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Abstract

This paper presents a truncated estimator of the dynamic parameter of a
stable AR(1) process by observations with additive noise. The estimator is
constructed by a sample of a fixed size and it has a known upper bound of the
mean square deviation. Cases of known and unknown variance of observation
noise are considered.
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1 Introduction and problem statement

Development of parameter estimation methods of dynamic systems by samples of
finite or fixed size is very important in statistical problems such that model construc-
tion and various adaptive problems (prediction, control, filtration etc.).

One of the possibilities for finding estimators with the guaranteed quality of infer-
ence using a sample of fixed size is provided by the approach of truncated estimation.
Truncated estimators were constructed in [9] for ratio type multivariate functionals
by a fixed-size sample. They have guaranteed accuracy in the sense of the Ly,,-norm,
m > 1. This fact allows one to obtain desired non-asymptotic and asymptotic prop-
erties of the estimators. The truncated estimation method was developed in [1] and
others for parameter estimation problems in discrete-time dynamic models. Solutions
of some non-asymptotic parametric and non-parametric problems can be found also
in [4], [8], [5], [6], among others. In particular, [8] established the minimax optimality
of the least-squares estimator of the dynamic parameter in AR(1) model.

In this paper, the truncated estimation method introduced in [9] is applied for
the parameter estimation of AR(1) by additively-noised observations with unknown
noise variance (another applications of this method can be found, e.g., in [2], [3]).

Consider the estimation problem of the parameter A of the scalar first-order au-
toregressive process (z,),>o satisfying the equation

Ty =Alp1+ &, n>1 (1)
by observations
Yn = Tp +1p, n>0. (2)

Process (1) is supposed to be stable, i.e. |A| < 1. Introduce the notation ¢ =
(20, &1, Mmo-) The processes (&,), (n,) and xq are supposed to be mutually independent;
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noises &, and 7, form sequences of i.i.d. random variables such that E¢ = 0, E||C||* <
00. Denote 02 = En2. We assume that the variance of & is known. Then without
loss of generality we put F& = 1.

The main aim of the paper is to construct truncated estimators of A € (—1,1)
with guaranteed accuracy in the mean square sense by sample of fixed size. Cases of
both known and unknown values of o will be considered.

A similar problem has been solved in, e.g., [10] on the basis of the sequential

approach (when the sample size is a random value determined by a special stopping
rule) for A € (—1,0) N (0, 1)

2 Parameter estimation of AR(1) with known noise
variance

To estimate the parameter A, we use the correlation method. To this end, we obtain
from the system (1), (2) the recurrent equation for the observed process y = (yn)n>o0 :

y’l’b = Ay’n—l _I_ 6717 n Z 17
5n = fn + Nn — >\77n—1-

(3)

Due to the dependence of noises d,,, the least squares estimator (LSE) of A obtained
from equation (3) is asymptotically biased, see, e.g., [7], [L0]. Equation (3) implies
the following formula for correlations of the process (y,):

Exynyn-1 = AEA(y2_, —0%), n>1.

Hence, the consistent correlation estimator A, of A has the following form (see [7])

A Z YrYr—1
Ang = —= . on>1. (4)

n

> (Y1 — 0?)

k=1

It is easy to verify that

n

" 1
lim — Z(yz_l —0?) = T~ 1 P\—a.s. (5)

n—oo N,
k=1

Thus, according to the general procedure described in [9], it is reasonable to
construct the truncated estimator A, of A as follows:

n

5‘% = 5‘n : X(Z(?qu - 02) > hn), n=>1, (6)
k=1

where h € (0,1) and x(A) is the indicator of the set A.
The following theorem gives the first main result of this paper.
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Theorem 1. Assume model (1), (2). Then for every |A\| < 1 and n > 1, estimator
(7) has the property

E)\(S\n - )\)2 S

s 1a

(7)

The proofs of theorems and lemmas are given in Section 5.

3 Parameter estimation of AR(1) with unknown noise
variance

To estimate A € (—1,1), we use an adaptive modification of estimator (5):

% > Yrlk—1
A= = , n>1 (8)
% Yiy — 02
k=1

Taking into account (6), we construct the estimator o2 of o2 as follows

:—Zykl )\2, n>1 9)

where ), is the pilot estimator of A

A = proj[_lyl]jxn, n>1, (10)
. Z YrYrk—2 n
An = 2_2— : X(| Zyqukd > Hn), n>1. (11)

Z Yk—1Yk—2 k=2
k=2

Here we put H,, = n(logn)~!. According to the general truncated estimation method
[9], the multiplier (logn)~" in the definition of H,, can be any other slowly-decreasing
function.

It should be noted that the estimator (10) is constructed on the bases of the
correlation (Yule-Walker type) estimator which can not be used if A = 0 (see Lemma
1 below). Our main aim is to construct an estimator of A without this restriction.

Taking into account (10), estimator (9) can be written in the form

A= (1= A2)— Zykyk Lon> 1. (12)
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Lemma 1. Assume that in model (1), (2), E||C||® < oco. Then estimator (10) for
every A € (—1,0) U (0,1) and n > 1 has the following property

1 4
Exm -2 < & h g, x
n n

This lemma makes possible to obtain the main result of the section.

Theorem 2. Assume that in model (1), (2), E||C||® < co. Then for every |\ < 1
and n > 1, estimator (12) satisfies the following condition

1 4
EA()\;*Z—)\)QS%JrCOg o

n2

4 Simulation Results and Discussion

We conducted numerical simulation of the proposed estimation algorithm. For every
set of the parameters, the experiment was performed 100 times, the number of ob-
servations is equal to 100, the parameter of the procedure h = 0,5. Table 1 presents
the results of simulation. Here A and o are the parameters of model (1), A, and \*
are the mean estimators of the parameter A\ when the noise variance o2 is supposed
to be known and unknown, correspondingly; d, and d; are sample standard errors of
the corresponding estimators.

One can see that d,, < d’ in all experiments; thus, if the noise variance is unknown
then the standard error increases at least twice (if A = 0,5); but df, can be fully ten
times larger than d,, if A = 0,9. Both deviations increase with the grow of o2, as one

should expect; besides, d,, decreases and d; increases with the increase of .

5 Proofs

5.1 Proof of Theorem 1

To investigate the non-asymptotic properties of A, we use the following representation
of the deviation

b= A= 22 (gl 2 ) = Al < ) 13
where
1 n
fn = ” Z[yk—1(fk + 1) — MYr—1mr—1 — 0],
k=1
1 n
9n = E Z(yi—l - 0-2)
k=1
It can be directly verified that for |A\| <1
—1 p—
Byf? < L)"U). (14)
n
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Table 1: Simulation results

A

An

dy,

)\*

d*

0,5
0,5
0,5
0,5
0,5

0,09
0,25
0,49
0,81

0,477
0,492
0,487
0,475
0,473

0,0092
0,0111
0,0150
0,0229
0,0419

0,452
0,490
0,470
0,418
0,424

0,0294
0,0314
0,0488
0,0795
0,0953

0,8
0,8
0,8
0,8
0,8

0,09
0,25
0,49
0,81

0,786
0,794
0,786
0,772
0,788

0,0046
0,0054
0,0054
0,0120
0,0122

0,796
0,854
0,789
0,765
0,797

0,0465
0,0793
0,0737
0,1435
0,1590

0,9
0,9
0,9
0,9
0,9

0,09
0,25
0,49
0,81

0,876
0,889
0,888
0,874
0,891

0,0038
0,0018
0,0030
0,0044
0,0028

0,865
0,913
0,910
0,886
0,801

0,0772
0,0596
0,1044
0,1822
0,1780

Introduce the notation g = 1/(1 — A?). Then, using a representation

n

gn—g=%2(w

k=1

and the following formula (see, e.g., the proof of Theorem 2 in [9])

it is easy to prove that

Further, similar to [9] using the Chebyshev inequality we estimate

Ek(gn - 9)2

Py(lgn| < h) < P\(|gn — —h) < < ;
Algnl < h) < Pa(Ign — gl > g = h) “h)2 ~ (1-h)n

Using (13-16), we estimate

E)\(gn - 9)2 S

Co

Y
n

n>1.

2 « 1<
i1 0%) + - Zxk—lnk—l +- 2(7713—1 —0?)
k=1 k=1

g n n
n [z — 22 + 2)\;%1& + ;(fi - 1)],

Co

(g

) 1
Ex(A=))* < ﬁEAfs + Py(|lgn| < h) <

and obtain assertion (7).
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5.2  Proof of Lemma 1

The proof of Lemma 1 is similar to the proof of the second assertion of Theorem 1
in [9].
Definition (10) of A, implies
Ex(An — N2 < Ex(An — V)2

Introduce the following notations

1 — 1 — A
———E DY) n———E 1Yp_ =———  h,=(l L
n 2 Yk—20k, G n L Yk—1Yk—2, g EVE (Og”)

By the definition of A in (11), its deviation has the form

S A= 22 (1gal = ) = A x(lgal < ) = J; 2(1gal = )

X(|gn| > hn) - A X(|gn| < hn) = Jl + J2 + JB-

Using the Cauchy-Schwarz-Bunyakovsky and Chebyshev’s inequalities, estimate
the second moments of these summands:

1
E\J} < CEyf2, EpJ; < W\/ExfﬁEA(gn —9)4, E\J: < h *Ex(g. —g)*

In view of the structure of the function f, it is easy to verify that E\f} < C/n?.
By the definition of g, we have

)\
Zyk 1Yk—2 — lefk 1Tg—2 — 75 2
1 n
+ﬁ Z Tp—1Mk—2 + " Z Mk—1Tk—2 + ” Z Mk—1Mk—2 = ( Z Thz ~ 7 )\2>
k=1 k=1 k=1
1 & 1 &
+E ; Tp-1Mk—2 + - ;(Uk_1 + §k—1)Th—2 + - ; Mk—1Mk—2-

Using this representation, it is easy to verify similarly the proof of Theorem 1
that

C
Ex(gn—g)' < =

Thus we have

2 4
n

1 1 1
EJ?<C-, E<c2l pJi<c®
n n

n

224



Applied Methods of Statistical Analysis

5.3  Proof of Theorem 2

Introduce the following notations

A 1 1 2\ —
An = ()\2 — )\i) + (1 — /\721))\ { ([Eg — )\233%_1) + 7 ;xk—2€k—l

1— A2
T Y SYIRSTIES o [P )
n 4 k-1 n n) Te—1Mk—1 T Ye—1\Gk T Tk )]

2
Definition (12) of the estimator A and equation (3) imply

n

1
A =(1- )\i)g ZP\?/EA + Yr—1(Ek + M) — AYp—17—1]

k=1

=(1-\%) {)\% > g+ 1 Z[/\l'k—lnk—l + ye-1(& + ﬁk)]}

k=1 k 1
A
I A
1 — 2\ a B 3 — )2
+( )\n)n;[)\% 111+ Yk 1(5k:+77k)] A+ (N =X) e

+(1—>\Z))\1_1)\2 {l( +—Zxk 2€k—1 + — Z fk 1= —1}

n

1
+(1 - Ai); Az 1me—1 + Ye—1(& +1m0)] = A+ Ayl
k=1

Thus the mean square deviation of the estimator A} has the following form
Ex(AS = A2 = E\AZ - x(A=0) + ExAZ - x(A #0) = [ + I,

where
n

I = B((1 = X) - S lper (G m)))? - XA = 0)

k=1
n

= E\((1— )\i)% Z(fk—l + k-1) (& +m0))% - X(A = 0),

I, = E\A2 - x(A #£0).

From assumptions of Theorem 2 it follows I; < C/n. In view of Lemma 1 and the
property |\, + A| < 2, we have

12 (x0+xk1

2|1 A, — A
I, < E), <|1_—)\2‘X()\ #0) +
+l i1 ix +l i (& + k)
" n |4 E—1Tk—1 Yk—1\Sk T Nk
c C log* n

< CE\(A\ — M)? ()\7&0)+C+—<E C—

2 n
— E l‘szli
n

o2

)

1 n
+- d G-

k=2

n
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