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Resumen

El objetivo de esta tesis es el estudio de la dinamica del problema espacial de
tres cuerpos. En particular, se establece la existencia de toros KAM asociados a
diferentes tipos de movimientos. El problema espacial de tres cuerpos es un sistema
hamiltoniano de nueve grados de libertad. La primera parte de la tesis consiste en
aplicar técnicas de promedios y reduccion con el fin de obtener un sistema reducido
de un grado de libertad, es decir, aquel en el que todas las simetrias continuas han
sido reducidas.

El estudio, desarrollado a lo largo del presente documento, es vélido en las re-
giones en las cuales el hamiltoniano del problema espacial de tres cuerpos puede ser
expresado como suma de dos sistemas keplerianos méas un pequena perturbacion.

El proceso de reduccion consta de las siguientes etapas:
1.- Reduccion de la simetria traslacional.
2.- Reduccién kepleriana, introducida en el proceso de normalizacion.
3.- Reduccién de la simetria rotacional.
4.- Reduccién de las simetria introducida al truncar el desarrollo del potencial.

En primer lugar, reducimos la simetria traslacional, escribiendo el hamiltoniano
en funcion de las coordenadas de Jacobi. A continuacion, utilizamos las variables
de Deprit para eliminar los nodos. Posteriormente, normalizamos con respecto de
las anomalias medias en una regioén sin resonancias y truncamos los términos de
mayor orden. El sistema obtenido es expresado en términos de los invariantes que
definen el espacio reducido, el cual es una variedad simpléctica de dimensién ocho.

En segundo lugar, se reduce la simetria rotacional que viene determinada por
el hecho de que el médulo del momento angular total y su proyeccion en el eje
vertical del sistema de referencia inercial son integrales del movimiento. Una vez
calculados los invariantes asociados a las simetrias generadas por dichas integrales
y el espacio reducido correspondiente, expresamos el hamiltoniano en término de
estos invariantes. Ahora el espacio reducido tiene dimension seis y es singular
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para algunos valores de los parametros. En esta parte del estudio, la teoria de la
reduccién singular juega un papel clave.

El altimo paso en el proceso de reduccion es el de eliminar la simetria asociada
al argumento del pericentro del cuerpo exterior. Dicha simetria aparece al trun-
car el hamiltoniano, puesto que este resulta ser independiente del argumento del
pericentro. Una vez finalizado el proceso de reduccion, obtenemos un espacio, que
puede ser regular y difeomorfo a S? o singular con a lo sumo tres puntos singulares,
de dimensiéon dos parametrizado por medio de tres invariantes. En este espacio
estudiamos los equilibrios relativos, su estabilidad y bifurcaciones.

Partiendo del anéalisis de los equilibrios relativos en el espacio méas reducido,
llevamos a cabo la reconstruccion de toros KAM alrededor de cada equilibrio de
tipo eliptico. Nuestro estudio consiste en una combinacion de técnicas de regu-
larizacion basadas en la construccion de espacios reducidos a diferentes niveles y
la determinacion explicita de coordenadas simplécticas. Todo esto nos permite
calcular las torsiones para todas las posibles combinaciones de movimientos que
las tres particulas puede seguir, incluyendo aquellos en los que los cuerpos inte-
riores siguen trayectorias casi rectilineas. Para probar la existencia de soluciones
cuasi-periddicas utilizamos el teorema de Han, Li y Yi para sistemas hamiltonianos
con alta degeneracion y obtenemos toros KAM, de dimension cinco, alrededor de
equilibrios elipticos que representan diferentes tipos de movimientos.

Centrandonos en los movimientos casi rectilineos, encontramos soluciones cuasi-
periodicas de los tres cuerpos tales que los dos cuerpos interiores describen orbitas
cercanas a las de colision. Los cuerpos interiores no colisionan, siguen oOrbitas
acotadas con excentricidades préoximas a uno. Estas soluciones estan asociadas a
puntos de equilibrio elipticos y o bien estan en el plano invariable o son perpen-
diculares a él. Estas soluciones llenan toros invariantes de dimension cinco.
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Aims.

We deal with the dynamics of the three-body problem in the three-dimensional
space. The three-body problem has attracted interest of the most notable math-
ematicians since Newton, giving as result different studies, see [35] and references
therein. We restrict to the case of non-zero angular momentum and negative en-
ergy, avoiding collisions among the three bodies. Our purpose is the study of the
dynamics of the system and particularly the proof of the existence of different
families of quasi-periodic solutions. One way to proceed is to use perturbation
theory to get a simpler system with the same relevant qualitative information as
the original one but with a lower dimension. Then, we study the simpler system
and we apply KAM theory to obtain conclusions about the original system. Thus,
our first aim is to apply a combination of averaging techniques with reduction the-
ory in order to build a reduced Hamiltonian and a reduced phase space as simple
as possible. This reduction process takes into account all possible continuous sym-
metries of the problem, including the symmetry generated by the two approximate
integrals obtained after performing the normalisation with respect to the two fast
angles and truncating the higher-order terms.

Reductions of all continuous symmetries.

The spatial three-body problem is a Hamiltonian system of nine degrees of
freedom. After reducing the translational and rotational symmetries we obtain a
four degrees of freedom system. The reduction by the translational symmetry is
usually performed through the introduction of Jacobi coordinates, passing to an
equivalent system of six degrees of freedom, after attaching the frame of reference
to the centre of mass of the system.

After that, the elimination (or reduction) of the nodes proposed originally by
Jacobi is performed using Deprit’s elements of the N-body problem introduced
by André Deprit in 1983 [26] and used later by Ferrer and Osécar in the stellar
three-body problem [34] and very recently by Chierchia and Pinzari to determine
invariant tori of the spatial N-body problem through three consecutive outstanding

ix
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papers [11, 12, 13]. The resulting Hamiltonian defines a system of four degrees of
freedom to which we can apply normalisation in order to get rid of the two fast
angles, i.e., the mean anomalies of the fictitious inner and outer ellipses. In order
to apply perturbation theory we need to establish the possible regimes where the
Hamiltonian of the three-body problem can be split into two Hamiltonians: the
unperturbed Hamiltonian composed of two Keplerian terms and the perturbation,
which is supposed to be small with respect to the principal part. We make this
discussion as general as possible in order to include all possible cases where this
splitting is properly done. Indeed, the classification of the different zones of the
phase space where the splitting is valid has been already done by Féjoz [31] for
the planar three-body problem and we export it to the spatial case. Our study
is valid in all the regimes defined by Féjoz. The averaging is performed up to
terms including the Legendre polynomials of degree two. After truncating the
higher-order terms the averaged Hamiltonian defines a system of one degree of
freedom since, up to this approximation, this Hamiltonian is also independent of
the (planar) argument of the pericentre of the outer ellipse.

Reduction theory is used to pass from the Hamiltonian defined on an open
subset of the phase space R'? (e.g., the Hamiltonian written in Jacobi coordinates
that describes the motion of the system with the inner and outer bodies) to the
fully-reduced space whose dimension is two and which is embedded in R3. The
reduction process is realised using invariant theory which allows to obtain global
coordinates in the reduced spaces. For convenience, we have performed the reduc-
tions by following the stages given by: (i) We start with the Keplerian reduction
that is performed using the Laplace-Runge-Lenz and the angular momentum vec-
tors of each fictitious body. This procedure lies on the regular reduction theory
introduced by Meyer [59| and independently by Marsden and Weinstein [57]. It is
related to the normalisation of the corresponding two anomalies and allows us to
define the associated reduced system as a Hamiltonian of four degrees of freedom
in a manifold of dimension eight which is defined by the Cartesian product of four
two-spheres. The twelve invariants associated to the reduction plus four relations
among them are written explicitly in terms of the Laplace-Runge-Lenz and angular
momentum vectors. (ii) The next step consists in reducing the symmetry resulting
out of the elimination of the nodes. This reduction is singular in the sense of Arms,
Cushman and Gotay [2] (see also [20, 21, 22|) and the new set of invariants are
obtained as polynomials in the invariants of the Keplerian reduction. There are
six fundamental invariants subject to two constraints relating them. As the com-
putations turn to be very involved we make use of Deprit’s coordinates in order to
choose the invariants that generate the phase space properly. The reduced phase
space has dimension four and is singular for various combinations of the parame-
ters involved in the reduction process. The corresponding Hamiltonian system has
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two degrees of freedom. (iii) The final step consists in reducing out the symmetry
introduced by the modulus of the angular momentum vector of the outer ellipse.
The three invariants related to this last reduction and the relation among them
define the fully-reduced two-dimensional phase space. This phase space is a surface
that depends on three parameters, it is parametrised using Deprit’s elements and
may have zero, one, two or three singular points. We also obtain the fully-reduced
one-degree-of-freedom Hamiltonian. Our approach is global in the sense that we
deal with the flow of the fully-reduced system in the whole fully-reduced space.

Study of the simplest system.

Once all the invariants are built, the averaged Hamiltonian is written in terms
of them and the right form of the fully-reduced phase space is established, the
next step is the discussion of the occurrence of the different relative equilibria of
the reduced Hamiltonian system. This is done in terms of the invariants and the
fundamental constraint that define the fully-reduced phase space. There are two
basic parameters to perform the analysis, namely the modulus of the total angular
momentum vector and the modulus of the angular momentum vector of the outer
ellipse. They generate the plane of parameters which is divided into six different
regions and presents five bifurcation lines. There are also three special points in
the bifurcation lines. Each region has a different number of relative equilibria,
ranging from two to six. The number and stability of the equilibria change when
crossing the different lines.

There are several papers dealing with the spatial three-body problem from the
same viewpoint as ours. The usual procedure to perform the elimination of the
nodes is by using Delaunay coordinates. However Jacobi’s approach applies in
a submanifold of the twelve-dimensional phase space of dimension ten, thus its
validity is limited. This is pointed out by Biasco et al. in [6] (corrigendum) (and
see also [8]). Jefferys and Moser in [46], McCord, Meyer and Wang in [58], Lidov
and Ziglin in [53] and Zhao in [90] avoid this by taking the invariable plane as
the horizontal plane in the inertial frame. Jefferys and Moser obtain a collection
of invariant 3-tori encasing near-circular quasiperiodic motions. Harrington [40]
deals with the stellar three-body problem, which concerns with the motion of three
bodies of arbitrary masses moving such that the distance between two of them is
much less than the distance of either from the third. This situation is also called
the lunar case of the three-body problem. Harrington applies the elimination of
the nodes and von Zeipel method to average the Hamiltonian up to third order.
After truncation the resulting system has two degrees of freedom and surfaces of
section are computed to analyse some stellar systems. Lidov and Ziglin [53] also
use Delaunay coordinates to eliminate the nodes. Then, they apply averaging in
order to simplify the Hamiltonian equations. They make a complete discussion
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of the relative equilibria, their stability and bifurcation lines. Nevertheless, their
fully-reduced phase space is not right, hence some of the conclusions they derive
from the analysis of the plane of parameters are not correct.

In a remarkable paper Ferrer and Oséacar [34] make a comprehensive analysis
of the spatial three-body problem following the guidelines of Lidov and Ziglin but
using Deprit’s instead of Delaunay elements. We have followed their approach. The
plane of parameters discussed in [34] is analysed in great detail and represents an
improvement to that of [53]. However, the reduction process by stages of [34] is
performed in the context of regular reduction, thus some conclusions extracted
from the points of the fully-reduced phase space that should be singular are not
correct. Hence, one of our aims is to clarify the dynamics of the fully-reduced
system related to the singular points of the surface. More recently Farago and
Laskar [28] use Ferrer and Osacar’s approach to study the so-called Lidov-Kozai
mechanism and apply the theory to multiple star systems. Recently, Zhao [90]
does a similar work as ours but without taking into account the singular reduction
theory which makes the study global.

Related works treating the planar case of the three-body problem using reduc-
tion and analysing the relative equilibria, their stable character and bifurcations
are due to Lieberman [54] and more recently to Féjoz [30, 31] and Cordani [18].
The last three papers are of great interest as they analyse the reduced problem
from a global point of view, as Ferrer and Osécar do in [34]. On the one hand,
Féjoz uses the equilibria to reconstruct the invariant tori of different stability type
and dimensions, getting a large variety of tori for the problem. On the other hand,
Cordani continues with Féjoz’s approach but using singular reduction, which allows
him to clarify some conclusions obtained in [30, 31]. However, as these authors
recognise (p. 328 of [31] and p. 15 of [18]), the spatial case of the three-body
problem deserves further research. In this respect our main contribution is the ap-
plication of the singular reduction theory for the three-body problem in the space.

Flow reconstruction.

Once the study of the relative equilibria, stability and bifurcations is done,
the next step is to prove the existence of invariant tori of the full Hamiltonian
that appear as circles surrounding the relative equilibria of elliptic type in the
fully-reduced space. Thus we reconstruct certain families of 5-tori corresponding
to the full Hamiltonian by introducing a pair of action-angle variables needed for
the local analysis around the elliptic equilibria in the fully-reduced space. The
other actions we use are indeed the four independent integrals of motion that are
employed to build the fully-reduced space.

The motions we deal with in our study admit different combinations, for in-
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stance, the outer particle may move in a near-circular orbit or the invariable plane
may coincide with the horizontal plane and the inner particles may follow a near-
rectilinear trajectory lying in the invariable plane or being perpendicular to it.
This leads to different situations that have to be analysed in different intermediate
reduced spaces. We achieve our study by considering all possible cases, construct-
ing an adequate set of coordinates and computing the corresponding torsion in
each case.

Nevertheless other families of KAM tori cannot be reconstructed from the fully-
reduced space. The reason is that the action variables (either Deprit’s or Delaunay
coordinates) are not defined for all kind of bounded motions. For instance if the
outer ellipse is near circular and the inner and outer ellipses do not lie in the
same plane we cannot use the modulus of the angular momentum vector of the
outer ellipse as an action variable. Therefore this type of quasi-periodic motions
are studied in the reduced spaces previous to the last reduction process. More
specifically there are five families of invariant tori that are reconstructed from the
four-dimensional reduced space. In these cases one needs to introduce for each
family two pairs of action-angle variables to carry out the KAM theory. Moreover
another family is studied in a reduced space whose dimension is six and one more
family is studied in the eight-dimensional manifold where the only reduction per-
formed is the Keplerian one. A classification of all type of tori reconstructed from
the different reduced spaces appears in Table 5.1.

In all the cases an appropriate KAM theorem is needed. However the spatial
three-body problem is a degenerate Hamiltonian system, that is, the perturbation
appears at least in three different scales. Therefore we cannot apply the KAM
theorems available for the degenerate cases. Recently Han, Li and Yi [36] have
proved a KAM theorem that is valid for highly degenerate Hamiltonian systems
and applies in our cases. We will introduce it in Chapter 1.

One of the goals of this thesis is to classify different types of motions in the
spatial three-body problem. Starting from the analysis of the elliptic relative
equilibria of the one-degree-of-freedom reduced system done we reconstruct the
flow of the full problem. We show that the different motions of the three bodies
have to be studied in the adequate reduced (orbit) spaces accordingly to their
level of degeneracy and that specific variables should be designed for achieving
this study.

Near-rectilinear motions of the inner particles can be studied properly because
we justify the use of the averaged system by means of the regularisation mapping
due to Ligon-Schaaf for the Kepler problem. This regularising procedure does
not need to change time and can be applied to perturbed Keplerian problems
provided the perturbation is regular for collision orbits, which is our case. Next, the
averaged (and truncated) Hamiltonian is reduced out by the Keplerian symmetry
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and the double inner collisions can be analysed in the resulting manifold of the
reduction. This feature is maintained through the rest of reductions, therefore
the inner ellipses are allowed to become straight lines and rectilinear solutions
are taken into consideration. A first issue is that when the (real) inner bodies
move on straight lines the outer ellipse lies on the plane perpendicular to the total
angular momentum vector. This plane remains fixed in space and is called the
invariable plane. In particular there are relative equilibria in the fully-reduced
space corresponding to inner motions such that their projections into the three-
dimensional coordinate space are parallel to the total angular momentum vector.
They are always singular points of the fully-reduced phase space. In addition to
that, there is a relative equilibrium that is related to near-rectilinear motions that
are in the invariable plane, thus the outer and inner bodies share the same plane,
e.g. their motions are coplanar. Moreover, the point of the fully-reduced space
that corresponds to any kind of coplanar motions — not necessarily rectilinear
or circular — is always an equilibrium of the equations of motion. The point
corresponding to circular motions of the inner ellipses is an equilibrium provided
that the action related with the mean anomaly of the inner bodies does not exceed
the sum of the modulus of the total angular momentum vector and the modulus of
the angular momentum vector of the outer ellipse. When these two quantities are
equal the point of the fully-reduced phase space becomes singular. If the action
conjugate to the mean anomaly of the inner fictitious ellipse is bigger than the
sum of the modulus of the two angular momentum vectors aforementioned, then
circular motions of the inner bodies are no longer allowed. Other relative equilibria
of the fully-reduced space are related with other types of inner ellipses that have
different eccentricities and inclinations.

Concerning the near-circular-coplanar motions in the planetary case, where
one body dominates the system and the others are small, Robutel [75] extends
Arnold’s result to the spatial planetary three-body problem. The existence of
quasi-periodic motions for almost all values of the ratio of the semi-major axis and
almost all values of the mutual inclination up to about one degree is proved. Biasco,
Chierchia and Valdinoci [6] deal with the case of lower-dimensional tori, proving
the existence of two-dimensional KAM tori in the spatial three-body problem.
Féjoz |32] (following Herman) gives a complete proof of ‘Arnold’s Theorem’ on the
planetary N-body problem, establishing the existence of a positive measure set of
smooth Lagrangian invariant tori. The analytic version of the invariant tori is due
to Chierchia and Pusateri [14]. Another direct proof of Arnold’s Theorem as well
as the existence of elliptic lower dimensional tori are carried out by Chierchia and
Pinzari [12, 13].

Only a few results are known outside the near-circular-coplanar regime. Jef-
ferys and Moser [46] prove the existence of two- and three-dimensional invariant
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tori for the spatial three-body problem. The three bodies move around their cen-
tre of mass in quasi-periodic orbits that are nearly circular and inclined. They
find these motions in two situations, the planetary case and the lunar case, where
the mass ratios are arbitrary but the ratio of the two semimajor axes is small. In
the planar case Lieberman [54] analyses the relative equilibria, together with their
stable character and bifurcations. More recently Féjoz [30, 31| determines the
quasi-periodic motions related to the relative equilibria of elliptic and hyperbolic
character obtained after reducing out the symmetries of the problem. These solu-
tions belong to what he calls the perturbing region, where the Hamiltonian splits
as the sum of two Keplerian systems plus a smaller perturbation. By using singu-
lar reduction, Cordani [18| confirms Féjoz’s conjecture on the number of relative
equilibria of the two-dimensional reduced system. Recently Zhao in his thesis [90]
(see also |91, 93]) uses Herman and Féjoz’s ideas on special KAM theorems valid
for degenerate cases to obtain a large variety of quasi-periodic solutions, including
near-circular-coplanar and almost-collision orbits in the lunar case of the spatial
three-body problem.

The reconstruction of the flow goes in the same lines as Zhao’s work [90, 91,
92, 93| in the sense that we also obtain quasi-periodic solutions for the spatial
three-body problem. Nevertheless, we focus on the classification of all possible
bounded motions of the three bodies in the different reduced spaces, introducing
adequate action-angle variables. Besides, Zhao uses KAM results due to Herman
and Féjoz, whereas we use Han, Li and Yi’s Theorem. As we work in the context
of singular reduction, our analysis is global. In particular we prove the existence of
quasi-periodic motions where the inner particles describe bounded near-rectilinear
trajectories whereas the outer particle follows an orbit lying near the invariable
plane. These motions fill in five-dimensional invariant tori. Moreover, the inner
particles move in orbits either near an axis perpendicular to the invariable plane
or near the invariable plane.

In the circular restricted three-body problem, Moser 67| pointed out that there
are near-collision periodic motions in the spatial lunar case, both in the plane of
the primaries and in the perpendicular axis. Belbruno [5] gave a proof for the
existence of the vertical solutions when the mass parameter is small, generalising a
previous result by Sitnikov [84]. This was enlarged in [88] for any value of the mass
parameter; it was also proved that these periodic solutions are elliptic. Concerning
the existence of quasi-periodic solutions and KAM tori, Chenciner and Llibre [9]
established in the planar lunar case the existence of quasi-periodic almost-collision
solutions filling in KAM 2-tori. For the spatial lunar case it was shown in [64] that
there are both vertical and coplanar quasi-periodic almost-collision solutions filling
in KAM 3-tori. For the non-restricted planar problem, Féjoz |29, 31| proved the
existence of invariant KAM 3-tori filled up by the near-rectilinear quasi-periodic
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solutions in the asynchronous region (a zone of phase space where the inner bodies
revolve quickly when compared to the outer body, this region enlarges the lunar
one). This has been generalised recently by Zhao [90, 93] who dealt with the spatial
three-body problem in the lunar case concluding the existence of quasi-periodic
almost-collision solutions and KAM 5-tori. In all these studies the periodic and
quasi-periodic solutions are bounded (although the semimajor axes can be very
big). Moreover in the restricted problems the infinitesimal does not collide with
the primary it revolves around whereas in the non-restricted case the two inner
bodies get arbitrarily close one another an infinite number of times but they do
not collide.

The studies accomplished in this thesis are presented in three papers [69, 70, 71].
The first one develops the reduction and the study of the dynamics in the most
reduced space. The following two we reconstruct the flow in the intermediate
spaces concretely those related with the KAM tori of dimension five of the original
system. In the second paper for the non-rectilinear motions and in the third one
for the near-rectilinear motions.

Structure of the thesis.

We devote the first chapter to the revision and summary of some basic concepts
in perturbed Hamiltonian systems, KAM theory, normalisation, reduction and
Grobner bases. In fact, we consider the three-body problem as a perturbation of
an integrable system, i.e., a nearly integrable system. The section devoted to the
KAM theory finishes recalling the Han, Li and Yi’s Theorem, which is the result
that allows us to conclude the existence of KAM tori.

In Chapter 2 we present the Hamiltonian of the problem focusing on the differ-
ent types of three-body problems that can be dealt with using our approach. Then
we present Deprit’s variables and the normalisation of the fast angles, i.e. the two
mean anomalies of the problem. The successive reductions are also determined in
this chapter, obtaining the intermediate phase spaces together with the invariants
and the final expression of the fully-reduced Hamiltonian. Finally, we deal with an
account of the main features of the reduced phase spaces, the dynamical meaning
of the singularities and the location of other classes of motions on the different
surfaces. See also [69, 70].

Chapter 3 is devoted to the working out of the equations of motion corre-
sponding to the fully-reduced problem, classifying the relative equilibria, studying
their stability and the bifurcations in terms of the two relevant parameters of the
problem, see also [69].

In Chapter 4 we account for the passage from the fully-reduced space to the
higher-dimensional ones through stages. We analyse the singularities of some in-
termediate spaces and where the possible motions of the three bodies are located in
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the different reduced spaces, including the reconstruction concerning the rectilin-
ear motions of the inner particles. Specifically, starting from the one-dimensional
compact set that contains all motions which are represented by elliptic relative
equilibria in the fully-reduced space, we map this set to three reduced spaces
whose dimensions are four, six and eight. This will be needed later on to achieve
the construction of adequate action-angle variables to deal with different types of
motions in these spaces. The results also appear in |70, 71].

Chapter 5 deals with the proof of the theorem which establishes the existence of
invariant 5-tori related with elliptic equilibrium points without taking into account
those related with near-rectilinear motions. We achieve this by computing the
torsions in the different cases. We choose one representative case of each group in
Table 5.1 and develop the proof, see also [70]. One can find the remaining cases
in Appendix B.

In Chapter 6 we present the different types of invariant 5-tori related with
near-rectilinear motions. The results establish the existence of the invariant 5-tori
and quasi-periodic solutions of near-rectilinear type for the inner particles. These
solutions correspond to the three relative equilibria in the fully-reduced space. In
particular, we conclude the existence of KAM b5-tori for motions such that the
inner particles move near the axis perpendicular to the invariable plane while the
outer particle moves near the invariable plane in a non-circular orbit. We also
prove the existence of KAM 5-tori for the inner bodies but such that the outer
particle describes a near-circular motion. At the end of this chapter, we focus on
the case where the three particles move near the invariable plane and the inner
particles have motions of rectilinear type, ending up with the existence of KAM
5-tori for these solutions. The results are collected in [71].

Finally, the main conclusions and future work are delineated. The formulae
that relate Deprit’s elements with the invariants of the (regular) Keplerian reduc-
tion appear in Appendix A. In Appendix B, one can find the remaining cases which
have not been proved in Chapter 5.
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Chapter 1

Basic concepts of perturbation
theory, symplectic reduction and
computer algebra

In this chapter we introduce some basic concepts about the study of perturbed
Hamiltonian systems. Particularly, perturbation theory, Lie transformations, nor-
mal forms, reduction theory, KAM theory. We also introduce some results related
with Grobner bases which are used to define the invariants associated to the re-
ductions of the continuous symmetries which we apply in Chapter 2.

1.1 Symplectic transformations

The use of symplectic transformations to simplify a Hamiltonian system has
been employed widely in Celestial Mechanics. Here we summarise some well known
concepts.

1.1.1 Averaging

Perturbation theory studies the problem of the influence of small Hamiltonian
perturbations on an integrable Hamiltonian system. Following the book by Arnold,
Kozlov and Neishtadt [4] we introduce the concept of averaging in Hamiltonian
systems.

Given an unperturbed completely integrable Hamiltonian system H, for which
some domain of its phase space is foliated into invariant tori, and the action-
angle variables I = (Iy,...,I,) € B C R" and ¢ = (¢1,...,¢,) mod 27 € T".
The unperturbed Hamiltonian system depends only on the action variables, i.e.,
Ho(I) and this Hamiltonian is subjected to a small perturbation by H = Ho(I) +

1
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eH1 (1, ¢;€) or equivalently [ = —5% and ¢ = % - 5% where H1 (I, ¢;¢) has
period 27 in .

By assuming the functions H, and H; to be analytic and applying averaging
we obtain a simpler Hamiltonian which describes the slow motion and is called the
averaged Hamiltonian:

H(J,e) = Ho(J) +eHi(J) + O(?)

where )
Hi = (Ha(J,9;0))p = W//?—h(ﬂ ©; 0)dp
Tn
(here dp = (dey,...,dp,)). For us averaging is the same as normalisation.

When the Hamiltonian does not depend on all the action variables (proper
degeneracy), correspondingly, some of the unperturbed frequencies are identically
equal to zero, i.e., H = Ho(l1,..., 1) +eH1(I,¢;e) with r < n, then the phases
@;, j > r, are slow variables. One should average the equations of the perturbed
motions over the fast phases, meaning, ¢;, © < r. Let us note that the variables
conjugate to the fast phases are integrals of the averaged system and the averaged
Hamiltonian system has n — r degrees of freedom for the slow phases and their
conjugate variables. The correspondence between the solutions of the exact and
averaged system can be solved by using KAM theory. Summarising, the critical
points of the averaged system are in correspondence with periodic orbits of the
original one. Particularly, non-degenerate critical points of the averaged system
lead to quasi-periodic orbits of the original system with the same type of stability.

We will focus on the averaging in non-resonant domains, that is,

!
[k]7
where |k| =) .., |kil, w = (w1, ...,w,) the frequencies’ vector and the operator
(-) refers to the usual dot product. We shall deal with this type of conditions
in the last section of this chapter, in the context of KAM theory. If the domain
is non-resonant, the averaging can be applied with an accuracy of order ¢, i.e.
I(t) — J(t) = O(e) on the time scale 1/¢.

Sometimes the averaging at first order is not enough because one needs to
consider the dynamics of the higher-order terms. It can be achieved through
the normalisation by applying Lie transformations which are introduced in the
following subsection.

|k - w| > for all k€ Z"\ {0} and a,7 > 0,

1.1.2 Lie transformations

The method of Lie transformations, initiated by Deprit [24], is a procedure
to define a change of variables. Particularly, a near-identity symplectic change of
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variables is determined in a system of equations that depends on a small parameter.
We introduce Lie transformations following Meyer, Hall, Offin [62].

A symplectic change of variables x = X(y;¢) is called near-identity if it is
symplectic for each fixed e and is of the form X(y;e) = y+O(¢); i.e., X(y;0) =y.
Let y = Y (X(y;¢);¢) be the inverse of x = X(Y(x;¢);¢), both are symplectic for
fixed e.

The transformation X(y;e) is a near-identity symplectic change of variables if
and only if it is a general solution of a Hamiltonian differential equation of the
form Z—j = JVW(x;¢) (where W is smooth and J is the usual skew-symmetric
matrix) satisfying the initial condition x(0) =y.

Let H(x;¢) be a Hamiltonian and G(y;e) = H(X(y;¢);e) the Hamiltonian in
the new coordinates. G is called the Lie transformation of ‘H generated by WW. We
denote H by H, and G by H*. Using this notation we introduce the method of Lie
transformations which is a recursive procedure given by the following formulas

Hixie) = Holoxis) = 3 j,—;?—l?(x), (1.1)
Gly:e) = H'ly:e) = 3 SHiy (12)
Whkie) = 3 S Wi () (1.3

where {#!} for i =1,2,... and j = 0,1,... verify the recursive identities:

Hith Z() H o Wi }-

For example, to compute the series expansion for H, through terms of order
g2, one first determines HJ by the formula H} = H? + {H], W, } which gives the
term of order ¢ and then one computes Hi = HJ + {HY, Wl} + {HJ, W} and
HZ = HL + {H), Wi} getting H* (5, %) = HY(x) + eHy(x) + SHE(x).

In the reduction process of Chapter 2, the elimination of the fast angles is
performed by averaging with respect to the two fast angles only to first order in a
small parameter. Our study is valid in a region where no resonances between the
fast angles occur. In Chapters 5 and 6, we shall make use of averaging and Lie
transformations in order to eliminate the angular dependence from the different
Hamiltonians we shall obtain, so that we can apply the KAM theory.
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1.1.3 Normal forms

Definition 1.1. A Hamiltonian system (1.1) Hamiltonian H(x;e) admits an ex-
pansion in powers of the small parameter € s said to be normal if the Poisson

bracket {H , Ho} = 0.

If the system is not normal, one can normalise it by using a Lie transformations.
It means that a Lie transformation x = X(y;e) is said to normalise it if the
transformed Hamiltonian #H(x;e) = K(y;¢) is normal. Then, K is called the
normal form of H.

Since in Chapters 5 and 6 we shall apply Lie transforms to Hamiltonian systems
expanded around equilibria we need to introduce some results about normal forms
at an equilibrium, following [62].

Given an analytic Hamiltonian H which has an equilibrium point at the origin
in R?" and is zero at the origin, then the H can be expanded in Taylor series by

o0 8i
Hixe) =) FH?(X%
i=0

where #{ is a homogeneous polynomial in x of degree i + 2. Thus, HJ = 3x75x,
where S is a 2n x 2n real symmetric matrix, and A = JS is a Hamiltonian matrix.
The linearised equations about the critical point x = 0 are x = Ax = JSx =
JVHY, and their general solution is ¢ = exp(At)¢.

The most general result about the existence of the symplectic change which
allows us to define a normal form at an equilibrium point, is introduced as follows.

Theorem 1.1. Let A be a Hamiltonian matriz. Then there exists a formal sym-
plectic change of variables, x = X(y; g) = y+..., that transforms the Hamiltonian
H(x;¢e) to H(y;e) = Z;’;O ?—J!’H{)(y), .where H} is a homogeneous polynomial of de-
gree j + 2 such that H)(eAty) = Hi(y), for all j =0,1,..., all y € R*", and all
teR.

If the simple component of the decomposition of a matrix A into simple and
nilpotent matrices does not vanish, Theorem 1.1 implies that an approximate
(formal) integral is built in the process of the normal form computation, after
truncating the higher-order terms. Hence a continuous symmetry is introduced
in the normalised Hamiltonian, allowing us to apply reduction theory, see for
instance [72].

The classical case is the one where the matrix A is simple, that is, A has 2n
linearly independent eigenvectors that may be real or complex or, in other words
it is diagonalisable. We introduce the above theorem particularised for a simple
matrix because it is the type of matrices which we deal with in Chapters 5 and 6.
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Theorem 1.2. Let A be simple. Then there exists a formal symplectic change
of variables, x = X(y;€) =y + ..., that transforms the Hamiltonian H(x;¢e) to
H(yie) = Yo SH(y), where H' is a homogeneous polynomial of degree i + 2
such that Hi(ety) = Hi(y) for alli=0,1,..., ally € R*, and all t € R.

The expression of H(y) given in the theorem is the classical characterisation
of normal form for a Hamiltonian near an equilibrium point with a simple linear
part. This formula is equivalent to {H{, H3} = 0 for all 4.

1.2 Reduction theory

In Chapter 2 we reduce out all the continuous symmetries by using regular and
singular reduction theory. The modern regular reduction theory was introduced
by Meyer [59] and by Marsden and Weinstein [57]. We introduce a result which
characterise the regular reduction. So we introduce some concepts and results
related with reduction theory, the reader may also consult the book [22] which we
have taken into account to write down this section, see also [85].

Given a compact Lie group G, let G = T,.G be the Lie algebra of G (e being the
identity element and T denoting the tangent space), and let M be a symplectic
manifold with symplectic form w. An action ¢ of G on M is a smooth mapping
¢ GxM — M; (g,m) — ¢(g,m) = ¢4(m) such that for all g, h € G an all
m € M, ¢pgn(m) = ¢y(¢pn(m)) and ¢.(m) = m. The action ¢ is called proper if
the map G x M — M x M; (g,m) — (m, ¢4(m)) is proper, that is, the inverse
image of a compact set under this map is compact. If the Hamiltonian flow has
no fixed point, the corresponding group action is free. If the action ¢ is free and
proper, then the quotient M /G is a smooth manifold, which is called orbit space
and consists of all G-orbits of ¢ on N. For m € M the isotropy group is defined as
Gm ={9€ G| ¢s(m)=m}. Then the action ¢ is free if G,,, = {e} for all m € M.

In order to state the main result related with regular reduction we need to
introduce the concept of momentum map. For every & € G, let the vector field X¢
be defined by X¢: M — TM; m — X¢(m) = %\t:o Om(exp(tf)) = (Tedm)€. Let

Ad,: G — G; € %uzogexp(tg) g ! and Ady its dual.

Definition 1.2. The action ¢ of a Lie group G on a symplectic manifold M is
called a Hamiltonian G-action if:

(i) For every £ € G, X¢ is a Hamiltonian vector field on (M,w), that is, there
is a smooth function J*: M — R such that X¢ = X e,

(it) ¢g is a symplectic diffeomorphism for every g € G.

The mapping J : M — G defined by J(m)€ = J*(m) is called a momentum
map of ¢ provided {J¢, J'} = J&V for all €, v € G, where {,} and [,] stand
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for the Poisson brackets in M and G respectively. A momentum map J is called
coadjoint equivariant if J(¢y(m)) = Ad;(J(m)) holds for allm € M and g € G.
The coadjoint orbit O, through n is {v = Ad}(n) € G*|g € G}.

Since we are dealing with the reduction process of a Hamiltonian system, we
introduce the definition of symmetry of a Hamiltonian system.

Definition 1.3. Let G be a Lie group and (M,w,H) a Hamiltonian system. An
action ¢ on M s called a symmetry of this system if ¢ is a Hamiltonian action
that preserves H.

We are ready to formulate the reqular reduction theorem due to Meyer [59] and
Marsden and Weinstein [57].

Theorem 1.3. Let (M,w,H) be a Hamiltonian system and G a Lie group with a
free and proper Hamiltonian action ¢ on M that preserves H. Let J : M — G*
be a coadjoint equivariant momentum map of ¢ and n € G* a regular value of J
and let G, be the isotropy group of n under the coadjoint action of G on G*. Then
M, = J1(n)/G, is a smooth symplectic manifold (reduced phase space). Let

T, (n) = M,

be the orbit (reduction map) of the Gy-action ¢, xj-1(;) and

U
i JNn) = M

be the inclusion. Then the symplectic form w, is defined by
Wy Oy =woi

and the reduced Hamiltonian H, on M, is given by
Hyom,=Hoit.

On J~Y(n) the Hamiltonian vector field Xy is m, related to Xy, , that is

Tryo Xy = Xy, om,.

There is a different type of reduction, that is, singular reduction, which occurs
when there is some m € M whose isotropy group is not trivial. So the action is not
free and the reduced phase space is a symplectic orbifold. Satake 78] introduced
the concept of orbifold with the name of V-manifold, see also [51] for all the
definitions related to symplectic orbifolds. This type of points are singular in the
reduced phase space whereas the remaining points are transformed into regular
ones. For further details on the subject of singular reduction the reader is referred
to [2, 50, 22|. Here we state the singular reduction theorem.
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Theorem 1.4. Let (M,w,H) be a Hamiltonian system and G a Lie group with a
proper Hamiltonian action ¢ on M. Let J : M — G* be a coadjoint equivariant
momentum map of ¢. Furthermore, suppose that the coadjoint orbit O, through
n € G* is locally closed. Then on the singular reduced space M, = J*(O,)/G
there is a nondegenerate Poisson algebra (C°(M,),{, },"). In addition, M, is a
locally finite union of symplectic manifolds called symplectic pieces. The flow of a
Hamiltonian derivation corresponding to a smooth function on M, preserves the
decomposition of M, into symplectic pieces and the inclusion map of symplectic
pieces into M, is a Poisson map.

Singular reduction theory plays a key role to accomplish the reduction process
correctly. In particular the reduction of the rotational symmetry in the three-
body problem will be performed in the frame of singular reduction whereas the
Keplerian reduction lies in the setting of regular reduction.

1.3 Aspects of computational algebra

In Chapter 2, we will reduce each continuous symmetry of the problem. The
way of carrying out each reduction is by making use of invariant theory because
we want to parametrise the reduced phase space in terms of the polynomials which
are invariant under a certain G-action associated to the symmetry which we are
reducing out. As well, we express our Hamiltonian as a function of them. With
the use of invariant theory we can find global coordinates for realising the regular
or singular reduced space M,. Indeed, according to Cushman and Bates [22],
invariant theory provides an algebraic technique that gives a geometrically faithful
model of the reduced phase space, regardless whether we deal with a smooth
manifold or not.

If G is a compact group the Lie algebra of all polynomials which are invariant

under the G-action is finitely generated. Suppose, gi,...,g; are generators of
this algebra. It can be shown [22] that the Hilbert map w : N — R m —
(g1(m),...,g:(m)) separates G-orbits, because G is compact. By a theorem of

Schwarz [80] even every smooth invariant function can be expressed as a smooth
function of the basic polynomial invariants. However, the symmetry group of the
rotational symmetry of the three-body problem is not compact, but still we can get
a set of generators that sufficient for the singular reduction because their Poisson
structure is closed.

In the three-body problem there are some reductions for which the invariants
are given by the geometric features of the problem, for example, the Keplerian
reduction, but for other reductions the polynomial invariants will be determined
constructively.
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Once the invariants are computed, to define the reduced phase space, i.e. the
orbifold, we need the independent constraints between these invariants. Theoret-
ically, this is achieved by obtaining the Grébner basis associated to them which
gives us the syzygies. The syzygies are the restrictions which we are looking for.
The Grobner bases routines of MATHEMATICA determine each Grobner basis but
this is not feasible in some cases for which the constraints are determined by using
Deprit’s variables [26] as one can see in Chapter 2.

So in this section we introduce the basic theory associated to the Grobner
bases following [87, 19]. We start by the division algorithm in a polynomial ring
Klzy,. .., x,).

Theorem 1.5. (Division Algorithm in Kz, ...,x,]) Fiz a monomial order > on
Z%,, and let F = (f1,..., [s) be an ordered s-tuple of polynomials in K[z, ..., z,).
Then, every f € K[z, ..., x,] can be written as f = ayfi+-- - +asfs +7 where a;,
r € Klxy,...,x,), and either r =0 or ris a linear combination, with coefficients
in K, of monomials, none of which is divisible by any of LT(f1),...,LT(fs) (be-
ing LT (apx™ + -+ + a) = apz™ the leading term). We will call v a remainder
of f on division by F. Furthermore, if a;f; # 0, then we have multideg(f) >
multideg (a; f;) (multideg (3, aar®) = maz(a € ZL : aq # 0)).

The division algorithm does not have the same properties as one variable’s
version. Particularly, in one variable the remainder is uniquely determined but, in
general, this is not true for multivariate polynomials. The algorithm achieves its
full potential when coupled with Grébner bases.

First, we introduce some definitions and results which we need to introduce
Grobner bases.

Definition 1.4. Let I C K[xy,...,x,] be an ideal other than {0}. We denote by
LT(I) the set of leading terms of elements of I. Thus,

LT(I) = {cxo‘ : there exists f € I with LT (f) = cxa} (1.4)

and by (LT(I)) the ideal generated by the elements of LT (I).

As we can see the leading terms play an important role in the division algo-
rithm. Namely, if we are given a finite generating set for I, i.e., I = (f1,..., fs)
then (LT(f1),...,LT(fs)) C (LT(I)). (LT(I)) can be strictly larger than (LT(f1),

. LT(f,)).

Proposition 1.6. Let [ C K|zy,...,x,] be an ideal. Then, (LT(I)) is a monomial
ideal and there are gy,...,g9; € I such that (LT(I)) = (LT (q1),...,LT(q;))-

Applying Proposition 1.6 and the division algorithm one can prove the existence
of a finite generating set for every polynomial ideal.
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Theorem 1.7. (Hilbert Basis Theorem) Every ideal I C K|z, ..., x,] has a finite
generating set, meaning I = (g1, ...,q;) for some g1,...,g; € 1.

In the proof of Hilbert Basis Theorem [19] the basis {g1,...,g:} verifies that
(LT(I)) =(LT(g1),...,LT(g:)). As we have said before this is not the behaviour
of all bases. The set {gi,...,¢:} is called Hilbert basis.

Definition 1.5. A basis {q1,...,g:} which verifies that (LT(I)) = (LT(¢1), ...,
LT(g:)) is called a Grébner basis. Equivalently, a set {g1,...,9:} C I is a Gribner

basis of I if and only if the leading term of any element s divisible by one of the
LT(g:).

Corollary 1.8. Fiz a monomial order. Then every ideal I C K|xy,...,x,] other

than {0} has a Grébner basis. Furthermore, any Grobner basis for an ideal I is a
basis of I.

Now, we want to know how to detect when a given basis is a Grébner basis.

Proposition 1.9. Let G = {g1,...,9:} be a Grébner basis for an ideal I C
Klzy,...,x,) and let f € K|xy,...,x,]. Then there is a unique r € Klxy, ..., z,)
which is not divisible by any of LT (q1),...,LT(g:) and there is g € I such that
f=g+r. In particular, r is the remainder on division of f by G no matter how
the elements of G are listed when using the division algorithm.

If we list the generators in a different order then the quotients produced by the
division algorithm can change. Thus, we introduce the following criterion to know
when a polynomial lies in an ideal.

Corollary 1.10. Let G = {g1,...,q:} be a Gribner basis for an ideal I C K]|x,
ooy and let f € K[xq,...,x,]. Then f € I if and only if the remainder on
division of f by G s zero.

This property is sometimes taken as the definition of a Grébner basis. The
reason is that this condition is true if and only if (LT'(I)) = (LT(g1), ..., LT (g:))-

Given a polynomial ideal different from zero, one can construct a Grobner basis
in a finite number of steps by following the Buchberger’s Algorithm, see [19].

In Chapter 2 we shall use Corollary 1.10 to check if any invariant polynomial
belongs to the ideal formed by a certain basis. Once a Grobner basis, which
determines the invariants associated to each reduction, is computed we need to find
the constraints to define the reduced spaces. Each constraint is given by a syzygy.
Given a Grobner basis, then the syzygies associated can be determined easily.
The syzygies are obtained from cofactors of all S-polynomials. S-polynomials
play a key role for finding syzygies and for the construction of Grébner bases, see
Buchberger’s Algorithm in [19].
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Definition 1.6. Let F' = (f1,..., fn). A syzygy on the leading terms LT(f), ...,
LT(fs) of F is an s-tuple of polynomials S = (hy,...,hs) € (K|xy,...,2,])* such
that >0 hi.LT(f;) = 0. We let S(F) be the subset of (K[z1,...,z,])* consisting
of all syzygies on the leading terms of F.

1.4 Introduction to KAM theory

We want to study the dynamics of a Hamiltonian system with respect to the
influence of small Hamiltonian perturbations. This is achieved by applying KAM
theory. The reader is addressed to the book by Arnold, Kozlov and Neishtadt [4]
to consult about this issue.The classical KAM theory demands two properties of
the unperturbed system, namely, the integrability and the non-degeneracy.

Considering perturbed integrable Hamiltonian systems of the form

H(I,p,e) = Ho(I) +eHi(I,p,¢), (1.5)

where € is a small parameter. The phase space associated to H is foliated by
invariant tori and there are n independent first integrals of motion. That is to say,
a level set of the n independent first integrals of motion is diffeomorphic to an n-

dimensional torus 7" = {¢ = (¢1,...,9n) mod 27}, ¢; being angular coordinates
fori =1,...,n. The frequencies of the motions are given by w; = dy;/dt. In order
to maintain the Hamiltonian structure, action coordinates — [ = (Iy,...,I,) — are

defined and together with the angles define the phase space of the system and are
called action-angle variables. Action coordinates are related with the frequencies
by w; = 0Ho/0I; and the trajectories describing these motions are dense in the
tori. These motions are known by quasi-periodic motions.

A system is non-degenerate if the determinant |0*H,/0I?| = |0 /01| is not
zero in an open domain of the phase space. It means that the frequencies are
functionally independent.

Definition 1.7. The frequencies w = (w1, ...,w,) are called resonant if they are
rationally independent, i.e.

k-w#0 forall keZ"\{0},
and are non-resonant otherwise.
In the non-resonant case, each orbit is dense on the n-torus and in the resonant

case, the torus decomposes into an m-parameter family of invariant (n — m)-tori
and given an orbit it is dense on a lower-dimensional torus.
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Kolmogorov (see for instance the appendix of [1]), Arnold [3] and Moser [66]
proved the persistence of those tori, whose frequencies verify the Diophantine con-
dition, that is,

Ik - w| > ﬁ for all k€ Z"\ {0} and a,7 > 0.

If we ask about the existence of these Diophantine frequencies, this is answered

with:

Lemma 1.11. (Arnold) Let 2 € R™ be a bounded domain and let T > n — 1 be
fized. Almost all vectors w € Q) satisfy the Diophantine condition.

The classical KAM theorem states this fact in the following way:

Theorem 1.12. (Kolmogorov, Arnold and Moser) Consider the system of equa-
tions induced by an analytic Hamiltonian Hy to be non-degenerate, then most of
the invariant tori which exist for the unperturbed system (¢ = 0) will, slightly de-
formed, also exist for e # 0 sufficiently small. Moreover, the Lebesgue measure of
the complement of the set of tori tends to zero as € tends to zero.

There is a variation of the KAM theorem for isoenergetically non-degenerate
systems.

Definition 1.8. An n-dimensional system is isoenergetically non-degenerate if

Py Oy
oI2 ol

0.
o |7
ol

Theorem 1.13. (Kolmogorov) If Hy is non-degenerate or isoenergetically non-
degenerate, then under a sufficiently small Hamiltonian perturbation most of the
non-resonant invariant tori do not disappear but are only slightly deformed, so that
in phase space of the perturbed system there also exist invariant tori. In the case of
isoenergetic non-degeneracy the invariant tori form a magjority on each energy-level
manifold.

There are systems where Hy does not depend on all the actions, they are the
so called properly degenerate or superintegrable framework. One of these systems
is the N-body problem. Now a question arise: How can we study the degenerate
system?

The perturbation is said to remove the degeneracy if the full Hamiltonian can
be written as

H(I, p,e) = Hoo(I) + eHo1(I) + *Hii (I, p,€), (1.6)
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where Hyo depends only on the first  action variables and is either non-degenerate
or isoenergetically non-degenerate with respect to these variables and Hy; is non-
degenerate with respect to the last n — r.

Theorem 1.14. (Arnold) Suppose that the unperturbed system is degenerate, but
the perturbation removes the degeneracy. Then a larger part of the phase space
18 filled with invariant tori that are close to the invariant tori I = const of the
intermediate system. Among these frequencies, r correspond to the fast phases,
and n — r to the slow phases. If the unperturbed Hamiltonian is isoenergetically
non-degenerate with respect to those r variables on which it depends, then the
wnvariant tori just described form a majority on each energy-level manifold of the
perturbed system.

There are many other results on KAM theory such as Moser’s invariant curve
Theorem, Arnold’s stability Theorem for two degrees-of-freedom Hamiltonians and
others, as well as many related results, see for instance [4].

In our case of the spatial three-body problem the perturbation at first order in
¢ does not remove the degeneracy because the degrees of freedom are added to the
dynamics of the system order by order. The unperturbed Hamiltonian depends on
two actions and the dependence on the remaining actions appear in the following
orders but not all of them in the first one, as we shall see in Chapters 5 and 6.

There are some results on the existence of KAM tori for the spatial N- body
problem. Nevertheless they cannot be applied on our context. Thus, we apply
Han, Li and Yi’s Theorem, designed specifically to deal with highly degenerated
Hamiltonians, which turns to be essential to obtain the results in Chapters 5 and
6. This theorem is introduced as follows:

Han, Li and Yi consider in a bounded closed region Z x T™ x [0,&*] C R™ x
T™ x [0,&*] for some fixed ¢* with 0 < ¢* < 1, a real analytic Hamiltonian of the
form

H(I, p,e) = ho(I™) + P hy(I™) 4+ ...+ Pohg(I™) + P Tlp(I, 0, e),  (1.7)

where (I,p) € R x T" are action-angle variables with the standard symplectic
structure dI A dp, and € > 0 is a sufficiently small parameter. The parameters
a,n; (i=0,1,...,a) and B; (j =1,2,...,a) are positive integers satistying ny <
m<...<ng=n,/<[<...<Bu=01"=(,....,1,), fori=1,2,...,a,
and p depends on € smoothly.

For each ¢ the integrable part of H:

X (I) = ho(I™) 4 P hy(I™) + ... + Peh (I™)

admits a family of invariant n-tori T = {¢} x T" with linear flows {zo +w*(()t},
where for each ¢ € Z, w*(() = VX.(() is the frequency vector of the n-torus T¢
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and V is the gradient operator. When w®({) is non-resonant, the flow on the n-
torus T¢ becomes quasi-periodic with slow and fast frequencies of different scales.
We refer the integrable part X, and its associated tori {77} as the intermediate
Hamiltonian and intermediate tori, respectively.
Let I = (In,_,11,---51n;), i = 0,1,...,a (where n_; = 0, hence " = ["),
and define
Q= (anoho(lno),...,anahna(]””')) (1.8)

such that for each i = 0,1,...,a, Vi, denotes the gradient with respect to I™.
We assume the following high-order degeneracy-removing condition (A): there
is a positive integer s such that

Rank {amu) L 0< Ja| < s} —n VIieZ (1.9)

(A) is the weakest existing condition. This condition is of Bruno-Riissmann type
so named by Han, Li, and Yi 36|, giving credit to Bruno and Riissmann, who
provided weak conditions on the frequencies guaranteeing the persistence of the
invariant tori, see |7, 76, 77]. KAM type of theorems using Bruno-Riissmann non-
degenerate condition were shown in [81]. Other related references about KAM
type of results under Bruno-Riissmann non-degenerate conditions are [52, 82|, see
also the survey by Hanfmann [39]. In this context, one of the valuable issues of
Han, Li and Yi’s Theorem is to provide the weakest condition that the frequencies
have to satisfy for high order degenerate systems. The following theorem gives the
right setting where the persistence of KAM tori for Hamiltonians like (1.7) can be
ensured.

Theorem 1.15. (Han, Li and Yi, 2010). Assume condition (A) and let & with
0 < d < 1/5 be given. Then there exists an £* > 0 and a family of Cantor sets
Z. C Z,0<e<¢e*, such that each ¢ € Z. corresponds to a real analytic, invariant,
quasi-periodic n-torus Tf of Hamiltonian (1.7), which is slightly deformed from
the intermediate n-torus Tg. The measure of Z \ Ze is O(c*/*) and the family
{T% : C € Z., 0 < e <&} varies Whitney smoothly.
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Chapter 2

Reductions in the spatial three-body
problem

2.1 Hamiltonian of the problem

The N-body problem is the study of the motion of N point masses (with
N > 2) interacting only through the mutual Newtonian gravitational attraction.
For N = 2, the problem was solved by Newton but for N > 3 despite the efforts
many researches and the progress since the times of Laplace, Lagrange and other
outstanding mathematicians, there are still many unanswered questions. Our main
aim is to study the dynamics of the system for N = 3, which is a Hamiltonian
system [62].

In Hamiltonian systems, the equations of motion can be described by a Hamil-
tonian function and the total energy is a constant of motion, particularly a first
integral. This integral, which is not the only one for the N-body problem, can be
also expressed in terms of the Hamiltonian function. If a first integral is constant
along the Hamiltonian, then it said that this integral is in involution.

We consider three point masses moving in a Newtonian reference system, R3,
with the only force acting on them being their mutual gravitational attraction.
Let the i-th particle have position vector q; and mass m; > 0. Let Q; denote the
conjugate momentum to q;, thus, Q; = m;q,; and let q;; be the distance between
m; and m;. Let G denote the universal gravitational constant. The Hamiltonian
of the three-body problem accounting for the mutual Newtonian interaction of the
three particles (i.e. the three bodies) in the three-dimensional space is:

(2.1)

2
1 2 mMom mMom mym

H:_Z&_go1_902_g12‘
2= m o1 do2 di2

Note that there are eighteen variables, nine of them are the coordinates and the
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remaining nine are their associate momenta, thus (2.1) represents a problem of
nine degrees of freedom. The corresponding phase space is an open set of the
cotangent bundle T*R? where all possible collisions among the bodies are ruled
out. The system is symmetric under translations and rotations.

We will use the integrals of the three-body problem combined with averaging in
order to perform our study. Indeed our aim is to obtain the simplest reduced Hamil-
tonian in the simplest reduced space after applying normalisation (i.e. averaging)
and reducing out all the possible exact and approximate continuous symmetries.
The main results are summarised in Theorem 2.1.

As it is well known the N-body problem has ten independent integrals. This
allows one the reduction of the Hamiltonian function from dimension 6 N to di-
mension 6N — 10, i.e. the passage from a Hamiltonian with 3N degrees of freedom
to a reduced Hamiltonian with 3N — 5 degrees of freedom. By virtue of the re-
duction of the translational symmetry, the centre of mass is placed at the origin
of the frame and the linear momentum is fixed. This reduces the problem to a
linear subspace of dimension 6N — 6. Then one can reduce the rotational sym-
metry in two steps: (i) Fixing the angular momentum which reduces the problem
to a (6N — 9)-dimensional space. (ii) Identifying configurations that differ by a
rotation about the angular momentum vector which reduces the problem to the
reduced space of dimension 6N — 10. This last operation is classically called the
elimination of the nodes; see more details in [1, 62]. The general results about the
symplectic nature of the reduction and the reduced space appear in Meyer [59] and
in Marsden and Weinstein [57|. Hence, for N = 3 the spatial three-body problem
can be studied as a Hamiltonian system with four degrees of freedom [58] after
reducing by the symmetries mentioned above.

We introduce Jacobi coordinates. As the centre of mass moves uniformly with
time, then:

Xo = 9o, X1 = 41 — Yo, Xy = Q2 — 0oqo — 0141,

(2.2)
yo= Qo+ Qi+Q2, y1=Q+00Q y2=Qq
where 1/8y = 1+ my/mgy and 1/6; = 1+ mg/my.
We apply the linear change (2.2) to the Hamiltonian (2.1) giving the same name
to the transformed Hamiltonian. It defines a system of six degrees of freedom. We
also change the time unit by setting G = 1.

The reference frame is attached to the centre of mass by making y, = 0, then
if x5 # 0 we can split H into two Hamiltonians:

H = HKep + Hpert (23)
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with
Hicep — ly1/? n y2* My u2M27
2 2p |X1] |Xa| (2.4)
H L prMy - pa My mims Moy
pert — T ‘I’ - - s
x| %2 X2 — dox1|  |x2 + 01Xy
where
1 n 1 I 1 1
14 mo T 2 mo+mp  ms’
M, = mg + mu, My = mg+ mq + mo.

This splitting is valid in the domain of bounded motions, i.e. a certain region
of phase space that we will define later. Function Hgep, is the so called Keplerian
Hamiltonian, and we will focus on bounded motions and small perturbations. Then,
Hrkep is the Hamiltonian of two fictitious bodies of masses j1; and jo which revolve
along ellipses around a fixed centre of attraction without mutual interaction and it
is a completely integrable system. We outline that under the action of Hgep, the
three (real) bodies move on Keplerian ellipses whose foci are the moving centre
of mass of my and m;. The ellipses corresponding to the masses my and m; are
described by d;x; and —dpx;. They are coplanar, they have the same eccentric-
ity and their pericentres are in opposition. The Hamiltonian Hpey is called the
perturbing function. It is real analytic outside collisions of the bodies and outside
collisions of the fictitious body of mass s with the origin of the frame. This is
not a problem as we will suppose along this and next chapters that the ellipse
described by ps is the outer ellipse. From now on the subindex 1 accounts for the
inner bodies while 2 refers to the outer body. This issue is represented in Fig. 2.1.

Hamiltonian Hpex may be expanded in terms of the Legendre polynomials if
1] /|x2] < 1. More specifically if we denote by & = max (Jy,d;) and by & the
oriented angle (X7,X;), the perturbed Hamiltonian reads as:

Hoet = —2 3" 6, Py (cos €) (@) . with 8, = 37t + (=", (2.5)

|2 oo %2

where cos€ = (x -x2)/(|x1]|x2]) and P, is the n-th Legendre polynomial. Accord-
ing to [31] this expansion is convergent in the complex disk

1
@ < =z € [1,2]
)

We deal with the relative size of H e,y With respect to Hkep so that this product
can be considered small enough in order to apply averaging and reduction tech-
niques in the subsequent sections. We follow the nice discussion proposed by Féjoz

upha
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Figure 2.1: Inner and outer ellipses.

[31] for the planar three-body problem that also applies for the spatial case. Let
a1, ap be the semimajor axes of the inner and outer fictitious ellipses, respectively,
e; and e the corresponding eccentricities and let np = /1 — ei. We define

A _ 5041(1 + 61)’
OZQ(]_ — 62)

which is a measure of how close the outer ellipse is from the inner ellipses when
they lie in the same plane. We will assume that A < 1, thus the outer ellipse
cannot meet the inner ones, and in particular, if the semi-major axes a; and as
are given, the eccentricity ey of the outer ellipse cannot be arbitrarily close to 1.

For 0 < ¢ < 1 and n € Z*, the perturbing region P, ,, is defined as the part of
the space T*R® where

P o meo (03] 3/2 M1V M2 (03] 2 1
en = Max M, \ as ) 3/2 o 3(n+2) ot <€
1 \O2 M; 0%} 75 (1 — A)2nt

Féjoz proved that inside P, the perturbation Hpe¢ and its averaged Hamiltonian
with respect to ¢ and ¢y are e-small in a certain C*-norm, see |31].

(2.6)
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Thus, five different possibilities arise if 0 < es < 1 holds, in all of them Hper
is small compared to Hyep.

(i) The planetary region: the eccentricity of the outer ellipse and both semimajor
axes are small and two masses out of three, including the outer mass, are
e-small compared to the third mass.

(ii) The lunar region: the masses are in a compact set, and the outer body is
1/e-far away from the other two.

(iii) The anti-planetary region: to which extent the outer mass may be large
provided that the outer ellipse is far from the other two.

(iv) The anti-lunar region: to which extent the outer ellipse may be close to the
other two provided that one of the two inner bodies has a large mass.

(v) The asynchronous region: it is an open subregion of P, ,,. If w; = 4 /,Mj/oz?/2
is the Keplerian frequency of the j-th body, we require the condition 5—? <e.
This region extends the lunar region.

This provides the most general setting where Her; can be considered as a small
perturbation of Hkep,. More details appear in [31]. Alternatively one can define
different classes of the N-body problem applying the symplectic scaling techniques
by Meyer, see [60] and the different classes of restricted and non-restricted N-body
problems [61]. From now on we set

H = HKep + 5Hpert (27)

assuming that € Hper, is small compared to Hep, regardless of the nature of €.

As the total angular momentum vector Zizl G, = Zizl Xp Xyr=C#01is
an integral, the plane perpendicular to C through the centre of mass is invariable.
This is the so called invariable plane also called the Laplace plane, and thus, we
can eliminate the nodes. We recall that although the three components of C are
independent integrals they are not in involution. However, we can choose the
magnitude of C, that is, C' = |C|, and its third component C - k (where k stands
for the vertical unit vector of an inertial frame centered at the centre of mass of the
system) as they are commuting integrals. Thus, we can reduce the Hamiltonian
defined by H out of the symmetry generated by the two integrals. This is the
Jacobi elimination or reduction of the nodes, although strictly speaking the first
full reduction of the three-body problem was carried out by Lagrange [48].

The classical approach to achieve this reduction explicitly is by introducing
Delaunay coordinates ((x, gk, hx, Lk, Gk, Hy), k = 1,2 and applying the Jacobi re-
duction of the nodes [45]. Here, for the ellipse k, ¢; designates the mean anomaly,
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gr the argument of the pericentre, h; the argument of the node, Ly = pupv/ Moy,
G, is the modulus of the angular momentum vector G, and Hy is its third com-
ponent. The Hamiltonian A in these coordinates depends on hj; only through the
combination h; — ho as a consequence of the symmetry of the system with respect
to rotations about the vector C. The conservation of the components of C requires

that:
]’Ll — hg = T,

GE— 1P — G- HE, (2.8)
H +Hy, = C-k.

Nevertheless, this transformation as it is used in [6], is only obtained through
the restriction to the vertical angular momentum manifold defined by the relations
(2.8). This manifold has dimension ten and is a submanifold of the manifold R'?,
i.e. the twelve-dimensional phase space where H defined in (2.3) lives, see [11].
This drawback can be overcome by placing the invariable plane in the horizontal
plane, as is done in [46] or [53]. Instead of Delaunay elements we have preferred to
use an adaptation to the three-body problem of Deprit’s coordinates [26] devised
for eliminating two nodal angles in the N-body problem. By doing so we avoid the
drawback inherent to Delaunay coordinates, distinguishing between the horizontal
plane from the invariable one.

2.2 Elimination of the nodes and normalisation

2.2.1 Deprit’s coordinates

As commented above, the elimination of the nodes is performed properly by
using Deprit’s elements [26]. We follow the presentation of these variables given by
Ferrer and Osécar [34] for the three-body problem. In particular, half of Deprit’s
variables, namely ¢y, Ly, G, k = 1,2, coincide with the spatial Delaunay variables.
However, as in [34], instead of g, hy and Hj we introduce four new angles and
two new actions in the following way.

We choose an inertial frame F = (i,j, k). Assuming C # 0 there is a unique
polar decomposition C = Cn with C' > 0 and |n| = 1. We introduce an angle [
such that k-n = cos I with 0 < I < 7. When [ € (0, 7) there exists a unit vector
1 with k x n =1sin7 and |l| = 1. We define a reference frame Z = (n,1, m) with
m = n X l. This frame is called the invariable frame. The longitude of 1 is an
angle v such that 1 =icos v + jsin v with 0 < v < 27.

Now we suppose that Gy, # 0 for k& = 1,2. There exists a unique polar
decomposition Gy = Ging with |ng| = 1. We define the angle [, such that
n-ny = cos [ with 0 < I, < m. If [, € (0,7) there exists a unique direction
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with n X nj = lgsin [, with |ly| = 1. Physically I is the angle between vectors
C and Gy, that is, the inclinations of the ellipses 1 and 2 with respect to the
invariable plane.

The longitude 1 in the invariable plane (I, m) is defined by 1, = lcosvy +
msin v, with 0 < v, < 27. The nodal frame N}, is defined through the three
orthonormal directions (ng, ly, my), where my = ny X 1.

The computation of the products Cxn and C-n yields that 1, = -1y, v; = o+
and that

C = Gycos I1 + Gycos I, Gysin Iy — Gosin I, = 0, (2.9)

see details in [34]. These identities relate the inclinations of the outer and inner
ellipses with respect to the invariable plane and are valid for I in [0, 7].

We introduce the momentum B as the projection B = C-k. We also decompose
Xy, Yi into Cartesian coordinates on the plane spanned by 1, and m;, as

Xp = Tpalp + Teomy,  yi = Yl + yromy.

According to [34] the transformation

(X17X27Y1,}’2) — (9011,1712@21@2277/1,% Y11, Y12, Y21, Yo2, C, B) (2-10)

is symplectic. Besides, by construction C' and B are the conjugate actions to the
angles vy and v, respectively. Notice that |B| < C and that B is related with
the spatial Delaunay elements through B = H; + Hy. The set of variables (z1;,
T12, T21, T22, V1, V, Y11, Y12, Y21, Y22, C, B) is called the Cartesian-nodal set of
coordinates.

At this point we introduce polar-symplectic coordinates (71,79, V1, U9, R, Ra,
©1,0) in the following way:

Tp1 = T COS ﬁk, Lo = Tk sin ﬁk,
Y1 = Rycos ¥y — % sin g, Yre = Rpsin 9y + % cos Uy, (2:11)
T Tk

for k = 1,2. Then, we introduce the (usual) planar Delaunay transformation
(rk, Uk, Ri, Or) — (Ui Yoy L, Gi), k = 1,2, see for example [25]. Note that al-
though in the polar-symplectic and in the planar Delaunay coordinates O, = G
may be negative, in our approach Gy > 0 by construction. In particular 7, corre-
sponds to the argument of the pericentre of the ellipse k£ in the plane defined by
1, and my, while ¢;, L; and G}, are the same as the spatial Delaunay coordinates,
see more details in [11].

By composing the previous changes we construct the following symplectic trans-
formation:

@ (X1,X2,Y1,YQ) — (£17717V1>€27’727y7L17G1>Ca L27G27B)' (212)

upha
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The set of action-angle coordinates (¢1,71, 1, {2, V2, v, L1, G1, C, Lo, Go, B) are the
so called Deprit’s elements which were also used by Chierchia and Pinzari in [11,
12, 13] but they use 75 — 7 instead of v5. They are defined on an open subset of
R!'2. We shall be more explicit in the next sections about the constraints among
the actions of these variables. See an illustration of these coordinates in Fig. 2.2.

k

Figure 2.2: Deprit’s action-angle variables. mc is the invariable plane; 7, with
k =1, 2, is the plane determined by the ellipse k, and Py is its pericentre.

The crucial feature is that the expression of the Hamiltonian #H defined in (2.3)
using the set of variables (2.12) leads to a Hamiltonian function which is free of
the angles v and 1, and the action B, thence the coordinates B, C' and v are
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integrals of motion. In particular the nodes v and v; are eliminated from the
Hamiltonian and from the equations of motion, thus the Jacobi elimination of the
nodes is performed properly. We remark that for the N-body problem the Jacobi
elimination of the nodes can be made in a symplectic context and in the whole
phase space only using Deprit’s collection of action-angle coordinates, eliminating
two angles explicitly [11, 13]. Even in the case N = 3 this is the only valid way of
executing the Jacobi reduction of the nodes in a right way, and is not attributable
to the classical papers by Jacobi [45] or Radau [74].
In particular Hyep introduced in (2.4) gets transformed into

M M

o= , 2.13
Fxcep 2L2 22 (2.13)
For H et we take into account that |x| = rp and compute
X1 X9 = —XT11X21 — T12T22 COS (Il + IQ)
From (2.9) it is inferred that
02 o GZ _ G2
L+]) = —F71t "2 2.14
cos (1 2) 2G,G, ( )

Hence, the term P,(cos &) depends on ry, ¥y, O, C for n > 2 and k = 1,2, which
readily implies that H e+ in (2.5) is independent of vy, v and B. Thus, H defines
a Hamiltonian system of four degrees of freedom on the open subset of R® outside
collisions. Specifically, in terms of Deprit’s variables, H depends on the four angles
U1, Uy, v1, 72 and their conjugate momenta Ly, Ly, G1, Gs. It also depends on the
integral C' and on the three masses m;, + = 0,1,2. We remark that it is also
possible to apply the symplectic change ¢ to the perturbation H,e of (2.4) and
perform the Legendre expansion later. Both approaches lead to the same result.

We also have to take into account some relations involving G, Gy and C'. Using
relation (2.14) and the fact that G; > 0 and C, G5 > 0 we arrive at:

0 =Gy <G <C+Gs |C—Gi|<Go<C+Gy, (2.15)

which appears in [34] as Lemma 1. Thus, G, is lower-bounded by |C' — G3| and
upper-bounded by min {L;, C+Gs}. From (2.15) the case G; = 0 implies C' = Ga.
Furthermore G; = 0 implies C = Go, as Gy = 0.

2.2.2 Averaging the fast angles

Now the Hamiltonian H is ready so that Hperr can be normalised over the two
mean anomalies. The averaging procedure is made using a Lie transformation [24],
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introduced in Chapter 1, thus the averaging is performed by constructing a change
of variables through a generating function. We exclude possible resonances between
l1 and /5, that is, we restrict ourselves to a certain subset of the perturbing region
where the ratio wy/w; is not too close to a rational number or, in other words,
the frequencies’ vector (w;,wy) is Diophantine. In the asynchronous subregion
of P., the normalisation can be carried out to any order as no resonance can
occur between ¢; and /5. The reason is that the two terms of the unperturbed
Hamiltonian (2.13) can be arranged at different orders and the average process
can be done in two steps, eliminating firstly one of the mean anomalies and then
the other one, avoiding therefore the appearance of small denominators, see for
instance [90, 91]. In the planetary subregion these resonances are overcome if the
semimajor axes are well-spaced, i.e. a; and ay are functions satisfying the following
conditions: there are constants a;, @9 and @s such that 0 < a1 < ay < @9 <
ay < @ for all time. See more details for the N-body problem in [13]|. (Note that
this well-spaced assumption is compatible with the Legendre expansion of Hpey.)

Thus, from now on we assume that Hamiltonian H belongs to the open subre-
gion of P.,, where no resonances between ¢; and ¢, occur, adding the well-spaced
condition of the semimajor axes in the planetary regime. The reader can also check
the hypotheses of the Averaging Theorem in Proposition 2.1 of [6], where similar
conditions are given in order to avoid this type of resonances in the three-body
problem. We also assume that L; < L, which is compatible with the condition on
the semimajor axes established before. This allows us to distinguish between the
inner and outer ellipses corresponding respectively to the motions of the inner and
outer bodies. A related prerequisite that we also require and that is compatible is
that in the forthcoming Legendre expansions of the perturbation the quadrupolar
terms would be bigger than the rest of the expansion. This is enough to ensure
that the terms of the Hamiltonian H truncated after making one step of the Lie
transformation are of order O(¢?) and that we retain only the quadrupolar terms
of the perturbation. Finally we fix a maximum value for es, i.e. 0 < ep < ™ < 1,
equivalently Ly > Gy > GH® > 0 to avoid that the outer body can collide with
the inner ones. This subregion is denoted by Q. ,,.

Therefore, we can average the perturbation over the two anomalies to get:

1 2m p2m

]CO = HKep: ICl = m o Jo Hpert dgl d€27
and the generating function satisfies the partial differential equation:
oWy oy oW,
T

After truncating the Legendre expansion at the quadrupolar terms, i.e. includ-
ing the Legendre polynomials up to degree two, we arrive at:

w1

= Hpert - ]Cl-
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2
o _ Hamary
ert —
P 2r3

where cos (1 + I5) is taken from (2.14).

In order to make the average with respect to ¢; and ¢, we use the explicit
expressions of r; and ; in terms of the eccentric anomaly of the inner ellipse
and ry and vy in terms of the true anomaly of the outer ellipse, see details in
[25, 31, 68]. The formulae applied to put in (2.16) r; and ©; as functions of the
eccentric anomaly F; and ry and 1, as functions of the true anomaly f, are the
same regardless if we are in the planar or in the spatial context, thus we can use the
standard formulae for handling the averaging over ¢; and /5 in terms of Deprit’s
elements. Thus, we get:

(1 — 3( cos ¥y cos ¥y + cos (11 + I5) sin ¥ sin 192)2), (2.16)

ML% 2 2\2 2 2 2 4 2 2
K1 L%G%Gg(( 3(C — G2)? + 2(3C° — G3)G3 — 3GH) (5L? — 3G?) o)
+15((C = Go)? — G2) ((C + Go)? — G3) (L2 — G2) cos 2%),
with T
MMy
M= S

It is remarkable that, as G; = 0 implies C' = G5, then K is simplified and the
term G? cancels out with the numerator, concluding that the Hamiltonian (2.17) is
well defined when the inner ellipses are straight lines; thus K; extends analytically
to [ 0.

The Hamiltonian C; coincides with the one calculated in [46, 53, 34, 28, 90, 91|
but this should be expected according to [12, 13]. The explicit expression of W,
is too long to be written down and in general it is obtained using Fourier series in
some angles related to ¢, but, as well as Ky, it is a function expressed in closed
form with respect to the eccentricities e; and ey, making the approach as general
as possible for motions in the elliptic domain.

A key feature of Hamiltonian /C; is that it is independent of the argument of the
pericentre 7., as we have taken into account only up to the Legendre polynomial
P,. This fact will allow us to reduce the Hamiltonian function with respect to
the symmetry generated by the integral GGo. Nevertheless, if the next terms in the
ratio oy /s are taken into account, the resulting system is no longer independent
of go, a fact that was pointed out in [40].

2.2.3 Regularisation

The singularity related to the Keplerian Hamiltonian of the fictitious body 1
can be removed using the standard regularisation technique of Moser or the one due
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to Kustaanheimo and Stiefel [47]. This is the so called regularisation of the double
wnner collisions, so that one can study the possible collisions between the particles
with masses mg and my. Specifically Moser [67] showed that the n-dimensional
Kepler problem can be regularised in the sense that there is a symplectomorphism
that takes the Kepler flow for a fixed negative energy level to the geodesic flow
onto the unit cotangent bundle of the punctured n-sphere which is punctured at
the north pole. The geodesic flow of the unit sphere over the north pole corre-
sponds to the collision orbits and by adding it back the collisions are incorporated
as a regular flow. If £ is the whole negative energy region of the Kepler problem
corresponding to the ellipse 1, let 53 be the punctured 3-sphere and T+53 be the
cotangent bundle of the punctured 3-sphere minus the zero section. Ligon and
Schaaf [55] transform canonically the whole elliptic region &£ to the bundle T+ 32,
with no need to make the process for each energy level and without changing the
time. This transformation brings the Kepler problem (i.e. the term —pu3M?Z/(2L3))
to a Hamiltonian, say D;, written in Ligon and Schaaf’s coordinates and called De-
launay Hamiltonian, on T+S3. Hamiltonian D, extends naturally to T+ S® making
effective the regularisation of the Kepler problem corresponding to the ellipse 1
for all negative energies. Heckman and de Laat [41] give a simpler approach to
the issue showing that Ligon-Schaaf’s regularisation map can be understood as an
adaptation of the Moser’s regularisation map, see a similar approach in [56].

We apply Ligon-Schaaf’s regularisation to the fictitious inner orbit for the sys-
tem (2.7), so the flow is extended to double inner collisions since Hper is regular
for G; = 0. The term of Hgep corresponding to the ellipse 1 results in the Hamil-
tonian D;. Since the time is not changed through the regularising transformation,
by Darboux Theorem [1| we may introduce action-angle variables in a neighbour-
hood of the north pole of 7FS% such that one of the actions, say Li, is taken as
—p3M2/(2L2%) = D, whereas its conjugate momentum, say /1, is essentially /1, and
we normalise with respect to it. Thus, averaging with respect to ¢ is equivalent to
averaging with respect to ¢; and our normalisation process performed in Deprit’s
coordinates extends to deal with double inner collisions.

Zhao [90, 92, 93] uses Kustaanheimo and Stiefel’s transformation to regularise
double inner collisions. This transformation changes the time and the new one is
essentially the eccentric anomaly.

2.3 Reduction by stages

2.3.1 Keplerian reduction

We could have attempted to reduce first the symmetry introduced by elimi-
nating the nodes — e.g. the so called Jacobi reduction of the nodes — and then
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reduce the T%-symmetry related to the elimination of the mean anomalies. How-
ever, this is a more complicated approach, as the computation of the invariants
related with the Keplerian reduction from the invariants associated to the Jacobi
reduction of the nodes is highly nontrivial. We have preferred to begin by applying
the Keplerian reduction first and then the rest of reductions, making the whole
process in three stages.

Associated to the angular momentum vectors G; and G, the Laplace-Runge-
Lenz vectors Ay are defined as Ay = (yx X Gg)/pr — xi/1 for £ = 1,2. We
introduce the vectors a = (ay,as,a3), b = (by,b2,b3), ¢ = (c1,¢2,¢3) and d =
(dy,ds, ds3) through

a = G1+L1A1, b = Gl—LlAl, C = G2+L2A27 d = GQ—LQAQ. (218)
Vectors a, b, ¢ and d satisfy
ait+a3+a3 = bi+3+05 = LY, d+d+c=di+d+di = L3

(2.19)
a;,b; € [—L1, L], c¢,d; € [—Lo,Lo], 1 =1,2,3.

For fixed and strictly positive values of L; and L, the reduced phase space (i.e.
the orbit space) related to the normalisation of /; and /5 and the truncation of the
corresponding tail is given by

— Q2 2 2 2
AL1,L2 — SL1 X SLl X SL2 X SLQ

- {(a,b,c,d) ER2 | ay, by, ¢; and d; with i = 1,2, 3, satisfy (2.19)}.
(2.20)
Thus, we reduce from R'? to the space Ay, 1,, which is a symplectic manifold
whose dimension is eight. This space is also obtained by Ferrer and Osécar in
[34]. It is parametrised by the twelve invariants a, b, ¢ and d subject to the four
constraints given in the first line of (2.19). This conclusion is a straightforward
generalisation of the Keplerian reduction for one Keplerian ellipse, see 67|, as the
possible resonances have been excluded in the analysis. The invariants a; and b;
for the Keplerian reduction are due to Pauli [73] and used by Souriau [86] and
Cushman [20]. This reduction lies in the context of Meyer’s [59] and Marsden-
Weinstein’s reduction [57], see also [1], and is regular as Ay, 1, does not contain
any singular point; in other words Ay, 1, is a smooth, see Chapter 1.2. We give
to these invariants the name of Keplerian invariants. The reduced Hamiltonian of
the three-body problem parametrised by a, b, ¢ and d in the space (2.20) has four
degrees of freedom.
Focusing on the double inner collisions, that is, the case G; = 0 and G5 = C.
In Ap, 1, these motions are defined by the terms of the form (a,—a,c,d) where
a, ¢ and d satisfy (2.19). It is a six-dimensional set diffeomorphic to S7 x S7_ x
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S7,. Thus, these solutions can be studied in Ay, ;, and therefore the Keplerian
reduction is able to handle the double inner collisions, and the bodies with masses
mg and m, can follow rectilinear and near-rectilinear trajectories, while the motion
of the outer body occurs in the invariable plane. However we cannot allow the outer
body to follow a rectilinear trajectory. Thus, the reduced Hamiltonian defined in
Apr, 1, defines a system of four degrees of freedom and is represented by a rational
function in the Keplerian invariants which is well defined when G; = 0. We
consider the reduced Hamiltonian in the (compact) subset of Ay, 1, where we
need to remove the part of the reduced space such that 0 < Gy < G,

Other types of trajectories that are not well characterised in terms of Deprit’s
coordinates are the circular motions GG, = L, for k = 1 or k£ = 2 and the motions
where the nodes needed to construct the angles v and 14 are not well defined. For
example this happens if the inner and outer ellipses lie in the same plane, i.e. the
motions of the three bodies are coplanar, the plane of motion being the invariable
plane. However, these trajectories are properly covered in the manifold Az, ;, and
are also well defined in the next reduced phase spaces. We shall be more specific
about this when dealing with the main features of the flow in the fully-reduced
space in Chapter 3.

The invariants a, b, ¢ and d written in terms of Delaunay coordinates can
be found for instance in |20, 68]. Nevertheless, we are interested in the form of
these invariants as functions of Deprit’s coordinates. We have obtained them in
Appendix A. These formulae will be critical to obtain the right set of invariants
in the next reduction process. The relations of Appendix A are very useful if one
needs to identify some type of motions in Ay, 1, — for instance the inner particles
follow a circular orbit whereas the outer one moves in the invariable plane —
parametrising them with the Keplerian invariants.

The set (2.18) is a system of fundamental invariants and a Hilbert basis that
generates Ay, 1,. By expressing the Deprit variables G, G2, C' and cos2vy; in
terms of the those invariants we put the perturbation (2.17) in terms of these
invariants, arriving at a vector-like expression given by

2v2ML3

Ky = —
' Li(c-d + L3)5/?

x[3la+b+c+d'—3lat+b+c+d(a-b+c-d+ L]+ L)
13((a- )~ 6(a-b)(c-d) + (- d)? ~ 5((a—b) - (c + )’
_2(3a.b_c.d)L§+L‘1‘+L§>+ 2L§(3a~b+11(c.d+L§))>-

(2.21)
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2.3.2 Reduction by the rotational symmetry

It is a well-known fact that the reduction by the rotational symmetry has to
be studied in the context of singular reduction, see |22, 27|. In our setting that
means that there are some points in the manifold Ay, 1, whose isotropy group is
not trivial, so that the corresponding action is not free. Therefore, the reduced
space is not a manifold but a symplectic orbifold, as we stated in Chapter 1.

In order to achieve the reduction due to the invariance of the angular mo-
mentum C we have to calculate the polynomial invariants associated with the
elimination of the angles v, and v as polynomial combinations of the invariants a;,
b, ¢; and d;, 1 = 1,2,3. We work constructively, computing the combinations of
arbitrary homogeneous polynomials involving the Keplerian invariants such that
they are independent of v and v4. In other words, and what is more practical from
a computational viewpoint, such that the Poisson brackets of these polynomials
with respect to C' and B are zero. This yields some conditions on the coefficients
of the polynomials.

We start at degree one. An arbitrary polynomial of degree one in the Keplerian
invariants is:

P1 = zZ1a1 “+ 2909 + Z3a3 + Z4b1 + 2562 + ZGbg “+z7c1 + Z8Co + Z9C3 + ZlOdl + 211d2 + Zlgdg.

The actions C' and B in terms of a, b, ¢ and d are:

C = %\/((h+b1+C1+d1)2+(a2+b2+02+d2)2+(a3+b3+03+d3)2,
B = %(a3+b3+03+d3).

The Poisson structure on Ay, 1, of the Keplerian invariants is readily generalised
from the case of one single Kepler Hamiltonian, see for instance |21, 68]. It is:

{al ) CLQ} - 2@3, {a27 a3} - 2@1, {0’37 al} - 20’27

{01, bo} =2bs,  {by, bs} =2b1,  {bs, b1} =2by, {a;, b} =0,

{Cl ) CQ} - 203a {02 ; 03} = 2017 {03, 01} = 2627 (222)
{di, d2} = 2d3, {da,ds} =2dy, {ds,di}=2dy, {c;,d;}=0,
{ai, Cj} = O, {CLZ‘, dj} = 0, {bz, Cj} = 0, {b7,> d]} =0.

Thus, we calculate the Poisson brackets {p;, C*} and {p;, B} using (2.22) and
force the two brackets to be zero at the same time, obtaining some constraints
among the z; with ¢ = 1,...,12. The reason for computing {p; , C*} instead of
{p1, C} is that we get a polynomial. The result yields one valid combination:

m™ = a3+b3+03+d3.

upha
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We go on with polynomials of degree two. An arbitrary homogeneous polynomial of
degree two in a;, b;, ¢; and d; (i = 1,2, 3) has 78 terms. We call such a polynomial py
and calculate {p,, C*} and {py, B} with the aid of (2.22). Making that these two
brackets be zero results in a linear system of 339 equations with 78 unknowns (the
unknowns being the coefficients of py). We notice that {p,, C*} is a polynomial
in the Keplerian invariants of degree three, while {ps, B} yields a polynomial
of degree two. Forcing the coefficients of the two Poisson brackets to be zero,
the resulting linear system is overdetermined and is solved with MATHEMATICA
yielding non-null solutions. Replacing the values of the coefficients of py obtained
as solutions of the system we end up with the relevant invariants, namely:

Ty = aiby + agby + azbs, M3 = ajcy + agey + azes, = aydy + agdy + azds,

5 = bycy + bacy + bacs, g = bidy + bady + bsds, w7 = c1dy + coda + c3ds,

s = (a1 +by +c1 + d1)2 + (ag + by + co + d2)27

g = —(a; + by +c1)(ar + b1+ c1 + 2dy) — (ag + by + o) (ay + by + ¢ + 2ds)
+d3.

At this point a natural question arises. Do we have to push the computations
to degree three? A related question is: how many invariants do we need to cal-
culate? This is equivalent to ask if the invariants m;, ¢ = 1,...,9 can generate all
the invariant functions with respect to the actions C' and B from the Keplerian
invariants.

From the point of view of computer algebra, this is a typical application of
Grobner bases [87, 19|, whose basic ideas are introduced in Chapter 1, and the
questions are related to test whether or not a polynomial is in an ideal with a given
set of generators. This is achieved as follows. One constructs a Grobner basis using
some of the polynomials 7; (i = 1,...,9) and applies the multivariate division
algorithm with respect to the Grobner basis as it is explained in Chapter 1.3. In
order to decide if a polynomial f belongs to the ideal generated by m; (i = 1,...,9)
one computes the remainder of the division and it yields O if and only if f is in
the ideal.

In our context the argument works in the following manner. Out of the nine
invariants one chooses the invariants that are intended to generate the symme-
try that is reduced and builds with them a Grobner basis, checking if the rest
of invariants of degree one and two belong to the ideal defined by the selected
invariants using the multivariate division algorithm. Then, one follows with the
invariants of degree three, four and so on. If we conclude that all the invariants
of any degree can be expressed in terms of the set of the selected invariants we
have solved problem. These invariants form what is called a fundamental set of
invariants for the rotational symmetry.
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As we are computing the invariants with respect to two independent actions,
departing from a space of dimension eight, the reduced space we are determining
has to be of dimension four. Moreover the corresponding reduced Hamiltonian in
this space has two degrees of freedom, thus we speculate that six invariants are
needed subject to two independent relations. However, it is not so evident which
six of the nine polynomials we should take to form a fundamental set of invariants,
or if we need to take some of the invariants of degree three or higher.

Thus, we change our viewpoint, specifically we express the polynomials m;,
with ¢+ = 1,...,9, in terms of Deprit’s coordinates and see how they look like.
Roughly speaking we need to obtain invariants 7; that written in terms of Deprit’s
coordinates contain the functions cos 71, sin 71, cos 7, sin ¥,, G and Gs.

We easily obtain that

T = QG% — L%, 7 = 2Gg — L%,

thus we choose m and m; to be incorporated to the set we are looking for. The
invariants 7, mg and w9 are functions of Lq, Lo, C' and B but they do not depend
on 7, or v,. Hence, they are of no relevance as we wish to obtain invariants that
are functions of sines and cosines of v, and ~s, thus we discard these invariants.
We see that w3, m4, 75 and 7g are long expressions containing the desired terms but
they are not independent, that is, it is not possible to put cos 7y, sin 7, cos v, and
sin v, as functions of w3, my, w5 and mg, L1, Lo, C, B, G and G5. More precisely
sin 7y, sin 5 and cos 7y, cos ¥, can be obtained in this manner but only sin v, and

sin 75 can be put in terms of the invariants m; (i = 1,...,9) through polynomial
expressions, so only two of the four invariants are useful. At least we compute:
2 .
T3+ Ty — M5 — Tg = a (C+G2)? =G} (G2 — (C - Gy)?) \/L% — G?%sin v,
2 .
T3 — Ty + M5 — Tg = G (C+G2)? =G (G2 - (C - Gy)?) \/L% — G3sin 7s.

Thus, we introduce the following invariants:

01 = T, 09 = Ty,
) . (2.23)
o3 = 5(7T3+7T4—7T5—7T6), 04 = 5(7T3—7T4+7T5—7T6).
In terms of the invariants of Ay, 1, the o; (with i =1,...,4) are:
o1 = ai1by + asbs + aszbs,
09 = Cldl -+ ngg —+ C3d3, (224)

o3 = %((m —by)(c1 +dy) + (ag — by)(ca + do) + (a3 — b3)(cs + dg))’
04 = %((Ch +b1)(cr —dy) + (ag + bo)(c2 — da) + (ag + bs)(c3 — dg)).

up:<
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The conclusion is that we cannot obtain a set of fundamental invariants with
polynomials of degrees one and two and we have to calculate invariants of de-
gree three, selecting carefully two of them to incorporate to the set of invariants
composed by o; (i =1,...,4).

We compute {p3, C*} and {p3, B} where the arbitrary polynomial p3 contains
all the possible combinations among a;, b;, ¢; and d; (i = 1,2,3) of degree three. It
has 364 monomials. Besides, {ps, C?} is homogeneous of degree four and {p3, B}
is homogeneous of degree three. Forcing these two brackets to be null implies to
form a linear system of 1533 equations. We have solved it with MATHEMATICA
obtaining eight new invariants that are not trivial combinations of the previous
invariants 7;. Among these eight invariants we take the combination of two of
them that gives the terms cos v; and cos v, without other combinations of sin ~;
or sin 7,. We arrive at the following invariants:

05 — %<a1<b3(02+d2) —b2(03+d3)> +a2(—b3(C1 +d1) +b1(63+d3))
+CL3(b2(Cl + d1> - b1<02 + dg))),
O — %(Cl(—d2<a3+b3) —|—d3(a2+b2)) —|—02(d1(a3+b3) —d3<a1 —|—b1))

+Cg( — dl(a2 + bz) + dg(al + bl))>

(2.25)
We have tried to calculate the Grobner basis of the o; in terms of the Keplerian
invariants with MATHEMATICA but without success. In any case we can stop here
the calculations with the guarantee that {0y, ..., 04} provides a set of fundamental
invariants related to the reduction we are carrying out. In other words, any func-
tion that is invariant under the Keplerian symmetry and the symmetry generated

by C' and B can be put as a function of the o; (i = 1,...,6).

The relations among the invariants and Deprit’s action-angle elements is given
by

o1 = QG% — L%,
09 = QG% - L%?
1 .
72 = 2\/((C+ G2 =61 (G = (€ = G /It = G sin
1 2.26
o= g (€ Gr =G G- (-G L G,

o5 = 1/ ((C+Ga)2 = G}) (G = (C = G2)2)/IT = GR cos m,
g6 = \/((C +Gh)? — G2) (G2 — (C — G)?)/IE — GEcos 7.
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There are two independent constraints (syzygies) relating the ;. They have
been obtained from (2.26) expressing sin i, cos 7 in terms of the o; and the rest
of Deprit’s coordinates and using the identity sin? z + cos? x = 1. We get:

(o — L?) ((02 —oy+ L2 — L2 +2C?)?% - 8C%*(0y + L%)) = 4(oy + L3)o2 + 802,

(09 — L23) <(01 — 09+ L3 — L3+ 2C?*)?% — 8C%*(0y + L%)) = 4(oy + L3)o7 + 802.
(2.27)
Therefore, we arrive at the following set:

Sty 1,0 = {(01,02,03,04,05,06) €R® | o; withi=1,...,6 satisfy (2.27)}.
(2.28)
The reduced space Si, 1, ¢ is four dimensional. It is a symplectic orbifold
that also can be understood as a semialgebraic variety embedded in RS, i.e. a
subset of R® that is defined through polynomial equalities and inequalities. It is
parametrised by the six invariants o; defined through (2.24) and (2.25) that satisfy
the two relations given in (2.27). Studying the Jacobian 2 x 6-matrix formed
after calculating the derivatives of the two equations of (2.27) with respect to o7,
.., 0g, we may analyse the possibility of singularities which we know they will
occur, concluding that singular points can arise when the outer or the inner bodies
follows a circular trajectory or the inner ellipses are straight lines. For example,
if the two fictitious bodies move on circular trajectories then oy = L2, 09 = L2,
03 = 04 = 05 = 0g = 0. In addition to that, if Ly = L; + C the resulting Jacobian
matrix has range zero, thus the point (L2, L3,0,0,0,0) is singular. There are other
combinations leading to other singularities which will be studied in Section 2.4.2.
The formulae (2.26) are useful to parametrise Sg, 1, ¢, as we will show later in
this chapter and in Chapter 4. We also apply it to put the perturbation in terms
of the o;. Specifically we solve (2.26) for Gy, cosv, and sin~y, and replace the

result in the Hamiltonian (2.17). We get:

_2VaMmIz
L3(L3 + 02)°?
X (3(0% — 60109 + 05 — 2003) + 6(L] — 3L3 — 2C%)oy (2.29)
421112 + 3L% — 6C2)0y + 3(L2 — 2C2)?
+2(11L2 — 6C2)L2 + 3L§>.

Klz

Note that (2.29) is well defined for G; = 0, which in terms of the o; reads as
o1 = —L%

The reduced Hamiltonian system of the three-body problem in the reduced
space Sr, 1,.c 15 a system of two degrees of freedom. When the terms factorised

upha
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by (/)™ with m > 3 are included in the averaged Hamiltonian the right space
to study the reduced system is Sz, 1, c-

The Poisson structure on Si, 1, ¢ of the invariants o; is obtained after com-
puting the Poisson brackets {o;,0,} using (2.26) in terms of Deprit’s coordinates,
recalling that these variables are canonical. Then, we return to the invariants
expressing Gy, cosy, and sing as functions of ;. After some simplifications
involving the use of (2.27) we arrive at:

{o1, 00} =0, {01, 03} = —dos, {o1,04} =0, {01, 05} = 2(L? + 01)03,
{o1, 06 = 0,
{og, 03} = 0, {09, 04} = —4og, {02, 05} =0, {02, 06} = 2(L32 + 02)04,
{o3, 04} = 4X 71 (2C% (0306 — 0405) + (L] — L3 + 01 — 02)(0306 + 0403))
{o3, 05} = 1 (4C* — AC*(L3 + 201 + 03) + (L3 — 301 + 02) (L3 — 01 + 02)
+2Ljoy — 403 — L7) ,
{03, 06} = —2X71 ((L2 L3+ 0, — 0y (0304 5+ 02) — 20506)
+2C? (0304( +02) + 205%))
{o4, 05} = —2Xx71 ((L2 LI+ 09— 0y (0304 1+o1)— 20506)
+2C? (0304(L1 +o1)+ 20506)) ,
{o4, 06} = L (4C* — AC*(L3 + 01 + 203) + (L} + 01 — 303) (L] + 01 — 02)
+2L305 — 40 — L3) ,
{05, 06} = 2X7" ((L% +01)(20% — L3 4 L% — 01 + 09)030

+ (L5 4 09)(=2C% = LT + L — 01 + 03)0405)) ,
(2.30)

where
X =40 —4C* (L2 + L2+ oy +00) + (L2~ L2+ 0y — ).

As expected the Poisson brackets are closed for the invariants but they do
not represent a Hilbert basis since some of the brackets are not polynomials but
rational functions. Fortunately it is not a major drawback for the calculations
made in the thesis.

2.3.3 Reduction by the symmetry related with G5

Since 79 is not present in (2.17), G2 becomes a constant of motion and generates
another symmetry in the Hamiltonian system so that Sz, 1, ¢ can be reduced. This
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time we have to reduce out an S'-symmetry.

The reduction is easily performed as we need to get those invariants from the
set of the o; (1 =1,...,6) that are related with Gy, sin v; and cos ;. The choice
looks clear, we take o1, 03 and o5. So we define:

T = 01, To = 03, T3 = Os. (2.31)

The constraint relating 7; (¢ = 1,2,3) is derived from the first equation of (2.27),
replacing o, by 2G3 — L3, while the second equation yields a trivial identity. We
arrive at:

(1 — L) ((m + LT — 2C* — 2G3)* — 16C*G3) = A(mi + Li)75 +875.  (2.32)
The fully-reduced phase space is introduced as follows:

Toicc, = {(7’1,7'2,7'3) € R® | the invariants 7; with i = 1,2, 3 satisfy (2.32)}.
(2.33)

The set 71, ¢, is a two-dimensional phase space that can be embedded in
R3. Tt is parametrised by the three invariants 7; defined in (2.31), which satisfy
the relation (2.32). It is also a symplectic orbifold. The fully-reduced Hamilton
function defined in 77, ¢, is a system of one degree of freedom. The space is
singular for some combinations of L;, C', G5 concerning specific motions of the
inner bodies, in particular, the rectilinear motions such that their projections into
the three-dimensional coordinate space are perpendicular to the invariable plane.
Leaving apart the combinations among the parameters that lead to these particular
motions, Tz, c.q, is a smooth manifold diffeomorphic to S?. In the next section
we shall treat in detail the issue of the singularities and how to deal with the
rectilinear, circular and coplanar motions, as well as some other features of the
surface 7T, c.q,-

It is important to note that our space 7, ¢ ¢, is different from the one obtained
by Ferrer and Osacar in [34] that they called P(Ly, Lo, C,G3), as in this latter
reduced space the possible singularities are not taken into account, so their space
is diffeomorphic to S2. However, the fact that a certain reduction is regular or
singular is intrinsic to the type of symmetry and does not depend on the way one
chooses the set of coordinates. More specifically, if in the process of introducing
the action map to make the reduction explicit, this map has fixed points the
reduction is singular [22|. Thus, the dynamics of the three-body problem studied
in Chapter 3 concerning the singular points of 71, ¢, is not properly done in the
space P(Lq, Ly, C, G5).

Using (2.29), after putting G, in terms of o9, it is readily deduced that the
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Hamiltonian Ky in terms of 7; (i = 1,2,3) is

ML
2L3G3

_ 2 2y2 2 2\ 72 4
K, = (12(0 G2)? + 4(11G2 — 3C2)L2 + 3L -

F6(L2 — 207 — 6G2)m + 372 — 60722).

Alternatively we have also obtained (2.34) from (2.21) considering the Grobner
basis of the 7; in terms of the Keplerian invariants and the division algorithm.
The result agrees with K; in (2.34).

We close the section with the following theorem, summarising the whole reduc-
tion process.

Theorem 2.1. The set Ty, c.c, defined in (2.33) is the fully-reduced phase space
obtained after reducing the phase space R'? through three stages:

(i) The reduction of the Keplerian-symmetry generated by Ly and Ls.
(ii) The reduction of the SO(3)-symmetry generated by C' and B.

(111) The reduction of the S'-symmetry generated by Go.

The sets Ar, 1, and Sp, 1,c are the intermediate spaces obtained through the re-
duction process by stages. Concretely Ay, 1, corresponds to the space obtained by
reducing the Keplerian-symmetry generated by Ly and Lo in the context of regu-
lar reduction. It is an eight-dimensional manifold defined by the twelve invariants
given in (2.18) and the four constraints of (2.19). The set Sy, 1,.c is the space
resulting after reducing by the SO(3)-symmetry generated by C' and B. Its dimen-
sion is four and it is defined by the siz invariants introduced in (2.24) and (2.25)
and the two relations given in (2.27). This space has singular points for some
combinations of Ly, Ly and C'.

The set Tr,.c., s a symplectic orbifold (and a semialgebraic variety in R?) of
dimension two (a surface) that may have singular points for some combinations
of L1, C and Ga, which are related with some types of circular and rectilinear
motions of the inner bodies. The systems that can be studied in the space Tr, c.q,
correspond to Hamiltonian functions of one degree of freedom.

In particular, the spatial three-body problem considered in the perturbing re-
gion Q. of the phase space T*R® may be analysed in Ty, cc, after truncating
the expansions in the Legendre polynomials at n = 2, averaging the Hamiltonian
with respect to the mean anomalies {y, at first order of the Lie transformation and
applying the reductions outlined above.
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2.4 Description of the reduced phase spaces

This section deals with the description of the different reduced spaces. That
is, we develop a complete study of the fully-reduced phase space, a study of the
singularities in Sy, 1, ¢ and a study of one specific point in R, 1, g, which is going
to be used in the following chapters.

2.4.1 The fully-reduced phase space

We start by parametrising 77, c.¢, in order to have a better understanding of
the reduced space. As 1, T and 73 are represented in terms of Deprit’s coordinates
by

n = 2G% —L%,

S Gil\/((c +Ga)? — G2) (G2 — (C — Go)?) \/Lf — G7sin 7, (2.35)

m = /(062 = @) (61~ (€~ Ga) VI ~ Gheos .

we can think of G and v; as the coordinates that define the surface (2.32) while
Ly, C and G9 act as parameters. We know that v, € [0,27) and G € [0, L4].

In particular as G; = 0 implies Gy = C, hence we can compute the values of
7o and 73 in (2.35) when Gy vanishes. Changing G5 by C' in (2.35) and simplifying
we get

T = QG% - L%,

Ty = /4C2% — G2/ L3 — G2 sin 7, (2.36)

T3 = G11/4C2? — G2/ L2 — G? cos 7,
that are well defined if 0 < G; < 2C, which are the right bounds for G; when
Gy = C. For G; = 0 we obtain 73 = 0 and 7, = —L? but 7, depends on 7; and 7, is
meaningless if G; = 0. Replacing 73 by zero and G by C' in (2.32) and taking into
account that 7 € [—L? min {L?, 8C?— L?}] we conclude that 7, € [-2L,C, 2L, C].
Thus rectilinear trajectories for the inner bodies are represented properly in 7z, ¢.c-
We stress that we are excluding the case Go = 0 as the Hamiltonian of the three-
body problem H is not bounded for rectilinear motions of the outer body, indeed
we are assuming that Gy > G¥". This simplifies the study of To.cq, a bit,
however for any other Hamiltonian system that has the same symmetries as the
ones appearing in this thesis but that is defined for G = 0 — and undefined for
G1 = 0 so that we avoid C to be zero — we should take this into consideration.

The fact that G5 is bounded in the interval [|C' — G|, C + G4] also implies that

(C+G9)?—G? and G? — (C' —G3)?* are both non-negative, thus the parametrisation
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(2.35) makes sense for the allowed values of the variables and parameters. We
remark that (2.6) gives another lower-bound for Ga, so both bounds must be
satisfied. Now we observe that, using (2.9) and (2.15), it follows that

Gy — G| < C <Gy +Go. (2.37)

We give an account of some special motions concerning the inner bodies, specif-
ically those problematic points of Ty, ¢, for which Deprit’s coordinates are sin-
gular. These motions are of three types:

(1)

(i)

(iii)

Circular trajectories, i.e. motions where GG; = Ly for which the angle ~; is
undefined. They are represented in 77, c.q, by the point (LF,0,0). As the
upper-bound of Gy is min { L, C'+ G5}, circular solutions are not reachable if
C+G5 < Ly. Then if this inequality holds circular motions cannot occur and
the point with lowest possible eccentricity is (2(C' + G3)? — L?,0,0). Besides
replacing G; by C 4+ Go in (2.9), we get I; = 0 and I, = 7 and the three
bodies move on the same plane which is the invariable plane, but the inner
bodies do it in the opposite sense to the outer body. The limit situation is
Ly = C+ Gy where ((C+ G2)?,0,0) represents the circular motions that are
coplanar with respect to the outer fictitious body.

Coplanar motions, i.e. the inner and outer ellipses lie in the same plane,
where the node v does not exist (equivalently Iy =0 or I; = 7). As G; >0
and C, Gy > 0 we deduce from (2.9) that I; = 0 implies C' = G} + G2 and
I, = 0 or I, = 7w while Iy = 7 implies C' = Gy — G and I, = 0. Thus
vy is undefined for C' = G; + Gy and C' = |G; — G3| and the three ellipses
share the same plane. We should add the case where v is not defined. It
occurs for C' = |B| but it does not involve any combination among C, L,
G and Gy, thus we do not to take care of it. This situation can be analysed
properly studying first the dynamics of a certain flow in 7z, ¢ ¢, and then
assuming C' = |B|. Collecting the two possibilities we substitute in (2.35)
G by |C — Gy| leading to the point (2(C' — Go)? — L3,0,0) which represents
the point of 77, ¢, of coplanar motions with respect to the outer body.
This point lies on the same axis of the space spanned by 7, 7 and 73 as
the point referring to circular solutions but in the opposite direction to it.
Finally, as we said before, the analysis of a certain Hamiltonian in 77, c.q,
cannot take into consideration the relative value of B with respect to the
other parameters. We know that B is a constant of motion and satisfies
|B| < C. Then if C = |B| and C = G; + G5 or C' = |G — G| the invariable
plane coincides with the horizontal plane of the inertial frame F.

Rectilinear motions, that is, trajectories such that G; = 0 and Gy = C.
Then, none of Deprit’s angles are defined and (2.9) does not apply but G =
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C, thus I, = 0. The angle [; also makes sense. They are represented in
TL,.c.c by the segment

{(-Lf, 7,0) | 7€ [-2L,C, 2L10]}, (2.38)

As I, = 0 it implies that the outer ellipse lies in the invariable plane. To
better understand what type of rectilinear motions we are dealing with we
write the expressions of 7; in terms of a;, b;, ¢; and d; (i = 1,2,3) through
the various formulae of Section 2.3. We arrive at the following expression

( — L%, a1(61 + dl) + CZQ(CQ + dg) + (Zg(Cg + dg), O),

that is put in terms of the spatial Cartesian coordinates, getting rectilin-
ear motions with all possible types of inclinations. In particular the points
(—L% 4+2L,C,0) of Tr,.c.c correspond to rectilinear solutions of the inner
bodies that are perpendicular to the invariable plane. The negative sign of
the second coordinate of the point happens when the vectors C and x; are
parallel while the positive sign happens when C and x; are antiparallel. The
point (—L32,0,0) corresponds with the case where the three bodies are in
the invariable plane, that is, their motions are coplanar. Other interesting
points are (—L? 4+2L|BJ,0) where the inner bodies move on the axis k. Fi-
nally, when Gy = C' = |B| the invariable plane is the horizontal plane of the
inertial frame F and the points (—L3, +2L,C,0) correspond to rectilinear
trajectories such that the inner bodies move on the axis k, thus the motions
of the two fictitious bodies being perpendicular one each other. Besides, the
point (—L%,0,0) corresponds to solutions where the three bodies move on
the plane spanned by i and j and the inner bodies move on straight lines.
Note that the motions of the inner bodies and the outer body occur in per-
pendicular planes only at the point (—L?, +£2L,C,0), but in general the two
planes can form any other angle between 0 and 7. This clarifies the comment
made in [34] at the bottom of p. 252, which is not correct.

In Figs. 2.3 and 2.4 we show two examples of the fully-reduced space 7z, c.a,-
The first one has only a singularity at the point referring to the circular motions
and the second figure shows a smooth surface.

We deal now with the singularities of the space T, ¢, We compute the
gradient of (2.32) with respect to 7, 7 and 73, calculating in what points the
gradient vanishes and for what values of L;, C' and G5 that happens. In addition
to that, we need to take into account the relation (2.32).

The gradient is:

(3712—4T§+2(L§—4(02+G§))ﬁ—L‘§+4(CQ—G§)2, —8(m+L7)7, —1673). (2.39)
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Figure 2.3: The space 7532 has a singularity at the blue point. The red point
refers to coplanar solutions with the outer body with Gy = |C' — Gy.

Figure 2.4: View of the regular space Ty32. The blue point refers to circular
motions whereas the red point means coplanar solutions with the outer body with

G, =|C — Gy
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A necessary condition to make the gradient vanish is that 73 = 0. Moreover,
looking at the middle term of (2.39), either 7y = —L% or 75 = 0.

We make the replacement 7, = —L2, 73 = 0 in the first term of (2.39) and in
(2.32) and obtain the resultant of the two polynomials with respect to 75, obtaining
1024L3(C — G9)*(C + G)*. The only significant case for which the resultant
vanishes is when GGy = C. Replacing this condition in the polynomial of the first
term of the gradient it yields two values, 75 = £2L,C'. The consequence is that
the points (—L% +2L,C,0) are singularities of the surface Tr,cc. They are the
points related to the rectilinear solutions perpendicular to the invariable plane.

On the other hand if 75 = 0 the resultant of the first component of (2.39) and
(2.32) for 7o = 73 = 0 is —1024C?G%((L1 —C)*—G2)*((L1+C)*—G3)?. We discard
that L; = |C' — G| as the reduced space is a point, thus the only possibility for the
resultant to be zero is that L; = C' + Ga. Substituting this value in the gradient
and in (2.32) leads to a unique valid solution, namely 7, = L?, 75 = 73 = 0, which
is the point of 77, ¢ 1,—c accounting for circular motions. It corresponds to the
limit case such that if C'+ Gy < L the circular motions are no longer allowed and
so they are not represented in 7z, ¢, as an equilibrium point.

We stress that the singular points are always equilibria of a certain Hamiltonian
defined in 721,C,G2-

Summarising the above paragraphs there can be up to three singular points
in T7,.cq,- If Go = C the points (—L?,+2L,C,0) are singular points of Tz, c.c
representing rectilinear motions parallel to vector C. If L; = C' 4+ G5 the point
(L2,0,0), that represents the circular coplanar motions when considering the outer
ellipse, is a singular point of 77, c.z,—c. When Gy = C and L; = 2C the three
points, namely, (—L? +L2 0) and (L?,0,0), are singular points and the surface
Ti..01/2,0,/2 18 a tricorn. The rest of combinations among the three parameters
leads to regular surfaces.

In Fig. 2.5 we show the fully-reduced space when G, = C.

The size and shape of Ty, ¢ ¢, depend on the relative values of the three param-
eters. If L, = |C' — G|, since |C' — Gy < Gy < C'+ G, it is readily concluded that
Gy = L, = |C' — Gy, therefore using (2.35), 7 = L2, 75 = 73 = 0 and the space gets
reduced to a unique point. We discard the analysis of this particular point which
corresponds to motions of the inner bodies that are both coplanar with respect to
the outer body and circular. Similarly as it is done in [44], these solutions should
be analysed in a space of higher dimension, in this case in Sz, r,.c-

Concerning the bounds of 7; (i = 1,2, 3), it is straightforward to conclude that
1 € [2(C — Ga)* — L2,2min {L3, (C + G2)*} — L?]. However the bounds for
and 73 are more complicated to deduce. We have determined them by maximising
the expressions of 7, and 73 in (2.35) in terms of G; but they are cumbersome
expressions involving Ly, C' and G,. In the particular case Gy = C' the maximum
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T3

T2

Figure 2.5: Reduced space Ty, ¢ showing the set of rectilinear motions of the
inner particles by the magenta segment. The red points correspond to the singular
relative equilibria (—L?%,+2L,C,0) whereas the green point corresponds to the
regular equilibrium (—L%,0,0).

values of 7 and 73 are computed using (2.36) yielding that || < 2L,;C and

5
Im] < %\/ (L — AL3C2 + 16C)3/2 — L§ + 6LAC? + 24L3C* — 64CE,

We deal now with the Poisson brackets among the invariants of 7., c.c,. We
have to compute {7, 7o}, {71, 73} and {7, 73}. It is possible to make the whole
process putting 7; (¢ = 1,2,3) in terms of the invariants of Sp, 1, ¢ using (2.31),
calculating the three Poisson brackets through (2.30). Then one has to determine
a Grobner basis of the polynomial set composed by the three 7; as functions of the
Keplerian invariants as well as the four constraints of (2.19). The three expressions
giving the Poisson brackets in terms of a;, b;, ¢; and d; are divided with respect
to the Grébner basis applying the multivariate division algorithm to obtain the
required Poisson brackets as the remainders of the divisions. We have been able to
do it with Mathematica. Alternatively one can write each 7; in terms of Deprit’s
coordinates and determine the Poisson brackets in terms of this set of action-angles
coordinates. Finally we go back to 7;, arriving straightforwardly at the following
Poisson structure on ’7’Ll,C’G2:

{71, 7'2} = —4r3,

{r, s} = 2(n + L), (2.40)
{m, 3} = %7’12 -T2+ %(L% —4(C?* + G%))ﬁ — %L‘f +(C? — G2)2.

The 7; form a set of fundamental invariants for the space 7T;, ¢, and a Hilbert
basis.
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The main conclusions of this section are encapsulated in the following theorem.

Theorem 2.2. The fully-reduced phase space Tr, ¢, is parametrised using (2.35)
when C # Gy with v, € [0,271) and Gy € [|C — G|, min{L,,C + Go}]. If C = Gy
we use the equations of (2.36) where v, ranges in the same interval as before and
Gy € [0, min{Ly,2G5}].

Special types of motions that in Deprit’s coordinates are undefined are covered
with the invariants 7, in T, c.q,. In particular the inner ellipses are allowed to
become straight lines, that is, the inner bodies can move on straight lines that have
any wnclination with respect to the invariable plane. Coplanar motions between
the inner and outer ellipses are allowed and the inner and outer bodies can mowve
on their ellipses following trajectories with any eccentricity in the elliptic domain
(and 0 < ey < 1). Moreover the common plane where the three bodies move can
have any inclination with respect to the horizontal plane of the inertial frame F.
The inner ellipses can be circular provided that C + Gy > Ly, otherwise they are
not taken into account in the fully-reduced space.

The space Tr, c.q, 18 a reqular surface diffeomorphic to S* if C' # Gy and
Ly # C' + Gy, otherwise it has one, two or three singular points. The singularities
are always equilibria of all the Hamiltonian systems that are globally defined in
Tica.- In particular, if L1 = C + Gy and Gy # C, the space T, c.1,—c has
one singular point at (L3,0,0) which corresponds to circular motions of the inner
ellipses that are coplanar with the outer ellipse. If Go = C and L; # C + Gy
the space Tr, c.c has two singular points at (—Lj, £2L,C,0) which corresponds
to motions of the inner bodies in a straight line perpendicular to the invariable
plane and such that the outer body remains in the invariable plane. If in addition
C' = |B| then the inner bodies move on the axis k while the outer ellipse is in the
plane spanned by i and j. If G5 = C and L, = 2C the space Tr, 1,/2,1,/2 has three
singular points, namely (L?,0,0) and (—L? +L%0). The first point corresponds
to circular motions of the inner bodies while the outer body is in the same plane
but moving in the opposite sense. The other two poinits correspond to rectilinear
motions of the inner bodies in a direction parallel to the total angular momentum
vector.

If Ly = |C — Gy, the space Tio—g,)|,c,c. gets reduced to a unique point which
corresponds to circular motions of the inner bodies that are coplanar with respect
to the outer body.

The Poisson structure on Tp, c.q, s given in (2.40). The invariants ; form a
Hilbert basis for the fully-reduced space.
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2.4.2 The space Sy, 1, ¢

The reduced space St 1, ¢ is generically a four-dimensional space parametrised
by the six invariants o; defined through (2.24) that satisfy the two relations given
in (2.27). The relationship between the invariants and Deprit’s action-angle ele-
ments is obtained in Section 2.3.2 and are given by (2.26).

The coordinates are G € (0,Lg] and v € [0,27) for £ = 1,2, while the
parameters satisfy Ly > L; > 0 and C' > 0. Besides, one has |G; — Go| < C <
G1 + Go. When C' = Ly + Ly the reduced space is a single point that represents
circular coplanar motions of the three bodies. When C' > L; + Ly the reduced
space is empty.

The inner bodies can follow bounded straight lines in Sy, 1, ¢. Note that they
satisfy G; = 0 and G5 = C. Indeed these motions are represented by the segment

{(—Lf, 20% — 2, 05,0,0,0) | 03 € [-2L,C, 2L10}}. (2.41)

The space Si, r1,c has singular points, as it is obtained from the manifold
Apr, 1, after reducing out the rotational symmetry. In order to determine the sin-
gularities of this space we study the Jacobian 2 x 6-matrix obtained by calculating
the derivatives of the two constraints (2.27) with respect to oy,...,06. When
the rank of this matrix is not maximum, we have a singularity in Sr, 1, c. The
Jacobian matrix is given by

J = (Jll J12 J13 J14 J15 J16)

2.42
Jor Jaz Jag Jau Jas Jas ( )

where
J11 = L%—L%+4C4—|—3U%+0‘§—40§+2L%01+2L%(0‘2—2O’1)—40’10’2
— 4CQ<L% + 20’1 + 0'2),
J12 = Q(L%—al)(Lf—L§+QC’2+01—02),
J13 = —S(L% +0'1)0'3,

J14 = 07
Ji5 = —160s,
J16 - 07

J21 = 2([/% — O'Q)(L% - L% + 2C2 — 01+ 0'2),
Jog = LT — LI+ 4C* + 302 + 0? — 402 + 2L305 + 2L3 (01 — 209) — 40109
- 402([/% -+ 20'2 -+ 0'1),

Jag = 0,

Joy = —8(L% + 03)04,
Jos = 0,

Jog = —160%.
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The space St 1,,c has singular points whenever the Jacobian matrix J has rank
one or zero. Three possibilities arise: (i) the first row of J is zero; (ii) the second
row of J is zero; (iii) the two rows are proportional.

A necessary condition for the first row of the matrix to vanish is that o5 = 0
and a necessary condition for the second row to vanish is that og = 0. So, first we
replace oy by zero in the first row of J and in the constraints (2.27), we equate to
zero all the elements of the matrix’s first row and solve the resulting system. The
following singular points of Sy, 1, ¢ are obtained:

(a) The points (—L3%,2C? — L2, +2L,C,0,0,0). As G; = 0 and G5 = C these
points represent rectilinear motions of the inner bodies that are orthogonal to the
invariable plane, which is the plane where the outer body’s orbit lies.

(b) The points (L3,2(L; +C)? —L3,0,0,0,0), which stand for circular motions
of the inner bodies. As Gy = L; and 0y = 2G% — L2 then G5 = |C + G|, thus the
inner and outer bodies move in the invariable plane.

(c) When C' = L; the points (L? —L2,0,04,0,0) with o4 € [-2L3,2L3]. Since
G1 = L, = C and G5 = 0, we infer that the inner bodies move in circular orbits in
the invariable plane whereas the outer body follows a rectilinear trajectory with
any inclination I € [0, 7]. In particular when o, = +2L3 the rectilinear motions
are perpendicular to the invariable plane while when o4, = 0 the motions of the
three bodies are coplanar.

Now we replace og by zero in the second row of the Jacobian matrix and in the
constraints (2.27). Then, we equate to zero all the elements of the matrix’s second
row, studying the resulting system. We get the following singularities in S, 1, ¢:

(d) The points (20? — L2, —L3,0,£2L,C,0,0). The inner bodies remain in the
invariable plane and the outer body describes a rectilinear trajectory orthogonal
to it.

(e) The point (2(Ly—C)*— L% L2,0,0,0,0), which represents prograde circular
motions of the outer body that are coplanar with the inner bodies’ motions. The
point (2(Ly + C)? — L% 12,0,0,0,0) is discarded because the parameters do not
satisfy all the constraints.

(f) When C' = Ly the points (—L3?, L3, 03,0,0,0) with o3 € [-2L% 2L3]. They
represent rectilinear motions of the inner bodies with any inclination ; € [0, ]
whereas the outer body moves in circular orbits in the invariable plane. When
03 = £2L2 the rectilinear motions are perpendicular to the invariable plane while
when o3 = 0 the three bodies move in the invariable plane.

When setting the first row of J to be proportional to the second row of it with
constant a # 0 then o5 and og have to be zero. It leads to four possibilities for
O1,...,04, namely o3 =04 =0; 09 = —L2,053=0; 0y = —L3, 09 = —L3; 04 = 0,
o1 = —L7. After replacing the corresponding values of the o; in J and in (2.27)
we discard the last case as the constraints defining Sy, 1, ¢ are not fulfilled. The



up!

46 Description of the reduced phase spaces

other three cases lead to the following situations:

(g) The point (L2, L3,0,0,0,0) with C' = Ly+L;, which corresponds to coplanar
circular inner and outer motions. When C' = L; 4+ L, the point is not properly a
singularity as it is the entire space.

(h) The points (—L% 2C? — L% 55,0,0,0) with o3 € [-2L;C,2L,C]. They
stand for rectilinear motions of the inner bodies having any inclination I; in [0, 7]
while the outer body remains in the invariable plane. These points are the ones
given in (2.41).

(i) The points (2C? — L}, —L3,0,04,0,0) with o4 € [-2LyC,2L,C]. They
represent rectilinear motions of the outer body with an inclination I in [0, 7]
whereas the inner bodies move in the invariable plane.

(j) The points (L3 — a(L3 — 02),02,0,0,0,0) where the constant « is related
with o9 through

2(C?% — L2 4+ 09 £ V2C\/L3 + 03)

L%—O'Q 7

oa=—1-—

with @ > 0 and — L2 < 0y < L3. These points account for coplanar motions of the
three bodies such that the ellipses have any eccentricity in (0, 1].

Cases (c), (f), (h) and (i) are segments in Si, 1, and (j) is a curve, so they
are not isolated singularities. Besides, cases (c), (d), (i) and (j) when oy = —L3
are excluded from our analysis because they represent collisions of the outer body
with the centre of mass of the inner bodies. Finally (a) is a particular case of (h)
with o3 = £2L,C while (d) is obtained from (i) when o4 = £2L,C. Thus (b), (e)
and (g) when C = Ly — L; are the only isolated singular points of Si, 1, ¢ such
that the outer body does not follow a straight line.

2.4.3 The space Ry, 1, B

For convenience we introduce the reduced space Ry, 1, g that is an intermediate
space between Ay, 1, and S, 1, c whose dimension is six. It is associated to the
reduction by the symmetry B. We use it in Chapters 4, 5 and 6 in order to study
the equilibrium related to circular and coplanar motions of the inner and outer
fictitious bodies such that C' # B and rectilinear motions of the inner fictitious
bodies which are perpendicular to the invariable plane and C' # B. The space is
built using polynomial invariants as we do in the construction of the space Si, 1,.c-
Specifically, starting with an arbitrary expression of a polynomial in terms of the
Keplerian invariants we determine the polynomials that are invariant with respect
to B. The set of invariants of degree one and two in terms of a;, b;, ¢; and d; that
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we choose is:

p1 = az, ps =b3, p3=c3 ps=ds,
ps = agby —aiby, pe = aiby + aszby, pr = azcr — aycy,
pg = aici + asCy, pg = aady — aidy, pro = aidy + axds, (2.43)
p11 = bacy — bica, p1a = bicy + baca,  p13 = bady — bida,
p1a = bidy + bady,  p15 = cody — c1da,  p1s = c1dy + cad.

We have constructed a Grébner basis with the sixteen invariants with respect to
the Keplerian invariants and checked that all the invariants computed up to degree
four belong to the ideal defined by the selected invariants using the multivariate
division algorithm. This fact suggests that the invariants of any degree can be
expressed in terms of the sixteen invariants using the computed Grébner basis.
Since we know that the dimension of Ry, 1, p is six, we need ten functionally
independent constraints among the p;. A set of independent relations, that is, the
syzygies, with lowest possible degree is:

p1+p2+p3s+ps = 2B,

(0T = L) (p5 — L3) —p3 —pg = 0, (p¥ — L)(p§ — L3) — p7 — p§ = 0,
(b1 = L3)(p1 — L3) — p5 — plo = 0, (3 — L) (p5 — L3) — p — p1, = O,
P5P15 — Pspia + proprz = 0, pspis + pspis — paprz = 0,
pepP1s — psp13 + prop1r = 0, pepie — psp1a — popu = 0,

prp14 + psp1s — popiz — propin = 0.
(2.44)
We have checked that this collection of constraints is functionally independent.
It implies that the set (2.43) forms a fundamental set of generators which is also
a Hilbert basis. Thus we define the reduced space as the set

RiyLoB = {(,01, ..., p16) € R | the invariants p; satisfy (2.44)}. (2.45)

This space has singularities. The reason is that it is obtained through an axially-
symmetric type of reduction that fixes some points of the phase space. The fixed
points become singularities of the reduced space. Thus the set Ry, 1, p is also a

symplectic orbifold. We do not study all its singular points since we are interested
in a few specific points.
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This set of polynomial invariants in terms of a;, b;, ¢; and d; is given by

p1 = az, p2 = b3, p3 =c3, ps = ds,
ps = agby —aiby, pe = aiby + azby, pr = azcr — aycy,
pg = aicy + azCz, pg = agdy — ardy, pro = a1dy + azds, (2.46)
pi1 = baci —bica,  pia = bici +bacy,  p13 = bady — bidy,
pia = bidy + bada,  p15 = cody — c1da,  pig = cidy + cada,

The space (2.45) can be parametrised in terms of Deprit’s action-angle coor-
dinates similarly to the other reduced spaces. This is achieved by using (2.46)
and expressions of a;, b;, ¢; and d; given in Appendix A in terms of Ly, Lo, B, C,
GG, G5 and the angles vy, v, and 7,. Note that at this stage Ly, L, and B are
constants of motion whereas the rest of the coordinates vary. The parametrisation
is not valid when G; = 0 but then it can be arranged in an analogous way as it is
done for Ty, c.q, and Si, 1, 0
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Chapter 3

Relative equilibria, stability and
bifurcations of the fully-reduced
system

In the previous chapters we have obtained the perturbation IC; expressed in
terms of the invariants 7; (i = 1,2,3) of the fully-reduced space, that is, the
fully-reduced Hamiltonian (2.34). In this chapter we compute the equations of
motion corresponding to the fully-reduced problem, classifying the relative equi-
libria, studying their stability and the bifurcations in terms of the two relevant
parameters of the problem. One of our aims is to clarify the dynamics of the fully-
reduced system related to the singular points of 7, ¢.¢,, because previous results
[53, 34, 28, 90| dealing with the qualitative analysis of the flow in the fully-reduced
space do not take into account the singular character of the reduction process.

3.1 Equations of motion
Starting from (2.34), after dropping constant terms and scaling time we arrive
at the Hamiltonian function
Ky = 2(=L7 +2C* 4+ 6G3)m — 71 + 2073, (3.1)

which is the fully-reduced Hamiltonian. The vector field associated to Ky is ob-
tained as follows:

7 = {n, K1} = —160773,

Ty = {1, K1} = =8(m + L} — 2C* — 6G3) 3,

73 = {13, K1} = 272((71 + LY) (=137 + TLY) + 2075 + 4C%(971 — L)
+4G2(7m — 3L2 +10C?%) — 20(C* + G;‘)),

(3.2)
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that together with the constraint (2.32)
(1 — L) (1 + LT — 2C% — 2G3)* — 16C*G3) = 4(m + L})75 + 875

gives the fully-reduced Hamiltonian system of the spatial three-body problem in
the space 71, c.c,- It depends on the three parameters L;, C' and G5 but Ly can
be absorbed as follows. Introduce p and ¢ by p = C/Ly, ¢ = G3/L; and scale 7;
by defining 7, = 71 /L%, 7» = 1o /L% and 73 = 73/L3. After dividing ¢ by L3, we get:

7;'1 - —1607_'27_'3,
Ty = —8(7 — 2p? — 6¢° + 1)73,
Ty = 2@((%1 +1)(=1371 4+ 7) + 2075 + 4p*(971 — 1) 3:3)
+Ag7(T7 + 100 = 3) = 20(p" + ¢1)),
and
(71 = 1)((7 — 2p* = 2¢° + 1) — 16p°¢*) = 4(71 + 1)75 + 875. (3.4)
The Hamiltonian associated to (3.3) is
K1 = 2(2p* +6¢* — )7, — 72 + 2073, (3.5)

The parameters p and ¢ — essentially the integrals C' and Gy — become the
main constants used to achieve the analysis of (3.3). Because of the last scaling
performed, from now on in this chapter we drop the first term in the fully-reduced
space, identifying 7T; ,, with 7, ,.

From the fact that |C' — Gs| < L, one has that [p — ¢| < 1. The set 7,, is a
surface if |[p —¢| < 1 and a mere point if |[p — ¢| = 1, so we restrict ourselves to the
case |p — ¢q| < 1. The inequalities p > 0 and ¢ > 0 also hold. On the other hand
as G; < min{Ly,C + Ga} then n; < min{1,p+ ¢}.

3.2 Relative equilibria

Now, the first conclusions are the following:

(a) If p+ ¢ > 1 the point (1,0,0) is an equilibrium of the space 7,, defined
through (3.4) since it satisfies the equations obtained by equating the right-
hand sides of the equations of (3.3) to zero. This point represents motions of
circular type. If p+ ¢ < 1 the point (2(p + ¢)? — 1,0,0) is an equilibrium of
the reduced space as it satisfies (3.3). This point represents coplanar motions
with the inner bodies having their lowest possible eccentricity.
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(b) The point (2(p — q)? — 1,0,0) is always an equilibrium of (3.4) related with
the coplanar motions of the three bodies. In this case 11 = |p — ¢|.

(c) Rectilinear motions of the inner bodies are treated in the straight line p = ¢
of the plane of parameters. The points (—1,+2¢,0) and (—1,0,0) are always
equilibria. On the one hand (—1, +:2¢, 0) refer to straight lines in the direction
of the vector C whereas (—1,0,0) refers to coplanar motions of the three
bodies where the inner bodies move on straight lines. No other points of
rectilinear type are equilibria of the system (3.3).

(d) In the cases (b) and (c) whenever C' = |B| the invariable plane coincides
with the plane spanned by i and j.

(e) The case C' = Gq, L1 = 2@, is reflected in the parameter space by the point
(p,q) = (1/2,1/2). In this point the space ;2,12 has at least three relative
equilibria, e.g. the three singularities, i.e. the points (1,0,0), (—1,£1,0).

There are always at least two equilibria, the points (2(p — ¢)* — 1,0,0) and
either (1,0,0) or (2(p 4+ q)? — 1,0,0). The discussion about the different relative
equilibria as functions of p and ¢ is as follows. According to the first equation of
(3.3), 7o or 73 must vanish. If both are zero at the same time the equilibria are the
ones mentioned in (a), (b) and (¢). If 7 = 0 and 73 # 0 then 7, = 2p?+6¢* —1 and
it is valid when (p—¢)* < p?+3¢*> < min {1, (p+q)?}. The corresponding value of
73 is deduced from (3.4), giving 73 = £2¢/(p? — ¢*)(1 — p? — 3¢?), obtaining up
to two new points. If 73 = 0 and 75 # 0, the values of 7, and 7, are obtained from
the third equation of (3.3) and (3.4). Concretely 7, would be obtained as a root of
a polynomial equation of degree three whose coefficients depend on p and ¢ while
7o would be computed from the value obtained for 7; from a quadratic equation.
Thus, we could get up to six equilibria in the plane 73 = 0, however the maximum
number of equilibria on this plane is four — discounting the points on the principal
axes. There are no other equilibria outside the principal planes 7 = 0 and 73 = 0.
At this point we are not interested in calculating explicitly the expressions of the
relative equilibria, claiming that the maximum number of equilibria of the vector
field (3.3) is bounded by six. We shall be more precise below.

3.3 Stability and bifurcations

3.3.1 Non-coplanar circular solutions

Now we want to obtain the bifurcation lines. We start with the non-coplanar
circular solutions, introducing the symplectic change:

v = \/2(Ly —Gy)cos v, y = \/2(L1 —Gy)sin ;.
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This transformation extends analytically to the origin of the zy-plane, provided
that x and y are written in terms of 7; and GG; and all the computations that we
have to carry out satisfy the d’Alembert characteristic; see details in [42].

Replacing 7, and G in (2.17) and expanding the result in powers of x and y
we obtain a Taylor series whose 1-jet is zero. After dropping the constant terms
and scaling the Hamiltonian the 2-jet gives:

Iéf‘jet’“ =2(p*+3¢° — 1)2* + (5(p* + ¢*) — 2p°(5¢> +4) — 4¢°> + 3)y*.  (3.6)

When one of the factors of 22 and y* (or the two) vanishes we obtain possible
bifurcation lines from the circular solutions. Besides the stability of the equilibrium
(1,0,0) is obtained from the signs of the factors of 2% and y?. When both signs
coincide the equilibrium is a centre otherwise it is a saddle.

3.3.2 Coplanar solutions

Concerning the coplanar motions — with the additional conditions C' # Go
and G; # Lg, i.e., discarding the coplanar motions that are also rectilinear or
circular — we have two options. Either G; = |C — Gs| or G; = C' + G5. When
G = |C — Gs| we introduce the symplectic change:

T = \/2(G1 —|C —Gy|)sin v1, y = \/2(G1 —|C' — Gy|) cos 1.

As in the circular case, the same considerations about its analyticity hold for this
transformation.

Taking into account that C' # G5 implies p # ¢, we can simplify the 2-jet by
including a multiplication by |p — ¢|. Then,

RO = (= ap® + 9p%q + ¢ — pl6¢° — 5))2? + (p— )’ (P + v (3.7)
From this expression we obtain possible bifurcation lines and determine the sta-
bility of the point (2(p — ¢)* — 1,0,0): if the factors of 2* and y* have the same
sign the point is a linear centre, otherwise it is a saddle.

For G; = C + G5 we make the symplectic transformation:

= 1/2(C+Gy—Gy)cos 11, y = /2(C+Ga— Gy)sin 7.

This change extends analytically to the origin of the zy-plane, as in the previous
cases it satisfies the d’Alembert characteristic.
The corresponding 2-jet is:

_2_. t7 > <
KN = (g = p)(p+ @)% + (49° + g + ¢ + p(64° — 5))y2.  (3.8)
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Thus we get two more possible bifurcation lines. Besides, the point (2(p+q)? —
1,0,0) is stable (a centre) provided that the terms factorising 22 and y* have the
same sign, whereas it is a saddle if they have opposite signs.

Examining the curves of the three 2-jets we have computed we discard the lines
obtained from the coefficients of z? in (3.7) and (3.8) as they do not give any curve
in the valid domain for p and ¢g. Furthermore, from the coefficient of 3? in (3.7)
we extract the straight line p = q.

3.3.3 Rectilinear solutions

We consider the possibility of bifurcations of the points representing rectilinear
motions. As these motions satisfy Go = C' we set in (3.3) p = ¢. The resulting
equations have four solutions for all ¢ > 0. The points of T,, are (—1,0,0),
(—1,42¢,0) and (8¢*> — 1,0,0), the first three accounting for rectilinear motions,
while the last one accounts for circular motions such that the three bodies move
on the invariable plane. Therefore the number of equilibria related to rectilinear
motions is unaltered when ¢ varies, i.e. no bifurcation of this type is expected.

Now we focus on the stability analysis of the three relative equilibria of recti-
linear type in 7,,. We shall see below that the three points are linear centres.

As said before, Hamiltonian (2.17) extends analytically to the case Gy = C
and GGy = 0. Specifically we get

M
~ L3C

The angle ~; is undefined for rectilinear motions of the inner bodies but by means
of the analytical extension we could consider that it makes sense as an angle
that measures the inclination of the line described by the inner particles with
the invariable plane. Specifically, the points (—1,42¢,0) dealing with rectilinear
motions of the inner particles in the direction of the vector C satisty either v, = 7/2
(prograde motions) or 37/2 (retrograde motions) whereas the point (—1,0,0) is
related with rectilinear motions of the inner bodies which are coplanar with the
outer body and in this case 7, = 0. Another issue to take into consideration is that
while the point (—1, 0, 0) represents a regular point of the surface 7,4, (—1, £2¢,0)
are singular points of this surface, thus for these latter points we need to work with
the polynomial invariants 7; and desingularise locally the surface 7, , around these
two points.
Concerning the point (—1,0,0) we introduce the trivial symplectic change

Ky

((402 — 3G2)(5L2 — 3G2) — 15(4C2 — G2)(L? — G2) cos 2%>. (3.9)

m=z G =y (3.10)

This transformation may be extended analytically to (z,y) = (0,0) and all the
expressions and computations satisfy the d’Alembert characteristic, see [42, 62].
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Thence it is well defined and makes sense for rectilinear motions of the inner bodies
which are coplanar with the outer body.
Applying (3.10) to (3.9), after dropping constant terms and scaling the time,
the 2-jet is _
AT — 51222 4 92, (3.11)

As the coefficients of x? and y? are positive the point (—1,0,0) is a linear centre
and does not bifurcate.

To study the stability of the points (—1,42¢,0) in 7,, we introduce the sym-
plectic changes

M= Tt G =y, (3.12)
for (—1,2¢,0) and
3T
mo=at o Gi = v. (3.13)

for the point (—1,—2¢,0). These transformations can be extended analytically
to the point (z,y) = (0,0) but we cannot just apply them in (3.9) because the
resulting Hamiltonian is not differentiable at the origin. What we do is to compose
the changes (3.12) and (3.13) with the parametrisation (2.36) arriving at:

= 2y2 - L%a
Ty = £4/4C% — y2\/L? — y? cos , (3.14)
T3 = Fy /402 — y2\/L? — y?sinz.

The upper sign applies for (—1, 2¢, 0) whereas the lower one is used for (=1, —2¢, 0).
Both transformations (3.14) are properly defined and make sense for rectilinear
(and near-rectilinear) motions occurring in the axis orthogonal to the invariable
plane.

The changes (3.14) desingularise the surface 7, ¢ locally around the two
singular points related to the rectilinear motions, equivalently, they desingularise
T,.q locally around the points (—1,42¢,0). Indeed, for the two transformations,
the constraint (2.32) with G = C' in the 7 x y-space reads as

(8C* — LT —m)(Ly — 1) + 8y* (LT — y*)(y* —4C?) = 0,

and this transformed surface is smooth around the point (11, z,y) = (—=L%,0,0)
since its gradient does not vanish at this point.

We apply (3.14) to Hamiltonian (2.34) with Gy = C. After dropping constant
terms and scaling the time, the 2-jet yields in both cases

KHNT = 20L2p202 + (5 + 12p2)y>. (3.15)
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The coefficients of 2% and y? are always positive which in turn implies that the
equilibria (—1,42¢,0) are centres, thus elliptic points.

Summarising the previous paragraphs, the points (—1,42¢,0) and (—1,0,0)
of T, (equivalently, the points (—L3, +2L,C,0) and (—L%,0,0) of Tz, c.c) corre-
sponding to rectilinear motions of the inner bodies are always elliptic and never
bifurcate.

3.3.4 Other bifurcations

There is another source from where bifurcation sets can arise. Leaving apart
the circular, coplanar and rectilinear motions for the inner particles we may get
a bifurcation from the fact that a single equilibrium point of 7,, can become
multiple.

Working in Deprit’s coordinates one determines the vector field in the pair
v1-G1, that is, (y1,G1) = (0K1/0G1, —0K1/0v1). The corresponding relative equi-
libria are the points (79, G9) such that 71 (79, G9) = G1(79,G9) = 0. As we are
discarding G1 = O, G1 = |C— G2|, G1 = C+G2, Gl = L17 then ’7}1 =0 if and OIlly
if vy € {0,7/2,m,37/2}. Thence the polynomial that must vanish when evaluated
at GY is obtained from the partial derivative of K; with respect to G;. We end up
with:

59(G1) = G2 — L3(p* +3¢*) for v, =0, ,
s6(G1) = 8GY — LiGT(8p* + 4¢* +5) + 5LS(p* — ¢*)* for v = 7/2, 37/2.

The valid roots of s, = 0 and s = 0 lead to equilibria of 7,, that are not of
rectilinear, coplanar or circular motions. To analyse the possibility that a single
root exploits into multiple roots for some combinations of p and ¢ we compute
the resultants between sy and dss/dG; and between sq and dsg/dG,. For sy it is
p? + 3¢ which never vanishes, so we discard the choice v; € {0,7} to obtain a
bifurcation line. For the polynomial sg the relevant term of the resultant is the
polynomial

. ds
Res (SG,d—Gi) =

(4p? — 5)%(32p + 5) + 12(64p* + 440p* + 25)¢ + 384(p — 5)¢* + 644°.

upha
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3.3.5 Plane of bifurcations

Description

Collecting what we have said in the previous paragraphs we know that the
bifurcation lines are the following curves (or parts of these curves):

I =p*+3¢ =1,

[y = 5pt+5¢* — 2p*(5¢* +4) —4¢> +3 =10,

I's =p=g

Iy = 4p° + 9% + ¢* + p(6¢* — 5) =0,

[5 = (4p* —5)%(32p* 4 5) + 12(64p™ + 440p* + 25)¢* + 384(p* — 5)¢*
+64¢°% = 0.

(3.16)

The information about the bifurcation lines and different regions is encapsu-
lated in Fig. 3.1. Some of the features about the relative equilibria and stability
are based on numerical calculations. The computations are tedious as there are
many regions, but we have checked all types of equilibria in each region and their
stability character.

The lines |p — q| = 1.

Drawn in blue, then do not represent real bifurcation lines as the reduced space
gets reduced to a point along them. More precisely, the fully-reduced spaces 7, ,
get smaller and smaller when p and ¢ are such that |p — g| approaches to 1 from
the permitted values of p and gq.

The line p+q = 1.

Drawn in light green, it is not a bifurcation line but it separates two different
regimes. When p 4+ ¢ > 1 the circular solutions are allowed as G; < L; < C + G,
holds and the corresponding point (1,0,0) is an equilibrium of 7,,. If p+¢ < 1
then C + G4 < Ly and the motion of the inner bodies cannot be circular. In this
case the lowest eccentricity reached by these bodies is /1 — (p + ¢)?, which occurs
at the point (2(p+¢)*—1,0,0). If p+¢ = 1 then 7;_,, has a singularity at (1,0, 0).

The line p = q with p+ q > 1.

Also drawn in light green, it is not a bifurcation curve, as the number of relative
equilibria of the spaces 7, , is four and this number does not vary if p > g or p < gq.
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Figure 3.1: Plane of parameters with the bifurcation lines and the number of rela-
tive equilibria in each region, bifurcation line and special point. The corresponding
fully-reduced spaces T, , are diffeomorphic to S? outside the lines p + ¢ = 1 and

pP=4q.

Thus, this straight line is part of the region B. Nevertheless if p = ¢, the singular
points (—1,42¢% 0), referring to motions of the inner bodies on straight lines
perpendicular to the invariable plane, are relative equilibria. Besides, when p = ¢
the point (—1,0,0) is also an equilibrium representing rectilinear motions of the
inner bodies moving on the invariable plane.

The curve I's, 1.e. p=q withp+q <1.
It is a bifurcation line, as it separates the region A (with six equilibria) from

the region F', that has four equilibria. The number of equilibria on the line I'; is
also four. When crossing from A to F' through I's, two points in the plane 7, = 0

UpP::s ‘
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and the point (2(p+¢)* —1,0,0) collapse into this latter point. This is the typical
scenario of a Hamiltonian pitchfork bifurcation of equilibrium points related to the
coplanar motions with G; = C' + G,. For a pair of symplectic coordinates, a and
£, the normal form is:

Ky(a,B) = 182 —1a* + \a?, (3.17)

reflecting the fact that a saddle in the region F' splits into a centre and two saddles.
Thus, the saddle of region F is the point (2(p+¢)*—1,0,0), that becomes a centre
once in region A.

Region B.

It has four equilibria, the same as the curve I';. Indeed, I'; is a bifurcation line
of the point (1,0,0). This point and two more points in the plane 7o = 0 collapse
into the point (1,0,0) when crossing from A to B through I';. This is again a
pitchfork bifurcation of an equilibrium point related with circular motions. The
normal form is (3.17) and a saddle in region B splits into a centre and two saddles
in region A. The point which changes from a saddle in B to a centre in A is again
(1,0,0).

Line FQ.

It appears in two pieces. When crossing from region B to C' through I'; another
bifurcation line is crossed. There are two equilibria in region C' and on the line I's,
one corresponding to the circular motions (1,0, 0) and the other one corresponding
to the coplanar motions of the type (2(p —¢)? — 1,0,0). When crossing from C to
B through I'y, the point related to circular motions bifurcates into three points,
the bifurcation being of pitchfork type. The same situation occurs when passing
from B to D through I's, since D has two relative equilibria of the same type as
C', thence a pitchfork bifurcation takes place. Specifically the point (1,0,0) is a
centre in regions C' and D and it splits into a saddle (the same point) and two
centres when crossing I's to enter region B. The normal form is:

Ky(a,B) = 187+ 2ot + Ao’ (3.18)

Nevertheless, the passage from B to E through I's is different. The point (1,0, 0)
also experiences a Hamiltonian pitchfork bifurcation, but it is a saddle in region
B that splits into a centre (the same point) and two saddles when crossing I'y to
enter region F, the normal form being in this case (3.17). There are four equilibria
on I'y when the curve is between 17 and T53.
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Region E.

It contains six equilibria, four of them in the plane 73 = 0. These four points
are obtained from the roots of the polynomial sg. The transition between E and
D through I'; is different from the bifurcations explained so far. We recall that
in D there are two equilibria, but on the line I'; the number of equilibria is four.
This is a (Hamiltonian) saddle-centre bifurcation of the points in the plane 73 = 0
occurring in pairs. In region F, each pair of a saddle and a centre in the plane
73 = 0 collapses on the line I'; and disappear once in D. This situation, already
described in [43], is called a double saddle-centre bifurcation and the related normal
form is:

Ki(a,B) = 187 — 30° + Ao (3.19)

Line F4.

It represents a pitchfork bifurcation of (2(p + ¢)? — 1,0, 0), which is the point
related to coplanar motions with G; = C'+G,. In region F' there are four equilibria,
namely, (2(p —q)?> —1,0,0), (2(p+q)?> — 1,0,0), and two other points in the plane
73 = 0. Considering the passage through the piece of I'y between T} and T5, the
point (2(p + ¢)? — 1,0,0), as said above, is a saddle in region F' that splits into a
centre (the same point) and two saddles when it enters region E. On this part of
the curve I'y there are also four equilibria and the corresponding normal form is the
one in (3.17). Nevertheless, the transition between F and D is different. The other
two points in F that are in 73 = 0 are centres and, together with (2(p+¢)*—1,0,0),
merge when crossing I'y between the points 75 and (0,0), becoming the resulting
point a centre in D. The normal form is (3.18) and on this part of I'y there are
two relative equilibria.

The point Ty = (1/2,1/2).

It is the intersection of the lines p + ¢ = 1 and I's and corresponds to the case
where the fully-reduced space has been coined as a tricorn, that is, the space has
three singular points, as already mentioned in (e). Besides, the space has a fourth
equilibrium, the point (—1,0,0), that corresponds to rectilinear motions of the
inner bodies in the invariable plane. It is straightforward to check that the three
points representing the rectilinear motions are linear centres, whereas (1,0,0) is
degenerate but has to be unstable — in order to maintain the Poincaré index to
two. It deserves a further analysis, basically one needs to desingularise locally the
surface 712,12 around (1,0,0) in order to get an adequate normal form along the
lines of the desingularisation technique used in [33].

In Fig. 3.2 we detail a neighborhood of the point 77 in the parametric plane
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where rectilinear motions of the inner bodies occur.

Figure 3.2: A neighborhood of the point 7} in the plane of parameters. The flow
near 77 with the different regions limited by the bifurcation lines can be seen, all
bifurcations being of pitchfork type. The red relative equilibria represent saddles
and the yellow ones are centres.

Curve I's.

It is a bifurcation line only between the points 75 and T3. In particular, 75
is obtained as the tangency point between I'y and I's, while T3 is located at the
tangency between I'y and ['s. Concretely the coordinates of T, and T3 in the plane
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of parameters are

- <§ 15) - 1\/35—8\/5’\/354%2)6\/5

187 18 2 15

The points Ty and T5.

They are typical examples of reversible hyperbolic umbilic bifurcations, de-
scribed in detail by Hanfmann [37] in a general context. In particular in both
points a saddle-centre and a pitchfork bifurcation take place. The associated nor-
mal form we have determined is of the type:

Kyu(e, B) = a®B 4 367+ Ma? = %) + up. (3.20)
The situation is as follows. At u = A\? a centre-saddle bifurcation takes place, giving
rise to a centre and a saddle. The latter undergoes at y = —3\? a Hamiltonian

pitchfork bifurcation, thereby turning into a centre and giving rise to two saddles.
Due to the reversibility the two saddles have the same energy and are connected by
heteroclinic solutions, see more details in [37]. See also the theory developed in [38]
about bifurcations of equilibria and invariant tori using normal forms theory.

Summary

The number of relative equilibria in each region appears in Fig. 3.1. In region
A there are six equilibria, namely, two in the plane 7o = 0, two in the plane 75 = 0,
(2(p — q)* = 1,0,0) and (2(p + ¢)* — 1,0,0) if p+q < 1 or (1,0,0) if p+q > 1.
Four of them are centres and the other two are saddles. The saddles are the points
located in the plane 7o = 0 that merge with the centre (1,0,0) when the line 'y is
crossed. The rest of points are centres. Region B has four equilibria, three of them
are centres and the other one is a saddle. The saddle corresponds with the point
(1,0,0), whereas the centres are (2(p—q)?—1,0,0) and the two other points are in
the plane 7o = 0. In region C' there are two centres that correspond to the points
(1,0,0) and (2(p — q)* — 1,0,0). Region D has also two points (centres), namely,
(2(p — ¢)* — 1,0,0) and (1,0,0) if p+¢ > 1 or (2(p+¢)*—1,0,0) if p+q < 1.
Region E has six equilibria. Specifically, the points (2(p — ¢)*> — 1,0,0) and either
(1,0,0) or (2(p + q)* — 1,0,0) are centres, whereas the other four equilibria are
located in the plane 73 = 0, two of them being centres and the other two saddles.
Region F has four equilibria, the point that bifurcates, i.e. (2(p + ¢)? — 1,0,0),
is a saddle while the other three equilibria correspond to centres, one point with
coordinates (2(p — ¢)? — 1,0,0) and the other two, centres in the plane 73 = 0.
The stability character of the relative equilibria obtained in the different regions,
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considered in the space 7,,, is linear and non-linear for the saddles and for the
centres that are not singular points. The linear centres are also non-linear if they
correspond to regular points of the fully-reduced space as there are Morse functions
given by (3.6), (3.7) and (3.8) — and similarly other Morse functions around the
linear centres which are not related to coplanar or rectilinear motions.

We have included in Fig. 3.1 the number of equilibria in the bifurcation lines.
The stability character of the equilibria is the same as the equilibria’s character of
the regions the curves define, excepting those points which give rise to bifurcations,
which are indeed degenerate points. The stability of the bifurcating points depends
on their normal forms for A = p = 0 and they are stable in the case (3.18) and
unstable in the cases (3.17), (3.19) and (3.20).

Our plane of parameters is very similar to the one obtained by Ferrer and
Osécar in [34], but we have amended some of the conclusions of [34], especially
those related with the rectilinear motions and the singular points of the fully-
reduced phase space. Concretely the north and south pole views of the flow given
in Figs. 3 and 4 of [34] (pp. 265 and 266) are distorted for p = ¢ because the
singular points of 7, , are not taken into account in the fully-reduced space of [34].
In addition to that, according to our analysis, the line p = ¢ with ¢ > 1/2 is not
a bifurcation line although it is in the analysis of Ferrer and Osécar, again the
reason is that their space is lack of singular points.

We collect the main features of the bifurcation analysis in the following theo-
rem.

Theorem 3.1. We consider the spatial three-body problem in the perturbing region
defined in Chapter 2 by Q.,, for some 0 < e < 1 and n € Z*. The fully-reduced
Hamiltonian function of the spatial three-body problem is given by (3.1) and their
related equations of motions are (5.2) or (3.3). This latter vector field depends
on two parameters, p and q, essentially the integrals of motion C and Gs. In the
parameter plane (p,q) with p,q > 0 and |p — q| < 1 there are five bifurcation lines,
Ty, ..., 5 givenin (3.16), that divide the plane into siz regions. These regions have
a number of equilibria ranging from two to siz and are either saddles or centres. T';
(i=1,...,5) are either the typical Hamiltonian pitchfork bifurcation of equilibria
related to the circular motions of the inner bodies or the coplanar motions of the
three bodies or saddle-centre bifurcations corresponding to elliptic motions of the
mmner bodies that have an inclination with respect to the invariable plane between
0 and ™ and an eccentricity between /1 — (p — q)? and min{l,\/1 — (p + q)?}.
In Ty and Ty reversible hyperbolic umbilic bifurcations occur. In the point T the
fully-reduced space has three singular points and there are four relative equilibria.
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3.3.6 Evolution of the flow

We describe now the evolution of the relative equilibria discussed previously,
putting a special emphasis in their stability. We calculate two energy-momentum
mappings, i.e. we fix a value of one of the parameters, let us say ¢, we calculate
the value of Hamiltonian (3.1) at each equilibrium for p € [0,1 4 ¢) and plot
the corresponding curve. Stable equilibria are represented by solid lines, whereas
unstable ones are shown with dashed lines. We choose two different values of ¢ in
such a way that we cover most possible regimes and transitions in the bifurcation
plane. The two pictures are encapsulated in Figs. 3.3 and 3.4.

Ky

A

o q=03

4

4
[y ,],E,H}, r% ///
o2 54 o6 0‘,87 = ; 2> P
Co — T

Figure 3.3: Hamiltonian (3.1) evaluated at the equilibria versus p for ¢ = 0.3. Solid
lines correspond to stable equilibria of centre type and dashed lines are associated
to unstable equilibrium points. The red line (the one labelled by "Co") represents
the equilibrium (2(p — ¢)*> — 1,0,0). The blue line (the one labelled by "Em")
matches to the equilibrium (2(p+¢)* —1,0,0). The green line (the one labelled by
"O") accounts for two equilibria in the plane 73 = 0 with the same 7; and opposite
Tp. The magenta line (the one labelled by "P") is associated to two equilibria in
the plane 7o = 0 with the same 7; and opposite 73. The cyan line (the one labelled
by "C") corresponds to the equilibrium (1,0, 0).

First, we fix ¢ = 0.3, so p € [0, 1.3]. The evolution of the Hamiltonian evaluated
at the equilibria for these values of ¢ and p is described in Fig. 3.3. We start in
region D in the plane of parameters: there are two elliptic relative equilibria.
One is (2(p — q)? — 1,0,0) (the red one labelled by "Co" in Fig. 3.3), as we
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Figure 3.4: Hamiltonian (3.1) evaluated at the equilibria versus p for ¢ = 0.7.
Solid lines correspond to stable equilibria of centre type and dashed lines are
associated to unstable equilibrium points. The left picture is a zoom of the right
one in the encircled region. The red line (the one labelled by "Co") represents
the equilibrium (2(p — q)*> — 1,0,0). The blue line (the one labelled by "Em")
matches to the equilibrium (2(p+ ¢)* —1,0,0). The green lines (the ones labelled
by "O" and "S") account for four equilibria in the plane 73 = 0. The two stable
ones share the same 7, and have opposite 7. The two unstable ones also share the
same 7; and have opposite 7. The cyan line labelled by "C" corresponds to the
equilibrium (1,0, 0).

already know, and the other one is (2(p + ¢)* — 1,0,0) (the blue one labelled by
"Em" in Fig. 3.3), which corresponds to coplanar motions of the three bodies such
that the inner orbits have minimum eccentricity and Iy = w. These are linear
centres (see the proof in [69]) up to the bifurcation line I'y, which is a Hamiltonian
pitchfork bifurcation such that once in region F the equilibrium (2(p+¢)?—1,0,0)
becomes unstable and two stable equilibria appear (the green ones labelled by "O"
in Fig. 3.3). These stable equilibria are in the plane 73 = 0, they have the same 7
and opposite T, (see the details in [69]) and they are linear centres. The value of
the Hamiltonian is the same for both, so there is only one line associated to them.
The equilibrium (2(p+¢)? — 1,0, 0) continues to be unstable up to the bifurcation
line I', which is another Hamiltonian pitchfork bifurcation. After crossing I's,
once in region A, this equilibrium becomes stable (a linear centre) and two new
unstable ones appear (the magenta ones labelled by "P" in Fig. 3.3). They are in
the plane 7, = 0, have the same 7y, opposite 73 (see the computations in [69]) and
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thus, the same value of the Hamiltonian. Note that just on I's3 the equilibrium that
does not bifurcate, i.e. the point (2(p—¢q)*—1,0,0), is singular and corresponds to
rectilinear inner orbits with I; = 0 which are coplanar with the outer one. When
p = 0.7, still in region A, the equilibrium (2(p + ¢)* — 1,0, 0) changes to (1,0,0),
which is associated to circular orbits of the inner bodies (the cyan line labelled
by "C" in Fig. 3.3). The stability does not change, so it is also a linear centre
up to the Hamiltonian pitchfork bifurcation I'y. At this value the two unstable
orbits in the plane 7, = 0 collide with (1,0, 0), they disappear and (1,0, 0) becomes
unstable. It remains so in the whole region B up to the pitchfork bifurcation I's.
At this value the two stable orbits in the plane 73 = 0 collide with (1,0,0), that
becomes stable once in region C.

Figure 3.5: Double saddle-centre bifurcation I's. The figure on the left represents
the flow in region D of the bifurcation plane, just before the bifurcation takes
place. The central picture corresponds to the flow on the bifurcation line I's. The
picture on the right accounts for the flow in region FE.

Now we fix ¢ = 0.7, so p € [0, 1.7]. The evolution of the Hamiltonian evaluated
at the equilibria for these values of ¢ and p is described in Fig. 3.4. We start
again in region D of the plane of parameters. Thus, we have two linear centres:
(2(p—q)*—1,0,0) and (2(p+q)*—1,0,0). Still in region D this second equilibrium
changes to (1,0,0) but it maintains its stability. At I's a double saddle-centre
bifurcation takes place and two stable equilibria (the green ones labelled by "O"
in Fig. 3.4) and two unstable ones (the green ones labelled by "S" in Fig. 3.4)
appear once in region F. They are in the plane 73 = 0. The two stable ones share
the same 7, and have opposite 7. The two unstable ones also share the same 7
and have opposite T, (see Fig. 3.5). They remain so up to the pitchfork bifurcation
[y, where the two unstable equilibria in the plane 73 = 0 collide with (1,0, 0), they
disappear and (1,0,0) becomes unstable once in region B. Then, at the other
branch of the pitchfork bifurcation I's, the two stable equilibria in the plane 75 = 0

up: L
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Figure 3.6: A Hamiltonian pitchfork bifurcation occurring when crossing I'y be-
tween 77 and T5. The flow on the left corresponds to region F'. In the middle the
bifurcation takes place. On the right the flow corresponds to region E on the line
p+ q = 1, just after the bifurcation has taken place, so the fully reduced space is
singular at the point (1,0, 0).

collide with (1,0,0) and, once in region C' they disappear and (1,0,0) becomes a
linear centre. Another sequence of portraits is shown in Fig. 3.6.
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Chapter 4

Reconstruction from the reduced
spaces

We plan to establish the existence of invariant 5-tori of Hamiltonian (2.3) in the
region Q. , from the elliptic relative equilibria of the fully-reduced space. However
not all of the tori can be obtained directly from the analysis in 77, ¢.¢, thus we
need to describe the passage from 7., ca, to Ar, 1, through the intermediate
reduced spaces. In this section the motions related with elliptic equilibria in the
fully reduced space are studied in the upper reduced spaces which is going to be
useful to establish the existence of invariant tori in Chapters 5 and 6. In Fig. 4.1
an account of the reduced spaces is presented.

4.1 Reconstruction from 7;, ¢, to S, .1,c

We depart from every point in 7, ¢ ,, undo the reduction by G2 and determine
the corresponding set in Sy, 1, c-

Proposition 4.1. When T, c.c, s a reqular surface its points are reconstructed
into two-dimensional surfaces in S, 1, c of the type (2.33) excepting for the points
representing coplanar motions that are reconstructed into simple open curves of
Sii.1..c- When T, o, has singularities, its reqular points are reconstructed to
either circles or (regular or singular) points of Sp, r,.c. The singular points of
Tro,.cq, are reconstructed as singular points of St 1..c-

Proof. We assume that C' < L; + Ly and |C' — G| < Ly so that Tp, ¢, and
S1, 1,,c are not empty sets.

We start by taking C' = Ly + Lo, then the only chance for 7., ¢, to be non-
empty is that |C' — Gy| = Ly. Moreover one has Gy = Ly and Gy = Ly = C' — L.
Hence 71, c.c, and Si, 1, ¢ are sets with only one point. Concretely the point

67
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Dimension Reductions and spaces
12 T*R®
Li,L2
8 ALy L
T
6 RLl 7L2 7B B’C
X
4 SLy, a0
Ga
2 ere

Figure 4.1: Scheme of reductions with the corresponding reduced spaces and inte-
grals. The dimension of each space is shown in the left column.

(L2,0,0) gets transformed into (L2, L2 0,0,0,0), representing circular coplanar
motions of the three bodies. From now on we restrict ourselves to C' < L + Ls.

When |C — G| = Ly then Gy = Ly. Thus, Ty, c.r,+c is the point (L3,0,0)
which is transformed into (L?,2(L;+C)*—L3,0,0,0,0), that is the two singularities
labelled by (b). Henceforth we assume that |C' — Gs| < L; and consider four
different situations:

(i) We consider Gy # C and Ly # C + G, thus T, o, is a regular surface.
Fixing a point on it, say (77,75, 7;) with the 77 satisfying (2.32), we take
the first equation of (2.27) where we put o2 in terms of G5 and replace
01, 03 and o5 respectively by 7, 75 and 75. This equation holds trivially.
However in the second equation of (2.27) a relationship among o9, 04 and
06 is established after writing down oy in terms of G} (note that G7 is fixed
since the 7;* are given). Concretely the resulting constraint is:

(02—L§)<(02+L§—202—2G’;2)2—1602G1‘2) = 4(oy+ L3)os +80;. (4.1)

Together with the fixed values o] = 7/, 0 = 75 and o} = 77, equation (4.1)
defines the image of the point (77,75, 75) as a subset of Sr, 1, c. The con-
straint (4.1) is the same as (2.32) after interchanging Lo with L, G} with
G, oy with 7, 04 with 7 and o with 73. Equation (2.32) defines T, c.c,
and this space is studied in detail in Chapter 2.
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UpP::s ‘

When the two fictitious bodies move in different planes then G} # |C + G|
and the image of a point of 77, ¢ ¢, is a two-dimensional surface embedded in
S1,.1,,c provided that |C' — G}| < L, and a single point when |C' — G}| = Ls.
In addition to it when |C' — G%| < Ls the surface is regular if Ly # C' 4+ G
and G # C while it has a singularity for Gy = Ly when Ly, = C + Gf.
However the two singularities of the case G7 = C are avoided as G5 cannot
vanish. Indeed we should subtract from the image the segment defined by

g1 = 207 — L%, 09 = L%, o4 € [_2_[1207 2LQC] and o3 =05 = 0g = 0.

When G7 = C £ Gy or Gf = Gy — C then 04 = 05 = 0 (and 0§ = o = 0).
Using the mapping (2.26) it is readily concluded that for G} = C' + G5 the
image of the point (7,75, 75) = (2(C + G2)* — L%,0,0) is (2(C + G9)? —
L3 2G3 — L%,0,0,0,0) while for G; = |C — G3| the image of (7, 75,75) =
(2(C'—Gy)*—12,0,0) is (2(C' — Go)? — L2, 2G%2 — [2,0,0,0,0). Both images
are one-dimensional subsets of Sy, 1, o parametrised by Go € (0, Lo, indeed
they are simple open curves in S7, 1, c-

When Gy # C and Ly = C + Gy then T, ¢1,—c has one singularity at
(L2,0,0). Given a regular point of 77, c.r,_c we fix values for Gy and 7,
say G < L; and ~; (note that fixing G; and v, is equivalent to fixing 7;,
i = 1,2,3) and replace Gy by L; — C in (2.26). The point is transformed
into a subset of Sp, 1, ¢ with the following coordinates:

oy = 2G3 — L3,
09 — 2(L1 - C)Q - L%,

L} — G3?
o3 = ———1/G3? — (L1 — 20)?sin~f,
s = TG~ (L =205y
2 %2 *2 _ 2 2 _ 2
VB OAGE L GLOR,

L,-C
05 = (I3 — G)\ /G2 — (L — 20)? cos ;.

o6 = (L3 = G2) (G2 — (L1 — 2C)2) (L} — (L — C)?) cos .

Thus the image of a regular point of 7, ¢ 1,—c¢ is a circle in Sy, 1, ¢ provided
that GT 7é |L1—2C| and Lg 7é |L1—C| Since |C—G2’ S G1 and L1 = C+G2
then G; > |L; —2C| but C' < L1+ Ly and 0 < Ly < Lo implies Ly > |L; —C/|.
So the only regular point of 77, ¢ ,—c that is not transformed into a circle
is the one such that Gj = |L; — 2C|. Its image is (L? +8C? — 8L,C,2(L; —
C)? — L3,0,0,0,0). The Jacobian matrix J evaluated at it has rank one,
concretely it is a singular point of Sy, 1, ¢ corresponding to the situation (j).

On the other hand the point (L%,0,0) of Tr..c...—c corresponds to the case
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(iii)

Reconstruction from Tr,, c.c, to Sty 1,.c

Gt = Ly, and its image in Sz, 1, ¢ is (L?,2(Ly — C)? — L3,0,0,0,0) which is
singular, specifically one of the two points (b) studied in Subsection 2.4.2.

When Gy = C and Ly # C + G, the surface Tp, ¢ has two singular points
with coordinates (—L%, £2L;C,0). After picking specific values v; and Gj
(or G} = L) the regular points of 7., ¢.c get transformed through (2.26)
into

01 = 2G12 - L%,
09 = 202 — Lg,

o3 = \/ (L3 — G2)(AC? — Gi2) sin ;.
o= D — e —Gpysiny,

o5 = Gi\/ (L3 — G2)(AC? — Gi2) cos ;.

06 = G5/ (I3 — C2)(AC? — Gi2) cos .

Therefore the image of a regular point in 7Ty, c¢ is a circle in Sy, 1,.¢
parametrised by 7, provided that G5 # 2C' and C # Ly. When G} = 2C
the point gets transformed into (8C? — L?,2C? — L%,0,0,0,0) which is a sin-
gularity of S, 1,.c of the type (j). When C' = Ly the point is transformed
into the regular point (2G3% — L2, L%, \/(L? — G32)(4L? — G7?)sin~7,0, G
V(LT = GP)(LT = G7?) cos ), 0).

Using (2.38) and (2.41) the singular points (—L?, +2L,C,0) are transformed
into (—L3%,2C? — L3,42L,C,0,0,0,0) which are the singular points labelled
above by (a).

When G = C and L; = C' + G4 there are three singularities in the space
Tr1.11/2.01 /2, namely (L7,0,0) and (—L7,£L3,0). The regular points of the
fully-reduced space are converted into

oy = 2G1? - L2,

02 = %L% - L%a

o3 = (L — G{*)siny,

G3 .
o4 = L_ll (L2 — G%%) (413 — L3) siny,
05 = Gi(L2 — G72) cos s,

06 = G/ (L3 — Gi2)(4L% — L?) cos 7,

which are circles in Sy, 1,.1,/2 parametrised by <, since L; > G and 2L, >
L.
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Concerning the singularities, (L% 0,0) corresponds to the case G} = Ly,
and it is converted into (L%, 3L} — L3,0,0,0,0) which is the singular point

(b) with C' = L;/2 whereas the points (—L?,+L% 0) are transformed into
(—L%, 103 — L%, +12,0,0,0), i.e. the singular points (a) when C' = L, /2.

4.2 Reconstruction from Sz, 1, c to Rz, 1,8

We only reconstruct the point of Sy, 1, ¢ related to the motions that are studied
in the spaces Ry, 1,5 and Ay, 1, in the following chapters.

Proposition 4.2. (a) The point (L%, L3,0,0,0,0) in Sr, 11,45, corresponding
to circular coplanar motions of the three bodies reconstructs to a reqular or
singular point of Ry, 1, B-

(b) The points of St 1,.1, with coordinates (—L3, L3, £2L, Lo, 0,0,0) that stand
for prograde or retrograde rectilinear motions of the fictitious inner particle
orthogonal to the invariable plane and circular motion for the outer body in
the invariable plane, reconstruct to reqular or singular points of Ry, 1,.B-

Proof. (a) It is a singular point (case (g) of Subsection 2.4.2) in Sy, 1, 1,41, that
corresponds to circular coplanar motions of the three bodies.

Using the coordinates of R, 1, 5 appearing in (2.45) we put the invariants
p; in terms of Deprit’s action-angle variables, doing Gy = L, G5 = Ly and
C' = Ly + L;. We arrive at the point (p1, ..., p1g) such that

LB
P1 = P2 = i—Lgi-Ll’
_ _ LB
P3 = P4 = —LgiLl’

ps = pr = pg = p11 = p13 = p15 = 0,

=i (1 i) v

B2
P8 = P10 = P12 = Pu4 1 2( —(L2 iLl)Q) ;
B2
=2 (1-——

which is a point in Ry, 1, p as it satisfies the constraints (2.44).

up:<
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72

Reconstruction from St 1,c to Rr, 1,.B

When |B| = Ly + Ly then C = Ly + Ly, G; = Ly and G5 = Ly and the space
RriiLo+(L1+L2) 1s merely a point. This is the only combination among L,
Ly and B such that R, 1, p consists in a point.

We compute the Jacobian 10 x 16-matrix of the constraints (2.44) with re-
spect to the invariants p; and evaluate it at the equilibrium point with coor-
dinates (4.2). When |B| # Lo+ L; the rank is ten, hence the point is regular.
However when |B| = Ly £ L; the Jacobian matrix has rank one, thus the
point is singular for |B| = Ly — L;. When |B| = L; + Ly the point is not
properly a singularity.

The invariants p; are related with Deprit’s coordinates through the change

(2.46) and the explicit expressions of the Keplerian invariants in terms of ~;,
Y2, V1, vV, G, Go, C and B, see Appendix A of [69]. These formulas make
sense even for G; = 0 as in this case G5 = C and we can use an argument
of analytic extension of Deprit’s action-angle coordinates for G; = 0. So we
make G7 =0, Gy = C' = Ly and v, = /2 (for 03 = 2L, L) or v, = 37/2 (for
03 = —2L1Ls) in the expressions relating the p; with Deprit’s coordinates
arriving at

LB LB
P1 LQ ) P2 + L2 ; P3 ) P4 )
L? L
Ps = Oa Pe = _L_; (Lg_BQ)v pr = 07 Ps = j:L_l (LS_BQ)7
2 2
— _ Ly o 2 _ _ Ly 0 2
py = 0, ﬂlo—i—(Lz—B), p11 = 0, /)12—313—(L2—B),
LQ L2

pis =0, puu=F— (Lg _B2)7 pi5 = 0, pig = L% —BQ,

(4.3)
where the upper signs apply for o3 = 2L,Ls and the lower ones for o3 =
—2L1Ls.

In order to establish the regular or singular character of the points (4.2)
we determine the Jacobian 10 x 16-matrix of the constraints (2.44) with
respect to the invariants p; and evaluate it at the equilibrium points with
coordinates (4.2). We conclude that the rank is ten provided that |B| # Lo,
otherwise the rank decreases to one. Thus the points (4.2) are regular points
of the set Ry, 1, 5 provided |B| # Lo, whereas they become singular points
when |B| = Ls.

]
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4.3 Reconstruction from S;, 1, c to Az, 1,

We only reconstruct the point of Sz, 1, ¢ related to the motions that are studied

in the spaces Ry, 1,.5 and Ay, 1, in the following chapters.
Proposition 4.3. (a) The point (L3, L3,0,0,0,0) in Sr, 151,45, corresponding
to circular coplanar motions of the three bodies reconstructs to an S* in

ALl,Lz'

(b) The points of St 1,.1, with coordinates (—L3, L3, £2L, Lo, 0,0,0) that stand
for prograde or retrograde rectilinear motions of the fictitious inner body or-
thogonal to the invariable plane and circular motion for the outer body in the
invariable plane, and such that the invariable plane is the horizontal plane
of a fized reference frame, reconstruct to points of Ar, r,.

Proof. (a) It is a singular point (case (g) of Subsection 2.4.2) in Sy, 1, 1,+1, that
corresponds to circular coplanar motions of the three bodies.

From (2.19) we infer that
a—l—b = 2G1, C—|—d = 2G2, (44)
and that
a-b =G} - LIA} c-d = G5— L3As. (4.5)
As in this case G; = L; > 0 and Gy = Ly > 0 and considering the rela-
tions (2.18) one gets
413 = 4G3 = |]a+Db|> = |a]* + |b|* +2a-b = 2L? +2(L3 — [3A?),
412 = 4G2 = |c+d|* = |c]* +|d|* + 2¢-d = 203 + 2(L3 — L3A3),
where Ay = |Ay|. Thus, A1 = A; =0 and so A; = Ay = 0. Applying these
equalities in (2.19) we get
a:b:Gl, C:d:GQ. (46)

Taking into account that C = G; + Gy then C = a + c. Now, as the orbits
are also coplanar thus Gy = |C = G|, hence Ly = |C £ L,|. We discard
the cases C' = —L; — Ly and Ly = L1y — C as Ly > L; and do not consider
the case Ly = Ly 4+ C as it is studied in Ry, 1, 5. Therefore, Ly = C' — L
and |c| = |a+ c¢| — |a|] from which we deduce that a - ¢ = |a||c| = L, L, and
Lya = Lic. Thus, the point (L% L3,0,0,0,0) reconstructs to the following
two-dimensional set in Ay, 1,:

L L
{(a,a,L—ja,L—ja> € R¥? | \a\:Ll}, (4.7)

which is diffeomorphic to S2.

up:<
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74 Reconstruction from Sy, 1,c to Ar, 1,
(b) With the same argument as in the previous subsection but setting in addition
| B| = Lo, we end up with the following points in Ay, 1, for o3 = 2L, Lo:
(07 07 iLl? 07 07 :FL17 07 07 j:LQJ 07 07 :]:L2>7

such that the upper signs apply to B = L, whereas the lower ones apply for
B = —L,.

When o3 = —2L,Ls we get the points
(0,0,FL;,0,0,+L,,0,0,+Ly,0,0,+Ly),

where the upper signs are used for B = Ly and the lower ones for B = —Ls.

Let us remark that all the points in Ay, 1, are regular.
O
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Chapter 5

Invariant tori associated to
non-rectilinear motions

5.1 Main result

In this chapter we reconstruct the elliptic relative equilibria of the fully-reduced
space with the aim of establishing the existence of KAM tori in the spatial three-
body problem. We reconstruct the elliptic equilibria given in Fig. 3.1 discarding
the ones associated to rectilinear motions of the inner bodies as their study deserves
a separate chapter. We plan to apply KAM theory, however our system is written
as the sum of a Keplerian part plus a perturbation that appears scaled at different
orders, so it is very degenerate. Therefore, we cannot conclude the existence of
invariant tori using the standard KAM theorems [4] or even some specific results
dealing with Hamiltonians with a proper degeneracy. Indeed it is well known that
in many cases of perturbed Kepler problems, the leading order of the perturbed
Hamiltonian is insufficient to remove the degeneracy, thus one needs to resort to a
theorem particularly designed to remove such degeneracy. We apply a theorem by
Han, Li and Yi [36] that works in the case of Hamiltonian systems with high-order
proper degeneracy and has been applied successfully in other contexts [63]. One
can find more details about this issue in Chapter 1. Han, Li and Yi’s Theorem
can be applied to Hamiltonian systems with finite smoothness using standard
arguments of KAM theory, thus we shall use it in the next section for the study
of the cases that are summarised in Table 5.1. Our goal is to get invariant 5-tori
for Hamiltonian (2.3) in Q. ,, the subset of P.,, C T*R® we are performing the
analysis. These tori are related to the elliptic equilibria in the fully-reduced space.
We do not reconstruct KAM 6-tori because they would be resonant since B and v
are cyclic coordinates, see [13].

We apply Theorem 1.15 to the Hamiltonian of the three-body problem given

7
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Space | Dimension | Cases ( inner / outer ellipses )

Ti.,c.Gs 2 non-circular / non-circular - non-coplanar
non-circular / non-circular - coplanar
circular / non-circular - non-coplanar

Sr..L.,C 4 circular / non-circular - coplanar
circular / circular - non-coplanar
non-circular / circular - non-coplanar
non-circular / circular - coplanar

RL,yLs.B 6 circular / circular - coplanar with
C~Ly— 1Ly #|Blor C= L+ Ly % |B|

ALy L, 8 circular / circular - coplanar with
C~Ly— 1Ly~ |Blor C= L+ Ly ~ |B|

Table 5.1: Reduced spaces where we have carried out the analysis of the different
relative equilibria. There are KAM 5-tori of the full system associated with each
type of motion on the right column.

in (2.3), or equivalently in (2.7). This Hamiltonian has been reduced out by the
translation symmetry and is defined in Q. ,,. It is also expressed in terms of Deprit’s
action-angle coordinates after making the normalisation over the mean anomalies
and the Legendre expansion. It is given by:

H = Hiep +K1+ O(7) (5.1)

where Hyep is the Keplerian Hamiltonian and K is the first-order perturbation
given in (2.17). The higher-order terms of the perturbation are included in O(e?).
They come from terms of order higher than two in the Legendre expansion of the
potential and from the orders higher than one in the Lie transformation performed
to average Hamiltonian (2.3). Note that Hamiltonian (5.1) keeps the same name
as the one in (2.3). This is because they both represent the same system and (5.1)
is obtained from (2.3) after some manipulations.

The cases of Table 5.1 are expanded in the following section. Indeed excepting
for Ay, 1,, in the cases of the other reduced spaces where the orbits of the bodies
are coplanar, we need to distinguish among the different types of coplanarity.
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The reason is that the combinations of Deprit’s action-angle coordinates built to
handle the different types of coplanarity depend on the linear combinations of the
angles that are well defined. This fact leads to different collections of symplectic
coordinates x;, y; that are introduced in order to represent all the subcases. These
local coordinates are provided in terms of Deprit’s variables and are given explicitly
in the tables of the next section.

Remark 1. To achieve the reconstruction process we choose a specific relative
equilibrium in 7z, ¢, and use the actions L;, Ly, C' and G5 in order to get the
KAM 5-tori for the full Hamiltonian in T*R®. The fifth action is built from a pair
of rectangular symplectic coordinates, say x; and y;, that are well suited variables
defined in a neighbourhood of the equilibrium point in 77, ¢.¢,. However, depend-
ing on the relative equilibrium’s type, when one or several angles are not properly
defined, in principle, we could not use their conjugate actions. Nevertheless, when
an angle is undetermined, certain linear combinations of it with the other angles
are determined, see for instance [42]. Then we should define its conjugate action
as an adequate linear combination of Deprit’s actions L, Ly, C' and G5. This new
action should be used when checking the hypotheses of Theorem 1.15 to compute
the matrix containing the partial derivatives of the required orders of the Hamil-
tonians h; (i = 0,...,a) with respect to the actions. However, by applying the
following reasoning we avoid the use of these new actions and can always use Ly,
Lo, C'and G5. In the fully-reduced space all the bounded motions of the fictitious
inner body are allowed. This body can even follow straight lines as the flow on
the reduced space is regularised with respect to inner double collisions, so the flow
is smooth on the whole T;, ¢, regardless of where ¢y, {5, v; and -, are defined.
Thus, we can change from one set of coordinates to the other and, when checking
the hypotheses of Theorem 1.15, the matrix containing the partial derivatives of
h; (i =0,...,a) with respect to the new actions has the same rank as the matrix
containing the partial derivatives of h; (i = 0,...,a) with respect to Ly, Ly, C and
GG,. Hence, it is enough to apply Han, Li and Yi’s Theorem taking the actions L,
Lo, C' and (G5 where the intermediate Hamiltonians depend on the specific relative
equilibrium of 7., ¢, we reconstruct.

Remark 2. In some situations we cannot make the reconstruction from the
fully-reduced space. For instance, when the outer body moves in a near-circular
orbit (Go = L) we shall be able to use at most three of the four actions. In such
case the analysis has to be performed in a higher-dimensional space. Indeed if
the motions of the two bodies are not near coplanar the right space to study the
relative equilibrium is Sz, 1, . Then as this space has dimension four we need
two pairs of rectangular coordinates, say x1,y; and s, ¢, to deal with the point in
that space. So, we construct two (local) actions and take three of Deprit’s actions,
namely Ly, L, and C. In conclusion, the relative equilibrium of the fully-reduced
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space accounting for non-coplanar motions of the two bodies and such that the
outer body describes a near-circular trajectory whereas the motion of the inner
body is not circular, is studied in Sz, 1, . We also require that this equilibrium
be isolated in Si, 1, c. Finally, when at least one of the angles ¢, ¢, or vy is
undetermined, the same explanation as the one given in Remark 1 works so that
we can use L1, L, and C' as actions in order to apply Theorem 1.15.

Remark 3. There are other cases that have to be studied in a higher-dimensional
space. When the two fictitious bodies follow near-circular trajectories that are
nearly in the same plane then Gy ~ L;, Gy =~ Ly and G; = |C — G| (we have
discarded the condition G; ~ C' + G5 because it would lead to C' = L1 — Ls). So
we introduce three pairs of local symplectic coordinates z;, y; if we may make the
analysis in Ry, 1, p or four pairs if the study is made in Ay, 1,. In order to apply
Theorem 1.15 we use the actions L; and L. and three actions I; obtained from
x;,y;. Note that in the cases studied in Ry, 1, p and Ay, 1, the mean anomalies
are not well defined but Remark 1 applies and we can use the actions L; and L.

To formulate the main result of this chapter we need to take into account the
restrictions we have considered before so that our analysis is valid in Q.,. We
then have the following result.

Theorem 5.1. The Hamiltonian system of the spatial three-body problem (2.8)
(or, equivalently, Hamiltonian (2.7)) reduced by the symmetry of translations de-
fined in Q.,, C T*RS has invariant KAM 5-tori densely filled with quasi-periodic
trajectories of the fictitious inner and outer bodies of the following types:

otions reconstructed from relative equilibria of Tr, c.c,-
1) Moti tructed lati libria of To,.c.c
(1) near-non-circular solutions of the inner and outer bodies moving in dif-
ferent planes;
(ii) near-non-circular coplanar solutions of the inner and outer bodies;
(111) near-circular solutions of the inner bodies and non-circular solutions of
the outer body mowving in different planes.
otions reconstructed from relative equilibria of Si, 1,.c:
2) Mot: tructed lati 1ibri SLy Lo,
(1) near-circular solutions of the inner bodies and non-circular solutions of
the outer body moving in the same plane;

(11) near-circular solutions of the inner and outer bodies moving in different
planes;

(ii1) near-non-circular solutions of the inner bodies and circular solutions of
the outer body moving in different planes;
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(iv) near-non-circular solutions of the inner bodies and circular solutions of
the outer body moving in the same plane.

(3) Motions reconstructed from relative equilibria of Ri, 1, 5: near-circular-co-
planar solutions of the inner and outer bodies such that C ~ Ly — Ly % | B|
or C = L+ Ly # |B|.

(4) Motions reconstructed from a relative equilibrium of Ar, r,: near-circular
solutions of the inner and outer bodies such that C ~ Ly — Ly ~ |B| or
C =~ Ly + Ly = |B|, that is, the motions of the three bodies nearly occur in
the horizontal plane, i.e. the plane perpendicular to the axis k.

Let 6 with 0 < § < 1/5 be given, then the excluding measure for the existence of
quasi-periodic invariant tori in the four cases is of order O(%/%).

The proof is elaborated in the next section using Han, Li and Yi’s Theorem.
We have chosen a representative case of each reduced space, providing the explicit
computations of the torsions. The calculations of the remaining cases have been
also performed and they are presented in Appendix B.

5.2 Proof of Theorem 5.1

5.2.1 Study in 77, cq,

Our aim is to prove item (1) of Theorem 5.1. In Table 5.2 we show all the pos-
sible cases (excepting for rectilinear motions of the inner bodies) that are studied
in the space Tr, cq,. For each case we give the linear combinations of Deprit’s
angles that are properly defined as well as the corresponding combinations of the
actions. However, we recall that by Remark 1 we check the conditions of Han, Li
and Yi’s Theorem by using the actions L, Ly, G and C. The fifth action is ob-
tained from the symplectic rectangular pair z;/y; that is conveniently introduced
in each case and appears in the last column of Table 5.2. In case (a), which deals
with motions of the three bodies that are of non-circular and non-coplanar type, 7{
and G7 stand for the concrete values taken at the relative equilibrium on 7z, ¢.q,-

Although here we shall prove the existence of invariant 5-tori around circular
solutions of the inner bodies (case (e) of Table 5.2), we remark that the proofs of
the remaining cases in Table 5.2 appear in Appendix B.

The coordinates of the equilibrium point of case (e) in the space Tz, cq, are
(L2,0,0). In this case it is assumed that G; &~ L; and the outer body is not moving
in a near-circular orbit, thus G5 % Ly and the motions of the two fictitious bodies
are not coplanar, so Gy % |C £+ G|.
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Well defined angles / actions

Variables in 77, c.c,

(a)
non-circular /
non-circular

non-coplanar

C # |B]:
l1/Ly, by /Ly, v2/Ga,v1/C

C~|B|:
Uy/Lyi,la/La,v2/Ga,vy £v/C

TL=m-"
y1:G17GT

(b)
non-circular /
non-circular
coplanar with
G1 ~C+ GQ

C #% |B]:
01/Ly, by /Lo, v2 — 1v1/Go,
Y1 +V1/C+G2

C =~ |B|:
01/Ly,la /Ly, y2 — 1 Fv/Go,
N+ Er/C+Gy

1 = /2(C + G2 — G1) cos vy

Y1 =+/2(C+ G2 — Gy)sinyy

(c)
non-circular /
non-circular
coplanar with
G1 ~ G2 - C

C #|BJ:
01/Ly, by /Lo, v2 4+ 1v1/Go,
1 —vi/Gy—C
C =~ |B|:

01/ Ly, la)/ Ly, vo +v1 £v/Go,
1 —vFr/Gy—C

1 = /2(C + G1 — G2) cosyq
y1 = —/2(C+G1 — Ga)sinm

(d) C #% |B]|: 1 = +/2(G1 + G2 — C)cosyy
non-circular / ly/Ly1,ls/Layya + v1/Ga, y1 = —v/2(G1 + G — C)sinyy
non-circular " +11/C -Gy
coplanar with
GlzC*GQ C%|B|
01/Ly, by Ly, y2 + 11 £v/Go,
1+ v/C—Gs
(e) C #|B|: x1 = +/2(L1 — G1)cosm
circular / 0+ /L1, 85/ Lo, v2/Gayv1 /C y1 = 2(L1 — Gy)siny
non-circular
non-coplanar C =~ |B]|:
U +v1/L1,82/La,v2/Ga,
v +v/C

Table 5.2: Cases studied in 7Ty, ¢ q,. In the first column we show the types of mo-
tions corresponding to elliptic relative equilibria. The second column accounts for
the angles that are properly defined in each case, together with the corresponding
actions. The upper sign of the expressions for the angles and actions is used for
C' =~ B (prograde motions) whereas the lower one is used for C' ~ —B (retrograde
motions). The last column presents the local variables for each case. The rectan-
gular coordinates z; and y; satisfy {z1,71} = 1 and are zero in the equilibrium
point. All the motions are characterised in the fully-reduced space by isolated
points.
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First we introduce the symplectic change of coordinates given in Table 5.2(e)
to deal with near-circular motions of the inner bodies and non-circular motions
of the outer body that are non-coplanar with the inner ones. When L, = Gy, 7
is not properly defined but in this case 1 = y; = 0. Thus, the transformation
can be extended analytically to the origin of the z;y,-plane provided that all the
computations that we have to carry out satisfy the d’Alembert characteristic; see
details in [42, 62|. As this characteristic is maintained, one can conclude that
circular motions of the inner bodies can be analysed properly with these Poincaré-
Deprit-like coordinates and that all the expressions are valid in a neighborhood of
the circular trajectories of the inner bodies.

Hamiltonian (2.17) in terms of x; and y; is:

ML% 2 2 2 2
WOLIGH +yf —aLyp \ W~ b v =)
2M2\1 1

(
x ((aﬁ by 2L, — 2Gs)? — 402> <(x§ by — 2L, +2Gs)? — 4(}2)

Ky =

+ 8(3(35% oy —20)? — 20L§) <6G§ + G2 ((x% by —20)? — 1202)
2
+3((xf + 97 —2L0,)* — 402> ) .

We need to linearise IC; around the equilibrium point. This is achieved by
introducing the change

r, = ez vt g = eV 4yl

where 2} and y] are the values of z; and y; at the equilibrium, i.e. (z7,y}) = (0,0).
The change is symplectic with multiplier /2. After applying it to H introduced
in (2.7) we need to rescale time in order to adjust the resulting Hamiltonian and
to expand it in powers of €. We arrive at a Hamiltonian of the form:

H = Hyep + K1 + O(e2), (5.2)
where
oML
o = -t <L1 (314 - 2L3(3C2 — G3) + 3(C* - G3)?)
22
1 3c1/2 <2L§(02 +3G2 - 1372 (5.3)

+ (3L;1 —4L3(2C% + G3) + 5(C? - G§)2> y§)> :

upha
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The equilibrium in 77, ¢, associated with the motions we analyse is elliptic when
the coefficients of 7 and 7? have the same sign. This happens in regions C, D
and A and E when p+ ¢ > 1 in Fig. 3.1. In particular the signs are all negative
excepting for region A (and p 4+ ¢ > 1) where they are positive. Moreover, the
essential factors of the coefficients of 72 and 2 correspond respectively to the
bifurcation lines I'; and I's.

Now, in order to apply Theorem 1.15 we introduce action-angle coordinates I,
@1 such that {¢1, 1} = 1 as follows:

1/4
T — 21/2[;1/2 3[/11 — 4L%(202 + G%) + 5(02 — GS)Q / [1/2 sin ¢
' ' C? +3G3 - I3 ! b
C?+3G% - 13 e
0= 93/411/2 2 1 7172 .
g Vs meer s —age)
The fact that the signs of the coefficients of % and ¢? in (5.3) are the same

guarantees that I; and ¢, are well defined. After applying this transformation,
Hamiltonian IC; is transformed into:

2ML,
LGS

K, = <L1 (:«;L;l —2L2(3C2 — G2) + 3(C? — G%)Q)

46211 \/2(02 +3G2 — L?) (?,L‘l1 —4L3(2C? + G2) + 5(C? — G%V)) )

Due to the fact that the perturbation appears scaled at two different orders we
cannot apply the standard KAM theorems for degenerate Hamiltonians [4]. That
is why we resort to Han, Li and Yi’s Theorem. In order to get the Hamiltonian
expressed in the form of this theorem we introduce a new parameter n?> = ¢. It
leads to

H = ho+n*hy +1°hy + O(n*),

where
o ME My
0 2L? 2L%°
2ML?
h = - (3L§* ~2L2(30% — G2) + 3(C? — G§)2), (5.4)
22
12ML2
ha = L 2(C? 18G5 — L) (BLi — ALR(2C? + G) £ 5(C7 — GR)?).
212

At this point we easily identify the following numbers in Theorem 1.15: ng = 2,
ny=4,ny =05, 1 =2, B =3 and a = 2 and construct

Ohy 0Ohy Ohy Ohy 8h2)

Q= (Qh QQa Q37 947 Q5) = (6[/1’ 8L2a 80786}’2’ 6[1
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Now we form the matrix

891 an an 891 an

Ql 0L, 0L, 0C 0G, 0I,

q, 0% 09 00 09 0

> 9L, 0L, 08C 0G, 0I,

00 00 00 005 08

OrI) = | L, 0L, 0C 090G, Ol
g, Ou 0 0 0% 0

Y 9L, 0L, 90C 090G, 0OI,

o, 005 005 005 005 Qs

9L, dL, OC 090Gy oL

After replacing (5.4) in the frequency vector 2, we deduce that the rank of the
previous matrix is four, which is not enough. We need rank five because we are
looking for KAM 5-tori. Then, we construct the 5 x 31-matrix that results from
adding to 9} Q(I) the columns corresponding to the partials of second order. This
time the rank of the matrix is five and s = 2. Thus, we conclude that there are
KAM 5-tori related with the equilibrium point that represents circular motions of
the inner bodies.

According to Theorem 1.15 the excluding measure for the existence of quasi-
periodic invariant tori is of order O(n%/2) or O(¢%/*) with 0 < § < 1/5. Calculating
b=>%,0i(n;i —ni_1) we obtain b = 7. So, we cannot apply Remark 2 of [36] p.
1422 because n**+0 = nl4+d = £(1449)/2 and the perturbation in (5.2) is of a lower
order (it is of order two). Thus, we cannot improve the measure for the existence
of invariant tori.

5.2.2 Study in S;, 1,¢

Now we deal with the second item in Theorem 5.1. These are the cases collected
in Table 5.3, that we study in the reduced space S, 1, c. As an example, here we
develop the proof for case (g) in Table 5.3, which deals with circular motions of the
outer body that are coplanar with the inner bodies’ motion. The remaining cases
are handled in Appendix B. As we know, coplanar motions satisfy G; = |C' — G|
or G; = C + Go, but Gy = C' + G5 is not possible when G5 = Lo. Here we have
chosen the case where Gy ~ Ly and G; = C' — (G5, i.e. the inner and outer bodies
follow prograde orbits, that is I; = I, = 0. These motions are represented by an
isolated singular point in Sy, 1, ¢, the point (e) in Subsection 2.4.2.

The coordinates of the equilibrium point of case (g) in Si, 1,c are (2(Ly —
C)?—12,13,0,0,0,0). We start by introducing the symplectic change of Poincaré-
Deprit-like variables appearing in Table 5.3(g). This set of coordinates desingu-
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Well defined angles / actions Variables in S, 1,.c
(a) C #|B|
circular / b4+ v1/L1, b + 2/ Lo, v, /C x1 = +/2(L1 — G1)cosm

)
circular y1 = \/2(L1 — G1)siny
non-coplanar C =~ |B| o = /2(Ly — G3) cosya
51 +’}/1/L1,€2+72/L2,I/1:‘:I//C Yo = 2(L27G2)Sin’)/2

®) CEIB
circular/ /1 +71+V1/L1,€2/L2,72—V1/L1—C xr1 = \/2(L1—G1)COS(’Y1 +’)/2)
non-circular y1 = V2(L1 — Gy)sin (11 + 72)
coplanar with C ~ |B| 9 = /2(C + Gy — G1) cosya
Gi=C+G, b+ +vi£v/Ly,la/ Lo, Y2 = —/2(C + G2 — G1)sinyy
yo—v1 Fv/Li = C
(c) C#|B|

circular/ 2 —l—’yl—1/1/L1,€2/L2,’YQ+I/1/C+L1 xr1 = \/2(L1—G1)COS(’71 +’72)
non-circular y1 = +/2(L1 — G1)sin (y1 + 72)
coplanar with C =~ |B]| zo2 = /2(C 4+ G1 — G2) cos 72

Gi~=Gy—-C b+ —vi Fv/Ly,la/ Lo, y2 = 1/2(C + G1 — G2)siny,
Yo+ +v/C+ Ly
(d) C % |B|

circular / Uy +y1+vi/Ly,lo/ Ly, v +11/C — Ly | 21 = /2(L1 — G1)cos (71— 72)
non-circular 11 = +/2(L1 — Gy)sin(y1 — 72)
coplanar with C =~ |B| x2 = v/2(G1 + G2 — C) cosya

Gi~C -Gy 2 +’71+I/1:‘:I//L1,€2/L2, Yo = — 2(G1+G2—C)Sin’)/2
’}/2+V1:|:V/07L1

(e) C #|B| rL=m-M

non-circular / gl/Ll,EQ + ’}/Q/Lg, Vl/c Y1 = Gl — G’f
circular o = /2(Lay — G3) cosya
non-coplanar C ~ |B| Y2 = v/2(L2 — G2) sinys
fl/Ll,fg +’)/2/L2,V1 + V/C
(f) C #|B|

non-circular / | ¢1/L1,0s + 2 +v1/Lay,y1 — 11 /Lo — C 1 = /2(C + G1 — G2) cosy1

circular y1 = —/2(C + Gy — Gq)sinyy

coplanar with C =~ |B| To = /2(Ly — Ga) cos (71 + 72)
GlmGng’ El/Ll,Eg +’Y2+V1:EV/L2, yQZN/Q(L27G2)Sin('Yl +’)/2)
y1—viFv/Ly—C
® C# B

non-circular / | €1/L1,la +v2 +1v1/La,v1 +11/C — Ly 21 = /2(G1 + G2 — C) cosy1

circular y1 = —/2(G1 + Ga — C)sinyy
coplanar with C =~ |B| o = /2(La — Ga) cos (71 — 72)
Gl%C—GQ El/Ll,Eg—f—’h—‘rllliy/I;Q, yQZ—\/Q(LQ—GQ)SiH(’)/l—’yQ)

’)/1—|—I/1:|:V/C—L2

Table 5.3: Cases studied in Sy, 1, . The types of motions corresponding to elliptic
relative equilibria are given in the first column. The second column accounts for
the angles and their conjugate actions that are properly defined in each case. The
variables x;, y; are zero in the equilibrium point and satisfy {z;, v;} = —{y;, z;} =1
while the rest of Poisson brackets vanish. The upper sign of the expressions is
used for C' ~ B while the lower one for C' &~ —B. In the third column the local
rectangular symplectic variables for each case are written down. All the motions
are characterised in Sg, 1, ¢ by isolated points. Cases (a) and (e) correspond with
regular points on the reduced space whereas the other points are singular.
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larises Sy, 1,,c locally around the relative equilibrium and is well defined for cir-
cular motions of the outer body that are coplanar with the inner bodies” motions.
This desingularisation process happens in all the cases where the relative equilibria
are singular with the choices of the coordinates x;, y; indicated in Table 5.3. The
angle v is not well defined when G5 = Ly, but then x5 = y5 = 0. Besides, nor v,
nor vy, are defined when G; = C' — G5, but then z; = y; = 0. Moreover, the angle
Vo — 71 is properly defined when GG; = C' — G5 and when G5 = Ly. All the compu-
tations satisfy the d’Alembert characteristic, so the transformation appearing in
Table 5.3(g) can be extended analytically to the subset z7 = y; = x93 = yo = 0,
see [42].
The expression of Ky in terms of z1, xs, y; and ys is

2OML?
L3(23 + 43 — 2Lo)" (a2 + 23 + 42 + 43 + 20 — 2Ly)°

’Clz—

X (15(1/% — 23) (2] + yi + 4C) ((xf a4yt yd 420 —2L,)° — 4L§)
x (27 + 223 + yi + 2y5 — 4Lo) (27 + 223 + y; + 2y5 + 4C — 4L»)
+ (3(95% +ad gl 420 —2Ly)° — 20L§)

2
X (3(:c§ oyl —2Ly)" + 3((1:3 a4yl 4y +20 —20,)° - 402)
+ 222+ 42 - 2L2)2<(x§ a4y + R 420 —2Ly)° — 1202))).

We linearise K; around the equilibrium by introducing the symplectic change
with multiplier e=1/2:
1 = 51/4.i'1, To = 81/4f2,
g,
After applying the transformation to #H introduced in (2.7) we rescale time,
ending up with the Hamiltonian

H = Hiep + K1 + O(?), (5.5)

Y1 = 51/41/_17 Yo = €

where
IML?

M= me—

( —4L3(C — Ly) (L3 — 3(C — L»)?)
+6e'/2L, <2(C — Ly)*(Lo + C)3
+2(5L3C + (C — Lo)*(Ly — 40)) i}

(€ - La)(BLE+ € (L= 207 @ + ) )
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Let us note that the coefficients of z; and y; have negative sign for all the
allowed values of the parameters whereas for Z, and 95 the coefficients are the same.
Besides the eigenvectors of the associated linear vector field always form a basis
of R?*, therefore the relative equilibrium in Sy, 1, ¢ is linearly and parametrically
stable for all the combinations of the parameters L, L, and C', even when possible
resonances between the two degrees of freedom are allowed. This is compatible
with the fact that the corresponding relative equilibrium is stable in 77, cq,. In
fact, the equilibrium in 77, ¢, is (2(Ly — C)? — L3,0,0) or (2(p — ¢)* — 1,0,0)
in 7,4, which is the red one in Figs. 3.3 and 3.4, where we note that it is always
stable.

The next step is the introduction of the following symplectic set of action-angle
coordinates:

- g (SO bl 4c>)”“ 125in 6,
VO =1, Ly+C ! ’
L, +C

1/4
) = V2(C—L 12
h (€= L) (5L§C +(C = Ly)2(Ly — 40)) 1 Cosdr,
To = v/ 2[2 sin ¢2,
:ljg = \/ 2[2 COS ¢2.

The actions and angles satisty {¢;, I} = —{[;,¢;} = 1 and {¢;, [;} = 0if i # j.
The radicands have constant positive sign. Now we apply the transformation to
Iy getting

SML?
’C — 1
1 Lg

(L2 (3(C = Ly)* = 5L7)
R (2[1\/(L2 +C)(BLIC + (C — Ly)?(Ly — AC))

+ I((Ly — 20)2 — 5L% — 02)>).

Now we express Hamiltonian H in the same form as Hamiltonian (1.15). It is
achieved by introducing a new parameter 1> = ¢, arriving at

H = ho+n°h1 +1n°ha + (9(774>7
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where
CpME My

ho =

202 212"
SML?
hy = L(3(C — Ly)* — 5L3),
L (B(C - La) ! (5.6)
24 ML?
he = = (200 (L + O)(BIAC + (C = L2)*(Lz — 40)
2

+ I((Ly — 2C)? — 5L2 — 02)).

We stress that the parameters Li, Ly and C' can vary provided that 0 < C <
Ly + Ly, 0 < Ly < Ly so that there can be resonances between the degrees of
freedom represented by ¢, /I and ¢o/1,. However when Ly, Ly and C take values
so that it leads to a resonant Hamiltonian ho, the approach is valid since we do
not need to average with respect to any angle ¢;.

One can identify the following numbers in Theorem 1.15: ny = 2, n; = 3,
ne =5, f1 =2, P =3 and a = 2, then

Ohg Ohy Oh, Ohy Oh
Q= (Ql, QQ, 937 Q47 95) — < 0 0 1 2 2> '

0L, OL,” 0C’ 09I, 0I,
Now we build the matrix

oy 08y 0 00y 0
oL,y 0L, 0C 09I, O0I
0y 00y 00y 00y 08
oL, 0L, 0C 09I, 09I,
03 003 003 003 083

1

O UI) = | oL, 0L, oC oI, oI,
g, O 0% 0% 09 0
Y 9L, 0L, oC oI, 0l
0 005 00 005 00 00

oL, 0L, 0C 0I, 0l

After replacing the concrete values of Hamiltonian (5.6) and its partial deriva-
tives we deduce that the rank of this matrix is three, but it is not enough to
conclude that there are invariant 5-tori. So, we add to this matrix the columns
composed by the partials of second order and calculate the rank of this 5 x 31-
matrix and get the desirable rank five. Therefore, there are KAM 5-tori related
with the equilibrium point that represents circular motions of the outer body which
are also coplanar with the inner bodies’ motions.

In this case b = 8 and s = 2. So, the excluded measure for the existence of
quasi-periodic invariant tori is of order O(n?/?) (or O(g%/*)) with 0 < 6 < 1/5 and
we cannot improve this measure.
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Well defined angles / actions Variables in Rp, r,.B

(a) T = \/2( Gl)COb (’Y1 —Vl)
circular / y1 = /2(L1 — G1)sin (1 —v1)
circular b+ —vi/Li,la+y2+1v1/Le | xa = +/2(La — G2) cos (v2 + 1)
coplanar with Y2 = \/2(La — G2)sin (y2 +v1)

G ~Gy—C z3 = /2(C + G — G3) cos vy
and C # |B| ys = —/2(C + G1 — Gy)sinvy
(b) x1 = /2(L1 — G1)cos (11 +11)
circular / y1 = /2(L1 — G1)sin (1 +v1)
circular b 4+v+vi/L1,le+v2+v1/Le | 20 =+/2(La — Gz) cos (72 +v1)
coplanar with Y2 = \/2(La — G2)sin (y2 +v1)
Gi~C -Gy r3 = 1/2(G1 4+ G2 — C) cos 1

and C #% |B| ys = /2(G1 + Go — O)sinyy

Table 5.4: Cases studied in Ry, 1, 5. The types of motions corresponding to elliptic
relative equilibria are given in the first column. In the second column the angles
and their conjugate actions that are properly defined in each case are given. The
local rectangular symplectic coordinates are written down in the third column and
they satisty {z;,y;} = —{vi,x;} =1 and {z;,y;} = 0if ¢ # j. All the motions are
characterised in R, 1, p by isolated points. The two points are regular.

5.2.3 Study in Ry, 1,5

We show in Table 5.4 the cases — which correspond to the third item of The-
orem 5.1 — where we have proved the existence of KAM 5-tori related to elliptic
equilibrium solutions in the space Ry, 1, 5. Specifically we deal with circular mo-
tions of the inner and outer bodies all of them moving in the same plane, which is
not the horizontal plane. We choose the coplanar case that satisfies G; ~ C' — G»
and C % |B| to develop our study. The remaining case has been achieved analo-
gously (see Appendix B).

The equilibrium point in Ry, 1, g that we study has coordinates (p1, ..., ps)
with
LB
P1 = P2 = It Ly
L,B
P3 = P4 = Lt Ly

ps = pr = pg = pu1 = pi3 = p15 = 0,
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BQ
- —2 ),
P 1( (L1+L2)2>

BQ
ps = pro = pi2 = p1a = L1Lo (1— <—),

Ly + Ls)?
BQ
= 2l1-—— .
P16 2 ( (Ll —|—L2>2>

It is one of the points of (4.2) and is regular since C' &~ L; + Ly but B % C, so it
is impossible that B = Ly + L.

In order to analyse the dynamics in a neighborhood of the equilibrium point
we define the Poincaré-Deprit-like coordinates appearing in Table 5.4(b). These
coordinates are properly defined because, similarly to the previous cases, when the
angles are not well defined the respective x; and y; are equal to zero. Moreover, all
the functions and computations satisfy the d’Alembert characteristic. Hence, these
coordinates make sense for circular coplanar motions of the inner and outer bodies.
Thus, the transformation introduced in Table 5.4(b) can be extended analytically
to the subset ©1 =y =29 =y = 23 =y3 = 0.

The perturbation /Cy in terms of z; and y; is

. 2ML3
' L3(wF 4y — 2L1)% (23 + y5 — 2L9)°
X (15(x + i —4Ly) (207 + 25 + 2y5 +y3 — 4Ly)

x (203 + 23+ 253 + 43 — AL,) (4mapys — (6 — D)6 — 13))
(le 22 b a4+ R+ R R — AL+ L2)>
_ (3(951 220, - 20L$)
X (3(1;3 +y3 —2L,)"
2 2 2
(#7 + 7 —2L1)" — (¢ + a3 + 23+ y7 +v3 + 45 — 2(L1 + Lo)) )

2
—3(at + a3+ ad + i + 5+ 3 — 2L+ L)) )>

(5.7)
We linearise K; around the point 1 = 2o = 23 = y; = 2 = y3 = 0 by a
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symplectic change with multiplier e~/4, given by

r1 = 81/8(1_31, Ty = 81/8f2, T3 = 81/8{E3,

_ _1/8~- _ _1/8~- _ _1/8~- (5'8)
Yi =€ Y1, Y2 =& Y2, Y3 = &7 Ys.

This linear transformation is applied to Hamiltonian (2.7), multiplying by £!/* to

rescale time and expanding the resulting Hamiltonian in powers of ¢, getting a

Hamiltonian of the form:

H = Hyep + K1 + O, (5.9)
where
16 ML} 3el/4 o o o 0 o o
K= -=5 L <1+ 57T <L1(x§—a:§+y§—y§)+Lz(x?—x§+yf—y§)>
2 142

3el/2 o 9, 2 a9, -
SI2L2 (Lf (4023 + 58)° + (33 + 52)° — 8(23 + 53) (5 + 33) )
1+2

— 13((@ + 52)? — (73 + 3)* + 2(3}(97 — ) — 7 — 933)) )
+ Ll (3(3 + 98)2 + 6(2 — 23 + 5 — 43) (@5 + 33)
FA(EE — 13) + 72 - 4D))

+40(Ly + Lz)L2$1$3yly3)> :

+

(5.10)
We introduce a symplectic transformation that allows us to express the Hamil-
tonian in the form required by Theorem 1.15. The change reads as follows:

T = / 2[1 sin¢1, @1 = \/ 2[1 COS¢1,
Ty = \/2D8in ¢y, Yo = /21308 ¢,
T3 = / 2]3 singbg, g3 = v\ 2[3COS¢3.

Hamiltonian K; is expressed in the variables ¢;, I; arriving at

16 ML? 3e/4L,
LS Lo

K, = L2+ (LQI1 4 LD — (L + L2)[3>

351/2
212

(Lgff —4L315 — (L3 4+ 3Ly Ly + L3)I3 — 6L, LyI1 I
+ 2L2 <3L1 + 4L2 - 5(L1 + Lg) COS (2(¢1 - ¢3))>Ill3

+2L1(4L1 + 3L2)[2[3>> )

(5.11)
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We average K; with respect to ¢; — ¢3 at first order (i.e. taking only one step in
the Lie transformation) checking that no resonances between the angles occur as
the generating function is always well defined. This averaging process is standard
and has been explained in Chapter 1. The last step before the application of
Theorem 1.15 is the introduction of a new parameter n* = ¢, so that we get

H = ho+n*hy +n°hy +n°hs + (9(777); (5.12)
where
LM M
0 213 213’
16ML]
h1 - - L6 )
2
48 M L3
hy = — 77 ! <L2[1 + Lily — (L + L2)[3>a (5:13)
2
24 ML?
hy = _/; ! (Lgff —AL7I3 — (L} 4 3Ly Ly + L3) 15 — 6Ly Ly I I
2

4 2Lo(3L1 + ALo) [ Iy + 201 (4L, + 3L2)12]3>.
The numbers in Theorem 1.15 are: ng = 2, ny =2, ng = 5, ng = 5, 1 =4,
By =5, B3 =6 and a = 3, then
Q= (Q, Do, O3, U, s, D6, D7, Qg, Qg, Qo) =
Ohg Ohg Ohy Ohy Ohy Ohy Ohy Ohy Ohs Ohy\  (5.14)
8L1’ 8L2’ 8[11’ 6L2’ 811’ 812’ 8[37 8[1’ 8]2’ 813 .
Then, we form the 10 x 6-matrix

oy 0y 00 0y 0

Q
Y'"“9L, 0L, oI, 0I, O0ls
O 0y 00y 0y Iy 0
811 Q) = 2 0L, 0L, 01 0l 015 (5.15)
0y Oy Oy O O
Q40

oL, 0L, 0L, 0I, 0I3

and replace (5.13) in Q and 9} Q(I). We get that the rank of this matrix is five, so
we conclude that there are KAM 5-tori related with circular motions of the inner
and outer bodies all of them moving in the same plane, which is not the horizontal
plane. Moreover, in this case b = 15 and s = 1 then, the excluded measure for
the existence of quasi-periodic invariant tori is of order O(n?) (or O(¢%/*)) with
0 < 6 < 1/5 and as in the previous cases we cannot improve this measure.
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5.2.4 Study in ALl,Lg

We deal with the motions that have to be studied in the manifold Ay, 1,.
These cases are presented in Table 5.5 and they correspond to the fourth item
of Theorem 5.1. In particular the equilibrium points of Ay, 1, are related with
circular motions of the inner and outer bodies, all of them are nearly moving in
the horizontal plane. We choose the case G ~ L, Gy = Lo, G1 =~ C — Gy
and C' = |B|, i.e. case (b) of Table 5.5. The invariant tori that we have found
correspond to the ones determined by Féjoz [32] and by Chierchia and Pinzari
in [12, 13| for the planetary N-body problem. Case (a) is achieved similarly and
the proof appears in Appendix B.

Well defined angles / actions Variables in Ayp, 1,
(a) 1 =+/2(L1 — G1)cos(y1 — 1 Fv)
circular / y1 =+/2(L1 — Gy)sin(y1 —v1 Fv)
circular b +y —vi Fv/Ly, x2 = v/2(La — G2) cos (2 + 11 £ V)
coplanar with by +v2+v1 £v/Ly Y2 = \/2(Ly — Go)sin (y2 + v1 £ v)
Gi~Gy—C x3 2(C + G1 — Gy) cos(ry £v)

and C =~ |B| Y3 = —\/2(0—&— G1 — Gy)sin(y £v)
x4 = +/2(C — |B|) cosv

ys = £4/2(C — |B|)sinv

(b) x1 = +/2(L1 — Gy)cos(y1 + 11 £v)
circular / y1 = +/2(L1 — Gy)sin (y1 + 1 £v)
)

circular b 4+v+vi v/l 9 = /2(Ly — G3) cos (y2 + v1 £ V)
coplanar with lo+v2+v1£v/Ly Y2 = /2(La — Ga)sin (y2 + 11 £ v)
Gi=C -Gy Tr3 = 2(G1 + Gy — C) cos(vy £ v)
and C = |B| ys = v/2(G1 + G2 — C)sin(v; £ v)

x4 = +/2(C — |B|) cosv

ys = £4/2(C — |B|)sinv

Table 5.5: Cases studied in Ay, 1,. The first column contains the types of mo-
tions corresponding to elliptic relative equilibria. The angles and actions that are
well defined in each case are given in the second column. The local coordinates
introduced to study these motions in Ay, 1, appear in the third column. These
coordinates are symplectic and satisty {z;,v;} = —{y;,z;} =1 and {z;,y,;} =0 if
t # j. The upper sign of the expressions is used for C' =~ B while the lower one
for C' ~ —B. All the motions are characterised in the reduced space by isolated
points.
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The coordinates of the relative equilibrium of case (b) in Ay, 1, are:
(0, 0, £Ly, 0, 0, £Lq, 0, 0, £Lo, 0, 0, £Lso).

The local symplectic variables x;, y; are the ones given in the third column of
case (b) in Table 5.5. They are Poincaré-Deprit-like coordinates. In the prograde
case they correspond to the RPS coordinates (regularised planetary symplectic
coordinates) introduced by Chierchia and Pinzari [12, 13]. The coordinates z;,
y; for i = 1,...,4 are well defined because as in the previous cases when the
angles are undetermined the respective x; and y; are equal to zero. In addition
to it all the functions and computations satisfy the d’Alembert characteristic.
So, they are properly defined and make sense for circular coplanar motions of
the three bodies when the motion nearly occurs in the horizontal plane. Thus,
the transformation introduced in Table 5.5(b) may be extended analytically to
TI=Y1=Ta=Y2 =23 =Yz =24 =Ys = 0.

The perturbation Xy in the coordinates z; and y; is the same as Hamilto-
nian (5.7) where instead of the term 4x;x3y1y3 we put the term +4x;x3y1y3 (the
upper sign applies for prograde motions and the inner one for retrograde motions).
We note that it is natural that IC; is independent of x, and y, as they are cyclic
coordinates, i.e., integrals of motion. This is equivalent to saying that v and B
are integrals.

We linearise IC; around the origin through the change (5.8) and consider the
full Hamiltonian A given by (2.7). We end up with a Hamiltonian of the form (5.9)
where /C; is the same as the one of (5.10) with the term 40(L; + Lo)LoZ1Z37173
has to be replaced by £40(L; + Lo) LoT1%37173-

Following the same steps as in Section 5.2.3 we obtain the Hamiltonian (5.11)
where the term cos (2(¢1 —qbg)) is cos (2(¢1 $¢3)). After averaging over ¢, F ¢3 we
end up with the Hamiltonian H given in (5.12) where the h; are the ones appearing
in (5.13).

At this point it is apparent the resonances of the N-body problem in the
planetary regime pointed out by Herman and Féjoz |32] and Chierchia and Pin-
zari [10, 11, 12, 13]. In fact looking at hs in (5.13) it is clear that the frequency
of the degree of freedom x,/y, is zero and the sum of the frequencies related to
x1/y1, Ta/ys and x3/ys is also zero. (Note that these frequencies are indeed the
coefficients of Iy, I and I3 in hy.) These resonances do not affect the conclusions
of our study as the average with respect to the linear combination ¢; F ¢3 can be
achieved straightforwardly.

Next, Han, Li and Yi’s Theorem is applied to Hamiltonian (5.12) with the
same numbers n;, 5; and a as in the previous subsection. Thus the 10 x 6-matrix
is of rank 5 with s = 1. Hence there are KAM 5-tori related with the equilibrium
point that represents circular motions of the inner and outer bodies which are also
coplanar motions when the invariable plane is the horizontal plane.
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In this case b = 15 (as in Section 5.2.3), thus the excluded measure for the
existence of quasi-periodic invariant tori cannot be improved and it is of order
O(n?), ie. of order O(e%*) with 0 < § < 1/5. This concludes the proof of
Theorem 5.1.

The proofs of the remaining cases of Tables 5.2, 5.3, 5.4 and 5.5 appear in
Appendix B. There one can see that the values of the constants n;, 3;, a and s are
the same as the ones of the representative cases obtained in this chapter. Moreover
the estimates on the excluding measure for the existence of quasi-periodic invariant
tori agree with the estimates of the representative cases of each reduced space.

Finally we stress that according to Remark 1 we have not used the well defined
actions of the second columns of Tables 5.2, 5.3, 5.4 and 5.5, as wee have shown
through the representative cases written down in this chapter. Specifically the
actions Ly, Ly, C' and Go are used for the cases studied in the space 7z, ¢,q,, the
actions Ly, Ly and C for the cases studied in the space Si, 1, ¢ and the actions
L, and L, for the cases analysed in Ry, 1, g and in Ay, 1,.
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Chapter 6

Invariant tori associated to
rectilinear motions

In this chapter we reconstruct the rectilinear motions of the inner particles
which are represented by elliptic relative equilibria of the fully-reduced space,
with the aim of establishing the existence of KAM tori in the spatial three-body
problem. The invariant tori corresponding to the Hamiltonian (2.3) are essentially
of two types, accordingly to the nature of the elliptic relative equilibria studied in
Chapter 2, either the inner particles follow trajectories perpendicular to the outer
particle or all the particles move approximately in the same plane. Moreover we
have to make other distinctions on the motion of the outer particle, basically if it
follows a near-circular solution or not and if the total angular momentum vector
is perpendicular to the horizontal plane or not. Similar cases are established in
Chapter 5 or in |70] for non-rectilinear type of invariant tori. In Table 6.1 we give
an account of all possible cases that we analyse within this chapter.

The analysis of rectilinear-type 5-invariant tori cannot be performed directly
starting in 77, c.c,. The reason is that working in the fully-reduced space we build
a pair of action-angle coordinates getting an action, say I, while the other four
actions are Ly, Lo, C' and G5. However for rectilinear motions, as they satisfy
G5 = C, we do not have five free actions to apply KAM theory.

When the motion of the fictitious inner body is orthogonal to the motion of
the outer body we shall start our reconstruction of the quasi-periodic solutions in
Sr,.1,,c. When the outer body follows a near-circular trajectory we shall pass to
the higher-dimensional space Ry, 1, p provided C' % |B|, and when the outer body
has a near-circular trajectory and C = |B| we shall make our analysis starting in
ALy Ly

In order to carry out the analysis of rectilinear-type invariant tori where the
motions of all the bodies are almost coplanar we shall use an argument similar to
the one used in the circular restricted three-body problem [64]. There the exis-

95



up

96

tence of near-rectilinear-equatorial quasi-periodic solutions filling in KAM 3-tori
was established using an indirect reasoning. The idea was to study the invariant
tori of equatorial type valid for all values of the third component of the angular
momentum vector, say H, and then to make the limit A — 0. Here we shall
proceed in a similar way, working in 77, ¢, we shall establish the existence of
invariant 5-tori for coplanar motions with G; ~ |C' — G| and Gy # Lo, building a
pair (I, ¢) of action-angle coordinates. Then we shall calculate the limit Gy — C
checking that the corresponding torsion does not vanish in the limit process. We
studied this type of invariant tori in |70], however we cannot take advantage of
the approach we followed there since the resulting expressions were unbounded for
G, tending to C. Thus we need to construct a different set of variables valid for
this specific case. When the orbit of the outer body is circular we cannot apply
a similar technique working in the space Sy, 1, ¢ because the equilibrium related
with these kind of motions is not isolated.

Space | Dimension | Cases (inner / outer ellipses / relative inclination)
Tir.0.6 2 rectilinear / non-circular / coplanar

SLy Ls.C 4 rectilinear / non-circular / orthogonal
Riy.Ls.B 6 rectilinear / circular with C' % |B| / orthogonal
AL, 1, 8 rectilinear / circular with C' ~ |B| / orthogonal

Table 6.1: Reduced spaces where we have carried out the analysis of the different
relative equilibria of rectilinear character. There are KAM 5-tori of the full system
associated with each type of motion on the right column
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6.1 Invariant 5-tori reconstructed from Sy, 1, ¢

6.1.1 Construction of symplectic coordinates

We are interested in the points of Tz, ¢, with coordinates (—L3, £2L,C,0)
representing rectilinear motions of the fictitious inner body which are orthogonal
to the invariable plane while the outer body follows a non-circular trajectory. In
Deprit’s coordinates these points are given by v; = /2 or 37/2, G; =0, Gy, = C
and v, € [0,27) whereas in the space Sy, 1, ¢ the corresponding coordinates are
(—L2,2C? — L2, +21,C,0,0,0), see Section 4.1. As we have seen in Chapter 3 the
relative equilibria are isolated points of 7Tr, g, and the corresponding points of
SL..,.c are also isolated, see for example |70].

We introduce local rectangular coordinates by means of Deprit’s variables 7,
v9, G1 and G2, making use of some formulas derived in the context of the restricted
three-body problem. It is achieved through the relation between Delaunay coor-
dinates with the invariants @; and b;, i = 1,2,3 of the Kepler reduction of the
circular restricted three-body problem, see [20] and [68]:

G = /L2 + by + agby + asbs,

(as — 63)\/[/2 + @1by + Ggby + G3by
V@ + @+ B+ 8+ 2(ab; + azby)V/L? — arby — asby — asbs (6-1)
\/5((_1251 — a1bo)
V@ + a3+ 02+ 3+ 2(arby + asbe) v/ L2 — ayby — gy — Gsbs
The expressions of H, sin h and cos h in terms of the invariants a; and b; have been

calculated in |20, 68]. They are
H = Las + bs),

sing =

cosg =

. a + by
sinh = — = — 6.9
Va2 + a2+ 02+ 02 + 2(ayby + ashy) (6.2)
as + bo
cosh = —

V@ + a3+ 02+ 03+ 2(arby + aghy)
Now, the canonical coordinates @Q;, F; with symplectic structure dQq Ad Py +dQa A
dP, are introduced in terms of the invariants a; and b;. We use the expression given
in [88] for the case of rectilinear motions orthogonal to the invariable place, i.e.
g=m/2or 37/2 and G = 0, namely,

Q= ——— 0= 2
1 — = /—4—7—— 2 — T I/
ap by

p—x W p_4
VT Txa 2T T T ih
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Its inverse is given by

C_le:':PI\/2L_Q%_P127 a2:Q1\/2L_Q%_P127 6_113::!:(11_@%_‘[312)7
by = £P\/2L — Q3 — P§, by = Qa/2L — Q3 — P#, by = £(L — Q3 — P3).

(6.4)
We are in the position of constructing the required change of coordinates. The
idea is to combine formulas (2.26) with (6.1), (6.2) and (6.4), replacing L by Ly,
G by G, H by Go — C, g by 74 and h by v5. After some manipulations and
simplifications the final form of the change of coordinates is

o = —L7+ Li(Q] + Q3 + PP + P}) — (QF + P})(Q3 + P3)
+(Q1Q2 — PiP)\/ (2L, — Q? — P})(2Ly — Q3 — P2),

oy = —L3+ 320 - Q + Q3 — P} + P})?,

03 = ii(QLl_Q%_Q%_Pf_PQZ)\/?a

o = PV2li— Q3 — PP — P21y — QF - P}
! 420 — Q3+ Q3 — P2+ P}) (6.5)

/(413 — 20 — Q3+ Q3 — P2 + PR) F,
05 = £1(Q1Py + QuP)\/(2Ly — QF — PH) (2L, — Q3 — P)F,
06 = —5(@1V2L1 — QF — P{ + Q21/2L1 — Q3 — F5)

x /(413 — (2C — @3 + Q3 — P2+ PRP) F,

where
F = 16C% - 2L,(QT + Q3 + PP + P7) — 8C(Q} — Q5 + PP — P3) + (QF + P})?
+(Q3+ P3)? —2(Q1Q2 — PiP) /(2L — Q} — P2)(2Ly — Q3 — P3).

The upper signs correspond to the prograde case and the lower to the retrograde
one. When Q; = P, =0 for i = 1,2 then 0y = —L?, 0y = 20? — L3, 03 = +2L,C,
04 = 05 = 0¢ = 0, which correspond to the relative equilibria we are analysing.
The previous transformations are all symplectic by construction, see 88| and
Delaunay elements are symplectic as well so the final transformation (6.5) is sym-
plectic. We have verified that it is true by computing the Poisson structure on
SLy.Ly,c in the o; i.e., the Poisson brackets {o;,0,}, 7,5 =1,...,6. The procedure
is carried out by using the formulas (2.21) together with the Poisson structure on
Apr, 1, in the Keplerian invariants, which is already known, see [68]. So far the
Poisson brackets {o;,0;} are written in terms of a;, b;, ¢; and d; and we determine
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a Grobner basis of the Keplerian invariants and the o; and apply the division al-
gorithm for multivariate polynomials with respect to the Grobner basis, in order
to write down the expressions of {0;,0;} in terms of the o;. The resulting formu-
las are rational functions of the o;. Alternatively we have computed the Poisson
brackets among the o; in (6.5) by setting that the @Q);, P; are symplectic. The
Poisson brackets obtained through both approaches agree. We have checked that
the two constraints that define Sp, 1, ¢ are trivially satisfied after replacing the o;
in terms of ); and P;. From a computer algebra point of view our procedure is an
application of Grobner bases theory and the issue of writing down a polynomial
in an ideal using a given set of generators, see [87].

6.1.2 Expansion in the (); and P, variables and normal form
computations

We apply the change (6.5) to Hamiltonian Ky given in (2.29) and introduce
the stretching Q; = ¢/3Q;, P, = ¢'/8P;, i = 1,2, which is a canonical transfor-
mation with multiplier e=%/%. After rescaling time and expanding in powers of ¢,
Hamiltonian H introduced in (2.7) results in

H = Hiep + K10+ K1a + 2 K1y + O(2), (6.6)
where )
K = —%CLS ((5L§ —60L.C + 320%)(Q? + P?)

+ (5L% + 60L,C + 32C?)(Q3 + P2)
+2(5L2 — 8CH)(Q1Q5 — 131152)>7

and K4 is a homogeneous polynomial of degree four in (); and P; that we do not
write down explicitly.

Excepting for the constant factor in Xy that we will incorporate later, the
eigenvalues associated to K5 are

iS\/l_OC’\/GCQ + L1(25L1 + 34/5(5L3 + 12C2))1 = +w,

+8y/T0C'\/6C2 + Ly(25L, — 3/5(5L% + 12C%))0 = .

Taking into account that Ly > L and 0 < C' < Ly + Ly we have that w; > wy > 0
and wy = 0 if and only if L; = /3/10C. The expressions of C' and L; in terms of
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w; and wy are

Wi~ W o - (2w1 + wa) Y4 (wy + 2ws) /4

L = _
DT 4314534 (2w 4 we) VA (wy + 2ws) /A 4.33/4.51/4

(6.8)

The next step is the diagonalisation of Ky using the eigenvalues and eigenvec-

tors of the matrix associated to it, see for instance [49, 15]. This process is carried

out by constructing a transformation matrix whose columns are the eigenvectors

of the linearised vector field of K5 multiplied by some constants which make the

change symplectic. The quadratic part of the Hamiltonian after diagonalisation is
essentially

$w12Q1]51 + w2@2152 (6-9)

and higher-order terms, e.g. the terms K14, are transformed accordingly.

In order to eliminate the unessential terms from the Hamiltonian written in the
Q;, P; we normalise it using a single step of a Lie transformation. The procedure
lies in the setting of normal form for simple equilibrium points, briefly outlined in
Chapter 1, and it is indeed the Birkhoff normal form approach, see for example [72].
To carry out this transformation we examine the possible resonances occurring
between w; and wy since the resonant terms have to be kept in the normal form
Hamiltonian. Given a monomial of K4, say 5@3@%]5{“1521 withi4+ 7+ k+1 =4,
we have checked that, regardless if w; /ws is rational or not, it must be retained in
the normalised Hamiltonian if and only if ¢ = k and j = [, with the only exception
that Ly # 1/3/10C. In other words the combination —w; (i — k) +wq(j — 1) = 0 if
and only if i = k, j =1 and L, # \/3/—100. We exclude the case L = \/3/—106’.

6.1.3 Quasi-periodic solutions related to the points
(—L3, +2L,C,0)

Our aim is to apply KAM theory, so we introduce the following symplectic set
of action-angle coordinates:

Qi = VI (cosg; —using;), P = \/I;(sing; —1cos;), 1<i<2 (6.10)
The symplectic structure of the action-angle coordinates is dI; A dpy + dis A dgs.

After applying this transformation to the Hamiltonian and introducing a new
parameter n* = ¢, the full Hamiltonian (2.7) reads as

H = ho + 774h1 + 775h2 + 776h3 -+ 0(778), (611)
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with

hy — CmME M

202 212

8OML?

M= hes

2

1296M(W1 — WQ)S

hy = — Iy — wsl.
? 5L3(2wy + wa)?(wy +2w2)2(w1 1~ waly)
. 32(3/5)% M (w1 — wp)? (6.12)
3 pum—

L%(Ml + WQ)2(2£A11 —+ WQ)9/4(CL)1 -+ 2w2)9/4

X ((650w§1 + 997wiws + 21wiws — 341w ws — 31w))I?
+ (=31lwi — 341wiwy + 21wiw? + 997w w; + 650ws) I3
+8(32w] — 83wiwy — 222w2w3 — 83wyw3 + 32w§‘)]1[2),

where hy and hs are, respectively, the transformed Hamiltonians of the normalised
Hamiltonian through (6.10). We remark that h3 does not depend on any combina-
tion of ¢ and ¢, because the only terms retained in the normal form Hamiltonian
are those whose exponents satisfy ¢ = k and j = [. The expressions h; are the
same for the prograde and the retrograde situations.

We are ready to use KAM theory in order to conclude the existence of KAM
5-tori related to near-rectilinear motions of the inner particles moving nearly in
the axis perpendicular to the invariable plane. Two of the five actions we choose
are Iy and I, with conjugate angles ¢; and ¢y respectively. Another action is C
with conjugate angle v; when C' % |B| or the combination vy + v, when C' ~ +B,
so that we do not need to care whether C is orthogonal to the horizontal plane
or not. The fourth and fifth actions are L; and L, with conjugate angles /;
and /5. Indeed we can choose £ even when this anomaly is not well defined for
rectilinear motions of the fictitious inner body. The reason is that, accordingly
to our regularisation process made in Chapter 2, if we consider the unperturbed
part of the Hamiltonian function as Dy — u3M2/(2L3), for the flow defined by the
Hamiltonian D; the period T is constant on energy levels h and dT'/dh # 0 even
at the regularised collision orbits. A similar idea in the context of the restricted
three-body problem is employed in [64] (Section 2.4). See also Subsection 2.2.3
and Remark 1 of Chapter 5.

We use Theorem 1.15 as it has been done in Chapter 5, which works in the case
of Hamiltonian systems with high-order proper degeneracy. One can identify the
following numbers in Han, Li, Yi’s Theorem [36]: no = 2, n; = 3, ny = 5, ng = 5,
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1 =4, B2 =5, B3 =6 and a = 3, and define I = (Ly, Lo, C, I1, I5) and

Q= (, O, Q, Qu, O, U, ) = (aho Oho Oy Ohz ‘Oh - Ohs ah?’).

0Ly’ 0L, 0C’ oI, 0I," 01, 0I,
Now we build the 7 x 6-matrix

oYy, 0 O O O
OL; 0Ly 0C ’ 9l 90l

G}Q(I)_<Qk, ) 1<EkE<T.

After replacing the concrete values of Hamiltonian (6.12) and its partial deriva-
tives and expressing the w; in terms of L;, C and I; we have verified that the rank
of 9; Q(I) is five. Therefore there are KAM 5-tori related with the equilibria that
represents rectilinear motions of the inner particles orthogonal to the invariable
plane.

According to Remark 2 of [36] p. 1422 the excluding measure for the existence
of these invariant tori is of order O(n°) or O(¢%/*) with 0 < § < 1/5. Tt cannot
be improved because b = > | f;i(n; —n;—1) = 14 and s = 1 (where s denotes the
highest order of derivation), thus 7***% = n!4+0 = £(14+0)/4 and the perturbation
in (6.6) is of a lower order, it is indeed of order 7/4.

We finish the section with the following result.

Theorem 6.1. The Hamiltonian system of the spatial three-body problem (2.3)
(or, equivalently, Hamiltonian (2.7)), reduced by the symmetry of translations and
defined in Q.,, C T*RC, has invariant KAM 5-tori densely filled with quasi-periodic
tragectories provided Ly % /3/10C. In these quasi-periodic solutions the fictitious
mmner body moves in orbits that are nearly rectilinear, bounded and perpendicular
to the invariable plane whereas the outer body moves in a non-circular orbit lying
near the invariable plane. For a given § such that 0 < 0 < 1/5, the excluding
measure for the existence of invariant 5-tori is of order O(g%/4).

6.1.4 Stability of the points (—L? 2C% — L3, +2L,C,0,0,0) in
SLy.L,.C

We can use the analysis of the previous subsections to study the stability of the
points representing rectilinear motions of the inner particles that are perpendicular
to the invariable plane, on the reduced space Si, 1, c. The analysis is performed
for C' # 4/10/3L;. Specifically, looking at (6.9) or at hy in (6.12) where the
frequencies w; are introduced in (6.7), it is straightforward to deduce that the
points (—L%,2C? — L3, +£2L,C,0,0,0) are parametrically stable in S, 1, ¢ because
the Hamiltonian hs is not in 1 : —1 resonance; see a characterisation of parametric
stability in [62, 88].
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Since Si, 1, ¢ is four-dimensional and (6.11) defines a Hamiltonian with two
degrees of freedom, we can study the non-linear stability of these points, using
Arnold’s Theorem [83, 65]. To achieve this we need to compute hg(wsq,w;) where
hs is taken from (6.12) and check that it does not vanish. After some simplifications
we get

Cwy — wo)* (31w} + 147Twiwy + 256wiws + 147w w;s + 31wy)
L3 (w1 4 w2)? (2w + wa)¥*(wy + 2w,)%/4

h3(w27w1) =

I

where C = —32(3/5)%* M and hs is not null as w; > wy > 0. Thus,

Proposition 6.2. The equilibrium points (—L%,2C%— L2 +21,C,0,0,0) are stable
on the orbit space Si, 1, c provided C' # /10/3L;.

6.2 Invariant 5-tori reconstructed from R, 1, 5

To develop the study of the quasi-periodic rectilinear motions perpendicular
to the invariable while the outer body follows a circular trajectory, we distinguish
two different situations, the first one deals with the case that the invariable plane
is not the horizontal one and the second one when both planes are the same. This
first case is studied in Ry, 1, 5.

6.2.1 Construction of symplectic coordinates

We make use of the averaged Hamiltonian written in terms of the Keplerian
invariants (2.21) and the formulas (2.46) that put the invariants p; as functions
of the a;, b;, ¢; and d;. The points of Ry, 1, 5 given in (4.2) stand for relative
equilibria of the flow defined by the averaged Hamiltonian (2.17) in the reduced
space Ry, 1, 5. Specifically they represent rectilinear motions of the fictitious inner
body such that it moves along the axis defined by C, while the outer body describes
a circular trajectory in the invariable plane. These points are isolated in Ry, 1, 5
and in Deprit’s action-angle coordinates are defined by v, = 7/2 or 37 /2, G; = 0,
Gy = C' = Ly. We remark that as we saw in Section 4.2, the point in (4.2) with
the upper signs is reconstructed from the point (—L?,2L,C,0) of Tz, c.q, while
the one with the lower signs is reconstructed from the point (—L32, —2L,C,0).

We need to construct symplectic rectangular coordinates in Ry, 1, 5, say @,
P; i = 1,3, so that we can study the flow in a neighbourhood of the equilibria,
establishing the existence of KAM tori. We plan to introduce the @);, P; starting
from the Keplerian invariants and using a set of canonical action-angle coordinates
defined by André Deprit to deal with the dynamics of the rigid body [23]. These
variables have been used recently in [16, 17, 79] in the context of construction of
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canonical coordinates for the reduced space of a cotangent bundle with a free Lie
group action.

Setting V = /L3 — B? the coordinates a;, b;, ¢; and d; for the points (4.2) are

o = by = :l:IqVLstV7 Gy = —by = :FLIVLC:Slja G5 = —by = iL£2B>
cp = dy = Vsinv, ¢ = dy = —Vcosv, c3 = d3 = B.
(6.13)
The idea is to introduce four pairs of rectangular coordinates, say Q;/P;, i =
1,...,4, related with a, b, c and d. We detail our procedure for a. Since the a;

are coordinates in the sphere |a| = Ly, Deprit’s variables @), P for the rigid body
are of the type

a; = agy/BLE —yP2sinQ, as = agy/BLE —yP2cosQ, a3 = 0P, (6.14)

with ay, as, B, v and § constants satisfying a? = a3, 3 = 1/a3 and v = (§/as)?.
Specifying a;, as and a3 in the points (6.13) we obtain concrete values for @ and
P accounting for the two equilibria. We call them (Q*(®, P©) with k = 1 for
the prograde point and k = —1 for the retrograde one, and make in (6.14) the
replacement Q = Q1 + Q*©, P = P, + P*©) The values of the constants a1, oo,
B, v and 9§ are determined using the constraints written above and implying the
whole change to be symplectic, i.e. if we make {Qq, P;} = 1, the Poisson brackets
among the a; have to be satisfied. Similarly we construct the transformations for
the invariants b;, ¢; and d;. After simplifying the whole expression a bit we end up
with

a1 = +Ly"\JIALE — (LB F 2LoPy)2sin (v — Qu),

as = :FLgl\/L%Lg —(LyB F2LyP)2cos (v — Qy), az = iLll,QB — 2Py,
b = FLy'\/ 1213 — (LB + 2LsPo)? sin (v — Qa),
by = Ly '/ 12L3 — (LB + 2La Py cos (v — Q). by = q:LLlf _ 2P,
¢ = /L3 — (B —2Py)?sin (v — Qa),
Cy = —\/Lg — (B —2P3)%?cos (v —Q3), c3 = B—2P;,
di = /I3 — (B — 2P,)?sin (v — Qu),
dy = —\/I3 — (B~ 2P)?cos (v — Qu), ds = B—2P,.
(6.15)
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The upper signs apply for the prograde point of (4.2) and the lower ones for the
retrograde one. This change is symplectic with Poisson structure d@Q; A dP; +

dQo N dPy + dQ3 AN dPs + dQ4 N\ dPy. We have checked that the Poisson structure
of the a;, b;, ¢; and d; is correct.

Next we have to perform our study in Ry, 1, 5 and get the explicit expression
of the invariants p; in terms of @; and P,. This is achieved by using (2.46) and
taking into account that %(ag + b3 + c3+d3) = B, therefore Py, + P+ P+ P, =0
and we make in (6.15) the change Py = —P; — P, — P;. We also fix the value of
v = 0 (because v is an ignorable angle in R, 1, 5 and we can give it a value to get
the most simple expression of the canonical coordinates). Finally as we need to fix
a value for @), we write down the Hamiltonian (2.21) in terms of ); and P; using
the change (6.15) (where we have made Py = —P,— P, — P3 and v = 0). Expanding
the resulting Hamiltonian in Taylor series around @); = 0, P, =0, 1 = 1,2,3 we
find out that after setting @), = 0 the points (4.2) are equilibria for the computed
Hamilton function. The final expression of the transformation reads as

LB LB
=+ — 2P, = — 2P,
P1 Ly 15 P2 + L 2,
p3 = B —2P;, ps = B+2(P+ P+ P3),

ps = C1Cy SiH(Q1 - Q2)> ps = —CiCy COS(Q1 - Q2)7

pr = :FC1\/L% — (B = 2P5)*sin(Q1 — @3),

ps = £Ci\J I3 — (B — 2P;)2 cos(Q1 — Qa).

P9 = q:Cl\/LQ B+2 P1 +P2+P3))281H(Q1>,

_ (6.16)
p1o = £C1\ L3 — (B+2(Py + Py + )’ cos(Qy),

pi1 = £C \/L% — (B = 2P5)*sin(Q2 — @3),

P12 = :FC2\/L§ — (B —2P5)2cos(Q2 — Q3),

P13 = :l:CQ\/LQ B+2 P1+P2+P3>)281H(Q2>,

p1a = :FC2\/L2 (B+2(Pi+ P+ P3))2COS(Q2>’

pis = /13— (B+2P)*\/13 — (B+ 2P+ P+ Py)) sin (Qa),
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oo = \/ L3 — (B +2P)"\/13 — (B + 2(P, + Py + Py))” cos (Qs),

where

C = L2—1\/(L1(L2 — B) = 2Ly P,) (Ly(La + B) + 2Ly P)),

Cy = Lgl\/ (Ly(Ly+ B) — 2LyPy) (Ly(Ly — B) + 2Ly Py).

The upper signs are used for prograde motions and the lower ones for retrograde
motions. We observe that setting in (6.16) Q; = P, = 0 for i = 1,2,3, the
coordinates of p; correspond to the equilibrium points (4.2). By construction
the change (6.16) is symplectic as the transformation provided by Deprit [23] is
symplectic and all the changes we have performed are also symplectic. The Poisson
structure of the new coordinates is dQQ1 A dP; + dQs N dP, + dQs N dP3;. We have
checked that the constraints (2.44) that define the space R, 1, p are satisfied when
the p; are replaced by their expressions in terms of the (); and P;, i = 1,2,3. The
transformation (6.16) is valid provided |B| < Ly which is true since in this section
|B| ~ Ly is avoided.

6.2.2 Expansion in the (); and P, variables and normal form
computations

After applying the change (2.46) to the Hamiltonian I’y given in (2.21) we use
the transformation (6.16) to write down Ky in terms of @; and P,. We stretch
coordinates by the following canonical transformation with multiplier e~'/* by
means of Q; = "/8Q;, P, =¢8P, i =1,2,3.

Next we rescale time in the full system (2.7) and expand the resulting Hamil-
tonian in powers of ¢, ending up with

H = Hiep +Kio + 7 Kig + 8 K13 + 2 Ky + O(2), (6.17)
where
SOML}
Ko = L
10 Lg )
12M L2
ICIQ = !

LB
x (LH(L3 = B2 (4Q3 +2Q1 Qs + 403 — 5(Q1 + @2)Qs
—40L2LEP (P + Py + P3)

(6.18)

+20L, L3(P2 — P2) + 8L4(2P2 — PP, — 2152))),
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and K13 and K14 are homogeneous polynomials of degree three and four respec-
tively in Q; and P;. The upper sign in K;, refers to prograde motions whereas the
lower sign is related to retrograde ones.

We calculate the eigenvalues associated to Ko yielding

60 L2
+ \;; = 4wy,
12f 5L,

L4

L 12V5L
‘; 1\/6L2+L1 5Ly + V54512 + 12L2)1 = +wye.

We stress that since 0 < Ly < L then w; > 0. Moreover the three frequencies are
related by w3 = w; + wy. We also get

6 - 21/4 X \/gwi’/Q 6 - 21/401%/2

L, = . Ly = . 6.19
1 V5ws(wr + wp) V2 (wy + wy) 12 (6.19)

\/6L% + Ly (5L — V54 /5L% + 12L3)1 = Fwa,

Using the eigenvalues and eigenvectors similarly to what we did in the previous
section, we build a linear symplectic change introducing new coordinates Q:, P; so
that the quadratic part of the Hamiltonian is diagonalised. It takes the form

—w1ZQ1p1 + wﬂ@ﬂﬁz + (w1 + wz)lésps-

At this point it is apparent the resonances of the N-body problem in the plane-
tary regime pointed out by Herman and Féjoz [32] and Chierchia and Pinzari [13].
Terms of degree three and four in @);, P; are transformed with the linear change
that diagonalises K1s.

The next step is the transformation of H to a non-linear normal form up to
terms of degree four in Q;, P, applying a Lie transformation. We need to take two
steps in the Lie transformation because the result of the first step is zero, that is,
the normal form Hamiltonian composed by terms of degree three vanishes. Given
a monomial of [Ci3 or of KCy4, say 5@"1@]2@@]5{]52’"]5; withi+j4+k+1l4+m+n=3
or 4, we know that it must be retained in the normalised Hamiltonian if and only
if the combination —wy (i — 1) +wo(j — m) + (w; + ws)(k —n) is null. This happens
trivially for + = [, ) = m and k = n but when dealing with the terms of degree four,
there are other combinations leading to resonant situations, namely, w; /wy = 1/3
(or Ly/Ly = 1/(2V/5)), wi/wy = 1/2 (or Li/Ly = 1/3/10), wi/wy =1 (or Ly/Ly =
V/3/10), wi/wy =2 (or L1/Ly = 2/V/5) and w;/wy = 3 (or Ly/Ly = 3,/3/5/2).
For the resonant cases we have proved that the normal form transformation with
non-specific ratios w; /wo can be used. Concretely, we have calculated the normal
forms together with the generating functions for the five resonances, verifying that
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in each case the result coincides with the normalised Hamiltonian and generating
function with non-specific ratios after replacing the values of w; and wy for the
given resonance. In summary, we arrive at a unique expression for the normalised
Hamiltonian valid for resonant and non-resonant values of the w;.

6.2.3 Quasi-periodic solutions related to the points
(—L3%,£2L,C,0)

The next step is the introduction of the following symplectic set of action-angle
coordinates

Qi = VIi(cos¢; —using;), P = /Ii(sing; —1cosg;), 1<i<3.

The actions and angles satisfy {[;,¢;} = 1 and {[;,¢;} = 01if i # j. Now
we apply this transformation to the Hamiltonian and introduce a new parameter
n* = ¢ getting the following Hamiltonian

H = ho + 774h1 + 775h2 + 7’}6h3 + O(T]S), (620)
where 5o 5o
B — _#1M1 _ pia M
0 2L?  2L%°
80/\/11‘/11
hl = 6 )
Ls
VA M2
hQ = 12 1 ((,4)1]1 — (,L)QIQ — (w1 -+ CLJQ)]g),
5wy’ “(wy + wo)1/2
b — M
57 180(wy + 2ws)? (6.21)

X (12w%(w1 + 2wy 1}
+ wa(wn + 4dw2)(—3wf + dw3) I3
+ (Wi + wo) (3w + 4ws) (W + 8wy + 4wd) I3

— 12&)1&)2(&)1 + 2&)2)(&)1 + 3&)2)]1]2
— 12&)1((,01 + w2)(w1 + 20.)2)(2(4)1 + 3(,02)]1]3

+ 8wy + ws) (3w? + dwyws + 4w§)1213> .

The Hamiltonians h; are the same for the two points in (4.2) and for all possible
values of wy; and wy. The fact that hs is independent of the angles ¢; is outstanding
since we do not need to discard any resonant relationship between the frequencies
so that we may apply Han, Li and Yi's Theorem in all the cases. Of course,
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resonant terms would appear when computing higher orders, but it is not relevant
in our study.

In order to apply KAM theory we select the three actions I; with conjugate
angles ¢; and take L, with conjugate angle ¢,. As the fifth action we choose L;
with conjugate angle ¢; since the reasoning made in Section 6.1 applies.

One can identify the following numbers in Han, Li and Yi’s Theorem in [36],
namely, ng =2, ny =2, ny =5,n3 =25, 51 =4, B =5, B3 =6 and a = 3. Thus
we introduce the vector €2 by

Q

(0 Q2 Quy Qs s, Qe O, Qs D Qo)

_ (0hg Ohy Ohy Ohy Ohy Ohy 0Ohy Ohsy Ohs Ohs
- \0L,” 0L, 0L, 9L, 9I," oI, 9I;’ oI’ 0L, 9I3)"

We define I = (Ly, Lo, I1, I, I3) and build the 10 x 6-matrix

o, O, 00 0 O
oL, 0Ly’ 0I," 0L, 0lI3

o UI) = (Qk ) 1<k <10,

which has rank five.

In this case b = 15 and s = 1. So, the excluded measure for the existence of
quasi-periodic invariant tori is of order O(n?) (or O(%/4)) with 0 < § < 1/5 and
we cannot improve this measure.

We close this section stating the main result obtained in it.

Theorem 6.3. The Hamiltonian system of the spatial three-body problem (2.3)
(or, equivalently, Hamiltonian (2.7)), reduced by the symmetry of translations and
defined in Q.,, has invariant KAM 5-tori densely filled with quasi-periodic tra-
jectories. In these quasi-periodic solutions the fictitious inner body moves in or-
bits that are nearly rectilinear, bounded and perpendicular to the invariable plane
whereas the outer body mowves in a near-circular orbit lying near the invariable
plane and such that C' ~ Ly % |B|. For a given § such that 0 < 6 < 1/5, the
excluding measure for the existence of invariant 5-tori is of order O(g%/4).

We stress that it is possible to avoid the computation of hg in (6.21), obtaining
rank five for the matrix composed with the partial derivatives of hg, h; and hs
with respect to Ly, Lo, I;, I5 and I3. However in this case we should arrive at
order four in the derivatives, so s = 4 and since if it would be enough to define
n? = ¢ the excluding measure for the existence of the invariant tori would be
of order O(%/8), thus we have preferred to calculate the non-linear terms of the
normal form Hamiltonian, getting a lower estimate of the excluding measure for

the existence of invariant 5-tori.
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6.3 Invariant 5-tori reconstructed from Aj, 1,

6.3.1 Construction of symplectic coordinates

Our aim is to prove the existence of KAM tori of dimension five associated
to the elliptic equilibria in Ay, 1, that deal with rectilinear trajectories of the in-
ner bodies parallel to the vector C and circular motions of the outer body in the
invariable plane when it coincides with the horizontal plane. In Deprit’s coordi-
nates such motions are defined by v, = 7/2 or 37/2, G; =0, G = C = Ly and
C = |B|. In the manifold Ay, 1,, accordingly to what we studied in Section 4.3,
these equilibria have coordinates

(07 07 :i:Lb 07 07 :FLla Oa 07 iLZ; Oa 07 iLQ) for M= 7T/2 (prograde)>

(0,0, FLq1, 0,0, £L1, 0,0, Lo, 0, 0, Ls) for v; = 37/2 (retrograde).
(6.22)
These relative equilibria are isolated points in Ay, 1,. Note that the points of the
first row in (6.22) are reconstructed from the point (—L%,2L,C,0) and the ones in
the second row are reconstructed from (—L? —2L,C,0).

We proceed similarly to what we did in Section 6.2.1, introducing a pair of
rigid-body-like coordinates |23] for the Keplerian invariants a;, another pair for
the b;, a third one for the ¢; and a fourth pair for d;. Adjusting the constants
in (6.14) in such a way that when @; = P, = 0 for ¢ = 1,...,4 the values of the
Keplerian invariants correspond to the equilibria (6.22) of Ay, 1,, we end up with

a; = F2P, ay; = /L3 —4P%sinQ,, a3z = £+/L? —4P?cos Qy,
bl = :F2P2, b2 = —\/L% —4P22S1HQ2, bg = :F\/L% —4P22COSQ2,

¢ = F2Py, ¢ = /I3 4PZsinQy, 5 = /L2 — 4PZcos Qs, (0:29)
di = F2P,, dy = mmm%, ds = :I:\/WCOSQ4,
for v1 = 7/2, and
a; = £2P,, ay = /L3 —4P?sinQ,, a3 = F+/L3 — 4P} cosQy,
by = £2P,, by = —\/m&n@% by = :t\/WCOSQQ, (624

1 = £2P3, ¢y = —+/L3—4P?sinQs, c¢3 = ++/L3 — 4P% cosQs,

diy = £2P;, dy = —\/L%—4P?sinQ,, ds = +£+/L3 — 4P} cosQy,

for v; = 3w /2. The upper signs apply for B = C' whereas the lower ones apply
for B = —C. We have checked that the constraints |a| = |b| = L; and |c| =
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|d| = Lo are satisfied when we replace the invariants a;, b;, ¢; and d; in terms
the (); and P;. Using the Poisson brackets in Aj, 1, we have also verified that
the transformations (6.23) and (6.24) are symplectic with Poisson structure d@; A
AP, + dQo N dPy + dQ3 AN dPs + dQ4 N dPy.

6.3.2 Expansion in the (); and P, variables and normal form
computations

Now we apply (6.23) and (6.24) to the Hamiltonian (2.21) and the stretching
by Q; = e'/8Q);, P, ='/8P,, i =1,...,4, which is canonical with multiplier ¢~1/4.

Then we apply the transformation to H given in (2.7), rescale time and expand
in powers of ¢, ending up with the Hamiltonian

H = Hiep + K10+ e g+ 32 Ky + O(e?), (6.25)
where
SOML?
Ky = !
10 Lg )

12ML?

K2 = — 1
L5

X <4L%L§ (407 +20Q1Q2 + 4Q3 + 10Q3Q4 — 5(Q1 + Q2)(Q3 + Q1))
+40L3Ps Py + 8L2(2P — PP, + 2P3)
:|:20L1L2(P1 - P2)(P3 + p4)>a

and the upper sign in [Cy5 is used for the prograde motions while the lower sign is
used for the retrograde ones. We do not write down Ky4 which is a homogeneous
polynomial of degree four in @Q; and B;.

Hamiltonian Ky is diagonalised by using the eigenvalues and the eigenvectors
associated to the linearised equations of motion. In the new coordinates Qi, P, we
get o o o

—w1tQ1 Py + watQa Py + (w1 + wo)1Q3 Ps,

where the w; correspond to the eigenvalues

60v/2L?
+ \;; X = dw1,
V5L
12 ! 2 / 2 2\, _
124/5L
i%\/GL% + Li(5Ly + 1/25L3 4+ 60L3)1 = tws,
2
02 = Fwyt.

UpP::s ‘
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The transformation to diagonal coordinates Qi, ﬁ’z is valid excepting for wy /wy =
2/3 (OI‘ Ll/LQ = 2/5)

As expected from the treatment of the invariant 5-tori for non-rectilinear mo-
tions of the spatial three-body problem made in [70], the frequencies wy, wy and ws
are the same as in (6.18) and moreover wy = 0, reflecting the fact that B and its
conjugate angle v; are ignorable coordinates in all the process, see [13]. We pro-
ceed as in Section 6.2 computing the non-linear normal form. This time as there
are not cubic terms in the Hamiltonians it is enough to make only one step of the
Lie transformation. The resonant combinations between w; and wy are the same
as in the treatment made in the space Ry, 1, 5, but we get a unique expression
for the normalised Hamiltonian up to terms of degree four in Q.. P,

The next step is the introduction of action-angles coordinates through

Qi = VTi(cos ¢; —usin ¢;), P, = VIi(sing; —icos¢;), 1<i<4,

which is a symplectic change of variables where the actions and angles have sym-
plectic structure dIy A dgy + dIy A dpy + dIs A deps + dIy A dey. We also define a
new small parameter n* = ¢ and the resulting Hamiltonian is

H = ho+n"hy +10°ha +10°hs + O(1®), (6.27)

where hg, hy, hy and hg are exactly the same as in (6.21), a feature that was also
true for the non-rectilinear tori dealt with in [70]. Note that I, is not present in
the h;. This expression of H is valid for the four points in (6.22).

We treat the pending case wy/wy = 2/3 separately, starting with the diagonali-
sation of the quadratic terms and then changing the non-linear terms by means of
a Lie transformation. Then we use the usual passage to action-angle coordinates.
Similarly to the non-rectilinear type of solutions of Chapter 5, the final normalised
Hamiltonian coincides with # in (6.27), where the h; are taken from (6.21), after
replacing wy by 2ws/3. So we also use the Hamiltonians (6.21) when w; /ws = 2/3.

Next, Han, Li and Yi’s Theorem is applied to Hamiltonian (6.27) with the same
numbers n;, 5; and a as in Section 6.2.3. Thus the 10 x 6-matrix is of rank 5 with
s = 1. Hence there are KAM 5-tori related with each equilibrium point of (6.22).

In this case b = 15 (as in Section 6.2), thus the excluded measure for the
existence of quasi-periodic invariant tori cannot be improved and it is of order
O(n?), i.e. of order O(%/*) with 0 < 6§ < 1/5.

6.3.3 Quasi-periodic solutions related to the points
(—L3 +2L,C,0)

The main result of this section is the following.
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Theorem 6.4. The Hamiltonian system of the spatial three-body problem (2.3)
(or, equivalently, Hamiltonian (2.7)), reduced by the symmetry of translations and
defined in Q. ., has invariant KAM 5-tori densely filled with quasi-periodic trajec-
tories. In these quasi-periodic solutions the fictitious inner body moves in orbits
that are nearly rectilinear, bounded and perpendicular to the invariable plane which
15 near the horizontal plane. The outer body mowves in a near-circular orbit lying
near the invariable plane and such that C ~ Ly ~ |B|. For a given § such that
0 < d < 1/5, the excluding measure for the existence of invariant 5-tori is of order

O(4).

As in Section 6.2.3 we can avoid the calculation of the higher-order terms of
the normalised Hamiltonian, but since we would obtain a bigger estimate of the
excluding measure for the existence of the invariant tori, we have decided to use
the non-linear part of the Hamiltonian in normal form.

6.4 Invariant 5-tori related with rectilinear copla-
nar motions

6.4.1 Construction of symplectic coordinates

Our goal is to establish the existence of KAM tori related to the equilibrium
point of 7z, c.c, whose coordinates are (—L%,0,0). Intending to proceed similarly
to the study made in the previous section for the points (—L? +2CLy,0), we
first note that (—L%,0,0) is mapped into the point of Sy, 1, c with coordinates
(—L?,2C* — L2,0,0,0,0), as we saw in Section 4.1. However this point is not
isolated in Sy, 1, and we cannot follow an analogous approach to the one made
in the previous section.

Thus we use an alternative procedure. In particular we focus on the near-
coplanar motions when G; =~ |C — Gsl|, which in the space Tz, ¢, are defined
by the point (—L? + 2(C' — G)?,0,0). Following a similar reasoning as in S 5.3.3
of |64], we introduce a canonical change of coordinates (@, P) that when we make
Gy — C, the transformation is also valid in the limit point (—L?,0,0). Our aim
is to apply Han, Li and Yi’s Theorem [36]| to the normal form Hamiltonian we
will determine, requiring that this approach will be valid for the Gy — C' in order
to conclude the existence of invariant tori of dimension five related to rectilinear
coplanar motions. We exclude the case that the outer body moves in an orbit of
circular type. In Chapter 5 we also dealt with the existence of KAM tori related to
the points (—L?+2(C'—G3)?,0,0), constructing a pair of action-angles coordinates,
say I and ¢. The action I, together with the momenta L, Lo, C' and G, was
used to prove the existence of the invariant 5-tori. However we cannot use those
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calculations here because of the presence of the factor C'— G4 in the denominators
of the intermediate Hamiltonians.
In Fig. 6.1 we depict the flow of (2.34) on the space T, c.c, when Go =~ C.

73 73 73

G, <C G, =C Gy > C

Figure 6.1: Flow on the space Ty, cc for Go = C. The green points correspond
to coplanar motions with coordinates (—L? + 2(C' — G3)%,0,0), the yellow points
are elliptic and the red ones hyperbolic. When Gy, = C' the two yellow points
account for the rectilinear motions of the fictitious inner body and have coordinates
(—L% 4+2CL;,0) and in this particular case as we have also chosen L; = 2C the
red point accounting for circular coplanar motions is also a singularity of Tz, c.q,

Zhao uses a similar argument in [93] making use of an iso-energetic proper-
degenerate KAM theorem in the near-collision set, computing the torsion near the
set {C = Cpin = |C — G3] > 0}, i.e. near-coplanar motions, and proving that
this torsion does not vanish when C' — G5 — 0. However, he develops his study
working in a space without reducing the symmetry related with G, whereas we
work in the fully-reduced space 7z, c.c,-

We look for a symplectic change of the form

n = fi(Q,P) = f10(Q, P) + £f11(Q, P) + *f12(Q, P) + 3* f13(Q, P),
72 = fa(Q, P) = fo0(Q, P) + Bf21(Q, P) + B* f22(Q, P) + 3° fo.3(Q, P),
73 = fs(Q, P) = f30(Q, P)+ [ fs1(Q, P) + 5*fs2(Q, P) + 3* f55(Q, P),
(6.28)
where (3 is a small parameter given by C' = G5(1 + (), thus  — 0 when Gy — C.
We want to determine f; ; using Taylor expansions in f.

First we express f3(Q, P) in terms of 71 and 75 by using (2.32) so that we shall
calculate fs; after having obtained f; 4, fox. In order to build a symplectic change
we need to take into account the Poisson structure on 77, ¢, computed in [69],
Eq. (5.5). We proceed beginning at order zero in f3, setting f;o = —L3 4+ 2P? and
solving a partial differential equation to obtain fs so that the Poisson brackets
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between f1 and fo satisfy the Poisson structure of the 7;,. At order one in 3, we
make f;; = 0, obtaining fo; similarly to fso. Then we continue at order two in
B setting fi = 2C? sec® Q and solving the corresponding differential equation to
obtain fo9. At order three in S we make again fi;3 = 0 and obtain f;3 similarly
to the previous orders. Finally we use (2.32) to get f5;. Taking into account that
S = (C — Gs)/Gy and simplifying the resulting expressions we get the following
change of variables

7 = —L?+2P? + 2(C — G4)?sec? Q,

2 2\1/2
Ty = (51[82__—];2))1//2(402 — P -20(C — GQ)) sin )
(C — Gy)?secQ tan Q
4(L% _ 4P2)1/2(4C’2 _ P2>5/2
X ((402 — P?)(3201 + (8C% — P?)(L? — 3P2) + (L? — P2)P? cos(2Q))
—2C(C — G5)(32C* — (8C* — P*)(L? + P?)
— (L3 = P*)P2cos(2Q)) ),

2 2\1/2
ijg;f];;fj (4C% — P? = 2C(C — Gy)) cos Q
(C'— Gy)*PsecQ
4(L% _ P2)1/2(402 _ P2)5/2
x ((402 — P?)(32C" + (8C2 — P?)(L? — 3P?) + (L% — P%)P? cos(2Q))
—20(C — G) (3201 — (8C? — P?)(L? + P?)
— (L3 = P2)P?cos(2Q) )

T3 —

(6.29)
The Poisson structure of the 7; is preserved including terms factorised by /3
so that {Q, P} = 1+ O(B*). The constraint (2.32) in terms of @ and P is also
true up order three in 3. Setting Q@ = P = 0 we get 71 = —L? + 2(C' — G»)?,
Ty = 13 = 0, thus (6.29) may be used to deal with study coplanar solutions such
that G; = |C — G| in the orbit space Tz, ¢.q,-
When G tends to C' in (6.29), the transformation reads as

o= —L?+2(C — Gy)? +2P?,
Ty = /(L2 — P2)(4C? — P?)sin Q, 3 = /(L3 — P2)(4C? — P?)cos Q,

which is also a symplectic change because the Poisson structure on 7r, cq, is
verified. Thus the transformation (6.29) is canonical in a neighbourhood of G ~ C
in 7,06

UpP::s ‘
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6.4.2 Expansion in () and P variables and normal form
computations
After applying the change (6.29) and the stretching Q = ¢'/4Q, P = /4P —

which is canonical with multiplier '/ — to H given in (2.7) we rescale time and
expand the resulting system in powers of € getting the Hamiltonian in the form

H = HKep + €IC10 + 63/2 ’Clz + 0(52), (630)
where SML2
K = L%Ggl (3(C — G2)* = 5LY) ,
Ky = M BQ? + 256 L2C*Go(C + Go) P?
= = garjongy (9O POHCG(C TGP
and

B = 80C*(C — Go)*(C + Gy)?
— 8L2C?(C — Gy)*(C + G5)(25C + 43C%Gy — 25CG3 + 5G3)
+5L1(5C3 + 15C%G, — 5CGE + G3)?,

which is a positive constant because L, C' and G5 are positive.

6.4.3 Quasi-periodic solutions related to the point (—L%,0,0)

The next step is the introduction of action-angle variables

1/4
Q = 4/2L,C (w) VTsin ¢,

1 g r (6.31)
r= 2¢2—L10<<0+GQ>G2) VIcose,

which is canonical with symplectic structure d¢ A dI. The change (6.31) trans-
forms (6.30) into

H = ho+n*hi+ 1> he + O(n"), (6.32)
where
LM
0 2L? 2027
SML?
hy = L§G§’1 (3(C' = Gy)? = 5L2) |
3ML, 1/2
he = M ((O + GQ)GQB) I.
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At this point one can identify the following numbers in Han, Li and Yi’s The-
orem in [36]: ng =2, ny =4, ny =5, f1 =2, B2 = 3 and a = 2. Thus we define
the frequency’s vector €2 by

Ohg Ohg Ohy Ohy Oh
Q= (Q, Qg, Q3, Q, Q) = (8L(i’ 3LZ’ 857 ana 8]2)‘

We build the 5 x 6-matrix

OL,” OL,” 90C’ 0Gy’ 09I

a}Q(I):<Qk, ) 1<k<5.

After replacing (6.32) in the frequency vector €, we deduce that the rank of
the previous matrix is four, which is not enough. We need rank five because we
are looking for KAM 5-tori. Then, we construct the 5 x 31-matrix that results
from adding to 97 Q(I) the columns corresponding to the partials of second order.
(There is a total of 25 second order partial derivatives). This time the rank of
the matrix is five and s = 2. Thus, we conclude that there are KAM 5-tori
related with the equilibrium point of 77, ¢, that represents coplanar motions
when Gy ~ |C' — Gy.

The computations carried out are valid for all possible values of GGy and C' such
that G4 =~ |C' — G3|. In particular computing the limit Go — C in the 5 x 31-
matrix, its rank is also five thus we can conclude that the KAM 5-tori also exist
for Gg =C.

In this case b = 7. So, the excluded measure for the existence of quasi-periodic
invariant tori is of order 7%/2 = £%/4 with 0 < § < 1/5 and we cannot improve it.
We close this section stating the main result obtained in it.

Theorem 6.5. The Hamiltonian system of the spatial three-body problem (2.3)
(or, equivalently, Hamiltonian (2.7)), reduced by the symmetry of translations and
defined in Q. ,, C T*R®, has invariant KAM 5-tori densely filled with quasi-periodic
trajectories. In these quasi-periodic solutions the fictitious inner body moves in or-
bits that are nearly rectilinear, bounded and lying near the invariable plane whereas
the outer body moves in a non-circular orbit that lies near the invariable plane.
For a given 0 such that 0 < § < 1/5, the excluding measure for the ezistence of
invariant 5-tori is of order O(e%/4).

We do not consider the case of rectilinear coplanar motions where the outer
particle follows a circular trajectory. As it is said in Section 6.4.1 if we try to follow
an approach similar to the one used in this section, we should work in the space
S1,.1,,c but in this space this type of motions is a non-isolated equilibrium of the
vector field related to (2.29). On the other hand if we try to use the techniques of
this chapter, we ought to work either in Ry, 1, 5 when |B| % C or in Ay, 1, when
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|B| ~ C. However in both cases the point of 77, ¢, with coordinates (—L3%,0,0)
does not reconstruct into points of Ry, 1, p and Ay, 1, but in higher-dimensional
objects, thus we cannot make a usual treatment based on normal forms around

equilibrium points.
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Conclusions and future work

The spatial three-body problem is studied when the Hamiltonian written in
terms of Jacobi coordinates can be decomposed as the sum of two Keplerian
Hamiltonians plus a small perturbation. We use averaging and reduction the-
ory in order to reduce out the exact and approximate symmetries of the problem.
Hence we obtain a system of one degree of freedom which is defined on a surface
that has singular points for some combinations of the integrals of motion. Based on
the analysis of the relative equilibria and bifurcations made for the fully-reduced
Hamiltonian, we reconstruct the different motions of the three bodies that cor-
respond to the elliptic points in the fully-reduced space, including the equilibria
related to near-rectilinear motions of the inner bodies. We obtain KAM 5-tori
of the three-body problem in an open subset Q. , of P., C T*RS. Due to the
degeneracy of our system we use a theorem by Han, Li and Yi [36] that works
in the case of Hamiltonian systems with high-order proper degeneracy. However
in order to obtain adequate action-angle variables for each motion we analyse, we
need to use the intermediate reduced spaces where the pairs of actions and angles
can be constructed properly. This leads to analyse these spaces and classify all
possible motions in the elliptic domain of the spatial three-body problem.

The basic achievements are:

(i) We have used singular reduction theory to perform the analysis and get
the right fully-reduced phase space. The reduction has been made through
three stages reducing out all the continuous symmetries of the system and
computing the invariants and reduced spaces of the intermediate steps.

(ii) Following [34] and |11, 12, 13| we have used Deprit’s coordinates [26] to
perform the Jacobi reduction of the nodes previously to any reduction pro-
cess. Deprit’s variables have also been crucial to identify the fundamental
polynomial invariants and the relations defining the reduced spaces Sz, 1,.c
and 7r, c.c,- These sets of invariants are very hard to determine by using
Grobner bases and techniques from computer algebra as the computations
involve polynomials of degrees one, two and three in twelve variables.

119
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(i)

(iv)

(vii)

(viii)

We have performed the analysis of the fully-reduced Hamiltonian correspond-
ing to the spatial three-body problem in the fully-reduced space obtained in
Chapter 3. Our analysis is made in the same style as those of [53] and [34],
studying the number of equilibria, bifurcation lines and stability character
of the equilibria. We have clarified some conclusions obtained in [34], those
related to the singular points of the fully-reduced space and the rectilinear
motions of the inner bodies.

All possible motions of the spatial three-body problem in the elliptic domain,
including the near-rectilinear motions of the inner bodies, have been studied
and classified. The analysis is complete in the sense that it takes into account
all the possible motions since we construct in all the cases five pairs of action-
angles coordinates (in the spaces T, ¢.Gy; Spy.L,.c and Ry, 1, p) and six pairs
in the space Ay, 1,. Specifically the action-angle coordinates are built from
the local rectangular variables introduced in each case.

The action-angle coordinates introduced in each case together with the rect-
angular variables can be used to analyse specific motions of the three-body
problem. For instance, for the analysis of the behaviour of three bodies in
space such that the inner particles move in circular orbits in a certain plane
whereas the outer particle moves in a different plane, one should use the
coordinates of Table 5.3(a).

By applying a theorem by Han, Li and Yi [36] that works in the case of
Hamiltonian systems with high-order proper degeneracy, we obtain KAM
5-tori of the three-body problem in the set Q. ,. In all the cases considered
in the thesis we provide the transformations explicitly, computing the nor-
malised Hamiltonians as well as the torsions needed to verify Han, Li and
Yi’s Theorem.

The application of singular reduction theory is crucial as it allows us to
reduce out the symmetries properly, arriving at the singular space 77, c.q,
where we could analyse the flow, fixing the deficiencies of previous studies.
This fact implies that the reconstruction process is done correctly.

It is hard to improve the excluded measure for the existence of quasi-periodic
invariant tori obtained in this thesis, specifically in the planetary case as the
perturbation introduced in (2.3) appears at first order with respect to the
small parameter €. However this measure could be improved in the asyn-
chronous region as in these situations the two Keplerian Hamiltonians are
placed at different orders and one may average with respect to the two mean
anomalies up to high order, incorporating more terms in the perturbation
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apart from the quadrupolar ones. In this context, the structure of the Hamil-
tonian system would allow us to average the Hamiltonian also with respect to
the argument of the pericentre ~y, as Zhao does [90, 93]. Then the remainder
of our normal form Hamiltonians would be much smaller allowing us to get
a measure of the order O(g”) for some positive integer b.

We focus on the study of all possible combinations of motions provided the
inner bodies describe bounded near-rectilinear quasi-periodic motions. For
achieving this we have used an argument based on the regularisation of the
Kepler problem due to Ligon and Schaaf. This procedure does not carry out a
change of time and applies to perturbed Keplerian systems provided the per-
turbation is well defined for collision orbits. We can apply it in our particular
setting, and since the transformed Keplerian Hamiltonian related to the in-
ner bodies by the Ligon-Schaaf mapping has the same form as the Keplerian
system previous to the transformation, the averaging process performed in
Chapter 2 applies for inner collisions. After normalising and truncating, the
regular reduction to Ay, 1, incorporates the possibility of rectilinear motions
for the inner particles, and the same happens for the subsequent reductions.

We characterise properly all type of bounded motions of the three parti-
cles, excluding triple collisions. In this sense our analysis extends Zhao’s
results [91, 93].

Future work:

In order to continue the study carried out in this thesis there is a lot of work

(1)

to do. We enumerate some of the guidelines that we can follow:

Use a similar scheme to study the N-body problem with the aim of finding
families of KAM tori, generalising the analysis done for the three-body prob-
lem to the N-body problem. First we could achieve the existence of circular
coplanar invariant (3N — 4)-tori which has been studied by Féjoz [32] and
Chierchia and Pinzari [13] but by making use of our techniques. The next
step may be the proof of the existence of invariant tori associated to the mo-
tion such that the innermost body follows a near-rectilinear trajectory which
is perpendicular to the invariable plane where the rest of the bodies move
near the invariable plane describing near-circular trajectories. The Keplerian
reduction could be applied and the invariants associated could be generalised
straightforwardly, although the remaining reductions are not going to be a
trivial task. However, there are evidences that seem to suggest that it can
be accomplished by taking advantage of the Cartesian heliocentric coordi-
nates and Delaunay variables instead of Deprit’s ones, the overall process in
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(iii)

the frame of singular reduction theory. This would allow us to compute the
normal form associated to each elliptic equilibrium in a quite compact and
explicit way to make use of Han, Li and Yi’s Theorem.

Apply our study to some particular examples. We could choose two typical
realistic applications, namely, a non-resonant situation of the solar system
in the planetary regime choosing a model where mean-motion resonances do
not play a role and the Sun-Earth-Moon system as the prototype of the lunar
regime. We would look for explicit bounds of the perturbing region P. ,, and
its open subset Q. ,. In addition, another task would be to estimate the ex-
cluding measure for the existence of some of the quasi-periodic invariant tori.
These two examples have been usually studied in the circular coplanar case.
Thence it might be interesting to consider the dynamics in other situations,
dealing with the existence of other types of invariant tori.

Give insight about the following questions:

(a) Can we ensure the existence of lower-dimensional invariant tori for the
full Hamiltonian?

(b) Do the dynamics of the quasi-periodic motions and related KAM tori
whose existence has been established in Chapters 5 and 6 follow a similar
pattern to that of the relative equilibria in 77, ¢, obtained in Chapter
37 In particular, do these tori bifurcate through Hamiltonian saddle-
centre, pitchfork or the other bifurcations obtained in Chapter 37

In both cases, due to the fact that we are dealing with a high-order degenerate
system, it is not so evident that one can use the current results available
about the existence of lower-dimensional tori and bifurcations of invariant
tori, and new theoretical results would be needed.

According to [89], the generalisation of Theorem 1.15 to prove the existence
of lower-dimensional tori is not straightforward, mainly because of the reso-
nances occurring at lower-order terms.

Concerning the dynamics of the full system, it looks plausible that the quali-
tative behaviour of the fully-reduced system is going to be transferred to the
spatial three-body problem, at least partially. That is, the relative equilibria
would become invariant 4-tori of the full system with the same stability char-
acter and it seems that these tori might bifurcate following similar patterns
as the ones of the relative equilibria. Moreover, in the case of elliptic equi-
libria, the reconstructed 4-tori would be surrounded by the 5-tori that we
have established. However, since the Hamiltonian Hgep is a maximally su-
perintegrable system and the perturbation does not remove the degeneracy,



Conclusions and future work 123

it is not expected that most invariant tori of the integrable approximation
survive the perturbation and are only slightly deformed, see [38]. Thence, it
is necessary that new theorems appear in this direction.
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Appendix A

Invariants of the Keplerian
reduction in terms of Deprit’s
coordinates

The invariants a, b, ¢ and d have to be expressed in terms of Deprit’s coordi-
nates.

We start with the definitions of the invariants given in (2.18), putting the a;, b;,
¢; and d; in terms of the spatial Cartesian coordinates. We construct the frames
Z, N7 and N3 in terms of the Cartesian-nodal coordinates of (2.10), following
the steps of Subsection 2.2.1 or the detailed appendix of [34]. Consequently the
spatial Cartesian coordinates and hence the invariants are readily written explicitly
in terms of the Cartesian-nodal coordinates.

Then we use the change to polar-symplectic coordinates (2.11) expressing the
invariants in terms of ry, ¥y, Ry, O, v, v1, C' and B. The resulting expressions
have to be independent of ¢; and /¢y as the variables a;, b;, ¢; and d; are the
invariants of the Keplerian reduction. Thus, the formulae obtained do not depend
explicitly on rg, ¥y, Rr and {5, k= 1,2.

After simplifying considerably the large intermediate expressions using the clas-
sical relations among the eccentric, the true, the mean anomalies and the polar-
symplectic coordinates, the final form of the invariants in terms of Deprit’s coor-
dinates is derived.

Introducing W as

W= (€ +6G - G} (G - (C - Gop),
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we get:

a; = 2;G1<sin1/ Beos v (GiW — (C* + G} — G3)\/ L} — G¥sin )

+vC? — BQ(Gl(CY2 + G — G3) + W,/ L2 — G?sin ’yl)
—2CG1By/L? — G3sin vy cos 71> (A.1)
+ cos 1/(202(}1\/[1% — G? cos vy cos V1
+ C'sin 1 (GiW — (C* + G} — G3)y/ L} — Gsin 71))>,

ay = ZC’1G1 (cos 1/( — Bcos Vl(le —(C* + G5 — G3)4/L? — G?sin fyl)
—\/ L3 —G? (W\/@Sin v — 2CG1 Bsin vy cos ”yl)
— G (C2+ G2 - G%)M) (A.2)
+ C'sin V(sin n (GiW — (C* + G} — G3)\/ L} — G3sin )

+2CG1y/ L3 — G3 cos vy cos 71>),

T 206G,
+4/L2 — G2 (2CG1\/C2 — B2sin v cos y; + BW sin ”Yl) (A.3)

+GB(C* + GF — Gg)) ,

as ! (\/02 — B2 cos 1 ((02 + G — G/ L? — GIsin v, — G1W)

by = 20101 (sinu(Bcos n (GiW + (C* + Gf — G3)\/ L3 — G¥sin )
+ M(Gl(CQ + G —G3) — Wy /L2 — GZsin )
+2CG B/ L? — G?sin v cos 'yl) (A.4)
+ cos V< —2C?%G 14/ L? — G?cos vy cos 7
+C'sin v (GiW + (C* + G} — G3)y/ L} — G3sin 71)>>,
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1 .
by = STele? (cos v( — Beos v (GiW + (C* + G} — G3)y/ L} — G¥sin )
+ \/ L% - G%(WV CQ — B2 sin Y1 — 2OG1B sin /1 COS ’Yl)
—G1(C*+ G - GV C? — Bz‘) (A.5)

+ C'sin y(sin n(GiW + (C* + GF — G3)\/ L} — G3sin m)

—2CG\/L? — G2 cos vy cos 71)>,

1
by — el ( —VC? " B2cos 1y ((CQ +G? — GH\/L? — G3sin v, + G1W>
— /L2 — G2 <20G1\/02 — B?sin vy cos 1 + BW sin 71) (A.6)

+G1B(C? + G — G%)) ,

1 ) '
1 = 250G, (sm1/<Bcos vi(— GoW 4 (C? — G} + G3)\/ L3 — G3sin )
+V0? — BX(Go(C? — G + G3) + W/ L3 — G3sin )

+2CG9By/ L3 — G%sin vy cos 72) (A7)

+ cos 1/( —2C%Gyy/ L3 — G3cos vy cos Yo
— C'sin 1 (GaW — (C* — G} + G3)y/ L} — G3sin 72))>,

1 .
Co = 520G, (cos u(Bcos 1/1(G2W —(C?* = G? + G%)\/ L3 — G3sin 72)
-\ L3 — Gj (WV C? — B?sin v, + 2C G5B sin v cos 72)
CGo(C?— 2 +G§)m> (A.8)
+ C'sin V(sin v (= GaW + (C* — GF + G3)4/ L3 — G3sin )

—2CGay/ L3 — G3 cos vy cos 72>>,

up:<
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2CG;
+4/L3 — G%( —2CGyVC? — B?sin vy cos 72 + BW sin fyz) (A.9)

+GyB(C? - G + Gg)) ,

c3 = ! (\/C2 — B2%cos y1< —(C* -G + G%)\/ L3 — Gisin vy, + G2W>

di = 2C’1G2 (siny(Bcos v (GaW + (C* — GF + G3)\/ L3 — G3sin )
+ M(GQ(CQ — G+ G3) — Wy /L% — G%sin v,)
+2CGyBy\/ L2 — G2sin vy cos 72) (A.10)
+ cos 1/( — 202Gy / L3 — G2 cos v cos s
+ C'sin 1 (GoW + (C* — G5 + G3)y/ L} — G sin 72)>>,

1 .
dy = 200, (cos V( — Beos v (GoaW + (C° — G} + G3)y/ L3 — G3sin 1)
+4/ L3 — G3 (W\/ C? — B?sin vy, — 2CGyB sin vy cos 72)
_Ga(C? — G§+G§>m) (A.11)
+ C'sin y(sin 1 (GaW + (C* — G; + G3)\/ L3 — G} sin )

—2CGoyy\/ L3 — G3 cos vy cos ’Yz)),

1 .
= 50 (‘ VC7 = B2 cos 1 ((C? = G+ G3)y/ L — G sin 13 + Ga W)

— /12 - G2 (20G2V02 — B2?sin vy cos 2 + BW sin ’72> (A.12)

+GyB(C* — G2 + G%)) :

We remark that when G; = 0 then C' = G5 and W = 0. Then the invariants
a; and b; can be analytically extended to the case G; = 0.



Appendix B

Proof of Theorem 5.1 for the
remailning cases

B.1 Study in 77, cq,

B.1.1 Case (a)

In case (a) of Table 5.2, which deals with motions of the three bodies that are
of non-circular and non-coplanar type, 7 and G7 stand for the concrete values
taken at the relative equilibrium on 77, ¢.¢,. We make the study for 77 = 0 and
G = /C? + 3Gs.

The coordinates of the equilibrium point of case (a) in the space 7., ¢, are

(20 +663 - 13,0, 2G.\/(C? — G3)(L3 — C2 - 3G3)).

In this case it is assumed that Gy % L, and the outer body is not moving in a
near-circular orbit, thus G5 % Ly and the motions of the two fictitious bodies are
not coplanar, so Gy # |C' £ G|.

First we introduce the symplectic change of coordinates given in Table 5.2(a).
Hamiltonian (2.17) in terms of x; and y; is:

ML

IC p—
' L%Gg(yl

2 * 2
eAE << -5+ 3G )
(3G4 +3(C% - (G{ +1)?)” +2G2( - 3C2 + (G + y1)2))
~15((C = Gi—)? - G3) ((C+ G +w)* - G3)

><<( ) - 2)(508(2(%‘%61)))'
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Then we linearise 'y around the equilibrium point. This is achieved by intro-
ducing the change

xp = ez 4y, yo= e+,
where 2} and y; are the values of 2 and y; at the equilibrium, i.e. (z7,y}) = (0,0).
The change is symplectic with multiplier e~'/2. After applying it to H we need

to rescale time in order to adjust the resulting Hamiltonian and to expand it in
powers of . We arrive at a Hamiltonian of the form:

H = Hiep + K1 + (9(52), (B.1)
where

2
Ky = _SML (6(02 +G3) - 513

L3G3
5 _
-3 (W (C?—GH(C*+3G2—IHF  (B2)

+ @(02 +3G2)y ))

We construct action-angle coordinates I, ¢; as follows:

. C? + 3G3)° e
7, — 9ol/2c71/2 ( 2 11/2 .
o “ s o) oo

. e [(5(C? = G2)(C?+3G2 — LD\ 1,
o = 21/2G2/ ( (62’2 RETEE 2 1 Il/ COS .
After applying this transformation, Hamiltonian /C; is transformed into:

8ML?

L o—
e

<<6G2(02 e 5L§>

— 6171 [5(C2 — GB)(C? + 33 - )).

We introduce a new parameter n? = ¢, leading to
H = ho+n’h1 +1°ha + O(n),

where
M s
0 2L2 202
SML2
hy = thfG; (6(02 +G2) - 5L§>, (B.3)
ASML?2
hy = — L3G4111\/5 — G2)(C? +3G2 — L?).
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At this point we easily identify the following numbers in Theorem 1.15: ng = 2,
ny=4,ny =25, 1 =2, o =3 and a = 2 and construct

Ohyg Ohy Ohy Oh, Oh
Q= (Q, Qo, Q3, U, Q) = ( 0 0 1 1 2>.

OL," 0Ly, 0C’ 0Gy’ 0l

Now we form the matrix

OL," OL,” 0C’ 0Gy" 0I,

0; QI = (Qk ) , 1<k<5. (B.4)

We need rank five because we are looking for KAM 5-tori. Then, we construct
the 5 x 31-matrix that results from adding to 9} Q(I) the columns corresponding
to the partials of second order. This time the rank of the matrix is five and s = 2.
Thus, we conclude that there are KAM 5-tori related with the equilibrium point
that we deal with.

According to Theorem 1.15 the excluding measure for the existence of quasi-
periodic invariant tori is of order O(1°/2) or O(¢%/*) with 0 < § < 1/5. Calculating
b=>%,0i(n; —ni_1) we obtain b = 7. So, we cannot apply Remark 2 of [36] p.
1422 because n**+0 = pl4+d = £(1449)/2 and the perturbation in (5.2) is of a lower
order (it is of order two). Thus, we cannot improve the measure for the existence
of invariant tori.

B.1.2 Case (b)

Case (b) of Table 5.2 deals with motions of the three bodies that are coplanar.

The coordinates of the equilibrium point of case (b) in the space Tz, ¢, are
(2(C+G2)?—L1,0,0). We assume that G % L; and the outer body is not moving
in a near-circular orbit, thus Gy % Lo and the motions of the two fictitious bodies
are coplanar, so G ~ C + Go.

First we introduce the symplectic change of coordinates given in Table 5.2(b).

upha
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Hamiltonian (2.17) in terms of x; and y; is:

4ML?
K L3G5( $1+y1—20—26’2)

15
( xl 2 40) (ﬁ g2 —AC — 402)
X :z:l + yi — 4G2) ((x% +yi — 2Gy — 20)% — 4L%)
3
“(x 4yl - 20 — 2G2)2>

4
X <3G;1 + 3(6’2 — i(ﬁ +y —2C — 2G2)2)2>

+<—5L§+

+2G§( 307 + (x1+y1—20—2G2) ))

Then, we linearise IC; around the equilibrium point. This is achieved by intro-
ducing the change

x = ey +ay, = 51/4?1 + 7,

where 2} and y; are the values of 2 and y; at the equilibrium, i.e. (z7,y}) = (0,0).
The change is symplectic with multiplier e~'/2. After applying it to H we need
to rescale time in order to adjust the resulting Hamiltonian and to expand it in
powers of . We arrive at a Hamiltonian of the form:

H = Hiep + K1 + O(?), (B.5)
where
SML?
1
1/2 L2 . 2 4 —2 B
+ 3¢ (—G2(0+G2)(5C P — (C+Gy)*(AC + Gy))z!  (B.6)
1 _
+@«ﬂ—%m@>

We introduce action-angle coordinates I;, ¢, as follows:

. O — Go)(C + Gy)? Ve
— 91/2 ( 2 I/
xl (50[1% . (C+ G2)2(4C+ GQ) 1 Sln¢17
. BOL? — (C + Go)*(4C + G\ V' 1)

— 91/2 1 1/ .
Z ( (C—G)(C + CoP ) 1cosr
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After applying this transformation, Hamiltonian /C; is transformed into:

_ 8ML3

Ki = e <G2 (3(C + Ga)* — 5LY)

+ 6V, \/ (C — Gy) (5CLE — (C + Go)2(4C + Gg))) .

We define a new parameter n? = ¢, ending up with
H = ho+n°hi +1°hs + O(n),

where

_ BME

h :
0 212 2132
BML? S
_ _ B.

hy e (3(0 +Gy) 5L1>, (B.7)

ASML?
hy =~ /(€ = Go) (5CLE = (C + Go)(AC + G)).

22

We can identify the following numbers in Theorem 1.15: ng = 2, ny = 4, ny = 5,
Bi1 =2, B3 = 3 and a = 2 and construct

Ohyg Ohy Ohy Oh, Oh
Q= (Q, Qo, 3, Qu, Q) = ( 0 0 1 1 2>'

OL," 0Ly, 0C’ 0Gy’ 0l

Next we build the matrix (B.4). We need rank five because we are looking
for KAM 5-tori. Then, we construct the 5 x 31-matrix that results from adding
to A Q(I) the columns corresponding to the partials of second order. This time
the rank of the matrix is five and s = 2. Thus, we conclude that there are KAM
5-tori related with the equilibrium point that represents coplanar motions such
that Gy =~ C' + Gj.

B.1.3 Case (c)

Case (c) of Table 5.2 deals with motions of the three bodies that are coplanar.

The coordinates of the equilibrium point of case (c) in the space Tz, cq, are
(2(C'—Gq)*— L1,0,0). In this case it is assumed that G % L, and the outer body
is not moving in a near-circular orbit, thus G5 % L, and the motions of the two
fictitious bodies are coplanar, so G; ~ G5 — C.

UpP::s ‘
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First we introduce the symplectic change of coordinates given in Table 5.2(c).
Hamiltonian (2.17) in terms of x; and y; is:

AML?
L3G5 (23 4+ y? — 2C + 2G,)?

(1 931—|—y1 40) (x$+y§—4c+4(;2)

X xl +y? + 4G2) ((x% + 1y +2G, — 20)? — 4L§>

1

3
+ ( — 5L+ J(ah +9f —20 + 2G2)2)

x (303 +3(C? - i(gﬁ +y? 20+ 202)2)2)

1
+2G§( —30% + Z(aﬁ + 92 — 20 + 2G2)2)>.

Then we linearise K; around the equilibrium point. This is achieved by intro-
ducing the change
v =My, o=y

where x7 and y] are the values of x; and y; at the equilibrium, i.e. (z7,y}) = (0,0).
The change is symplectic with multiplier e='/2. After applying it to H we need
to rescale time in order to adjust the resulting Hamiltonian and to expand it in
powers of . We arrive at a Hamiltonian of the form:

H = Hiep + K1 + O(?), (B.8)

where

SML?2
L3G3

Ki=— (3(0 — Gy)? —5L7

— 3e!/? (mwoﬁ —(C = G2)*(4C = Go))z7  (B.9)
+ G%(CQ - G%)zﬁ)

We introduce action-angle coordinates 1, ¢; as follows:
) C — Go)2(C + Gs) Y s
— 91/2 ( 2 1/
o (50/:% —(C—GhP(aC —Gy)) Do

BCL2 — (C — G2)2(4C — Go)\ * 19
g, = 21/2 L 1Y .
4 ( (C—GaR(C + Gy) ) oS
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After applying this transformation, Hamiltonian /C; is transformed into:

2
K = MU 6,30 - au)? - 512)
L2G2

— 621, \/(C + Go)(5CL2 — (C — G2)2(4C — GQ))) :

We introduce a new parameter 7% = ¢. It leads to
H = ho+n*hi +n’hy + O(n"),

where

piME M3

ho =" T org
SML?
hy = L%G%l (3(0 Gy — 5L§>, (B.10)
ASML?
hy — —TG%IA\/(C + Ga) (5L — (C — Go)2(AC — G)).

At this point we easily identify the following numbers in Theorem 1.15: ny = 2,
ny =4, ny =5, 01 =2, By =3 and a =2 and construct

Ohy Ohy Ohy Oh, Oh
Q= (Q, Qo, Q3, U, Q) = ( 0 0 1 1 2>'

dL," 0Ly,” 0C’ 0Gy’ 0l

Next we form the matrix (B.4). We need rank five because we are looking for
KAM 5-tori. Then, we construct the 5 x 31-matrix that results from adding to
01 Q(I) the columns corresponding to the partials of second order. This time the
rank of the matrix is five and s = 2. Thus, we conclude that there are KAM
5-tori related with the equilibrium point that represents coplanar motions such

that G1 ~ G2 - C.

B.1.4 Case (d)

Case (d) of Table 5.2 deals with motions of the three bodies that are coplanar.

The coordinates of the equilibrium point of case (d) in the space T, ¢, are
(2(C — Gq)* — L1,0,0).

In this case it is assumed that G; % L, and the outer body is not moving in a
near-circular orbit, thus Gs % Lo and the motions of the two fictitious bodies are
coplanar, so G; =~ C' — (.

up.<
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First we introduce the symplectic change of coordinates given in Table 5.2(d).
Hamiltonian (2.17) in terms of x; and y; is:

B AML3
- L3G3(at 4y + 20 - 2Ga)?

15
X (6—4 (xf - yf) (a;f Tyt 40) (aﬁ i+ 40 + 402)

X (:cf +yi — 4G2> ((mf +y7 — 2G5 +20)* — 4L%>
(=L S 07+ 20 - 20,)?)
X (3G3 +3(C% - };(‘T? +17 +2C - 2Gz)2)2)

Ky

1
+2G§< —3C* + Z(m% + 7 420 — 202)2)>.

Then we linearise 'y around the equilibrium point. This is achieved by intro-
ducing the change

x, = ey ‘i, = 51/4?1 + 7,

where x} and y] are the values of x; and y; at the equilibrium, i.e. (z7,y]) = (0,0).
The change is symplectic with multiplier e~'/2. After applying it to H we need
to rescale time in order to adjust the resulting Hamiltonian and to expand it in
powers of . We arrive at a Hamiltonian of the form:

H = Hiep + K1 + O(e?), (B.11)

where

8ML?

1
+%m(aﬁ¢:zﬂamﬁwo—GﬁM0—GMﬁ

1 _
e -an) )

(B.12)
We introduce action-angle coordinates 1, ¢, as follows:

2 1/4
1 =2 (50/:% TIC— G)PAC — Gy ) B sinon

BCL2 — (C — G2)2(4C — Go)\ * 19
g, = 21/2 L 1Y .
4 ( (C—GaR(C + Gy) ) oS
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After applying this transformation, Hamiltonian /C; is transformed into:

_ 8ML3

K, = TG (Gz(?)(c — G9)* — 5LY)

- 651/211\/(0 + G5)(5CLY — (C — G2)?(4C — GQ))> :

We introduce a new parameter 7% = ¢. It leads to

H = ho+n’hy +n°ha + 0(774)>

where
hy — My M§M§7
27 2L
SML2 o
- - - B.1

hl L%G% (3(C Gz) 5L1>, ( 3)

ASML?
hy = e I (C 4 G) (5CLE — (€ — Ga2(4C — Ga)).

L2G2

At this point we easily identify the following numbers in Theorem 1.15: ng = 2,
ny=4,ny =05, 1 =2, o =3 and a = 2 and construct

8]10 0h0 8]11 8h1 ahQ
0Ly’ OL,” 0C’ 090Gy’ 0, )

Q = (Qla Q27 Q37 Q47 Q5) = (

Now we build the matrix (B.4). We need rank five because we are looking
for KAM 5-tori. Then, we construct the 5 x 31-matrix that results from adding
to 01 Q(I) the columns corresponding to the partials of second order. This time
the rank of the matrix is five and s = 2. Thus, we conclude that there are KAM
5-tori related with the equilibrium point that represents coplanar motions such
that G1 ~ G2 - C.

B.2 Study in S;, 1,¢

B.2.1 Case (a)

Case (a) of Table 5.3 deals with motions of the three bodies that are circular
for the inner and outer bodies.

The coordinates of the equilibrium point of case (a) in the space Si, 1, ¢ are
(L3,12,0,0,0,0). We have that G; ~ L; and the outer body is not moving in a
near-circular orbit, thus G5 ~ L.

up.<
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First we introduce the symplectic change of coordinates given in Table 5.3(a).
Hamiltonian (2.17) in terms of x; and y; is:

2IML?

Ky = _L3 2 2 2/ 2 2 5
3(x2+y? — 2L1)" (23 + 3 — 2L)

x| 15(22 — ) (a2 + o2 — AL,) ((xf — a2yl — 2Ly +2Ly) - 402)
x ((xg + a2+ 2+ 22 — 2L, + 2Ly) — 402)
_4(2(;@ byt —2L)’ - 513)
x (3((:@ +y? = 2L,)% —4C%)7 = 2(12C7 — (2% + o — 2Ly)?)
x (25 +y5 — 2L2)2 +3(23 +y5 — 2L2)4)>.

Then we linearise 'y around the equilibrium point. This is achieved by intro-
ducing the change

xTr; = 61/4J_JZ' +J7;k, Y = 51/4:% —i—yf,

where z7 and y}, ¢ = 1,2 are the values of x; and y; at the equilibrium. The change
is symplectic with multiplier e='/2. After applying it to H we need to rescale time
in order to adjust the resulting Hamiltonian and to expand it in powers of . We
arrive at a Hamiltonian of the form:

H = Hiep + K1 + O(?), (B.14)

where

ML

o =
1 Lg

<2L1L2 (3(C% - L3)2 +2(-3C2 + L) L3 + 313)

—3¢/? (4L§L2( -+ L7 - 3L§)z§

49 L2< —5C* — 3L +4L3L3 — 5L + 2C*(4L} + 5L§)>:¢7f
L (= 5(C% + L3)? + 2(3C% - L})13 — 13) (a3 + ﬂ%)) :

(B.15)
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We introduce action-angle coordinates Iy, ¢; as follows:

g (POt 4 3L — AIRI3 + 515 — 2C° (4L} + 513) 1/ 1 sme
Ir1 = S1n
' L3(C? — L3 + 3L3) ! b
1/4
g1 = 212 Li(C® — Lj +3L)) : % cos ¢
! 5C* + 3L4 —AL2L2 + 5L% — 2C2(4L% + 5L32) ! b
Tog = v/ 2[2 sin §Z§2,
Yo = /215 cos ¢s.

After applying this transformation, Hamiltonian &C; is transformed into:

IMIL?
Ki=— Agg L (3(02 —L§)2+2(—302+L§)L§+3L3>
2

32102 (221, VO — I3 + 313
x \/5C* 4+ 3L — AL3L3 + 5L4 — 2C2 (4L} + 5L3)

I
+ L—2(5((J2 — [)? —6C2L%+2L2% — L§)>> .
2

We define a new parameter 1> = ¢ for the Hamiltonian #H. It leads to

H = ho+1n*hy +17°hy + O(n*),

where
po_ _ME M
0 2L2 202
2MIL?
hy = % (3(02 — L3)? 4+ 2(=3C* + LHL2 + 3Lg),
2
ASML?
hy = Lé\é; (23/%211 \/02 — L2 + 312 (B.16)
22

x (/504 + 3L4 — 4L2L3 + 5L4 — 2C*(4L3 + 5L3)
— L(5(C* = L})* +2(3C* — L})L3 — L§)> :

We obtain the following numbers in Theorem 1.15: ng = 2, ny = 3, ny = 5,
b1 =2, B =3 and a = 2 and construct

-  (0hy Ohy Ohy Ohy Ohs
Q= (Qla QQ) 937 Q47 Q5) - (ale 8L27 807 8]1, 612) .
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We form the matrix

oy, Oy, Oy, 0N, OSY,
0L, 0Ly’ 0C’ 9I," 0l

0; QI = <Qk, ) , 1<Ek<5. (B.17)

We need rank five because we are looking for KAM 5-tori. Then we construct
the 5 x 31-matrix that results from adding to 9} Q(I) the columns corresponding
to the partials of second order. This time the rank of the matrix is five and s = 2.
Thus, we conclude that there are KAM 5-tori related with the equilibrium point
that represents circular motions for the inner and outer bodies.

B.2.2 Case (b)

Case (b) of Table 5.3 deals with motions of the three bodies that circular for
the inner and outer bodies.

The coordinates of the equilibrium point of case (b) in the space Si, 1, ¢ are
(L2,2(C' — Ly)*> — L3,0,0,0,0). In this case it is assumed that Gy =~ L, and
Gl ~C —+ GQ.

First we introduce the symplectic change of coordinates given in Table 5.3(b).
Hamiltonian (2.17) in terms of x; and y; is:

IML2
L3(22 4 42 — 2L0)° (= a2 + 22 — 2 + g} — 2C + 2L,)°
X (15( — -y - 4L1> (ZL’% + 93 — 40)

— 20% a3 - 293 + 4 + 4Ly )

IC1:

X
X —2m%+x§—2y%+y§—4€+4L1>
X (y1(y2 — 22) + 21 (22 + 3/2))

X

o

x1(xe — yo) + y1(xe + y2)>

~lWw N /N N

(a2 + 5} = 2L1)" = 513)
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2
X <3<(x% + 97 —2L,)° — 402>
- 2(1202 gy - 2L1)2>

2
X (26—2L1+xf—x§+yf—y§>

4
><3<20—2L1+x?—x§+yf—y§> )>
Next we linearise C; around the equilibrium point. This is achieved by intro-
ducing the change
vo=eMEi+al, yo= M+,
where x7 and y}, ¢ = 1, 2 are the values of z; and y; at the equilibrium. The change
is symplectic with multiplier e='/2. After applying it to H we need to rescale time

in order to adjust the resulting Hamiltonian and to expand it in powers of €. We
arrive at a Hamiltonian of the form:

H = Hiep + K1 + O(?), (B.18)

where

1ML ) 2
S (e 5 (Ll (c-1)

3

+C(f§+5g§ + P +y§))
3

+ € <02< — x] — 222 (xg + 97 — 9y§) — 402129192 + 75

+1823y7 + 2y (z2 — y1) (22 + 11) — yi + y§)
+CL, (zyg (722 — 1022)
— 4(le1 + y% (Qx% + 5x§) + yil)

+ 4021 29y1 Y2 + Ty + 793)

+ L3 (27 — 23 + yi — v3) (927 — 523 + 9y7 —5y§))>.

(B.19)
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We introduce action-angle coordinates 1, ¢, as follows:

T = v/ 2[18iﬂ¢1, gl = \/ 2[1COS¢1,
To = 1/ 2[23111(;52, gg =\ 2[2COS¢2.

After applying this transformation Hamiltonian /C; is transformed into:

16 ML?
© Lyn (Lf(c ~ L)’

+3€1/2L1(C — Ll) (Il (C — 2L1) + IQ(C + L1)>

Ky =

3
+35¢ (02 (=17 + 8L Iy + I}) + CLy (=417 — 100115 + 713)
+ 100[1]2([/1 — C) COS(2(¢1 — gbg))
+ L3I — L) (91 — 512)>> :

(B.20)
Next we average with respect to ¢; — ¢, at first order and for the full Hamil-
tonian H we introduce the small parameter 7 such that n? = ¢, arriving at:

H = ho+n*hi +0°ha + 1'hs + O(1°),

where
oMM M3
0 2[2  2L%°
4
h ML
(C— L)LY
A8ML3 (B.21)
hy = m(ﬁ(o = 20) + B(C+ L)),
24ML% 2 2 2 2 2 2
hs = m(@ (= C2—4CLy +9L2) + I(C* + TCL, + 51?)

+ [ 5(8C2 ~10CLy — 14L3) ).

We can identify the following numbers in Theorem 1.15: ng = 2, ny = 3, np = 5,
ng =5, By =2, By =3, B3 =4 and a = 3 and construct

QE (Qla Q27 937 94, Q57 Qﬁ, Q7) _ (aho ah(] ahl 8h2 ahQ ahg ahg) '

OL," 0Ly’ 9C’ dI," 9, oI, 0l

Next we build the matrix



Proof of Theorem 5.1 for the remaining cases 143

1 _
O SUI) = (Q’“ oL, 0L,  oC ' dI, ' 0l

The rank of the matrix is five and s = 1. Thus, we conclude that there are KAM
5-tori related with the equilibrium point that represents circular motions for inner
bodies and they are coplanar with the outer body such that Gy ~ C' + Gs.

), 1<k<7.  (B22)

B.2.3 Case (c)

Case (c) of Table 5.3 deals with motions of the three bodies that are circular
for the inner and outer bodies. In this case it is assumed that G =~ Lo and
G1 =~ Gy — C. The coordinates of the equilibrium point of case (c) in the space
SL1,L2,C are (L%, 2<C + L1)2 - Lg, 0, O, O, 0)

First we introduce the symplectic change of coordinates given in Table 5.3(c).
Hamiltonian (2.17) in terms of x; and y; is:

2MIL3?
2 5
L3(z3 4y —2L) (23 + 23+ vy} +y3 — 2C — 2L,)

X (15(—95% —y%—|—4L1> <x%—|—y§ —4C’>

K= -

X (—Qxl — x5 — 2yf—y§—|—4L1>
><( — oy +4C+4L1>
X (3/1 Yo — T2) + x1 (T2 + y2)>

X (951 —y2) + Y1 (e + y2)>

3 2
— (58 + vt —2m0)" - 513)
2
( (z3 492 — 2L,)* — 4C’2>
9 (1202 ey - 2L1)2)

2
x(—QC’—ZLl—l—xf—i—a:g—l—yvayg)

4
3(—20—2L1+x%+x§+yf+y§> >)

UpP::s ‘
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Now we linearise 'y around the equilibrium point. This is achieved by intro-
ducing the change

Ty = 81/4j2'+x;<7 Yi = 51/43]1""2/:7

where 27 and y}, © = 1,2 are the values of x; and y; at the equilibrium. The change

is symplectic with multiplier e='/2. After applying it to H we need to rescale time

in order to adjust the resulting Hamiltonian and to expand it in powers of €.
Next we introduce action-angle coordinates I, ¢, as follows:

Ty = /2Lisin¢y, §1 = /21 cos ¢,
Tog = v/ QIQSiDQbQ, gg =V 2]2COS§Z52.

After applying this transformation, Hamiltonian &y is transformed into:

16./\/1L% 9 9
Ky = —m (Ll((} + Ll)

+3¢2L,(C + Ly) (Il(C +2Ly) — L(C - Ll))
— ge (02 (17 + 8L 1, — I)

+CLy (-4 + 10,1, + 713)

— 10C L 15(C + Ly) cos(2(¢1 — ¢2))

— Li(I + L) (91, + 55))) .

(B.23)
Next we average with respect to ¢; — ¢- at first order. Considering the full Hamil-
tonian H, we introduce the small parameter 7 such that n? = ¢, getting:

H = ho+ n*hy +10°ha + 7'y + O(1°),

where
po— _ME My
0 2L2 2L%°
o 16ML]
YT+ L)LY
ASMIB
b =~ I (n(C+21) - B(C - L)), (B.24)
1 2
24 ML?
hy = —ﬁ (112( — C?+4CLy +9L}) + I3(C* = TCLy + 5L7)
1 2

+ L5 ( = 8C = 100, +14L3)).
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Now we readily identify the following numbers in Theorem 1.15: ng = 2, n; = 3,
ne =5, n3=0>5, /1 =2, fs =3, B3 =4 and a = 3 and construct

Ohy 0Ohg 0Ohy Ohy Ohy Ohs Oh
0= (Ql, Qq, Q3, Q4, Q5, Qp, 97) _ ( 0 0 1 2 9 3 3)'

OL," OLy” 9C’ 9l 0L, 9" 0l

We build the matrix (B.22). The rank of the matrix is five and s = 1. Thus,
we conclude that there are KAM 5-tori related with the equilibrium point that

represents circular motions for inner bodies and they are coplanar with the outer
body such that G; ~ Gy — C.

B.2.4 Case (d)

Case (d) of Table 5.3 deals with motions of the three bodies that are circular
for the inner and outer bodies.

The coordinates of the equilibrium point of case (d) in the space Si, 1, ¢ are
(L2,2(C' — Ly)* — L3,0,0,0,0) which is the same point studied in case (b).

Thus, we conclude that there are KAM 5-tori related with the equilibrium

point that represents circular motions for inner bodies and they are coplanar with
the outer body and G| ~ C' — Gbs.

B.2.5 Case (e)

Case (e) of Table 5.3 deals with circular motions of the outer body. In particular
we develop this case when v = 0 and G} = \/C? + 3G3. The equilibrium point
is given by:

(20 - 13 +613,13, 2L\/C? — 13/ ~C? + 13— 313,0,0, 0).

In this case it is assumed that Gy ~ L.

First we introduce the symplectic change of coordinates given in Table 5.3(e).

up:<
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Hamiltonian (2.17) in terms of x; and y; is:

32ML?
L3(Gr+y1)* (= 2L + 23 +12)°
X (( — 5L% +3(G7 + y1)2>

x (3(02 — (G +n)?)’ -

1
5(302 — (G} +w1)?)

X (= 2La a3+ 4B) o+ oo~ 2Ls + 73 +3))
15

- E((G*{ +y)’ - Lf) ((2@; + 2Ly — a2+ 2 —13)” — 402)

X ((QG’{ — 2Ly + 3+ 21 + y§)2 - 402> cos (2(yy + 3:1))) :

Then we linearise K; around the equilibrium point. This is achieved by intro-
ducing the transformation

€T; = 51/4ji + l’f{, Y = 51/4?% + y'zkv

where 7 and y}, i = 1,2 are the values of x; and y; at the equilibrium. The change
is symplectic with multiplier e='/2. After applying it to H we need to rescale time
in order to adjust the resulting Hamiltonian and to expand it in powers of . We
arrive at a Hamiltonian of the form:

H = Hiep + K1 + O(?), (B.25)

where

AMI?

Ky = (C2? + 3L2)L3

<2L§ (02 n 3L§) (602 5L 6L§)
+ 3617 (10L§( - ¢4 13)(C? - 1} + 313) 3
2
9 ((12 + 3L§> 7
+ Ly (602 — 512 + 2L2)(C* + 3L3)(z3 + g§)> .
(B.26)
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We introduce action-angle coordinates Iy, ¢; as follows:
o 2 (€2 313
5L3(C% — L3)(C? — L3 + 3L3

I2(C2 — [2 2 _ 2 1.2 1/4
— 21/2 i) 2(0 2)(0 5 1+3 2) Ill/2 COS(bl,
(C? 4 3L3)?

To = \/2l38in ¢y, Yo = /21508 ps.

After applying this transformation, Hamiltonian &y is transformed into:

1/4
>> 1% sin ¢y,

_ 8ML3

Ky = = Ly(6C% — 5L% 4+ 6L3)
2

+3512 (1 (— 2v5\/(C2 = L3)(C2 — 13 + 313))

+1,(6C% — 512 + 2L§)>> .

We introduce the small parameter n where n? = . Thus the full Hamiltonian
H is:
H = ho+n’hy +1°ha + O(n*),

where

piME  ps M3

ho = — -
0 2[2 2L%°
SML?
hy = —22(6C? —5L% +6L2),
LIS ( e oL3) (B.27)
24 ML?
hy = =2 (= 2vBny/ (02 - 13)(C? - 12+ 313)
2

+1(6C — 5L + 2L§)).

We readily identify the following numbers in Theorem 1.15: ng = 2, ny = 3,
ng =5, B1 =2, B = 3 and a = 2 and construct

Ohy Ohg Ohy Ohy Ohs
OL," 0Ly 9C’ oI, 0l )

Q= (Qla 927 Q37 Q47 QS) = (

At this point we construct the matrix (B.17). The rank of the matrix is five and
s = 2. Thus we conclude that there are KAM 5-tori related with the equilibrium
point that represents circular motions for the outer body.
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B.2.6 Case (f)

Here we carry out the proof for case (f) in Table 5.3, which deals with circular
motions of the outer body that are coplanar with the inner bodies’ motion. We
have chosen the case where Gy ~ Lo and G; =~ Gy — C.

The coordinates of the equilibrium point of case (f) in Sp, 1, ¢ are (2(C —
Ly)*—12,13,0,0,0,0). We start by introducing the symplectic change of Poincaré-
Deprit-like variables appearing in Table 5.3(f).

The expression of Iy in terms of z1, x2, y; and ys is

2MIL2
o 5 2
L3(23 +y3 — 2Ly) " ( — 2% + 23 — y + 43 + 2C — 2L,)

Ky =

15 2
X (—(y% — )@} + g} — 40) (o3 — 23+ y — 43 - 20 + 2L,)" — 413)

x (23 — 223 + yi + 2u5 + 4Ls) (] — 223 + yi + 295 + 4C — 4L»)

We linearise KC; around the equilibrium by introducing the symplectic change
with multiplier e=1/2:

1/4 = 1/4=
17126/1'1, IL‘2:8/1’2,

s/ 1/4

y1 = ey, Yo = €77Ys.

After applying the transformation to H we rescale time, ending up with the
Hamiltonian

H = Hgep + K1 + O(7), (B.28)
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where

_ % (L2<c — Ly)(3(C — Lo)? — 5L2)

312 (2( —4CP + 5CL2 +9C?Ly — 6CLE + L3) 22
+2(C = L,)*(C + L) 7

Ky

— (€ — Ly) (3C% — 512 — 4CLy + L2) (73 + @75))) :

The next step is the introduction of the following symplectic set of action-angle
coordinates:

L VB (RO (C - Lol 40\ e
v C — Lo C+ Ly ! b
C+ L, 1/2

1/4
= V20— L) (5L§O+(C—L2)2(L2—4C)) Iy cos g,
Tog = 1/ 2]2 SiIl(ZﬁQ,
gg = v/ 2[2 COSgbg.

Now we apply the transformation to Ky getting

SMIL?
Ky = 1
1 Lg

<L2 (3(C = Ly)* — 5LY)

MR (211 V(Le+ C)(BLAC + (€ — Ly)*(Ly — 4C))
—1,(3C* = 5L —4CLy + Lg))).
Considering the full Hamiltonian H, we introduce a new parameter n such that

n* = g, arriving at
H = ho+n’h1 +1°ha + O(n*),

where
hy — MR s M3
202 202
SML?
hy = L(3(C — Ly)* — 5L3),
1= g Bl L) ! (B.29)
24 ML?
hy = == (2004 (La + C)(BLIC + (C = La)2(La - 4C))
2

— I((Ly — 20)? — 5L2 — 02)).

up: L
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One can identify the following numbers in Theorem 1.15: ng = 2, n; = 3,
ne =5, f1 =2, By =3 and a = 2, then

Oho Ohy Ohy Ohy Oh
95(91,92,93794,%):( o Ohg Ohy Ohy 2).

OL," 0Ly’ oC’ oI, 0l

We build the matrix (B.17). Since the corresponding rank is four we add to
this matrix the columns composed by the partials of second order and calculate
the rank of this 5 x 31-matrix and get the desirable rank five. Therefore, there are
KAM 5-tori related with the equilibrium point that represents circular motions of
the outer body which are also coplanar with the inner bodies’ motions.

In this case b = 8 and s = 2. So, the excluded measure for the existence of
quasi-periodic invariant tori is of order O(n°/2) (or O(e%/*)) with 0 < § < 1/5 and
we cannot improve this measure.

B.3 Study in Ry, 1,5

B.3.1 Case (a)

We deal with circular motions of the inner and outer bodies all of them moving
in the same plane, which is not the horizontal plane. We consider the coplanar
case that satisfies G &~ G5 —C and C % |B| to carry out our study. This situation
corresponds to case (a) of Table 5.4.

The equilibrium point in Ry, 1, g that we study has coordinates (pi, ..., pis)
with
LB
pP1 = P2 = m,
B B LB
P3 = P4 = —ma

Ps = pr = Pg = pu1 = P13 = P15 = 0,

B2
— 21 2
P6 1( (Ll _L2)2)7

BQ
ps = po = p12 = pu = —L1Ly (1 - —) ,

(L1 — Ly)?
B2
21— —2 ).
P16 ? ( (L1 — L2)2)

In order to analyse the dynamics in a neighborhood of the equilibrium point
we define the Poincaré-Deprit-like coordinates appearing in Table 5.4(a). The
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perturbation C; in terms of x; and y; is

Ky

symplectic change with multiplier ¢

_ 2MIL2
Ly(x} 4y — 2L1)% (a3 + y5 — 2Ly)°

X (15(x% + o —4Ly) (227 + 225 + 25 + 2y; — 25 +y3 — ALy + 4L,)

x (203 — o + 298 — 3 — 4L) (4mwayys — (v — o) (43 — o)
+ (3(93% +y?—2L,) - 20L§)
x (3(:53 +y3 — 2L,)"
2 2
+3((eF+ = 200)" — (2 — 23+ 23+ 4 — 4 + 3 — 2Ly — L))
+2(a2 4+ 42 — 2L,)°
x (2 4+ 93— 2L1)°

_ 3(:1:% — s+t —yi i —2(Ly — L2))2>)
(B.30)

We linearise ‘H around the point ©1 = 29 = 3 = y1 = yo = y3 = 0 by a
~1/4 given by

1/8~T37
(B.31)

= 51/8y3.

€T, = 51/83_:1, Ty = 51/83_:2, Tr3 = €

Y1 = 51/8@1, Yo = 51/8@2, Y3

After applying the linear change to H and multiplying by €'/* to rescale time,

we expand the resulting Hamiltonian in powers of € getting a Hamiltonian of the

form:

H = Hiep + K1 + O/, (B.32)
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where

Ky =

16 ML} 3el/4 0 ey P
— 1<1+2L1L2<L1(:c§+x§+y§+y§)+L2(x?—w§+yf—y§)>
2

3el/? P P PPNV S
b (B (06 80+ 6 0 806+ ) e+ )
1+2
~ L3((@ + )7 + (@4 87 - 233 + )
+2(27(75 — 393) — §1(375 + 73))
x (#(3% +358) + 7355 — 7)) )
Loy (323 + 53)2 + 623 — 3 + 3 — 3)(23 + 72)
+4(71 (75 — A75) + 77 (75 — 4773))
~6( 4 ) + 1208 + B+ ) + 0mz) ) ).

(B.33)
Next we introduce a symplectic transformation that allows us to express the

Hamiltonian in the form required by Theorem 1.15. The change reads as follows:

T = 2Lsing;, g = /21, cos ¢y,

Ty = \/Esin P2, Y2 = \/ECOS P2,

T3 = \/ESiIl @3, Ys = \/ECOS ¢3.

After putting the Hamiltonian Iy in terms of ¢; and I;, we arrive at:
_16/2/21& 2 361L/‘:L1
+ 3;;2 ( — L2124 ALRI2 4 (L2 — 3Ly Ly + LA)I2 + 6Ly Loy I
2

V2L, (3L1 — 4Ly — 5(Ly — Ly) cos (2(¢ + ¢3))>1113
2 (4L§ _ 3L1L2> 1213) ) .
(B.34)

Next we average the resulting system with respect to ¢; + ¢3 at first order,
i.e. taking only one step in the Lie transformation, checking that no resonances
between the angles occur as the generating function is always well defined.

The last step before the application of Theorem 1.15 is the introduction of a
new parameter n* = ¢, so that we get

Klz

(L2[1 + Lyl — (Ly — L2)13)

H = ho+n*hy +1°hy +1n°hs + O(n7), (B.35)
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where
M
0 213 2L 7
16 ML
hl == — L6 9
2
ASML3
hy = — ji ! (LQIl + L1y — (Ll - L2)I3>7 (B36)
2
24AML?
hy — % (ngf —4L2T2 — (L2 — 3LyLy + LA)I2 — 6L, Lo L1 I
2

4 2L5(3Ly — ALo) [ I3 + 2Ly (AL, — 3L2)1213).

The numbers in Theorem 1.15 are: ng = 2, ny = 2, no = 5, ng = 5, f; = 4,
By =5, B3 =6 and a = 3, then
0= (le QQ? Q?n Q4a Q57 QG? Q77 QSv an QIO) =
(Oho Ohg Ohy Ohy Ohy Ohy 0Ohy Ohs Ohs 0h3>

OL,” 0L, 0L, OL," 0I," 0I, 0I3’ 0I," 0I," 0I;
(B.37)
Then, we build the 10 x 6-matrix

OL," 0L, 09I, 0I, 0lIs

We get that the rank of this matrix is five, so we conclude that there are KAM
b-tori related with circular motions of the inner and outer bodies all of them moving
in the same plane, which is not the horizontal plane. Moreover, in this case b = 15
and s = 1 then, the excluded measure for the existence of quasi-periodic invariant
tori is of order O(n?) (or O(e%/*)) with 0 < § < 1/5 and as in the previous cases
we cannot improve this measure.

0; QI = (Qk ) 1 <k <10.

B.4 Study in Az, 1,

B.4.1 Case (a)

We deal with the case (a) of Table 5.5. In particular the equilibrium points of
Ap, 1, are related with circular motions of the inner and outer bodies, all of them
are nearly moving in the horizontal plane. We choose the case G; =~ Ly, Go = Lo,
Gy~ Gy—C and C = |B|.

The coordinates of the relative equilibrium of case (a) in Ay, 1, are:

(07 07 :FL17 Oa Oa :FLla Oa 07 iLQa 07 07 :i:L2)

UpP::s ‘
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The local symplectic variables x;, y; are the ones given in the third column of
case (a) in Table 5.5.

The perturbation Iy in the coordinates z; and y; is the same as Hamilto-
nian (B.30) where instead of the term 4z,x3y;y3 we put the term +4z,23y,y3 (the
upper sign applies for prograde motions and the inner one for retrograde motions).

Following the same reasoning as in Section 5.2.4 and taking into account the
result in the previous section one can conclude there are KAM 5-tori related with
the equilibrium point that represents circular motions of the inner and outer bodies
which are also coplanar motions when the invariable plane is the horizontal plane.
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