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1 Abstract

2 This paper presents a nonlinear deterministic model for assessing the im-
3 pact of public health education campaign on curtailing the spread of the HIV
4 pandemic in a population. Rigorous qualitative analysis of the model reveals
5 that it exhibits the phenomenon of backward bifurcation (BB), where a stable
6 disease-free equilibrium coexists with a stable endemic equilibrium when a cer-
7 tain threshold quantity, known as the effective reproduction number (Ref¢), is
8 less than unity. The epidemiological implication of BB is that a public health
9 education campaign could fail to effectively control HIV, even when the classical
10 requirement of having the associated reproduction number less than unity is sat-
1 isfied. Furthermore, an explicit threshold value is derived above which such an
12 education campaign could lead to detrimental outcome (increase disease burden),
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and below which it would have positive population-level impact (reduce disease
burden in the community). It is shown that the BB phenomenon is caused by
imperfect efficacy of the public health education program. The model is used to
assess the potential impact of some targeted public health education campaigns

using data from numerous countries.

Keywords: HIV /AIDS; Reproduction number; Stability; Equilibria; Backward bifurca-

tion.

1 Introduction

Since its emergence in the 1980s, the human immunodeficiency virus (HIV), and the as-
sociated syndrome of opportunistic infections which lead to the late stage HIV disease,
known as the acquired immunodeficiency syndrome (AIDS), continues to be one of the
most serious global public health menace. Over 33 million people are currently living
with HIV (UNAIDS, 2007). Based on the current trends, over 6800 persons become
infected with HIV, and 5700 die from AIDS-related causes, every day (UNAIDS, 2007).
AIDS is the leading cause of death in sub-saharan Africa, especially in the southern
part of the continent. Moreover, 68% of HIV-related deaths and 76% of the total new
infections occurred in sub-saharan Africa (UNAIDS, 2007). There is still no cure or
vaccine for HIV, and anti-retroviral drugs (ARVs) are still not widely accessible, partic-
ularly in the resource-poor nations (which suffer the vast majority of the HIV burden
globally). Yet, HIV remains preventable through the avoidance of high-risk behaviour,
such as unprotected sexual intercourse and sharing of drug injection needles. Thus,
in the absence of pharmaceutical interventions (such as a vaccine or ARVs) in areas
where the HIV pandemic is more rampant (notably developing nations), the effective

control of HIV would depend, primarily, on reducing behavioural risks. This could be
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achieved through effective public heath education campaign.

Unfortunately, however, surveys around the world show alarming low level of aware-
ness and understanding about HIV and its preventive measures (Keitshokil et al., 2007
Pérez et al., 2008). Recent studies indicate that the most effective available means to
control the prevalence of HIV is to provide HIV-related education, which will lead to
safe lifestyles among sexually-active members of the public (Bortolotti et al., 1992;
Morton et al., 1996). Moreover, education, as a sole anti-HIV intervention strategy,
may not be sufficient to motivate behaviour change (Berker & Joseph, 1998). Studies
show that public health education increases self-efficacy, which is a determinant for
controlling risky behaviour (Lindan et al., 1991). Furthermore, as noted by Cassell
et al. (2006), the benefits of new methods of HIV prevention could be jeopardised
if they are not accompanied by positive efforts to change risky behaviour. This is
in line with the well-known fact that sexual education and awareness of the risk and
life-threatening consequences of AIDS can lower the incidence rate in HIV infection
(Velesco-Hernandez & Hsieh, 1994).

Public health education campaigns have been successfully implemented in numerous
countries and communities, such as: Uganda, Thailand, Zambia and the US gay com-
munity (Daniel & Rand, 2003; de Walque, 2007). Between 1991-1998, HIV prevalence
dramatically declined in Uganda from 21% to 9.8% (with a corresponding reduction
in non-regular sexual partners by 65% coupled with greater levels of awareness about
HIV/AIDS; Daniel & Rand, 2003). The Ugandan programme fostered community
mobilization towards change in risky behaviour, without increasing stigma (Green et
al., 2006; Wilson, 2004). In Zambia, the decline in HIV incidence since early 1990s is
attributed to behavioural changes (Fylkesnes, 2001).

There are a number of ways (or strategies) public health education campaigns can be

implemented (or targeted) effectively to combat the burden of HIV disease (measured
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in terms of new cases, mortality etc) in a community. This study considers the following

targeted strategies:
e targeting adult (“established”) sexually-active susceptible individuals only;
e targeting newly-recruited sexually-active susceptible individuals only;
e targeting HIV-infected individuals without clinical AIDS symptoms only; or
e targeting HIV-infected individuals with AIDS symptoms only.

The primary goal of this study is to theoretically determine which of the aforemen-
tioned targeted strategies (or combination of strategies) is (are) the most effective in
curtailing HIV spread in a community.

A number of mathematical models have been designed and used to study the impact
of preventive control strategies on the spread of HIV/AIDS in given populations. Some
of these studies have shown that a change in risky behaviour is necessary to prevent
raging HIV /AIDS prevalence, even in the presence of a vaccine and/or treatment (see,
for instance, Anderson, 1988; Blower & McLean, 1994; Del Valle et al., 2004; Kribs-
Zaleta & Valesco-Hernandez, 2000). Anderson (1988) predicts rapid transmission
of HIV when the infected individuals engage in risky behaviours. Smith & Blower
(2004) reported that disease-modifying vaccines will reduce HIV transmission if they
cause a reduction of 1.5 logyg copies/mL or more in viral load and if risky behaviours
do not increase. The studies mentioned above tend to emphasize the use of pharma-
ceutical interventions (such as vaccine and ARVs), which are not readily and widely
available (especially in resource-poor nations, which constitute the vast majority of
the global HIV prevalence). Thus, it is instructive to study models that focus on non-
pharmaceutical interventions, such as the use of public health education campaign.

A few modelling studies, such as those by Mukandavire et al. (2009), Mukandavire
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and Garira (2007) and Del Valle et al. (2004), have investigated the impact of public
health educational campaigns on the transmission dynamics of HIV /AIDS in some pop-
ulations. The purpose of the current study is to extend some of the aforementioned
studies, by designing and analyzing a new comprehensive model, for HIV transmis-
sion in a population, that incorporates the role of public health education campaign
(and using the model to evaluate the impact of some targeted public health education
strategies).

The paper is structured as follows. The model is formulated and fitted with real
data in Section 2. Public health education campaign strategies are assessed, both
theoretically and numerically, in Section 3. The existence of backward bifurcation is

established in Section 4.

2 Model Formulation

The total population at time ¢, denoted by N(t), is sub-divided into the following mu-
tually exclusive sub-populations: uneducated susceptible individuals (S,(t)), educated
susceptible individuals (S,(t)), uneducated infected individuals with no AIDS symp-
toms (1,(t)), educated infected individuals with no AIDS symptoms (Z.(t)), uneducated
infected individuals with AIDS symptoms (A, (t)) and educated infected individuals
with AIDS (A.(¢)). Here, (un)educated means individuals who (do not) receive proper
public health education or counseling against risky practices that may result in HIV
infection. The model takes the form of the following deterministic system of nonlinear

differential equations:
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» (1)
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die = Ue]e + 1/)2Au - FLAe - 5€A€7

where,

6(Iu ";VnuAu) and )\e _ ﬁ(le _;vneAe) .

Ay =
The rates A, and A\, above are the forces of infection associated with HIV transmis-
sion by uneducated (at the rate \,) and educated (at the rate \.) infected individuals,
respectively. The parameter [3 is the effective contact rate (that is, contact that may
result in HIV infection), while the parameters 1, > 7. > 1 account for the relative
infectiousness of individuals with AIDS symptoms in comparison to the corresponding
infected individuals with no AIDS symptoms. Unlike in the other related modelling
studies, such as those by Mukandavire et al. (2009), Mukandavire & Garira (2007)
and Del Valle et al. (2004), this study allows for the transmission of HIV by individ-
uals with AIDS symptoms (in line with Elbasha & Gumel, 2006 and also Garba &
Gumel, 2010).
Recruitment into the sexually-active population occurs at a rate II (all newly-

recruited individuals are assumed to be susceptible to HIV infection), and a fraction, p,

of these newly-recruited sexually-active individuals are assumed to be educated about
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the risks and consequences of the HIV disease. Uneducated susceptible individuals (ex-
cluding the newly-recruited individuals) receive education about safer sex practices at
a rate £&. Susceptible people acquire infection following effective contact with infected
individuals (at the rates A\, and A.). It is assumed that educated infected individuals
(in I, or A, class) modify their behaviour positively, thereby reducing their risk of
HIV transmission by a factor x, with 0 < k < 1. In other words, it is assumed that
HIV-infected individuals that received public health education transmit the disease at
a lower rate in comparison to uneducated HIV infected individuals. Educated sus-
ceptible individuals acquire infection at a reduced rate (1 — €)[A\, + (1 — k)], where
0 < e < 1 is the efficacy of public health education in preventing new infection of
educated susceptible individuals.

Uneducated infected individuals progress to AIDS at a rate o,, while educated
infected individuals progress at a reduced rate o, < o, (in other words, infected in-
dividuals who received public health education progress to AIDS at a slower rate in
comparison to those who do not). Uneducated infected individuals without AIDS
symptoms (I,) are educated at a rate 1, and move to the corresponding educated
infected class (I,). Individuals in all classes suffer natural death at a rate u. Addi-
tionally, individuals with AIDS die at a rate J, (for the uneducated class) or d. (for
the educated class) such that é. < J,. Thus, it is assumed that AIDS patients who
received public health education die due to AIDS at a slower rate than the AIDS pa-
tients who do not. Uneducated individuals with symptoms of AIDS (A4,) are educated
at a rate 19, and move to the corresponding educated class (A.). A schematic diagram
of the model is depicted in Figure 1, and the associated variables and parameters are
described in Table 1.

The model (1) is an extension of the models by Mukandavire et al. (2009), Mukan-

davire & Garira (2007) and Del Valle et al. (2004), by
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(i) allowing for HIV transmission by the individuals with AIDS symptoms;

(ii) offering public health education to all infected individuals (except for the edu-
cation of high-risk people with AIDS in Mukandavire and Garira, 2007; public
health education is only restricted to susceptible individuals in Mukandavire et

al., 2009; and Del Valle et al., 2004);

(iii) stratifying the infected population in terms of whether or not they received public
health education (and those who received public health education are assumed
to transmit HIV at a lower rate, as well as progress to AIDS and die at a slower

rate, in comparison to those who do not receive public health education).

(iv) The model extends the model by Garba & Gumel, 2010 by including a class of
susceptible individuals who receive public health education, educating a fraction
of newly-recruited sexually-active individuals and allowing infection of educated
susceptible individuals. Furthermore, in this study, the infected individuals who
received public health education progress to AIDS at a slower rate in comparison

to those who do not.

In addition to the aforemention extensions, this study will contribute to the literature

by giving detailed qualitative analysis of the model (1).

2.1 Model Fitting

To test the suitability of the model (1) to effectively enable the assessment of targeted
public health education strategies against HIV spread in a population, the model is
fitted using data from Uganda as follows. The average lifespan of a Ugandan (1/u)
is assumed to be 50 years (UBSC, 1991) and the recruitment rate (II) is estimated at
3.2% of the total population (UBSC, 1991). The total population of Uganda, as of

1990, given by N=16.7 millions (UBSC, 1991) is used. The initial conditions used are

8
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as follows: S, (0) = 14 million, S.(0) = 0.4121 million, ,,(0) = 2 million, A,(0) = 0.2
million, 7.(0) = 0.087 million, and A.(0) = 0.0009 million. Thus, the total initial HIV-
infected population (i.e., 1,(0) + A,(0) + 1.(0) + A(0)) is 2.2879 million (UNAIDS,
2008), corresponding to 13.7% of the total population. The associated epidemiological
data is presented in Table 2.

Using the aforementioned data, the model (1) gives a very good fit of the Ugandan
HIV/AIDS data for the period 1990-2007 (UNAIDS, 2008; UNAIDS/WHO/Unicef,
2008), as depicted in Figure 2. Furthermore, to qualitatively assess the closeness of
the model against the real data, Ordinary Least Squares (OLS) approach is employed
(Kendall & Stuart, 1979). This entails regressing the actual observed data on pre-
dicted cases from the model as follows.

Let yops denotes the observed data. Then, the model prediction (y,eq) is evaluated

using the OLS regression equation:

Yobs = Qo + algpred + ¢, (2)

where ag and «; represent the intercept and slope of the regression line, respectively;
and e account for the random error. The model is said to be “perfect” if the co-
efficients ap = 0 and a; = 1 and the coefficient of determination R? = 1 (which
measures the proportion of variation in the y,s). Using MATLAB’s Statistical
Toolbox, we obtained oy = 0.0636 and «; = 0.9603 (with their corresponding
95% confidence intervals [0.0261 0.1012] and [0.9380 0.9826], respectively)
and R? = 0.9981 for the above initial data and parameter values in Table 2
and 3. Thus, the OLS regression analysis confirms the closeness of the fit. Hence, the
model (1) can be used to gain realistic insight into HIV transmission dynamics in the

presence of public health education campaign.
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3 Model Analysis

Since the model (1) monitors human population, all its associated parame-
ters and state variables are assumed to be non-negative for all ¢ > 0. Before
analysing the model, it is instructive to show that the state variables of the
model remain non-negative for all non-negative initial conditions. Thus, we

claim the following result.

Lemma 1. The closed set

II
D= {(SuasealuaAu,Ie7Ae) c RS;_ N < —}
L

is positively-invariant and attracting with respect to the model (1).

Proof. Adding all the equations in the model (1) gives:

dN
EZH—MN—@A@—%AW where N=S5,+1,+A,+S.+ 1.+ A..

Since d]:;t(t) < II — pN, it follows that d]:;t(t) < 0if N(t) > % Thus, a standard
comparison theorem (see Lakshmikantham et al., 1989) can be used to show that
N(t) < N(0)e " +II/u(1 — e7#*). In particular, N(¢t) < II/u if N(0) < II/p. Thus,
D is positively-invariant. Further, if N(t) > %, then either the solution enters D in
finite time, or N(t) approaches II/u. Hence, D is attracting (i.e., all solutions in RS
eventually approach, enter or stay in D). O

Therefore, the model is mathematically well-posed and epidemiologically reason-

able, since all the variables remain nonnegative for all ¢ > 0. Hence, it is sufficient to

consider the dynamics of the model (1) in D (Hethcote, 2000).

10



a1 3.1 Local stability of Disease-free equilibrium (DFE)

22 The model (1) has a unique disease-free equilibrium, obtained by setting the right-hand

23 sides of the equations in the model (1) to zero, given by

I1(1 — IT
X = (S5 i AL A7) = | R B .0,00) )

24 It can be shown that X attracts the region (the stable manifold of &)

DX = {<SU7 567IU7AU7 IeuAe) E D : Iu == Au == ]e = Ae = 0}

25 Using the next generation operator method (van den Driessche & Watmough, 2002),
26 the associated matrices F,, for the new infection terms, and V., for the remaining

IT
27 transition terms, are, respectively, given by (noting that N* = — at &)

i
Sa Sa M Sa
BN* nuﬁN* ﬁ(l - ’%) N* ﬁ(l - "i)neN*
0 0 0 0
T o905 s oS s—mi-0% s1-mi-gnit |
N Oyt N ey
0 0 0 0
218 and,

219 Where,

K1:/,L+O'u+w1, K2:N+5u+w27 KgIILL—i—O'e and K4:,u—|—5e.

220

It follows that the effective reproductive number, denoted by Ry, is given by

11
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B 1, BMA+B+CO)
Reff—p(Fe‘/e )_ K1K2K3K4(§+M)’ (4)

where p is the spectral radius, and

A = K Ky(1—e)(1—r)pp+ &) (K + o),
B = pKyKs(1—p)(Ks+ oun),

C = :u(l - p)(l - H)(¢1K2K4 + ¢20-uK3ne + Uene¢1K2)'

Biologically-speaking, the effective reproduction number measures the average number
of new infections generated by a single HIV infected person in a community where
a public health enlightenment campaign is used as a control strategy (Anderson &
May, 1991; Hethcote, 2000; van den Driessche & Watmough, 2002). Moreover, in the

absence of public health education (I, = A, =p=k =0 = =€ =0, =Y =1y =
Bk + du + nuow)

(0w + ) (1 + 0u)
number (i.e., Ry represents the average number of new cases generated by a single

0), the quantity R.rr = = Ry, where Ry is the basic reproduction
infected individual in a completely susceptible population).
Using Theorem 2 of van den Driessche & Watmough (2002), the following result

is established.

Theorem 1. The DFE, X, of the system (1), given by (6), is locally asymptotically

stable (LAS) if Repr < 1, and unstable if Repp > 1.

Theorem 1 implies that HIV can be eliminated from the community when R.¢f < 1,
provided the initial sizes of the sub-populations of the model (1) are within the domain
of attraction of X. To ensure that HIV elimination is independent of the initial sizes of
the sub-populations, we need to show that the DFE is globally asymptotically stable
(GAS). This is established in Section 4, for the special case where the efficacy of public

health education is assumed to be 100% (i.e., e = 1).

12
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3.2 Assessment of Impact of Public Health Education

Before using the model (1) to assess the impact of public health education in combatting
HIV spread in a population, it is instructive to assess the behaviour of the model under
the worst case scenario (i.e., the case where no public health education is provided in
the community). By setting all education-related parameters to zero (i.e., p = k =
de =& =€ =0, =11 =1 =0) and using the data in Tables 2 and 3, simulations of
the model (1) show that India, Nigeria, China, Ethiopia, and Russia will record around
23.5 million, 12.5 million, 10.1 million, 8.8 million and 6 million total HIV/AIDS cases
in eight years, respectively (Figures 3A and 3B). These projections of the model (1)
are consistent with the estimates given by the US-based National Intelligence Council
(2002), which predicts that, by the year 2010, India, Nigeria, China, Ethiopia, and
Russia could have about 20 to 25 million, 10 to 15 million, 10 to 15 million, 7 to
10 million, and 5 to 8 million HIV/AIDS cases if the governments of the respective

countries do not take serious action against the spread of HIV/AIDS.
3.2.1 Threshold analysis

In this section, the impact of public health education campaign will be assessed by

carrying out threshold analysis on the effective reproductive number, R.s, as follows.

Let w = ffe be the fraction of susceptible individuals educated at the DFE X.

*

Hence, Ry can now be rewritten as a function of w.

B(Z1 + Zs)

Refr = Repp(w) = KIGK K, (5)

13
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where,

7y = wKiKy(1—¢)(1—k)(Ky+ne0.),

Zy = (1=w)[(1—=r) (W1 KoKy + Yo K30ne + Vo Kooune) + KsKa(Ky + 1n,0,)].

Differentiating R.sf, given in (5), partially with respect to w gives

Rl _ 70 -w),
where,
7, = Bl — k) (1 Ko Ky + o Ka0ene + Y2 Kzoune) + K3 Ky(Ka + nu0u)] >0,
K KoK3Ky
(6)
v_ K1 Ks(1 =€) (1 — /) (Ky + me0e) >0

(1 - FL) (1/}1K2K4 + ¢2K30-6776 + w2K20-u7]e) + K3K4<K2 + nuau)

Since Z3 and V are both non-negative (noting that 0 < x < 1 and 0 < € < 1), then
ORerr(w)
Ow

summarized below.

OR.
< 0 whenever V < 1. Further, %M > 0 if V > 1. This result is
w

Lemma 2. The use of public health education campaign would have
(i) a positive population-level impact (reduce disease burden) if V < 1;
(ii) no population-level impact if V.= 1;

(111) a detrimental population-level impact (increase disease burden) if V > 1.

Biologically-speaking, V could be interpreted as the measure of increase or de-
crease in risky behaviour (or negative attitude) of the individuals in the community

who received public health education. That is, V < 1, V =1 and V > 1 mean that

14
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public health education campaign is able to reduce, cause no change of, and induce
an increase in risky behaviour amongst the individuals who received such education,
respectively. It is worth noting that if the efficacy of public health education is 100%
(i.e., e = 1), then V = 0, so that public health education campaign will always have
positive population-level impact. Thus, the detrimental effect of public health educa-

tion is only feasible if it is not perfect (0 < e < 1).

Alternatively, the impact of public health education campaign can be assessed by

re-writing Reyy as

ROe
eff = 1-Q(1- ,
e (-2
where,
Ro = , 8
RN CIEnI TR )
and,

_ B = = #)(Ks + oene)
Roe = o . (9)

The quantity Ry is the basic reproduction number (defined earlier) and R, is the re-
production number for the case when every individual in the community received public

health education against risky practices that could lead to HIV infection. Furthermore,

— (0w + ) (p + 0u) (11 +2)
Y3 K1 Ko (& 4+ p) [K1 K K3 Ky (§ + p)Ro + B(A+ B+ C)]

where,
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7= ROKIPEKS KKy (E+ p)? + B2(A+ B+ C)?,

Yo = 6K3K4(,u + 0y + Uunu) + (1 - E)(l - K)(K2 + Uem)(au + N)((su + N>7

Vs = BEPKP (A 0w+ oum)® + (1 — €)*(1 — £)2(Ky + 0ene)* (0w + 1)* (0u + 1)
(10)

It follows from (7) that the education impact factor (denoted by T) is given by

7?’Oe
T=Q(1— .
< R0>

Thus, we have established the following result.

Theorem 2. The use of public health education campaign in the community will have
(i) positive population-level impact if T > 0 (Roe < Ro);
(i) negative population-level impact in the community if T < 0 (Roe > Ro); and

(iii) no population-level impact in the community if T =0 (Roe = Ro)-

Numerical simulations of the model, using appropriate demographic and epidemio-

logical data for Ethiopia, given in Tables 2 and 3, show the following interesting cases:

V < 1: Using the aforementioned realistic set of parameter values (Tables 2 and 3), it
follows that V = 0.0517 < 1, R¢s = 0.6898 and Ry, = 0.6619 < Ry = 1.3712, so
that the use of public health education campaign will have positive population-
level impact (Figure 4A). In other words, the public health education campaign
results in positive behaviour change (in reducing risky practices) in the individuals

who received such education (in this case).

V > 1: Consider the case with & = 0.01, p = ¥ = ¥ = 0.001 and € = 0.4 (that is,
the coverage rate and efficacy of public health education are low) and all other
parameters as above. Here, V = 1.4211 > 1, R.¢y = 1.5866 and R, = 1.9857 >

Ro = 1.3712. The simulation results obtained, depicted in Figure 4B, shows that

16
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in this setting, the use of public health education increases the number of HIV
cases in comparison to the worst-case scenario. This result could be interpreted as
follows: the use of “ineffective” public health education campaign (characterize
by low coverage and efficacy) induces an increase in risky behaviour amongst

people after receiving it.

Contour plots of R.ss as a function of efficacy of public health education and
the fraction of individuals who received public health education (i.e., public health
education coverage level) at steady-state are depicted in Figure 5. As expected, an
increase in efficacy and coverage level leads to a decrease in R.ss. This is an important
result because the main objective of public health education is to reduce R.s; as much
as possible (since reduction in Ry is positively correlated with a reduction in disease
burden), which could lead to effective disease control or elimination. It is evident
from Figure 5 that the prospect of effective control of HIV increases with increasing
efficacy and coverage rate of the public health education campaign. For instance, a
public health education program with efficacy and coverage level of 60% (each) will
fail to control the disease (since R.ss > 1 in this case). On the other hand, the use of
public health education campaign with efficacy and coverage level of 90% (each) could

eliminate HIV from the population (see also Figure 7).

3.3 Evaluation of Targeted Education Strategies

The model is used to evaluate the impact of the following targeted public health edu-

cation strategies:

e Strategy I: educating adult (“established”) sexually-active susceptible individuals

only (at the rate &),

e Strategy II: educating a fraction p newly-recruited sexually-active susceptible

17
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individuals only,

e Strategy III: educating HIV-infected individuals without clinical AIDS symptoms

only (at the rate 1), or

e Strategy IV: educating HIV-infected individuals with clinical AIDS symptoms

only (at the rate ).

Using demographic data from India, Nigeria, China, Ethiopia, and Russia, tabu-
lated in Table 3 ( together with the associated epidemiological data given in Table 2),
simulations of model (1) show that Strategy I can prevent more than 0.8642 million,
0.5474 million, 0.3321 million, 0.4064 million, and 0.2116 million new cases in India,
Nigeria, China, Ethiopia, and Russia respectively within a year (see Table 4A). Fur-
thermore, Strategy I seems to be the most effective amongst all targeted single group
strategies. It is also shown that combining Strategies I and IV gives the most effec-
tive strategy for reducing new HIV cases in comparison to all other possible 2-group
combined strategies. Moreover, Table 4C shows that the combination of Strategy I,
Strategy III and Strategy IV is the best in reducing the total number of new cases
than any of the others except the universal strategy (i.e., educating every class of une-
ducated individuals at a certain rate). The Universal Strategy can prevent more than
1.1590 million, 0.7580 million, 0.3858 million, 0.5731 million, and 0.253 million new
cases of HIV in India, Nigeria, China, Ethiopia, and Russia respectively within a year
(see Table 4D).

Table 4 further shows that the use of single-group strategy can be more effective
than some 3-group or 2-group strategies. For instance, Strategy I is more effective in
reducing the number of new infections than the combination of Strategies II, I1I and
IV. Additionally, a 2-group combined strategy can be better in curtailing the number

of new cases than a 3-group strategy (this table shows that combining Strategies I and
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IV gives fewer new cases than some 3-group strategies, which include the combination

of Strategies I, II and III and also the combination of Strategies II, III and IV).

4 Existence of Backward Bifurcation

Backward, or subcritical, bifurcation in epidemiological models is typically associated
with the co-existence of disease-free equilibrium and endemic equilibria when the ba-
sic reproduction number (Ro) is less than unity. This phenomenon has been found in
many epidemiological settings (see, for instance, Elbasha & Gumel, 2006; Hadeler &
van den Driessche, 1997; Kribs-Zaleta & Valesco-Hernandez, 2000 and the references
therein). Furthermore, such phenomenon has been established in a model for public
health education campaign by Mukandavire et al., (2009). The epidemiological impli-
cation of such a phenomenon is that the classical requirement of having the associated
reproduction number less than unity, while necessary is not sufficient condition for
disease control. Following the result in Mukandavire et al., (2009), it is instructive to
determine whether or not the model (1) also undergoes backward bifurcation. This is
explored below.

Let,

Ly + Ay + (1= R) I+ 1AL)]
N**

be the force of infection at an arbitrary equilibrium of (1), denoted by

e Yy Y Tu ) e )

Thus, at steady-state, the equations of the model (1) can be re-written as:
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II(1 - p)

S** —

YT e G
Gee H(pp + & +pG™)

‘ (H+E+G)(1— )G +p]

“ Ki(p+&+G)’

(12)

A o JI(1 — p)G**

“ K\ Ks(p+ &4 G*)’
I; = ,

KiK3(p+ &+ G)[(1 — )G + 4

A G H(G A*+ B )

T KKK (g1 €+ G — )G + ]’
with,
A = (1—=¢)[(1 =p)(Ye0,K3 + P10 Ks) + K1 Ky0.p),
B* = 0K K(1—¢€)(pp+ &) + u(l —p)(oeKoh + 0, K31)0),
C* = [Kip+i(1—p)(1—e),

D* = Ki(1—€)(§+pp) + ip(l —p).

372
w3 Substituting (12) into (11), and simplifying, leads to G** = 0 (corresponding to the

s DFE, X) and the following quadratic equation (in terms of G**):
a7y (G™)" + alyG™ +ajy =0, (13)

s where,

CLTl = K3K4(1 —E)(l—p)(K2+Uu)+O*—|—A*,
CLTZ = K1K2K3K4[(1 — p)(l — 6) —|—p] + /LK3K4(1 — p)<K2 + O'u) + K2K4D* + B*
=B Ky(1 = p)(1 — €)(K2 + ounu) + (1 — k) (K2 Ky CF + ne A7),

aiy = KiKoKsKy(p+&)(1—Reyy).
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Thus, the following results from the quadratic equation (13).

Theorem 3. (a) If aj, > 0 then model (1) has forward bifurcation at Repp = 1.

(b) If a3y < 0, then the model (1) undergoes backward bifurcation at Resp = 1.

Theorem 4. (a) If ai, > 0 and

(i) ai5 > 0, the model (1) has no positive equilibrium

(ii) aiy < 0, the model (1) has a unique positive equilibrium

(b) If a7y < 0 and aj; > 0 and

(i) (a}y)? — 4at,als > 0, the model (1) has two positive equilibria,

(i) (a3y)* — 4a},at; = 0, the model (1) has a unique positive equilibrium,
(1ii) (a35)* — 4aj,at; < 0, the model (1) has no positive equilibrium.

(c) If a3y < 0 and ai; < 0, the model (1) has a unique positive equilibrium.

Since all the model parameters are non-negative (and 0 < e < 1,0 < k < 1), it is clear

that aj; > 0. We consider the following cases:

Case I. Suppose R.ss > 1. Then, clearly aj; < 0. Thus, the quadratic equation (11)
is concave up and has two real roots of opposite signs. This implies that the

model has a unique positive equilibrium whenever R.py > 1.

Case II. Suppose R.fs = 1. Then aj; = 0 and the quadratic reduces to G**(aj;G** +
aly) = 0, with roots G** = 0 (corresponding to the disease-free equilibrium, X)
and G** = % Thus, for Resy = 1, the model has a unique positive endemic

equilibrium when aj, < 0.

Case III. Suppose R.fy < 1. Then af; > 0 and equation (13) has either zero, one
or two positive real roots. In order to obtain two positive real roots we need

(a}y)? — 4a}iai; > 0 and ajy < 0. If @}y, < 0 and (a},y)? — 4a}aj; = 0, then
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there is one positive real root. Otherwise, there is no positive solution. This
case indicates the possibility of a backward bifurcation in the model (1) when
Repr < 1 (since it suggests the possibility of multiple endemic equilibria when

Reff < 1).

It should be noted that Theorem 3 does not give a local description of the bifurcating
curve including its stability. Thus, it is instructive to determine the local behaviour of
the bifurcating branch. Therefore, we alternatively use centre manifold theorem, in line
with Castillo-Chavez & Song (2004), to prove the existence of backward bifurcation.

The proof of the following theorem is given in Appendix.

Theorem 5.
If (20) holds, then the model (1) has a backward bifurcation at R.sr = 1 and the

bifurcating branch is unstable near Repr = 1.

To illustrate this phenomenon with respect to the above Theorem, the same param-
eter values for Figure 4B are used and the backward bifurcation diagrams are depicted
in Figure 8. For this set of parameter values, the associated backward bifurcation
coefficients (a and b) have the values: a = 0.02069982715 and b = 1.930595939.

It is worth noting that when € = 1 (i.e., public health education campaign is 100%

effective), the threshold quantity R.;s reduces to

. B B(B+C)
Reff = Reff =1 K1K2K3K4<§ + ,U)'

(15)

Similarly, the coefficients of the quadratic (13) reduce to

aj; =0,
ajy = Kn Ko K3 Kyp + (1 — p)[Ks Ky (Ko + 04) + Koty (Ky + 00) + 0, K310] > 0,

aiy = Ki Ko K3 Ky(p + &) (1 — Reyy).
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Thus, the quadratic equation (13) becomes linear in G**, with G** = % In this case,
the model (1) has a unique endemic equilibrium if and only if Rep; > 1 (i.e., ajy < 0)
and no endemic equilibria when 7~€eff < 1 (since, in this case, G** = % < 0). Hence,
backward bifurcation is ruled out in this case (since no multiple endemic equilibria

exist when R.;; < 1). Alternatively, it can easily be seen that the inequality (20) fails

whenever € = 1. This result is summarized below.

Theorem 6.

The model (1) with e =1 does not have a positive endemic equilibrium when 7~Zeff < 1.

Further, to show that HIV elimination is independent of the initial sizes of the
sub-populations of the model when € = 1 (i.e., the efficacy of public health education

is 100%), we claim the following result:

Theorem 7. The DFE of the model (1) with e =1 is GAS in D if Resp < 2+ < 1.

N* _—

Proof. Consider the model (1) with ¢ = 1. Further, consider the Lyapunov

function

F = filu+ f2Au+ f3le + f4Ae,
where,

fl = (1 - /ﬁ:) [¢1K2K4 + n6¢20uK3 + neaeleQ] + K3K4(K2 + nugu)a
fa = KiK3nKy+napa(l — k),
fs = KiKs(1—g)[K4+ neoe],

fi = KiKyKsn. (1 — k),

with Lyapunov derivative given by (where a dot represents differentiation

with respect to t)
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F = fil, + fodu + fale + fiA.,
= fl |:)\uSu + (1 - ’i))\esu - Kllu:| + fQ(Uqu - K2Au)

+ fa(V1ly — Ksl,) + fa(ocdle + oAy — K4A,),

N* U N* u A~
= K1K2K3K4( S*S Reff — 1) I, + K1K2K3K477u<5*—]5\;,7?,eff — 1) A,
N*S, N*S, ~
+ K1K2K3K4< S N Reff - 1) Ie + K1K2K3K477€(1 - Ii) (SU—NReff 1> Ae

— Iu[Kl(l - H)(¢1K2K4 + WeUe@/’lKM

N*S, ~
= K1 Ky K3 Ky(Iy + Ay + I + 1e(1 — k) Ae) (S*—NRE” - 1)

- [u[Kl(l - ’%)(leQKéL + neo_eleZH

N* -
S K1K2K3K4<Iu —+ nuAu —+ Ie —+ 776(1 — K,)Ae) ( S* Reff — 1)

— L[K1(1 = ) ()1 Ko Ky + neoeth1 Ko)]  since S, < N in D

- S
<0 for Repr < =% <1.
< or IS

Thus, F < 0 if Reyp < 5% with F = 0 if and only if [, = A, = I, = A. = 0.

Further, the largest compact invariant set in {X : (S}, S¥ I* A% I*, A%) € D .
F = 0} is the singleton Dy. It follows from the LaSalle Invariance Principle
(LaSalle, 1976), that every solution to the equations in (1) with initial
conditions in D converge to Dy as t — oo. That is, the disease dies out.
Further, substituting [, = A, = [, = A. = 0 in the model shows that S, — S}
and S, — S! as t — oo. Thus, (S,,S., L, Ay, I, Ae) — (S, 55,0,0,0,0) as t — oo.
Hence, since the region D is positively-invariant, it follows that the DFE of

(1), with e =1, is GAS in D for all non-negative initial conditions, whenever

Sy
N* S 1' |:|

Reps <
In summary, it is clear from Theorems 6 and 7 that that the backward
bifurcation phenomenon of the model is caused by the imperfect nature of

the public health education campaign (i.e., 0 < ¢ < 1). In the case where the
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*
Sy
*

public health education is perfect, ﬁef FEF

< 1 is necessary and sufficient
condition for the effective control of HIV in the community. In other words,
the public health education with perfect efficacy could lead to effective
control (or theoretical elimination) of HIV in the community provided the

associated threshold quantity, R.s;, is brought to (and maintained at) a

value less than f[“ Thus, this study emphasizes the pressing need for the

design of perfect public health education campaign to handle HIV.

Theorem 8. The DFE of the model (1) with ¢ =1 does not undergo backward bifur-

cation at 7~€eff =1.

Proof. The result follows from Theorem 6, where the model has no pos-
itive equilibrium when 7~€eff < 1, and Theorem 7, where the DFE of the

model (1) is GAS in D if R.;; < 22 < 1. O

5 Conclusions

A realistic deterministic model, which incorporates public health education campaign
as a sole intervention strategy for HIV/AIDS prevention, is designed and rigorously
analyzed to get insight into its dynamical features and to obtain associated epidemio-

logical thresholds. Some of the main theoretical findings of the study are:

e Under certain conditions, the model (1) undergoes backward bifurcation, when
the reproduction number (R.rs) is less than unity. The backward bifurcation
phenomenon resulted from the imperfect nature of the public health education

program.

e For the case when the public health education program is 100% effective, the

disease-free equilibrium of the model (1) is globally-asymptotically stable when-
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ever the associated reproduction number is less than or equal to a quantity less

than unity.

e Threshold analysis of the effective reproduction number shows that the use of
public health education campaign could have positive, no, or detrimental impact
depending on whether or not an impact factor, defined as T, is less than, equal
to, or greater than unity (this result is also expressed in terms of a measure of

risky behaviour, denoted by V, given by (6)).

The impact of public health education strategies are assessed numerically by sim-
ulating the model with a reasonable set of parameter values (mostly chosen from the
literature) and initial (demographic) data from five different countries (India, Nigeria,
China, Ethiopia, and Russia) where the number of HIV-infected people is expected to

grow. Numerical simulations of the model show the following:

e The universal use of public heath education campaign in India, Nigeria, China,
Ethiopia, and Russia could avert more than 1.1590 million, 0.7580 million, 0.3858
million, 0.5731 million, and 0.253 million new HIV cases within a year, respec-

tively.

e The universal strategy is more effective than any other strategy in reducing new

HIV cases.

e Combining Strategies I, III and IV is the next most effective in reducing the total

number of new cases (after the universal strategy).

e Amongst the 2-group combined strategies, combining Strategies I and IV is most

effective than some 3-group combined strategies.

26



494

495

496

497

498

499

500

501

502

503

504

505

506

507

508

e Strategy I averts more new cases in comparison to all other single-group strategies

(and some 3-group combination of strategies).

e The prospect of effective control of HIV increases with increasing efficacy and

coverage rate of the public health education campaign.

Overall, this study shows that an effective public health education campaign which
focuses on change of risky behaviour with a reasonable coverage level could help in
stemming HIV/AIDS in the countries studied. This requires a concerted effort from

all the stake holders especially the governments of the respective countries.
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0 Appendix: Proof of Theorem 5

sio  Proof. The centre manifold theorem is used (see Castillo-Chavez & Song, 2004)
su to show the existence backward bifurcation in the model (1) when R.;r = 1. For
512 convenience, let S, = x1,S. = w9, [, = 73, A, = 24,1, = x5, Ac = 16, 50 that N =

s13 T + To + T3 + 24 + o5 + 6. The model (1) can be written as follows:

dzq Bxi[(zs + nurs) + (1 — &) (x5 + nexe)]
— = =1I1—-p)—(&+pu)zr — ,
dt ¢1 ( p) <£ ,M) ! l’1+l’2+$3+l’4+$5+l’6

dz B(1 — e)xa[(x3 + nuxs) + (1 — K) (25 + Nes)]

— = =1Ip+&x — — pxg,
dt 92 = lp+ & T1 + o + T3+ T4 + T5 + T6 HEa
drs By [(23 4 nuws) + (1 — &) (25 + 1e26)]

D — ¢3 — — Kll'g,

dt L1+ To + X3+ x4+ T5 + Tg

dx

d_: = ¢y = 0yx3 — Koxy,

dxs B(1 — e)wol(z3 + nura) + (1 — K) (25 + 1eT6)]

dt ¢5 £L‘1—|—172+£L‘3+3L’4+ZL‘5+ZL’6 ¢13 35
dx

d_t6 = @ = 0I5 + Voxy — Kyx.

(16)
su. The Jacobian of ® = (¢, ¢, @3, 4, P5, d6)", around the DFE X, denoted by Js, is

515 given by

—§—p 0 —pHy  —PnHr  —BQ-r)H1 =Pl —r)H;
£  —p —BHy —PnH, —f(1—-k)Hy =Bl —r)H;
0 0 [Hy— Ky (it B(1 — k)H, Bne(l — k) Hy
0 0 o —K, 0 0

0 0 ﬁHQ —+ 77@1 BT]UHQ ﬁ(l — Ii)Hg — Kg ﬁne<1 — K/)HQ

0 0 0 () Oe¢ — K,y

28



516

517

518

519

520

521

522

523

524

525

(1 —p) (1—¢€)(pu+¢)

where, H, = and Hy = . It can also be shown from Jg, as in
§+ 1 £+
(4), that
B(A+ B+ ()
Rerr = . (17)
K1 Ko KsKy(§+ )

Consider the case when R.¢y = 1 and (3 is chosen as a bifurcation parameter. Solving

17) for R.¢r = 1 gives

(17) r=1g

_ K1K2K3K4(€ + [L)
A+B+C

/8 — /8**
Note that the above linearized system, of the transformed system (16) with g = g,

has a zero eigenvalue. Hence, the center manifold theory Carr (1981) can be used to

analyze the dynamics of (16) near § = g**.

Eigenvectors of Jg |g—g-:
The right and left eigenvectors associated with the zero eigenvalue of the Jacobian
Js evaluated at §** are given, respectively, by w = [wy, ws, w3, wy, ws, we]” and v =

[V1, V2, V3, Vg, Vs, Vg), Where

B Hi{ws + nuws + (1 = K)ws + ne(1 — K)ws} <0

wy = )
§+p
. éwl — 5**H2{w3 + NyWy + (1 — /f)wt') + 776(1 - K>w6}
Wo = < 07
I
>0 Tu
wg =W Wy = —Ww
3 3 ) 4 K2 3
ws = ws >0, wg = L20AT WS

Ky ’

B nyHyvz + 371, Haovs + o0
v =vy=0, v3=v3>0, v4= K )
2

(1l — H H
vy = v5 > 0, Vg = B7nel K)l(( 13 + 21)5)‘
4
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To determine the direction of bifurcation, following Castillo-Chavez & Song (2004),

we find the signs of a and b, where

o2
a = Z Ukwleg 3 (0 0) and b= Z vkwl 'gbk** (0,0).

ki, j=1 k=1 Z
It can be shown, after using the associated nonzero partial derivatives of ® at the DFE

(X), that
_ 25**MP11

T+ 1) (P2 — P13), (18)

where,
P = w3 + nuws + (1 — k)ws + (1 — K)news > 0,
P = —v3p(1 — p)(wi 4+ w2) — v5(1 — €){(pp + Ewr + (1 + p)pawa} > 0, (19)

Pi3 = (vsp(1 = p) + (1 — €)(pp + §)vs) (ws + wy + we + ws) > 0,
Hence, a > 0 iff

P12 > P13 (20)

For the sign of b, we substitute vectors v and w and the respective associated

nonzero partial derivatives of ® at the DFE into

b= 3 (0.0
T L iy o)

k,i=1

which gives,
(1 —e)(pp+ &vs + v3u(l — p)

b:
§+u

Py, > 0.
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Variables Description

N Adult population

Sy Uneducated susceptible individuals

Se Educated susceptible individuals

I, Uneducated infecteds with no AIDS symptoms
1. Educated infecteds with no AIDS symptoms
Ay Uneducated infecteds with AIDS symptoms
A, Educated infecteds with AIDS symptoms

Au Force of infection of uneducated individuals

A Force of infection of educated individuals

[}

Parameters Description

II Recruitment rate of susceptibles

7 Natural mortality rate

Ou,y O Disease-induced mortality rates

P Fraction of educated newly-recruited individuals

13 Rate of educating susceptibles

U1, Yo Education rates of individuals in I, and A, classes
Ié] Effective contact rate

N, Ne Modification parameters

€ Efficacy of education in preventing infection

11—k Reduction in transmissibility of educated individuals
Ou, Oe Progression rates to AIDS classes

Table 1: Description of Variables and Parameters of the Model (1).
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Parameters Nominal value

References

Oy, Oc 0.47,0.04
p, & 0.5, 0.5
1, P9 0.5, 0.5
I} 0.4

Ty Ne 1.5,1.2

€ 0.8

11—k 0.3

Ous Oe 2.6, 1/15

Gumel et al., 2006

Assume

Assume

Elbasha & Gumel(2006)

Sharomi & Gumel(2008)

Karen & Susan (1999)

Assumed

Gumel et al., (2006) Hyman et al., (1999);

Table 2: Epidemiological Data for Model (1).

Demographic India Nigeria China Ethiopia  Russia References

Parameters (millions)  (millions) (millions) (millions) (millions)

N(0) 1025.1 116.9 1285 64.5 144.7 United Nations(2004)
1/p 64 (years) 52 (years) 71 (years) 53 (years) 66 (years) United Nations(2004)
II 1.51% 2.54% 0.87% 2.64% 0.33% World Factbook (2002)
S.(0) 1010 110 800 60 100 Assumed

Se(0) 10 3.3 483.75 1.5 43.84 Assumed

Infecteds 5.1 3.6 1.25 3 0.86 World Factbook (2008)
1,,(0) 3 2 1 2 0.7 Assumed

1.(0) 1 1 0.1 0.4 0.1 Assumed

A,(0) 1 0.5 0.1 0.4 0.05 Assumed

Ac(0) 0.1 0.1 0.05 0.2 0.01 Assumed

Table 3: 2002 Demographic of Data Used as Initial Conditions.
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Education strategy India Nigeria China Ethiopia  Russia
(millions) (millions) (millions) (millions) (millions)

(A)
Strategy I 0.8642 0.5474 0.3321 0.4064 0.2116
Strategy 11 0.3633 0.2108 0.2584 0.1390 0.1510
Strategy II1 0.5266 0.3095 0.2912 0.2321 0.1770
Strategy IV 0.5862 0.3718 0.2938 0.2510 0.1805
(B)
Strategies I and II 0.8717 0.5564 0.3331 0.4140 0.2119
Strategies I and III 0.9918 0.6290 0.3588 0.4831 0.2320
Strategies I and IV 1.0359 0.6760 0.3604 0.4966 0.2344
Strategies II and III 0.5353 0.3200 0.2924 0.2408 0.1773
Strategies II and IV 0.5946 0.3818 0.2950 0.2595 0.1808

Strategies III and IV 0.7440 0.4723 0.3250 0.3449 0.2046

Strategies I, IT and III ~ 0.9986 0.6373 0.3597 0.4899 0.2322
Strategies I, I and IV 1.0425 0.6839 0.3613 0.5033 0.2347
Strategies I, III and IV~ 1.1530 0.7508 0.3850 0.5670 0.2531
Strategies 11, IIT and IV 0.7516 0.4814 0.3260 0.3526 0.2049

(D)

Universal Strategy 1.1590 0.7580 0.3858 0.5731 0.2534

Table 4: Total new cases averted within a year using (A) Single targeted public health
campaign strategy (B) Pair combination of targeted public health campaign strategies
(C) Combination of three strategies (D) Universal strategy. Parameters as in Tables 2
and 3.
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Figure 2: Comparison of observed HIV/AIDS data from Uganda (solid lines) and
model prediction (dashed line). Parameter values used are as in Table 2 with £€=0.01,
Y1 = 2=0.001, p=0.3, and $=0.325.
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Figure 3: Worst-case scenarios for: (A) China, India and Nigeria; and (B) Russia and
Ethiopia. Parameter values used are as in Table 2 with all education-related parameters
set to zero.
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Figure 4: Simulation of the model (1) showing the total infected population as a
function of time, using appropriate demographic and epidemiological data for Ethiopia,
given in Tables 2 and 3. Dashed line represents the model with public health education
campaign and solid line represents the model without education public health education
campaign (i.e., all education parameters are zero). For: (A) V = 0.0517 < 1, Ry =
0.6898 and Rg. = 0.6619 < Ry = 1.3712; and (B) V = 1.4211 > 1, R.sf = 1.5866 and
Roe = 1.9857 > Ry = 1.3712, with £ = 0.01, p = 1; = 1y = 0.001 and € = 0.4.
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DFE (w) and education efficacy (¢). Parameter values used are as in Table 2.
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Figure 6: Simulations of the model (1) showing the time needed to eliminate HIV in
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e = 0.4 (so that, a = 0.02069982715 and b = 1.930595939).
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