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The mixed volumes of convex hull of distinct leaves can be obtained by the
polarization of the polynomial 𝑉 (𝑝). According to SP, the coefficient at 𝑠𝑘𝑡8−𝑘

is equal to the multiplied by
(︀
8
𝑘

)︀
mixed volume of 𝑘 bodies ̂︀𝐹𝜛1 and 8− 𝑘 bodieŝ︀𝐹𝜛2

, where 𝜛1, 𝜛2 are the fundamental weights (see [4, 5.1.26]).
Due to BKK-theory we know the explicit formula for Bézout’s number (i.e.

the number of solutions) for systems of equations 𝑓𝑘 = 0 with matrix elements of
finite dimensional representations of a complex reductive Lie group. It involves
volumes and mixed volumes of the convex hulls of integral orbits of the coadjoint
representations (see [5]). We are grateful to Boris Kazarnovskǐı for making us
aware of this fact and for useful comments. These results were extended and
generalized in several directions but to the best of our knowledge the case of
isoparametric foliations is not covered yet.
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Composition operators on Sobolev spaces and
the spectrum of elliptic operators

Vladimir Gol’dshtein𝑎, Valerii Pchelintsev𝑏,* Alexander Ukhlov𝑎

𝑎Ben-Gurion University of the Negev;
𝑏Tomsk Polytechnic University, Tomsk State University

email: vladimir@math.bgu.ac.il, vpchelintsev@vtomske.ru,
ukhlov@math.bgu.ac.il

This work is devoted to applications of the geometric theory of composition
operators on Sobolev spaces to spectral problems of the 𝐴-divergent form elliptic
operators with the Neumann boundary condition:

𝐿𝐴 = −div[𝐴(𝑧)∇𝑓(𝑧)], 𝑧 = (𝑥, 𝑦) ∈ Ω,
𝜕𝑓

𝜕𝑛

⃒⃒⃒⃒
𝜕Ω

= 0, (1)
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in quasiconformal regular domains Ω ⊂ C with 𝐴 ∈ 𝑀2×2(Ω). We denote, by
𝑀2×2(Ω), the class of all 2 × 2 symmetric matrix functions 𝐴(𝑧) = {𝑎𝑘𝑙(𝑧)},
det𝐴 = 1, with measurable entries satisfying the uniform ellipticity condition

1

𝐾
|𝜉|2 ≤ ⟨𝐴(𝑧)𝜉, 𝜉⟩ ≤ 𝐾|𝜉|2 a.e. in Ω, (2)

for every 𝜉 ∈ C, where 1 ≤ 𝐾 <∞.
Recall that a simply connected domain Ω ⊂ C is called an 𝐴-quasiconformal

𝛽-regular domain, 𝛽 > 1, if∫︁∫︁
D

|𝐽(𝑤,𝜙−1)|𝛽 𝑑𝑢𝑑𝑣 <∞,

where 𝜙 : Ω → D is an 𝐴-quasiconformal mapping [3]. Since (see, for exam-
ple, [1]) 𝐴-quasiconformal mappings 𝜙 : Ω → D are defined up to conformal
automorphisms of D, this definition doesn’t depend on a choice of 𝜙 and depends
on the quasihyperbolic geometry of Ω only. A class of quasiconformal regular
domains includes Lipschitz domains, Gehring domains and also some fractal do-
mains like snowflakes.

The suggested method is based on the connection between composition oper-
ators on Sobolev spaces and quasiconformal mappings, that refines (in the case
𝑛 = 2) results of [2]. As applications we obtain the solvability of the spectral
problem (1) and lower estimates of the first non-trivial Neumann eigenvalues in
𝐴-quasiconformal 𝛽-regular domains [3]:

Theorem. Let 𝐴 be a matrix satisfies the uniform ellipticity condition (2) and
Ω be an 𝐴-quasiconformal 𝛽-regular domain. Then the spectrum of the Neumann
divergence form elliptic operator 𝐿𝐴 in Ω is discrete, and can be written in the
form of a non-decreasing sequence:

0 = 𝜇0(𝐴,Ω) < 𝜇1(𝐴,Ω) ≤ 𝜇2(𝐴,Ω) ≤ . . . ≤ 𝜇𝑛(𝐴,Ω) ≤ . . . ,

and
1

𝜇1(𝐴,Ω)
≤ 4

𝛽
√
𝜋

(︂
2𝛽 − 1

𝛽 − 1

)︂ 2𝛽−1
𝛽
(︂∫︁∫︁

D

|𝐽(𝑤,𝜙−1)|𝛽 𝑑𝑢𝑑𝑣
)︂ 1
𝛽

,

where 𝐽(𝑤,𝜙−1) is a Jacobian of the quasiconformal mapping 𝜙−1 : D→ Ω.
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