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On Global Asymptotic Stability of Neural Networks
with Discrete and Distributed Delays

Zidong Wang, Yurong Liu and Xiaohui Liu

Abstract

In this paper, the global asymptotic stability analysis problem is investigated for a class of neural networks with
discrete and distributed time-delays. The purpose of the problem is to determine the asymptotic stability by employing
some easy-to-test conditions. It is shown, via the Lyapunov-Krasovskii stability theory, that the class of neural networks
under consideration are globally asymptotically stable if a quadratic matrix inequality involving several parameters
is feasible. Furthermore, a linear matrix inequality (LMI) approach is exploited to transform the addressed stability
analysis problem into a convex optimization problem, and sufficient conditions for the neural networks to be globally
asymptotically stable are then derived in terms of a linear matrix inequality, which can be readily solved by using the
Matlab LMI toolbox. Two numerical examples are provided to show the usefulness of the proposed global stability
condition.
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I. INTRODUCTION

Recently, it has been well recognized that time delays are often encountered in various neural networks,
such as Hopfield neural networks, cellular neural networks and bi-directional associative memory networks,
and the time delays are often the sources of oscillation and instability of neural networks [1], [2], [5], [7], [25],
[26]. Therefore, the dynamical characteristics (including stable, unstable, oscillatory, and chaotic behavior)
of neural networks with time delays have become a subject of intense research activities. In particular,
since global stability is one of the most desirable dynamic properties of neural networks, there have been
growing research interests on the stability analysis problem for delayed neural networks, and a large amount
of literature has been available. Sufficient conditions, either delay-dependent or delay-independent, have been
proposed to guarantee the asymptotic or exponential stability for neural networks, see [1], [5], [12], [13], [7],
[19], [20], [22] for some recent results. It is noticed that, so far, most works on delayed neural networks have
dealt with the stability analysis problem for neural networks with discrete time-delays.

On the other hand, as pointed out in [8], [16], [18], neural networks usually have a spatial extent due to
the presence of a multitude of parallel pathways with a variety of axon sizes and lengths, and hence there
is a distribution of propagation delays over a period of time. For example, in [18], a neural circuit has been
designed with distributed delays, which solves a general problem of recognizing patterns in a time-dependent
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signal. It is noticed that, although the signal propagation is sometimes instantaneous and can be modeled
with discrete delays, it may also be distributed during a certain time period so that the distributed delays
should be incorporated in the model. In other words, it is often the case that the neural network model
possesses both discrete and distributed delays [17].

Very recently, there have been some initial studies on the stability analysis issue for various neural networks
with distributed time-delays, see [14], [23], [24], [27], [28]. In [27], by employing several Lyapunov functionals,
the global exponential stability and asymptotic stability of generalized neural networks with distributed delays
have been investigated, and a number of sufficient conditions for these types of stability have been derived.
The global asymptotic stability has been studied in [14] for bi-directional associative memory (BAM) networks
with distributed delays. In [23], criteria ensuring the existence, uniqueness, and global asymptotic stability
have been derived for Hopfield neural networks involving distributed delays. In [24], the existence and global
attractivity of the almost periodic solution have been examined for a class of cellular neural network with
distributed delays and variable coeflicients.

It should be pointed out that, despite the importance of both discrete and distributed delays in modeling
neural networks, the stability analysis problem for general neural networks with discrete and distributed delays
has not received much research attention. It is noted that, in [17], a two-neuron network model with multiple
discrete and distributed delays has been studied, and local stability of the steady-state solutions and the
oscillation around the steady-state solutions have been investigated. Unfortunately, the results in [17] cannot
be directly applied for general neural networks. Up to now, there have been very few results on the analysis
issue for the global asymptotic stability of general neural networks with discrete and distributed delays, which
remains important and challenging.

In this paper, we aim to tackle the global asymptotic stability analysis problem for a class of neural
networks with discrete and distributed time-delays. By employing a Lyapunov-Krasovskii functional and
some new techniques, the addressed stability analysis problem is converted into a convex optimization problem.
Then, different from commonly used matrix norm theories (such as M-matrix method), we utilize a linear
matriz inequality (LMI) approach to establish sufficient conditions for the neural networks to be globally
asymptotically stable. Note that LMIs can be easily solved by using the Matlab LMI toolbox, and no tuning
of parameters is required [3]. Two numerical examples are provided to show the usefulness of the proposed
global stability condition.

Notations: The notations are quite standard. Throughout this paper, R” and R"*™ denote, respectively,
the n-dimensional Fuclidean space and the set of all n x m real matrices. The superscript “I"” denotes matrix
transposition and the notation X > Y (respectively, X > Y) where X and Y are symmetric matrices, means
that X — Y is positive semidefinite (respectively, positive definite). I, is the n x n identity matrix. |- | is the
Euclidean norm in R™. If A is a matrix, denote by ||A|| its operator norm, i.e., ||A|| = sup{|Az| : |z| =1} =
VAmax (ATA) where Amax() (vespectively, Amin(-)) means the largest (respectively, smallest) eigenvalue of A.
[5]0, o0] is the space of square integrable vector. Denote by L’}O([—h, 0]; R™) the family of all Fy-measurable
C([—h,0]; R")-valued variables & = {£(6) : —h < 6 < 0} such that sup_j<y<|£(0)[P < oo. The shorthand
diag{M,, My, --- , My} denotes a block diagonal matrix with diagonal blocks t_)eing the matrices My, Mo, ---,
My . Sometimes, the arguments of a function or a matrix will be omitted in the analysis when no confusion

can arise.
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II. PROBLEM FORMULATION

Consider the following delayed neural network with n neurons:

t
u(t) = —Au(t) + Wogo(u(t)) + Wigi(u(t — h)) + W2/ g2(u(s))ds +V (1)
t—7
where u(t) = [u1(t),ua(t), - ,un(t)]} € R is the state vector of the neural network, A = diag(ay, as,--- ,ay,)

is a diagonal matrix with positive entries a; > 0. Wy = (w?j)nxn, Wy, = (wilj)nxn, and Wy = (wfj)nxn
are, respectively, the connection weight matrix, the discretely delayed connection weight matrix, and the
distributively delayed connection weight matrix. g;(u(t)) = [gi1(u1), gia(u2),- -+ , gin(un)]? denotes the neuron
activation function with ¢;(0) = 0, and V = [V4, Vs, --- , V)7 is a constant vector. The scalar h > 0, which may
be unknown, denotes the discrete time delay, whereas the scalar 7 > 0 is the known distributed time-delay.

It is usually assumed that the activation functions are continuous, differentiable, monotonically increasing
and bounded, such as the sigmoid-type of function. As discussed in [7], [15], in many electronic circuits, the
input-output functions of amplifiers may be neither monotonically increasing nor continuously differentiable,
hence nonmonotonic functions can be more appropriate to describe the neuron activation in designing and
implementing an artificial neural network. In this paper, we assume we make following assumptions for the
neuron activation functions.

Assumption 1: The neuron activation functions in (1), g;(-), satisfy the following Lipschitz condition

l9i(x) — gi(y)| < |Gi(z —y)|, (1=0,1,2) (2)

where G; € R*™" are known constant matrices.

Assumption 2: The neuron activation functions in (1) are bounded.

Remark 1: The type of activation functions in (2) is not necessarily monotonic and smooth, and have been
used in numerous papers, see [7| and references therein.

Remark 2: Usually, various fixed point theorems such as Brouwer’s fixed point theorem, Schauder fixed
point theorem and contraction mapping principle can be exploited to prove the existence of equilibrium
points of neural networks. For example, under Assumption 2, it is not difficult to ensure the existence of
equilibrium point of the system (1) by using Brouwer’s fixed point theorem. In the sequel we shall analyze the
global asymptotic stability of the equilibrium point, which in turn implies the uniqueness of the equilibrium
point.

To simplify the asymptotic stability analysis of (1), we let u* be the equilibrium point of (1), and shift the
intended equilibrium u* to the origin by letting £ = w — u*, and then the system (1) can be transformed into:

t
(1) = —As(t) + Walo (1) + Wil (¢ — W) + W2 | b(a(s)ds 3)

t—7
where z(t) = [71(t), 72(t),- - - , 7o (t)]7 € R is the state vector of the transformed system. It follows from (2)

that the transformed neuron activation functions
li(z) = gi(z +u*) —gi(u®) (i =0,1,2)
satisfy
li(2)| < |G, (4)

where G; € R™*™ (i = 0,1,2) are specified in (2). Notice that we do not need the traditional monotonicity

and smoothness assumptions on the activation function /;(z).
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Before stating our main purpose in this paper, let us introduce the notion of the global asymptotic stability
for the neural network (3). Now, let z(¢;£) denote the state trajectory of the neural network (3) from the
initial data z(0) = £(0) on —h <6 <0 in L% ,([=h,0]; R™). It can be easily seen that the system (3) admits a
trivial solution z(¢;0) = 0 corresponding to the initial data & = 0.

Definition 1: [4], [L0] The equilibrium point (trivial solution) 0 is said to be globally asymptotically stable
if it is locally stable in the sense of Lyapunov and global attractive, where global attractivity means that every
trajectory tends to the equilibrium point as t — oo.

The main aim of this paper is to establish LMI-based sufficient conditions under which the global asymptotic
stability is guaranteed for the neural network (3) with both discrete and distributed time delays.

III. MAIN RESULTS AND PROOFS

The following lemmas are essential in establishing our results by using the LMI approach.
Lemma 1: [3] Given constant matrices €21, {29, €23 where Q1 = Qf and 0 < Qy = Q' then

O+ 0305103 <0

if and only if

<0,
Q0 —Q ol ar o

Lemma 2: [9] For any positive definite matrix M > 0, scalar v > 0, vector function w : [0,7] — R" such

Q of —Qy O ] o

that the integrations concerned are well defined, the following inequality holds:

</07w(8)ds)TM </wa(s)ds> <7 </07 wT(s)Mw(s)ds> (5)

We are now ready to derive the conditions under which the network dynamics of (3) is globally asymptot-
ically stable. The following theorem reveals that such conditions can be expressed in terms of the positive
definite solution to a quadratic matrix inequality involving several scalar parameters.

Theorem 1: If there exist positive scalars e; > 0, €2 > 0, €3 > 0 and a positive definite matrix P > 0 such
that the following quadratic matrix inequality

—AP — PA + P(e; "WoWq + ey ' WiWT + 5 ' WoW] )P
+€1G§G0 + EQG’{Gl + 6372G5G2 <0 (6)

holds, then the dynamics of the neural network (3) is globally asymptotically stable.
Proof: 1t follows immediately from (4) that

17 )L(t) < |Giz|* = 2" GT Gz (7)

In order to establish the stability conditions, we introduce the following Lyapunov functional candidate

B(x(t)) = 7 (1) Per(t) + / T (6)Qua(s)ds + / /+ n)Qae” (n)dnds, (8)

where P is the positive definite solution to the inequality (6), and @1 > 0 and Q2 > 0 are defined, respectively,
by

Q1 :=e2G] Gy, (9)
QQ = 637G§G2. (10)
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The time derivative of ®(z(t)) along a given trajectory is calculated as follows:

L(da;(t)) = 2" (t)(—AP — PA+ Q1 + 7Q2)x(t) + 2" (1) PWolo(t) + Ig ()W Px(t)

+ 2T () PWyly(t — h) + 17 (t — B)W{ Pa(t)
t
— 2l (t — h)Qrx(t — h) + &' () PWy / ly(s)ds

t—7

+ (/tt l2(8)ds>TW2Px(t) - /tt ' (5)Qax(s)ds. (11)

-7 -7

Let €1 > 0, e9 > 0, €3 > 0 be three positive scalars, and denote
et 2lo(t) — ey PWE Pa(t)
A= | elnit-h - Pwlrsi) | . (12)
6§/2 ftt_T lo(s)ds — 6§1/2W2TPa:(t))
Then, it follows from the matrix inequality ATA > 0 and the relation (7) that
oL (1) PWolo(t) + I ()W Px(t)
+ 2 () PW1ly(t — h) + 1T (t — h)W{ Px(t)

+ el (t)PW, /t lo(s)ds + </tt 12(s)ds)TW2Pa:(t)

t—T —T

IN

el (W)lo(t) + e o’ () PWoW Px(t)
+ eolT(t — h)ly(t — h) + e5 L () PWLWT Px(t) (13)

T
+ &3 (/tt 12(s)ds) /tt ly(s)ds + e5 tat (t) PWoW Px(t)

-7 -7

IN

2T (1) (e1GEGo + 67 ' PWoW( P + ey ' PWiW{ P + 5 PWoW, P)x(t)

oot (t = WGTGra(t — h) + e </tt lg(S)dS)T/tt I (s)ds. (14)

-7 -7

Furthermore, from (7), (10) and Lemma 2, we have that

t
/t el (s)Qax(s)ds

—T

t
= 637‘/ el (s)GT Gox(s)ds
t—T

t
> 537/ 13 ()la(s)ds
t

—T

> &3 </t: lQ(S)dS)T/t: lo(s)ds. (15)

Using (14) and the definition of @1 and Q5 in (9) and (10), it indicates from (11) and (15) that
% < a:T(t){ —ATP — PA+ P WoW! + &5 ' WiW ! + 5 ' WoWE) P
+e1GTGy + 26T G + 5372G§G2}x(t) (16)
which implies from the condition (6) that

d®(x(1))

g S —)\min(—H)|x(t)|2. (17)
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where
I = —A'P— PA+ P(e; 'WoW{ + ey ' WAWT + 5 'WoW])P
+e1GEGo + e2GT G + e37°GE Gy < 0.

It can now be concluded from Lyapunov stability theory that the dynamics of the neural network (3) is
globally asymptotically stable. This completes the proof of Theorem 1. |

In Theorem 1, the stability analysis result (i.e., the stability criterion) is established in terms of a quadratic
matrix inequality (6), which contains several scalar parameters. Obviously, it is generally difficult to solve
such a quadratic matrix inequality since some tuning over the scalar parameters €1 > 0, €2 > 0 and €3 > 0 is
needed. Fortunately, such a difficulty can be overcome by resorting to the linear matrix inequalities (LMIs).
It should be mentioned that, in the past decade, LMIs have gained much attention for their computational
tractability and usefulness in many areas, including the stability testing for neural networks [7], because the
so-called interior point method (see [3]) has been proven to be numerically very efficient for solving the LMIs.
Thus, our next goal is to restate Theorem 1 in terms of LMIs.

Theorem 2: If there exist three positive scalars 1, €2, 3 and a positive definite matrix P € R"*™ such that
the following linear matrix inequality

[ —AP — PA PW, &G} PW; &Gt PWy, e37GE ]
wip -l 0 0 0 0 0
e1Go 0 -—el 0 0 0 0
wilp 0 0 —el 0 0 0 <0 (18)
£2G1 0 0 0 —e 0 0
wip 0 0 0 0 —el O
| e37Ge 0 0 0 0 0  —esl |

holds, then the dynamics of the neural network (3) is globally asymptotically stable.
Proof: Assume that the condition of this theorem is satisfied. Pre- and post-multiplying the inequality
(18) by the block-diagonal matrix

diag{l,e; 27 €1 ~127 , €9 127 _1/2I 6_1/2 Ie _1/2 I}

yield
oo e VPPw, eYAGT & ViPwy eGT &' PPw, el*rGT ]
T Pwip -1 0 0 0 0 0
e1?Gy 0 - 0 0 0 0
e PwTp 0 0 —I 0 0 0 <0, (19)
er?Gy 0 0 0 - 0 0
et W, P 0 0 0 0 -1 0
| e3'1Go 0 0 0 0 0 -1 |
or
o Qr
bR <o, (20)
Q3 —{
where
Q, = —AP—PA
Q = I,
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It follows from the Schur Complement Lemma (Lemma 1) that (20) holds if and only if

Q1+ Q50,103 <0,

or
—AP — PA+ ¢ *PWoW{ P + &1G§ Gy + &, L PW W P
+e9G1 Gy + e3 ' PWoWY P + £37°G5 G2 < 0, (21)
which is (6). Hence, the proof follows from Theorem 1 immediately. [

Remark 3: Notice that in Theorem 2, the matrix inequality (18) is linear on the parameters e > 0, g2 > 0,
€3 > 0, and P > 0. Therefore, by using the Matlab LMI toolbox, it is straightforward to check the feasibility of
(18) without tuning any parameters, so as to determine global asymptotic stability of the neural network with
both discrete and distributed delays. In contrast to the existing results based on matrix norm computation,
such as those given in [1], [5], our LMI approach has the advantage that the LMIs can be solved numerically
and effectively by using the interior-point method [3].

IV. NUMERICAL EXAMPLES

Two simple examples are presented here in order to illustrate the usefulness of our main results. Our aim
is to examine the global asymptotic stability of the give delayed neural networks.

Ezample 1. Consider a two-neuron neural network (3), where
09 0 1 1.7 1 06 04 0.3
A = ? WO - 5 W]_ - s W2 = s
0 038 -1.6 1 0.5 0.8 0.1 0.2
01 0 01 0 02 0
) Gl = ) G2 =
0 0.1 0 0.1

Gy =
’ 0 0.1
By using the Matlab LMI toolbox, we solve the LMI (18) for e; > 0, e > 0, €5 > 0, P > 0 and obtain

] . T=0.12.

0.2360 0.0805

e1=1.1491, ey =1.1483, &3 =1.1563, P =
0.0805 0.2679

Therefore, it follows from Theorem 2 that the two-neuron neural network (3) is globally asymptotically stable.
Ezample 2. Now, let us consider a third-order delayed neural network described by the following data

23 0 O 09 -15 0.1
A= 0 34 0 |, Wo=| —1.2 1 021,
0 0 25 0.2 03 038
0.8 0.6 0.2 0.3 02 0.1
Wiy=1(105 07 01|, Wo=1]10.1 02 0.1 {,
0.2 0.1 0.5 0.1 0.1 0.2

T = 0.12, GO = G1 = GQ = 0.2]3,
Again, by solving the LMI (18) for 1 > 0, g9 > 0, 3 > 0, and P > 0, we obtain

1 = 22.3438, &y = 22.0979, &5 = 22.9265,

4.2234  0.3039 —0.0727
P = 0.3039  3.3450 —0.1046 |,
—0.0727 —0.1046 4.8751
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which indicates that the delayed neural network (3) is globally asymptotically stable.

For Example 1 and Example 2, the responses of neuron dynamics to initial conditions are shown in Fig. 1

and Fig. 2, respectively. The simulation results imply that, in both examples, the neural network (3) is indeed

globally asymptotically stable.

Amplitude

Example 2: Responses of Neuron Dynamics to Initial Conditions (4,1,-4)

Example 1: Responses of Neuron Dynamics to Initial Conditions (6,3) 4 ; ; ; , .
4 T T T T T
351 g 3F B
3t b s 4
25F b
ir E
2 12
2
TEl 0 H,.m\'*“'—'_;“'VH““_‘-‘-‘-"_l-‘-.—‘-
15+ 4 < _--"
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-1k P B
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,,,,,,,,,,,,,,,, A
-0.5 L L I L L -4 Il Il Il Il L
0 0.5 1 15 2 25 3 0 0.5 1 15 2 25 3
time (second) time (second)
Fig. 1. @ (solid), 2 (dotted). Fig. 2. x (solid), o (dotted), x2 (dashed).

V. CONCLUSIONS

In this paper, we have dealt with the problem of global asymptotic stability analysis for a class of delayed

neural networks, which involve both discrete and distributed time delays. We have removed the traditional

monotonicity and smoothness assumptions on the activation function. A linear matrix inequality (LMI)

approach has been developed to solve the problem addressed. The conditions for the global asymptotic stability

have been derived in terms of the positive definite solution to an LMI involving several scalar parameters, and

simple examples have been used to demonstrate the usefulness of the main results.
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