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Abstract

In this paper, the synchronization problem is investigated for a class of stochastic complex networks with time
delays. By utilizing a new Lyapunov functional form based on the idea of ‘delay fractioning’, we employ the stochastic
analysis techniques and the properties of Kronecker product to establish delay-dependent synchronization criteria that
guarantee the globally asymptotically mean-square synchronization of the addressed delayed networks with stochastic
disturbances. These sufficient conditions, which are formulated in terms of linear matrix inequalities (LMIs), can be
solved efficiently by the LMI toolbox in Matlab. The main results are proved to be much less conservative and the
conservatism could be reduced further as the number of delay fractioning gets bigger. A simulation example is exploited

to demonstrate the advantage and applicability of the proposed result.
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I. INTRODUCTION

Over the last few years, the complex networks have received increasing research attention from all fields
of the basic science and the technological practice [1-10]. Complex networks can have applications in almost
everywhere of the real world with examples including genetic networks, the Internet, and social networks etc.
There have been a rich body of literature on analyzing complex networks, and one of the most significant
dynamical behaviors of complex networks that has been widely investigated is the synchronization motion of
its dynamical elements.

In practice, the information transmission within complex networks is in general not instantaneous since the
signals traveling speed is limited. This fact gives rise to the time delays that may cause undesirable dynamic
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network behaviors such as oscillation and instability. It is worth pointing out that, among most existing results,
the network synchronization problem has been predominantly studied for deterministic complex networks with
or without delays, see [2-5,9-14] and the references therein. For example, the global synchronization problem
for complex networks without delays has been explored in [2,4, 5]; the network synchronization problem of
complex networks with delays or coupling delays has been studied in [3,10,12,14]; and the literature [9,11,13]
has been concerned with the adaptive synchronization problem of some dynamical networks.

In a real world, the signal transfer within complex networks could be perturbed randomly from the release
of probabilistic causes such as neurotransmitters [15] and packet dropouts [16]. When analyzing the dynamical
behaviors of complex networks, the obtained results are often largely affected by the stochastic disturbances.
Subsequently, the synchronization problem for stochastic networks has begun to receive some initial research
interests. In [17-21], the synchronization problems have been intensively investigated for delayed complex
(or neural) networks with stochastic disturbances, where the criteria ensuring the synchronization among
networks have been derived mainly based on the Lyapunov approach that is capable of coping the time-
delays. Therefore, One of the main issues aroused here is how to reduce the possible conservatism induced
by the introduction of the Lyapunov functional. Recently, the so-called ‘delay fractioning’ approach has been
developed in [22,23] that is shown to lead to much less conservative results than most existing literature.
To the best of the authors’ knowledge, the synchronization problem for stochastic delayed complex networks
(SDCN) has not been fully investigated, and there still exists much room for further research such as the
reduction of conservatism by using latest analysis techniques.

In this paper, we investigate the synchronization problem in an array of identical SDCN with time delays.
By employing the properties of Kronecker product [24] and the stochastic analysis techniques [25,26] com-
bined with the ‘delay fractioning’ approach [22,23], we construct a novel Lyapunov functional to attain new
synchronization criteria, which are formulated in the form of linear matrix inequalities (LMIs) [27]. Note that
the LMIs can be solved by using the standard numerical software. Our result is shown to be less conservative
as the conservatism could be reduced when the number of delay fractions becomes bigger.

The remainder of this paper is organized as follows. In Section II, a stochastic complex network model
with constant time delays is proposed and some preliminaries are briefly outlined. In Section III, by utilizing
the approach of ‘delay fractioning’ and the Lyapunov functional method, we conduct the stochastic analysis
to obtain delay-dependent sufficient criteria in terms of LMIs, so as to ensure the considered stochastic
complex network with stochastic disturbances to be globally synchronized in the mean square. In Section IV,
a simulation example is provided to show the advantage of the obtained result. The conclusions are finally
drawn in Section V.

Notations: Throughout this paper, R™ and R™*" denote, respectively, the n dimensional Euclidean space
and the set of all n x m real matrices. P > 0 means that matrix P is real, symmetric and positive definite. 1
and 0 denote the identity matrix and the zero matrix with compatible dimensions, respectively; and diag{--- }

stands for a block-diagonal matrix. The superscript “I” stands for matrix transposition and the asterisk “x”



in a matrix is used to represent the term which is induced by symmetry. The Kronecker product of matrices
Q € R™™ and R € RP*? is a matrix in R"P*"™ and denoted as Q ® R. We let 7 > 0 and C([—7,0]; R")
denote the family of continuous functions ¢ from [—7,0] to R™ with the norm |p| = sup_,<g<o[l¢(0)],
where || - || is the Euclidean norm in R™. Moreover, let (Q, F,{F;}+>0, P) be a complete probability space
with a filtration {F;}+>¢ satisfying the usual conditions (i.e., the filtration contains all P-null sets and is
right continuous). Denote by L% ([—7,0]; R") the family of all Fy-measurable C([—7,0];R")-valued random
variables § = {{(0) : —7 < 6 < 0} such that sup_, <y<( E|{(0)[|P < oo, where E{-} stands for the mathematical
expectation operator with respect to the given probability measure P. Sometimes, the arguments of a function

will be omitted in the analysis when no confusion arises.

II. PROBLEM FORMULATION AND PRELIMINARIES

Consider the following array of identical delayed complex networks with stochastic disturbances:

N N
dri(t) = |Awi(t) + Bf(@i(t)) + Bof(zi(t — 7)) + > GVTua;(t) + Y G Toy(t — 1) | dt
j=1 j=1
+Ul(t7xl(t)7xl(t_T))dw(t)7 L= 17277N7 (1)
where z;(t) = (zs1(t),...,2in(t))T € R™ is the state vector of the ith network at time ¢; A denotes a known

connection matrix; B and B, denote, respectively, the connection weight matrix and the delayed connection
weight matrix; 'y, I's € R™ ™ are matrices describing the inner-coupling between the subsystems at time ¢
and t — 7, respectively; G = (GE;))NxN and G@ = (GZ(-?))NX]V are the outer-coupling configuration matrices
representing the coupling strength and the topological structure of the complex networks. The constant 7

stands for the constant time delay, which satisfies
0<r<h.

Furthermore, o;(-, -, ) : RxR™ x R™ — R™ is the noise intensity function vector, and w(t) is a scalar Brownian

motions defined on (2, F, P) satisfying
E{dw(t)} =0 and E{[dw(t)]*} = dt. (2)

Finally, f(z:(t)) = (fi(zi1(t)), ..., fa(zim(t)))T is an unknown but sector-bounded nonlinear function.
Throughout this paper, the following assumptions are needed.

Assumption 1: [3] The outer-coupling configuration matrices of the complex networks (1) satisfy

N
GP=GP>0 (i#£j), GP=-> G? (¢=12% i,j=12...,N). (3)
=L

Assumption 2: [15,28] For Yu,v € R™, the nonlinear function f(-) is assumed to satisfy the following

sector-bounded condition

()= £0) = Lyt v))T (0 - 1) = =) <o. @)



where L; and L' are real constant matrices with L¥ — L ¢ being symmetric and positive definite.

Remark 1: The nonlinear function f(-) satisfying Assumption 2 is said to belong to the sector [Ly, L'] and
it should be pointed out that this nonlinear condition is more general than the usually Lipschitz conditions
which have been widely used in [10,17,20].

Assumption 3: The noise intensity function vector o; : R x R™ x R" — R" satisfies the Lipschitz condition,

i.e., there exist constant matrices W7 and Wy of appropriate dimensions such that the following inequality
T
(05(t,ur,v1) — 05(t,uz,v2))" (oi(t, ur, v1) — 0j(t, uz,v2)) < Wi (ur — u2)||* + [[Wa(vr — v2)|? (5)

holds for all 4, 5 = 1,2,..., N and uy, v1, ug, v9 € R™.

Let
ot) = (2F(0),al(t),....a50)",
Fz(t) = (ff(@1), fF(@20),.... ffan(t),
Ft-7) = (fTat—7), fM (@2t — 7)), ,fT(wN(t—T)))T,
o(t) = (o7 (tar(t),21(t — 7)), 08 (t,wa(t), ma(t — 7)), .., okt an (), an (t — 7))

With the Kronecker product ‘®’ for matrices, system (1) can be recast into

do(t) = [(In® A+ GO @Ty)z(t) + (G @ Ty)a(t — 7) + (Iy ® B)F(x(t))
F(In ® Bo)F(x(t — 7)) dt + o(t)dw(t). (6)

The initial conditions associated with system (1) are given by
xi(s) = ¢i(s), —-h<s<0, i=12,...,N (7)

where ¢;(+) € L%ro([—h, 0],R™), and the corresponding state trajectory is denoted as z;(t, v1,¥2,...,oN).

Before stating the main results, some definitions and lemmas are introduced.

Definition 1: The set S = {x = (z1(s),x2(8),...,xn(8)) : xi(s) € L%ro([—h, 0, R™), zi(s) = zj(s), 1 <
i,7 < N} is called the synchronization manifold of network (1) or (6).

Definition 2: The synchronization manifold § is said to be globally asymptotically stable in the mean square
(in other words, the delayed complex network (1) is globally asymptotically synchronized in the mean square)

if, for all ;(-), p;(-) € szo([—h,O],R"), the following holds:

tim E{|lai(t, ) — 2;(t. )P} =0, 1<i<j<N. (8)
Lemma 1: [24] The Kronecker product has the following properties:
1) (aA) ® B=A® (aB);
2) (A+B)eC=AC+B®C,
3) (A® B)(C® D) = (AC) ® (BD);
) (

(
(
(
(4) (Ao B)T = AT @ BT.



Lemma 2: [29] For scalar r > 0, let M € R™*™ be a positive semi-definite matrix and p : [0,7] — R™ be

a vector function. If the integrations concerned are well defined, then the following inequality holds:

r/or pl (s)Mp(s)ds > </0T p(S)d8>TM</OT P(S)d3>~

Lemma 3: Let U = (ayj)nwn, P € RV, o = (21,27, ...,a:%)T where z; = (i1, 2, ..., 2in)! € R™ and

y =y, yl, .. yl)T where y; = (yi, vi2, .-, Yin)? € R" (k=1,2,...,N). If i/ = U and each row sum of U
is zero, then

a;T(U ® Py = — Z Oéij(xi - ﬂfj)TP(yz' - ?Jj)'
1<i<j<N

III. MAIN RESULTS AND PROOFS

In this section, we are in the position to present our main results for synchronization criteria of the delayed
complex networks with stochastic disturbances.

Theorem 1: Consider the complex network (1) with time-delay 7 € (0, h|. For a given an integer r > 1, if
there exist 2(r 4 1) matrices P, > 0, P, > 0, Q > 0, Ry, > 0, r + 1 matrices My, S, and r + 1 positive scalars
A, €, (k=1,2,...,r) such that the following LMIs hold for all 1 <i < j < N:

P o< A, (9)
©; = WHQWo+WERWR + WIA;Ws + WIEW, <0, (10)
where
Irn ™ Orn n OTTL TN n OTTL rMm-+n ITTL ™ OTTL ™™ n
Wo = X X X (2rn+2n) . Wg= X (rn+n) X x(rn+2n) ’

Ornxn Lrnxrn 0rn><(2rn+2n) 0rn><(rn+2n) Lrnxrn Ornx(rn—l—n)

Inxn Opx (3rn+2n)

Lrnxrn 0rn><(2rn+3n) Onxrn Inxn 0n><(2rn+2n)
We = Ornx(rn-l—n) Lrnxrn Ornx(rn+2n) , Ws= Onx(rn—i—n) Inxn 0n><(27’n+n) )
Ornx(2rn+2n) [T’nxrn Ornxn Onx(2rn+n) Inxn Onx(rn—i—n)

Opx (3rn+2n) Lxn

—-e®L e®L -M
- Q+M+MT —M . R _
Q: R R = N = = * —2€®In 0 )
* -Q -R
* k _EPZ



ALY -NGP P, PB PB, ATST - NGUTTST |
x AWIW, 0 0 ~NGTTST
Aij = * * 0 0 BTST ,
* * * 0 BI'ST
| * * * hPy, — S — ST ]

A = PA+ ATP — NG(PITy + TTPy) + AW W,
=05 + L Ly L= (LT + L"), Pa = I, ® Py, = diagfer, 60, .., &},

Q = diag{@lv Q27 SRR QT}7R = diag{Rlv Ry, ... aRT}v M = dia’g{M17 M, ... aMT}7

then the asymptotic synchronization in the mean square in (8) is achieved.

Proof: By setting

yt) = (In @ A+ GV @T)z(t) + (GP @)zt — 7) + (In @ B)F(z(t)) + (In ® B.)F(z(t — 7)),  (11)

system (6) becomes

dx(t) = y(t)dt + o(t)dw(t).

Based on the ‘delay-fractioning’ idea, we introduce the following new Lyapunov functional candidate for

the complex network (1) (or (6)):
V(t) = Vi(t) + Va(t) + Vs(t) + Va(d), (12)
where

Vi(t) = " (t)(U @ Pa(t),

0 t
Valt) = / y7(s)(U ® Py)y(s)dods,

—7 Jt+0
r k=1
V) = 3 / 2T (5)(U ® Qp)x(s)ds,
k=1 t—=T
r et
Vi = 3 / T FT(a(s)(U @ Ry)F(a(s))ds.
k=171"7T
with » > 1 (number of fractions) being is an integer and
(N-1 -1 - 1]
-1 N-1 --- -1
U=
-1 -1 -+ N-1
- - NxN
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Letting . be the weak infinitesimal operator of the stochastic process {z; = z(t + s)|t > 0,—h < s < 0}

along the trajectories of the network (1) (or (6)), then one has

ZLVi(t)

ZLVa(t)

ZLVs(t)

( )(U @ Py(t) +

+(In ® B)F(z(t)) +

o' (t)(U @ Pr)o(t)
U @ Py) [IN®A+G(1 ®@ ')z (t) +

(In @ B)F(x(t — 7)) | + oL (t)(U @ Py)o(t);

+(GP @)zt — 1)

V'O @ Py~ [ (U @ Pays)ds

O © Pyt = [ (60 Poy(s)ds
't —7)(U®Qa(t—1)
—Z< (t— —T YU @ Qr—U®Quy1)x(t — %ﬂ)

2T (t)(U ® Qu)a(t ( ) —

1T

[ U Q

U® Qs

_U®Q1

U® Qo

[ Us R,

_U®R1

U® Ry

U® Ry

UeQ, |

UeQ, |

U®R, |

U®R, |

(13)
(14)
x(t)
x(t — +7)
x(t — 7717')
x(t — %T)
2,
a(t .r ) 7 (15)
x(t—7) |
[ F)
F(xz(t — i7))
F(a(t = 517))
F(x(t —+71))
_2
F(x(t. 7)) (16)
F(x(t—1))




From Lemma 2, it follows that

- [ Fewerwwis = =3 [ oW @ Puts)ds (1)

IA
|
7~
el
|
—
\
T
kS
\‘
3
=
V2]
~——
ISH
»
N———
~
—~
3
®
-
~—
\
T o~
|3 |
3 >
=
Vo)
~—
ISH
»
N———
| —

k::l T ™
r r t—k=Llr T et
< —— </ y(s)ds) U ® P) </ y(s)ds) )
h t—kr t—kr
k=1 r r
From the Newton-Leibniz formula, we have that for any matrices My(k =1,2,...,r),
-1 E—1 k t—t=lr t—h=lr
227 (¢~ S L) © My) (alt — L 7) — (e~ Tr) - / T yls)ds - / T o(s)dw(s) ) = 0. (19)
t—-T t—2r

In addition, for any matrix S, the following is true:

T =247 (¢)(U ® S) [(IN @A + GWeT)zt)+ (G? @ o)zt — 1)

+ (Ux®B)F@®)+ Iy ®B)Fat-)-y®)] =0.  (19)
Noting that UG®W = GOU = NGW (1 = 1,2), for any matrix H with appropriate dimension, we obtain
(U H)(GY eIy = (UGY) @ (HT;) = (NGY) @ (HT;). (20)
Combining (13)-(19) together with the property (20), we have
ZV(t)

- > [(:w(t) — ()" <P1A +ATP — NG (PiTy + FlTPl)> (i(t) — x;(t))

1<i<j<N

+2(xi(t) — 2;(t)" <P1B(f($i(7f)) — fz;(t) + PLBr(f (wi(t — 7)) — f(x;(t = 7)))

~ NG PiTa(wilt — 7) — a;(t - T>>) + (ilt) =y ()T (WPy — 8 = ST (ws(t) — (1))
(@it i (t), it — 7)) = 05t 25 (1), (8 — 7)) Py (0t w4(8), 2t — 7)) — 01,25 (8), 25t — 7))
~2T0) = VO M (Tt = 1) = Tyt = 10) + (24(0) = 24(0) + ((0) - 2(0)

—=(2i(t) = 2,0) Pa(Zi(t) = 25(6) + 2(i(t) — 250 (ATST = NGPTTS)wilt) - (1))
—2((wi(t — 7)) — 2;(t = T)TNGITTST (ilt) — (1)) + 2(F (wa(t)) — f(;(£)T BT ST (yi(t) — w;(2)
+2(f(i(t — 7)) — F (ot = )T BTST (s(t) — (1) + OO T 0)7(Q + M + MT)(Ts(t) — (1))

(it = 17) = Tyt = ) QUTsE — 17) = Tyt — 7)) + (Flt) — F() RIFi(E) — F5(0)

~(F(t =) = Filt— DTR(Fi(t — 1) - Fi(t— ), (21)



where P2, Q, R, M are defined in (10), and

wt) | [ @) S wi(s)ds
i —lT X; —lT t_zl (S
r—| " | mmo | (O | gy | AEEOE
i zi(t — TT_lT) ] i fli(t — %7)) ] i ftt__T%Tyi(s)ds ]
[ [, o(s)dw(s)
Qz(t) = ft—g‘F O-.(S)dw(S) )
ST a(s)duls)

According to (5) and (9), it is clear that

(03t 2i(t), @it — 7)) — 05 (t,25(t), 25(t — 7)" Py (03t 2i(t), @it — 7)) — 05 (t,25(), 25(t — 7)) (22)
<A [(2i(t) — 25 (0) W Wi (i (t) — () + (it — 1) — 25(t — 7)) W3 Wa(ai(t — 7) — 2j(t — 7))] .

Moreover, from Assumption 2, for ¢, > 0(k =1,2,--- ,7), it can be derived that

zi(t — 1) —aj(t — L) ' L -L zi(t — ELr) —ay(
| - ) - fae - ) # 20 || fla(t = BE) = flay(

e

L7)
, )] <0, (23)

with L = L?Lf + LfTLf, L= (L? + LfT). Obviously, one has from (23) that

(Ti(t) — 150" <2<s © L)(Fit) - Z3(1)) — (@) E(Ti(t) — Tj<t>>)

—(Fi(t) = F5(1)" (2 © L) (Fi(t) — F5(t)) > 0, (24)
with e = diag{ey, €2,...,6,} > 0.
Using (22) and (24), we obtain
E{2V(} < Y &ht)0u&;() (25)
1<i<j<N
where
Ti(t) — Y;(t)
zi(t—71) —x;(t —7)
fz(t) - 9]- (t)
&ij(t) =
f(zi(t — 7)) = flz;(t — 7))
Zi(t) — Z5(t)
yi(t) — y;(t)

and ©;; is defined in (10).
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From (10), it is guaranteed that all the subsystems in (1) are asymptotically synchronized for any fixed
time delay 7 € (0, h]. The proof is completed. |
Remark 2: Based on the ‘delay fractioning” method, we construct a more general Lyapunov functional to
analyze the synchronization problem of the delayed complex networks. The new delay-dependent conditions
presented in Theorem 1 are formulated in the form of LMIs, which can be solved by the LMI toolbox in
Matlab. Moreover, the conservatism of the results in Theorem 1 can be reduced by increasing the number of

fractions of the time delay.

IV. A NUMERICAL EXAMPLE

In this section, we present a simulation example so as to illustrate the advantage and usefulness of our main
results.
Ezample 1: Consider a coupled complex network (26) consisting of three identical models. The state equa-

tions of the entire array are

3 3
doi(t) = | Azi(t) + Bf(2i(t)) + B f(wi(t — 7)) + Y GITaa;(t) + > G Do (t — ) | dt

j=1 j=1
+o(t,x;i(t), z;(t — 7)dw(t); (26)

where x;(t) = (z;1(t),2i2(t))T (i = 1,2,3) is the state vector of the ith subsystem. Choose the coupling

matrices G, G? and the linking matrices I'y, T’y as

b oo 05 0 0.5 0.1
GW=11 —2 1 |[,G¥=| 1 —2 1 [;Dh1=]|" ,To=|
0.1 0.5 0 04
1 1 =2 2 1 =3
The other parameters are as follows:
-2 0.2 0.6 —0.1 —-0.5 —0.1
A= , B= , B;=
0.2 —-1.6 -0.3 0.5 0.2 -—1.5

The nonlinear function is given by f(y(t)) = (fi(y1(t)), fo(y2(t)))T with f;(y;) = tanh(y;) (i = 1,2) and the

noise intensity function vector o(-,-,-) is of the following form:

~0.05 005 0.1 —0.1 y(t)

ot y(t),y(t — 7)) =
0.05 —0.05 0.1 —0.1 | | y(t—7)

Obviously, the nonlinear functions satisfy Assumptions 2-3 with

0 0 s 10 0.2 —0.2 —-0.1 0.1
Ly = , L= ; W= ; Wa=
0 0 0 1 0.2 —-0.2 0.1 -0.1
According to Theorem 1, the array of coupled delayed complex networks (1) with stochastic disturbances

can achieve globally asymptotically synchronization in the mean square under the allowable maximum delay.
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By using the Matlab LMI Toolbox, LMIs (9)-(10) are feasible (the solutions are not given there for the purpose
of space saving). When we set r = 1, the time delay bound is 0.9475, and when we take r = 2, the allowable
maximum delay increases to 0.959. It can be seen that, the more the number of fractions, the less conservative
the criterion is.

By randomly choosing the initial states in [0, 1] x [0, 1] and under the case 7 = 0.959, the synchronization
errors are plotted in Fig. 1 and Fig. 2, which confirm that the complex dynamical system (1) is globally

synchronized in the mean square.

V. CONCLUSIONS

In this paper, we have dealt with the analysis problem for network synchronization of a class of stochastic
delayed complex networks with NV identical subsystems. By employing a ‘delay fractioning’ approach, we
have constructed a novel Lyapunov functional, and then we have used the properties of Kronecker product
and stochastic analysis theory to obtain the synchronization conditions. The criteria derived in this paper
are dependent on the allowable maximum delay, and it has been proved that the more the delay fractions
are, the less conservative the result will be. Moreover, the LMI-based criteria can be verified by the standard
numerical software. In the end of the paper, we have given an example to show the advantage and usefulness

of our results.
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Captions:

Figure 1: Synchronization error of z;;(t) — 11 (i = 2,3)

Figure 2: Synchronization error of z;(t) — x15 (i = 2,3)
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