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Abstract

LISA Pathfinder is an ESA mission due to be launched in the next two years. The gravity gradiometer onboard has the sensitivity
required to test predictions by gravitational theories proposed as alternatives to Dark Matter such as TeVeS. Within the Solar System
measurable effects are predicted only in the vicinity of gravitational saddle points (SP). For this reason it has been proposed to fly LPF by
the Earth-Sun SP, at some 259,000 km from Earth. This could be done in an extension to the nominal mission which uses a Lissajous
orbit about the Earth-Sun L1 point. The responsibility for LPF mission design lies with ESA/ESOC, who have designed the transfer
trajectories, orbits about L1, and station keeping strategies. This article describes an analysis performed by Astrium to support a sug-
gestion for a possible mission extension to a saddle point crossing. With only very limited fuel availability, reaching the saddle point is a
significant challenge. In this article, we present recent advances in the work on trajectory design. It is demonstrated that reaching the SP
is feasible once the LPF mission is completed. Furthermore, in a significant enhancement, it is demonstrated that trajectories including

more than one SP flyby are possible, thus improving the science return for this proposed mission extension.
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1. Introduction and motivation

The nature of Dark Matter remains a complete mystery,
more than 70 years after its existence was first postulated in
order to explain the observed rotation curves of galaxies
(Zwicky, 1937). Despite concerted searches over many dec-
ades, to date no Dark Matter candidate particles have been
detected. An alternative view of the Dark Matter problem
is that the observed rotation curves are in fact a result of
modified gravitational laws, rather than due to the exis-
tence of invisible matter. The fact that standard gravitation
(General Relativity and Newtonian gravity as its non-rela-
tivistic limit) agrees extremely well with experimental
observations on all accessible scales, means that this view
has had only limited followers.
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Nevertheless, a simple phenomenological formula that
predicts deviations from Newtonian gravity in regions of
extremely weak acceleration was proposed in order to
account for galactic rotation curves (Milgrom, 1983). In
a nutshell, the idea is that if internal and external accelera-
tions of a system are below a threshold value of
ap = 107" m/s?, Newtonian dynamics within that system
are modified. In the original proposal, Newton’s second
law was re-written as

()

With p(£) a transition function connecting the large and
the low acceleration regimes, with appropriate limits. The
simple prescription proposed by Milgrom, known as
MOdified Newtonian Dynamics (MOND), had remarkable
success in describing galactic rotation curves, and indeed
was used to make predictions for various types of galaxies

that were later confirmed.



Eq. (1) naturally lends itself to the interpretation that
inertia is modified, depending on the environment. How-
ever, given that the anomalous behaviour is only observed
in systems dominated by gravitation, the observations
themselves can be equally well described by an equivalent
modification of gravity — Newton’s first law.

The two interpretations (modified inertia vs modified
gravity) are conceptually very different. In more recent
years, the emphasis has been firmly on modified gravity,
with the development of various relativistic theories repro-
ducing the above MONDian behaviour in the non-relativ-
istic regime. In fact, MOND was not taken seriously until
much later, when the first relativistic theory was developed
with MOND in the non-relativistic limit — the Tensor—
Vector-Scalar (TeVeS) theory (Bekenstein, 2004). Other
theories have been developed since; the main commonality
is the non-relativistic regime, which reproduces the
MONDian behaviour observed in galaxies.

Regardless of the particular theory, the fact remains that
deviations from General Relativity are predicted only in
regions of very low gravitational background acceleration,
of order ay, and therefore virtually inaccessible to direct
experimentation. For example, Earth is exposed to a back-
ground acceleration of around 6 x 107* m/s? as it orbits
the Sun — more than seven orders of magnitude larger than
ay. It was pointed out in 2006, however, that gravitational
saddle points (SPs) offer regions of low gravitational accel-
eration even deep inside the solar system (Bekenstein and
Magueijo, 2006). The order of magnitude of the anomalous
gravity gradients predicted by TeVeS was estimated inside
an ellipsoid of semi-axes 766 km and 383 km around the
Earth—Sun saddle point. It was concluded that these could
potentially be measureable by a gradiometer such as the
one flying on LISA Pathfinder (LPF) — however the nom-
inal LPF mission meant that the spacecraft, once opera-
tional, would remain at a distance of order 10° km from
the SP, and at such a distance the effect would be unmea-
sureably small. Indeed, the SP of interest here is the one
resulting from the equality of the Sun’s and the Earth’s
gravitation, not taking into accounts the centrifugal forces.
Thus, it is located approximately at 259,000 km from the
Earth toward the direction of the Sun (see Fig. 1).

This was the state of affairs until it was suggested that,
despite the limitations of its micropropulsion system,
LPF could perhaps be made to fly past the Sun—-Earth SP
once its nominal mission was completed. The responsibility
for the mission design for LPF lies with ESA/ESOC and
the overriding goal of the mission is the testing of the main
scientific payloads. However one possible mission exten-
sion that could allow the testing of the above mentioned
theories has been suggested. It was also noticed at the same
time that the natural speed of the spacecraft, of order
1 km/s, could potentially combine with the region size of
order 1,000 km to produce a temporal signature of
anomalous gravity gradients in the mHz frequency range
— ideally suited to the sensitivity of the gradiometer
on-board LPF (Trenkel and Kemble, 2009).
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Fig. 1. Geometry of the problem — the reference frame is rotating, in order
to keep the Earth—Sun direction constant. Grid is 1 million km from centre
to edge. Red line represents the orbit seen in 3 dimensions from a point
located along the z axis. Blue line shows the projection of the orbit on the
Ecliptic plan. This representation is used for every orbit presented in this
paper, unless another reference frame is precised. (For interpretation of
the references to colour in this figure legend, the reader is referred to the
web version of this article.)

Substantial progress on this idea has been made since
then:

e numerical methods have been developed to produce
robust estimates of the signals predicted by TeVeS,
and also for other theories (Bevis et al., 2010; Magueijo
and Mozaffari, 2012; Galianni et al., 2012)

e the LPF gradiometer instrument noise estimate has been
consolidated as more and more of the actual flight hard-
ware has been tested in preparation for the mission
(Antonucci et al., 2011)

e the problem of finding suitable trajectories for LISA
Pathfinder, including a preliminary assessment of the
navigation challenge, has been progressed significantly
(Toullec et al., 2010)

A general overview of the main issues associated with
using LPF itself to conduct a direct test of MOND as
derived by TeVeS can be found in Trenkel et al. (2012).
An excellent description of the LISA Pathfinder mission,
the spacecraft and the payload on-board, can be found in
ESA-SCI (2007), in addition to Antonucci et al. (2011).

The work carried out to date appears to indicate that all
the challenges can be overcome, and that such a direct test,
with a considerable Signal-to-Noise-Ratio (SNR) for grav-
itational gradients derived from TeVeS, is feasible. It is cur-
rently planned to submit a mission extension proposal to
ESA to fly LPF past the SP and to carry out this test.
LPF presents us with a unique opportunity to conduct such
a test in the foreseeable future at relatively low cost.

In this article, we present recent advances in the work on
trajectories that we have been conducting, with a particular
focus on identifying trajectories including more than one
SP flyby.

Previous work identified solutions with just one SP
flyby. The large predicted SNR, together with the fact that



the time at which the anomalous signal should be detected
is known precisely (namely when the spacecraft crosses the
region near the SP), should result in an extremely low false
alarm rate. Nevertheless, the signals predicted within other
theoretical frameworks are considerably smaller, and in
any event even the confidence in a positive result would
increase dramatically if it could be confirmed in a repeat
experiment.

This paper firstly presents, in Section 2, the nominal
LPF mission, in terms of its trajectory and key spacecraft
systems. This is followed in Section 3 by an overview of
work carried out in previous studies on this problem and
how these have been refined by the inclusion of additional
manoeuvres. In Section 4 the objectives of the extended
mission are expanded to include two SP crossings. A mod-
ified method using multiple shooting and local optimisa-
tion was then used to generate suitable trajectories.

2. Description of the nominal LPF mission

In this section we review, briefly, the elements of the
LPF mission design that are relevant to the search for
attractive trajectories from the nominal orbit to the Sun-—
Earth saddle point. For all other elements of the mission,
the reader is referred to ESA-SCI (2007); Kemble et al.
(2004); Landgraf et al. (2005).

LISA Pathfinder is a spacecraft currently under con-
struction, which has been designed as a technology demon-
strator for the LISA mission. The LPF spacecraft is
composed of two different parts, as can be seen in Fig. 2.
The first one is the propulsion module, containing approx-
imately 1,300 kg of fuel. This module will enable LPF to
reach its nominal orbit, after having been injected initially
into a low Earth orbit. Once its operational orbit is
reached, the propulsion module will separate from the
spacecraft. The second module is carrying the LISA

Science Spacecraft

Fig. 2. LISA Pathfinder launch composite module.

Technology Package. In order to control the attitude and
the orbit of this science module once the propulsion
module is separated from the spacecraft, a system of micro
propulsion is being developed. It will enable LPF to stay on
its nominal orbit and will provide the so-called “drag-free”
environment that the instrument requires to achieve its
performance.

The performance of the micropropulsion system con-
strain the search for potential trajectories which is the main
subject of this paper, and the main characteristics are there-
fore described in some more detail.

The micropropulsion system on-board LPF is based on
cold gas micro-thrusters and uses pressurized nitrogen as
propellant. For the purposes of the work here, two key per-
formance parameters are of relevance. The first one is the
maximum net thrust that can be applied to the spacecraft.
This is more than 500 uN. This maximum thrust will be
available even in the case of a single failure. Given a space-
craft mass of approximately 450 kg, applying a 1m/s
manoeuvre will take around 9 x 10°s, or 10 days. Any
manoeuvres of this magnitude will be applied only at
points in time when the spacecraft is moving slowly
(around L1 initially, and at subsequent apogees).

The second key parameter is the total amount of propel-
lant available to any mission extension. A detailed propel-
lant budget, based on conservative assumptions about
specific impulse, operational modes, and disturbance levels,
has been generated. According to this budget, and provid-
ing there have been no critical failures, the amount of cold
gas at the end of the nominal mission could allow to apply
a total AV of, typically, between 4 and 5m/s to the
spacecraft.

The nominal operational orbit is a Lissajous orbit about
the Earth-Sun L1 point. The characteristics of such an
orbit can be found in Gdémez et al. (2002) or Goémez
et al. (2001).

This has been chosen to ensure a very stable environ-
ment around the spacecraft. Indeed, due to the precision
the instruments carried by LPF have to reach, any possible
noise has to be carefully controlled. Furthermore, non-
gravitational perturbations must be minimised.

The properties of the orbit chosen by ESOC will make it
possible for LPF to perform all of the required orbit main-
tenance manoeuvres, even with the very small thrust avail-
able from its propulsion system. Perturbations at the
Lagrange point are relatively low and therefore a Lissajous
orbit becomes a near-stable orbit around a Lagrangian
point, maintained by small correction manoeuvres. Its
motion takes place not only in the ecliptic plane, but also
in the plane perpendicular to it, with slightly different peri-
ods of motion in each direction. Halo orbits are a special
case of a Lissajous orbit where the two periods are identi-
cal, with implications for the relationship between in and
out of ecliptic amplitudes. The Lissajous orbit targeted
for LPF is chosen to restrict the difference in amplitudes
between in and out of ecliptic motions, to facilitate the
communications solution.



Fig. 3. Transfer and operational orbit achieved with free injection; View
from ecliptic north in the rotating reference frame — grid is 1 million km
from centre to edge. Sun lies to the right (see Fig. 1).
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Fig. 4. Transfer and operational orbit; View from in Ecliptic showing
motion out of ecliptic in the rotating reference frame — grid is 1 million km
from centre to edge. Sun lies to the right (see Fig. 1).

The strategy used to reach the operational orbit is one of
“free injection”, presented in Figs. 3 and 4. The stable man-
ifold of a Lissajous orbit can start from a point close to the
Earth, from where the spacecraft can drift from its initially
highly elliptical orbit into a Lissajous orbit, without
manoeuvre (Kemble, 2006). In order to efficiently utilise
the launcher, LPF is initially injected into a low Earth
orbit, with apogee in the region of 900 to 1,300 km,
depending on choice of launcher. Two launcher options
are retained, Rockot and VEGA. The spacecrafts propul-
sion module is then used to deliver a AV of approximately
3 km/s to raise its apogee to a value in the range 1.3 to 1.5
million km, as presented in Fig. 5. From this highly ellipti-
cal orbit free injection can be achieved.

The characteristics of the free injection Lissajous orbit
(in and out of ecliptic amplitudes and phasing) can be cho-
sen by selecting appropriate combinations of apogee alti-
tude, inclination, right ascension of ascending node and
argument of perigee for the initially high elliptical orbit.

Maximising launcher injection mass means in general
restricting inclination to a value close to the latitude of
the launch site — allowing an Eastward launch. This lies
close to 63° for a Rockot launch and 6° for VEGA. Choice
of injection orbit Right Ascension of Ascending Node
(RAAN) is free (depending on launch time) and significant
freedom also exists in argument of perigee. The apogee
raising strategy does not in general aim to modify the other

Fig. 5. Example of an Apogee raising sequence — starting from LEO.
Earth centred inertial frame used.

orbit elements as this can be expensive in AV. Therefore the
choice of launch vehicle primarily effects the inclination of
the high elliptical orbit. This in turn influences the achiev-
able out of ecliptic amplitude of the free injection Lissajous
orbit. Low inclinations can only achieve low out of ecliptic
amplitudes. The in-eclipic amplitude can be chosen with
some freedom (providing it lies above the minimum achiev-
able with free injection, circa 750,000 km). Typically it will
lie in the range 800,000 to 900,000 km.

A wide launch window for LPF is retained by ESOC,
with launch available on most days of the year. The result
is that due to the 23° plane difference between Earth’s
equator and the ecliptic, the out of ecliptic amplitude
reached with the VEGA launch varies throughout the
launch year, whilst with Rockot a near constant value of
circa 500,000 km can be reached year round. Therefore
the operational orbit used by LPF will differ with each
launch day, and also differ between Rockot and VEGA
launches.

3. Reaching the SP from a given libration orbit
3.1. Constraints and assumptions

An important characteristic of Lissajous orbits is that
with only a small velocity increment, it is possible to step
onto an unstable manifold. This is a trajectory that expo-
nentially diverges from the nominal Lissajous orbit. There-
fore in order to find a way to reach the SP with LPF once
its mission completed, the most natural idea is to start sim-
ulations from an orbit typical of LPF at the end of its mis-
sion, but subject to small velocity perturbations. Then
simulations can be run in order to test whether reaching
the SP is possible. Some assumptions have to be made
before running the simulations and these are now
described.



In order to stay compliant with LPF propulsion
capabilities, in terms of both AV and thrust authority,
only very small manoeuvres are considered (less than
1.5 m/s in total). These manoeuvres are currently modelled
as impulsive, although finite, low thrust effects could be
simulated. The limited manoeuvre size and acceleration
available via the propulsion system means that qualita-
tively similar solutions will be expected whether the
manoeuvre model employed is impulsive or low thrust.
The position and size of the MOND bubble around the
SP is considered constant in time. Its centre is taken con-
stant on the Sun—Earth axis, at 259,000 km from the Earth
in the direction of the Sun. This is an approximation as in
reality its location is dynamic due to the eccentricity of
Earth’s orbit and perturbations from other bodies. Varia-
tions of a few thousand km with respect to the above fixed
rotating location result.

This investigation can only be performed after the end
of the nominal LPF mission, assuming that the spacecraft
remains in good health.

3.2. Simulation aspects

The simulation used in these cases considers only the
gravitational influences of Earth, Sun and Moon and is
therefore an approximation to the full set of influences act-
ing on the system. However it is adequate for demonstra-
tion of the feasibility of orbit designs that can cross the
SP, which is the objective here. The orbits of the Earth
about the Sun and of the Moon about the Earth are
obtained from mathematical models described in Astro-
nomical Almanac (2012) and therefore reflect the eccentric-
ity of the both orbits and the inclination of the Moon’s
orbit. Hence, approximations such as use of the circular
restricted three body problem are not employed here.
Instead, the equations of motion under the influence of
the three gravity fields are numerically integrated using a
standard Runge-Kutta technique and Cowell’s method.
A more detailed design should subsequently include other
gravitational perturbations from other major bodies in
the Solar System and also the influence of Solar Radiation
Pressure.

Therefore whilst it is true that the details of solutions to
this problem will differ with the details of the mathematical
models used, the nature of the solutions to the problem can
be established with the above described approximations.
This paper aims to describe a methodology, which if
applied would allow similar solutions to be obtained using
off the shelf orbit propagation packages. In this analysis
multi-purpose, in-house mission design tools are used.
Only deterministic manoeuvres are considered here, navi-
gation aspects have not yet been assessed in detail. Simi-
larly the initial Lissajous orbit properties are described in
generic terms, as solutions to this problem can be found
for a wide range of Lissajous orbits. For LPF the Lissajous
orbit properties are different for each launch day, over a
possible year of launches.

3.3. Previous study

A first study of this problem was performed previously
(Toullec et al., 2010). As described in this paper, the goal
had been to reach the SP from a Lissajous orbit with char-
acteristics typical of those achieved after a Rockot or
VEGA launch. In order to reach it, a manoeuvre was
applied during the Lissajous orbit phase, followed by an
optional second one, at a subsequent apogee. Only very
restricted manoeuvres were considered. The most efficient
direction to apply such an initial manoeuvre in order to
leave the Lissajous orbit is in the escape direction (Hechler
et al., 2002) lying at 28.5° from the Earth-Sun direction
and parallel to the ecliptic. Many types of solutions exist,
with an appropriate combination of first manoeuvre epoch
and manoeuvre size. Trajectories that return towards Earth
or even escape into a heliocentric orbit can be found.
Search techniques based on these two variables are effective
in finding solutions with the required properties. In order
to cross the SP, solutions usually require several revolu-
tions with high apogee around the Earth. In some cases
solutions flying close to the Moon can make use of Lunar
gravity to modify the orbit and approach the SP. In the
case of a Rockot launch the initial orbit considered has
an in-ecliptic amplitude of approximately 800,000 km and
out of ecliptic amplitude of 500,000 km. In the case of a
VEGA launch the out of ecliptic amplitude is typically
100,000 to 300,000 km, depending on launch date. Solu-
tions can be further tuned by employing manoeuvres at
subsequent apogees after leaving the Lissajous orbit.
Where such manoeuvres are used they are nominally
assumed to be tangential with the velocity direction.
Encouraging results were found, the best ones reaching a
flyby distance around 100 km far from the SP, for a jour-
ney time of roughly one year after a start time considered
to be the end of the nominal mission.

3.4. Improvement

The first part of the analysis described in this paper has
been to improve the previous results. In order to reduce the
flyby distance from the SP, more manoeuvres were added
at key points during the orbit (before a possible lunar flyby
or at apogees for example). Results were found for which
the saddle point was exactly reached (the flyby distance
being zero). Subsequent manoeuvres considered are now
tangential to the velocity vector. Epoch of manoecuvre
and manoeuvre size can be selected appropriately.
Typically the final manoeuvre now occurs at the apogee
preceeding the SP approach, from where miss distance
can be efficiently reduced. The example shown in Table 1
presents one of these cases.

These results indicate that, once the Lissajous orbit is
precisely characterised, it will be possible to reach the sad-
dle point with a low global AV budget.

Lunar gravity assists are used in cases such as the one
presented here. Although useful because of the limited



Table 1
Case reaching exactly the SP.

Lissajous orbit type: following Rockot launch (determines the out-of-ecliptic

component)

1: first manoeuvre (0.86 m/s), used to escape from the Lissajous orbit.

2: 147 days after escaping from LI. Second manoeuvre (1 m/s), used to
control the lunar flyby occurring at 3, 20 days later.

3: 167 days after escaping from L1. Lunar flyby.

4: 265 days after escaping from L1. Last apogee before reaching the SP.
Manoeuvre (0.4 m/s) used to precisely control the flyby distance.

S: 285 days after escaping from L1. Reaching the SP.

Total AV < 2.3m/s
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This plot shows the orbit as seen from a viewpoint removed
perpendicularly from the ecliptic plane. See Fig. 1 for the geometry.

AV availability, they must nevertheless be handled with
care: despite the possibility to use them to modify efficiently
the orbit, it may be difficult to control them. The LPF
current design uses a micro-Newton propulsion system; it
is therefore less manoeuvrable than a satellite using a stan-
dard chemical propulsion system with higher thrust. Cor-
rection of dispersions occurring during such flybys can be
relatively expensive to realise. Accurately targeting the
flyby condition so as to minimise these dispersions is made
more difficult by the low acceleration available from the
propulsion system. In general only a limited time window
exists within which such corrections can efficiently be exe-
cuted. These aspects have not been assessed in this study.

4. Finding solutions with multiple SP flybys
4.1. Finding several flybys

The constraints and assumptions used are exactly the
same as the ones described in part 3.1.

From the first part of the study, it seems that reaching
the saddle point from a Lissajous orbit is feasible. Thus it
should be possible to satisfy the basic goals of the mission
extension. But as described in part 1, it would be really bet-
ter if the experiment could be performed twice, or even
more. Finding trajectories with multiple SP crossings is
not an easy task. The difficulty of propagating long term
trajectories must be considered in the context of their sen-
sitivity to initial conditions.

Consequently, in order to find an orbit passing through
the saddle point several times two different methods were
studied. The first one consists of selecting a Lissajous orbit
resulting from a typical Rockot or Vega launch and apply-
ing AV to reach the SP exactly; then extra manoeuvres are
added after the first time the spacecraft reaches the SP. The

second method consists of studying directly orbits passing
twice through the SP, and checking if they can be reached
from the nominal mission orbit.

4.1.1. Adding a manoeuvre after reaching the SP for the first
time

In this methodology, the best cases found in the first
part of the study were taken as initial conditions. For an
orbit reaching the SP after a libration orbit escape,
manoeuvres were added after flying by the SP. The aim
of these manoeuvres was to reach the SP a second time.
The results obtained were not completely successful. For
the case presented in Table 1 for example, even adding
two successive different manoeuvres (with AV constraints
already discussed) does not reduce the flyby distance below
a few 1000 kms. This method could however be studied fur-
ther, as it may be a good technique to find a trajectory that
reaches the SP twice, once the final characteristics of the
actual mission orbit are known. More manoeuvres can in
practice be considered than were used in this preliminary
investigation, to potentially enable further classes of solu-
tion to be obtained.

4.1.2. Starting from the SP

This part of the article deals with another way to tackle
the design of the LPF post-mission trajectory. The aim is to
find orbits passing twice through the SP, that are also suit-
able for the LPF main mission.

The focus of the method presented here is to start simu-
lations from the SP. Indeed, if the satellite has to pass twice
through the SP, then the subsequent trajectory needs to
pass just once through the SP. In this case, it is easy to find
directions and speeds that the satellite must have at the SP
in order to return to it at a later time. Then, it only remains
to check whether this trajectory linking the two SP flybys
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Fig. 6. Initial orbital elements leading to several SP flybys. The colour
(from red to blue) gives the eccentricity (from 0.6 to 1). (For interpretation
of the references to colour in this figure legend, the reader is referred to the
web version of this article.)
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Fig. 7. Initial orbital elements leading to unstable double SP flybys. The
colour (from red to blue) gives the eccentricity (from 0.6 to 1). (For
interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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Fig. 8. Example of an orbit considered as too stable — viewed in rotating
reference frame, grid is 1 million km from centre to edge. The orbit passes
6 times in the vicinity of the SP.

Configuration leading to a passage closer than 200km to the SP
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Fig. 9. Variables relationships for a SP flyby closer than 200 km — the
colour (from red to blue) represents the speed (from 1480 m/s to 1640 m/
s). The angles are linked to the rotating reference frame, i.e. fixed relatively
to the Earth-Sun direction. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this
article.)

can be reached by the LPF spacecraft from its orbit about
the Lagrange point. This multiple shooting based method
reduces the sensitivity with respect to initial conditions
and therefore simplifies the solution process. In summary,
the problem is divided into two smaller ones: can a trajec-
tory be propagated forwards returning to the SP and can
this same trajectory, starting at the SP, be reached by a
spacecraft coming from a libration orbit? Finally, is this
libration orbit suitable for the LISA Pathfinder mission?

The three parts of the process are presented in the fol-
lowing subsections.

4.1.2.1. Double flyby trajectories. The first part of the pro-
cess consists of finding trajectories linking two SP flybys.
Starting simulations from the SP itself must be associated
with a simulation starting date, as this determines the ini-
tial position in an inertially oriented frame. This initial
selection of date means that the results obtained represent
only a fraction of the possible results. However the results
obtained for any given date are expected to be similar to

12;8 Configuration leading to a passage closer than 200km to the SP
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Fig. 10. Variables relationships for a SP flyby less than 200 km; 3D-view.



Table 2
Examples of different orbit families leading to SP flyby of less than 200 km. All orbits are presented in the rotating frame — grid is 1 million km from centre
to edge. The position of the SP is given by the blue cross. The geometry is presented in Fig. 1.

Initial velocity toward the Sun The spacecraft reaches the SP for the
second time before a complete revolution
around the Earth.

The spacecraft reaches the SP for the
second time after a revolution around the
Earth. i

The spacecraft makes a complete
revolution around the Earth and half of
the following one before reaching the SP
for the second time.

Initial velocity toward the Earth The spacecraft reaches the SP for the
second time before a complete revolution
around the Earth.

-

The spacecraft reaches the SP for the
second time after a revolution around the
Earth.

//




those for other dates, if initial states are expressed in a
rotating reference frame.

Once the simulation is initialised with a date, the param-
eters corresponding to trajectories flying by the SP twice
can be found. In order to find them, simulations are run
in which the spacecraft has an initial speed in every possible
direction. Of course, in order to keep a reasonable comput-
ing time to explore the solutions, only speeds around the
typical values obtained in the first part of the study are con-
sidered (around 1.5 km/s). The closest distance to the SP is
measured for each trajectory, and a minimisation of this
flyby distance is performed by exploring the direction of
the initial velocity. The result is a list of combination of
variables (speed, azimuth, elevation) leading to a SP flyby
with the smallest flyby distance possible.

The results of the optimisation are initial conditions
leading to a second SP flyby. There are a very large number
of solutions, but each one cannot be considered as satisfac-
tory. Many of the orbits found are indeed very stable: most
are simply orbits around the Earth in the ecliptic plane.
Therefore, those cases are very unlikely to be reached by
LPF, using only low thrust and a small AV whilst
approaching from the Lissajous orbit. In order to simplify
the following steps of the process, those cases are
discarded.

Figs. 6 and 7 present an example of the orbital elements
of different solutions, before and after removing the ones
considered as too stable. The colour (from red to blue)
gives the eccentricity (from 0.6 to 1). The apogee is in km
and the inclination in degrees.

The orbit considered as too stable in this study are the
one passing more than twice in the vicinity of the SP (some
passing even more than ten times, like the orbit presented
in Fig. 8). Discarding those cases could lead to missing
interesting trajectories, but the large number of remaining
cases justifies the use of this criterion. It is interesting to
notice that there are far more stable retrograde orbits than
stable prograde orbits. This may be explained by the fact
that the prograde orbits are more influenced by the moon,

\
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Fig. 11. Range used to characterise the libration orbit.

as they stay longer in its vicinity. The explanation lying
behind the concept of “too stable” is that orbits with, for
example, low apogee, tend to be only weakly perturbed
by the Sun and so tend to remain in a similar orbit for
extended periods. Whilst presenting a valid solution for a
double SP crossing, they are unlikely to experience suffi-
cient perturbation when propagated backwards from the
SP to match high apogee approaching orbits that are typ-
ical of orbits departing from Lissajous orbits. They are
therefore “too stable” i.e. not consistent with the orbital
variations required for an end to end mission design here.
Such orbits would only be usable if a larger AV was
available.

The optimisation of the second flyby distance reveals
particularly promising ranges of directions, for which the
second flyby distance could be minimised. Those ranges,
presented in Fig. 9 and Fig. 10, can be seen as continuously
spread families of variables leading to a successful second
flyby.

The results presented here have a starting date on the 21.
August 2014. The colour (from red to blue) represents the
speed (from 1480 m/s to 1640 m/s). All the points presented
correspond to directions leading to double flybys for which
the first one is exactly at the SP, and the second one below
200 km.

When viewed in 3 dimensions, as presented on Fig. 10,
structures appear, corresponding to the different families
of trajectories. Some of those different families are pre-
sented on Table 2.

For all the results presented here, the maximum time
between two SP flybys has been limited to be below
80 days.

4.1.2.2. Trajectories arriving from a libration point
orbit. The previous part described the method used to
find double SP flybys. The result is a list of initial condi-
tions (initial speed, azimuth, elevation in the Sun rotating
reference frame) corresponding to orbit leading to a double
flyby.

200
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Fig. 12. Zoom on the time spent in the range shown in Fig. 11, as a
function of speed at the SP.
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bottom-right: 1516.180 m/s, 1516.059 m/s, 1515.664 m/s, 1516.154 m/s. Geometry is presented in Fig. 1.

The issue is then to try to reach those initial conditions
with a spacecraft coming from a libration point orbit
around L1. In order to do so, backward propagations are
used. Therefore, instead of trying to start from a given ini-
tial libration orbit to reach the SP with a fixed velocity,
simulations are run from the SP backward in time with
the initial conditions found previously.

If the initial conditions (speed, azimuth, elevation
obtained previously) are not changed, the cases leading to
a libration orbit (backward in time) are very few. But many
of the cases are orbits which might be interesting if slightly
modified. For example, many have a low perigee when
propagated backward. Thus, it is possible to slightly mod-
ify the speed immediately before the SP, in order to control
the perigee, and thereby the orbit before it. Others have an
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Fig. 14. Characteristics of the perigee of interesting cases on 22/09/2016 —

altitude and inclination.

apogee close to the distance between the Earth and the SP,
which may lead to a free libration orbit.

To characterise the libration orbits, the time spent in the
range define in Fig. 11 is used. The range is defined by the
grey part of the figure. The out-of-ecliptic coordinate is not
taken into account for its definition.

Having a low perigee makes an orbit highly sensitive to
its speed before it. When studying closely the time spent in
the range previously defined, this chaotic dependence is
clearly noticeable. Fig. 12 is an example of this dependence.

x 10

Sun — 1

y (km)

x (km) x10

Fig. 15. Example of an end to end mission following a VEGA launch.
Two SP crossings occur, separated by 65 days. Earth centred plot in
rotating reference frame. Sun lies to the right of this figure.



To create it, simulations have be run in the following con-
figuration: a satellite is at the SP at time ¢ = 0. Its velocity is
characterised by azimuth = —168.5° and elevation = 8.8°.
The value of its speed is taken in the range
[1515.35m/s,1516.35 m/s]. The value plotted is the time
the satellite spends in the range defined in Fig. 11, for each
particular speed step. Each peak detected shows a configu-
ration for which the satellite enters a libration orbit (back-
ward in time). As the speed of the satellite is initially fixed
equal to 1515.85 m/s (given as a result by the algorithm
described in part 4.1.2.1), the manoeuvre that has to be
implemented in order to reach a libration orbit is given
by AV = 151585 — speed ;.-

Thus, only the points where a vertical asymptote can be
defined are interesting here. Indeed, the other local maxima
correspond only to a passage in L1 area, not to a possible
libration orbit, whereas the speeds where a vertical asymp-
tote can be defined correspond to initial conditions very
close to combinations leading to a libration orbit. In this
case for example, if the precision is increased, it is possible
to find all the orbit presented in Fig. 13.

Although the four cases presented each have a manoeu-
vre with a AV value below 1 m/s, the way they reach L1 (or
conversely arrive from it in forward time propagation), and
the characteristics of the libration orbits are completely dif-
ferent. This proves once more that the response to a
manoeuvre is potentially highly chaotic. This is on the
one hand problematic, as an orbit so designed can there-
fore be very difficult to achieve in practice, but on the other
hand it enables the finding of many different interesting
orbits and hence increases the number of satisfactory ones.

To sum up, the second step of this method is to find the
orbits passing through the SP twice and also coming from a
libration orbit. At this point of the study, the part still miss-
ing is the trajectory which has to be used to reach the libra-
tion orbit, from the orbit the satellite is injected into by the
launcher. So the next step is to find whether the cases found
previously could possibly have a low perigee before they
reach L1, and whether the characteristics of this perigee
match LPF requirements.

4.1.2.3. Finding trajectories that match the LISA Pathfinder
injection requirement. By using a process of “fine tuning”
of the speed at the SP and running backward simulations,
it appears that it is possible to achieve at least a targeted
minimum time to be spent around L1, and that is also con-
sistent with a low perigee such as achieved by a Rockot or
VEGA injection, without needing to apply an additional
manoeuvre. The minimum time to be targeted is an input
parameter to the analysis and can be updated to reflect
the duration of the main LPF mission plus any extensions
to that mission phase. This strategy is developed hereafter.

In order to find orbits which at the same time pass twice
through the SP, stay at least a minimum length in a libra-
tion orbit, and previously arrive from a very low perigee,
an optimisation program has been created. Its inputs are
the different initial conditions obtained at the second step:

leading to a double SP flyby and arriving from a libration
point orbit. First, it optimises the speed in order to ensure
that at least a minimum time (of 180 days for example) is
spent in the spatial range defined in Fig. 11. Then, it mini-
mises the perigee altitude prior to reaching the libration
point orbit (subject to a mimimum altitude of 200 km).

Using this algorithm allows many different orbits to be
found which fulfill the different conditions. The orbits are
then characterised, in order to be able to compare their
dimensions, perigee condition, etc with the requirements
of LPF mission. Fig. 14 presents the perigee conditions
of all those orbits, for a first SP flyby fixed on the 22. Sep-
tember 2016.

The results found are widely scattered: it is possible to
find an acceptable perigee altitude (i.e. close to 200 km)
with every possible inclination. Here, only the ones with
altitude higher than 200 km and lower than 2000 km are
represented. For the higher perigee solutions, the initial
perigee could potentially be slightly higher, and compen-
sated by an additional small manoeuvre, expanding the
range of feasible solutions beyond those indicated on the
plot. Because of the large number of trajectories having a
low perigee, it is possible to find many trajectories whose
perigee characteristics match the two possibilities for LISA
Pathfinder launch: Rockot and Vega. Rockot is launched
from Plesetsk (62.6°N) and Vega is launched from Kourou
(5.2°N). Taking into account a possible variation of a few
degrees, Fig. 14 shows many potential solutions.

4.1.2.4. End to end mission example. Using the multiple
shooting technique has enabled the generation of many
possible solutions, that differs qualitatively in certain fea-
tures such as total mission duration, nature of the orbit
about the Lagrange point. In the example presented
Fig. 15 the mission is launched from VEGA into a low
inclination injection orbit and follows a free injection trans-
fer, reaching a Lissajous orbit after approximately 30 days.
The Lissajous orbit has an in-plane amplitude of approxi-
mately 800,000 km and out of plane amplitude of
150,000 km. After making just over one revolution of the
Lagrange point where the nominal LPF science occurs (a
period of approximately 200 days) the spacecraft starts its
extended journey towards the SP, reaching it for the first
time 470 days after launch (or approximately 250 days
after leaving the vicinity of the Lagrange point orbit. The
SP is reached for the second time after a further 65 days.

5. Conclusions and future work

The method presented in this study enables trajectories
for a complete LISA Pathfinder mission to be easily found.
This method determines the trajectories for the transfer
from launch towards L1, the libration point orbit, and a
trajectory that reaches the SP twice.

Nevertheless, this method implies two main conse-
quences. First, fixing the date of the first SP crossing makes
the trajectory unique. Second, because of the use of



backward propagation, the launch date is therefore
restricted to a narrow window. However this is only an
artefact of the analysis process. In order to generate an
extended launch window a range of epochs for the first
SP flyby must be considered. The result is that the inclusion
of the twin SP crossing phase results in no change to the
nominal LPF launch window which spans a year.

This study has demonstrated that it is feasible to achieve
a trajectory that utilises a free injection transfer to a
Lagrange point orbit, stay there for a given minimum per-
iod (at least 180 days, more if required) and then leave that
orbit to pass twice through the Earth—Sun gravitational SP.
As such it has fulfilled its objectives. Finding these solu-
tions is facilitated by using a starting point at the first SP
flyby and then considering forward and backward propa-
gations to reach the respective goals. The use of multiple
shooting trajectory propagation to satisfy the several goals
of the mission simplifies the task of finding solutions.

The mission designs so obtained are consistent with
both Rockot and VEGA injection. The deterministic AV's
required are typically less than 2 m/s. In addition to this,
small navigation manoeuvres are required. Analysis is
ongoing to assess this navigation problem and to conse-
quently confirm that the total manoeuvre requirement for
the extended mission lies with the LPF capability.

In practice the final mission designs used for Lisa Path-
finder will likely employ a forward only propagation
method so that the launch conditions and variants/disper-
sions can be more readily defined and subsequently com-
pensated. ESA/ESOC’s priority for mission design will be
the opimisation of the nominal science mission, and the
possibility of extended operations around L1 may also
need to be considered. Whilst the features of a mission
designed by a forward only propagation method will be
similar to those derived here, an enhanced methodology
will be required, representing a further challenge in this
evolving trajectory design problem. The final mission
design for LPF is the responsibility of ESA/ESOC.

Acknowledgements

E. Fabacher wishes to thank Astrium Stevenage for
financial support.

References

Antonucci, F., Armano, M., Audley, H., et al. From laboratory
experiments to LISA Pathfinder: achieving LISA geodesic motion.
Classical Quant. Grav. 28, 094002, 2011.

Astronomical Almanac Her Majesty’s Nautical Almanac Office and
Nautical Almanac Office, 2012.

Bekenstein, J. Relativistic gravitation theory for the modified Newtonian
dynamics paradigm. Phys. Rev. D 70 (8), 083509, 2004.

Bekenstein, J., Magueijo, J. Modified newtonian dynamics habitats within
the solar system. Phys. Rev. D 73, 103513, 2006.

Bevis, N., Magueijo, J., Trenkel, C., Kemble, S. MONDian three-body
predictions for LISA Pathfinder. Classical Quant. Grav. 27, 215014,
2010.

ESA-SCI 1: LISA Pathfinder: Einsteins Geodesic Explorer. The Science
Case for LISA Pathfinder, 2007

Galianni, Pasquale, Feix, M., et al. Testing quasilinear modified Newto-
nian dynamics in the solar system. Phys. Rev. D 86, 044002, 2012.

Gomez, G., Koon, W.S., Lo, M.W., Marsden, J.E., Masdemont, J.J.,
Ross, S.D. Invariant manifolds, the spatial three-body problem and
space mission design. Adv. Astronaut. Sci., 109, 2001.

Goémez, G., Lo, M.W., Masdemont, J.J. Libration point orbits and
applications, in: Proceedings of the Conference Aiguablava, Spain, 10—
14 June, 2002. World Scientific, 2002.

Hechler, M., Cobos, J. Herschel, Planck and GAIA Orbit Design. In: 7th
International Conference on Libration Point Orbits and Application,
Parador d’Aiguablava, Girona, Spain, 10-14 June 2002, 2002

Kemble, S. Interplanetary Mission Analysis and Design, Springer Praxis,
2006

Kemble, S., Landgraf, M., Tirabassi, C. The design of the SMART-2/
LISA Pathfinder mission, IAC-04-A.2.07, 2004

Landgraf, M., Hechler, M., Kemble, S. Mission design for LISA
Pathfinder. Classical Quant. Grav. 22, S487-S492, 2005.

Magueijo, J., Mozaffari, A. Case for testing modified Newtonian dynamics
using LISA pathfinder. Phys. Rev. D 85, 043527, 2012.

Milgrom, M. A modification of the Newtonian dynamics as a possible
alternative to the hidden mass hypothesis. Astrophys. J. 270, 365-370,
1983.

Toullec, B. New trajectories to test MOND/TEVES With LISA Path-
finder, IAC-10,E2,1,6,x9231, 2010.

Trenkel, C., Kemble, S. Gravitational science with LISA Pathfinder. J.
Phys.: Conference Series 154, 012002, 2009.

Trenkel, C., Kemble, S., Bevis, N., Magueijo, J. Testing modified
newtonian dynamics with LISA Pathfinder. Adv. Space Res. 50 (11),
1451, 2012.

Zwicky, F. On the masses of nebulae and of clusters of nebulae.
Astrophys. J. 86, 217, 1937.



