s'< Bl(s'). As s'50, however, region Il not only exists but
covers the entire u axis.

We must also point out that we have made no approximation to
v(u, s8’) for s’/10<u<10s’. We have done this because the potential
does not exhibit any easy behavior in this domain, The detailed
behavior of the true v(u, s’) is discussed shortly. Ass’>0, this region
becomes small.

We now show that the exact v(u, s”) is everywhere negative.
This is significant for two reasons. First, this is a principal feature
of our approximation to v(u, s'), and as such should agree with the
exact answer. Second, it is a necessary condition for applying a
simple WKB technique to solve the equation. For such a v(u, s’) the

WKB solution will exhibit no turning points.

2 Z ’ r._2 i
I AL AR L S NP (LN
’ 4 2N O u 4.9 29 2 e8 2
i 1 ] ] 1] u 9

® and its derivatives are functions of u and s’ defined in

Q-L’ "

Equations [IV-C] to [IV-F]. Let us make the change of variables
x=8"/,/Zu, and let us define the function g(x) to be

2
B(x) =1 -./rx e erfc(x) .

Then

_ 1 ! 2 2 “+
= lbm u—z(m[—f)—Zx +(12+18x +4x )8])

8 1/ 1 2
a E(mrl-(?ﬁZx )e(x)])

and
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2
8, Jre& erfe(x) _ 1 - 8(x)

5, 2x29(x)

9, i x0 (%)

v(u, s’) becomes v(u, x). For any fixed x

v(u, x) = —lzl-al(x)+a2(x)u2+a3(x)u4]
4t -

where

a,(x) = '““”2[1'9(")1 + e(lx)[3+x2-(6+9x2+2x4)e(x)] [1V-G]

2x8(x)
T e e E e LI
4 gyt vex i | - 8(x)

a,(x) = 5 + 2—9(;;)[1-(3+2x2)e(x)] [IV-H]
and

R () = = % . Ee(lx) [Iv-1]
where

7= (5.

It is remarkable that this change of variables causes u and x

to separate so that
3
%) = ) @, () (w) .
i=1

A way to show that V(u, x) is everywhere negative is to show that

V(u, x) never vanishes. That is, for fixed x

, 2,005, [Ta,x)]%- 42, (x)ay(x)
2.

22, (%)

is such that u is never real and positive.
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Alternatively, we can examine the behavior of
a1(1'1:)+a.z(x)a.;.z+a.3(:\:)1.:v.4 by making use of the asymptotic forms of the
ai(x)'s when appropriate, and using numerical techniques where
asymptotic considerations aren't sufficiently accurate. We choose
to follow this alternate approach.

Consider any x>10. For such an x we can employ the
asymptotic expansion

1 3 15 105

f(x) ~ = + - 4+ see
ZXZ 4x4 8x6 8

Using this expression in V(u, x) we have

;(u, %) = —lz[al(x)+a2(x)u2+a3(x)u4]
u

where

ay(x) ~ -2(2+1) + —5 [23+20(0+1)] -+ o(—)
4x

ay(x) ~ 3(” +°( ))

For u> 1 and any reasonable ¢/, a3(x) causes ;(u, x) to be
negative. For largel and u» 1, or for arbitrary ¢ and any of the
values of u not already considered al(x) causes ﬁ\;(u, x) to be
negative.

1

For x<T6 .

0(x) =1 -./rx
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a,(x) = ‘“@i’ﬁ ST 4 ge41) /e bfrx+ O(x)
az(x) = % + 'ﬁ% + O(xz)

and

as(x) = - % —-é—_(l +./mx) + O(xz)

Again for u21 and reasonable £, a.3(x) causes v(u, x) to be
negative. For large £ and uz1l, or for arbitrary { and any u not
already considered al(x) causes ?r'(u, x) to be negative.

This leaves the region 0. 1 «x<10. Here asymptotic arguments
are inadequate and careful numerical studies of the coefficients must
be made. These studies have been carried out. For uzl, a3(x)
causes v(u, x) to be negative. For small u, or large ¢/, al(x)
still maintains A\F(u, x) negative. (b)

The sets of graphs (IV 1-4) show the frequency (s’) dependence
6

of the exact v(u, s). The first set was drawn for ¢ = 10 , the second

€= 10_3. The smaller ¢ is for a more dilute system. { is taken to

be 3. The frequencies studied were s'=1, 10_2, 10_4 and 10_6,
s’=1 corresponds to the inverse of the time needed to complete a

collision for a v, speed particle. s’= 10‘2 corresponds to the inverse

0
of the time needed to traverse of mean free path for the moderately
dense gas ¢ = 10_3, while s’'= 10—4 is the frequency corresponding to
the traverse of a mean free path for a Yo speed particle in the

e=10 6 system, s’= 10% is & frequency corresponding to a long time

in both systems.
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The agreement between the exact v(u, s’) and our approximate
v(u, s) is extremely good. For high frequencies, of course, the
approximate v(u, s’) is defined only at high and low u. However, by
the time a single mean free path is traversed the approximate v(u, s’)
describes the behavior over nearly all u. Notice, particularly, the
growing region II, corresponding to v(u, s’) =ﬂu£—:r1—l,\/§ .

Leet us once again emphasize the effect of density on the behavior
of v(u, s”). This is done in a final graph showing v(u, s) for £=3 and
g’= 10'4 done for different values of ¢ =na3()\/kB )2 (see Fig. (IV-5)).

Now that we have some feel for the structure of our equation,
we are in a position to find approximate solutions, Since we are
dealing with a relatively simple physical situation, we can infer many
of the properties of the solution before solving our equation.

Classical mechanics shows that upon the completion of a
collision between a light incoming particle and an infinitely heavy
stationary particle there is no energy transfer. During a collision,
on the other hand, the particle will slow down as it penetrates into
the repulsive energy region, and speeds up as it leaves. By
considering a Gaussian potential with a peak energy ), and by
recognizing that in our low density regime it is highly probable that
our test particle collides with only one other particle at a time; we
expect our solution to predict that the test particle's kinetic energy
will lie in a small range of values — of approximate size A — about
its initial value.

The direction of travel of a particle will be changed by a

collision. As time goes on, the direction of travel becomes
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randomized. If the test particle starts off traveling to the right,
after many collisions it is equally probably that it is traveling in
any direction. More precisely, if we expand our distribution function
in spherical harmonics, the £>0 terms will die out in time, leaving
the distribution isotropic. In our treatment of the approximate
solutions we do the cases £>0 and £=0 separately.

Since a test particle is trapped in a rather narrow energy
band, it is appropriate to consider the differences in behavior of
test particles with differing initial energies. As we have seen, a

0!

this means that a test particle with dimensionless speed u=1 is

test particle with energy %ﬁ'l has speed Vo = EBB_ . Since u=v/v

such that its kinetic energy >> ). Such a particle will need several
collisions to change its trajectory and cause its distribution function
to become isotropic.

Consider a particle with an original speed > Vo that is,
u>> 1. Instead of such a particle needing several collisions to
appreciably change its trajectory, it may take hundreds of collisions.
Similarly, for u on the order of 10_4 or even lower, the energy of the
corresponding test particle «%ﬁ_l. Here we can no longer validly
claim our system is weakly coupled. In fact, the coupling for these
lethargic particles is rather strong, and instead of needing several
collisions to become randomized, these particles will be randomized
almost instantaneously.

These three energy regions correspond roughly to the three

regions in v(u, s’) for s’ small. In the region closest to the origin
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we should expect extremely rapid randomizing, in the second a slowly
growing region where randomizing takes several collisions to occur,
and in the third, high energy region, we expect essentially free
streaming until enough time has elapsed that region II has spread to
those large values of u and randomizing begins.

For small s’ we expect

High
energy
free
streaming

—V('U., S’)

-

No particles
since
randomizing
has already
occurred

Limited u spreading
moderately rapid
randomizing

The solutions to the equation do have these properties.
Now that we have studied v(u, s’) and have a good idea of what

properties our solution must have, we reconsider

thE(u, s’)

2

+ v(u, s')hﬂ(u, s)=0.
du

In region I our equation becomes
hé’(u, s’ + l——ﬂﬂ—;——l-l h, (u, sy =0.
: u

Whose solution is

hy(u, s) = Tl Y

In the second region 2
I

, aﬂh(u, s’)

" _

hﬂ(u, s’) - e & 0.

where



Here

hy(u, s') = AJu 11("1«/5_?')” B/UK, (%\/g)

And in the third region

2
/" 2 u N
hz(u,s) - ?hﬁ(u,s) =0

yields
1 uz 1 u2
, — —_— —
h,(u, s) -A,\/E'K_i_(/.s- 2)+ 13‘\/?11%(/1r 2).

We will soon be comparing our regional solution to WKB
solutions. To facilitate this comparison and to examine limiting
cases we list here various limiting forms of the regional solutions.

In region I for small u

Au“-1 % Bu"Z »AujHl ;

In region II, whenever aﬂ'\/_s,u—' is large (which occurs for large

£, large u, or small s’

1y agfF) » Sy S

(Zﬂdﬂ
and

u m/us % _GE h=
*/‘TKl("’@"{JE] §

In region III since ¢ is small and u is large, good approximations

to KL(uZIZJE‘) and Il(uZ/Z.\/r;) are
4 4



- 57 -

JEK%(%) ;Eg/; S (?/2/E)

s A u/2f
Zf Jmu

An alternate, more systematic, approach toward finding

Ja Iy

approximate solutions to [IV-A] is to use the WKB method. Because
v(u, s”) is negative for all u and s’>0, the method is particularly
appropriate. There will be no turning points, and no need to use
connection formulae.

We approximate the solution to

h’é(u, s + v(u, s')hz(u, sh =

4

exp :i:[ du,\/ | v(u, s’) |

h N =
i,(u. s’) r—s

We can now use the same arguments about v(u, s’) as we have used all
along to simplify the solution. Instead of using the exact unwieldy
v(u, s’) to find hz(u, s’) explicitly, we use an approximate v(u, s’).

This yields

WKB Solutions

v(u, s) hﬂ(u, s’) Region

_A(et+1) . [u]ﬂwﬂ(Hl) I
u? H(e+1y

! MEus’ ( fu )
- —— exp*\a,/—r II
4us /_“0,1 rl's

exp + (w_,—> 111

H(‘)l



- 58 -

We present a comparison of the WKB solutions vs. the

regional solutions in their limiting forms.

Limiting Regional WK s WKB
Solution B Sk e Regional

- | S -E [:.f—n(eﬂ " (u%)]

Region

4 Q’E,,IU;S 4 Q’!\IU;S
%“s e ras” e 2./ II
2Ty '\/°’_E‘

—ar/u; s

e 2/ II

[ﬂ]%e—ar/u/s]
s Zaﬂ

>
Qm

-(u /zf)

I

2 =
Jo9E o/

(’J

¥E
Ja
JE

LY

2
u-/ 2\/_‘
Tre [ 111

€ A

fa

<]

We see that the WKB solution is an adequate representation
of the true solution in all regions. Although the WKB solutions are
essentially equivalent to the regional solutions, we find it convenient
to continue by using the limiting forms of the regional solutions.

To deal properly with the inhomogeneous equation we use
Green's function

Glu ult) = M M (uiK(u, u’ t) .
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f(u, ) = [P’ M @Ky, ) e £=0) .
By substituting this expression for f(u,t) into equation [III-C ]

we see that K(u, u) s’) satisfies

s'K(u, u; s) - ai +8(u, s+ (5%+g><(9_. u, s') = M(u)s(u-u)

The solution to Green's function problem is significant in itself in that
it tells us what happens if we start a test oparticle with a particular
velocity u’.
To solve for K(u, 2: t) we use much the same technique as
before. Expand K(u, E: t) in spherical harmonics.
Klg wt) = ) Ry(uuwt)¥, (@)Y @)
,m
Then

§(u-u)M(u)
2

u

R,(u, u; 0) =

and R (u, u, t) satisfies [III-C ].
By making the change of variables

r ’
G,(u,us)
6:(217)% JARYA[)

Rz(ui u: S’) =

we have that

2 " 4 7 3
d G (us u, s ) 7 = 3
S Rt 26 (1, v 81 = Blu=u M ](u)%(zﬂ)a [AYAMT _ 4 (o

du2 u eﬂ"

Note that Gl(u, u) s’) is an ordinary Green's function and hence
is symmetric in u and u’. The change of variable is made in such

a way that Rﬂ(u, u, s’) is also symmetric in u and a’.
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Consider the Green's function in the limit of small €.

1
Gyt o 0 et
o ) =g g

g (w)g,()H(u-u) + g, (u)g, (u)H(u"-u)]

where H(u-u’) is the Heaviside step function. W(gll, gz) is the
Wronskian of the two independent solutions to the homogeneous equation
g, and g,. As we have done throughout this section, we will continue
to consider those frequencies corresponding to times greater than a

collision time.

As we have seen, for ¢ small,

2 =
g () =, /alu YT e~ /2/)

2
L= (/2T
gz(u) -’m A G e

and
W(gy,8,) = 2.
For u=s’

2. &
e—[(u +u’7) /4] 1 1 1 e—['(uz—ulz)/«/ﬁ?u
(2“_)% 2s’ Je o Jula

We see, then, that a particle starting off with a speed u’ will

K,(u, ul s’) -

have a distribution function independent of time and confined to the

band of energies

Ldu?w?)) 72/

The particle will make collisions, speed up and slow down, but
will be confined to an energy band whose width is determined by
na3()\/[3)2 . Since Kl(u, u, ) is independent of £ in this approximation,

the angular part of the problem sums to 5(Q-0Q"). That is,
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K(u, u, s’) = K(u, u, s')&(ﬁ-ﬁ') :

This is physically a contradiction. We cannot have energy
changes without angular changes. This contradiction arises from our
suppression of the £-dependent part of v(u, s’). This part of v(u, s’)
which is smaller than —(u2 /¢) in region III is hard to take into consid-
eration without making the mathematics much more difficult.

As ¢=0 we expect free streaming to set in.

a2 1) ; . L
K(u,uls) 2 = 1 I%_ /uu o~ W/uu [u-u’| /A/E)]

= ’ 7
(2“)'5 s uu €

Using the representation

§(x) = lim A e-klxl
A=
we have
K(u, uj s = E%-M—gl)-a(u-u’) .
Thus
£pa, 8 = Idu’u’z M—l(u')é; M('“ 8 (u-u)f(w, t=0)
u

becomes

f(u, s') = ;Irf(u, t=0).

Consider next an s’»0 situation. The second region takes up
most of the u axis, certainly that part of the u axis in which most
of the particles of any reasonable initial and evolved distributions are

included.

Ryl 65 = 1 N RCAN RN TN S
! (Zv);ge Aw)Aa(u) % e
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r
Since 9 (u, s')-a—sz- as s’=»0,

JM(u)M(uv AR CA WSS FAES
@n@e/s’

Again, it would be of interest to understand this Green's

ﬂ(uQ u’ s )

function's behavior in t space. Corngold(7) has shown that for large

vt,

a. 2
,  -[2y3(2t)7]
— = e

.,/ bt

R, (4, t,NJM(u)gd(xﬁ Y’
2r)Rre %

cos[%ﬁy%(Zt)%]

where
Y =9 |'\/1—1‘ -4 l .
Notice this predicts an exponentially damped oscillatory solution with

the period increasing in time.

We can invert Rz(u, u, s’) exactly. For a>0

a-1
'1{ '“”S’} ()2 L 25E)

Since we are dealing with 1 7% K 1JE) , we must in addition make

use of the formula

@ 3
1 1 -(u”/4t)
{g(/s)} " F f(u)d
g -] 21T Ioue u)au

where
£f(u)] = g(s) .

Inverting into t space, the time behavior is

—[(u2+u'2)/4]$/ 7 o ' 2
R,(u, uj t) = = 5 . R ]' AT (2da e - e 14t
. 2'(715S 0 e 2

(2m)2 %
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Figures [IV-6] through [IV-8] show the time behavior of

o 2
%—I dxx e"(x /4t)J0(2»./yx ). Notice that as yt becomes large (= 30),

t2 %0

the curves agree with the asymptotic prediction. There is an
exponential damping of oscillatory solutions with variable period.
Recall that this form of the Green's function is achieved in the s'=»0
limit. The Tauberian theorems predict this corresponds to long times,
thus, we should believe our answers only after a few collision times
have past, say for t>4.

Figure [IV-9] shows Rg(y, t) as a function of y for several
fixed times.

From the figures we see that the Green's function vanishes as
t->=. Physically this corresponds to the '"randomizing'' of the distri-
bution function. All spherical harmonics with £>0 are damping out,
and as we shall soon show, only the £=0 component remains.
Figures [IV-6] through [IV-8]show us that as vy increases, the rate
of decrease of RB(Y’ t) becomes larger. Since y is proportional to
£(£+1)|ﬁ-,\/1?‘ we can infer that for fixed ‘ﬁ—ﬂl, the most
anisotropic components of the distribution function will decay out the
fastest. This also shows that |,/u-./u”| cannot be too large. If
lﬁ-ﬁl is large, vy is large and at long times (for which the Green's
function is wvalid) the distribution function is zero. This is related to
the band of energies effect.

Finally, we consider the region u<s’, that is,extremely low

energy particles. Here
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1 1 L[ A4

JAWAMY (21)2e

In this region 8, c4/s' . The time behavior of this function is the

G(u, u, s) = H(u'-u) + e e H(u—u'):l

highly singular §'(t). That is, all of the randomizing in this region
occurs at an early instant,and after even a single collision time its

distribution function contains no terms with £>0.

B. £ =0.
The isotropic, or £=0 component of the one particle distribu-
tion function can be analyzed in a manner similar to that used for the

anisotropic components. The £=0 component of f(u, s’) is RE—O(U" &)

o(uo 8 ) (u, s )

./A(u s’)

where
dzho(u, s’) ,
—'—d—z— + szo(u, s')ho(u, g) =
u
vy_o(® s’) is now
" ’
(u, s’) = - .‘i 21 ﬂ_' = [ n_ .3 s’
=0\ ) = """ 23 3 R ST
Figure [IV-10]shows v(u, s’) for various values of s’. Notice
that unlike the >0 case, -v(u, s) is not everywhere negative. As
s’+0, -v(u, s’) develops a turning point. Since the small s’ and large
s’ behavior of v(u, s’) differ, it is important to study both limits.
We change variables from u and s’, to u and x with

x=8"//2Zu. We study the x-0 and x-« limits. Writing v(u, s) as

V(u, x)
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Hv:(u, X) = —lz-ral(x) + az(x)uz +a3(x)u4:] ;
4= -

where z,(x) is the same as [IV-G ] now with £=0, a,(x) and a,(x)

are precisely as[IV-H] and [IV-I] respectively. Consider the limit

x+0.
a ;(x)~»0
1
az(x) = 7
and 1
a3(x) - -E :
Considering the resultant differential equation we have
2 2
d h(u) , (l,u_)h(u) = 0
a 2 2 e
u
(18)

Mazo was the first to study such equations in the context of modern

kinetic theory. The solution to our particular equation is
hy(u, 8% = ADO(@ +BDO(@) .
Je Je

where D_a(y) is the Weber function of index a.

Mazo has shown that D_a(y) is entire in a and y. Further,
for large values of y
~ty%/4)

L) ~yTe

The Wronskian is ,/2r/T'(a). Since ¢ is small, for all but extremely

small u, our Green's function is proportional to

e-[l(uz—u'z)/«/e_:'ll

s

As we saw before in some detail this corresponds to the test

particle being trapped in an energy band determined by the interaction
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strength, and density of the both. Unlike £>0, however, this is true

in the 1lim s’-»0. At long times the test particle's distribution function

is isotropic and is determined by the initial conditions as shown above.
7

Consider the short time limit, that is, s'»®. Now

ay (x)= 0
and

Our equation becomes
2 ’ 2 2
) (£ 248 ey
du £

The solution is AD (u) + BD 2 (-u). The Green's

(&2 /7)1 (€9 f)+1

function can be expressed as

rE-1y
(e / 1 1 l:D g (WD, (u)H (u-u’)
JZTE JBANY 2myBe| (2Rl -(82/7)41

G(u, ul s') =

—
+D (u’)D 2

5 (-u)H(u’-u)]
(87 /) +1 (s /7T)+1

Consider now the difficult problem of inverting into t space.
Since Da(x) is entire, and 39"-’c4/s' as x-®, the only singularities
in this problem come from T((s’zl €)-1). The Gamma function is
singular whenever
s2=(1-ng =n=0,1,2,...
A1l singularities for s’ large occur on the imaginary axis. (Since

- - 4 . . . sas .
we are considering a large s  limit, those singularities occurring for
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|s’| «« 1 are suspect.) At extremely short times the distribution
function is described by a superposition of periodic motions.

In this research we have derived and solved an equation
describing test particle motion in a Lorentz Gas. Within the weakly
coupled description, we find that the distribution function describing
the test particle becomes isotropic at a rate which depends on the
density and interaction strength of the system. We have solved our
equation for the asymptotic forms of the Green's function in several
interesting limits.

This work can be extended in a number of directions. One of
the most promising possibilities is the relaxation of the assumption
about mass ratios. By allowing an arbitrary ratio of the mass of the
test particle to the mass of a bath particle, we consider a rather
general test particle problem. The mathematical consequences of an
arbitrary mass ratio will stem from the different $ tensor in the
equation for f(p, t).

Another area that needs further work is in finding ways of
extracting more detailed information from solutions to our equation.
While our intuitive regional approximation scheme will give us clues
as to the asymptotic behavior of f(p, t), more detailed information
awaits systematic developments.

The § tensor is sensitive to the interaction potential used.
We have found that § develops singularities whenever the interaction
potential is not an entire function. Why? What are the properties of

f common to all repulsive potentials? And so on.
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We have noticed that the destruction fragment vanishes when
we choose our particular Projection Operator. This raises questions
as to the physical significance of this term. Quite possibly the
destruction fragment contains information concerning collective
motion.

These are some of the most obvious extensions of this
research. There are many others. The Zwanzig approach toward

solution of the N-body problem seems to hold tantalizing possibilities.




(2)

(b)

(c)

(d)
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NOTES

In this limit, the bath particles becomes infinitely massive
but T remains constant.

This is true for ¢ small which is one of our assumptions.
Particles 2 through N are considered to form an equilibrium

bath.

f(x) will be considered dependent parametrically on k.
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Figure [IV-5].
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Figure III-1.

Figure III-2.

Figure III-3.

Figure IV-1.

Figure IV-2.

Figure IV -3,
and
Figure IV -4.

Figure IV-5.

Figure IV-6.
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Figure Captions

8,(x) and § (x) are plotted as functions of x for the case
of a Gaussian potential. Since x = —S-'- , we see that for
s’, 9, and § are monotonically degzjl-_ze::sing functions of
T,

The velocity autocorrelation function and its kernel are
shown for the case of a Gaussian potential. These
curves are dependent on the assumption of weak coupl-
ing. t is measured in units of collision times.

The same quantities are plotted for a larger

g = na3(ﬁ) . Notice the increased '""'structure'' of the
B

curve.
-v(u, ') is plotted against u for s’ =1 and ¢ = 10—6.
Notice that there is no region varying as 1/u at this
high frequency, corresponding roughly to a single col-
collision time.

Again, -v(u,s) is plotted against u. Now that the fre-
quency is much lower, there is a large region varying
as 1/u. As s'= 0 this region predominates.

The same effect as described in IV-1 and IV-2 is shown
for a larger value of ¢

In this graph we wish to emphasize the dependent of
v(u,s’) on ¢. &' is taken to be 10_6. The 1/u depen-

dence is most pronounced for the highest value of e.

In this graph we plot the long time behavior of the
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Green's function of kinetic Eq. III-C. Our system is
a Lorentz gas where the test particle interacts with
both particles by means of a Gaussian potential. This
first graph in the series covers the range a = Y be-
tween . 005 and .5 (see pp. 62 and 63).

Figure IV-7. This graph shows the long time behavior of the Green's
function for a between 1 and 10. Note that a increases
as £ and |u-u'| increase.

Figure IV-8. This graph shows the long time behavior of the Green's
function for large values of a,

Figure IV-9, In this figure the Green's function of III-C is plotted as
a function of a for various times (measured in collision
times), Note that as t - @, the Green's function vanish-
es for all a,

Figure IV-10. This is v(u;s’) for the special case £ = 0. Notice that

v(u;s’) does change sign for & small.



