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ABSTRACT. – The aim of this paper is to present an overview of “model coupling” methods and issues in the area 
of environmental hydrodynamics, particularly coastal hydrodynamics and surface/subsurface hydrology. To this end, 
we will examine specific coupled phenomena in order to illustrate coupling hypotheses and methods, and to gain new 
insights from analyses of modelling results in comparison with experiments. Although this is to some extent a review of 
recent works, nevertheless, some of the methods and results discussed here were not published before, and some of the 
analyses are new. Moreover, this study is part of a more general framework concerning various types of environmental 
interactions, such as: interactions between soil water flow (above the water table) and groundwater flow (below the water 
table); interactions between surface and subsurface waters in fluvial environments (streams, floodplains); interactions 
between coastal flow processes and porous structures (e.g. sea‑driven oscillations and waves through sand beach or a 
porous dike); feedback effects of flow systems on the geo‑environmental media. This paper starts with a general review 
of conceptual coupling approaches, after which we present specific modelling and coupling methods for dealing with 
hydrological flows with surface water / groundwater interactions, and with coastal flows involving the propagation of 
seawater oscillations through a porous beach (vertically and horizontally). The following topics are treated. (1) Coupled 
stream‑aquifer plane flow in an alluvial river valley (quasi‑steady seasonal flow regime), assuming aquifer/stream con‑
tinuity, and using in situ piezometric measurements for comparisons. (2) Water table oscillations induced by sea waves, 
and propagating through the beach in the cross‑shore direction: this phenomenon is studied numerically and experimen‑
tally using a wave canal with an inclined beach equipped with capacitive micro‑piezometers. (3) Tidally driven vertical 
oscillations of water flow and capillary pressure in a partially saturated / unsaturated sand beach column, studied numeri‑
cally and experimentally via a “tide machine” contraption (described in some detail): the goal is to apprehend the role of 
capillary effects, and forcing frequency, on the hydraulic response of a beach column forced by tides from below. At the 
time of this writing, some of the results from the tide machine are being reinterpreted (ongoing work). We also point out 
a recent study of vertical flow in the beach, which focuses on the effect of intermittent waves in the swash zone, rather 
than tidal oscillations. 

Key‑words: Model coupling for environmental flows, Surface/subsurface hydrology, Coastal hydrodynamics, Wave canal, 
Tide machine experiment, Saturated/unsaturated porous beach.

Couplages de modèles pour les écoulements environnementaux, 
avec applications en hydrologie et en hydrodynamique côtière

RÉSUMÉ. – Le but de cet article est de présenter une revue synthétique des méthodes et problèmes de couplages dans 
le domaine de la dynamique des fluides environnementale, et en particulier, en hydrodynamique côtière et en hydrolo‑
gie de surface / souterraine. Dans ce but, on examinera certains problèmes spécifiques, qui permettront d’illustrer les 
hypothèses de couplages, et d’approfondir la compréhension des phénomènes couplés à partir d’analyses des résultats 
de modélisation et en comparaison avec des résultats expérimentaux. Bien que cet article soit en partie une revue de 
travaux récents, certaines méthodes et analyses des résultats n’ont pas été publiées précédemment. De plus, ce travail 
s’inscrit plus généralement dans le cadre d’un programme d’étude sur différents types d’interactions environnementales, 
telles que : interactions entre les écoulements dans les sols (au‑dessus de la nappe) et dans la zone saturée des aquifères 
(au‑dessous de la nappe) ; interactions entre les eaux de surface et souterraines dans un environnement fluvial (fleuve et 
plaine d’inondation) ; interactions entre les écoulements côtiers de pleine eau (mer) et les structures poreuses (e.g., oscil‑
lations forcées pénétrant et se propageant à travers une page de sable, une digue portuaire, etc.) ; rétroactions entre écou‑
lements et milieux. Cet article commence par une revue générale des concepts de couplages, après quoi nous présentons 
certaines méthodes plus spécifiques permettant de coupler (en les simplifiant) les écoulements hydrologiques comportant 
des interactions entre eaux de surface et eaux souterraines, et les écoulements côtiers impliquant la propagation d’oscil‑
lations de l’eau de mer à travers une plage de sable (horizontalement, et verticalement). Les sujets suivants sont traités... 
(1) Ecoulement plan couplé nappe‑rivière dans une vallée alluviale (régime moyen saisonnier quasi‑permanent), avec 
hypothèse de continuité de pression à l’interface nappe/rivière, et en utilisant des mesures piézométriques in situ pour les 
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comparaisons. (2) Oscillations de la nappe de plage induites par les vagues, et se propageant à travers la plage de sable 
dans la direction perpendiculaire à la côte : ce phénomène est étudié numériquement et expérimentalement à l’aide d’un 
canal à houle contenant une plage inclinée équipée de micro‑piézomètres capacitifs. (3) Oscillations tidales de l’écoule‑
ment vertical et des profils de pression capillaire dans une colonne de plage partiellement saturée / non saturée soumise 
à l’effet des marées par sa condition limite inférieure. Ce système est étudié numériquement et expérimentalement grâce 
à une « machine à marée » (qui est décrite ici en détail). Le but est d’appréhender le rôle des effets capillaires, et de 
la fréquence du forçage tidal, sur la réponse hydraulique de la colonne de plage partiellement saturée / non saturée. 
Au moment de la rédaction de cet article, certains des résultats obtenus par la machine à marée sont en cours de réinter‑
prétation. Nous indiquons aussi l’existence d’une récente étude, en cours de développement, sur l’écoulement oscillatoire 
vertical dans une colonne de plage non pas sous l’effet des marées, mais sous l’effet des vagues intermittentes qui se 
produisent dans la zone de swash (jet de rive). 

Mots‑clés  : Couplage de modèles en hydrodynamique environnementale, Hydrologie de surface /  subsurface; 
Hydrodynamique côtière, Canal à houle, Machine à marée, Plage poreuse saturée / non saturée. 

I.  �Introduction and summary 

This paper is a revised and extended version of the key‑
note lecture initially presented by the first author, in French, 
at the SimHE 2013 conference held in Casablanca, Morocco 
(Ababou 2013). In this extended paper, we describe and 
analyze several results from collaborative work on coastal 
hydrodynamics and hydrology, involving the coupling of 
surface water with groundwater, and the propagation of sea‑
water oscillations through a porous beach. These experi‑
mental and numerical studies were conducted at the Institut 
de Mécanique des Fluides de Toulouse. They involved two 
research groups (Porous Media “GEMP”, Turbulence Waves 
Environment “OTE”) plus outside collaborations. 

Our aim here is to present an overview and a review of 
“model coupling issues” in the area of environmental hydro‑
dynamics, particularly coastal hydrodynamics and surface/
subsurface hydrology, and to gain new insights from analy‑
ses of previously obtained results. Although this is to some 
extent a review work, some of the results were never pub‑
lished before, and some of the analyses are new. 

We are interested generally in the interactions between 
soil water flow (above water tables) and groundwater 
flow (below the water table), in the interactions of coastal 
flow processes with porous structures (e.g. propagation of 
sea‑driven oscillations into porous dikes and beaches), and 
also, in the interactions between surface and subsurface 
waters in fluvial environments (streams, floodplains). 

In the remainder of this paper, we treat the following top‑
ics. We start, in the next section (Section II), with a brief 
conceptual review of alternative coupling approaches for 
environmental flow problems. We then study in Section III 
coupled stream‑aquifer flow in an alluvial river valley 
(quasi‑steady seasonal plane flow regime), using in situ 
piezometric measurements for comparisons. The remain‑
ing sections focus on coastal hydrodynamics problems in 
the presence of porous beaches. Section IV considers the 
case of a wave canal with an inclined beach at one end, 
equipped with micro‑piezometers. Wave induced oscilla‑
tions of the water table, propagating in the beach, are stud‑
ied along the cross‑shore direction, experimentally and 
numerically. Section V considers tidally driven vertical oscil‑
lations of water flow and capillary pressure in partially satu‑
rated  / unsaturated sand beach column. The method used 
to force the tidal effect is implemented experimentally via 
a “tide machine” contraption, which is described here in 
some detail. We present some modeling results and analyses 

regarding capillary effects on the hydraulic response of the 
sand beach column, which was the main scientific goal of 
this tide machine study. Finally, the results obtained for the 
different applications are recalled and discussed in the con‑
clusive Section VI.

II.  �Overview of alternative
approaches to model coupling 

Let us start with a brief review of conceptual approaches 
to model coupling. We distinguish: 

i. Weak coupling (sequential, unidirectional, or “explicit”
coupling) vs. strong coupling (bidirectional, retroactive, or 
« implicit ») 4; 
ii. Localized coupling (via planar or curved interfaces) vs.

spatially distributed coupling in (x, y, z) space; 
	iii. External or code‑to‑code coupling vs. internal coupling
or equational coupling (within a single code).

On the whole, there are many possible methods for cou‑
pling different phenomena in a model, because the above 
categories (i, ii, iii, …) can be sometimes combined. 

Let us consider one example concerning stream‑aquifer 
flow coupling. One popular approach is to implement this 
coupling via a conductance term proportional to (HAQUIFER 
(x,y,z)‑HSTREAMbed(x,y)). This coupling term is defined at 
the stream‑aquifer interface, z = Zinterface(x,y), represent‑
ing the streambed. Therefore, this method is a type of 
“localized coupling” (at an interface), and it is also a type 
of “external coupling” (code‑to‑code) because the method 
is more naturally implemented with 2 different codes or 
modules, one for aquifer flow, the other for stream flow, 
coupled through the interface. 

In contrast, the stream‑aquifer coupling approach to 
be presented in more detail further below is a type of 
“strong” or “implicit” coupling, based on a pressure conti‑
nuity assumption at the aquifer/streambed interface. It can 
also be qualified as “internal” or “equational” coupling. 
It uses a single model and a single computer code for  
its implementation. 

This is only one example of coupling problem. In this 
paper, we will also consider an issue that arises in coastal 

4. Note: the terms “explicit” and “implicit” are borrowed here from nume‑
rical terminology in reference to the well‑known discretization schemes, Euler 
forward (explicit) and Euler backward (implicit). 



and beach hydrodynamics: a modeling strategy is needed 
for transmitting oscillations from seawater to the porous 
beach. The goal is to analyze the hydraulic response of the 
beach forced by seawater oscillations or waves. The beach 
response being our main focus, the seawater forcing will be 
simplified as much as possible.

The different possible approaches to coupling were pre‑
sented in detail in Ababou et al. [2009, 2010], and in other 
cited references, where coupling issues in various areas of 
environmental hydrodynamics are discussed. 

For example, consider the case of coastal morpho‑dynam‑
ics, discussed in detail in Ababou et al. 2010 (Section 15.1.4 
on Coastal Morphodynamics). Models can be reduced to 
vertical cross‑sections (2DV), or they can represent be verti‑
cally integrated processes in the horizontal plane (2DH). 
Fully 3D model can be obtained by recoupling 2DH and 
2DV models. On the other hand, one may consider 3 main 
types of processes (1: waves or swell; 2: currents; 3: solid 
transport) that are coupled according to 6 types of interac‑
tions. For instance, (2) → (3) refers to the effect of sea 
waves on the seabed (via stresses exerted on the seabed). 
This effect could first be ignored in a model (decoupling), 
then taken into account via a recoupling approach. The 
whole approach can be viewed as a “divide and conquer” 
strategy. The need for “recoupling” arises because of previ‑
ous simplifications. 

In harbor problems, one of the objectives is to couple 
incoming waves (sea swell) with coarse porous structures 
like breakwaters and dykes, in order to study wave trans‑
mission/reflection through these structures. One approach 
known since the early 1970’s (Cross & Sollitt 1972, Sollitt 
& Cross 1972) has been to adapt or generalize the porous 
medium equation to account for Eulerian and inertial accel‑
eration terms, and then, to analyze the resulting equation in 
frequency space (e.g. Brossard et al. 2004). For a review 
and results focused on wave transmission through porous 
breakwaters, sea Tomasicchio & D’Alessandro (2013). 
Other approaches start, rather, with the Navier‑Stokes equa‑
tion and modify it by introducing an internal solid/fluid 
friction term. For a semi‑empirical approach based on meas‑
urements interpreted with Navier‑Stokes, see for instance 
Losada et al. (1995). 

Other authors have considered coupled phenomena in 
surface/subsurface hydrology. Ababou et al. (1996, 1998, 
2002) studied various subsurface flow problems with 
coupled saturated/unsaturated zones, and they developed 
a macro‑porous medium concept which comprises two 
aspects: kinetic aspect for open water (see also a some‑
what similar idea in Desai and Li 1983), and dynamical 
aspect for coarse media (inertial acceleration term). In 
particular, a fictitious macro‑porous medium was used for 
modeling coupled stream‑aquifer connections in vertical cross‑ 
section without vertical integration (Ababou et al. 2002). 
Hinz 1998 studied the effect of unsaturated flow, and of 
the capillary fringe, on coastal water table dynamics. Horn 
2006 studied and reviewed beach groundwater measure‑
ments and models devoted to the swash zone. Cao et al. 
2010 coupled the Darcy and Stokes flow equations using 
the Beavers & Joseph (1967) interface condition between 
the porous medium and open water. Li et al. 2000 (a, b) 
modeled groundwater “waves” with a linearized Boussinesq 
equation (vertically integrated groundwater flow) modified 
to account for the oscillating free surface, and they matched 
the groundwater and seaward boundary conditions at the 
beach face. Gunduz & Aral (2005) studied and modeled 
groundwater / river network interactions. 

Other authors also addressed physical and numeri‑
cal aspects of surface / subsurface coupling under various 
hydrologic situations, e.g.: Larabi & De Smedt (1997); Sbai 
et al. (2001); Putti & Paniconi (2004); Panday & Huyakorn 
(2004); Kollet & Maxwell (2006). Finally, it should also be 
emphasized that, in many cases, fast flow can take place 
in the porous media adjacent to the open water bodies 
(lake, sea, stream). In this case, porous flow is modeled 
via a revamped version of Darcy’s law containing an addi‑
tional quadratic velocity term to account for inertial effects 
(e.g. Ababou & Trégarot 2002). The basic model is named 
Darcy / Ward‑Forchheimer (after Darcy 1856; Forchheimer 
1931; Ward 1964). 

In this paper, we will focus on just a few environmental 
flow problems involving coupling: 

→→ stream‑aquifer flow in an alluvial river valley (quasi‑ 
steady seasonal plane flow regime); 

→→ water level oscillations induced by seawater waves, pro‑
pagating in a beach water table along the cross‑shore direc‑
tion; and 

→→ tidally driven vertical oscillations of flow and capillary 
pressure in a partially saturated/unsaturated column of beach 
located sufficiently away from the swash zone. 

In these different types of flow problems, we will imple‑
ment an original coupling approach based on the same 
general principle, as follows: the coupling is equational; it 
is encapsulated in a single governing Partial Differential 
Equation (PDE) with nonlinear and heterogeneous coeffi‑
cients; it is therefore strongly implicit and retroactive, and 
finally, it is implemented with a single numerical code. 
Note: the specifics for each type of coupled flow problem, 
are discussed further in the respective sections (III, IV, V), 
and in the conclusive section (VI). 

III.  �Hydrologic coupling:
stream‑aquifer flow 
(Garonne river)

This section focuses on coupled stream‑aquifer flow 
using a vertically integrated / strong coupling approach. 
Stream‑aquifer flow coupling is illustrated with a case study 
concerning a stretch of the Garonne river valley and its asso‑
ciated subsurface watertable in the accompanying aquifer. 
We will summarize previous descriptions of the vertically 
integrated coupled stream‑aquifer approach [Albitar 2007, 
Ababou & Al‑Bitar 2008, Ababou et al. 2010] and present 
new results as well. 

We consider a typical example of coupled hydrologic flow 
processes: “stream‑aquifer” interactions in a meandering 
stretch of the alluvial Garonne river valley, comprising the 
river bed and banks as well as the flood plain, and the asso‑
ciated subsurface water  table. The meandering stretch of 
Garonne river that we are studying here, is located between 
the cities of Toulouse and Moissac, in the department of 
Haute Garonne, France. 

As observed earlier, the conceptual methods that can be 
considered for coupling groundwater flow with stream flow 
are very diverse (see Ababou et al. [2009] and references 
therein). The method presented here consists in averaging 
vertically the subsurface flow in the saturated zone of the 
accompanying aquifer (from bedrock to water table), as 
well as the free surface flow that occurs in the river bed and 
flood plain above soil surface (topography) and stream bed 
(bathymetry). In addition, pressure continuity is assumed 



at the contact of subsurface/surface waters. This implies 
that the water  table remains connected to the stream (or 
flood plain) water level. Desaturation is not allowed to 
occur below the river bed or the flood plain: therefore, any 
retarded vertical flow that could have occurred in the unsat‑
urated zone between streambed and water table is ignored 
or neglected. 

Thus, groundwater flow in the accompanying aquifer is 
governed by the Dupuit‑Boussinesq plane flow model. This 
model is based on Darcy’s head loss law, and it assumes 
(i) quasi‑horizontal flow, (ii) unconfined flow (existence of a 
water table), and (iii) instantaneous drainage/filling of effec‑
tive porosity during transient movements of the water table. 

Surface flow is also assumed quasi‑horizontal (plane 
flow). Surface flow in the river or flood‑plain is governed by 
the 2D kinematic‑diffusive wave equation (PDE), which is a 
simplified version of the vertically averaged 2D Saint‑Venant 
flow equations (system of PDE’s). The kinematic‑diffusive 
wave can be expressed as a 2D nonlinear transmissivity 
equation, similar to the Boussinesq groundwater flow equa‑
tion (Al‑Bitar 2007). The reader is also referred to Bedient 
et al. (2002) for a basic presentation of the kinematic‑diffu‑
sive wave model in the context of floodplain hydrology. 

The two equations, surface and subsurface, are then cou‑
pled by combining additively at each point (x,y) their specific 
discharge rate vectors Q (m2/s), as indicated in Fig.1 (a,b). 
The resulting equations of the coupled flow model are also 
described below, for the case where the Chezy head loss law 
is used in the river or floodplain. 

The unconfined aquifer is denoted by “A”; ηA (x,y,t) is 
the saturated water depth in the aquifer, ZINF(x,y) is the ele‑
vation of the impervious substratum, and ZS (x,y,t) is the 
elevation of the free surface in the aquifer (elevation of 
water table with respect to a fixed reference frame).5 The 2D 
Dupuit‑Boussinesq groundwater flow equations can be writ‑
ten as follows:

θ η ηA
A A A A INFt

div grad div grad Z∂
∂

= ( ) + ( )t t ( ) ( )

t A A AK= η  ; 
Z x y t Z x y x y tS INF A, , , , ,( ) = ( ) + ( )η

(III.1)

where θA is the aquifer effective porosity, and KA its satura‑
ted hydraulic conductivity [m/s]. 

The river is denoted by “R” (the “river” can also be a 
floodplain); ηr (x,y,t) is the water depth in the river; ZF(x,y) 
is the elevation of the riverbed (“F” stands for “Fond” in 
French) but it is also denoted ZSUP(x,y) in the global coupled 
aquifer/river equations; and ZS (x,y,t) is the elevation of the 
river’s free surface (i.e., river water level with respect to 
a fixed reference frame). The 2D kinematic‑diffusive river 
flow equations can then be decomposed as follows: 

∂
∂

= ( ) + ( )η ηR R R R Ft
div grad div grad Zt t ( ) ( )

(III.2)

t R chezy

S
R

C

Z
=
∇ 1 2

2 3
/

/η
; Z x y t Z x y x y tS F R, , , , ,( ) = ( ) + ( )η

5. Note: because of the assumed continuity between aquifer and river, there
is no need to make a distinction between ZS (x,y,t) in the aquifer and ZS (x,y,t) 
in the river. 

where TR is the equivalent surface flow transmissivity obtai‑
ned for the Chezy head loss law, and C is the Chezy rough‑
ness coefficient [m1/2/s]. 

The strongly coupled equations for surface+groundwater 
flow are then expressed as follows: 

∂
∂

= ′ ∇ + ′ ∇ + ′′ ∇( )θ
ηe

INF SUPt
div T T Z T Z   	 (III.3)

where: 	η η ηx y t x y t x y tR A, , , , , ,( ) = ( ) + ( )  ;

θ θ η θ ηe A A R Rx y t x y t x y t, , , , , ,( ) = ( ) + ( )

′ = +T T TA R
 ω λ ; ′′ = +T T TA R

 λ ω( )

if ηr = 0, then ω = 1 and λ = 0 ;
else: if ηr ≠ 0, then ω = 0 and λ = 1.

In the coupled mass conservation equation (III.3), it can be 
seen that there are two distinct nonlinear hydraulic transmis‑
sivities T’ and T” (they depend on aquifer and river transmis‑
sivities TA and TR, given in the previous equations III.1 and 
III.2). There is however only one unknown variable θe(x,y,t), 
which represents the stock of water in a vertical river/ground‑
water column at any point (x,y) and time (t). This model is 
fully coupled and it has no difficulty dealing with the pres‑
ence or absence of surface water at any point (x,y). 

The advantage of this “strong” coupling approach, for 
the stream‑aquifer system, is that it can be implemented 
with a single flow model, and a single flow code. In prac‑
tice, in the numerical implementation, we solve a single 
vertically integrated equational flow model, governing the 
water level Zs = H(x,y,t) in 2D space and time. This single 
governing equation is “parametrized” in such a way as to 
represent either the groundwater flow in the aquifer alone, or 
the diffusive wave equation for surface flow alone, or both 
at the same time (in regions where surface and subsurface 
flow co‑exist). In these regions, the river/floodplain flow is 
directly coupled to groundwater flow in the accompanying 
phreatic aquifer. 

Figure 1  (a,b) displays a detailed schematic which 
explains the principle of this type of stream‑aquifer coupling 
(geometry and equations). 

Some of the results obtained for a meandering stretch 
of the Garonne river, are reproduced in Figures 2, 3, 4, all 
focusing on a mean seasonal steady state simulation of the 
coupled stream/aquifer flow (transient simulations of cou‑
pled stream/aquifer flow during floods were also conducted 
but are not shown here). 

Thus, Fig. 2 displays the simulated stream/aquifer water 
levels H(x,y) in perspective view. Fig. 3 (left) displays the 
same simulated stream/aquifer water levels H(x,y) in plane 
view. Fig. 3 (right) shows a detailed view (zoom) of the 
coupled simulated water levels in a meander, and particu‑
larly, around and through a pebble “islet” located in the 
main stream of the river (near one of the river banks). 

Finally, Fig. 4 shows a bar plot comparison of simulated 
vs. experimental piezometric heads, measured in situ on the 
inner side of a meander (this is not the meander that contains 
the “islet”, but another meander in the same computational 
domain). Most of the piezometers measure groundwater lev‑
els inside the meander. A few of them measure water levels 
near the edge of the river bank or in the river itself. And a 



few others (like N°27) measure groundwater levels far away 
from the river meander zone. The piezometric and topo‑
graphic measurements were collected and interpreted in col‑
laboration with the Ecolab laboratory in Toulouse, France 
(J. M. Sanchez‑Perez, S. Sauvage, P. Vervier). Concerning 
specifically the merging of river bathymetry with Digital 
Elevation Model, and several other data issues, the reader 
is referred to the thesis of Al‑Bitar [2007]. For groundwater 
and geo‑hydrologic data, see also Weng et al. [2003]. The 
latter work also led to a loose code‑to‑code coupling of 2D 
flow in the alluvial plain and of 1D Saint‑Venant flow in the 

Garonne river on a larger scale (less detailed concerning the 
meandering river stretch on which we focus here). A brief 
overview of different coupled modeling approaches, and of 
the eco‑hydrological setup of this stretch of Garonne river, 
can also be found in Ababou et al. [2006]. 

Overall, as can be seen from Fig. 4, the simulated piezo‑
metric levels H(x,y) obtained with our coupled approach 
compare favorably with in situ measurements. Note that 
most of the 27 piezometers shown in this comparison are 
located on the inner left bank of the meander (a few are far 
outside the meander). 
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Figure 1(a) : Wave diffusion equation for surface water (streams, flood‑plains). The scalar equation shown in the lower part is 
the one used for surface water flow in the 2D module of BigFlow. The equation is expressed here in terms of surface water depth 
η(x,y,t). The code finally delivers the output in terms of water level H(x,y,t). See the next sub‑figure for the fully coupled version.
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Figure 1(b) : Schematic depicting the equational coupling of the vertically integrated stream‑aquifer system. The boxes des‑
cribe the general form of the fully coupled stream‑aquifer equation, as implemented in the BigFlow code / 2D module (x,y,t). 
The equations are expressed here in terms of water depths η(x,y,t). The code finally delivers the output in terms of water level 
H(x,y,t), at all (x,y) points of the planar computational domain.



Fig. 2 : Perspective view of coupled stream/aquifer flow in the Garonne river valley, showing topography (green) and the water 
table in the river and in the accompanying alluvial aquifer (dark blue surface with superimposed piezometric curves). The simu‑
lated piezometric heads H(x,y), shown here, were computed by the coupled model for a mean seasonal steady state. The dark 
blue water table is continuous with the surface water table (per our coupling assumptions).

Fig. 3 : Plane view of the coupled stream/aquifer flow in the Garonne river valley, showing simulated water levels H(x,y) both 
in the river and in the accompanying aquifer, for a mean seasonal steady state. Left: total simulation domain. Right: detailed 
view (zoom). The zoom shows the detailed piezometric curves around and inside an “islet” of sand and pebbles (relative coordi‑
nates X ≈ 700 m, Y ≈ 3400 m). The light blue / grayish color represents open water (surface water).



IV.   �Coastal hydrodynamics:
cross‑shore propagation
of wave‑induced oscillations
in a beach water table (wave canal)

We focus in this section on a coupling problem in coastal 
hydrodynamics involving wave propagation through a  
sand beach. 

We consider the case of a large wave canal containing 
a wave generator at one end, and a sloping beach at the 
other end, the beach being equipped with micro‑piezometers.  
We focus on the cross‑shore propagation of beach water table 
oscillations due to the incoming waves (sea swell waves 
arriving at the shore). This poses a particular coupling/
forcing problem at the beach entry. The open water oscil‑
lations in the sea need to be coupled with the water table 
oscillations in the sand beach, and their propagation in the 
cross‑shore direction (i.e., along the axial direction of the 
canal). We focus on the numerical modeling problem, and 
we also compare model results with measured water levels 
from the micro‑piezometers. 

The proposed coupling / forcing method “weakly” couples 
the open water waves and the porous flow, but on the other 
hand, it is an “integrated” approach based on a single equa‑
tional model and a single numerical code. This is achieved 
through some simplifying assumptions ‑ to be explained 
below. The approach is appropriate only if the main objec‑
tive is to study water table oscillations, rather than seawater 
hydrodynamics. 

More precisely, the following equations describe the main 
features of the equational and numerical model (it is a gener‑
alized form of the Richards equation for variably saturated/
unsaturated flow with nonlinear, tensorial, spatially variable 
coefficients)… 
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where: 	H h z= +  (if axis “z” is vertical upwards),
	�


∇ is the 3D gradient, and 


∇• is the 3D divergence 
operator.

The Van Genuchten  / Mualem model is used for the 
unsaturated constitutive relations expressing moisture θ(h) 
and conductivity K(h) as a function of relative pressure (h)6: 
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In equations (IV.1) & (IV.2), 
q  is the flux density vec‑

tor or “Darcy velocity” (m/s); θ is the volumetric water 
content (m3/m3); “h” is relative pore pressure defined by 

6. For simplicity here, we assume K(h) is scalar. We will not consider the
possible anisotropic nature of the tensorial unsaturated conductivity function 
K(h), although we have used this feature in some simulation tests.

Fig. 4 : Bar plot comparison of simulated and experimental piezometric heads. Each couple of bars represents a particular 
piezometer, with the first bar (red color) showing the numerical head H(x,y) from the steady state coupled simulation, and the 
second bar (blue color) showing the piezometric head measured in situ. Most (but not all) of the 27 piezometers are located on 
the inner side (left bank) of the meander, which is in the top part of the simulation domain, approximately at X ≈ 1000 m and 
Y ≈ 5400 m in relative coordinates (see previous plane view figure). 



h = (p‑pATM)/ρg; “H” is total hydraulic head (H = h + z if 
“z” is vertical upwards); K is the unsaturated hydraulic con‑
ductivity (m/s); KS is the saturated conductivity (m/s); and 
θS is the saturated water content (or porosity). The constitu‑
tive relation θ(h) is called water retention curve, and K(h) 
is the unsaturated conductivity curve. These curves express 
the pressure dependence of θ and K in the unsaturated 
case, where h ≤ 0. On the other hand, for positive pressures 
h ≥ 0, the medium is saturated, and we have θ(h) = θS and 
K(h) = KS, ∀ h ≥ 0. 

In equations (IV.1), the 1rst equation is the law of Darcy 
(also known as Darcy‑Buckingham for variably saturated 
media), and the 2nd equation is mass conservation (assum‑
ing incompressible water and porous matrix). 

The mass conservation equation is the final governing 
equation, in our approach, for modeling 3D water flow in 
variably saturated / unsaturated porous media. It takes the 
form of a mixed variable nonlinear PDE, expressed in terms 
of moisture and pressure. A volumetric source term can also 
be added. In saturated zones, water content equals poros‑
ity θS. In unsaturated zones, water content θ(x,t) is calcu‑
lated as a function of pressure h(x,t) from the θ(h) curve  
(1rst equation in eqs. IV.2). The Darcy flux q(x,t) is then 
calculated from pressure gradients using the Darcy equation 
(1rst equation in eqs. IV.1). It is important to note that the 
mixed formulation in terms of moisture and pressure makes 
our model applicable to partially saturated as well as unsatu‑
rated domains. In fact, the transient PDE can behave as a 
parabolic, elliptic, or even hyperbolic PDE in different flow 
regions, depending on the variably saturated flow regime 
(for more, see Ababou 2008 and references therein). 

For the wave canal / sand beach simulation, the compu‑
tational domain is a rectangular vertical cross‑section (x,z), 
comprising the sloping sand beach and a region of open 
seawater (at left). The domain size is Lx=10 m & Lz=0.8 m. 
The numerical mesh size is ∆x = 0.02 m & ∆z = 0.02 m. 
The beach slope is 1/15. The time scale of the simulation 
is t

max
 = 2450 s (same as the experimental wave generation 

sequence labeled “Run 14”). The initial condition (IC) and 
boundary conditions (BC) used in the simulation are: 

IC (t = 0): hydrostatic pressure distribution h(x,z) = 
Ho‑z = 0.17 m – z
BC at  lef t  ver t ical  face (x  =  0) :  h(0,z , t )  = 
H1(t) – 2.30 m – z 
BC at right vertical face (x = Lx): null horizontal flux 
qX = 0	 (IV.2)
BC at the bottom (z = 0): zero vertical flux qz = 0
BC on top (z = Lz): zero vertical flux qz = 0

where h(x,z,t) is the water pressure in the micro and 
macro porous media, and H1(t) is the water level (hydraulic 
head H) measured at piezometer No.1 in seawater, close to 
the beach. 

Note that the seawater oscillations are forced via the bound‑
ary condition on the left vertical face. The sloping beach/sea 
interface is treated as an internal surface rather than a bound‑
ary. In other words, the interface condition is obtained indi‑
rectly by forcing a quasi‑static but oscillatory vertical pressure 
profile (corresponding to an oscillatory water level H1(t)) in 
the seawater (macro‑porous medium) at some distance from 
the inclined sandy beach. This type of indirect forcing is an 
essential coupling feature of the present model. 

The water content curves and hydraulic conductivity 
curves of the composite medium constituting the simula‑
tion domain, are shown further below in Fig.8  (a,b). The 

simulation domain is made up of (1) a classical micro‑ 
porous medium (the sand beach), and (2) a non‑classical 
macro‑porous medium (open seawater). Both are treated as 
variably saturated/unsaturated porous media. The numerical 
parameter values are: 

Micro‑porous (sand beach): Ks = 0.005 m/s; θs = 0.38 m3/m3;  
α = 5.0 m‑1; n = 1.5

(IV.3)

Macro‑porous (open water): Ks = 50.0 m/s; θs = 1.00 m3/m3;  
α = 100.0 m‑1; n = 3.0

Note that the porosity of the macro‑porous medium is 
taken equal to 1.0 m3/m3 (100%)…as it should for open 
water. The saturated conductivity of the macro‑porous 
medium (open water) is 10 000 larger than that of the 
micro‑porous medium (ideally, this ratio should be infi‑
nite). The capillary length λ ≈ 1/α is 20 times larger for 
the micro‑porous medium compared to the macro‑porous 
medium (ideally, this ratio should also be infinite). Finally, 
concerning exponent “n”, we have n

macro
 >> 1 for the 

macro‑porous medium (n
macro

 should be much larger than 
n

micro
, and ideally, n

macro
 should go to infinity). 

In the experimental study, we used a 70 m long experi‑
mental wave canal hosted in the HydraLab research 
laboratory (Barcelona, Spain). The wave canal was used 
experimentally, by us, in the framework of European R&D 
project “Sands”. The sand beach is located at one end of 
the canal, opposite to the wave generator, and it is equipped 
with micro‑piozemeters aimed at measuring water levels 
H(x,t) at various positions, in the wave canal itself, in the 
swash zone, and further in‑land (monitoring of the beach 
water table). Note: “x” is the longitudinal axis of the canal, 
oriented across the shore, and directed “in‑land”. 

Let us focus in particular on how to account for cou‑
pling/forcing between the incident water waves arriving at 
the inclined sand beach, and the oscillating water table in 
the beach subsurface. The general idea is to use a simpli‑
fied coupling model such that the micro‑piezometers located 
at the beach entry can be used as forcing. With this gen‑
eral idea as a guideline, the main challenge is to design a 
dynamic flow model that takes into account the existence of 
two adjacent water flow zones: (i) an open water “medium” 
(the shallow sea near the swash zone), and (ii) a porous 
medium consisting of the inclined sand beach. The model 
should take into account the inclined geometry of the beach 
as well some “coupling”, so that the seawater oscillations do 
propagate through the beach groundwater in‑land. 

The coupling method used to achieve these goals is 
again a strongly “implicit” or “internal” coupling, using 
a single equational model and a single computer code 
(BIGFLOW 3D), properly generalized. In particular (among 
other generalizations), the Darcy‑Forchheimer model is used 
for the head loss law, with total pressure gradient propor‑
tional to a linear combination of two velocity terms: the 
velocity V itself (Darcy), and a “quadratic” velocity term 
V V  (Forchheimer). At the same time, the governing 
equation retains the features of the mixed form of Richards 
equation for saturated/unsaturated flow. 

This equational model is applied to any spatial loca‑
tion (x,y,z) within the composite “sea/beach” medium. The 
porous medium (sand beach) is represented by 3D porous 
cells. Each porous cell can be in a saturated or unsaturated 
state. The seawater zone is represented artificially with 3D 
macro‑porous cells having 100% porosity, very large per‑
meability, and a few other special features such as a very 



steep water retention curve (the water content vs. capillary 
pressure relationship approaches a Heaviside function). 
The porous and macro‑porous cells are assembled in space 
according to the sloping geometry of the sand beach. 

In this way, open water oscillations due to the incoming 
waves from the sea, can interact with the sloping beach and 
can penetrate and propagate through the porous sand, while 
conserving mass in the process. This can be implemented 

Fig. 5(a): Above: schematic view of the beach at the end 
of the wave canal (axial vertical cross‑section) showing the 
capacitive water level sensors (micro‑piezometers). Sensor 
N°1 is located in the entry zone (open water). Below: photo‑
graph of the beach and micro‑piezometers.

Fig. 5 (b): Above: signal H1(t) recorded at the entry zone 
(sensor N°1) during a 1/2 h cycle of wave generation (from 
t =  ‑500 s to  t = +2000 s). Below: signal H5(t) recorded 
at sensor N°5 during the same wave cycle.

either in 3D, (x,y,z), or in vertical cross‑section, (x,z). For 
our particular wave canal application, we neglect trans‑
verse water flow (y) with respect to axial and vertical water 
movements (x,z), and we implement the 3D coupled sat‑
urated/unsaturated porous/macro‑porous model in vertical 
cross‑section (x,z). 

The geometry of this coastal hydraulics problem 
(wave canal, sloping beach, water table) and some of the 

Fig. 6: Comparison of piezometric signals Hi(t), numerical (blue) vs. experimental (red). Each graph shows the temporal evolu‑
tion and the fluctuations of the beach water table level H(xi,t), at a given cross‑shore location xi for six locations (x2 is closer to 
the sea and x7 further away from the sea).



numerical modeling results, are displayed in Fig. 5, Fig. 6, 
and Fig. 7 (a,b). The results are far from perfect, but they 
are still adequate given our objectives, i.e. (namely), to study 
the dynamics of the beach water table in the wave canal (see 
for instance measured vs. simulated water table levels in 
Fig. 6). There are more details and comments in the figure 

captions (Fig. 5, 6, 7). The reader is also referred to the final 
section on discussion and conclusions. Finally, concerning 
other aspects on the experimental set up, the numerical sim‑
ulations, and the statistical/spectral analyses of water level 
fluctuations H(x,t), see also Wang (2010), Ababou et al. 
(2010), and Wang et al. (2010, 2012). 

(a)

(b)  

Fig. 7 (a,b): (a): Schematic representation of a vertical transverse section (x, z), perpendicular to the sea shore, depicting the 
coupled simulation of forced oscillations in the open water / sloping sand beach domain. (b): Instantaneous iso‑values of rela‑
tive water pressure head h(x,z,t) [‑0.533 m, +0.215 m], and velocity vectors, in the wave entry zone and in the sand beach. In 
this graphic, the velocity scale is amplified by a factor ∼60 in the porous medium (VDarcy × 20, VOpen Water

 × 0.3). 



V.  �Coastal hydrodynamics: 
tidal oscillations in a beach 
column (IMFT “Tide Machine” 
experiment and modeling)

We consider in this section a somewhat different problem 
of coastal hydrodynamics: the effects of low frequency oscil‑
lations, or tidal oscillations, in a vertical column of sand 
beach, based on IMFT’s “Tide Machine” experiment and 
modeling concepts. We present a synthetic account of the 
methods and results from this on‑going work (Alastal et al. 
2010, 2011, and Alastal 2012). In particular, we present here 
in some detail the experimental Tide Machine apparatus. Our 
analyses focus on the behavior of the beach column under 
forced “tidal” oscillations of pressure imposed at the basis of 
the column. The response of the partially saturated column 
is analyzed in terms of water table fluctuations, with a focus 
on unsaturated flow effects in the capillary zone above the 
water table (one of the main goals of this study). 

Specifically, let us consider a partially saturated/ unsatu‑
rated vertical porous column under dynamic conditions of 
oscillating positive pressure at some depth, representing the 
effects of sea tides in the beach. This effect is simulated, 
specifically, by imposing an oscillatory (sinusoïdal) “entry” 
pressure head at the bottom face (z = 0) of a partially satu‑
rated porous column. This is expressed as follows: 

h z t h t h A sin t=( ) = = + ( )0 0 0 0 0, ( ) ω 	 (V.1)

where: 
• h0 is the positive time‑averaged value of the entry pressure
head sinusoidal signal, chosen to coincide with the initial 
hydrostatic level in the column; 
• A0  is the amplitude of the oscillating entry pressure head
signal; 
• ω π0 2= /TP   is the angular frequency of the oscillating
entry pressure head; and 
• TP  is the period of the oscillating entry pressure head signal.

The motivation for this type of tidal forcing is explained
in Fig. 9 (left) showing a schematic view of the beach sys‑
tem, and of the position of the vertical soil column with 

respect to the shore. As indicated in this figure, it is thought 
that the vertical soil column is representative of the effect of 
tides if the column is located beyond the swash zone, i.e., 
sufficiently away from the swash zone (further inland). 

In addition, the conceptual configuration of the vertical 
soil column is explained in Fig. 9 (right) from the point of 
view of porous media hydrodynamics. Note the existence of 
two zones: the saturated zone at bottom (where relative pore 
pressure “h” is positive), the unsaturated zone above (where 
relative pore pressure “h” is negative), and the mobile free 
surface or water table (h = 0) separating the two zones. 

Experimentally a harmonically oscillating driving head can 
be generated by a “tide machine” connected to the bottom of 
the column. This concept is illustrated by the schematic repro‑
duced in Fig. 10, which describes an actual instrumented soil 
column and the associated “tide machine”. 

In addition, Fig. 11 shows a different, simplified sche‑
matic view of the rotating overflow tank and its connections 
to the soil column and to the storage tank. 

Note that the regulation role played by the storage tank 
is necessary. The flow rate in and out of the partially satu‑
rated soil column is not known in advance. Indeed, the flow 
rate at the base of the column does not depend only on the 
periodic pressure forcing imposed by the tide machine: it 
depends also on the nonlinear response of the partially satu‑
rated soil column. 

Fig. 12 shows a series of photographs depicting different 
parts of the experimental set up in the laboratory (see caption). 

Finally, Fig. 13 & Fig. 14 show two direct results from 
the tide machine experiments, in terms of measured pres‑
sure heads and hydraulic heads in the sand column. Fig. 13 
shows the temporal evolution of relative pressure heads “h” 
at different heights “z” in the column (for a given tidal 
period Tp), while Fig. 14 displays vertical profiles of total 
head “H”, defined as H = h + z, at different times, for two 
different tidal periods. The results of Figs. 13 & 14 will be 
commented further in the final conclusions and discussion 
section, along with discussion of other results and observa‑
tions from the tide machine study.

It is emphasized that these results are just a representa‑
tive subset, extracted from a more comprehensive set of 
both numerical and laboratory experiments. Tide machine 

Fig. 8 (a,b): (a): Log‑Log plot of volumetric water content curve θ(h) for the micro‑porous medium (sand beach) and the 
macro‑porous medium (seawater). The steepest curve is for the macro‑porous medium. (b): Log‑Log plot of unsaturated hydrau‑
lic conductivity curve K(h) for the micro‑porous medium (sand beach) and the macro‑porous medium (seawater). The steepest 
curve is for the macro‑porous medium. 



Fig. 9: Left: schematic depiction of the beach system, and the position of the vertical soil column with respect to the shore (the 
column is located beyond the swash zone, slightly further inland). Right: schematic configuration and hydrodynamic properties 
of the partially saturated, vertical soil column under tidal forcing at bottom.

Fig. 10: Schematic diagram of the experimental “tide machine”, soil column, and measurement system including suction cup 
micro‑tensiometers, and TDR moisture probes (Time Domain Reflectometry). The top left schematic shows the rotating overflow 
tank and its engine (tide machine); the top right schematic shows the soil column equipped with instrumentation. The schematic 
at bottom shows how the circular path of the overflow tank provides a sinusoidal function of time for the driving head imposed 
at the bottom of the soil column. (NB: this schematic corresponds to the first series of tidal experiments, labeled “short column” 
experiments). 



Fig. 11: Simplified schematic showing the mobile overflow tank and its connections with the storage tank (below) and with the 
soil column (top right). The tide machine is not shown.

Fig. 12: Photographs showing different views of the short column series of experiments. Top left: soil column equipped with 
pressure/suction tensiometers, and two TDR moisture probes. Bottom left: mobile overflow tank in the foreground, next to the 
soil column in the background (the two are connected). Top right: Personal Computer connected to data acquisition interfaces 
(not shown); the LabView software was used for monitoring and processing the tensiometric signals as well as the room tempe‑
rature signal for calibration purposes. Bottom right: this photograph shows the metal structure supporting the tide machine, its 
electric engine, and rotating arm… 



Fig. 13: Temporal evolutions of measured pressure head h(t) during 3 tidal cycles, at 9 different heights in the “SilicaSand” column 
(tensiometers at heights z = 2.5cm, 10cm, 20cm, 30cm, 40cm, 50cm, 60cm, 70cm, 80cm). For this tide machine experiment, the 
input parameters are: the forcing amplitude A0 =0.20 m, the mean forcing pressure (static level) h0 = 0.30 m, and the forcing 
period Tp = 110 mn. In this (h, t) graphic, the grey shadowed zone above indicates positive pressures, h(t) ≥ 0 (saturated soil). 
It can be seen that the bottom part of the column z ≤ 15cm is in a state of saturation at all times, and the top part z ≥ 45 cm is 
unsaturated at all times. The intermediate zone (15cm ≤ z ≤ 45cm) is intermittently saturated / de‑saturated during any tidal cycle.

Fig. 14: Vertical profiles of measured hydraulic head H(z), at different times “t” during a single tidal cycle (t = 0 to t = Tp), for 
the “SilicaSand” column (tide machine / long column experiment). Note: only the lower part of the column is shown here, from 
z=0 to z=90 cm. The results are presented for two “tidal” periods: Tp = 10 mn (left), and Tp = 110 mn (right). In both cases, 
the sinusoïdal pressure head imposed at the bottom (z=0) has an amplitude Ao= 20 cm, and a mean “static” value ho=30 cm. 
Total head profiles, defined as H(z,t) = h(z,t)+z, were constructed from tensiometric measurements of pressure h(z,t). Each circle 
symbol “o” corresponds to a tensiometric measurement h(z,t), from which H(z,t) was obtained. On both plots, the 8 colored 
curves are the instantaneous profiles collected every 8th of a period during one tidal cycle: t = {0×Tp/8; 1×Tp/8; 2Tp/8; …; 
7×Tp/8; 8Tp/8}. The static head profile is the vertical dashed line H(z) = ho = 0.30 m. Head profiles are all shown as (z, H) 
curves, with “H” as abscissa and “z” as ordinate (axis “z” is vertical upward). 



experiments were conducted, in the laboratory, for a few 
tidal frequencies, on a “short” and a “long” soil column, 
respectively. The results have been analyzed and compared 
with quasi‑analytical and numerical models, after calibra‑
tion of unsaturated/saturated properties of the soils used in 
the columns (see details in Alastal 2012). Early experimen‑
tal results from these tidal soil column experiments were 
also partially reported in Alastal, Ababou, Astruc (2011). 
Futhermore, the tidal sand column experiments were also 
numerically modeled using the variably saturated Richards 
equation and the Van Genuchten/Mualem relations (see 
eqs.  III.1 & III.2 earlier). Work is still ongoing towards 
physical interpretation and generalization of some these 
modeling results. See also discussion and conclusions in 
Section VI. 

The tide machine experiments and their analyses were 
conducted at the Institut de Mécanique des Fluides de 
Toulouse, in a collaborative endeavor involving two research 
groups, focused on porous media (GEMP) and on environ‑
mental turbulence & waves (OTE). 

VI.   �Conclusions and Discussion

We have presented in this paper several numerical and 
experimental studies of environmental flow problems where, 
to various degrees, the mathematical and numerical mod‑
eling of the problem involves some assumptions on how to 
“couple” or to “force” the flow processes occurring in differ‑
ent subdomains: stream / aquifer; wave canal / porous beach; 
tidal oscillations / vertical flow oscillations in a saturated / 
unsaturated soil column (with a fluctuating water table sepa‑
rating the two zones). 

The stream‑aquifer flow problem in an alluvial valley was 
treated in Section III with a “strongly” coupled approach 
(a direct and implicit “equational” coupling), based on the 
hypothesis of pressure continuity at the aquifer/streambed 
interface. This strongly coupled approach is implemented 
based on a single vertically integrated flow model, both 
in the river and in the accompanying aquifer. Some of the 
results shown here indicate that this type of model is able 
to capture, for instance, the effect of river flow on aquifer 
flow (the faster flow in the river appears to generate a vis‑
ible “wake” in the aquifer flow). The geometry of the river, 
with its meanders, has also some visible effects on subsur‑
face flow. There is generally a satisfactory goodness‑of‑fit 
between the modeled piezometric levels and the measured 
ones. Finally, a detailed view shows how the local surface/
subsurface flow pattern is perturbed by the presence of a 
pebble islet in the river. 

It should be noted that the same vertical averaging / 
strong coupling approach has been extended to “3‑way cou‑
pling” of (1) surface water, (2) subsurface freshwater, and 
(3) subsurface seawater, for instance in a coastal estuary. 
For the interested reader, a simplified synthetic example of 
3‑way flow coupling in a meandering estuary is presented 
in Al Bitar & Ababou (2006), in Ababou & Al‑Bitar (2008), 
and with more details, in Al‑Bitar (2007, in french). 

In this paper, we also considered other coupling issues that 
arise in coastal and beach hydrodynamics. A modeling strat‑
egy was needed for transmitting oscillations from seawater 
to the adjacent porous body (the beach). Once the model is 
established, the goal is to analyze the hydraulic response of 
the beach forced by seawater oscillations or waves. Because 
the beach response was our main focus, the seawater forc‑
ing was simplified (for other applications, our simplifying 

assumptions would have to be revised). However, it is possi‑
ble that our present simplified approach could be applied not 
only to a sand beach and its interactions with the sea, but 
also to other similar problems in various areas (porous dikes 
in harbors, earth dams, etc.). 

Thus, we presented in Section IV the case of a large wave 
canal containing a wave generator at one end, and a sloping 
sand beach at the other end equipped with micro‑piezom‑
eters. The objective was to study the cross‑shore propaga‑
tion of beach water table oscillations due to the incoming 
waves (sea swell waves arriving at the shore). This posed 
a particular coupling/forcing problem at the beach entry. 
This was achieved by a “weak” but “integrated” coupling 
approach, based on a single equational model and a single 
finite volume code based on generalized saturated/unsatu‑
rated Darcy‑Forchheimer, with porous cells in the beach and 
macro‑porous cells in the adjacent sea water, considered in 
vertical cross‑section (x,z). The flow equation is not verti‑
cally integrated, but other simplifying assumptions are made. 

Essentially, this coupling ensures mass conservation 
across the sloping sea/beach interface, as well as beach/sea 
feed‑backs, but the flow system in the sea itself remains 
quasi‑static far away from the beach (the sea level far from 
the beach is oscillatory but quasi‑horizontal). As already 
mentioned, this approach seems appropriate only if the main 
objective is to study water table oscillations, rather than sea‑
water hydrodynamics. 

We have presented some of the numerical modeling 
results in vertical cross‑section (Fig. 6), and we also com‑
pared model results with micro‑piezometric measurements 
of water levels H(x,t) at different distances from the shore 
(Fig. 7(b)). 

From Fig. 6, it can be seen that the temporal evolution 
of modeled water levels H(xj,t) matches qualitatively, but 
not precisely, the structure of piezometric measurements. 
The fluctuation structures and the long term trends are simi‑
lar for all positions. However, there is a very close match 
only for the last piezometric level H7(t), located at position 
x7 furthest away from the shore. As an additional note, it 
should be emphasized that other interpretations have been 
developed based on temporal cross‑correlation structures and 
Fourier spectra of H(t) at various positions cross‑shorewise 
(Wang et al.). Thus, time delays and wave celerities were 
estimated using along the cross‑shore direction. These analy‑
ses confirmed that modeled & measured piezometric signals 
have similar structures and responses. Also, in both the mod‑
eled and measured signals H(t), the lowest frequencies of 
water level fluctuations propagate more deeply in the sand 
beach (across shore) than higher frequencies. 

Furthermore, Fig. 7(b) confirms that the coupled model 
simulates flow in both seawater + beach, clearly taking into 
account the sloping geometry of the beach in (x,z) cross‑sec‑
tion. This is made possible (at the price of simplification of 
seawater dynamics) by encompassing in a single domain two 
distinct material subdomains (macro‑porous & micro‑porous) 
separated by the sloping beach interface. This method can be 
extended to any other interface geometry in 3D (allowing 
overhanging interfaces as well). Overall, the results indicate 
that the method permits some kind of two‑way coupling 
between seawater and the porous inclined beach, although, 
as stated earlier, the seawater flow itself is oversimplified. 

Finally, we presented in Section V an experimental and 
numerical analyzis of “tidal” oscillations of vertical flow 
(flux, pressure, moisture) in a partially saturated / unsatu‑
rated column of beach sand, with a fluctuating water table 
separating the two zones. This problem involves two aspects. 



Firstly, for the sea/beach system, the vertical oscillations 
in the beach column were “forced” by imposing harmonic 
oscillations of positive pore pressure at some depth, in 
the saturated part of the column. Secondly, the physics of 
the flow problem involves a coupling between saturated 
& unsaturated domains within the column. This is real‑
ized as an “internal” coupling where the two flow domains 
are not separated. This is made possible by using a mixed 
moisture/pressure formulation of Richards’ equation, and 
a robust solver with implicit time integration (and modi‑
fied Picard iterations). For technical numerical aspects, the 
reader is referred to Ababou and Bagztoglou 1993, Ababou 
et al. 1992, and references therein.

Both the experimental and numerical results indicate that 
capillary effects in the unsaturated zone are the cause of the 
nonlinear and non‑harmonic response of the soil column. 
This can be seen in terms of temporal water table fluctua‑
tions Zs(t) (not shown for lack of space) or in terms of pore 
pressure profiles h(z,t) and temporal evolutions h(t). Thus, 
Fig. 13 shows the temporal evolution of measured h(t) at dif‑
ferent heights “z” in the partially saturated sand column, for a 
given tide machine frequency (Tp). The temporal structure of 
h(t) at different heights “z” indicates the following features: 
(i)	 there exists an intermediate region which is intermit‑
tently saturated & de‑saturated; 
(ii)	 there is an attenuation of pressure amplitude with height; 
(iii)	there is an increasing phase lag with height (compared 
to the forcing); and 
(iv)	the pressure signals h(t) are non‑harmonic and asymme‑
tric (except at the bottom). 

The non‑harmonic pressure response can be observed in 
the parts of the column that are intermittently de‑saturated, 
and even more so, permanently unsaturated: the correspond‑
ing pressure signals h(t) are clearly asymmetric, with a sharp 
rise (shorter wetting phase) and a slower decline (longer 
drainage phase).

To complete the previous analyzis, vertical profiles of 
measured hydraulic head H(z) are shown in Fig. 14 at differ‑
ent times “t” during a single tidal cycle (t = 0 to t = Tp). But 
first, for easier interpretation of Fig. 14, two facts should be 
noted: (1) for any fixed height “z”, the time variations of 
total head H(t) are equivalent to time variations of pressure 
head h(t); (2) Darcy’s law implies that vertical profiles of 
total head (z, H) indicate the direction of flow as follows: a 
vertical straight line (  | ) signifies no flow; an oblique curve 
shaped like a “slash” (  /  ) signifies downward flow; and 
an oblique curve shaped like an “anti‑slash” ( \ ) signifies 
upward flow. With this in mind, the results of Fig.14 can be 
interpreted as follows. 

At certain times, the instantaneous total head profiles of 
Fig.14 are shaped like broken curves, with 2 zones: upward 
flow / downward flow. For instance, let us examine the short 
period experiment Tp = 10mn. 

→→ Diverging upward/downward flow at half cycle 
(t = Tp/2). The (z, H) profile is a broken curve shaped like 
“ > “. Flow is directed upward ↑ above height z = 60 cm, 
and downward ↓ below that height. Thus, flow diverges at 
z ≈ 60 cm. Also, from other interpretations of tensiometric 
measurements, it is known that the water table is located 
just a few cm’s above the static level ho = 30 cm, and that 
it is falling with downward velocity. Thus, downward flow 
occurs not only at the falling water table (z ≈ 30‑ cm) but 
also in the “dynamic” capillary zone (from z ≈ 30‑ cm to 
z ≈ 60 cm in this case). 

→→ Converging upward/downward flow at full cycle 
(t = 0 or Tp). At the beginning or end of a cycle (t = 0 or 

t = Tp), the (z, H) profile is shaped like “ < “, and the situa‑
tion described previously is reversed. Flow is converging 
around height z ≈ 60 cm. The water table is now located just 
a few cm’s below the 30 cm static level, and it is rising with 
upward velocity. The column is in a situation of upward 
flow not only around the rising water table (z ≈ 30 cm) but 
also in the “dynamic” capillary zone from z ≈ 30+ cm to 
z ≈ 60 cm.

The experimental head profiles H(z,t) in Fig.14 can also 
be used to compare the response of the column to short vs. 
long periods (left: Tp = 10 mn / right: Tp = 110 mn). 

→→ Damping. For the short period Tp=10 mn, pressure 
head or total head oscillations are completely damped at 
z = 80 cm; while for the longer period Tp = 110 mn, pres‑
sure is less damped and still fluctuates at z = 90 cm. Also, 
the same remark seems to hold for water table amplitudes, or 
for water table maxima. Thus, pressure profiles h(z) indicate 
that the maximum height of the oscillatory water table was 
z = 41 cm for Tp = 10mn, and z = 46cm for Tp = 110mn 
(recall: static height is ho=30cm in both experiments). 

→→ Head profile envelope. For Tp = 10 mn the total head 
profiles have a narrow envelope, and total head gradients are 
large (steep profiles). For the longer period Tp = 110 mn, 
the envelope is more spread out, and the head gradients are 
relatively low (mild slopes). 

→→ Darcy velocity (flux). The previous observations indi‑
cate how the oscillatory upward/downward flux through 
the column is affected by the tidal period (Tp). The flux 
is related to total head gradient via Darcy’s law and per‑
meability (saturated or unsaturated). The steeper head gra‑
dients observed for the short tidal period suggest that the 
oscillatory in/out flux qo(t) at the basis of the column has a 
larger amplitude for Tp = 10 mn than for Tp = 110 mn. This 
interpretation can be summed up as: AQ0 (Tp = 10 mn) >  
AQ0(Tp = 110 mn). 

While the amplitude of the Darcy flux q0(t) was not meas‑
ured directly, the latter experimental observation was con‑
firmed via numerical simulations as well. 

Furthermore, from other analyses of the complete set of 
tidal machine experiments and from additional simulations, 
there appeared a clear effect of tidal frequency on the mean 
water table level (see Alastal et al. for detailed results).  
The observed effect was a frequency‑dependent “under‑ 
elevation” of the mean water table (temporal mean). 
For a tidal amplitude Ao = 50 cm (and a static level of 
ho = 50 cm), the under‑elevation can be as much as about 
10 cm or so (mean water table level Z = 41 cm instead of 
the static level ho = 50 cm). 

At the time of this writing, this under‑elevation effect is 
attributed mainly to capillarity. Indeed, it was found that 
under‑elevation depends not only on tidal frequency, but 
also on the capillary length of the porous medium (e.g., the 
1/α length scale parameter in the Mualem/ Van Genuchten 
model of unsaturated moisture & permeability curves vs. 
capillary pressure). Finer materials usually have longer cap‑
illary lengths. This parameter seems to have an effect on the 
characteristic forcing period Tp* for which the maximum 
under‑elevation is obtained (e.g., Tp* = 81 s for our experi‑
mental “SilicaSand”, but Tp* = 1681 s for the finer soil 
known as “Guelph Loam” in the literature). 

We end this discussion with a brief note on another ongo‑
ing work that is also related to the effects of seawater on 
a vertical column of porous beach. Thus, Sabbar, Alastal 
et al. (2013) recently presented some preliminary mode‑
ling results on a different coupled phenomenon in a verti‑
cal beach profile. It involves forced oscillations of water 



content and pore pressure in a variably saturated beach 
column, under the effect of periodic submersion at the top. 
Vertical flow within the porous beach is driven by oscil‑
lating flow at the surface of the beach, due to intermittent 
egress and recess of waves in the swash zone (“jet de rive” 
in French). This forcing is quite different from the situa‑
tions considered in the present paper. 

Thus, we have studied the vertical flow induced by slow 
tidal motions of the sea level, rather than the dynamic 
effects of intermittent submersions of the beach surface in 
the swash zone. We have also studied in a simplified way 
the horizontal propagation of oscillations through a beach 
forced by incoming waves (in a wave canal). In the real sys‑
tem, slow tidal oscillations of the water table, dynamic wave 
propagation, and swash zone infiltration/drainage effects are 
all combined, to various degrees, at different distances from 
the shore. 
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