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Fluctuating Target Detection in Fluctuating
K -Distributed Clutter

Yuri I. Abramovich, Fellow, IEEE, and Olivier Besson, Senior Member, IEEE

Abstract—This letter deals with the problem of fluctuating target
detection in heavy-tailed K -distributed clutter over a number 7'
of independent coherent intervals, e.g., in the case of a long ob-
servation interval (“stare mode”), or that of independent (range)
resolution cells as per the track before detect techniques. The gen-
eralized likelihood ratio test for the problem at hand is derived, as
well as an approximation of it, whose distribution under the null
hypothesis is derived. We also show some significant differences as
compared to the usual Gaussian case, in particular the influence of
T and of the shape parameter of the K distribution.

Index Terms—Adaptive detection, generalized likelihood ratio
test, K distributed noise.

1. INTRODUCTION AND PROBLEM STATEMENT

N THE last few decades, spurred by analysis of experi-

mental radar data [1], [2], [3], [4], [S], considerable atten-
tion has been focused on target detection in heavy-tailed clutter
environment, see e.g., [6], [7], [8], [9] and references therein.
Most studies deal with detection of non-fluctuating over co-
herent integration time (CIT) target return in a clutter that can
be presented as a compound-Gaussian process [10], [11] or,
more generally, is assumed to follow an elliptically contoured
distribution [12]. Traditionally the detection problem is formu-
lated from a single resolution cell. Herein, we consider long
observation interval (“stare mode”) that significantly exceeds
the target and clutter fluctuations spectra Nyquist rates, which
can be recast as the following hypotheses testing problem ({ =
L, 1) [9):

H() LIy = \/Ent

Hy:x = asy + /1y )
wheren; ~ CA(0, R) follows a complex Gaussian distribution
with zero mean and covariance matrix K, and the texture 7; is
a positive random variable whose distribution will be specified
shortly. The problem in (1) is also relevant in the so-called track
before detect framework where the decision on target presence
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has to be made based on potential target presence in 7' inde-
pendent range resolution cells. For Gaussian target and clutter
models, (1) leads to the classical non-coherent integration of the
coherent processing outputs, and the main focus of this study is
to investigate the type of non-coherent inter-CIT processing for
heavy-tailed distributions. Note, in this regard, that for the tradi-
tional single CIT problem, it was the data-dependent threshold
arrangement [13] that made all the difference with respect to
the Gaussian case. For multiple independent and identically dis-
tributed (i.i.d.) CIT, one can expect similarly changed nature
of inter-CIT non coherent processing. Additionally, we wish to
examine how the number of CIT T and the shape of the tex-
ture distribution impact the probability of detection. As such,
the present letter is a follow-up of our recent submission [14],
where we considered maximum likelihood (ML) direction of
arrival estimation in K -distributed noise. It was shown there
that the rate of convergence of the ML estimates is significantly
faster than in the Gaussian case and increases as the shape pa-
rameter v of the K distribution decreases. The aim of this letter
is to investigate whether a similar behavior occurs in detection.

II. DETECTION

As said before we consider the problem in (1) where we as-
sume that 7; follows a Gamma distribution with shape param-
eter » and scale parameter 3, i.e., its probability density function
(p.d.f) is given by

plr) = i

v-1_-8717

F(l/) Tt (2)

which we denote as 7, ~ G(», 8). The signal unknown random
amplitudes s; that fluctuates from CIT to CIT are considered
as deterministic and unknown. The noise component /77 is
known to follow a K distribution, and the probability density
function of the data matrix X = [z, 2 7| is given

by
T
po(XIR) o |RF ] g (s R '=:) (3a)
t=1
T
p1(X|s,R) R~ H g (thR‘lzt) (3b)

t=1

where g(z) = z%KM,V@ 2/3) and z; = 2, — as;. We
assume herein that R is known, so that the generalized likeli-
hood ratio (GLR) for the problem at hand is given by

- maxs p1(X|s, R)

CLRX po(XIR)

“



Since g(z) is monotonically decreasing, and observing that

Hp-1. |2
H —1 _ H —1 a R ;’Et
[a:t — ast] R [Et — ast] = [a _R a,] St — m
‘a.HRflzt‘Q
+ Ty R T — m (5)
it follows that py (X|s, R) is maximized for
o 'R 'z
St = 7,1): (6)
a R a
Consequently, the GLR can be rewritten as
T Hop1 ‘ -1 ’ 2
tl;llg w B a"R ‘a
GLR(X) = .

Hf:1 g (m{{Rilmi)

In a view to simplify the detector, let us make use of an approx-
imation of the modified Bessel function, which holds for large
(M — v) [15], and write

g(z) =27 —(2v/2/8)
R L/;—M — e\/z/_ﬁ —(M—-v)
AR VTSV TV
= const. x 27 M, (8)

Our experience is that this approximation yields almost no loss
compared to using the Bessel function [14]. The previous equa-
tion gives rise to an approximate GLR (aGLR)

- M-—v
T Hp-1 -|
7 R x;
aGLR(X H L 3
‘aHR’lz i
t=1 :EHRfla:t B bl I
t aR 'a

Il
EH

r M—v
=i R 'z, ©)
V2 RPPy e Ry

~
il

where P

ment of B/ “a. Taking the logarithm of (9) and scaling by
1/(M —v), we end up with an approximate log-likelihood ratio
(LLR) given by

_1s2 _ 1s the projection onto the orthogonal comple-

1/2

_ 2
aLLR(X ja"R | ]

=— log |1 —
) ; . l (m{{Rflxt) (aHRfla.)

T ItHRil/ZPJ_ 71/2aR71/2$t
- Z log Hp-1 '
P ;) R "z

(10)

For comparison, the LLR for Gaussian distributed noise is given
by

H
oLLR:(X Z |aafR "Zl . (1n

Let us investigate the properties of the test statistic under Hy
first. Since R~ /%z, = \/Tyw;, where w; ~ CN(0,1y), one
has

|aHR71:1;t|2
(zPR 'z,) (a” R 'a)
’thPRJ/za,’wt Hy CX%

= ~ . (12)
th'wt Cx? + CX?WA

t(z:) =

It follows that the p.d.f. of #(x;) does not depend on the actual

value of ¢, and hence all snapshots are treated equally. Further-
H, Ho Cx%, .
Cxi+Cx3,

“log [(1 — i(z,)] f@g (1, (M — 1)*1) :

Consequently, the p.d.f. of the approximate LLR under Hj is
given by

more, 1 — t(z;) ~ which implies that

(13)

oLLR(X Zlog [(1— t(z)] g (T, (M — 1)*1) .

(14)
The probability of false alarm, for a given threshold 7, is thus

_ M -nT
Pfa = /77 F(T) U
=1 —~((M —1)n,T)

Lexp {—(M — 1)u} du

(15)

where y(a, z) = [ t* e ~*dt is the incomplete Gamma func-
tion [15]. Observe that the distribution of aLLR(X) is inde-
pendent of » under Hy, and is thus the same as if the data were
Gaussian. However, in the latter case, the Gaussian likelihood
ratio, as given by (11), follows a Cx?2. distribution, which is dif-
ferent from (14).

Let us now investigate what happens under H;. We now have

R Y%z, = R V%as; + \/Tiwy, so that
R 12pl g R Y2
L —ta) = zPR 'z
+ t
Ttw{{PE,l/zawt

= " 3 (16)
HR— / as; + /7wy

As illustrated in [14], the logarithm operation in (10) will tend
to emphasize the snapshots for which 7; is very small. Indeed,
for p < 1,

L
Ttw{IPRfl/zawt

1 —t(x:) ~ 17
() |s¢]? (a,HRfla,) (17
while, for ryww; > |stIQa,HR—1a,
U)HPJ_, 2, Wy
1 — t(z;) ~ ‘"R 'a " (18)

w{l’wt

whose average value is (M — 1)/M an ¢ and thus close to 1.
Moreover, there is a very high probability that some of the 7;
take very small values [14]. Hence, one can surmise that, for
very heavy-tailed noise, i.e., for very small v, the approximate
log likelihood ratio will be dominated by the term involving the
snapshot with minimal T;. In order to confirm this conjecture,



let ;. be this snapshot and let us define up = min;<;<7 7.
Let us now consider an hypothetical detector that would use
mtmin Only5 i'e's

aLLR(zy . )= —log[l — t(z,,. )]
H

tmin

2 (a,HRfl/Qa) J

Observe that, under Hy, aLLR(zx,, ) o G, (M—-1)"h
and, hence, the threshold 7, of this detector is related to Py,

as

. (19)

~ —log tur
[

|84

min

Pro=1—~((M = 1)jmin, 1). (20)

The test statistic aLLR(z;,_. ) depends mostly on uz which
is the minimum value of a set of T' independent Gamma dis-
tributed random variables. In order to analyze its behavior, one
must consider statistics of extreme values [16], for which only
asymptotic (as T' — oo) results are available. More precisely,
we showed in [14] that, for small v and large T,

Pr {Tl/”uT > LL} ~ exp {/iI‘V(j)V } .

€2y

H L
wiminPR7 l/zawt

@R "a) s

CX%471
2@a#R a)

min d

. Then

Letv =

|8t . .
min min

PraLLR(x, . ) > nlv] = Pr[—log(urv) > nlv]
=Pr [uT < 11‘16"’7\17] =Pr {Tl/”uT < v‘le‘"Tl/”hs]

~1 exp{%T} . (22)

In order to obtain the probability of detection, one must inte-
grate over the p.d.f. of ». Although this marginalisation appears
infeasible, (22) provides very interesting insights into the speed
of convergence of the probability of detection as a function of
T'. Indeed, and this confirms what was observed for direction
of arrival estimation in K -distributed noise, the probability of
detection of a signal in K -distributed noise grows much faster
with 7" than in the Gaussian case. Moreover, since the detector
in (10) based on all snapshots is expected to perform better than
the detector in (19) which uses only 2, its probability of de-
tection should be at least as fastly growing. This conjecture will
be illustrated in the next section.

III. NUMERICAL SIMULATIONS

We assume a set of M = 16 pulse repetition intervals and a
moving target with Doppler frequency f4 = 0.0868 so thata =
[1 ei?mfa e2m(M=1fa 1T The K -distributed clutter is
assumed to have unit power, so that 3 = v~!. The fluctu-
ating amplitude s; was generated from i.i.d. Gaussian variables
with power P and the signal to noise ratio (SNR) is defined
as SNR = P(a R 'a) where R is assumed to be known.
The probability of false alarm is set to Pg,= 105, Figs. | and
2 display the probability of detection Py of the approximate
LLR as given by (10) and the approximate LLR (19) based on
the snapshot with minimum 7. These figures confirm the very
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Fig. 1. Probability of detection of approximate log likelihood ratio test versus
SNR M=16.(av=20b)yv =05 Cc)rv =0.2.

strong influence of the shape parameter v on P;. Indeed, for a
fixed number of snapshots T', the probability of detection rises
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Fig. 2. Probability of detection of approximate log likelihood ratio test versus
SNR.M =16. ()T =4(b)T =8(c) T = 16.

very fastly as © decreases, see Fig. 2. Accordingly, the influ-
ence of T' is more pronounced when v decreases, see Fig. 1.

1 2 4 B 16 -l [ 128

Number of snapshots (T7)

Fig. 3. Average value of min,—1 .. 7¢ versus 7" and v.

Moreover, one can observe that for small v, aLLLR(X) and
aLLR(x;_, ) perform nearly the same, which confirms the fact
that, for heavy-tailed distributions, the detector is mostly influ-
enced by the snapshot with minimum 7, i.e., with maximum
signal to clutter ratio.

IV. DiscussioN

In this letter we addressed the problem of detecting a fluctu-
ating target over multiple CIT, in the presence of K -distributed
noise, whose covariance matrix is known. An approximate like-
lihood ratio test was derived, whose distribution under the null
hypothesis was shown to be independent of the shape parameter
v of the Gamma texture. This yielded a simple and closed-form
expression of the detector threshold as a function of the proba-
bility of false alarm. Qualitative insights were provided to gain
comprehension of the probability of detection £;. We showed
that, for very small 1/, the detector is mostly influenced by the
snapshot corresponding to the minimum value of the texture.
Furthermore, the detector exhibits a rate of convergence of Py
much faster than in the Gaussian case.

In this letter, and similarly to many studies, we considered
the non-Gaussian clutter only and somehow ignored the addi-
tive thermal Gaussian noise. This assumption is usually justi-
fied by assumption of a limited clutter mitigation efficiency of
the optimum filter, i.e., the clutter to white noise ratio at the
output of this filter is still large. On the other hand, as indicated
above, the detection performance is mainly driven by the snap-
shot with minimum 7;. However, since we assume a constant
input clutter total power ({7 } = 1) for any v, the clutter power
in &, ., may be very small, as illustrated in Fig. 3. This figure
provides an insight on when this commonly made assumption
on ignored additive white noise remains valid for different T’
and v. When this is no longer the case, one needs to consider
both non-Gaussian clutter and white Gaussian noise, a problem
which is rather tedious [17] as the p.d.f. of the total noise is not
really tractable. This is a further line of research that needs to
be investigated.
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