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Voltage Harmonic Reduction for Randomly
Time-Varying Source Characteristics

and Voltage Harmonics
Ahmed Faheem Zobaa, Senior Member, IEEE

Abstract—Potential applications of probabilistic modeling of
current and voltage harmonics concern many aspects of power
system engineering as accurate prediction of power system
harmonic behavior provides important information to utility
companies and equipment designers. In this paper, a method of re-
ducing the expected value of the total voltage harmonic distortion
for a specified range of source impedance values at different buses
by using LC compensators, where it is desired to maintain a given
power factor at a specified value, is presented. The criterion is
based on mean value estimation of source and load characteristics,
which are enabled by sampling measurements performed on the
examined electrical plant as well as statistical analysis.

Index Terms—Harmonics, power factor, probability.

I. INTRODUCTION

THE increasing presence of current and voltage harmonics
in distribution and transmission systems is well known.

The harmonics are due to the widespread use of nonlinear loads
both for efficient energy utilization in residential, commercial,
and industrial areas and for increasing the flexibility of power
systems; they can seriously damage the system components and
operation.

Over the past several years’, electric utilities have experi-
enced and research groups have confirmed the nondeterministic
nature of harmonics due to continual changes in system config-
urations, in linear load demands, and in operating modes of non-
linear loads. Taking into account the time-varying nature of har-
monics, it is useful to introduce random variables and to apply
probabilistic techniques of analysis.

From the energy users point of view, the utility is an equiv-
alent source that either supplies him or her with harmonics, or
absorbs harmonics generated by him or her. In this study, both
the equivalent source and load are considered to generate har-
monics. It is assumed that the load harmonics are not sufficiently
serious to suggest tuned filters, but when combined with source
harmonics, the use of a pure capacitive compensator would de-
grade power factor and overload the equipment. The remedy
explored here is the insertion of a reactor in series with the
local compensating capacitor. This will reduce the energy users’
distortion, without regard to his or her neighbors. In such an
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arrangement, the LC compensator may actually have a lower
volt-ampere rating (or cost) than that of a pure capacitive com-
pensator [1], [2].

In other attempts at optimizing the LC compensator [3], the
main objective has been to maximize the load power factor. This
may also reduce the total harmonic distortion of voltage and cur-
rent, but it may not minimize them. In other words, the problem
of minimizing voltage harmonic distortion is not solved by max-
imizing power factor.

In addition, it is necessary to consider randomly varying
source harmonics and impedances. Fixed solutions for one
harmonic source condition may not be optimal for another.
Therefore, time variations of the harmonics [4], [5] and im-
pedances must be considered in designing optimum capacitors
and/or filters [6], [7]. Reference [4] reviews the problems asso-
ciated with the direct application of the fast Fourier transform
(FFT) to compute harmonic levels of nonsteady state distorted
waveforms, and various ways to describe recorded data in sta-
tistical terms. Each statistical description is applied to a set of
recorded data for illustration purposes. Reference [5] includes
tools for calculating probabilities of rectangular and phasor
components of individual as well as multiple harmonic sources.

A procedure for determining the statistical distribution volt-
ages resulting from dispersed and random current sources is re-
viewed. Some applications of statistical representation of har-
monics are also discussed. If the characteristics of these time-
varying quantities are not known apriori, they can be either
found by parameters estimation [8]–[10], or measurements [11],
[12]. A microcomputer-based parameter estimator [8] for deter-
mining the distribution characteristics of a power system is dis-
cussed. The use of this parameter estimator is illustrated on an
analog of a single-phase feeder. It is found that even in the pres-
ence of source harmonics and with a nonlinear load, the system
parameters can be determined to a high degree of accuracy. Such
measurements can be used in the design of a fixed-components
optimal compensator or permit the dynamic control of an online
optimal compensator. The measurement of harmonic distortion
in power systems is almost always a compromise between the
desirable and the possible. In an ideal world, it would be pos-
sible to use calibrated voltage dividers with a well-established
frequency response connected to the higher voltage system bus-
bars and current transformers with good response in each of the
three phases. The reality, however, is different, as the only ac-
cess given will be to existing voltage transformers and current
transformers. The choice of how to calculate harmonics in a
power system is also often a compromise, which depends on the
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system information available to the designer and also the pur-
pose for which the calculations are being made. The author [12]
discusses the voltage transducers and measurement instruments
for harmonics measurement. Calculations in the frequency do-
main and the time domain are discussed.

In this paper, an optimization criterion of LC compensators to
minimize the expected value (EVTHD) of the total voltage har-
monic distortion (VTHD) while constraining the power factor
(PF) and the values of the compensator which cause resonance.
The method is tested by using two case studies taken from pre-
vious publications, and the results are compared with other pub-
lished techniques.

The basic approach to harmonic reduction is first explained,
and the objective function expression and analysis are discussed.
Then, the suggested optimization algorithm is presented. Fi-
nally, the simulated results are discussed.

The major attribute of the method is that unlike conventional
approaches, it guarantees convergence to the optimal solution.
This accomplishment is a direct result from the improvement
in the algorithm in which provisions are made to identify and
to avoid compensator values which would create resonance
conditions, the problem formulation in which the effect of the
Thevenin impedance on the load voltage is included while
calculating the optimal compensator value and taking into
consideration the manufacturer’s standard values for power
shunt capacitors.

II. BASIC APPROACH TO HARMONIC REDUCTION

Fig. 1 is a single-phase equivalent circuit of a bus with an LC
compensator, experiencing voltage harmonic distortion at har-
monic order because of a voltage source , and harmonic
current sources within the load itself .

The Thevenin voltage source representing the utility supply
and the harmonic current source representing the nonlinear load
is

(1)

and

(2)

where is the order of harmonic present.
The th harmonic Thevenin impedance is

(3)

and the th harmonic load impedance is

(4)

The th harmonic compensator impedance is

(5)

To simplify the analysis, only the load model using the
respective active and reactive powers at the fundamental fre-
quency is considered while sizing the compensators. This
model (Fig. 1) is adequate where VTHD is less than 10% [13].

Fig. 1. Single-phase equivalent circuit for the Kth harmonic with shunt LC
compensator.

The voltage harmonic distortion at the compensated load ter-
minals is defined as

(6)

where

(7)

where
;

;
;

;

.

(8)

where is , and is
.

(9)

where is , and is
. The compensated PF at the load is given as

(10)

where

(11)

(12)

The transmission loss (TL) is given as

(13)
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The network efficiency is given as

(14)

The statistical characterization of the input data consists of
checking: i) which of the components have to be considered as
random in nature and which of them can be kept fixed; ii) what
are the statistical features to characterize the random nature of
the variables identified in i). With reference to problem ii), the
random nature of the nondeterministic components is analyzed
by distinguishing the cases of linear loads, generators, and con-
verters; only then is the probabilistic nature of the system ad-
mittance terms discussed.

Linear Loads: In the case of balanced power systems, the
statistical characterization of linear loads has been fully ana-
lyzed [14], considering both dependent and total impedance be-
tween load demands.

Converters: If the hypothesis of constant direct current is as-
sumed, then the dc load can be simulated by a direct current
generator, whose statistical characterization can be carried out
by the knowledge acquired of the expected operational process
[15].

Generators: There are no difference between balanced and
unbalanced systems because, in both cases, the input data are
the three-phase real power. The statistical characterization of
the three-phase real power has been fully analyzed, considering
both independent and dependent generation systems [14].

System Admittance: The uncertainties of the terms of the
system admittance are linked to the system structures and, for
an assigned structure, to the values of the electrical parameters
of the equivalent circuits of the power system components (line,
transformers, etc.). The electrical parameter values of network
components at the fundamental frequency could be considered
deterministic; at the harmonic frequencies the only uncertain-
ties, which have to be taken into account, are those due to the
statistical nature of the linear loads [15].

For randomly time-varying source harmonics and source
impedances, the EVTHD must be expressed as a function of

and and of the statistics of random variables. Because
distribution system harmonic generators are generally current
sources, a positive correlation exists between Thevenin har-
monic impedance components and , and source
harmonic voltage , which is a product of source imped-
ances and Norton equivalent current sources. Source voltage,
Thevenin resistance, and reactance are linearly correlated to
each other at each harmonic order in the most extreme
case. Then

and

where and are constants for , and is a
random variable which is linear with frequency.

Then, the expected value of squared can be written as

(15)

By definition

(16)

where is the probability density function of . If
the Thevenin reactance is assumed to have a uniform dis-
tribution function with minimum value and maximum value

, from (16) becomes

(17)

(18)

where
;

;
;

;
;

;
;

.

The integration of for can be calculated
[16]. Then, the expected value of can be expressed
from (6) as

(19)

System resonant conditions are the most important factors
affecting system harmonic levels. Parallel resonance is high
impedance to the flow of harmonic current, while series reso-
nance is low impedance to the flow of harmonic current [17]. In
actual electrical systems utilizing PF correction, both types of
resonance or a combination of both may occur if the resonant
point happens to be close to one of the frequencies generated
by harmonic sources in the system.

The expected impedance seen from the source is given by

(20)

The resonance peaks can be obtained by setting the imaginary
part of (20) to zero, resulting in a quadratic equation in and

for any given harmonic order

(21)

where is , is the ,
and is and by taking
the solution of (21) where the square root of the discriminant is
positive. (The other solution corresponds to resonance between
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the load and the combination of source impedance and compen-
sator). Note that for sufficiently large load resistance and/or load
reactance, (21) reduces to

(22)

which then represents only the series resonance, which repre-
sents all possible combinations of and values which
result in resonance between the Thevenin impedance and com-
pensated load. Under these conditions, the PF will reach a min-
imum. It is evident that the number of series resonance lines will
depend on the number of harmonics present in the source.

One problem that is to be addressed is whether the values
obtained from theoretical optimization solution can be obtained
from the standard manufactured values. Depending on the
voltage, manufacturers have discrete capacitive values for the
available capacitors. In the presented method, manufacturers’
standard values for shunt capacitors are taken into consideration
[18]. The standard values are considered as constraints in the
sense that the capacitance chosen should be one of these values.

From the above, , PF and can be expressed as
functions of and .

After formulating the objective function and the constraints,
the problem addressed in this study becomes

(23)

where PF in distribution systems may be allowed within certain
limits according to the operating authority, and similarly for the

. That is the reason for using these limits.

III. SUGGESTED OPTIMIZATION ALGORITHM

Each value of the reactive power ratings of the particular
voltage [18] is used to calculate the corresponding value of .
This value is then substituted into the objective function and
constraints to become one variable equation in .

Then, (23) can be rewritten in the form

(24)

The precalculated inductor values for series resonance are
used to subdivide the entire search region into small regions.
The algorithm used in this study can be summarized as follows:

Step 1) Select a value of
in kvar [18] where is the number of
discrete values available for the partic-
ular voltage rating used. Then, calculate

from the following:

Step 2) Starting at an initial point
in the range of values enclosed by the

lowest order resonance peaks will not
create resonance condition as stated in
(21).
Step 3) Using the Penalty Function method
[19] to solve the following problem:

(25)

where is penalty parameter, is
counter, and are functions described
as the following:

For a certain value of , the Golden
search method [19] can be applied for
obtaining the optimal where is
counter.
Step 4) If

where is a preselected small positive
number , then terminate the iter-
ative procedure and go to step 1. If the
stopping criterion is not satisfied, then
update the value of using

(26)

where is a scalar. Then, return to step 3.
Step 5) Compare all of the local minima
and find the global minimum.

Reference [20] shows that the starting penalty parameter
value . Values of in the range 0.1–0.5 work well
for most problems. In the optimization process, the resistance
of the compensator reactor has been neglected due to its small
value with respect to its fundamental reactance (less than 5%)
[2].

IV. SIMULATED RESULTS AND DISCUSSION

Two cases of an industrial plant were simulated using the op-
timization method. The numerical data in case 1 were primarily
taken from an example in [3] where the inductive three-phase
load is 5100 kW with a displacement factor (dPF) of 71.65%
and harmonic current sources are listed in Table I. The 60-cycle
supply bus voltage and Thevenin impedance are 4.16 kV line
to line and , respectively. Fundamental
parameters and load harmonics were assumed to be time-in-
variant quantities. The voltage-source harmonics and Thevenin
impedance for were assumed to be randomly time-
varying quantities with their expected values as listed in Table I
and their standard deviation equal to 5%. The source and
load were arbitrarily chosen to have the same harmonic content
as suggested in [3]. These harmonic magnitudes are generally
independent. The parameter values of the above cases were then
applied to the optimization algorithm and the optimization re-
sults are described below.
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TABLE I
SYSTEM PARAMETERS AND SOURCE HARMONICS

Fig. 2. Global minimum points for case 1 during the search method.

Figs. 2 and 3 show the improvement in choosing the value
of and during the search method and how it affects the
objective function.

Now we compare the proposed method with simulated results
presented in [21] where the proposed method is applied to the
same cases under study neglecting the uncertainty of the source
and load characteristics (Table III). The problem addressed in
[21] is

Source and load harmonics as well as impedances are gen-
erally time-varying at random. An optimal LC compensator de-
signed for the mean values of those random variables (Table III)
does not necessarily render an optimum average power factor
(Table II) and may even be overloaded when implemented to the
time-varying case. Therefore, time variations of the harmonics
and impedances must be considered in designing an optimal
fixed LC compensator.

Table IV shows the required capacitive reactance, the power
factor, the supply current, the efficiency, and the transmission
loss for the load being linear and neglecting the uncertainty of
the source and load characteristics [22].

Fig. 3. Power factor values for global minimum points of case 1.

TABLE II
SIMULATED RESULTS FOR THE PRESENTED OPTIMIZATION METHOD

TABLE III
SIMULATED RESULTS FOR THE OPTIMIZATION METHOD IN [21]

The most important concepts to be illustrated involve the
evaluation of harmonic current limits at individual customers
and harmonic voltage limits on the overall system. These
limits are typically evaluated at the point of common coupling
between the supplier and the customer. In the IEEE Standard
519-1992 [17], the objectives of the nonlinear load harmonic
current limits are to limit the maximum individual harmonic
voltage to 3% of the fundamental voltage and the total harmonic
distortion of the voltage to 5%. Fig. 4 shows the values of the
load harmonic voltage after compensation.

Fig. 4 shows that the resultant values all come out well within
standard limits except the seventh harmonic for case 2. Thus, to
reduce voltage distortion, two factors can be modified: the level
of harmonic currents, and transformer impedance. Using phase-
shifting techniques may reduce the level of harmonic currents,
and low impedance plays a crucial role in reducing voltage dis-
tortion. Now, low-impedance phase-shifting transformers [23]
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TABLE IV
SIMULATED RESULTS FOR THE OPTIMIZATION METHOD IN [22]

Fig. 4. Perecntage of harmonic voltage of the load after compensation.

have thus been designed. They allow the treatment of harmonic
currents while providing a path of low impedance. The quality
and reliability of the electrical system can thus be considerably
improved through the use of a single piece of equipment.

IEEE Standard 18-2002 [18] specifies the following contin-
uous capacitor ratings:

1) 135% of rated rms current , including fundamental
and harmonic current

(27)

where the capacitor current at harmonic number and
is given

2) 110% of rated rms voltage , including harmonics but
excluding transients

(28)

where the capacitor voltage at harmonic number and
is given

3) 135% of nameplate kvar

(29)

The following is the illustration of the calculation of the ca-
pacitor duty of the compensator for case 1.

1) capacitor current distortion ;
2) rms capacitor current ;
3) fundamental capacitor current ;

capacitor voltage distortion ;
4) rms capacitor voltage ;
5) fundamental capacitor voltage .
Table V shows the calculated capacitor limits compared with

the standard limits for case 2.
Comparison of the calculated and standard limits shows that

all values lie within the standard limits. It is usually a good idea

TABLE V
CAPACITOR LIMITS (IEEE STD. 18-1992) FOR CASE 1

to use capacitors with a higher voltage rating in some cases be-
cause of the voltage rise across the reactor at the fundamental
frequency and due to the harmonic loading. Also, we can take
into consideration , , and as constraints in the opti-
mization method to confirm that the results will lie within the
standard limits.

The following is the illustration of the calculation of the re-
actor design specifications of the compensator for case 1:

1) reactor impedance ;
2) reactor rating ;
3) harmonic current ;
4) fundamental current .
Finally, the compensator cost is defined as

(30)

where and are the unit cost of capacitor and inductor,
and are considered to be constant parameters.

For capacitors and reactors, volt-ampere ratings are defined
as [24]:

(31)

and

(32)

Using (30)–(32) to calculate the cost of compensator for cases
under study, the cost is U.S.$ 6899.47 for case 1 and U.S.$
6587.04 for case 2 with and taken equal to U.S.$ 2/kvar.
Reference [2] describes the method for the evaluation of the pa-
rameters of the LC compensator for nonlinear loads taking into
account cost constraints. Comparison of the results shows that
the same power factor can be obtained by LC compensation at
a lower cost, or a high power factor can be achieved by the LC
compensator at the same cost.

Finally, the advantages of the presented method over the con-
ventional approaches as mentioned above include the improve-
ment in the accuracy of the solution and in the ability of the de-
veloped algorithm to guarantee convergence to the optimal so-
lution. Using this method, the global optimal solution as well as
the local optimums are determined. These additional informa-
tion can be useful for performing a cost-benefit decision analysis
before implementing the optimal LC compensator.

V. CONCLUSION

The recent trend of harmonic system standards, in fact, is
deeply considering the random nature of voltage and current
harmonics. The IEC publication 1000-3-6 uses probabilistic ap-
proaches both in comparing the actual current and voltage har-
monic levels with the planning levels and in assessing the emis-
sion limits for distorting loads; the IEEE Std. 519 only slightly
addresses the probabilistic application of harmonic distortion
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limits, but various efforts are in progress to more extensively
include the probabilistic aspects.

An optimal LC compensator designed for the mean values of
those random values does not necessarily render optimum av-
erage power factor, and may be overloaded when implemented
to the time-varying case. Therefore, time variations of the har-
monics and impedances must be considered in designing an op-
timal fixed LC compensator. If these characteristics of these
time variations are priori not known, they can be found by mea-
surements.

In this paper, a method is presented for minimizing the value
of the voltage total harmonic distortion at the load bus where
it is desired to maintain a given power factor with probabilistic
source harmonics and impedances.

Two cases are tested, and the general performance of the pro-
posed method is satisfactory, providing improvement of distor-
tion levels and power factor correction, compared with other
published results.

APPENDIX

DERIVATION OF (7)

From Fig. 1:

By simplification of the above equation and using (3)–(5) and
(8)–(9), the supply current is obtained

Then, the load voltage is given by

(A.2)
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