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Abstract

Over the recent years, many techniques and methods have been proposed to solve the
difficult nonlinear optimal control problem. These methods can be classified as: direct and
indirect methods. The proposed method in this work is classified as a direct method in
which the optimal control problem is directly converted into a mathematical programming
problem. As its name implies, direct methods are employed by directly substituting the
control and state variables into the performance index.

Direct methods can be implemented using either discretization or parameterization.
Parameterization can be implemented using one of three ways: (1) Control
parameterization, (2) Control-state parameterization and (3) State parameterization. The
proposed method in this work is based on state parameterization which is employed by
parameterizing the system state variables by a finite length series Chebyshev or Legendre
polynomials with unknown parameters.

The proposed method in this work is also based on the iteration technique which replaces
the nonlinear state equations by an equivalent sequence of linear time-varying state
equations. Then, state parameterization is applied on this sequence. By this, the original
nonlinear quadratic optimal control problem is directly converted into quadratic linear
programming problems, which are easier to solve.

To show the effectiveness of the proposed method, several optimal control problems free
and subject to different types of constraints were solved, and the simulation results show
that the proposed method gives good and comparable results with some other methods.
Among the optimal control problems which were solved is the complex containers crane
problem.
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Chapter One

Introduction

1.1 Motivations

Optimal control problem is to find an optimal controller u* that minimizes a certain cost
function (specification) keeping at the same time the system state equations, initial
condition, and any other constraints of the system satisfied. Examples of optimal control
applications include environment, engineering, economics etc.

Unlike linear optimal control problem which has an analytical solution that is given as a
closed loop feedback control law, nonlinear optimal control problem does not. This
motivates many researchers to try to find a solution to this problem. In most cases, if not
all, these solutions are numerical i.e. approximate or suboptimal solutions.

Generally, solution methods to optimal control problem are classified as direct and indirect
methods. Indirect methods are usually employed by converting the optimal control
problem into a two-point boundary value problem TPBVP and solving this new problem
which is easier than the original problem or finding a solution that satisfies the Hamilton-
Jacobi-Bellman equation. The main advantage of indirect methods is that the resulted
solutions produce a closed loop or feedback control law. However, indirect methods suffer
some drawbacks which are [8]: (1) There is no solution to the Hamilton-Jacobi-Bellman
equation of general nonlinear optimal control problem. (2) The introduction of artificial
costates. (3) The lack of robustness. (4) A deep knowledge of the system model
(mathematical and physical) is required.

For those reasons and others direct methods were proposed to solve optimal control
problems. Direct methods are employed by either discretization or parameterization of the
state and/or the control variables. In discretization, many discrete points (samples) of the
state and/or control variable are required in order to produce accurate results. This would
ends up with a system of large dimension (curse of dimensionality). On the other hand,
parameterization can be implemented by one of the three ways: (1) Control
parameterization is employed by approximating the control variables by a finite series of
known functions with unknown parameters, then the state variables are obtained as a
function of the unknown parameters by integrating the system state equation. This process
is computationally expensive [15]. (2) Control-state parameterization is employed by
approximating both state and control variables by a finite series of known functions with
unknown parameters. The resulted system would ends up with large unknown parameters.
(3) State parameterization is the least used method compared with control
parameterization and control-state parameterization. In state parameterization, only some
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state variables are directly approximated by a finite series of known functions with
unknown parameters. The remaining state and control variables are obtained as a function
of the unknown parameters directly from the state equation(s).

Though, state parameterization is not used extensively in optimal control. Our choice in
this work is to use state parameterization because it has some advantages over both control
parameterization and control-state parameterization. These advantages are: (1) There is no
need as in control parameterization to integrate the system state equations. (2) The number
of unknown parameters is smaller compared with control-state parameterization. (3) The
state constraints can be handled directly.

State parameterization requires known functions for the approximation of the state
variables. To simplify computation of the optimal control problem, the known functions
are usually chosen to be orthogonal. In this work, we choose two orthogonal functions;
Chebyshev and Legendre polynomials. These polynomials offer some advantages over
other orthogonal functions. Fast convergence and good min-max properties [17] are only
few advantages that both functions offer.

1.2 Thesis Goals

The main goal of this work is to apply the iteration technique developed by Banks [3-7] on
the optimal control problem under consideration to directly obtain a numerical solution to
this problem. As a result, state parameterization via Legendre or Chebyshev polynomials
will be applied on the resulted optimal control problems of the iteration technique. In the
application of state parameterization, we will follow Jaddu method [8].

1.3 Thesis Contribution

The main contribution of this work is the introduction of a new technique for solving the
nonlinear quadratic optimal control problem, both free and subject to different types of
constrains. As a result, other contribution can be stated as follows:

¢ Introducing a new Legendre polynomial property called the differentiation
operational matrix. This matrix is used to approximate the derivatives of the state
polynomials using Legendre polynomials.

¢ Introducing a new formula for the approximated performance index using
Legendre polynomials.

¢ Introducing a new method for solving the linear quadratic optimal control problem
using state parameterization via Legendre polynomials.



1.4 Thesis Organization
The remaining chapters of this thesis are organized as follows:

Chapter two reviews the optimal control problem in general and discusses some of the
important previous works that are proposed to handle the optimal control problem. In this
chapter, the computational techniques and methods used to handle optimal control
problems are classified into direct and indirect methods.

Chapter three describes a method for solving the linear quadratic optimal control
problems. In spite of the fact that this work is intended for nonlinear optimal control
problems, it is necessary to solve linear optimal control problems, because as will be
demonstrated in chapters four and five, the solution method for nonlinear optimal control
problems is based on converting the nonlinear optimal control problem into a sequence of
linear time-varying optimal control problems. All aspects of state parameterization via
Legendre polynomials are discussed in this chapter. In addition, some of the important
properties of Legendre polynomials are reviewed. One of them is a newly introduced
property for the Legendre polynomials called the differentiation operational matrix. This
property is used to approximate the derivative of the state variables. An explicit formula to
approximate the quadratic performance index using Legendre polynomials is introduced.
Finally, computational results of a standard example are introduced and the results are
compared with some other methods.

Chapter four presents the main idea of this work, where a computational method for
solving the nonlinear quadratic optimal control problem is introduced. In this chapter, the
concept of the iteration technique is presented. Also introduced in this chapter is state
parameterization via Chebyshev polynomials developed by Jaddu [8]. In this chapter, the
steps of converting the nonlinear quadratic optimal control problem into a sequence of
quadratic programming problems are introduced. To verify the proposed method, a
standard example is solved for the purpose of comparison with other methods.

Chapter five is an extension of chapter four, where the optimal control problem under
consideration is subject to different types of constraints. These constraints include:
Terminal state constraints, State saturation constraints and Control saturation constraints.
In this chapter, the constrained nonlinear quadratic optimal control problem is converted
into a constrained sequence of standard quadratic programming problems solved using the
active set method. To show the effectiveness of the proposed method, a typical Van der
Pol problem subject to different types of constrained is solved and the results are
compared with the results of other methods. Also introduced in this chapter is the complex
problem of transferring containers from ships to trucks at the port of Kobe.

Finally, Chapter six presents some of the important conclusions of this work and a
suggestion of the future work that can be built over this thesis.



Chapter two

Optimal Control Problem: Literature Review
2.1 Introduction

In this chapter, we present a review of the optimal control problem in general. We discuss
some of the important previous works presented to handle the optimal control problem.
Many textbooks [1-2] and survey papers [31-32] that handled optimal control problem
were published.

Basically, the main objective of optimal control is to find a controller that can be an open
loop (off- line) controller denoted as u*(t) or a closed loop (on-line) controller denoted as
u*(x(t),t). This controller is optimal because when applied to the dynamic system, it
minimizes (maximizes) a certain function called the cost function or performance index
keeping at the same time the system physical constraints unviolated. The performance
index or cost function can be considered as the desired specifications of the system.

The basic optimal control problem consists of three elements:

1. Plant model: This is the system to be controlled. Mathematically, it is represented
as a set of state equations which are a set of first order differential equations

x = fx(@,ut),t) ,tE€ [totf] 2.1)

where x € R™ is the state vector, u € R™ is the control vector. f is assumed
continuous differentiable function with respect to all its arguments.

2. Initial plant state: A set of initial conditions which indicate the system state values
at initial time

x(to) = xo (2.2)
where x, € R™ represents a known initial condition vector.
3. Plant performance index (specifications): The desired specifications of the system

that needs to be minimized (or maximized). Mathematically, the performance
index is represented by a scalar function given by



J = h(x(tr) tr) + [ gCe(), u(®), de 2.3)

where t, and t; are the initial and final time; h and g are scalar functions. t; may
be specified or “free”, depending on the problem statement. Figure (2.1) shows the
elements of a basic optimal control problem.

Performance Index
“Desired System Specifications”
tr

J = h(x(tr), tr) + f glx(@®),u(t), t)dt
to

y

Plant “Process”
Controller u(t) “System to be controlled” x(t)
7y L u(x(t)) i *=f@®)u®).0 i
| x(to) = xo !
Figure (2.1) Elements of an optimal control problem
2.2 Problem Statement

The general unconstrained optimal control problem can be stated as follows:
Find an optimal controller, feedback u(x(t), t) if possible, or if not an open loop u(t) that
minimizes the following performance index

J = h(x(tr) tr) + [ gCe(0), u(®), )de 2.4)
subject to

x=flx@®),u),t)  x(t)) =xo (2.5)

Many methods have been proposed to solve the problem (2.4)-(2.5). More or less, these
methods can be categorized into one of the following tracks:

¢ Dynamic programming (Hamilton-Jacobi-Bellman HIB Equation).
e (Calculus of Variation (Euler-Lagrange Equations).
e Parameterization or discretization (nonlinear mathematical programming).



Dynamic programming is based on methods that satisfy HIB equation. The optimal
controller resulted from these methods is a closed loop or feedback controller u(x(t)).
Methods that are based on the calculus of variation (Euler-Lagrange equations) convert the
optimal control problem into a Two-Point Bounded Value Problem (TPBVP). The optimal
controller resulted from using these methods would also produce a feedback or closed loop
controller u(x(t)). Methods that are based on HIB equation or Euler-Lagrange equations
are usually classified as indirect methods.

Methods that are based on parameterization or discretization are classified as direct
methods. Direct methods usually produce an open loop optimal controller u(t). Direct
methods are based on solving the optimal control problem by converting it into a nonlinear
programming problem. The proposed method in this work is classified as a direct method.

In the following sections, we discuss these methods and review some of the important
papers that were published. Figure (2.2) shows a block diagram that illustrates the
computational methods of optimal control problem.

Optimal Control Problem

A 4 A 4

Direct Methods Indirect Methods
A\ 4 A\ 4 \4 \4
Parameterization Discretization HJB TPBVP
A\ 4 A\ 4 A A \ 4
Control Control-State State Control-State Control
Parameterization || Parameterization || Parameterization || Discretization || Discretization

Figure (2.2) Computation methods of optimal control problem

2.3 Indirect Methods

In this section, we review some of the important methods that are classified as indirect
method. As indicated earlier, these methods are based on solutions that satisfy the HIB
equation or on solutions that convert the optimal control problem into a TPBVP. In what
follows is a review of these methods:

1. Power series approach: This approach is based on finding an approximate solution to
the Hamilton-Jacobi-Bellman equation or the nonlinear two-point boundary value



problem by using power series expansion. The approximated feedback control law
obtained by this technique is solved successively. The pioneers of this method are:

Lukes [33]: Applied this method to obtain an approximated feedback control law
of the HJB equation. Lukes assumed a general nonlinear infinite horizon
(regulator) optimal control problem. The problem treated by Lukes can be stated as

Find a feedback controller u(x) that minimizes the following performance index
] = fooo(xTQx + 2x"Mu + u"Ru + g(x,u))dt (2.8)
subject to
x = Ax(t) + Bu(t) + f(x(t), u(t)) 2.9)

where Q,R are real symmetric positive definite matrices and A, B, M are real
matrices. f(x,u) is a higher order term in (x,u) of order two and above and
g(x,u) is also a higher order term in (x,u) of order three and above. Lukes
assumed that the expected feedback control law will be of the form

u(x) = Dx + h(x) (2.10)

where h(x) is a higher order term in x of order two and above. The optimal
controller u*(x) and the optimal performance index J*(x) can be found
successively as

u*(x) = u£1] (x) + u,Ez](x) + -+ u£m] (%) (2.11)

J*@) =2 ) + 7B ) + -+ 1M ) 2.12)

By this, the original difficult optimal control problem reduced to solving
successively systems of linear algebraic equations.

Willemstein [34]: Extended the work of Lukes to handle finite time optimal control
problems both fixed end and free end. The optimal control problem reduced to
solving successively systems of ordinary differential equations.

Garrard and Jordan [35]: Applied the work done by Lukes to control a complex
dynamic system of an F8 fighter jet.

Yoshida and Loparo [36]: Apply a similar idea of Lukes to solve a nonlinear
optimal control problem with quadratic performance index for both finite and
infinite time problems. The problem treated by Yoshida can be stated as

Find an approximate feedback optimal controller u(x) that minimizes
J= fotf(xTQx + uTRu)dt (2.13)

subject to the following dynamic system



x=f(x)+Bu (2.14)

where f(x) includes the linear and nonlinear terms of the dynamic system. The
function f(x) was expanded by a power series around the origin. Also, the costates
were expanded by a power series with unknown parameters. By this, the finite time
optimal control problem was reduced to solving a Riccati equation and a sequence
of ordinary linear differential equations. Whereas, the solution to the infinite time
optimal control problem was reduced to solving a sequence of algebraic equations.

2. Extended linearization method [9, 37]: In this method, the nonlinear dynamic system
expressed as a nonlinear state equations of the form

x = f(x,u,t) (2.15)
where f(x,u,t) is a nonlinear function in x is to be rewritten in a “pseudo” linear form
x=A)x +B(x)u (2.16)
where the matrices A(x), B(x) are called State Dependant Coefficient (SDC) matrices.

Using this method, the quadratic nonlinear optimal control problem has an
approximate feedback controller of the form

u(x) = —R7IBTP(x)x(t) (2.17)
where P(x) is the solution of the following State Dependant Riccati Equation (SDRE)
P(x) = P(x)A(x) + AT(x)P(x) — P(x)B(x)R~*(x)BT (x)P(x) + Q(x) (2.18)

and for the infinite horizon problem P(x) =0, and (2.18) becomes Algebraic State
Dependent Riccati Equation (ASDRE) written as

P(x)A(x) + AT(x)P(x) — P(x)B(x)R"*(x)BT(x)P(x) + Q(x) = 0 (2.19)

3. Inverse optimal control problem: In this method, an optimal feedback control is
obtained by finding a solution to the inverse optimal control problem. For more details
of this method, the reader can refer to [38] and the references therein.

2.4 Direct Methods

As their name implies, direct methods are employed by direct substitution of the state and
control variables into the performance index without constructing the Hamiltonian of the
system as in indirect methods. This would produce many advantages of direct methods
over indirect methods. Some of these advantages are: (1) There is no need to find a
costates variables. (2) Using direct methods, the dynamic optimal control problem is
converted into a static optimization problem. (3) As a result, many software packages are
available to solve this static problem. (4) Different constraints can be handled directly.
Due to these advantages and to the drawbacks of the indirect methods mentioned earlier,
many techniques and methods were proposed that are based on direct methods.



By using direct methods, the difficult nonlinear dynamic optimal control problem is
converted into a nonlinear mathematical programming problem. Direct methods can be
implemented by either using discretization or parameterization methods. In this work, we
will use parameterization technique to convert the difficult nonlinear quadratic optimal
control problem into linear time-varying quadratic control problems which are much easier
than the original problem. In the following sections, we will briefly discuss both
discretization and parameterization technique with some focus on parameterization.

2.4.1 Discretization:

Discretization is a process in which the time interval t € [ty, t¢] is to be divided into an
equal n time segments. Mathematically, this can be given as

t0<t1<t2<t3<"'<tn:tf (2.20)

As a result, and depending on the discretization technique, the variable(s) is (are) sampled
at each time point in (2.20). Basically, there are two discretization technique used in
optimal control problem: Control-state discretization and control discretization.

1. Control-State Discretization:

In this method, both state and control variables are to be discretized. As a result, the
following vector which contains a sequence of unknown state and control variables will be
produced

Y = (Xg, X1, enr Xy, Ugy Uq, wey Up—q1) 2.21)

By this, the system state equations are replaced by algebraic equations which are treated as
equality constraints. This would convert the original optimal control problem into a static
optimization problem that can be solved using any available software packages like
MATLAB. Note that in order to have accurate results, large amount of samples should be
taken, this would result in a system that is highly dimensional. In literature, this is referred
to as the “curse of dimensionality” [45]. More details about this method can be found in
[10]

2. Control Discretization:

In this method, only the control variables are to be discretized. As a result, the following
vector is obtained

y = (ug, Uy, e, Up_1) (2.22)

In order to get the state variables, it is necessary to integrate the system state equations.
This would produce state variables that are a function of the control variables. An
advantage of this method over control-state discretization is that the resulted system is
lower in dimension. For more details of these techniques and method, the reader can refer
to [10].



2.4.2 Parameterization:

Parameterization is a process in which a function or a variable is approximated using
known functions with known or unknown parameters. Parameterization can be employed
by one of the three forms: Control parameterization, control-state parameterization and
state parameterization. In this work, we use state parameterization.

1. Control Parameterization:

In this method, only the control variables are approximated by a finite length series of
known functions with unknown parameters. Mathematically, this can be formulated as
follows

we = YN b S () k=12, ..,m (2.23)

where N is the order of approximation, b;'s are the unknown parameters and f;(t) is a
suitably selected set of functions forming a basis of the control space.

By integrating the state equation, the state variables can be obtained as a function of the
unknown parameters of the control variables. Both control and state variables are then
directly substituted into the performance index. By this, the original difficult optimal
control problem is converted into a static optimization problem of the unknown
parameters which can be solved using any available software packages.

This method is the most widely used method compared to the other parameterization
techniques. But, integration of the state equations to get the state variables is an expensive
computation process [15]. More details about this method can be found in [12, 18, 23].

2. Control-State Parameterization:
Using this method, both control and state variables are approximated by a finite length

series of known functions with unknown parameters of its own. Mathematically, this can
formulated as follows

xe =YV, aPf (0 k=12, ..,n (2.24)

w, = YN, bPf () 1=12,..,m (2.25)
where a;’s, b;’s are the unknown parameters, N is the order of approximation and f; is a
suitably selected set of functions forming a basis. By this, the optimal control problem is
converted into a nonlinear mathematical programming problem. Since both state and
control variables are parameterized, the resulted system would ends up with a large
number of unknown parameters. More details about this method can be found in [25, 26].
3. State Parameterization:
In this method, only the state variables are to be approximated by a finite length series of

known functions with unknown parameters. Mathematically, this can be formulated as
follows
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X = 2o aif; (6) k=1.2,..,n (2.26)

The control variables can be obtained from the state equations. The work of thesis is based
on using state parameterization. The idea is to choose a set of state variables that are to be
approximated directly by a finite length series of known functions with unknown
parameters. The remaining state and control variables can be obtained as a function of the
directly approximated state variables parameters from the system state equations. This
would decrease the resulted system dimension dramatically. If any state equation remains
unsatisfied, it will be considered as an equality constraint.

By using state parameterization, drawbacks of control parameterization and control-state
parameterization can be overcome. In state parameterization, there is no need to integrate
the state equations to get the state variables as in control parameterization. The dimension
of the resulted system is much smaller compared to control-state parameterization. In
control-state parameterization, all system state equations will be replaced by equality
constraints, while in state parameterization only unsatisfied state equation(s) will be
replaced by equality constraints. It is difficult to handle state constraints in control
parameterization and control-state parameterization, while in state parameterization all
state constraints can be treated directly.

All these advantage of state parameterization makes it almost perfect for solving linear
optimal control problems. However, in nonlinear systems it is difficult to apply state
parameterization [14]. One of the reasons for this is the difficulty of getting the control
variables out of the state equations. In this work, we overcome this problem by using the
iteration technique [3-7] which will replace the original nonlinear state equations by an
equivalent sequence of linear time-varying state equations.

Application of state parameterization requires basis functions. State parameterization can
be implemented using different basis function [23]. In this work, we will use Chebyshev
and Legendre polynomials as the basis functions to parameterize the state variables.

The use of Chebyshev polynomial in optimal control is not new. Many papers have been
published to handle linear and nonlinear optimal control problems. Examples of papers
that use Chebyshev polynomials to handle optimal control problems are: Jaddu [8, 16, 24]
used state parameterization and quasilinearization to solve a general nonlinear optimal
control problems. Vlassenbroeck and Van Dooren [13] handled the nonlinear optimal
control problems subject to different type of constraints by parameterizing both state and
control variables using Chebyshev polynomials.

On the other hand, the use of Legendre polynomials in optimal control problems is rare.
Up to our knowledge, most of the applications are of other versions of Legendre
polynomials and in particular shifted Legendre polynomials. Examples can be found in
[39, 41] and the references therein.

In this thesis, we will propose a method that can handle both linear and nonlinear optimal
control problems using state parameterizations and Legendre or Chebyshev polynomials.

11



Chapter Three

Linear Quadratic Optimal Control Problem

3.1 Introduction

In spite of the fact that this work is intended for nonlinear optimal control problems, it is
necessary to study linear optimal control problems, because as will be seen in the next
chapter, the main idea proposed in this work to handle nonlinear optimal control problems
is to replace the original nonlinear state equations by an equivalent sequence of linear
time-varying state equations [3-7].

It is well known that the linear optimal control problem is one of the few optimal control
problems that can be solved analytically. The solution of this problem gives a feedback
control law. This solution can be found in many text books like [1-2]. However, this
solution is not that easy. In order to solve this problem, it is necessary to solve either the
nonlinear matrix Riccati equation or to convert the problem into Two-Point Boundary
Value Problem (TPBVP).

In order to avoid difficulties associated with solving linear optimal control problems using
indirect methods, some researchers proposed direct methods by using either discretization
or parameterization. Razzaghi and Elnagar [41] parameterize the derivative of the state
variables using shifted Legendre polynomials. Jaddu [8, 40] proposed a method that is
based on state parameterization using Chebyshev polynomials. Other researchers proposed
methods that are based on converting the linear two-point boundary value problem into a
set of linear algebraic equations by parameterizing the state and costate variables [42].

In this chapter, we will propose a new method for handling linear quadratic optimal
control problems using state parameterization via Legendre polynomials. This method will
be used in the next chapter to handle nonlinear optimal control problems.

3.2 Statement of Linear Quadratic Optimal Control Problem

The linear quadratic optimal control problem can be stated as follows:

Find an optimal controller u*(t) that minimizes the following quadratic performance
index

] = fotf(xTQx + uTRu)dt (3.1
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subject to the following linear dynamic system and initial conditions

x = Ax(t) + Bu(t), x(0) = x, (3.2)
where x E R, u € R™,x, € R" , A,B are nXn and n X m real-valued matrices
respectively. Q is an n X n positive semidefinite matrix and R is an m X m positive
definite matrix. We will assume thatm < n and t € [0, tf].
The method proposed to handle problem (3.1)-(3.2) is based on directly parameterizing the
state variables by a finite length series of Legendre polynomials with unknown
parameters.
3.3 State Parameterization via Legendre Polynomials
In this section, we will discuss all aspects of state parameterization using Legendre
polynomials. Before doing this, it is worth to review some of the important properties of
Legendre polynomials.
3.3.1 Legendre Polynomials:
Due to many advantages that Legendre polynomials offer in comparison with other
orthogonal polynomials, we will use them in this work to perform state parameterization.
Fast convergence and good min-max properties are examples of these advantages [17]. In
this section, some background review of Legendre polynomials is given to help presenting
the upcoming materials in the next sections and chapters.
The Legendre polynomials of the first kind are defined on the interval T € [—1,1]. Many

formulas can be given to generate these polynomials. In this work, we will use the
Rodrigues formula [19] to generate the Legendre polynomials as follows

1 d"
(D) = snam

(2 - 1" (3.3)
From which the first three Legendre polynomials can be given
Py(t) =1
P(t) =t (3.4)
Po(1) =537 — 1)
The Legendre polynomials are solution to the Legendre differential equation
-2 - 22+ Dy =0 (3.5)

Two Legendre polynomials P,(t) and P, (7) are orthogonal on the interval T € [—1,1]
with respect to a unity weighing function
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1 0 n#m
INAGINGE {L S (3.6)

2n+1

In this work, we will use some of the important properties of Legendre polynomials which
are
¢ [Initial and final value

P,(1) =1 (3.7)
B,(-1D)=(C-D" (3-8)

e Product relation [20]

ArAn—vAm—y 2n+2m—4r+1
m ran—-ram-—r

Pn(T)Pm(T) — 4r=0 _

Anym—-r 2n+2m-2r+1

Prym—2r(7) (3.9

(%)r; where (@)1 = a(a + 1)(a +2) ..(a +r —1),and (a), = 1.

r!

wheren > m, A, =
A function x(7) can be approximated using Legendre series of length N as follows

x(1) = XiLoa; Pi(T) (3.10)
where

2i+1
a =—

L x(@P(Ddr i=04,..,N 3.11)
In state parameterization, it is necessary to approximate the derivative of the state
variables and since we were unable to find a formula that govern this relation between the
state variable and its derivative; we introduce a new formula for this relation by
introducing a new Legendre polynomial property called the differentiation operational
matrix D. This property is given in lemma 1.

Lemma 1 The matrix D is called the differentiation operational matrix of Legendre
polynomials and is given by

0 0 0 0 00O 0 O
100 00O 0O
030 000 00
1 05 000 00
D=0 3 0 7 0 0 0 O (3.12)
105 090 00
03 07 011 0 O
1 05 09 0 13 0

Proof:

It can be shown that the relationship between P and P can be given by
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P=DP (3.13)

or in matrix form

Py dis diz diz = dinsr Py
P da1 da2 dys AN+ Py
P, =] ds1 ds; ds3 o dy i Pg (3.14)
PN dN+1,1 dN+1,2 dN+1,3 o dnsiN+ Py

where P, = 0,P; = P, = 1. Using the recurrence relation between P and P of Legendre
polynomials, the elements of the matrix D can be found easily as follows

P,i =+ 1)P, + PP, (3.15)

Now we are ready to use this property to write a formula for the derivative of the state variable as
follows

x =lay ay ... ay]DP(7) (3.16)
where P(1) = [Py P; ...Py]" .
3.3.2 State Parameterization:

The basic idea behind state parameterization is to approximate the state variables by a
finite length series of Legendre polynomials of the first kind as follows

=Y aVP(@) j=12,..,n (3.17)

where P;(7) is the Legendre polynomial of the i™ order of the first kind and a;’s are the
unknown parameters. The control parameters are determined as a function of the state
variables unknown parameters from the state equations. The initial conditions of the
system are replaced by equality constraints. These approximated state and control
variables are then directly substituted into the system performance index.

If all the state variables of the system are to be approximated directly, then all the state
equation of the system should be replaced by equality constraints. This would increase the
system dimension. In order to avoid this, and to decrease the system dimension we will
follow Jaddu [8] procedure. A set of state variables are directly approximated which
enable us to find the remaining state and control variables as a function of this set
variables. If any state equation remains unsatisfied, it will be replaced by N + 1 equality
constraints.

Assume in any given problem that the number of state equations that can approximated

directly is z, where z < n, then these z equations can be approximated using a finite series
of Legendre polynomials with unknown parameters as follows
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x =YV 0aPP(1) j=12,..,2 (3.18)

The remaining state and control variables can be found from the system state equations as
a function of the state parameters in (3.18) and can be expressed in terms of finite series of
Legendre polynomials with unknown parameters as follows

Xj = ?':0 ai(j)PL-(T) j=z+1,z+2,..,n (3.19)

w =YV, bPP() 1=12,..,m (3.20)

where the unknown parameters in (3.19) and (3.20) are functions of the unknown
parameters in (3.18). By this, the dimension of the optimal control problem under
consideration is reduced.

3.4 Optimal Control Problem Reformulation

As indicated earlier, Legendre polynomials of the first kind are defined on the time
interval T € [—1,1] and since the optimal control problem under consideration is defined
on the time interval t € [0, tf], it is necessary before using Legendre polynomials to
transform the time interval of the optimal control problem into the interval T € [—1,1].
This can be achieved using the following transformation

T==-1 (3.21)
From which we can write
dt =Ladr (3.22)

Using (3.21) and (3.22), the optimal control problem (3.1)-(3.2) can be reformulated as
follows:
Find an optimal controller u*(7) that minimizes the following performance index

] = %ff_ll(xTQx + uTRu)dr (3.23)

subject to the following state equations

2 =2 (Ax(2) + Bu()) (3.24)

dart =
and initial conditions
x(—1) = x, (3.25)

After transforming the time interval of the optimal control problem into the time interval
of the Legendre polynomials, we can know parameterize the state variables using a finite
length series of Legendre polynomial with unknown parameters. As indicated earlier, this
can be done using the following
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x =YV a’P(m) j=12,. (3.26)
and for the control variables
=Y, bPP@ 1=12,..,m (3.27)

(3.26) and (3.27) can be rewritten in matrix form as follows

(¢ (¢} 1
xl ao al e ( )
X (2) )] 2
2= G~ G ( . l ‘ (3.28)
€] €Y 1
uq by by b( )
u () (2) 2
:2 — | bg b; b( ) (3.29)
u H H E
™™ ™ b(m)
(2.28) and (2.29) can be also written in compact form
x = aP u=pgP (3.30)

The next step in converting the optimal control problem into a quadratic programming
problem is to approximate the performance index. Substituting (3.30) into (3.23) yields

~

J=2[!,(P"a"QaP + P"BTREP)dz (331)
where J is the approximated performance index of J. To simplify computation of (3.31),
let M = a"Qa and Z = BTRf . Then, the value of the approximated performance index f

used in (3.31) can be given by the following theorem.

Theorem 1 The value of the approximated performance index J given in (3.31) is given by

a t
J = LENA 2 my + 2) (3.32)
or
b - (trace(M) + trace(2)) YN 212 - (3.33)

where my; and z;; are the diagonal elements of the symmetrical matrices M = a” Qa and
Z = BTRp respectively.

Proof: (3.31) can be rewritten as

j="2[',(P"MP + PTZP)dr (3.34)
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The term PTMP can be written as

PTMP - m11P0P0 + 2m12P0P1 + 2m13P0P2 + e + 2m1’N+1POPN
+m22P1P1 + 2m23P1P2 + A + 2m2’N+1P1PN
+m33P2P2 + b + 2m3,N+1P2PN
+ Myy1,n+1PnPy (3.35)

Using the integration property of Legendre polynomials

n+Fm

0
[, B (@Py(D)dr = {L (3.36)

n=m
2n+1

Integration of all terms in (3.35) where B, P, such that m # n is zero. The remaining parts
of (3.35) are given by

PTMP = m11P0P0 + m22P1P1 + m33P2P2 + -+ mN+1'N+1PNPN (3.37)
Integration of (3.37) can be given by

1
JZ,(m11PoPy + mypP Py + ma3PyPy + o+ + My g vy1 PyPy) = N+1muf Pi_1P;_qdt
(3.38)

and

2
g ) g Prqde = X my == = trace(M) T4 = (3.39)

This gives the first part of the previous theorem. m Following the same procedure,
integration of the second part PTZP can be computed.

The last step in converting the optimal control problem into a quadratic programming
problem is to approximate the initial conditions. This can be done using the initial value
property of Legendre polynomials. By substituting 7 = —1 into (3.26), all initial
conditions are transformed into algebraic equations of the form

al® —al? +af? —al? + -+ DV —x(-1) =0 k=12,..,n  (3.40)

(3.40) will be considered as an equality constraints imposed on the system under
consideration.

(3.32) or (3.33) can be rewritten into a standard quadratic performance index as follows

a~

J=%a"Ha (3.41)

where a’ = [agl)ail) al(vl) a(()z)agz) .al(vz) ...a(()q) (q)] is the unknown parameter

vector and H is appositive definite [8] Hessian matrix given by
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__ 9y
H= aa@aa(.") (3'42)
i J

where i,j =0,1,...,Nand k = 1,2, ..., q.

By this, the optimal control problem (3.1)—(3.2) is converted into parameters optimization
problem which is quadratic in terms of the unknown parameters and the new problem can
be stated as,

min,, %aTHa (3.43)
subject to the linear constraints
Fa—b=0 (3.44)

where the linear constraints are due to initial conditions and in some cases are due to some
system state equations which are not satisfied. The optimal values of the unknown
parameters vector a* can be obtained from the standard quadratic programming method
[18]

a* =H YFT(FH 'FT)"1p (3.45)

Before giving an example that clarifies the proposed method, it is worth to summarize the
steps that are required to solve a linear quadratic optimal control problem. These steps are:

1. Change the time interval of the original optimal control problem into T € [—1,1].

2. Choose a set of state variables that are to be approximated directly using finite series
of Legendre polynomials with unknown parameters such that the remaining state and
control variables can be obtained as a function of this set unknown parameters from
the system state equations.

3. Find the control variables and the state variables that are not directly approximated as
a function of the directly approximated state variables unknown parameters.

4. Replace state equations that are not yet satisfied by N + 1 equality constraints.
5. Calculate the matrix M from a” Qa and the matrix Z from BT Rp.

6. Calculate the approximated performance index f from (3.32) or (3.33).

7. Determine the Hessian matrix H from (3.42)

8. Determine the set of equality constraints due to system initial conditions, final
conditions and the equality constraints of step 4.

9. Find the optimal parameters a* from (3.45).
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10. Substitute the optimal parameters from step 9 into (3.26) and (3.27) to find the
different optimal trajectories (state and control).

3.5 Numerical Example

Find an optimal controller u*(t) that minimizes the following performance index

J= fol(xf + x2 +0.005u2)dt (3.46)
subject to

% =%, x,(0) =0 (3.47)

%= —x;+u  x,(0) = —1 (3.48)

The first step is to convert the time interval into T € [—1,1]. The new problem can be
restated as

Minimize
] = %f_ll(xf + x5 + 0.005u?)dt (3.49)
subject to
% = %xz x(=1) =0 (3.50)
%:%(—xz +u) x(—1)=-1 (3.51)

We choose to approximate x; by a finite series of order N = 9 (to compare results with
other methods which use N = 9) with Legendre polynomials of unknown parameters. This
is done by

x1(1) = X7 o a;P(1) (3.52)
X, can be calculated using (3.16),
561(1')=(a1+a3+a5+a7+a9)P0+3(a2+a4+a6+a8)P1+5(a3+a5+a7+
ag)P, + 7(ay + ag + ag)P; +9(as + a; + ag)P, + 11(ag + ag)Ps + 13(a; + aq)Py +
15agP; + 17a4Pg (3.53)
From (3.50) x, can be determined,
x%,(7) = 2(a; + az + as + a; + ag)Py + 6(a, + a, + ag + ag)P; + 10(az + as + a, +
aq)P, + 14(a, + ag + ag)Pz + 18(as + a; + ag)Py + 22(ag + ag)Ps + 26(a; +
a9)Pg + 30agP; + 34aqPg (3.54)

From (3.54) we can determined x,,
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%,(17) = (6a, + 20a, + 42a¢ + 72ag)Py + (30az + 84as + 162a, + 264a,)P; +
(70a, + 180ag + 330ag)P, + (126as + 308a, + 546a,)P; + (198a, + 468a5)P, +
(286a, + 660a4)Ps + 390agP; + 510a,P; (3.55)

Substituting x, (7) and x,(7) into (3.51), the control u(t) can be determined,
u(r) = 2x, + x5 (3.56)

From which u(7) can be given as
u(r) = (2a; + 12a, + 2a3 + 40a, + 2as + 84a¢ + 2a; + 144ag + 2a4)P,

+ (6a, + 60a; + 6a, + 168as + 6a, + 324a, + 6ag + 528a4)P;

+ (10az + 140a, + 10as + 360ag + 10a; + 660ag + 10a,)P,

+ (14a, + 252a5 + 14a4 + 616a; + 14ag + 1092a4)P;

+ (18as + 396a¢ + 18a, + 936ag + 18ay)P,

+ (22a¢ + 572a; + 22ag + 1320a4)Ps + (26a; + 780ag + 26a4) Py

+ (30ag + 1020aq)P; + 34a4Pg

(3.57)

From the above approximations of xq, x, and u, the matrices M and Z can be calculated
and using the result of theorem 1; the value of the approximated performance index can be
determined as

J =34.2a,a4 + a? + 1.68a,a¢ + 4.3533a? + 0.24a,a, + 8.04a,a; + 0.8a,a, +
8.04a,as + 8.04a,a; + 2.88a,ag + 8.04a,a¢ + 12.98a3 + 1.44a,a; + 28.92a,a, +
3.6a,as + 6.72a,a, + 41.4a,ag + 10.8a,a9 + 30.2629a3 + 4.8aza, + 81.84azas +
10.08aza¢ + 113.04aza, + 17.28azag + 153.84aza, + 67.9111a% + 12a,a5 +
214.8a,a¢ + 22.4a4a, + 322.8a,ag + 36a,a9 + 152.7909a2 + 25.2asas +
523.8asa; + 43.2asag + 809.4asae + 336.4969a% + 47.04asa, + 1176.84a4ag +
75.6a¢a09 + 707.3467a% + 80.64a,ag + 129.6agae + 2442.72a,a4 + 1404.7788a3 +
2636.1526a3 (3.58)

Using (3.42), the Hessian can be calculated and eventually the optimal parameters vector
a* can determined using (3.45).

The last step is to approximate the initial conditions of the problem. This can be done
using (3.40) and the resulted equality constraints equations are

apo—a,+a; —az+a,—as+ag—a;,+ag—aqg=20 (3.59)
2a, — 6a, + 12a3 — 20a, + 30as — 42a4 + 56a; — 72ag + 90aq = —1 (3.60)
The difficult dynamic linear quadratic optimal control problem was converted into a
simpler quadratic programming problem solved by a simple MATLAB program. The
resulted optimal performance index obtained using this method is illustrated in table (3.1)

together with the exact value of the problem under consideration and the values of the
performance index obtained by different methods for comparison.
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Table (3.1) Minimum values of | for the example

Source J Deviation error
Exact value 0.06936094 0
Hsieh [43] 0.0702 8.4 x10*
Neuman and Sen [25] 0.06989 53x107*
Vlassenbroeck [44] 0.069368 7.1x107°
Jaddu [8] 0.0693689 7.96 x 1076
This research 0.0693689 7.96 x 107°

The optimal state trajectories and control law are shown in figures (3.1) and (3.2)

State Trajectories x1 and x2

I I I I I I I I I
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Time

Figure (3.1) optimal state trajectories x4 (t) and x,(t)
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control trajectory u(t)

Figure (3.2) optimal control u(t)

3.6 Conclusion

In this chapter, we proposed a numerical method for solving linear quadratic optimal
control problems. The proposed method is based on parameterizing the system state
variables using a finite length Legendre polynomials. We also derived an explicit formula
for the performance index. In addition a new Legendre polynomials property called the
differentiation operational matrix D was derived and used to approximate the derivative of
the state variables.

Compared with other methods and based on the simulation carried out in this work, our
method gives better or comparable results with other methods. Using this method, the
difficult linear quadratic optimal control problem is converted into a quadratic
programming problem that is easy to solve. Using state parameterization, the dimension of
the optimal control problem is reduced sharply compared with other methods that are
based on control parameterization or control-state parameterization or even discretization.

Most of the ideas, equations and formulas used in this chapter will be used in the next
chapter which handles the unconstrained nonlinear quadratic optimal control problems.

23



Chapter Four

Unconstrained Nonlinear Quadratic Optimal Control Problem

4.1 Introduction

In this chapter, we extend the ideas presented in the previous chapter to handle the
nonlinear optimal control problem. The basic idea is to use the iteration technique
developed by Banks [3-7] which replaces the original nonlinear dynamic state equations
by an equivalent sequence of linear time-varying state equations. By this, the original
nonlinear quadratic optimal control problem is converted into a sequence of quadratic
linear time-varying optimal control problems which are much easier to solve.

Many papers that handle the nonlinear optimal control problems using parameterization
methods have been published. For example, Sirisena [12] used the piecewise polynomials
to parameterize the control variables. Vlassenbroeck and Van Doreen [13] used the
control-state parameterization using Chebyshev polynomials to convert the nonlinear
optimal control problem into a nonlinear mathematical programming problem. In its turn,
the nonlinear mathematical programming problem can then be solved using different
methods. One of the popular methods that are used to handle the nonlinear mathematical
programming problem is the sequential quadratic programming method [46] which
replaces the nonlinear mathematical programming problem by a sequence of quadratic
programming problems.

Jaddu [8, 16, 24] proposed a method that is based on state parameterization via Chebyshev
polynomials and quasilinearization to handle the nonlinear quadratic optimal control
problems. By this, the original optimal control problem is converted directly into a
quadratic programming problem.

As indicated earlier, our method is based on replacing the difficult nonlinear dynamic
system by a sequence of linear time-varying dynamic system using iteration technique [3-
7]. These sequences of linear time-varying systems are to be solved using the method
proposed in the previous chapter and the method proposed by Jaddu [8, 40] to handle
linear quadratic optimal control problems; which parameterize the state variables using
Chebyshev polynomials.
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4.2 Statement of the Unconstrained Nonlinear Quadratic Optimal Control Problem

The problem treated in this chapter can be stated as follows: Find an optimal control
u*(t); where t € [0, tf], that minimizes the following quadratic performance index:

J = [/ (xTQx + uTRu)dt (4.1)
subject to the following system of nonlinear state equations and initial conditions

where x € R™,u € R™, Q is n X n positive semidefinite matrix, R is m X m positive
definite matrix, x, € R™ and f is assumed continuous differentiable function with respect
to all its arguments.

The proposed method is based on using the iteration technique; in which the nonlinear
dynamic system (4.1) is to be replaced by a sequence of linear time-varying dynamic
system. By this, the original nonlinear quadratic optimal control problem described in
(4.1)-(4.2) is replaced by a sequence of linear quadratic optimal control problems that are
easier to solve. The resulted linear quadratic time-varying optimal control problems are
then to be solved using two methods. The first method is based on extending the method
described in the previous chapter to handle, as a special case, the linear time-varying
optimal control problems. The second method proposed by Jaddu [8, 40] to handle linear
time-varying optimal control problems using state parameterization via Chebyshev
polynomials.

Through combination of iteration technique and state parameterization via Legendre or
Chebyshev polynomials, the solution of the difficult nonlinear optimal control problem is
reduced to a simple matrix-vector multiplication as will be seen in the next sections.

4.3 Iteration Technique

This technique was developed by Banks [3-7]. In this technique, the nonlinear system
described in (4.2) can be replaced by an equivalent sequence of linear time-varying state
equations. Mathematically, this technique is formulated as follows: The nonlinear system
in (4.2) can be rewritten in pseudo-linear form [9, 37]:

x=Ax)x+Bx)u ,x(0) =x, 4.3)

Then, the following sequence of linear time-varying state equations can replace the
original nonlinear system described in (4.2) and (4.3):

210 = A(xo)x® + B(xo)ul®,  x(0) = x, (4.4)
and fori > 1

wlil = A(x[i—l](t))x[i] + B(x[i—ll (t))u["], x10) =x, (4.5)
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It can be shown that the above sequence converges to the solution of the original nonlinear
system if the Lipschitz condition ||A(x) — A(y)|| < allx — y|| is satisfied, where a is the
Lipschitz constant. The proof for this convergence can be found in [3] or [4].

Applying the above technique to the optimal control problem described in (4.1)-(4.2), the
following sequence of linear time-varying quadratic optimal control problems can replace
the original problem in (4.1) and (4.2):

Minimize
Jlol = fotf(x[o]TQx[OJ + w0 Rylohyge (4.6)
subject to:
20 = A(x)xT + B(xo)ul?,  x199(0) = x, @.7)
and fork > 1
Minimize
Jlil = fotf(x[i]TQx[i] + u[ilTRu[i])dt (4.8)
subject to:
il = A(x[i—l] (t))x[i] + B(x[i‘l](t))u[i], xlil (0) = x, 4.9)

4.4 Problem Reformulation

As indicated earlier, the proposed method in this work converts the optimal control
problem under consideration directly into a quadratic programming problem. To convert
the optimal control problem (4.6)-(4.9) into a quadratic programming problem, some state
variables are approximated by a finite length Chebyshev or Legendre series with unknown
parameters. The remaining state and control variables are determined as a function of the
unknown parameters of the state variables from the state equations (4.9). These
approximations are used to approximate the initial state conditions of the system, which
will be treated as linear constraints.

Both Chebyshev and Legendre polynomials are defined on the interval T € [—1,1].
Therefore, it is necessary to transform the time interval of the original problem t € [0, tf]

into T € [—1,1]. This can be done using the transformations (3.21)-(3.22) presented in the
previous chapter.

As a result of applying the transformation (3.21)-(3.22), the optimal control problem (4.6)-
(4.9) can be reformulated and rewritten in terms of T as follows:

Minimize
0] = ¥ (1 l017 0 (017 g, [0]
Jol = . J & Qx!O + ylol pylohydr (4.10)
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subject to:

[o]
E = LA + Baul®),  xO(-1)=x,  @11)
and fori > 1
Minimize
= 51 (T gli] [T Ryl
JHl = zf_l(xl Qx'" + v Rulthdr (4.12)
subject to:
dxlll ¢ . . . . )
d—: = 7f [A (x[L 1](1')) x4+ B (x[L 1](1')) uld], xll(=1) = x, (4.13)

To solve the optimal control problems (4.10)-(4.13), we will go into two tracks. The first
track is to extend the method described in chapter three to handle the linear quadratic time-
varying optimal control problems using state parameterization via Legendre polynomials.
The second track is to use the method proposed by Jaddu [8, 40] to solve the linear
quadratic time-varying optimal control problems using state parameterization via
Chebyshev polynomials. We will then compare the results obtained by both methods
(tracks).

4.4.1 Solution via Legendre Polynomials:

A look at the optimal control problems (4.10)-(4.13) shows that the 0" iteration (i = 0)
problem (4.10)-(4.11) is a time-invariant optimal control problem. The solution to this
problem will be considered as the starting nominal trajectory to the sequence of optimal
control problems (4.12)-(4.13). The solution to this particular problem was described in
details in the previous chapter.

To solve the remaining linear time-varying optimal control problems using state
parameterization via Legendre polynomials, we will extend the method described in the
previous chapter.

Since the dynamic system (4.13) contains two matrices A(x=(7)) and B(x[*=1(7)) that
are a function of 7, and to simplify computation it is necessary to express every T
dependant element in both matrices in terms of a Legendre series of known parameters. To
this end, let 4;;(t) = g(x[""11(7),7) be the (j, ) element of the matrix A(x!""*(z)) where
xi=1(7) is the nominal trajectory of the previous iteration. Then the term Aji (1) can be
expressed in terms of a Legendre series of known parameters of the form [39, 41]

Ap (1) = T, WiP (1) (4.14)

where the coefficients W; are given by [39, 41]

2i+1

w; === 1, g@P,(x)dr (4.15)
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The same approximation can be done for the matrix B (x[:=1(7)) .

Since the elements of A(x[!=1(z)), B(x[=11(1)) are time-varying matrices expressed as a
function of a finite length Legendre polynomials with known parameters of the previous
iteration, and since the matrix A(x[*"1(z)) is multiplied by x!; which is expressed in
terms of a finite length Legendre series with unknown parameters, and the matrix
B(xl=1(7)) is multiplied by ul!l, which is also expressed as a function of a finite length
Legendre polynomials with unknown parameters, it is necessary to have a multiplication
algorithm to multiply Legendre series. This algorithm is given by Lemma 1.

Lemma 1 Given two Legendre series
X = YoxP; (4.16)
Y =370 y;P (4.17)

Then the multiplication of these two Legendre series is a Legendre series of lengthn + m
given by

X*Y = ¥l Xjmo Xy PP (4.18)
where P;P; is given by [20]

ArAi_rAj_y 2i+2j—4r+1
Appjy 2i+2j—2r+1 VHT2T

PP =Y)

r=0

(4.19)

1
where i > j, A, = % where (a)r =a(a+1)(a+2)..(a+r—1),and (a), = 1.
By this, the solution of the linear quadratic time-varying optimal control problem is
reduced into a matrix-vector multiplication algorithm and as a result the proposed
algorithm in chapter three can now be applied.

4.4.2 Solution via Chebyshev Polynomials:

In this section, we will describe briefly the method proposed by Jaddu [8, 40] to handle
linear quadratic optimal control problems using state parameterization via Chebyshev
polynomials of the first type. The steps required to solve the linear quadratic time-varying
optimal control problems proposed by Jaddu are exactly the same compared to the method
described in chapter three with differences in the formulas and equations.

As in chapter three, some state variables are to be approximated directly via a finite length
Chebyshev series with unknown parameters. Mathematically, this can be expressed as
follows

(k)
0@ =2+ ¥, a®T,(7) k=12, ..,n (4.20)
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where q;’s are the unknown parameters and T;(7) is the i-th order Chebyshev polynomial
of the first type and is given by

To(7) = 1 4.21)
T,(1) =1 (4.22)

The remaining Chebyshev polynomials can be obtained using the following recurrence
formula

Tyiq (1) = 27T, (1) — T _1(7) r=1 (4.23)

To approximate the derivate of the state variables in (4.20), the following equation [8] is
used

i (0) = 2+ LI 4, Ty(0) (4.24)
where

dN_l = ZNaN
dN—Z = Z(N - 1)aN_1 (425)
4r_q = Qryq + 2ra, ,r=12,...,N—2

The control variables for the system can be obtained as a function of the unknown
parameters of the state variables. The control variables can be expressed in terms of a
Chebyshev series by

(O]
u, (1) = ’% + YN, bOT (1) =12, ..,m (4.26)

Since the dynamic system (4.13) contains two matrices A(xE~(7)) and B(x*=1(7)) that
are a function of T, and to simplify computation it is necessary to express every T
dependant element in both matrices in terms of a Chebyshev series of known parameters.
To this end, let A;(7) = g(x!""(1),7) be the (j, 1) element of the matrix A(x!""*(1))
where x[:=11(7) is the nominal trajectory of the previous iteration. Then the term Aﬂ(‘r)
can be expressed in terms of a Chebyshev series of known parameters of the form [18]

Ap(1) = 2+ 2, WTi(7) 4.27)
where
w; = %Z{‘;lg(cos(ei)) cos (j6;), j=01..,N (4.28)

and 6; =2 =m,i=12,..,KandK > N

The same approximation can be done for the matrix B(x!i=1(1)) . A look at (4.13) shows
that A(x'=1(1)), B(x1I=1(1)) are time-varying matrices expressed as a function of finite
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length Chebyshev series with known parameters of the previous iteration, and since the
matrix A(x=1 (1)) is multiplied by x[, which is expressed in terms of Chebyshev series
with unknown parameters, and the matrix B (x!=1()) is multiplied by ulll, which is also
expressed as a function of Chebyshev polynomials with unknown parameters, it is
necessary to have a multiplication algorithm to multiply Chebyshev series. This algorithm
is given by Lemma 2 [8].

Lemma 2 Given two Chebyshev series
X = Z?:O xiTi (429)
Y =it yiT; (4.30)

Then the multiplication of these two Chebyshev series is a Chebyshev series of length
n + m given by

XY =Y Xjto iy T;T; (4.31)

where
Thi-ji*Tisj

Ti’[_']' = 2

(4.32)

The next step is to approximate the initial condition vector x(—1) = x,. This can be done
using the following Chebyshev initial value property

T,(=1) = (=D" (4.33)

Then substituting T = —1 into (4.20) and using the property in (4.33), the initial condition
vector is approximated as follows

% _ g0 4 g0 _ o0 W {0 0 k=
———a +a +-+ (—DVay —x,(-1) =0 =12,..,n (4.34)
The last step is to approximate the performance index J. To do this, (4.20) and (4.26) are
rewritten in matrix form

1 (1)
X, 0.5a, a,
X (2) (2) 2
:2 —10.5qa, a, () l \ (4.35)
x H H .
SR PO
€Y @
upq [05bg” b L by
u:Z — O.Sb(()z) biz) b(z) l (4.36)
u H H :
™ losp™ ™ b(m)

or in compact form
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xkl = aT ulkl = T (4.37)

Substituting (4.37) into (4.12)

J=2[!(T"a"QaT + T"TRET)dr (4.38)
where J is the approximated value of . By letting M = a” Q& and P = STRf and noting
that both matrices M and P are symmetrical, Jaddu [8] derived an explicit formula for the
approximated performance index J

. k1, , -2 -2
J =t TS (Brinr + 1iiak) ((Zi_2+k)2 + k2—1) (4.39)
where
) Diivk kK #0
Piitk =\Pii  } — g (4.40)
2
) My k#0
Migek = )M  _ g (4.41)
2

where k = 0,2,4,...,N (N even)or N — 1(N odd) and p; j, m; ; are the elements of the
symmetrical matrices P and M respectivly.

(4.39) can be expressed as,
j= %aTHa (4.42)

where a’ = [a((,l)agl) al(vl) agz)agz) al(vz) a(()q) al(vq)] is the unknown parameter

vector and H is the positive definite [8] Hessian matrix which can be found using (3.42).
The nonlinear quadratic optimal control problem (4.1)-(4.2) is converted into parameters

optimization problem which is quadratic in the unknown parameters and the new problem
can be stated as,

min,, %aTHa (4.43)
subject to the linear constraints

Fa—b=0 (4.44)
where the linear constraints are due to initial conditions and in some cases are due to some
system state equations which are not satisfied. The optimal values of the unknown

parameters vector a* can be obtained from (3.45).

The steps required to solve the nonlinear quadratic optimal control problem can be
summarized in the flow chart of figure (4.1).
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Step 1

Rewrite the dynamic system (4.2) into a pseudo-linear form

x=A)x+ B(x)u x(0) = x,

v

Step 2

Apply the iteration technique to the pseudo-linear system

10 = A=) 4 B(xl-uld | xl1(0) = x,

v

Step 3

Rewrite the OCP (4.1)-(4.2)
Minimize J = [ " Qxl 4w Rulh)de
subject to:

21 = A(xl1)xli] 4 B(xli-1)y | xli1(0) = x,

v

Step 4

Step 5

Step 6

Step 7

Reformulate the OCP by transforming its time interval into T € [—1,1]
i . i . Use the f 1
Minimize J= %ff_ll(xT[L]Qx[‘] + uT[L]Ru[L])dT se the formuta
. .> t
subject to: t= %(T +1)
dxd ¢t . . . . .
= Ef[A(x[t—u)xm + Byl xl(—1) = x,
Set k = 0 and solve the resulted linear quadratic time-invariant OCP
Minimize J= f?f f-11 T gxl0 4 47O Ry (00 g7 Output
subject to: xlo]’ u£0], »[0]
dx[ ¢
—— = L[AGo)x™ + Bxoul®] |, x(=1) = x,
Set k = 1 and solve the resulted linear quadratic time-varying OCP
Output
Minimize J= %ff_ll(xT[l]Qx[l] +u™MRulthydr utpu
subject to: XP]’ u£1]’]£1]
dx™ ¢
= if[A(x*[O])x[l] +B(xult] | x[(-1) = x,
YES
Terminate
NO
Step 8 i=i+1
P LT P L P Tl p o 1]
Minimize J =2 LG ext +uT Ruyde
subject to:
Aty ey [-11)y [l L
it =7[A(x )il 4+ B(xl=)uld]  xl(—1) = x,

Figure (4.1) Flow chart for solving nonlinear quadratic OCP



4.5 Computation Results

In this section, the simulation results of a Van der Pol oscillator problem are illustrated.
The simulation was carried out using MATLAB software package and the problem was
solved using Chebyshev and Legendre polynomials. This problem is stated as follows:

Find an optimal controller u*(t) that minimizes the following performance index

] = %fos(xf + x5 + u?)dt
subject to
X1 = Xy ,%1(0) =1

Xy =—x1 +x, —x2x, +u ,x,(0) =0

Using the technique in section (4.3), the problem can be reformulated as

Minimize
A1 5,0 [\ [i1\? i) 2
70 =LY+ () + (Y
subject to
7 =x0 xl0) =1
. . | — 2 i i [
i, = —x 11 4 (1 — (a7 )xz“] +ulll,x,11(0) =0
and fori =0
Minimize
1 05,0 [0]\? o)? 2
Jio = Efo ((Xi ]) n (x£ ]) + (u[o]) )dt
subject to
xl[O] = x, [0] Xy [0](0) =1
XZ[O] = —x, 4yl x,00)=0

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

4.51)

(4.52)

(4.53)

After changing the time interval t € [0,5] into the time interval T € [—1,1], x,(7) is
approximated by a 9™ order Chebyshev (Legendre) series, x, (7) is determined from (4.49)
while u(t) is determined from (4.50). Starting from the linear quadratic time-invariant
problem (4.51)-(4.53) which will be considered as the starting nominal trajectories, the
linear quadratic time-varying optimal control problems (4.48)-(4.50) are solved for i =5
iterations. Table (4.1) illustrates the results of the optimal values of the cost function J

versus iteration i for Chebyshev and Legendre polynomial.
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Table (4.1) J vs. i for Chebyshev and Legendre Polynomials

Iteration !
; N=15
Chebyshev Legendre Chebyshev Legendre

0 0.9533622676 0.9533638119 0.9533622624 0.9533622622
1 1.4516540238 1.4515573659 1.4515286014 1.4515286441
2 1.4497313124 1.4496686129 1.4496981112 1.4496983487
3 1.4493918353 1.4493656156 1.4493287644 1.4493288574
4 1.4494606241 1.4494054733 1.4494047276 1.4494048523
5 1.4494528889 1.4494004218 1.4493959719 1.4493960944

Note that the optimal values of J using Legendre polynomials are relatively smaller than
that of using Chebyshev polynomials. But, the convergence speed using Chebyshev
polynomials is much faster than that of Legendre polynomials.

This problem was solved by Jaddu [8] using quasilinearization and state parameterization
via Chebyshev polynomials and J was found to be 1.433487. ] was found by Bullock and
Franklin [27] to be 1.433508 using the second variation method. Bashein and Enns [28]
found J to 1.438097 using quasilinearization and discretization.

Figure (4.2) and (4.3) shows the optimal trajectories of the Van der Pol oscillator problem.

using Chebyshev Polynomial with N = 9

Optimal Trajectories x1, x2, u

Figure (4.2) Optimal trajectories of Van der Pol problem using Chebyshev polynomials
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using Legendre Polynomial with N =9

Optimal Trajectories x1, x2, u

Figure (4.3) Optimal trajectories of Van der Pol problem using Legendre polynomials

4.6 Conclusion

In this chapter, a numerical technique for solving the unconstrained nonlinear quadratic
optimal control problem was presented. This method is based on using the iteration
technique in combination with state parameterization via Legendre or Chebyshev
polynomials to convert the difficult nonlinear quadratic optimal control problem into a
sequence of linear quadratic time-varying optimal control problems which are much easier
to solve. The simulation results carried out using MATLAB software shows the
effectiveness of the proposed method. The most important property of this method
compared with other methods is its simplicity.

The method proposed in this chapter will be extended in the next chapter to handle
different types of constraints imposed on the dynamic system under consideration.
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Chapter Five

Constrained Nonlinear Quadratic Optimal Control Problem

5.1 Introduction

Up to this point, the optimal control problems treated in this work were free of constraints.
However, in practical applications optimal control problems are usually subject to
different types of constraints. Usually, optimal control problems constraints can be
classified as follows:

1.

Control saturation constraints
Unin S u(t) < Unay
State saturation constraints
Xmin < x(t) < Xnmax
Terminal state constraints
o(x(tr).tr) = 0
Interior point constraints
ulx(t),t;) =0 0<t <tf
Equality constraints on functions of the state and/or the control variables
F(x(t),u(t),t) =0
Inequality constraints on functions of the state and/or the control variables

F(x(t),u(t),t) <0

5.1)

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

Existence of constraints imposed on the dynamic system usually complicate the optimal
control problem. Many text books and papers were published to handle optimal control
problems subject to different types of constraints. Examples of text books that
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theoretically treats constrained imposed on the dynamic system are [1-2]. On the other
hand, [21] is survey paper that review most of the computational methods that were
published to handle such problems.

Direct methods that can be employed by either discretization or parameterization are
widely used to convert the constrained optimal control problem to a mathematical
programming problem. Many direct methods have been proposed to handle the
constrained nonlinear optimal control problems. For example, Vlassenbroeck [13] used the
control-state parameterization using Chebyshev polynomials to handle the constrained
nonlinear optimal control problem. Frick and Stech [22] used the Walsh functions to solve
the nonlinear optimal control problems subject to saturation constraints. Goh and Teo [21],
Troch et al. [23] proposed a method to handle the constrained nonlinear optimal control
problems using control parameterization. Jaddu [8, 16, 24] proposed a method that is
based on the second method of quasilinearization and the state parameterization via
Chebyshev polynomials to handle the nonlinear optimal control problems subject to state
and control saturation constraints.

In this chapter, we will extend the method proposed in the previous chapter to handle the
constrained nonlinear quadratic optimal control problem. Different types of constrained
imposed on the dynamic system will be considered. As in the previous chapter, the basic
idea is to use the iteration technique and the state parameterization via Legendre or
Chebyshev polynomials to replace the constrained nonlinear quadratic optimal control
problem by a sequence of constrained linear quadratic time-varying optimal control
problems, which are easier to solve.

5.2 Statement of the Constrained Nonlinear Quadratic Optimal Control Problem

The optimal control problem treated in this chapter can be stated as follows: Find an
optimal controller u*(t) that minimizes the following performance index

] = x(tf)TSx(tf) + fotf(xTQx + uTRu)dt (5.7)
subject to the following constraints:
¢ Dynamic system state equations and initial conditions
x=fx@®u®),0  x0)=x (5.8)
e Terminal state constraints
o(x(tr),t) =0 (5.9)

e Saturation state and control constraints

x(t) < Xmax x(t) = Xmin ,u(t) < Unax u(t) = Upin (5.10)
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where Q, S are positive semidefinite matrices, R is a positive definite matrix, x € R™ is the
state vector, R™ is the control vector, x, € R" is the initial condition vector, f is a
nonlinear continuous differentiable function with respect to all its arguments
(x(®),u(t),t). We will assume that: m < n, X0 Xmin, Unin and Upg, are scalar
quantities and ¢ is fixed.
This problem will be solved by converting the constrained nonlinear quadratic optimal
control problem into a sequence of constrained linear quadratic programming problems,
which are easier to solve. The solution is based on using the iteration technique; which
will replace the nonlinear dynamic state equations into equivalent linear time-varying state
equations. Then, each of these equations will be solved by converting it into a quadratic
programming problem by using state parameterization via Chebyshev or Legendre
polynomials.
5.3 Proposed Method
5.3.1 Iteration Technique:
Applying the iteration technique described in the previous chapter on the optimal control
problem (5.7)-(5.10), the optimal control problem under consideration can be restated as
follows:
Minimizes
o’ 0 T T

JO = ()™ sx(tr) !+ 3 (7 Qi +ul RU ) de  (5.11)

subject to the state equations and initial conditions

01 = AC)x ! + Bxo)ul®,  x1°1(0) = x, (5.12)

and to the following terminal constraints
[0]
o (x(t)" ) =0 (5.13)
and to the following control saturation constraints

x(OY <X max x(OY =X min ,u@®® <U_max u@®)® = U_min
(5.14)

And fori > 1
Minimizes
. i T i . . . .
J9 = x ()" $x(er)" + [ (207 @l 4wl Rul) it (5.15)

subject to the state equations and initial conditions
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2 = A=)l 4+ B(x =)yl ¥l (0) = x, (5.16)

and to the following terminal constraints

[i]
o (x(t)" ) =0 (5.17)
and to the following control saturation constraints

x(OU <X max x@®W = Xmin ,u@®Y <U_max u@® =U_min
(5.18)

5.3.2 State parameterization:

The constrained linear time-varying quadratic optimal control problems (5.11)-(5.14) and
(5.15)-(5.18) can be solved by converting them into a quadratic programming problems
and then solve them using an available software like MATLAB. To achieve this purpose,
we will use Legendre polynomials of the first kind or Chebyshev polynomials of the first
type described in previous chapters to parameterize the state variables. Then, the optimal
control problem under consideration can be reformulated as follows:

e System state equation parameterization:

Using the information presented in the previous chapters about state
parameterization, the state and control variables can be approximated via Legendre
polynomials of finite length N with unknown parameters as follows:

=3 ,aP(r) j=12..n (5.19)

ul=3¥ bPP(r) 1=12,..,m (5.20)
where i = 0,1,2, ... is the iteration sequence number, a’s and b’s are the unknown

parameters, and P(7) is a vector of Legendre polynomials of the first kind. (5.19)-
(5.20) can be rewritten in matrix form as follows:

xl = aP(1) (5.21)
uld = gP(7) (5.22)
where:
o a® L g
a= a(()Z) a§2) az(vZ) (5.23)
aén) ain) al(:,")
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(1 (1) 1
bo” b” .. by’

(2 2) [©)

B = b(3 bl. b’Y (5.24)
m L m)
by b .. by"

and P(t) = [Py(7) P, (1) ... Py (D]

The same idea can be applied using Chebyshev polynomials of the first type, with
(5.19)-(5.20) being replaced by

xj[l] - _“02’ +Y.aPTi(x) j=12,..,n (5.25)
) 0)
! =2 3 T 1=12,.,m (526)

Again, (5.25)-(5.26) can be rewritten in matrix form as follows:

xl = aT (1) (5.27)
ulll = BT (1) (5.28)
where:
050" o .. a
(@3] 2 2)
o = 0.5{10 al. a,Y (5.29)
_O.Sa(()") ain) al(vn)
- (GO )
0.5b;" b} b
@ @ @)
g = 0.5%)0 b1' bly (5.30)
m) ) (m)
[0.5h,™ b .. by

where T(7) = [To() T;(7) ... Ty (7)]7 is a vector of Chebyshev polynomials of the
first type.

Performance index parameterization:

The next step in converting the optimal control problem under consideration into a
standard programming problem is to approximate the performance index (5.11)
and (5.15). As indicated in previous chapters, both Legendre and Chebyshev
polynomials are defined on the time interval T € [—1,1]. For this, it is necessary
first to change the time interval of the optimal control problem at hand t € [0, tf]
into T € [—1,1]. This can be done using the transformation equation presented in
previous chapters.
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The resulted performance index after the time interval switching is:

JIO = 2(D) s (D)1 + L [T (6107 Qi) + w0 RuL ) dr  (5.31)
and fori > 1

JU = x (W s + 2L [ (2107 Qx4 umTRu[il) dr (5.32)
Substituting (5.21) and (5.22) in (5.32) yields

J = [PT(D)a"SaP ()] + 2 [* (PT(1)a" QaP (1) + PT(D)FTREP(1))dr

(5.33)

where fl is the approximated performance index of Jl. Using the final value
property of Legendre polynomials at T = 1, (5.33) can be rewritten as

JU = a"Sa+L[1 (PT(D)aTQaP(z) + PT()ETREP(D))dr  (5.34)

The integration part of (5.34) can be obtained using theorem 1 of chapter three, and
therefore (5.34) can be reformulated and written as

Ars t 2
Jil = oTSa + ;fﬂvzilﬁ (my + zy) (5.35)

where m;; and z; are the diagonal elements of the symmetrical matrices M =
a’Qa and Z = BTRP respectively.

The same procedure can be applied to approximate the performance index using

Chebyshev polynomials of the first type. Substituting (5.27) and (5.28) into (5.32)
yields

JU = [TT(a"SaT ()] + < [1, (17 ()T QaT (1) + TT (D)BTRAT (2))dr
(5.36)

Again, using the final value property of Chebyshev polynomials at7 = 1, (5.36)
can be rewritten as follows

JU = a"Sa+L[1 (TT(D)a"QaT (r) + TT(ETRET(D)dT  (5.37)

The integration part of (3.37) can be obtained using the result obtained by Jaddu
[8], (5.37) can be rewritten as

24 ‘2) (5.38)

2l _ T N+1-k1 /(.. : -
][L] = a Sa + tf Zizl E (pi,i+k + mi,i+k) ((2i—2+k)2 k2-1

where
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) Dii+k k #0
Dii+k = % k=0 (5.39)

) M k #0
Migek =)ma  _ g (5.40)
2

where k = 0,2,4,..., N (N even)or N — 1(N odd) and p; j, m; j are the elements of the
symmetrical matrices P = fTRf and M = a” Qa respectively.

Initial and terminal state constraints approximation:

Using the initial value property of Legendre polynomials at T = —1, the initial
condition vector can be approximated as follows

a’ —a? +ay’ —al + -+ )Y —x(-D =0 j=12,..,n(541)

where x;(—1) = x,. Using the same property, it is possible to approximate the
initial condition vector using Chebyshev polynomials as follows

> —al’ +af —al’ + -+ (-DVa) - x(-1) =0 j=12,..,n (542)

where x;(—1) = x,.

The same procedure can be applied to approximate the terminal state vector. By
using the final value property of Legendre polynomials at T = 1, the following
approximation of the terminal state vector can be obtained

a’+aP +al +al + - +a —x(D=0 j=12,..,n (5.43)

and using Chebyshev polynomials

(6)) . . . .
2 tal +al +al +4a) -1 =0 j=12,..,n (5.44)

where x;(1) = x(T).
Saturation control and state constraints:

Many methods have been proposed to handle saturation constraints on state or
control variables. One method is to add a slack variable to the inequality constraint
to convert them into equality constraints. This method was used by [13]. However,
using this method would produce two drawbacks: The first is adding a slack
variable would convert the linear problem into a nonlinear one, while the second
drawback is the increase in the system dimension due the increase of the unknown
parameters that is resulted from parameterizing the extra slack variable.
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Another method used by [8, 25, 26] is to discretize the time interval T € [—1,1]
with 7 + 1 discrete points, and satisfy the constraints at each point. By this, every
continuous constraint is replaced by r + 1 constraints. To avoid the drawbacks of
the slack variables method, we will adopt this method in this work.

Mathematically, the time interval T € [—1,1] is discretized as follows
—“1l=1< 1< < <71, =1 (5.45)

Therefore, each of the continuous control saturation constraints is replaced by
r + 1 finite dimension inequality constraints. Using Legendre polynomials, the
r + 1 constraints are given by

Z?LO bi(l)Pi(Ts) < Unmax (5.46)
- Z{V:O bi(l)Pi(Ts) < —Unin (5.47)

whereas the state saturation constraints are given by
?]:0 ai(J)Pi (Ts) < Xmax (5-48)

-3 a? )P, (t5) < —Xmin (5.49)

Using Chebyshev polynomials, the control saturation constraints are given by

pD
% + Z?]:o bi(l)Ti(Ts) < Umax (5-50)

b N L
T T, T 4i=0 bi Ti(Ts) < _Umin (5-51)

and the state saturation constraints are giving by

o N O
T + Zi:o a; Ti (Ts) < Xmax (5-52)

0]
— B3 aTi(ts) € —Xonin (5.53)

where s = 0,1,2, ..., 1.

The difficult constrained nonlinear quadratic optimal control problem is converted into a
standard constrained quadratic programming problem that can be restated as follows:

min, %aTHa (5.54)

subject to

43



Fla = bl (5.55)

F,a < b, (5.56)
where the equality constraints are due to initial conditions, terminal state constraints, and
in some cases unsatisfied state equations. While the inequality constraints are due to
saturation constraints of the control and/or the state variables.
The standard quadratic programming problem (5.55)-(5.56) can be solve using any
available software package. In this work, we use the active set method [18] in MATLAB
software to solve this problem.

5.4 Computation results

In this section, we will revisit the known Van der Pol oscillator problem solved in the
previous chapter free of constraints.

The dynamic state equations are:

X =% x(0)=1 (5.57)
Xy =—x+(1—xHx,+u x,(0)=0 (5.58)
The performance index to be minimized is

J= % Jo(F + % +u?)dt (5.59)

This time, we will consider two cases imposed on this problem, namely: Terminal state
constraints problem and saturation control constraints problem.

e First case problem: Terminal state constraints
x1(5) = x2(5) = -1 (5.60)
Based on the proposed solution in this chapter and on the solution of the
unconstrained problem given in the previous chapter, this problem can be

reformulated and stated as:

Find an optimal control u*(t) that minimizes the following performance index:

. 5 .1 N\ 2 N\ 2 N2
][l] = Zf_l((xil]) + (xgl]) + (u[L]) )dT (561)
subject to:
[i] . .
W= D=1 (5.62)
dx,ll s . N2 , , ,
% = E[_xl[l] + (1 _ (xF 1]) )xz[zl + il 1 ,%0(=1)=0 (5.63)
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1) —x(1) = -1 (5.:64)
and fori =0
5 01 2 2 2
=S L)+ () + e 569
subject to:
dx 0] 5
L2 S0 ll-1) = 1 (5.66)
[0]
% — g[_xl[o] + u[o]] 'xz[o] (—1) =0 (567)
x,[9(1) = x,10(1) = -1 (5.68)

This problem were treated by Bullock and Franklin [27] using the second order
method and J was found to be 1.6857 in seven iteration, while Bashein and Enns
[28] found J to be 1.6905756 in five iteration. Jaddu [8] solved this problem and J
was found to be 1.6857113. We solve this problem by using Chebyshev and
Legendre polynomials. Table (5.1) shows the optimal value of J obtained using
both Legendre and Chebyshev polynomials versus the iteration number i.

Table (5.1) approximated optimal value J for the first case

. J
Iterz;tlon N=09 N<=15
Chebyshev Legendre Chebyshev Legendre
0 1.351722166 1.351722165 1.351722143 1.351722141
1 1.694713687 1.69467671 1.694622084 1.694622067
2 1.702286013 1.702260267 1.702252424 1.702252529
3 1.700999316 1.700974892 1.700940308 1.700940306
4 1.70104079 1.701016636 1.70098762 1.700987637
5 1.701022721 1.70099843 1.700968718 1.700968733

The approximated optimal controller and state trajectories for the first case problem

using Chebyshev and Legendre polynomials are shown in figures (5.1) and (5.2)
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me
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Figure (5.1) Optimal control and state trajectories using Chebyshev, case 1

=9

using Legendre Polynomial with N

n ‘gx ‘1x sauoiosles| rewndo

Time

Figure (5.2) Optimal control and state trajectories using Legendre, case 1
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Second case problem: Terminal state constraints and saturation control constraints

x1(5) = -1 (5.69)
x,(5) =0 (5.70)
lu(t)] < 0.75 (5.71)

The second case problem can be reformulated and restated using the proposed
method as follows:

Find an optimal control u*(t) that minimizes the following performance index:

=2 (( [‘]) ( ”) + (ul1)*ydr (5.72)

subject to:
axll s 1 i
= ="x ,x (=1 =1 (5.73)
[i] , —1\2\ _ 1 ; ;
i) S (1 () )l ] i =0 79
x (1) = -1 (5.75)
x,[H(1) =0 (5.76)
lu@| < 0.75 (5.77)
and fori =0
=2 (= ["]) +(x "]) + (ul9)*ydr (5.78)
subject to:
dx;[0] s
% _ ExZ[O] ,x0(=1) =1 (5.79)
ax, [0 s [0] [0] 0
— =[x +ul] ,x60(-1) =0 (5.80)
x0(1) = -1 (5.81)
x,0(1) =0 (5.82)
lu(®| < 0.75 (5.83)

Again, Bashein and Enns [28] solved this problem, they obtained ] = 2.1439199,
after seven iteration. This problem also solved by Jaddu [8] using
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quasilinearization and state parameterization and J was found to be 2.1443893 after
seven iteration. We solved this problem by the proposed method in which the
saturation control constrains is satisfied at 21 equally spaced points in the interval
[—1,1], namely

t=-1,-09-0.8,-0.7,..,0.7,0.8,0.9,1 (5.84)

Table (5.2) shows the results obtained for the approximated optimal performance
index using Chebyshev and Legendre polynomials versus the iteration i.

Table (5.2) Optimal performance index J versus i

. J
Itera'tlon N=9 N=15
Chebyshev Legendre Chebyshev Legendre
0 1.854040815 1.854040831 1.854044103 1.854040796
1 2.380623763 2.381162382 2.29577025 2.29574189
2 2.237530787 2.236824541 2.182965056 2.182873313
3 2.293293339 2.292189099 2.232657937 2.232578054
4 2.264423469 2.263384111 2.211405134 2.211388792
5 2.278922409 2.277806397 2.220946759 2.220823033

Figures (5.3) and (5.4) show the approximated optimal control and state
trajectories for Chebyshev based method and Legendre based method for the
second case problem.
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Figure (5.3) Optimal control and state trajectories using Chebyshev, case 2

n ‘gx ‘1x seuojosles] rewndo

=9

using Legendre Polynomial with N

case 2

]

me
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5.5 Practical Application

In this section, we will apply the proposed method of this research to a practical and
complex problem; the container crane. It is desired to transfer containers at the port of
Kobe [29] from a ship to a cargo truck. For safety reasons, the objective is to minimize the

swing during and at the end of the transfer operation.

Without going into the complex modeling aspects of this problem, which can be found in

details in [29], this problem can be state as follows:

Find an optimal controller u*(t) that minimizes the following performance index

9
J =5 Jo (% +x2ydt

subject to the following state equations

56'1 = .X4
5C2 = xs
5C3 = x6

3.C4 = ul + 172656x3
.9'C5 = Uy
Xe = —xiz(u1 + 27.0756x5 + 2x5xs)

where

X(0) =[0,22,0,0,—1,0]"

X(9) =[10,14,0,2.5,0,0]"
and

lu (1) < 2.83374 vt € [0,9]

—0.80865 < u,(t) < 0.71265 Vvt € [0,9]

with continuous state inequality constraints

|x,(t)| < 2.5 VvVt €[0,9]

lxs(t)] <1 vt e [0,9]

(5.85)

(5.86)
(5.87)
(5.88)
(5.89)

(5.90)

(5.91)

(5.92)

(5.93)

(5.94)

(5.95)

(5.96)

(5.97)

This problem was treated by Sakawa and Shindo [29], but no optimal value was reported.
Goh and Teo [18] used a piecewise constant functions to parameterize the control
variables and | was found to be 0.005361. They also used a piecewise linear functions to
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parameterize the control variables and found J = 0.005412. Jaddu [8, 24] solved this
problem using the second method of quasilinearization and state parameterization using
Chebyshev polynomials, and J was found to be 0.00562 after three iterations.

Using the proposed method, the iteration technique was applied and then the state
variables x;, X,, x; were approximated by 9™ order Chebyshev (Legendre) series with
unknown parameters. The remaining state variables x4, X5, Xg and control variables uq, u,
are obtained using the first five state equations. All state equations are directly satisfied
except the last equation which will be replaced by N + 1 equality constraints.

Table (5.3) illustrates the results of simulation carried out on the crane problem using both
Chebyshev and Legendre polynomials

Table (5.3) App. Optimal values for the crane problem

. J
lteration ¢ Chebyshev Legendre
0 0.00520001274144672 0.005213296926173
1 0.00564480381208082 0.005647797358452
2 0.00564480200191086 0.005647752274546
3 0.00564480041441502 0.005647708914071
4 0.00564479900640596 0.005647667212744

Figure (5.5) and (5.6) shows a set of state trajectories and approximate controls of the
containers crane problem using Chebyshev and Legendre polynomials

Time (sec)
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Figure (5.5) Optimal controls and state trajectories using Chebyshev polynomials

Time, (sec)

53



Time, (sec)

Time, (sec)

Time, (sec)

(09s/00ibap)'9x

Time, (sec)

54



o — -4 ===
o ===

Time,(sec)

Figure (5.6) Optimal controls and state trajectories using Legendre polynomials

5.6 Conclusion

In this chapter, a method for solving the constrained nonlinear quadratic optimal control
problem has been proposed. This method is based on replacing the nonlinear state
equation by a sequence of linear time-varying state equations and then parameterizing the
system state equations by a finite length series of Chebyshev or Legendre polynomials
with unknown parameters. The inequality constraints of the system are replaced by finite
dimensions inequality constrains through discretization of the time interval T € [—1,1]
into an equally spaced point and satisfy the constraints at each point.

To show the effectiveness of the proposed method several examples that include different

types of constraints were solved including a practical and complex problem; the containers
crane problem.
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Chapter Six

Conclusion and Future Work

6.1 Conclusion

In this work, we proposed a method to solve the nonlinear quadratic optimal control
problem. In spite of this fact, the proposed method is also suitable for solving linear
quadratic optimal control problems. The method is based on using the newly introduced
iteration technique in which the nonlinear state equations are replaced by a sequence of
linear time-varying state equations. This technique is combined with state
parameterization in which some system state variables are approximated directly using a
finite length series of Chebyshev or Legendre polynomials with unknown parameters. The
remaining state and control variables are obtained from the system state equations. If any
state equation remains unsatisfied, it will be replaced by equality constraints.

In comparison with other parameterization techniques, namely control-state and control
parameterization, this method offer several advantages. Examples of such advantages are:
Low dimension due to small number of unknown parameters required to approximate the
state and control variables; unlike control parameterization, there is no need to integrate
the system state equations to obtain the state variable. The optimal control problem under
consideration is converted directly to a quadratic programming problem without the need
to convert the problem to the intermediate nonlinear programming problem as the case
with control parameterization, control-state parameterization and discretization.

Using the proposed method, the optimal control problem under consideration is directly
converted into a quadratic programming problem. By this, the difficult nonlinear quadratic
optimal control problem is converted to a sequence of quadratic linear optimal control
problems that are much easier to solve.

The proposed method was applied to several examples free and subject to different types
of constraints. The simulation results were good and the proposed method converges. To
show the effectiveness of the proposed method, a complex practical containers crane
problem was solved.

A new property for Legendre polynomials called the differentiation operational matrix was

derived. This property was used to approximate the derivatives of the state variables when
state parameterization via Legendre polynomials is used. This property can also be used to
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obtain a feedback control law via Legendre polynomials using the method proposed by
Jaddu [8, 30].

Comparing the results of simulation obtained using Chebyshev and Legendre polynomials
shows that the results are almost identical with relatively smaller optimal values of the
performance index in the case of using Legendre polynomials. However, the results also
show that the convergence speed when using Chebyshev polynomials is much faster than
that of using Legendre polynomials.

6.2 Future Work
The work done in this thesis can be extended as follows:

® Modify the iteration to produce more accurate results.

e Develop the proposed method to handle the infinite horizon optimal control
problem by selecting an orthogonal function that is defined orthogonally on the
interval [0, oo[.

e Develop the propose method to produce a closed loop feedback control law using
Legendre polynomials. In this regard we propose using the method proposed by
Jaddu [30] in which Chebyshev polynomials are used to obtain such a controller.

The derivation of the differentiation operational matrix for Legendre polynomials
in this work would facilitate this mission.

57



References

[1] Bryson A. and Y. C. Ho, Applied Optimal control, Hemisphere Publishing
Corporation, Washington D.C, 1975.

[2] Kirk D. E., Optimal Control Theory, an Introduction, Prentice-Hall, Englewood Cliffs,
1970.

[3] M. Tomas-Rodriguez and S.P. Banks, Linear approximations to nonlinear dynamical
systems with applications to stability and spectral theory, IMA Journal of Control and
Information, Vol. 20, pp. 1-15, 2003.

[4] Banks, S.P. and Dinesh, K., Approximate optimal control and stability of nonlinear
finite and infinite-dimensional systems. Ann. Op. Res., Vol. 98, pp. 19-44, 2000.

[5] M. Tomas-Rodriguez, S.P. Banks, An iterative approach to eigenvalue assignment for
nonlinear systems, Proceedings of the 45th IEEE Conference on Decision & Control,
pp- 1-6, 2006.

[6] Navarro Hernandez, C, Banks, S P and Aldeen, Observer Design for Nonlinear
Systems using Linear Approximations. IMA J. Math. Cont Inf(20), pp. 359-370, 2003.

[7] M. Tomas-Rodriguez, S. P. Banks and M.U. Salamci, Sliding Mode Control for
Nonlinear Systems: An Iterative Approach, Proceedings of the 45th IEEE Conference
on Decision & Control, pp. 1-6, 2006.

[8] Jaddu, H., Numerical methods for solving optimal control problems using Chebyshev
polynomials, PHD Thesis, JAIST, Japan, 1998.

[9] Burghart J. H., A technique for suboptimal feedback control of nonlinear systems,
IEEE Transaction on Automatic Control, Vol. 14, pp. 530-533, 1969.

[10] Polak E., Computational Methods in Optimization, Academic Press, New York, 1971.

[11] Goh, C.J. and K.L. Teo, Control parameterization: A unified approach to optimal
control problems with general constraints, Automatica, Vol. 24-1, pp. 3-18, 1988.

[12] Sirisena H. R., Computation of optimal controls using a piecewise polynomial
parameterization, IEEE Trans. Automat. Cont., Vol. AC-18, pp. 409-411, 1973.

[13] Vlassenbroeck J. and Van Doreen, A Chebyshev technique for solving nonlinear
optimal control problems, IEEE Trans. Automat. Cont., Vol. 33, pp. 333-340, 1988.

[14] Sirisena H. R. and F.S. Chou, State parameterization approach to the solution of
optimal control problems, Optimal Control Applications & Methods, Vol. 2-3, pp.
289-298, 1981.

[15] Stryk O. and R. Bulirsch, Direct and indirect methods for trajectory optimization,
Annals of Operations Research, Vol. 37, pp. 357-373, 1992.

58



[16] Jaddu, H., Direct solution of nonlinear optimal control problems using
quasilinearization and Chebyshev polynomials, Journal of the Franklin Institute, Vol.
339, pp. 479-498, 2002.

[17] Fox L. and L.B. Parker, Chebyshev Polynomials in Numerical Analysis, Oxford
University Press, England, 1968.

[18] Teo K., C. Goh and K. Wong, A Unified Computational Approach to Optimal Control
Problems, Longman Scientific & Technical, England, 1991.

[19] Paraskevopoulos P. N., Legendre Series Approach to Identification and Analysis of
Linear Systems, IEEE Trans. Automat. Cont., VOL. AC-30, NO. 6, pp. 585-589, 1985.

[20] AL-Salam W. A., On the Product of Two Legendre Polynomials, MATH. SCAND.,
Vol. 4, pp. 239-242, 1956.

[21] Goh, C. J. and K. L. Teo, Control parameterization: A unified approach to optimal
control problems with general constraints, Automatica, Vol. 24-1, pp. 3-18, 1988.

[22] Frick P. A. and D. J. Stech, Epsilon-Ritz method for solving optimal control
problems: Useful parallel solution method, Journal of Optimization Theory and
Applications, Vol. 79, pp. 31-58, 1993.

[23] Troch L., F. Breitenecker and M. Graeff, Computing optimal controls for system with
state and control constraints, IFAC Control Applications of Nonlinear Programming
and Optimization, France, pp. 39-44, 1989.

[24] Jaddu, H., M. Vlach, Successive approximation method for non-linear optimal control
problems with applications to a container crane problem, Optimal Control
Applications and Methods, Vol. 23, pp. 275-288, 2002.

[25] Neuman C. P. and A. Sen, A suboptimal control algorithm for constrained problems
using cubic splines, Automatica, Vol. 9, pp. 601-613, 1973.

[26] Fegley K., S. Blum, J. Bergholm, A. Calise, J. Marowitz, G. Porcelli and L. Sinha,
Stochastic and deterministic design and control via linear and quadratic programming,
IEEE Trans. Automatic Control, Vol. AC-16-6, pp. 759-766, 1971.

[27] Bullock T. and G. Franklin, A second order feedback method for optimal control
computations, IEEE Trans. Automat. Cont., Vol. 12, pp. 666-673, 1967.

[28] Bashein G. and M. Enns, Computation of optimal control by a method combining
quasi-linearization and quadratic programming, Int. J. Control, Vol. 16, pp. 177-187,
1972.

[29] Sakawa Y. and Y. Shindo, Optimal control of container cranes, Automatica, Vol.18-3,
pp- 257-266, 1982.

59



[30] Jaddu H. and E. Shimemura, Optimal closed loop control for nonlinear systems using
Chebyshev polynomials, Proc. of 1998 American Control Conference, Vol. 1, pp. 667-
671, 1998.

[31] Bryson A. E., Optimal control — 1950 to 1985, IEEE Control Systems Magazine, Vol.
16, pp. 26-33, 1996.

[32] Sussmann H. J. and J. C. Willems, 300 years of optimal control: From the
Brachystochrone to the Maximum Principle, IEEE Control Systems, Magazine, Vol.
17, pp. 32-44, 1997.

[33] Lukes D. L., Optimal regulation of nonlinear dynamical system, Automatica, Vol. 7,
pp- 75-100, 1969.

[34] Willemstein A. P., Optimal regulation of nonlinear dynamical systems on a finite
interval, SIAM J. Control, Vol. 15, pp.1050-1069, 1977.

[35] Garrard W. and Jordan, Design of nonlinear flight control systems, Automatica, Vol.
13, pp. 497-505, 1977.

[36] Yoshida T. and K. Loparo, Quadratic regulatory theory for analytic non-linear system
with additive controls, Automatica, Vol. 25-4, pp.531-544, 1989.

[37] Cloutier J. R., C. N. D’Souza, and C. P. Mracek, Nonlinear regulation and nonlinear
H,, control via state-dependant Riccati equation technique, In Proceedings of the

International Conference on nonlinear Problems in Aviation and Aerospace, Daytona
Beach, FL, May 1996.

[38] Moylan P. J. and B. D. Anderson, Nonlinear regulator theory and inverse optimal
control problem, IEEE Transactions on Automatic Control, Vol. 18, pp. 460-465,
1973.

[39] Shin D. H. and F. C. Kung, Optimal control of deterministic systems via shifted
Legendre polynomials, IEEE Transactions on Automatic Control, Vol. AC-31, No. 5,
pp. 451-454, 1986.

[40] Jaddu H. and E. Shimemura, Solution of constrained linear quadratic optimal control
problem using state parameterization, Trans. of SICE, Vol. 34, No. 9, 1998.

[41] Razzaghi M. and G. Elnagar, Linear quadratic optimal control problems via shifted
Legendre state parameterization, Int. J. Systems Science, Vol. 25, pp.393-399, 1994.

[42] Chen C. F. and C. H. Hasiao, Design of piecewise constant gains for optimal control
via Walsh functions, IEEE Transactions on Automatic Control, Vol. 20, pp. 596-603,
1975.

60



[43] Hsieh H. C., Synthesis of adaptive control systems by function space methods,
Advances in Control Systems, Ed: C. T. Leondes, Vol. 2, pp. 117-208, New York,
Academic Press, 1965.

[44] Vlassenbroeck J., A Chebyshev polynomial method for optimal control with state
constraints, Automatica, Vol. 24, pp. 499-506, 1988.

[45] Bellman R.E., Dynamic Programming, Princeton University Press, Princeton, NJ,
1957.

[46] Betts J., Issues in the direct transcription of optimal control problem to sparse non-
linear programs, Computational Optimal Control, Ed: R. Bulirsch and D. Kraft,
Birkhauser, Germany, pp. 3-17, 1994.

61



Baalatial) clijy 8y aladioly JiaY) (i) asatl Ula Jad &S5 48y s
sV Abas Ble a1l

£94 e L3 1)

rpadla

S i) aSaill e Jad Culllly Syl e JESH il AL gl sae e
il Al oda (8 da iRl diphall () L5pdlae e (Byhs Bpdle (GHhS @Hhall s2a Caial
dpaly Al M B oSl Alle digns DA e iy Gilly e Aih Ll e
Saill iyl bl el P e 58l Gyl 285 2 dgan) P (e Amay

eI e 8 Allall

Banly alaiuly Gl 35 o o5 -l ) A0l oty L) ap5lall Bkl 245 oSy
daphll of Al i (z) aSadl-Aall i () sSadll i () el Gl e
Al e a2 DA e lly Al Capi Aipl o adiad dand) 138 8 G il
e dindl o bl spaall GHES dladtiuly Jokll A ALl pladiuly Uil

EAPrES)

i) L DA e lly ol daph o Loaf adiad Caanll 138 8 dagidal daghall )
Y day Sy i) e sadieall 4dadl) Alall eV alae (o Ay ladll sl Al CYales
S Jat B s el Ssal dls ol el ALl oda e Al i Gl

Al ALl e 5 Jend Lels Tanays Akad Jilse

Ao giall Jie) oSl Jilse (e daedl Ja o5 cdagiiall Aplall dlad lelal dal (ges ol
daphall (o)) dadal) ol cyedal a8l e 1) Aalie 25l (el lgia 25l e JAY gl
Gukit & Al Jlsall aal (e o AY1 @l (e aall ae Apliie il Jaxds b s gl

clialall It e e Slsall 8 clslall Ji Al clgle da jial dayLl)

62



