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Approximate Set Union via Approximate Randomization *
Bin Fu!, Pengfei Gu!, and Yuming Zhao?

!Department of Computer Science
University of Texas - Rio Grande Valley, Edinburg, TX 78539, USA

2School of Computer Science
Zhaoqing University, Zhaoqing, Guangdong 526061, P.R. China

Abstract

We develop a randomized approximation algorithm for the size of set union problem
[A1 U As U ... U A,,|, which is given a list of sets A, ..., A, with approximate set size
m; for A; with m; € ((1—p1)|Ai|, (1+ Br)|Ai|]), and biased random generators with

Prob (z = RandomElement(A4;)) € [ﬂ;’:f, 1;”:"*] for each input set A; and element z € Aj;,
where ¢« = 1,2, ..., m. The approximation ratio for |41 U A2 U ... U Ay,| is in the range
[(1—e)(1—aL)1—p), 1+e)(1+ar)(l+ Br)] for any € € (0, 1), where ar, ar, Br, Br €
(0, 1). The complexity of the algorithm is measured by both time complexity and round com-
plexity. The algorithm is allowed to make multiple membership queries and get random elements
from the input sets in one round. Our algorithm makes adaptive accesses to input sets with
multiple rounds. Our algorithm gives an approximation scheme with O(m - (log m)o(l)) run-
ning time and O(logm) rounds, where m is the number of sets. Our algorithm can handle
input sets that can generate random elements with bias, and its approximation ratio depends
on the bias. Our algorithm gives a flexible tradeoff with time complexity O (m1+5) and round

complexity O (%) for any £ € (0, 1). We prove that our algorithm runs sublinear in time

under certain condition that each element in A; U Ax U ... U A,, belongs to m® for any fixed
a>0 AO (r(r + l|)\|)3l3d4) running time dynamic programming algorithm is proposed to
deal with an interesting problem in number theory area that is to count the number of lattice
points in a d—dimensional ball Bq(r, p, d) of radius r with center at p € D(), d, ), where
DX, d, 1) = {(x1, -+, za) : (21, -+, ®a) with z = i + jrA for an integer j, € [, ], and
another arbitrary integer iy for k = 1, 2, ..., d}. We prove that it is #P-hard to count the
number of lattice points in a set of balls, and we also show that there is no polynomial time
algorithm to approximate the number of lattice points in the intersection of n-dimensional balls
unless P=NP.

1. Introduction

Computing the cardinality of set union is a basic algorithmic problem that has a simple and natural
definition. It is related to the following problem: given a list of sets Ay, ..., A, with set size |A;],

*This research is supported in part by National Science Foundation Early Career Award 0845376 and Bensten
Fellowship of the University of Texas - Rio Grande Valley.
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and random generators RandomElement(A;) for each input set A;, where i = 1, 2, ..., m, compute
|[A1 UAsU...UA,,|. This problem is #P-hard if each set is 0, 1-lattice points in a high dimensional
cube [35]. Karp, Luby, and Madras [29] developed a (1 + €)-randomized approximation algorithm
to improve the runnning time for approximating the number of distinct elements in the union
Ay U---U A, to linear O((1 + €)m/e?) time. Their algorithm is based on the input that provides
the exact size of each set and an uniform random element generator of each set. Bringmann and
Friedrich [8] applied Karp, Luby, and Madras’ algorithm in deriving approximate algorithm for
high dimensional geometric object with uniform random sampling. They also proved that it is #P-
hard to compute the volume of the intersection of high dimensional boxes, and showed that there
is no polynomial time 2d17€-approximation unless NP=BPP. In the algorithms mentioned above,
some of them were based on random sampling, and some of them provided exact set sizes when
approximating the cardinalities of multisets of data and some of them dealt with two multiple sets.
However, in realty, it is really hard to give an uniform sampling or exact set size especially when
deal with high dimensional problems.

A similar problem has been studied in the streaming model: given a list of elements with mul-
tiplicity, count the number of distinct items in the list. This problem has a more general for-

m
mat to compute frequency moments Fj, = > nf, where n; denotes the number of occurrences of
i=1
i in the sequence. This problem has received a lot of attention in the field of streaming algo-
rithms [2, B, 5, [7, (12, (15}, 18} (19} 20, 21, 25 28).

Motivation: The existing approximate set union algorithm [29] needs each input set has a
uniform random generator. In order to have approximate set union algorithm with broad application,
it is essential to have algorithm with biased random generator for each input set, and see how
approximation ratio depends on the bias. In this paper, we propose a randomized approximation
algorithm to approximate the size of set union problem by extending the model used in [29]. In
order to show why approximate randomization method is useful, we generalize the algorithm that
was designed by Karp, Luby, and Madras [29] to an approximate randomization algorithm. A
natural problem that counting of lattice points in d-dimensional ball is discussed to support the
useful of approximate randomization algorithm. In our algorithm, each input set A; is a black box
that can provide its size |A4;|, generate a random element RandomElement(A4;) of 4;, and answer the
membership query (z € A;?) in O(1) time. Our algorithm can handle input sets that can generate

random elements with bias with Prob(z = RandomElement(A4;)) € h}jf , 1@";?} for each input set

A; and approximate set size m; for A; with m; € [(1 — 81)|A:il, (1 + Br)|Ail].

As the communication complexity is becoming important in distributed environment, data trans-
mission among variant machines may be more time consuming than the computation inside a single
machine. Our algorithm complexity is also measured by the number of rounds. The algorithm
is allowed to make multiple membership queries and get random elements from the input sets in
one round. Our algorithm makes adaptive accesses to input sets with multiple rounds. The round
complexity is related a distributed computing complexity if input sets are stored in a distributed
environment, and the number of rounds indicates the complexity of interactions between a central
server, which runs the algorithm to approximate the size of set union, and clients, which save one
set each.

Computation via bounded queries to another set has been well studied in the field of structural
complexity theory. Polynomial time truth table reduction has a parallel way to access oracle with
all queries to be provided in one round [9]. Polynomial time Turing reduction has a sequential way
to access oracle by providing a query and receiving an answer in one round [I2]. The constant-round
truth table reduction (for example, see [16]) is between truth table reduction, and Turing reduction.
Our algorithm is similar to a bounded round truth table reduction to input sets to approximate the
size set union. Karp, Luby, and Madras [29]’s algorithm runs like a Turing reduction which has the
number of adaptive queries proportional to the time.

We design approximation scheme for the number of lattice points in a d-dimensional ball with
its center in D(A, d, 1), where D(\, d, l) to be the set points pg = (z1, -+, ©q) with x; = i + jA




for an integer j € [—l, l], another arbitrary integer i, and an arbitrary real number . It returns
an approximation in the range [(1 — 8)C(r, p, d), (1 + 3)C(r, p, d)] in a time poly (d, %, 1], |)\|>,
where C(r, p, d) is the number of lattice points in a d-dimensional ball with radius r and center

p € D()\ d,1). We also show how to generate a random lattice point in a d-dimensional ball

with its center at D(), d, ). It generates each lattice point inside the ball with a probability in

[ﬁ, %} in a time poly (d, é, lZ], |Al, log r), where the d-dimensional ball has radius r

and center p € D(), d, [). Without the condition that a ball center is inside D(), d, 1), counting
the number of lattice points in a ball may have time time complexity that depends on dimension
number d exponentially even the radius is as small as d. Counting the number of lattice points
inside a four dimensional ball efficiently implies an efficient algorithm to factorize the product of
two prime numbers (n = pq) as C(v/n, (0, ..., 0), 4) — C(vn—1, (0,...,0),4) = 8(1 + pA+q+n)
(see [3L 27]). Therefore, a fast exact counting lattice points inside a four dimensional ball implies a
fast algorithm to crack RSA public key system.

This gives a natural example to apply our approximation scheme to the number of lattice points
in a list of balls. We prove that it is #P-hard to count the number of lattice points in a set of
balls, and we also show that there is no polynomial time algorithm to approximate the number of
lattice points in the intersection n-dimensional balls unless P=NP. We found that it is an elusive
problem to develop a poly (d, %) time (1 4 €)-approximation algorithm for the number of lattice
points of d-dimensional ball with a small radius. We are able to handle the case with ball centers in
D(), d, 1), which can approximate an arbitrary center by adjusting parameters A and I. This is our
main technical contributions about lattice points in a high dimensional ball.

It is a classical problem in analytic number theory for counting the number of lattice points
in d-dimensional ball, and has been studied in a series of articles [1L [6] 10, 11 13, 22| 23, 26 30,
BT, 33 B4}, 36, 37, [39, B8, 40] in the field of number theory. Researchers are interested in both
upper bounds and lower bounds for the error term FEq(r) = Ng(r) — W%F(%d + 1) where
Nu(r) = #{x € Z? : || < r} is the number of lattice points inside a sphere of radius 7 centered at
the origin and W%F(%d—F 1)~ 174 (where T'(.) is Gamma Function) is the volume of a d — dimensional
sphere of radius . When d = 2, the problem is called “Gauss Circle Problem”; Gauss proved
that Fa(r) < r. Gauss’s bound was improved in papers [13, 22 26]. Walfisz [38] showed that
Ey(r) = Qu(r?=2) and Ey(r) < r?=2 where f(z) = Q4 (F(2))(f(z) = Q_(F(x))) as z — oo if there
exist a sequence {x,} — oo and a positive number C, such that for all n > 1, f(x,) > C|F(x,)|
(f(xn) < =C|F(xy)]). Most of the above results focus on the ball centered at the origin, and few
papers worked on variable centers but also consider fixed dimensions and radii going to infinity
[6, [10} 136, [40].

Our Contributions: We have the following contributions to approximate the size of set union.
1. It has constant number of rounds to access the input sets. This reduces an important complexity
in a distributed environment where each set stays a different machine. It is in contrast to the
existing algorithm that needs Q(m) rounds in the worst case. 2. It handles the approximate input
set sizes and biased random sources. The existing algorithms assume uniform random source from
each set. Our approximation ratio depends on the approximation ratio for the input set sizes
and bias of random generator of each input set. The approximate ratio for |43 U As U --- U A,,]
is controlled in the range in [(1 —€)(1 —ar)(1 —BL), (1 +€)(1 + ar)(1 + Br)] for any € € (0, 1),
where ar,, ag, B, Br € (0, 1). 3. It runs in sublinear time when each element belongs to at least
m® sets for any fixed a > 0. We have not seen any sublinear results about this problem. 4. We show
a tradeoff between the number of rounds, and the time complexity. It takes logm rounds with time
complexity O (m(log m)o(l)), and takes O (%) rounds, with a time complexity O (m1+5). We still
maintain the time complexity nearly linear time in the classical model. Our algorithm is based on
a new approach that is different from that in [29]. 5. We identify two additional parameters z,,
and 2,4, that affect both the complexity of rounds and time, where z,,;, is the least number of sets
that an element belongs to, and 2,4, is the largest number of sets that an element belongs to.

Our algorithm developed in the randomized model only accesses a small number of elements from



the input sets. The algorithm developed in the streaming model algorithm accesses all the elements
from the input sets. Therefore, our algorithm is incomparable with the results in the streaming

model [2, 4} [5] 7, (14} [15] (18] 19, 20, 211, 25| 28].

Organization: The rest of paper is organized as follows. In Section Bl we define the compu-
tational model and complexity. Section [3] presents some theorems that play an important role in
accuracy analysis. In Section ] we give a randomized approximation algorithm to approximate the
size of set union problem; time complexity and round complexity also analysis in Section[dl Section[d]
discusses a natural problem that counting of lattice points in high dimensional balls to support the
useful of approximation randomized algorithm. An application of high dimensional balls in Maximal
Coverage gives in Section[Gl In Section [l we summarize with conclusions.

2. Computational Model and Complexity

In this section, we show our model of computation, and the definition of complexity.

2.1. Model of Randomization
Definition 1. Let A be a set of elements.

i. A a-biased random generator for set A is a generator that each element in A is generated with
probability in the range [TT(\X’ 1\+Tﬂ
ii. A (ar,ar)-biased random generator for set A is a generator that each element in A is generated

with probability in the range {%, 1J|FTO‘|R}

Definition 2. Let L be a list of sets Ay, Ay, -+, A, such that each supports the following opera-
tions:
i. The size of A; has an approximation m; € [(1 — SL)|Ail, (1 + Sr)|As] for i = 1,2, -+, m.

m
Both M = > m; and m are part of the input.
i=1

ii. Function RandomElement(A;) returns a (ar, ag)-biased approximate random element x from
A;jfori=1,2,---,m.

iii. Function query(z, A;) function returns 1 if # € A;, and 0 otherwise.

Definition 3. For a list L of sets Ay, Ay, ---, A, and real numbers oy, ag, O, Br € [0, 1), it is
called ((ar, ar), (Br, Br))-list if each set A; is associated with a number m; with (1 — 8p)|A;| <
m; < (14 Bgr)|4;| for i = 1,2,---, m, and the set A; has a (ar, ag)-biased random generator
RandomElement(A4;).

Definition 4. The model of randomized computation for our algorithm is defined below:
i. The input is a list L defined in Definition

ii. It allows all operations defined in Definition



2.2. Round and Round Complexity

The round complexity is the total number of rounds used in the algorithm. Our algorithm has
several rounds to access input sets. At each round, the algorithm send multiple requests to random
generators, and membership queries, and receives the answers from them.

Our algorithm is considered as a client-server interaction (see Fig. 1). The algorithm is controlled
by the server side, and each set is a client. In one round, the server asks some questions to clients

which are selected.
@ Client 1

Pl
e Client 2
S
. @ Client 3
<O

Figure 1: Client-server Interaction

The parameters m, €, v may be used to determine the time complexity and round complexity,
where e controls the accuracy of approximation, v controls the failure probability, and m is the
number of sets.

3. Preliminaries

During the accuracy analysis, Hoeffiding Inequality [24] and Chernoff Bound (see [32]) play an
important role. They show how the number of samples determines the accuracy of approximation.

Theorem 5 ([24]). Let X1, ..., X, be m independent random variables in [0, 1] and X = > X;.
i=1

i. If X; takes 1 with probability at most p for i = 1, ..., m, then for any ¢ > 0, Pr(X >
62’771
pm+em) <e 2 .
ii. If X; takes 1 with probability at least p for i = 1,..., m, then for any e > 0, Pr(X <
2

pm—em) <e 2 .

Theorem 6. Let X1, ..., X,, be m independent random 0-1 variables, where X; takes 1 with prob-
ability at least p for i = 1,...,m. Let X = > X;, and p = E[X]. Then for any § > 0,
i=1

Pr(X < (1 —8)pm) < e~25Pm,

Theorem 7. Let X1, ..., X,, be m independent random 0-1 variables, where X; takes 1 with prob-
ability at most p fori =1,...,m. Let X = Y X;. Then for any § > 0, Pr(X > (1+ d)pm) <
p o i=1

Define g1(6) = e~ 2% and go(8) = (H_(S%. Define g(§) = max (g1(), g2(0)). We note that
g1(0) and g2(0) are always strictly less than 1 for all § > 0. It is trivial for g1(d). For g2(¢), this can
be verified by checking that the function f(z) = (1 + z)In(l + z) — z is increasing and f(0) = 0.
This is because f'(z) = In(1 + ) which is strictly greater than 0 for all x > 0.



We give a bound for (H;)%. Let u(z) = (H;)% We consider the case = € [0, 1]. We have
2 2 3 2
nu(z) = z—(1+2)ln(l+2)<z—(1+2z)(x— %) Zx—(x—i—% —%) < —%.
Therefore,
22
u(z) <e & (1)
for all z € [0, 1]. We let
. _a?
g (x) =e" 5. (2)

We have g(z) < g*(x) for all z € [0, 1].
A well known fact, called union bound, in probability theory is the inequality

Pr(EyUE;...UE,) <Pr(E;) +Pr(Es) +...+Pr(Ep),

where E1, Fs, ..., E,, are m events that may not be independent. In the analysis of our randomized
algorithm, there are multiple events such that the failure from any of them may fail the entire
algorithm. We often characterize the failure probability of each of those events, and use the above
inequality to show that the whole algorithm has a small chance to fail after showing that each of
them has a small chance to fail.

4. Algorithm Based on Adaptive Random Samplings

In this section, we develop a randomized algorithm for the size of set union when the approximate
set sizes and biased random generators are given for the input sets. We give some definitions before
the presentation of the algorithm. The algorithm developed in this section has an adaptive way
to access the random generators from the input sets. All the random elements from input sets are
generated in the beginning of the algorithm, and the number of random samples is known in the
beginning of the algorithm. The results in this section show a tradeoff between the time complexity
and the round complexity.

Definition 8. Let L = Ay, Ay, -+, A, be a list of finite sets.
i. For an element x, define T'(z, L) = [{i: 1 < i <m and x € A;}|.

ii. For an element z, and a subset of indices with multiplicity H of {1,2,--- ,m}, define S(z, H) =
[{i:i€ Hand z € A;}|.

iii. Define minThickness(L) = min{7T(z,L):x € A;UA; U---U A, }.
iv. Define maxThickness(L) = max{T(x,L):x € Ay UAU---UA,,}.
v. Let W be a subset with multiplicity of A; U---U A,,, define F(W,h,s) = 7 > ﬁ, and
F(W)= Y g = 2F(W,h,s). o
€W
vi. Forad € (0,1), partition A; UA3U---UA,, into A, -+, A} such that A, = {z: 2 € 41 UA3U

~UAp and T(z,L) € [(1 4+ 6)"1, (1 +6)%)} where i = 1,2, ..., k. Define v(6, 21, 22, L) = k,
which is the number of sets in the partition under the condition that z; < T'(z, L) < z5.



4.1. Overview of Algorithm

We give an overview of the algorithm. For a list L of input sets Ay,---,A,,, each set A; has
an approximate size m; and a random generator. It is easy to see that |A; U Ay U--- U A,,| =

m
> ﬁ The first phase of the algorithm generates a set R; of sufficient random samples
i=1z€A; ’

from the list of input sets. The set R; has the property that W : 2}% ﬁ is close to
reR

Sy ﬁ We will use the variable sum with initial value zero to approximate it. Each stage
i=1xz€A; ’

1 removes the set V; of elements from R; that each element x € V; satisfies T'(x, L) € [MIL(%)?TZ}
and all elements z € R; with T'(x, L) € [%,TZ} are in V;, where T; = max{T'(z,L) : © € R;}
and f1(m) is a function at least 8, which will determine the number of rounds, and the trade off
between the running time and the number of rounds. In phase ¢, we choose a set H; of u; (to be large
enough) of indices from 1,---,m, and use w to approximate T'(z, L). Tt is accurate enough
if w; is large enough. The elements left in R; — V; will have smaller T'(x, L). The set R;y; will be
built for the next stage ¢ + 1. When R; — V; is shrinked to R;y; by random sampling in R; — V;,

each element in R;;; will have its weight to be scaled by a factor % When an element z is

put into V;, it is removed from R;, and an approximate value of ﬁ multiplied by its weight is
m

added to sum. Finally, we will prove that sum - (my + -+ + my,) is close to > > ﬁ, which
i=1x€A; ’

is equal to |[A; UAs U---U Al

Example 1. Let L be a list of 10 sets Ay, A, -+, Ajg, where A; = B; U C with |C| = 1000 and
|B;| = 100 for i =1, 2, - -+, 10. In the beginning of the algorithm, we generate a set Ry of h; = 220
random samples from list L, where there are 200 random samples with higher thickness T'(x, L),
namely, these 200 random samples locate in C' and 20 random samples with lower thickness T'(x, L),
say, these 20 random samples locate in B;. At the first round, we only need select sets Ay, Az, and
Ag to approximate the thickness T'(x, L) of the 200 random samples locating at C. Then at the
second round, we have to select all the sets Ay, Ao, -+, Ay, to approximate the thickness T'(x, L)
of the 20 random samples coming from B; (See Fig. 2).



By

Figure 2: Set Union of Ten Sets

4.2. Algorithm Description

Before giving the algorithm, we define an operation that selects a set of random elements from a list
L of sets Ay, , A,,. We always assume m > 2 throughout the paper.

Definition 9. Let L be a list of m sets Ay, Ag,- -+, Ay, with m; € [(1 — Br)| 4], (1 + Br)|Ai|] and
(ar,ar)-biased random generator RandomElement(A;) for ¢ = 1,2,--- ,m, and M = mq + ma +
oo+ M. A random choice of L is to get an element x via the following two steps:

i. With probability 77, select a set A; among Ay, -+, Ap,.

ii. Get an element z from set A; via RandomElement(A;).

We give some definitions about the parameters and functions that affect our algorithm below.
We assume that e € (0,1) is used to control the accuracy of approximation, and v € (0,1) is used
to control the failure probability. Both parameters are from the input. In the following algorithm,
the two integer parameters zp,in and z,q, with 1 < z,;, < minThickness(L) < maxThickness(L) <
Zmax < m can help speed up the computation. The algorithm is still correct if we use default case
with zin = 1 and 2,02 = M.

i. The following parameters are used to control the accuracy of approximation at different stages
of algorithm:

€ €0 €1 €0 (3)

€ = —V €1 = ——mm ., €9 == —,€q = —

0 97 1 6(10g m) s €2 4 ; €3 3 )

€2
: (4)
ii. The following parameters are used to control the failure probability at several stages of the
algorithm:
v v

= —_ = . 5
n 32 6logm (5)



iii.

iv.

vi.

vii.

viii.

ix.

Function f1(.) is used to control the number of rounds of the algorithm. Its growth rate is
mainly determined by the parameter ¢; that will be determined later:

fi(m) = 8m" with ¢; >0, (6)

Function fa(.) is used to check the number of random samples in A} of Stage 1 in the algorithm.
We will use different ways to control the accuracy of approximation between the case |A4;| <
W and the other case |4;| > W. It is mainly used in the proof of
Lemma[I5] that shows it keeps the accuracy of approximation when algorithm goes from Stage

1 to Stage 7 + 1.

2U(67 Zmins max L) 2 log ZWL.
= min . 7
fa(m) o +€310g(1+5) (7)

Function f3(.) is used as a threshold to count the number ¢; ; of random samples in R; N A; of
Stage i in the algorithm. We will use different ways to control the accuracy of approximation
between the case t; ; < f3(m) and the other case t; ; > f3(m). It is mainly used in the proof
of Lemma [I2] that shows that the number of random samples at Stage 1 will provide enough
accuracy of approximation.

fs(m) = fu(m)  —=. (8)

Function f4(.) is used to determine the growth rate of function Function f5(.), which is defined
by equation ([ITI).

C h(m)log ™ f(m)
falm) = T R 9)

Function f5(.) determines the number of random samples from the input sets in the beginning
of the algorithm:

f(m) = malm) (10)

Zmin

The following parameter is also used to control failure probability in a stage of the algorithm:

V2
= ) 11
73 2 f5(m) (11)
Function fg(.) affects the number of random indices in the range {1,2,--- ,m}. Those random

indices will be used to choose input sets to detect the approximate T'(x, L) for those random
samples x:



Algorithm 1 ApproximateUnion(L, Zmin, Zmax; M, 7, €)

Input: L is a list of m sets Ay, Ag,---, Ay, with m > 2, m; € [(1 — BL)| A, (1 + Br)|A4;|] and
(ar, ar)-biased random generator RandomElement(A;) for i = 1,2, -, m, integers zyin and z,a.
with 1 < zpin < minThickness(L) < maxThickness(L) < zmax < m, parameter v € (0,1) to
control the failure probability, parameter € € (0,1) to control the accuracy of approximation, and
M =mq +mo+ -+ + my, as the sum of sizes of input sets.

Output : sum - M.

1: Let hy = f5(m)
2: Let i =1
3: Let currentThickness: = 2,4z
4: Let s1 = renhicinesss
5: Let ) =1
6: Let sum =0
7: Obtain a set Ry of hy random choices of L (see Definition [
8: Stage @
9: Let u; = s; - fﬁ(m)
10: Select u; random indices H; = {ky,--- , ky, } from {1,2,--- ,m}
11: Compute S(z, H;) for each x € R;
12: Let V; be the subset of R; with elements x satisfying S(z, H;) > ‘W‘fﬂ% -
13: Let sum = sum + s, > S(w)“if}l)m
zeV;
14: Let currentT hickness;+1 = mmﬂ%
15: Let Si+1 = currentTf?chnessi+1
16: Let hnL'Jrl = S?il
17: If (|R1| — |V1| < hnL'Jrl)
18: Then
19: {
20: Let Ri+1 =R, -V
21: Let a; =1
22: }
23: Else
24: {
25: Let R;11 be a set of random h;11 samples from R; — V;
26: Let a; = 7|R;'L|f|w
i4+1
27: }
28: Let i, = s} - a;
29: Lett=1+1
30: If (currentThickness; < Zmin)
31: Return sum - M and terminate the algorithm
32: Else
33: Enter the next Stage i

We let M =mq +ma+ -+ -+ my, and zyin be part of the input of the algorithm. It makes the
algorithm be possible to run in a sublinear time when z,;, > m® for a fixed a > 0. Otherwise, the
algorithm has to spend (m) time to compute M.

4.3. Proof of Algorithm Performance

The accuracy and complexity of algorithm ApproximateUnion(.) will be proven in the following lem-
mas. Lemma [I0] gives some basic properties of the algorithm. Lemma [I2] shows that Ry has random

10



m m
samples are used so that F(Ry, hy,1) (Z mi) is an accurate approximation for . > ﬁ
i=1 i=lzeA; ’

Lemma 10. The algorithm ApprozimateUnion(.) has the following properties:

L. fa(m) o
i. g*(er)20m <

log Zmax
1. 'U((S, Zmin; #max; L) =0 5mm .

2”(6;Zmimzmax;L) < d f ( ) — O log z::in
1. —f2(m) < €3 an 2iMm) = e )¢

w. R; contains at most h; items.

N fa(m)
v. g*(ez) 1w < L.

m)3(In m
vi. fa(m) =0 (%4 (log m ) log ™ - (logm)3 i (log m) (1€3W+log ))‘

Zmin

vii. fe(m) =0 (“2;1 - (log m)2(1og% + logm + log f4(m))).

Proof:  The statements are easily proven according to the setting in the algorithm.

Statement [ Tt follows from equations (2]) and (@).

Statement B By Definition B we need v(3, Zmin, Zmax, L) With 2 (14 8)?(O2minzmack) > 5
Thus, we have v(0, Zmin, Zmax, L) < 2 (ioz(iii(?)) =0 <log%T) since log(1 + §) = ©(0).

Statement [ Tt is easy to see that log(l + §) = ©(0) and 1 < zyer < m. It follows from
equation (), and Statement [l

Statement [¥t It follows from lines [I9 to 27 in the algorithm.

Statement @ It follows from equation (8.

Statement it By equation (@), Statement il and equation (3], we have

fam)log 2 fy(m)
6¢2 ez f1(m)

m2 ogm 2 m
<6f2(m) -log:- (1 ;go ) + ef}f(ﬂi)>

m? logm)? 1 InZ
€1 €0 €2 €5

fa(m) =

IN

1 In 2
- 0 <_2(10gﬂ) Jog L (logm)? + 281 %)
deseg Zmin €1 €0 €
1 1 In 2
= O( 5 (log m)~logﬁ~(logm)2+ﬂ-%>
dese Zmin €1 €0 €
1 logm)3(In L + logm
= O —|log n -logﬂ-(logm)s—i—( A 7 ) .
et Zmin € €3

11



Statement Mt By equation (I2), we have

fs(m) = fi(m) (2—4 -1n%) (13)

C1 2
ol —) (14)
€1 Y3

: ~(10gm)2(10g%+1nf5(m))> (15)

5 - (log m)%log% + log m + log f4(m))) (17)

(
(
~ 0 (m2 ~(10gm)2(10g7—22 +1nm+lnf4(m))) (16)
(
(

5 - (log m)%log% + logm + log f4(m))) . (18)

Lemma [Tl gives an upper bound for the number of rounds for the algorithm. It shows how round
complexity depends on Zmaz, Zmin and fi(.).

Lemma 11. The number of rounds of the algorithm is O (W)

Proof: By line 3l of the algorithm, we have currentThickness; = 2,,,4,. Variable .

currentThickness; is reduced by a factor fi(m) each phase as currentThickness; 1 = %}W

by line [[4] of the algorithm. By the termination condition of line B0 of the algorithm, if y is the

number of phases of the algorithm, we have y < y’, where ¢’ is any integer with flz(’::)’”y, < Zmin-
log < in

Thus, y = O (log ji(m))' |

Lemma [[2] shows the random samples, which are saved in R; in the beginning of the algorithm,
will be enough to approximate the size of set union via F(Ry,h1,1)M. In the next a few rounds,
algorithm will approximate F'(Ry, hq,1).

Lemma 12. With probability at least 1—~1, F(Rq,h1,1)M € [(1_60)(1;?‘?)(1_6” |A1U---UA,, |, (1+
€)1+ ar)(1+Br)(1+0)[A1U---UA,].

Proof: Let A=]A;U---UA,|and U = |Ai|+ |A2| + --- + |An|. For an arbitrary set A; in
the list L, and an arbitrary element = € A;, with at least the following probability x is selected via
RandomElement(A4;) at line [ of Algorithm ApproximateUnion(.),

m; 1—OéL > (1_BL)|A1’|1_04L
_ (A=Br)d—-oaL)
= i .

Similarly, with at most the following probability = is chosen via RandomElement(A;) at line [
of Algorithm ApproximateUnion(.),

m; 1+04R < (1+BR)|A1|1+04R
_ (1 +8r)(1+ar)
i .

12



Define pr, =1 — (1 = f1)(1 —ar) and pr = (1 + Br)(1 + ag) — 1. Each element x in A; U A2 U

. . qepo (1—pr)T(z,L) (1+pr)T(x,L)
.-+ U A, is selected with probability in PL P ] :

Vi k)
Define T} = {A; A < %}, and Ty = {A; LAY > %} (see [ of Definition [). Let
t; =min {T(z,L): x € A}}. We discuss two cases:
Case 1: A; € Ty. When one element x is chosen, the probability that = € A; is in the range
[<1—pL>tj|A;\ <1+pR><1+6>tj\A;-|} _ Otrr) (049 7l
M J M = M :
have zmin < minThickness(L) < ¢;. It is easy to see that mA > U. We have

. Let p; Since zmin < minThickness(L), we

(1+pr)(1+0)t; - fz(%) mfa(m)
M Zmin
(L4 pr)(A +6) - fa(m)mA
fg(m)M
(L+pr)(A +9) - fa(m)U
fg(m)M
(L+pr)(1 +96) - fa(m)
f2(m)(1+ Br)
(1+ar)(1+96)- fa(m)

- F2lm) ' (19)

Let wy(m) = M. Thus, pjh1 > wi(m).

f2(m

Let Ry ; be the elements of R; and also in A%. By Theorem [ with probability at most P; =

gt < (1)@ (m) < 4 (by equation (@), equation (@) and inequality (IH)), there are more
2(1+pR) (140t 100y

pih1 =

Y

Y

Y

than 2p;h; = i - h1 elements to be chosen from A;- into Ry. Thus,
2p;h1 2(14 pr)(149)- A
F'(Ry ;)< = — = -h 20
( 1,]) — tj fg(m)M 1 ( )

with probability at most P; to fail.
Case 2: A;- € T5. When h; elements are selected to Rj, let v; be the number of elements
selected in A%. When one element x is chosen, the probability that = € A’ is in the range

(A—pr)tj AL (L+pr)(1+6)t;] A
M ’ M '

Let pj1 = (1_p1}\¥j‘*’4j| and pj 2 = (1+pR)(]]"\;—5)tj‘Aj|'
‘We have
(1 - pr)ts) 4]
pjah1 = At Ak L hy

M

(1 —pr)t; fz?m) (1= pr)zminA-h1 (1= pr)zminA-mfa(m)

hy >

M - fa(m)M B Zmin f2(m)M
(1 —pr)fa(m)
Folm)(1+ ) )

13



We have
(1+pr)(1+6)t;|A]

piohi = % .
_ (om0 g
i 1
(14 pr)(L 4 0)2min - A L
> Fam) M 1
_ (L4 pr)(L+0)2min - A mfs(m)
(1+pr)(1 +96) - fa(m)
B fa(m)(1+ Br)
(1+ar)(1 +96) - fa(m)
> . 22
> 0 (22)
With probability at most g*(e3)?7*"1 < 2 (by equation (), equation (@) and inequality (1),
1—e3)(1—pp)t;|AL Al
< O]

With probability at most g*(eg)Pi2M < 4+ (by equation (@), equation (@) and inequality 22))),

1+4e3)(1+ 1+ 6)t;|A, Al
(1+ e3)( pj\}j[)( )] J|-h1:(1+63)(1+p3)(1+5)tjh1-%.

v >

Therefore, with probability at least 1 —~1 /2, we have

| 45| | A5
v; € |(1—es)(1 = pr)t;hs - WJ, (L4 e€3)(1+ pr)(L +6)t5h1 - WJ : (23)
Thus, we have that there are sufficient elements of A;- to be selected with high probability, which

follows from Theorem [Gl and Theorem [7}
In the rest of the proof, we assume that inequality (20) holds if the condition of Case 1 holds,

and inequality ([23]) holds if the condition of Case 2 holds.
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Now we consider

IN

IN

IN

IN

<

<

1 1
FRumD =50 ) 76

rER,
1
h_l Z Z T (z, L + Z Z T (z, L
R1 ; with A’ETl TE€Ry R1,; with A’ETQ zER
i 2(1+ pr)(1 + 6)v(6, Zmin, Zmax, L) - A Iy
hq fa(m)M

1
T Z ZTch

Ri,; with A’ €Ty, x€ER1

i (2(1+p3)(1+5)v(5,zmin,zmax,L) A hyt Z ’U_J)

fg(m)M
1 (2(1 + pr)(1 + 0)v(8, Zmin, Zmax, L) - A n )
hl fg(m)M !

+hi< > <1+e3><1+pR><1+5>h1-%)

R1,j with A; €T

Ri,; with AIJ-ETQ J

2(1 + pR)(l + 6)7}(57 Zmin; #max, L) A
fa(m)M
/

+ Y (te)d+pr)1+0)- 5

Ri,; with A; €T

2(1 +pR)(1 +5)U(67 ZminazmaxaL) ﬁ
( Fal) + (1 +e3)(1+pr)(1+ 5)) i
2’0(5, Zmin, “max L) A
<1 by 20 ) (14 pr)(1+0) 0 (24)
(1+26)(1+ pr)(1+ 6)% (25)

| e

(1+e)(X+pr)(1+8) 57

The transition from (24) to ([25) is by Statement [ of Lemma[I0l For the lower bound part, we
have the following inequalities:
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1 1
PR D=5 3 361

rER,

1
>
> > X Tw 3

R1 ; with A’ETQ zER

1 v,
> S

hl Rl,j with AIJ-ETQ (1 + 6)t‘]

1 | A7
> = 1—e3)(1—pp)hy - ——2—
S 2. (-e)l—p)h (1 +0)M

Ri,; with AIJ-ETQ

_ (—-e)(d—pr)
= T+ oM > 14
Rlﬁj with A;ETQ

(1—e3)(1—pr) (1 —e3)(1—pr)
S T+ oM 2 2. 14
R1,j with A;GTl Ri,; with AIJ-ETQ

_(1_53)(1_pL) Z |A;|

(1 + 6)M Ri,; with A/ eTy

(1—e3)(1—pr) /N
= — | A- | A
(1 + 5)M Ry ; wzth A’ €Ty

(1— )1~ pr) < PG - A)
) A

= T U+o0M

_ - v(5, Zmin; #max, L) (1 - 63)(1 — pL A
a (1 f2(m) ) (1+40) M (26)
(1—e)d—pr) A
> M- —a W (27)
(A-c)d—pr) A
- (1+6) M

The transition from (20) to 7)) is by Statement 3 of Lemma Therefore, F(Ry,h1,1)M €
[ L=t 4, (14 €0)(1 + pr) (1 + 6)A]. 1

Lemma [[3] shows that at stage i, it can approximate T'(x, L) for all random samples with highest
T(xz,L) in R;. Those random elements with highest T'(x, L) will be removed in stage i so that the
algorithm will look for random elements with smaller T'(z, L) in the coming stages.

Lemma 13. After the execution of Stage i, with probability at least 1 — o, we have the following
three statements:

i. Bvery element x € R; with T(x,L) > W has S(z, H;) €
(1= )Ty, (1 + ) Tsby, .

ii. Every element x € V; with T'(x, L) > %, it satisfies the condition in line[I2 of the
algorithm.
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iii. BEvery element x € V; with T'(x, L) < %W’ it does not satisfy the condition in line[12

of the algorithm.

Proof: It follows from Theorem [6] and Theorem [l There are u; = s; fo(m) indices are selected

among {1,2,---,m}. Let p = L& L).
Statment I We have pu; = T(ilL) -sife(m) > —C“”eZ}T?ﬁ‘“e”l - Losifo(m) = —C“"eZ}T?zi‘“e“i L

_ _fe(m)
currentThlcknebe fﬁ( ) - 4f61(m)'

With probability at most P; = g*(e1)?" < B (by equations (@), and [I2)), S(z, H;) < (1 —
el)T(w L) ;. With probability at most Py = g*(e;)P% < 2 (by equations ) and [I2)), S(x, H;) >
(1+ ) T2ty

There are at most h; elements in R; by Statement [[v] of Lemma [0 Therefore, with probability
at most hi(Py + Po) < hi(Py + Py) < hy -3 = &,

T(xz,L) T(xz,L)

S(,T,Hi) ¢ (1 —61) ui,(l—i—el) U;

Statement [} This statement of the lemma follows from Statement il

Statement [ This part of the lemma follows from Theorem [6 and Theorem [l For z € V;
with T'(z,L) < %&C;‘“CSSI, let p = % With probability at most g*(1)": < &
(by equations (8)), and ([I2))), we have S(x, H;) > 2pu,;. There are at most h; elements in R; by
Statement [v] of Lemma [0 Therefore, with probability at most h; -3 < %, there exists one z € V;

with T'(z, L) < %&%‘W to satisfy S(z, H;) > 2pu;. i

Lemma 14. Let x and y be positive real numbers with 1 < y. Then we have:
i 1—zy<(1—a2)v.
ii. If vy < 1, then (1 +2)Y <1+ 2xy.
iii. If 1,29 € [0,1), then 1 —xq1 —x9 < (1 —x1)(1 — x2), and (1 + x1)(1 + x2) < 14 221 + 2.

Proof: By Taylor formula, we have (1 —2)¥ =1 — a2y + @92 for some 6 € [0,z]. Thus, we
have (1 —z)¥ > 1 — yz. Note that the function (14 1)* is increasing, and lim, (1 + 1)* =e.
We also have (1 +2)¥ < (1+2)= % < ™ < 1 —l—xy—i— (vy)? <1+ 22y.

It is trivial to verify Statement [l 1 —z1 —zo < (1 — 21)(1 — x2). Clearly, (1 + x1)(1 + 22) =
l+214+ 20 +2120 <14 227 + 29.

Lemma [T shows that how to gradually approximate F'(Ry, h1,1)M via several rounds. It shows
that the left random samples stored in R; 11 after stage ¢ is enough to approximate F'(R; — V;).

Lemma 15. Let y be the number of stages. Let V; be the set of elements removed from R; in Stage
1. Then we have the following facts:

i. With probability at least 1 — 2, a;F'(Rit1) € [(1 — e1)F'(R; = V;), (1 + 1) F'(R; — V3)], and

ii. With probability at least 1 — 2yy2, > i, siF'(Vi) € [(1 — ye1)S, (1 + 2ye1)S], where S =
F(Ry,h1,1).

Proof: Let b} = h; —|V;]. If an local is too small, it does not affect the global sum much. In R; 41,
we deal with the elements x of T'(x, L) < W By Lemma [[3] with probability at least
1 — 79, R; — V; does not contain any x with T'(x, L) > %

Let t; ; be the number of elements of A;- in R; with multiplicity. Let B; ; be the set of elements
in both R; and A’ with multiplicity.

Statement it We discuss two cases:
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Case 1: |R;| — |Vi| < hit+1. This case is trivial since R;11 = R; — V; and a; = 1 according to the

algorithm (line (I9) to line (22])).
In the following Case 2, we assume the condition of Case 1 is false. Thus, h} > hit1.
Case 2: |R;| — |Vi| > hit1. We have

h h;
, i 1+1
F (RZ - ‘/Z) — currentThickness; — currentThickness;
Ji(m) f1(m)
h
B Siil - fi(m) _ fa(m) (28)
currentThickness; Zmin

Two subcases are discussed below.
Subcase 2.1: t; ; < f3(m), in this case, B; ; has a small impact for the global sum.

Let p = % By Theorem [ and Theorem [7, with probability at least 1 — g*(1)Phi+1 =

1 — g* ()70 > 1 - 2 (by equation (),
Ja(m)  hy  2f3(m) hy - 2f3(m) h; - 2 f3(m)

W, fitm)  film) R T film)  hipn — fi(m)?

We assume |B;11,;| < ?{27(71";2) We have F'(Bit1 ) < ‘Bz:il,;jl < sz,{i‘%@m)” Clearly, a; < fi(m).
Thus,

|Biy1,5| < 2phit1 =2-

a;F'(Biy1;) < fi(m)- Zm%ﬁ(fﬂ)@)z - zjf;?zz@)

2f3(m)  fa(m)

= ) fim) Zm (29)
() ey,

S Ry TV (30)

< 2 F(Ri-Vi) (31)

1)(5, Zmin; “max L)

The transition from 29) to @30) is by inequality 28). The transition from 30) to @I is by
inequality (@).
Subcase 2.2: t; ; > f3(m) in R;, in this case, B} does not lose much accuracy. From R; to Rii1,
h

hiy1 = T;n) elements are selected.
Let ¢ = th,] . We have
. I I
qhi+1 _ # . hi+1 _ ti,j' i+1 >t i+1 > f3(m) (32)
i

hi — Y Thy T fi(m)

With probability at most g*(e2)?+1 < 22 (by inequality ([B2) and Statement @ of Lemma [I0),
we have that |B;11,;| < (1 —€2)ghit1. With probability at most g*(ez)?"+* < 22 (by inequality (B2)
and Statement ¥ of Lemma [I0)), we have that |B;11 ;| > (14 €2)qhi+1. They follow from Theorem [G]
and Theorem [7l

‘We assume |B1‘+11j| S [(1 — EQ)qhnL'Jrl, (1 + 62)qhi+1]. Thus, CLiF/(Bi+17j> S [(1—62)&'13‘, (1+€2)ti,j]-
SO, CLiF/(Bi+17j> S %, (1 + 62)F’(R1’1j>(1 + 5):| .

We have
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a;F'(Rit1) = ai| Y F'(Bii1;) (33)
i

2, F'(R; — V)

< (I+e)1+0)F (R —V;)+ I - 0(0, Zmin; Zmax, L) (34)
< (M4 e)1+0) +2e)F' (R — V;) (35)
< (144e)F'(R; — Vi) (36)
< (1+ea)F' (R —Vp). (37)

The transition from B3)) to (34]) is by inequality ([BI). The transition from B5) to (B6) is based
on equation [@l). The transition from B to 37 is based on equations (B]).
We have

a;F'(Riy1) = a ZF/(BHLJ') (38)
(1—e)F' (R, — V) 2eoF'(R; — V)
> (1 T 6) - ’U(&, i Zaans L) ' v(5a Zmin, “max; L) (39)
(1 - 62) /
> ( 010) 262) F'(R; = Vi) (40)
> (1 —4e)F'(R; = V;) (41)
> (1—-a)F' (R - V). (42)

The transition from B8] to (B9) is based on inequality (BIl). The transition from @I to [@2) is
based on equations (3)).

Statement [} In the rest of the proof, we assume that if |R;| — |Vi| > hi+1, then F'(R;y1) =
F/(RZ — ‘/1)7 and if |Rz| — |‘/z| < hiJrl, then CLiF/(RiJrl) S [(1 — 61)F’(Ri — ‘/1)7 (1 + 61)F’(Ri — ‘/z)]

In order to prove Statement [l we give an inductive proof that sj_ , F'(Rk11) + S SIF(Vi) €

(1 —€1)kS, (1 + €1)*S]. Tt is trivial for & = 0. Assume that s, F'(Ry) + Zf:_ll siF'(V;) € [(1 -
Q)ELS. (1 + )18
Since F/(Rk) = F/(Rk — Vk) + FI(Vk), we have akF/(RkJrl) + FI(Vk) S [(1 — el)F'(Rk), (1 +
e1)F'(Ry)].
Thus, we have
k k—1
i1 F (Rip1) + > siF' (Vi) i1 F'(Rig1) + s F (Vi) + > s (Vi)
i=1 =1
k—1

= sp(anF (Rpgr) + F' (Vi) + Y siF' (Vi)
i=1

k—1
(Ut e)sy B (i) + Y i (Vi)

=1

IN

IN

k—1
(1+er) <S;F/(Rk) +> siF’(VZ-)>

=1

IN

(14 e)"S.
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Similarly, we have

k k—1
S F (Riet1) + Z siF' (Vi) = spp1 F'(Rigr) + s F' (Vi) + Z siF'(V;)
i=1 i=1
k—1
= 8 (@ F (Riyr) + F'(Vi)) + > siF' (Vi)
i=1
k—1
> (1—e)siF'(Re) + ) siF' (Vi)
i=1
k—1
> (1-a) (82F'(Rk) +> SQF'(Vi)>
i=1
2 (1 - El)kS.

Thus, we have s, F'(Rp41) + Zl LS F (Vi) e [(1 - el)kS (14 €1)*S).
SF/(V) € [(1— )98, (1 + V8] C

Therefore, with probability at least 1 — yvy2 — yv2, > ;4 8}
1

[(1—€1y)S, (1 + 2€61y)S] by Lemma [
Lemma gives the time complexity of the algorithm. The running time depends on several
parameters.

1 Zmax
Lemma 16. The algorithm ApprozimateUnion(.) runs in O (m'f“(:))ifﬁ(m) . (1;:fj“(‘7‘;)>) time.

1 Zmazx
Proof:  Let y be the total number of stages. By Lemma [T}, we have y = O <IO: ;1"(‘;7’;)

f4( ) fe(m), which is mainly from line
< fa(m) fe(m)y.

The time of each stage is t; = h; - u; = hlfg( )=

Zmin

of the algorithm. Therefore, the total time is Z ti

Zmin

We have Theorem [I7 to show the performance of the algorithm. The algorithm is sublinear if
minThickness(L) > m® for a fixed a > 0, and has a zmyi, with minThickness(L) > zmpin > m? for a
positive fixed b (b may not be equal to a) to be part of input to the algorithm.

log Zmax
Theorem 17. The algorithm ApprozimateUnion(.) takes O <mf4 ;n)fﬁ( m) . (loggji"(‘;;))) time and

1 Zmax
(0] (1:5 le“(‘;;‘)> rounds such that with probability at least 1 — -y, it gives a

sum-Me[1l—-e)(1—ap)(1—=08L) AU UA,l,(1+e)(1+ar)(l+pBr) A1 U---UAy,ll,

where zZmin and zmax are parameters with 1 < zpyi, < minThickness(L) < maxThickness(L)

< Zmax < m, where functions f1(.), fa(.), and fs(.) are defined in equations (), (@), and (1),
respectively.

Proof:  Let y be the number of stages. By Lemma [I3] with probability at least 1 — y~o,

y y
sum € [(1 —€1) Z siF'(Vi), (14 €1) Z siF'(V;
i—1 i=1

By Lemma [[5] with probability at least 1 — 2y~s,

Zs F'(V;) € [(1 = yer) F(Ray, h, 1), (1+ 2yer) F(Ry, ha, 1)].
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By Lemma [I2] with probability at least 1 — ~1,

F(Ru b 1) (Z m) (1- eo)(11—+a§)(1 —B1) AU DAL

(14 €)1 +ar)(l+Br)(1+06)|A1U--- U Apl].
Therefore, with probability at least 1 —v; — 2y7s,

(1-ye)(I =€) —e)(I —ar)(1 = Br)
1+6
(1 +2yer)(1 +eo)(1+e1) (1 +ar)(1 + Br)(1+0)[A1 U---UA,].

-|A1U---UAm|,

sum-M €|

Now assume

(1—ye)(d - 60)(11—:;)(1 —ar)1-Fr) 1A U= U A,

(14 2ye1)(1+ €0)(1 +e1)(1+ ar)(1+ Br)(1 4+ 0)[A U--- U Ay

sum-M €|

By Statement [l of Lemma [I4], we have

(1 —ye)(I —eo) (1 —e1)
1+6 ’

9 9
1—€<1—y61—60—§61 (1—y€1)(1—€0)<1—§61)§

and (1+2y€1)(1+€0)(1+61)(1+6) (1+2y61)(1+2€0+61)(1+5) (1+2y61)(1+460+261+5) <
(1+8eo+4er +20 +2yer) < (1+8ep+4er +ea+2ye1) < (1+8c0+ L+ L+ L) <1+9¢ < 1+e
Therefore,

sum-Me[1-e)(1—ap)(1—=08L) [A1U---UA,l,(1+e)(1+ar)(l+pBr): A1 U---UAy,l.

The algorithm may fail at the case after selecting R1, or one of the stages. By the union bound,
the failure probability is at most y1 + 272 - logm < . We have that with probability at least 1 —
to output the sum that satisfies the accuracy described in the theorem. The running time and the
number of rounds of the algorithm follow from Lemma [[6] and Lemma [TI] respectively. |

Since 1 < zpin < minThickness(L) < maxThickness(L) < zmax < m, we have the following
Corollary [I8 Its running time is almost linear in the classical model.

Corollary 18. There is a O(poly(%,log%) -m - (logm)°M) time and O(logm) rounds algo-
rithm for |A; U A U --- Ay, | such that with probability at least 1 — v, it gives a sum - M €
[(T=e)(I —ar)(I =) [A1U- - Udn|,(1+ €)1+ ar)(l+Br) - [A1U - UAny|].

Proof:  We let fi(m) = 8 with ¢; = 0 in equation (@). Let zyin = 1 and 24, = m. It follows
from Theorem [[7] and Statements 1] and [Tl of Lemma [I0] as we have the inequality (43):

mfa(m log Zmex
( f4<zm>if6< m) (loggff?m))> O(poly(= logb m - (logm)°™). (43)

Corollary 19. For each & > 0, there is a O(poly(L,logL >) - m*e) time and O( ) rounds al-

gorithm for |A; U Ay U --- A.,| such that with probability at least 1 — =y, it gives a sum - M €
[(1—6)(1—aL)(1—ﬁL)'|A1U UAml (1+€)(1+O¢R)(1+ﬁ]{) |A1U UAmH
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Proof: We let fi1(m) = 8mé/2 with ¢; = % in equation ([@). Let zpin = 1 and zpee = m. It

follows from Theorem [I7] and Statements [vil and [l of Lemma [I0 as we have the inequality ([@4):

(mf‘*(m)fﬁ(m) . <1ic;gfﬁ)>) - O(poly(%,log%) -m'*e). (44)

Zmin

An interesting open problem is to find an O(m) time and O(logm) rounds approximation scheme
for |[A; U Ay U--- A,,| with a similar accuracy performance as Corollary We were not able to
adapt the method from Karp, Luby, and Madras [29] to solve this problem.

5. Approximate Random Sampling for Lattice Points in High
Dimensional Ball

In this section, we propose algorithms to approximate the numebr of lattice points in a high dimen-
sional ball, and also develop algorithms to generate a random lattice point inside a high dimensional

ball.
Before present the algorithms, some definitions are given below.

Definition 20. Let integer d > 0 be a dimensional number, R? be the d—dimensional Euclidean
Space.

i. For two points p, ¢ € R?, define ||p — ¢|| to be Euclidean Distance.

ii. A point p € R? is a lattice point if p = (y1,...,y4) with y; € Z for i = 1,2, ..., d.

iii. Let p € R, and r > 0. Define By(r, p,d) be a d—dimensional ball of radius r with center at p.
iv. Let q = (lulvluQv"'v,ud) € Rd' Define Bd(T7Qa k) = {(Zla'ZQa"'aZd) € Rd PR = M1y Rd—k =
d
pa—k and 37 (i — zi)* <2}
i=1

v. Let p € R%, and r > 0. Define C(r,p, d) be the number of lattice points in the d—dimensional
ball of radius r with the center at p.

vi. Let A, [ be real numbers. Define D(\,d,l) = {(z1, - ,zq) : (x1, - ,2q) With 2 = i + JrA
for an integer ji. € [—I, I], and another arbitrary integer iy, for k = 1,2, ...,d}.

vii. Let A, I be real numbers. Define D*(\,d, 1) = {(z1, - ,zq) : (x1, - ,2q) with 25 = jp\ for
an integer ji € [—I, {] with £k =1,2,....d}.

viii. Let A = @~ ™, where a and m are integer and a > 2. Define D**(\,d) = {(z1, - ,24q) :
(1, ,xq) with 2 = i) + ji) for an integer jx € [-A71 +1,A7! — 1], and another arbitrary
integer iy for k =1,2,...,d}.

5.1. Randomized Algorithm for Approximating Lattice Points for High
Dimensional Ball

In this section, we develop algorithms to approximate the number of lattice points in a d-dimensional
ball By(r,p,d). Two subsubsections are discussed below.
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5.1.1. Counting Lattice Points of High Dimensional Ball with Small Radius

In this section, we develop a dynamic programming algorithm to count the number of lattice points
in d—dimensional ball B,(r, p, d). Some definitions and lemmas that is used to prove the performance
of algorithm are given before present the algorithm.

Definition 21. Let p be a point in RY, and p € D(\, d,L). Define E(r',p, h,k) be the set of
k—dimensional balls By(r’,q, k) of radii v with center at ¢ = (y1, Y2, ---» Yh, Tht1, -, Lq) Where h =
d — k is the number of initial integers of the center ¢ and y; € Z for t = 1,2, ..., h.

Lemma [22] shows that for any two balls with same dimensional number, if their radii equal and the
number of initial integers of their center also equal, then they have same number of lattice points.

Lemma 22. For two k—dimensional balls By(r,q,k) and Ba(r,q', k), if Ba(r,q,k) € E(r,p,h,k)
and Bq(r,q', k) € E(r,p, h, k), then C(r,q,k) = C(r,¢', k).

Proof:  In order to prove that C(r,q, k) = C(r,q¢, k), we need to show that there is a bijection
bewtten the set of of lattice points inside ball By(r, ¢, k) and the set of lattice points inside ball
By(r,q', k), where ¢ = (Y1, Y2, --s YUhs Tht1s -, Ta) a0 ¢ = (Y1, Yhy ooy Yhs Tht, -, Ta) With yj, 4y, € Z
fort=1,2,..., h.

Statement 1: V g1 = (21, 22, ..., 2d) € Ba(r, q, k), where z; € Z for t = 1,2, ..., d.

we have

(1 —1)? 4+ (zn —yn)* + (2hg1 — Tng1)* + -+ + (20 — za)? <77

then
(14— =)+ 4 Gn+un —Yn —yn)* + (2hgr — Tng1)® + -+ (20 — za)? <77

Therefore, there exists a lattice point (21 + y] — Y1, ..., 2h + U}, — Yh, Zht1s s 2d) € Ba(r, ¢, k)
correspoding to ¢ .

Statement 2: YV ¢} = (21, 25, ..., 2;) € Ba(r,¢', k), where z; € Z for t = 1,2, ..., d.

we have

(21 =)+ 4 L= un)? + (G —an1)® + -+ (2 —a)? <P
and
(=i +y— )+ 4 (2 —Yh +Yn —Un)? + (Zhyr — Tag)® -+ (2 — 20)® <72

Therefore, there exists a lattice point (27 — 4] + Y1, 2, — Yj + Yn, 2), 415 - 24) € Ba(r,q, k)
correspoding to ¢j.

Based on above two statements, there exists a bijection between the set of lattice points inside
ball B4(r,q, k) and the set of lattice points inside ball By(r, ¢, k).

Therefore, C(r,q, k) = C(r, ¢, k). |

Lemma[23]shows that we can move ball By(r, ¢, k) by an integer units in every dimension without

changing the number of lattice points in the ball.

Lemma 23. Let A\ be a real number. For two k—dimensional balls By(r,q1,k) and Bg(r, gz, k),
where q1 = (y17y27"'7yd—k7xd—k+17"'7xd); q2 = (yllayéu"'7y/dfk7x/dfk+17"'7‘rld) with ytvyé € Z7
t=1,2,....,d —k, and xp = iy + jp X, iy is an integer and jp € [=1,1] fort' =d—k+1,...d, if
x}, = ju A, then we have C(r,q1,k) = C(r,q2, k).

Proof:  Since By(r,q1,k) € E(r,p,h, k) and By(r,q2,k) € E(r,p, h,k) with h = d — k, we have

C(r,q1,k) = C(r, g2, k) via Lemma 22 |
We define R(r, p, d) be a set of radii r’ for the balls that generated by the intersection of By(r, p, d)
wiht hyper-plane x1 = y1, ..., Tk = Yk -y Td = Yd-
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Definition 24. For a d—dimensional ball By(r, p,d) of radius r with center at p = (1,22, ..., 24)-

k
(yi — xi)* with y; € Z and Y (yi — x;)? <
1 =1

Ion

i. Define R(r,p,d) = {r' : r"? = r? —

K2

r? for some integer k € [1,d]}.

Lemma 25l shows that we can reduce the cardinality of R(r,p,d) from exponentional to polynomial
when setting the element of the ball’s center has same type (i.e. p € D(\,d,1).)

Lemma 25. Let By(r,p,d) be a d—dimensional ball of radius v with center at p, where p €
D*(X\,d, 1), then |R(r,p,d)| < 4(r + l|A])*I3d® and R(r,p,d) can be generated in O ((r + 1|A])313d?)
time.

2 _ .2

Proof:  Since r’ I

-

(y; — x;)? for 0 < k < d, we have 1’ as:

=1

r'? =17 —(y1 — 1A)* = — (Yya — ja)?
=77 — [y} — 210 A + G A] — - — (Y3 — 2yadad + J3A7]
= —{yi+y5 -+ +ui}
+{2y1J1 + 2y272 + - - + 2yaja} A
—{F + 55 05+ N

Let R = {r'|r'"? = r? — (z + y\ + 2A?) with z, y, and z is nonnegative integer}, it is easy to
see that ' € R’ then R C R'.
Let

X ={&|/ =2+ 2+ ...+ 2 with yi € [r = A, r +1A]], 0<i <d}
Y ={y'|y' =2y1j1 + 222 + ... + 2yaja with y;ji € [I(r = UA]), I(r +U[A])], 0 <i<d}
Z =2 =32+ 33+ 7+ ...+ 43 with j; € [-1,1], 0 <i<d},
then we have:
2| < di?
Y| < 4d(r +1|)\|)I (45)
[ X| < d(r + 1A
For each 1’ € R, we have r'? = r2 — (z + yA + 2A?) with x € X, y € Y, and z € Z. Therefore,
|R| < dI*-4d(r + U] - d(r + [[A])? = 4(r + UN])?13d® via inequality @H). Then R(r,p,d) can be
generated in O ((r + I|A|)313d?) time.
1

Lemma [26] is a spacial case of Lemma It shows that there at most (r? + 1)a®™ cases of

the radii when the elements of the center are the type like fractions in base a. For example, p =
(3.891,5.436, ..., 5.743) € R%.

Lemma 26. Let A\ = a~ ™ where a is a interger with a > 2. Let By(r,p,d) be a d—dimensional
ball of radius r with center at p € D**(\,d), then |R(r,p,d)| < (r? + 1)a*™ and R(r,p,d) can be
generated in O ((r* + 1)a*™) time.

Proof:  We have

r’? =% — (1 — 71A)° — - = (ya — JaN)?
=77 — [y} — 21 n A + JiA] — - — Y3 — 2yajad + JaN7]
= —{yi+uys+-- +yi}
+{2y1j1 + 2y2g2 + - - - + 2yaja A
R+ I TN
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via Lemma
For each 72, it can be transformed into 72 = r? — (x + y\ + zA?) with z, y and z are integers,

and
|z| < a™

ly| < a™ (46)
|z| < (r? +1).

Therefore, |R| < (r? 4+ 1)a®™ via inequality (@6). Then R(r,p,d) can be generated in
O ((r? +1)a®™) time.
|
Definition 27. For a d—dimensional ball By(r, p,d) of radius r with center at p = (z1, 22, ..., Z4).
i. Define p[k] = (0, ..., 0, Xg+1, ..., zq) for some integer k € [1,d].

ii. Define Z(r,z,t) with Z(r,x,t)?> =r? — (t — x)? if |t — 2| <, where t is a integer and = € R.

We give a dynamic programming algorithm to count the number of lattice points in a d—dimensional
ball By(r,p,d).

Algorithm 2 CountLatticePoint(r, p, d)

Input : p = (21,22, ...,2q4) where x = iy + jp ) for an integer ji € [—[,1], and another arbitrary
integer ix for k =1,2,...,d. r is radius and d is dimensional numbers.

Output : The number of lattice points of the d—dimensional ball By(r, p, d).

1: Let ro =1
2: Fork=d—1to0
3: for each r, € R(r,p,d)
4: let C(Tkap[k]vd_ k) = Z O(Z(Tkaxk+17t)ap[k+ 1]ad_
teZ and tE[—rip+Tii1, TE+TE41]
(k+1))
5: save C(rk, p[k],d — k) to the look up table
6: Return C(ro, p[0], d)

We note that if d — (k+ 1) = 0 then C(z(rp, zry1,t),p[k + 1],d — (k + 1)) = 1, otherwise
2(rky Ty, t) is in R(r, p,d) (i.e. C(z(rk, Tpy1,t),p[k + 1],d — (k + 1)) is avaiable in the table).

Theorem 28. Assume A be a real number and p € D(\,d, 1), then there is a O(r(r + I|A)313d*)
time algorithm to count C(r,p,d).

Proof:  Line @ has d iterations, Line [3] takes 4(r + I|A|)313d® to compute 7 via Lemma 25 and
Line @ has at most 2[r| + 1 items to add up.
Therefore, the algorithm CountLatticePoints(.) takes O(r(r + I|A])?/3d*) running time.
|

Remark: When \ = %, this is a specail case of Theorem 28 and the running time of the
algorithm is O(r(r +I|A])313d*). The algorithm can count the lattice points of high dimensional ball
if the element of the center of the ball has same type like ¢4 j\ even though A is a irrational number.

Theorem 29 shows that the algorithm can count the number of lattice points of high dimensional
ball if the element of the center of the ball has same type like fractions in base a.

Theorem 29. Assume A = a~™ and p € D**(\,d), where m and a are integers with a > 2, then
there is a O(r2a®md) time algorithm to count C(r,p,d).
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Proof: Line[@has d iterations, Line Bl takes (r2 +1)a?™ to compute rj, via Lemma 26, and Line @]
has at most 2|r] 4+ 1 items to add up.
Therefore, the algorithm CountLatticePoints(.) takes O(rd(r? + 1)a®™) running time.

Corollary 30. Assume A\ = 107™ and p € D**(\,d), where m is a integer, then there is a
O(r310%™d) time algorithm to count C(r,p,d).
5.1.2. Approximating Lattice Points in High Dimensional Ball with Large Radius

In this section, we present an (1 + 3)-approximation algorithm to approximate the number of lattice
points in a d—dimensional ball By(r, p, d) of large radius with an arbitrary center p, where § is used
to control the accuracy of approximation.

Some definitions are presented before prove theorems.

Definition 31. For each lattice point ¢ = (y1,¥2, ..., ya) € R? with y; € Z for i = 1,2, ..., d.
i. Define Cube(q) to be the d—dimensional unit cube with center at (y1 + %, e Yd + %) .
ii. Define I(Bg(r,p,d)) = {q | Cube(q) C Bq(r,p,d)}.
iii. Define E(Bqy(r,p,d)) = {q | Cube(q) & I(By(r,p,d)) and Cube(q) N Bq(r,p,d) # 0}.
Theorem [32 gives an (1 + 3)—approximation with running time O(d) algogithm to approximate

the number of lattice point C(r, p,d) with p is an arbitrary center and r > 2%7 )

Theorem 32. For an arbitrary § € (0,1), there is a (1 + §)—approzimation algorithm to compute

C(r,p,d) of d—dimensional ball By(r,p,d) with running time O(d) for an arbitrary center p when
B

Proof:  Let |I(By(r,p,d))| be the number of lattice points g € I(By(r,p,d)), |[E(Bq(r,p,d))| be

the number of lattice points ¢ € E(Bg4(r,p,d)), and Vy(r) be the volume of a d—dimensional ball

with radius r.

Now consider two d—dimensional balls By(r — V/d, p,d) and By(r +v/d, p,d) that have the same
center as ball B4(r,p,d). Since every lattice point ¢ corresponds to a Cube(q) via Definition Bl then

we have:
{ Va(r — Vd) < |I(Ba(r,p,d))| < Va(r)
0 < |E(Bgy(r,p,d))| < Va(r 4+ Vd) — Va(r).

Therefore,

Va(r —Vd) < C(r,p,d) = |[(Ba(r,p,d))| + |E(Ba(r,p,d))| < Va(r + Vd).

Then the bias is lI(Bd(T’p’d)i/‘;E(Bd(r’p’d))‘ when using V;(r) to approximate C(r, p,d).

The volume formula for a d — dimensional ball of raduis r is
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where f(d) =72l (3d+ 1)_1 and I'(.) is Euler’s gamma function. Then

|I(Ba(r,p,d))| + |E(Ba(r, p,d))] Va(r +/d)
Va(r) - Valn)
f(d) - (r+Va)
f(d)-rd

Similarly, we have

|I(Bd(7°,p,d))|+|E(Bd(7°,p,d))| Vd(r_\/a)
Vd(’l”) - Vd(T)

From above two inequalities, we have

(1 - 2d> Valr) £ Crpd) < (1 + £> Valr),

1 1
3 -C(r‘,p, d) < Vd(r) < 3 'C(T‘,p, d)
1+ 2d2 1— 242

then we have

Simplify the above inequality, we have

2d3 2%
1- = | C(r,p,d) < Vy(r) < |1+ = | C(r,p,d).
( T_ME) (r,p,d) < Va(r) < 2d_> (r,p,d)

r— 2

Thus, we have

(1=p)C(r,p,d) < Va(r) < (14 B)C(r,p,d) (47)
with g > %
It takes O(d) to compute Vy(r) = f(d) - r%, since it takes O(d) to compute f(d) where f(d) =

75T (%d + 1) - Therefore, the algorithm takes O(d) running time to approximate C(r, p, d) becasue
of Equation (7). i

27



Theorem 33. There is an (1+ 8)-approximation algorithm with running time O(d) to approximate

3

C(r,p,d) of Bq(r,p,d) with an arbitrry center p when r > QdT2; and there is an dynamic programming
5 3

algorithm with running time O <%d%l3 (2d72 + l|)\|) ) to count C(r, p,d) with centerp € D(A,d, 1)

3
when r < Q%.

Proof:  We discuss two cases based the radius of the d-dimensional ball.
Case 1: When counting the number of lattice points of a d-dimensional ball with center p €

3
D(\ d,1) for r < 2d72, apply Theorem

Case 2: When approximating the number of lattice points of a d-dimensional ball with an

arbitrary center p for r > 2 , apply eorem
bit ter p f 27; ly Th |

Corollary 34. There is a dynamic programming algorithm to count C(r,p,d) of Ba(r,p,d) with

3 3 3
running time O <%d%l3 (z% + l|)\|) ) for p e D(\,d,l) when r < Q%.

5.2. A Randomized Algorithm for Generating Random Lattice Point of
High Dimensional Ball

In this section, we propose algorithms to generate a random lattice point inside a high dimensional
ball. Two subsections are discussed below.

5.2.1. Generating a Random Lattice Point inside High Dimensional Ball with Small
Radius

In this section, we develop a recursive algorithm to generate a random lattice point inside a
d—dimensional ball B4(r, p,d) of small radius with center p € D(\,d, ).

The purpose of the algorithm RecursiveSmallBallRandomLatticePoint(r, p, t, d) is to recursively
generate a random lattice point in the ball By(r,p,t).

Algorithm 3 RecursiveSmallBallRandomLatticePoint(r, p, t, d)

Input : p = (Y1,Y2s -+, Yd—ts Td—t+1, -, Td) Where x = i + jrA with arbitrary integer iy, integer
je €[], and y; € Z,i =1,2,...,d — t, t is a dimension number with 0 <t < d.

Output : Generate a random lattice point inside t—dimensional ball.

1: Save C(rg,plk],d — k) into look wup table C-Table by wusing Algorithm
CountLattice Point(r,p,d) for k =0,1,...,d — 1

2: Ift=0

3: Return lattice point (y1, Yo, ..., Yd)

4: Else

5: Return  RecursiveSmallBallRandomLatticePoint(r’, ¢,¢ — 1,d) with probability
C(r',q,t—1)

SICTON, where ¢ = (Y1, Y2, -y Yd—t, Yd—t-+15 Td—t+25 - Td) With Yg_s41 € [Ta—tp1—7, Ta—t+1+7]
satisfying |[p — ¢|* < r?, and 7"? =72 — |[p — ¢||?

We note that C(.,.,.) is available at C-Table in O(1) step and the implementation of line
of the algorithm is formally defined below: Partition I = [1, C(r,p,t)] N Z into I, -+, Iy,
where I; is uniquely corresponds to an integer yj—+11 € [Tg—t41 — T, ZTa—t41 + 7] satisfying
q = (Y1, Y25 s Yd—t, Yd—t+1, Td—t12, -, Td), |[p — q||*> < 72, and |I;| = C(r',q,t — 1). Gen-
erate a random number z € [. If z € I; (I; is mapped to ygq—i+1), then it returns
RecursiveSmallBallRandomLatticePoint (17, ¢, t—1, d) with ¢ = (Y1, Y2, -+, Yd—ts Yd—t+15 Td—t+25 -y Td)-
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The algorithm RandomSmallBallLatticePoint(r, p, d) is to generate a random lattice point in the
ball By(r,p,d). It calls the function RecursiveSmallBallRandomLatticePoint(.).

Algorithm 4 RandomSmallBallLatticePoint(r, p, d)
Input: p = (21,22, ...,24) where xp = iy + jrA with arbitrary integer iy, integer ji € [—1,1] for
k=1,2,--- ,d.
Output : Generate a random lattice point inside d—dimensional ball.
1: Return RecursiveSmallBallRandomLatticePoint(r, p, d, d)

Theorem 35. For an arbitrary 8 € (0,1), assume X be a real number and p € D(\,d, 1), then there

R 3
is a O <%d12‘ll3 (sz2 + l|/\|> ) time algorithm to generate a lattice point inside a d— dimensional
ball By(r,p,d).

Proof: By algorithm RandomSmallBallLatticePoint(.), we can generate a random lattice point
(r'.q.d-1)  C(r".q,d—2) 1 _
C(rp,d)  C,qd—1) = O ¢g@d-1n )

inside d—dimensional ball By(r, p, d) with probability c

__1
C(r,p,d)"

3 3
Tt takes O (%dlzlﬁ (27; + lI/\|> ) to compute C(r, p, d) via Theorem 3 then algorithm Small-

R 3
BallRandomLatticePoint(.) takes O ( d=? <2dT2 + l|/\|> ) + O(d) running time. Thus, the algo-

1
B

. 3
rithm takes O <%d12ll3 <2‘é2 + l|)\|) ) running time. i

5.2.2. Generating a Random Lattice Point of High Dimensional Ball with Large Radius

In this section, we develop an (1 + a)—approximation algorithm to generate a random lattice point
inside a d—dimensional ball By(r, p,d) of large radius r with arbitrary center p, where « is used to
control the accuracy of approximation.

We first propose an approximation algorithm RecursiveBigBallRandomLatticePoint(.) to gen-
erate a random lattice point inside a d—dimensional ball By(r,p,d) of radius r with lattice point
center p, then we apply algorithm RecursiveBigBallRandomLatticePoint(.) to design algorithm Big-
BallRandomLatticePoint(.) to generate an approximate random lattice point in a d—dimensional
ball B4(r', p,d) of radius v’ with arbitrary center p.

Before present the algorithms, we give some definition and lemmas that is used to analysis
algorithm RecursiveBigBallRandomLatticePoint(.).

Definition 36. For an arbitrary 5 € (0, 1), let By(r, ¢, k) be k—dimensional ball of radius » with
arbitrary center ¢. Define P(r, ¢, k) as

2d3
P(’f‘, q, k) — { O(Tv q, k) r S B

Vi (1) otherwise,

where C(r,q, k) is the number of lattice point of k—dimensional ball By(r, ¢, k) and Vi(r) is the
volume of ball By(r, q, k).

Lemma [B1 shows that we can use P(r,q,k) to approximate C(r,q,k) for k—dimensional ball
By(r, ¢, k) no matter how much the radius r it is.
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Lemma 37. For an arbitrary 8 € (0,1). Let By(r,q,k) be k—dimensional ball of radius r with
arbitrary center q, then (1 — B)C(r,q,k) < P(r,q,k) < (1+ B)C(r,q, k).

Proof: Two cases are considered.
Case 1: If r < 27; , we have P(r,q,k) = C(r,q, k) via Definition
3

Case 2: If r > 27; , we have:

(1=8)-Clr,q, k) < Vi(r) < (14 8)-C(r,q, k)

via Theorem B2] where Vi (1) be the volume of k—dimensional ball By(r, ¢, k) with radius 7.
Therefore, we have

(1 _B) : C(Tv%k) < P(rv%k) < (1+B)'C(T7Q7k)u

because P(r,q, k) = Vi (r) via Definition
By combining the above two cases, we conclude that:

(1 - ﬂ)C(T,q,k) < P(Taqvk) < (1 + ﬂ)C(T,q,k)
|

Lemma shows that for two k—dimensional balls, if their radius are almost equal, then the
number of their lattice points also are almost equal.

Lemma 38. For an arbitrary € (0,1) and a real number 6, let Bq(r',q, k) be a k—dimensional ball

of radius r" with lattice center at q and Ba(r",q, k) be a k—dimensional ball of radius v’ > 2%2 with

lattice center at q, where ¢ = (y1,Y2,...,yq) with yx € Z and t = 1,2,....d, if v <o/ < (14+6)r"
then C(r",q, k) < C(1',q,k) < iJrg 1+6Fce”, q.k).

Proof:  Let V(r) be the volume of d—dimensional ball of radius 7. Since the volume formula for
a d — dimensional ball of raduis r is

where f(d) = VRN (3d+ 1)_1 and T'(.) is Euler’s gamma function. Then, we have the following as:
Vi(r") < Va(r') < V(") - (1+0)"
3
Since 7" > 2‘%2 crl > > 2‘172, then we have

{ @V( ) < C(r,q, )S—?V(T
mv( )<C( 7Q7)—_ﬁ (T)
via Theorem B2]

Plugging inequality (8] to above inequality, then we have

1
<
S1C B

C(Tlv%k) Vk(rl)

< = ﬁm (140"
(

1+p5) 1
(1+8)

S(1+0)rCE”, q.k)

" k
-5 Vi(r") - (1+9)
L 1+p)
(1 B)
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and we also have

C(r',q, k) > C(r", ¢, k).

Therefore,
1" / 1 + /3 2
O(Taqvk)éo(raqvk)ém(l_'—(s) (Taqvk)'
|
Definition 39. For an integer interval [a,b], ¢ € Z, r > 0, and § € (0,1), an (r,¢, 1 4+ §)-partition
for [a, b] is to divide [a, ] into [a1,b1], [az, ba], - - , [aw, bw] that satisfies the following conditions:
i.ay=a,a4;41=b;+1fore=1,--- jw—1.

ii. for an);;)x,y €{ai b}, —(x—c)2 < (14+6)*(r? —(y—c)?)and 72 — (y — )2 < (1 +6)%(r? —

iii. For any = € {a;,b;} and y € {a;41,bi41}, 7° — (x —)> > (1 4+ 8)?(r? —y?) or 2 — (y — ) >

(1+0)%(r? — 2?).

The purpose of the algorithm RecursiveBigBallRandomLatticePoint(.) is to recursivly generate

a random lattice point inside the d—dimensional ball B,(r, p, d) of radius r with lattice point center

p-

Algorithm 5 RecursiveBigBallRandomLatticePoint(r, p, t, d)

Input: p = (21,22, .-, 2d—t, Yd—t+1,---,Ya) where z; € Z with 1 < i < d — ¢, and y; € Z with
d—t+1<i<d, ae(0,1)is a parameter to control the bias, r is radius, and ¢ is dimensional
number.

Output : 7 = {z1,..., 24}

1:
2:

3:

Ift=0
Return (21, 22, ..., 2d)
Let Iy = [a1,b1],- -+ , Iy = [aw,bw] be the union of intervals via (T, Yd—t+1, 1 + ﬁ)-
partitions for [[yg—it+1 — 7], Ya—t+1] N Z and [yg—t+1 + 1, [Ya—t41 + 7]] N Z, where ¢4 € (0,1)
and ¢(d) is a function of d

Let M = > (b —a; + 1)P(ri,pist — 1), where p; = (21, 22, ..y Zd—t, Vi Yd—t+2, ---» Yd), and
i=1

7”1'2 =7’ — (bi — yd7t+1)2

Return RecursiveBigBallRandomLatticePoint(r}, p;, ¢ — 1,d) with probability
where zq_s41 = bi, pi = (21,22, -+, Zd—t, Zd—t41, Yd—t42, - Yd), and 77 =12 — (24_441 — Ya—141)7,
P = (21,22, 0y Zd—t, 2441 1> Yd—t425 -, Yd), and 2= - (Zh_441 — Yd—t+1)? and a random
integer z;_,, | € [a;,bi]

P(ri,pi,t—1)
Wi )

We note that the implementation of (r, Yd—t+1, 1 + ﬁ)-partitions in line [3 is as the following

pictures:

31



v

1 1by ailb; [t e
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Figure 3: Example of (r, Yd—t+1, 1+ ﬁ)—Partitions in 2D

Figure 4: Example of (r, Yd—t+1, 1 + ﬁ)—Partitions in 3D

We have the following algorithm that can generate an approximate random lattice point in a
large ball with an arbitrary center, which may not be a lattice point.

Definition 40. Let integer d > 0 be a dimensional number, R? be the d—dimensional Euclidean
Space.

i. A point ¢ = (2}, ), ...,2/;) € R is the nearest lattice point of p = (1, ...,74) € R if it satisfies
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i) = [Jazs]]

P T SNSRI (1 B R (1) S
¢ ;) x; — [x5] > 3, = ! J zil] < 3, ' 7
7

Algorithm 6 BigBallRandomLatticePoint(r, p, d)

Input: p= (21, ,...,2q) where 2; € R with 1 <1i < d, o € (0,1) is a parameter to control the
bias, r is radius, and k is dimensional number.
Output : Generate a random lattice point inside d—dimensional ball.

Let g be the nearest lattice point of p in R?
Repeat
Let s =RecursiveBigBallRandomLatticePoint(r + v/d, ¢, d)
Until s € By(r,p,d)
Return s

Theorem 41. For an arbitrary o € (0,1), there is an algorithm with runing time O (d?’%gr) and
(1 + a)—bias for a d—dimensional ball By(r,q,d) to generate a random lattice point with radius
r> % that centered at g = (y1, Y2, ..., yd) with y; € Z, t = 1,2, ....d.

Proof: In line[d of algorithm RecursiveBigBallRandomLatticePoint(.), define

2 7 = (Ya—t41 — i) if ai < Ya—t41
% — (Yg—t41 — bi)®  otherwise,

)

o _ ) (21,22, 2a—t, Qi Ya—t42, -, Ya) if ai < Ya—t41
Pi (Zlv R2y ooy Rd—ts b’iv Yd—t+25 -+ yd) otherwise,
and .
22— 7% = (Yag—t41 — b;)? if by < Ya—t41
¢ 72 — (Ya—t41 — a;)? otherwise,
) (e Zame bisYa—ig2, o Ya)  if bi < Yamia
pi (21522, voey Zd—t, Qiy Yd—t4+25 ey Yd) otherwise.
Let v(i) = (bj —a; + 1), and 7} = 1:?, then we have
g
Zc(rgap;7t - 1)U(Z) S C(riapi7t) S ZC(Tiupiut_ 1)U(Z)
i i
Since 1} = %, then
g(d)
1-p e \ Y .
O (14— C(rs,pi,t — 1)u(i) < Clrs, pis t
113 ( g(d)) ; (Tz Di )v(l) = (Tz Di )
and

C(riapi7t) S ZC(Ti7pi7t_ 1)/0(1)

via Lemma B8] where 6 = 1 + qe(fi).
Via Lemma [B7] we have

<%>2 <1 + gz‘;))_(t_l) > " P(ri,pist — D)v(i) < P(ri,pist)

%

and 145
P(ripist) < 15 > P(ri,pit — 1o(i).

%
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Thus, we have

1-8\? e\ Y P(rs,pi,t) 145
(14—5) <1+@> SZP(ThPi,t—l)v(i)Sl—ﬂ'

From above inequality, we have

N —(t=1)
(1 B)(He) 1 - 1 '§1+5 L
1+ﬂ g(d) P(T’Laplvt) ZP(T’Uvat_ 1)”(1) 1_[3P(T’Laplat)
Via Lemma [37] we have

(1-p)?

(1+ ¢ )‘“‘” 1 _ 1 1+ 1

S A-PPClrmpint)

Let g(d) = d°, e4 = T and 8 = 6. Since Algorithm RecursiveBigBallRandomLattice-
Point(.) has d iteration, we can generate a random lattice point with bias of probability as:
P(riupiud_l) P(Tluplud_Q) P(riupiuo)
ZP(T’va’Lvd_2)’U(Z) ZP(T’UpZad_ 1)U(Z) ZP(T’UvaO)’U(Z)
1+ 1 ' <1 +0
(1_ﬁ)2 C(Tapud) 1_6
1 1 1+8
1_BO(T7pad) 1_[3

B 1+B d+1 1
B (1_[3) C(Tapvd)

B Qﬁ d+1 1
- O+1—ﬁ) Clrpd)

o (a1
C(r,p,d)

IN

d—1
> P(Tzvplvo)

IN

d
) (1 +B)C(ri,pi,0)

IN

48 1
@*I?E”+”>cmn@
1
C(r,p,d)

IN

IN

(1+a)
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and
P(riupiud_ 1) P(Ti7pi7d_2) P(Tiupiuo)
EP(T’Uvad_2)’U(Z) ZP(T’UpZad_ 1)U(Z) ZP(’I’“pZ,O)U(l)

—(d—1)(d—2)

2 ) b () o) v

—(d—1)d
1-58 o (1 + 6_4) ’ 1

Y

<1+ 9(d) 2m
- <1 - %)Qdﬂ (1 " gzll)>T C(Talp,d)
- <1 - %)Qd (1 " ge(jl)>d2 C(nlp, d)
> (1-1%5) (- 5) o
> (1-755) 0=V ompa
> (-5 crrg
2 UGy

Therefore, we can generate a random lattice point with probability between

1 1
[“ ~ Ve 1Y c<r,p,d>] '

In line B] of algorithm RecursiveBigBallRandomLatticePoint(.), it forms a (r, Yd—t+1, 1 + ﬁ)—

partition Iy, -+, Iy for [[ya—t+1 — 7], |[Ya—t+1 +7]] N Z and [yg—t++1 + 1, |ya—t4+1 +7]] N Z. Then,

there are at most w number of a;, where w such that W < 1. Solving w, we have w > g(d)é%.

Q)
And there are d iterations in algorithm RecursiveBigBallRandomLatticePoint(.).

Thus, the running time of the algorithm is O (g(d)E% . d) = O(dgl—zgr) =0 (%) . 1

Remark : We note that there are at most one (¢ — 1)—dimensional ball of radius r < % with
center at a lattice point, where t = 1,2, ..., d. For this case, we can apply Theorem BE] with 5 = 0.

Theorem 42. For arbitrary o € (0,1), and o/ € (0,1), there is an (1 + o)—bias algorithm with
d3 lOg(’I"Jr\/E)

[e3

runing time O ( ) for a d—dimensional ball By(r,q,d) to generate a random lattice point

3
2d2
o

of radius r > with an arbitrary center.

Proof:  Consider another ball By(r/, ¢, d) of radius v with lattice center ¢ = (y1,y2, ..., ya) that
contains ball By(r,p,d) , where 7' = r + /d. Let Vy(r) be the volume of a d—dimensional ball

with radius r, then probability that a lattice point in By(7’, q,d) belongs to By(r,p,d) is at least

C(r,p,d)
(1-a) C(r/,[;a,d)'

Via Theorem [32, we have




then we have
1 _B Vd(r) < C(Tapud) < 1+ﬁ Vd(r)

L+BVy(r+Vd) ~ C',p,d) — 1= BVy(r+d)

The formula for a d — dimensional ball of raduis r is

3
where f(d) = 7¢T (3d+ 1)71 and I'(.) is Euler’s gamma function. Let 8 = g7, and o > id\z/g,

C(T,p,d) 1-8 f(d) 7
EERCETY

d
:(1—04)1_ﬁ <1—TJ\F/E\/E>

d
1+ <1_T+\/E>

co-no- 2 -2

Therefore, the probability a lattice point in By(r',q,d) belongs to Bg(r,p,d) fails is at most

(a +1p5+ - \/—> , Where (a +15+ - \/E) < 1, which means the algorithm BigBallRandom-

Latt1cePo1nt(.) fails with small poss1b1hty.
The probability to generate a random lattic point in ball By(r’, ¢, d) is in range of

1 1
{(1 - C(r',q,d)’ (1+a) C(r',q,d)

Pr(pi)

via Theorem @Il Then the bias to generate a random lattic point in ball By(r, p,d) is S P

Then, we have

Prp) (4 %oy
%:Pr(pi) T (1= ) gprgmClrp.d)
1+« 1

 1—aC(r,p,d)

(14 2« 1
B l-—a O(Tvpad)7
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and

Prp) . (- Yomag
Xi: Pr(pi) 7 (14 a)gmygy O, d)
-« 1
1+ aC(r,p,d)

_(1_ 2« 1
- 1+a) C(ryp,d)

- (- 2c 1
- 1—a) Cr,p,d)’

Therefore, the probability to generate a random lattice point in Bg4(r, p,d) is range of

1 1
[“ ~ e e >c<r,p,d>]

where o/ = 12—0‘
—

It takes O ( W) running time to generate a random lattice point inside a d—dimensional
ball By(r + V/d, p,d) with a lattice point center via Theorem @Il Thus, the algorithm BigBallRan-

3
domLatticePoint(.) takes O (%ﬂ-\/ﬁ)) running time to generate a random lattice. i

d® log(r+v/d)

[e3

Theorem 43. For an arbitrary o € (0, 1), there is an algorithm with runing time O (
and (14+a)—bias for a d—dimensional ball By(r, q,d) to generate a random lattice pointo f radius r >
242 3
[e3

2d
B

3
with a arbitrary center; and there is a O (%d%l3 < + l|)\|) ) time algorithm to generate

3
a lattice point inside a d—dimensional ball By(r,p,d) of radius r < szz with center p € D(\, d,1).

Proof: We discuss two cases based the radius of the d-dimensional ball.

3
Case 1: When generate a random lattice point inside a d-dimensional ball of radius r > 24> with
center arbitrary center p, apply Theorem

Case 2: When generate a random lattice point inside a d-dimensional ball of radius r < 242 with
center p € D(), d,1), apply Theorem |

5.3. Count Lattice Point in the Union of High Dimensional Balls

In this section, we apply the algorithm developed in Section [ to count the total number of lattice
point in the union of high dimensional balls.

Theorem 44. There is a O (poly (%, log %) -m - (log m)o(l)) time and O(logm) rounds algorithm

for the number of lattice points in By U By U---U B, such that with probability at least 1 —ry, it gives

asum-M e [(1—-e)(1—ar)(l—pFL)|B1U---UBp|,(1 +€)(1 + ar)(1 + Br)-|B1U---UBy|], where
3

each ball B; satisfy that either its radius r > % or its center p € D(\,d,l) and |By U ---U By,| is
the total number of lattice point of union of m high dimensional balls.

Proof:  Apply Theorem B3 and Theorem 3] we have m; for each ball B; with

m; € ((1 = Br)Ci(ri,pi,t), (1 + Br)Ci(r4, pis 1)) ,
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and biased random generators with

1—ap 1+ agp
Ci(riupht), Ci(/rhpiat)

for each input ball B;, where C;(r;, p;,t) is the number of lattice point of t—dimensional ball B; of
radius r; for ¢ = 1,2, ...,m. Then apply Theorem [I7 |

Prob(z = RandomElement(B;)) €

5.4. Hardness to Count Lattice Points in a Set of Balls

In this section, we show that it is #P-hard to count the number of lattice points in a set of balls.

Theorem 45. It is #P-hard to count the number of lattice points in a set of d-dimensional balls

even the centers are of the format (x1,--- ,xq4) € R? that has each x; to be either 1 or 4 for some
integer h < d.

Proof: = We derive a polynomial time reduction from DNF problem to it. For each set of lattice

points in a h-dimensional cube {0,1}", we design a ball with radius r = ¥ and center at C' =

2
(\/ﬁ - \/E) It is easy to see that this ball only covers the lattice points in {0,1}*. Every 0, 1-

2 )72
lattice point in 0,1 has distance to the center C' equal to r. For every lattice point P € R" that is
not in {0, 1}" has distance d with d®> > r? 4+ (1 + )2 — ($)? =r? + 2. 1
Definition 46. For a center ¢ = (¢1,---,¢4) and an even number k& > 0 and a real r > 0, a

d
d-dimensional k-degree ball Bi(c,r) is {(z1,--+ ,24) : (z1, -+ ,74) € R and Y (z; — ¢;)* < r}.
i=1

Theorem 47. Let k be an even number at least 2. Then we have:

1. There is no polynomial time algorithm to approzimate the number of lattice points in the
intersection n-dimensional k-degree balls unless P=NP.

. It is #P-hard to count the number of lattice points in the intersection n-dimensional k-degree

balls.

Proof: = We derive a polynomial time reduction from 3SAT problem to it. For each clause C =
(xf vV z; Vv x}), we can get a ball to contain all lattice points in the 0-1-cube to satisfy C, each ] is
a literal to be either x; or its negation z;.

Without loss of generality, let C = (21 V 22 V 23). Let § = 0.30. Let center Dg =
(di,ds,ds3,dy,ds, -+ ,dy) = (1—861—061-6,L L ... L) which has value 1 — § in the first three

IDRIOE i)

positions, and % in the rest. For 0,1 assignment (a1, as,--- ,a,) of n variables, if it satisfies C' if
and only if Y (a; — d;)* < 2(1 — )% + 6% + (n — 3) - ($)*. Therefore, we can select radius r¢ that
i=1

satisfies 7f, = 2(1 — §)F + 6% + (n — 3) - (3)*. We have the following inequalities:

(2-0)2> (1+6)F >2(1—6)F +5* (19)
(L+ 1)k >2(1—8)k + 6% + ()~
This is because we have the following equalities:
(1+6)2 =1.69,
2(1 —6)? + 6% =2 x 0.49 + 0.09 = 1.07, (50)
2(1 =0 +62+(3)> =1.07+0.25 = 1.32,

(14 4)2=2.25.

Y = (y1,y2, - ,yn) is not a 0, 1-lattice point, we discuss two cases:
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i. Case 1. y; ¢ {0,1} for some ¢ with 1 <i < 3.
In this case we know that dist(Y, Dc)? > 72 by inequality (50).

ii. Case 2. y; & {0,1} for some i with 3 <i <n.
In this case we know that dist(Y, D¢)? > r2 by inequality (EQ).

Y = (y1,y2, - ,yn) is a 0, 1-lattice point, we discuss two cases:

i. Case 1. Y satisfies C'.
In this case we know that dist(Y, D¢)? < r2.

ii. Case 2. Y does not satisfy C.
In this case we know that dist(Y, D)% > 72 by inequality (1 — §)% > 2.

The ball B with center at D¢ and radius r¢ contains exactly those 0,1-lattice points that satisfy
clause C'. This proves the first part of the theorem.

If there were any factor c-approximation to the intersection of balls, it would be able to test if
the intersection is empty. This would bring a polynomial time solution to 3SAT.

It is well known that #3SAT is #P-hard. Therefore, It is #P-hard to count the number of lattice
points in the intersection n-dimensional balls. This proves the second part of the theorem. i

6. Approximation for the Maximal Coverage with Balls

We apply the technology developed in this paper to the maximal coverage problem when each set is
a set of lattice points in a ball with center in D(\, d, ).

The classical maximum coverage is that given a list of sets Ay, -+, A, and an integer k, find k
sets from Aj, Ao, - -+ | A, to maximize the size of the union of the selected sets in the computational
model defined in Definition 21 For real number a € [0, 1], an approximation algorithm is a (1 — a)-
approximation for the maximum coverage problem that has input of integer parameter k£ and a list
of sets Ay,---, Ay, if it outputs a sublist of sets A;,, A;,, -+, A;, such that |[4;, UA;, U---UA,;, | >
(1—a)|A;; UA;, U---UAj |, where A;,, A, -+, Aj, is a solution with maximum size of union.

Theorem 48. [T7] Let p be a constant in (0,1). For parameters &,y € (0,1) and ar,ar,dr,0r €

[0,1 — p], there is an algorithm to give a (1 — (1 — %)k — &) -approximation for the maximum cover

problem, such that given a ((ay, o), (81,,0R))-list L of finite sets Aq,---, Ap and an integer k, with
probability at least 1 — v, it returns an integer z and a subset H C {1,2,--- ,m} that satisfy

i [Ujen 412 (1= (1= §)* =€) C*(L, k) and |H| = k,
i. (1 —ar)(1—05) =& Ujen Aj] <2 < (1 +ar)(1+0r) + &) Ujen Ajl, and
iii. Its complexity is (T(&,v,k,m), R(&, v, k,m), Q(&,~, k,m)) with

k3 m
T, km) = O (5_2 <klog <37> +log%) m) ,

where = % and C*(L, k) is the number of elements to be covered in an optimal

solution.
We need Lemmal[49 to transform the approximation ratio given by TheoremE8]to constant (1— %)
to match the classical ratio for the maximum coverage problem.
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Lemma 49. For each integer k > 2, and real b € [0, 1], we have:
i (1-k<i_20p+L —1).
i IfE<2(b+ L —1), thenl—(1—2)F —¢>1-1 where n = e~ 1.

Proof: Let function f(x) = 1 —nz — e ®. We have f(0) = 0. Taking differentiation, we get

o) — _pyer>0foralze(0,L).

Therefore, for all x € (0, i),
e " <1—naz. (51)

The following Taylor expansion can be found in standard calculus textbooks. For all z € (0, 1),

2 28
ln(l—x)z—ac—?—?—---
Therefore, we have
(1— %)k o hI(-b) U k(- L) _ by
< e b2k =e b.el? 2 (52)
e Y A D R (5)

Theorem 50. There is a poly(\,d, 1, k,m) time (1 — %)—appro:m’mation algorithm for mazimal cov-
erage problem when each set is the set of lattice points in a ball with center in D(X,d,1).

Proof: [Sketch] Let @ = ay, = ag = 61, = 6g = & with ¢ = 100, and b = § = % It is

easy to see (b+ % —1)> L. Let ¢ = 2(b+ % —1) = O(%). It follows from Theorem A8, Lemma A9,
Theorem B3] and Theorem 1

7. Conclusions

We introduce an almost linear bounded rounds randomized approximation algorithm for the size
of set union problem |A; U Ay U ... U A,,|, which given a list of sets A, ..., A, with approximate
set size and biased random generators. The definition of round is introduced. We prove that our
algorithm runs sublinear in time under certain condition. A polynomial time approximation scheme
is proposed to approximae the number of lattice points in the union of d-dimensional ball if each ball
center satisfy D(A,d,l). We prove that it is #P-hard to count the number of lattice points in a set
of balls, and we also show that there is no polynomial time algorithm to approximate the number
of lattice points in the intersection of n-dimenisonal k-degree balls unless P=NP.
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