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Abstract 
In this paper we present a methodology to characterize elastic-plastic constitutive law of metallic materials 
using spherical indentation tests and parametric identification coupled with finite elements model (FEM) 
simulation. This procedure was applied to identify mechanical properties of aluminium, copper and 
titanium and the identified models show differences with experimental uniaxial tensile tests results that do 
not exceed 10%. A sensitivity study according to a 2� Design of Experience (DoE) was achieved to 
determine which data that can be extracted from pile-up is the most relevant to use in order to enhance the 
identification procedure. It appears that the maximum pile-up height seems to be the best suited for this 
purpose. 
 
 

1. Introduction 

 
During the lasts decades, extensive research has been devoted to the characterization of elastic-
plastic properties for a wide range of materials using indentation techniques. Two main 
approaches can be noticed in the literature. The first one consists in the resolution of an analytical 
direct problem [1, 2, 3] and the second one consists in the resolution of an inverse problem [4, 5, 
6, 7, 8, 9] using or not Finite Elements Model (FEM). The aim of the study is to develop a 
methodology to characterize elastic-plastic constitutive law of metallic materials using spherical 
indentation tests and parametric identification coupled with FEM simulation.  

In the first part of the paper, the identification procedure is described and the results of the 
identification for three materials are compared to those obtained through uniaxial tensile test in 
order to validate its accuracy and robustness. 

The second part is dedicated to discuss the possibility of adding experimental information 
from the pile-up after unloading as a further information to use into the identification procedure.  

2. Identification of constitutive laws using spherical 
indentation 

2.1. Tested materials and experimental procedure 

The three tested materials are aluminium 1050-O, temper hard copper and mill annealed titanium 
T40. The titanium has a hexagonal close-packed (hcp) lattice whereas both the other materials 
have a face centred cubic (fcc) structure. 
 



• Standard characterization 
The identification results have been compared to those of a well-known normalized test. For each 
materials, at least 7 tensile tests have been performed according to the ISO NF EN 6892-1 and 
the results are summarized in Table 1. All the uncertainties on mean values given in this paper 
are calculated with a confidence interval of 95% using the Student law. 

 Elastic Modulus �� 
(GPa) 

Yield stress ��.
 
(MPa) 

Ultimate strength �� (MPa) 
Ultimate strain �� (MPa) 

Aluminium 69 ± 4 59 ± 4 120 ± 9 0.26 ± 0.03 
Copper 106 ± 9 262 ± 39 279 ± 39 0.12 ± 0.01 
Titanium 107 ± 2 222 ± 3 413 ± 50 0.42 ± 15 

Table 1: Tensile tests results. 

The elastic-plastic behaviour of the three material cannot be represented by a unique constitutive 
law. Both the aluminium and the copper can be described using Ramberg-Osgood expression [10] 
which allows a soft elastic-plastic transition: 

 � = ��� + 0,002 � ���,��� ( 1 ) 
This model involves three independent parameters: the modulus of elasticity ��, the conventional 
yield stress ��.
 and the hardening parameter !.  
Because of its linear hardening, the titanium is better described by a modified version of the 
Rasmussen model [11, 12] which is based on the model of Ramberg-Osgood: 

 � = " ��� + 0,002 � ���,���  si � ≤ ��,
�&��,� + 0.25 ' ��()* + ��.��� + 0.002 si � > ��,
 ( 2 ) 
Until � reaches ��.
, the Rasmussen model is the same as the Ramberg-Osgood expression. When 
stress has reach yield stress, the transformed stress � is defined as: 

 � =  � − ��.
 ( 3 ) 
In order to insure a continuity between both the parts of the curve, the ��.
 modulus is calculated 
as the tangent modulus of the stress-strain curve when � = ��.
. It is then obtained from equation 
( 1 ) as -�/-�|�0��.�: 

 ��.
 = ��12�.��
�'3�.�4� ) ( 4 ) 
The transformed ultimate stress �� is calculated according to equation ( 3 ) as : 

 �� =  �� − ��.
  ( 5 ) 
The Rasmussen model is then constituted of 5 independent parameters. 

• Indentation tests: 
The indentation tests have been performed using a 1mm diameter spherical tip. The maximum 
load is 150 N for the aluminium and 300N for both the copper and the titanium and ten imprints 
were performed for each material. During the test, the load 5 has a function of the penetration ℎ 



 

of the tip has been continuously monitored. Figure 1 shows the mean indentation curve of the 
indentation tests performed on aluminium. The error bar represent the uncertainties on the mean 
value with a confidence interval of 95% using Student Law. 

 

Figure 1: Mean load-displacement curve of indentation test on aluminium specimen. 

2.2. Identification algorithm and numerical model 

The identification of the parameters values of the behaviour law was achieved using the results 
from the indentation tests and corresponds to the resolution of an inverse identification problem. 
A usual methods of resolving such a problem is summarized in Figure 2. 

 

Figure 2: Block diagram of the identification of constitutive law from indentation tests. 

The considered constitutive laws are the Ramberg-Osgood one for the aluminium and the 
copper and the Rasmussen one for the titanium. The modulus of elasticity is usually calculated 
with the earlier stages of the unloading slope [13] and we consider it as known during the 
identification. The values used in the identification for the three materials are the ones calculated 
from the tensile tests shown in Table 1. Thus, the number of parameters to evaluate with the 
identification for the Ramberg-Osgood law and the Rasmussen law are respectively 2 and 4. 

 
The inputs of the problem are the experimental response from the indentation tests, the 
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behaviour law of the tested material associated with a set of initial parameter and the numerical 
model of the test. For a set of parameters <, a difference vector =(<) is then calculated as: 

 =><? = @A1><?, … , AC><?, … , A�><?, D1><?, … , DC><?, … , D�><?E ( 6 ) 
where AC><? = FG HI4J>K?LHIMNOHIMNO  and DC><? = F* HPQN4J I>K?LHPQNMNO IHPQNMNO I . 5GKR is the mean experimental 

indentation curve, 5�S is the simulated one, 5TUV�S  and 5*WKGKR  are respectively the maximum of the 
experimental and simulated indentation curve. FG and F* are weights and have respectively a 
value of 1 and 2 in order to maximize the weight of the value at maximum depth, which is the one 
with the smallest uncertainty. Specimen roughness, presence of surface hardening and tip defect 
may have a significant influence on the earlier stages of the loading curve. In order to minimize 
such effects, the 10 first percent of the loading curve are not taken into account in the calculation 
of the difference vector.  

The cost function is then defined as the Euclidean norm of the difference vector: 

 X><? = Y=><?Y ( 7 ) 

The identification is led by minimising the cost function using the Levenberg-Marquardt 
algorithm from the scipy.optimize python library. As a descent algorithm, the Levenberg-
Marquardt algorithm is sensitive to local minima and thus the choice of the initial parameters 
value is critical for the algorithm not to converge towards the global minimum. The initial 
parameters are then chosen close to the global minimum using a Monte-Carlo stochastic random 
method. The number of draws is function of the number of parameters Z to evaluate as 2C with a 
minimum of 16 draws. The validity domain of the parameters are given in Table 2. The parameters 
corresponding to the minimum value of the cost function are then used as initial parameters for 
the Levenberg-Marquardt algorithm. 

 
��.
 (MPa) ! [ �� (MPa) 

Min Max Min Max Min Max Min Max 
Ramberg-Osgood 10 350 1.1 60  

Rasmussen 10 350 1.1 60 1.1 3 20 850 

Table 2: validity domain for Ramberg-Osgood and Rasmussen models during identification 
process. 

The numerical model of the indentation test has been achieved using Abaqus. It consists in 
an axisymmetric model [4, 14, 15, 7, 16] with a refined “ALE adaptative meshing” of the area 
under the tip in order to minimize distortion of the elements. The elements size is linked to the 
maximum depth of indentation. The elastic-plastic behaviour of the material is a multi-linear 
model with an isotropic hardening. The specimen is made of CAX3 elements under and near the 
tip and the furthest are infinites CINAX4 elements in order to take into account the far 
displacement field even in a “local” problem such as indentation tests. The tip is made of CAX4R 
and CAX3 elements and its mechanical behaviour is linear with a modulus of elasticity and 
Poisson coefficient are respectively equal to 240GPa and 0.33. A “Surface-to-surface” method is 
used to model the contact between the tip and the surface and the contact is considered frictionless 
[4, 14]. The shape of the simulated indentation curve are similar to the experimental ones and no 
numerical oscillation can be noticed on the curve. 

 
 
 



 

2.3. Identification results and discussion 

• Results : 
The random Monte-Carlo procedure allows to get a set of parameter close enough to the global 
minimum. Table 3 shows that the Levenberg-Marquardt procedure allowed to minimize the cost 
function for the three materials. It can be noticed that the final values of the cost function are 
similar for the three materials. The final simulated indentation curve is very close from the 
experimental one as it can be seen in Figure 3-a. The parameters of the constitutive law for the 
three materials are also given in this table. Figure 3-b, c, d show the experimental tensile curve 
and the identified constitutive law for the three materials. The identified behaviour is close of the 
experimental one in the three cases. 

a) b) 

c) d) 

Figure 3: Experimental and simulated indentation curves for aluminium (a), experiment and 
identified tensile curves for aluminium (b), copper (c) and titanium (d) 

 
Initial cost 
function 

Number of 
iterations 

Final cost 
function 

��.
 
(MPa) 

n �� 
(MPa) 

m 

Aluminium 1.63 51 0.10 53 5.7  
Copper 0.65 51 0.07 211 9.8 

Titanium 0.79 29 0.16 173 9.6 370 2.57 

Table 3: Results of the inverse problem resolution for the tree materials. 

• Discussion: 
The mean relative differences between identified constitutive law and the experimental curve for 
the aluminium, the copper and the titanium are respectively equal to 4.6%, 6.8% and 3%. These 
results show that the identified laws are in good agreement with experimental tensile test results. 
Nevertheless, the experimental investigations of the imprint’s shape shows a slight difference 
between experimental and simulated pile-up. The maximum height differs from about 25%. In 
the next section we use pile-up information to enhance the identification procedure. 
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3. Pile-up influence on the identification 

For this study, we focused on the aluminium because Ramberg-Osgood law is simpler than the 
Rasmussen one and unlike the copper it shows great elongation at break and notable hardening. 
Some authors already use data extracted from pile-up after the unloading as an additional 
information in order to approximate more accurately the elastic-plastic behaviour like topography 
of the surface around the imprint [17, 6] or the maximum pile-up height as additional data [18, 
16].  

In order to measure various quantity from the pile-up, the topography of the imprint have 
been measured after unloading using an optical interferometer. Optical technology measurement 
allows to get a three dimensional information around the imprint, but because of the great slope 
into the imprint, the information cannot be measured here as shown in Figure 4. Moreover, the 
determination of the initial plan is also difficult due to the roughness of the surface. 

 

Figure 4: Profile of an imprint measured with an optical interferometer on aluminium. 

The simpler quantity to measure which is representative of the pile-up is its the maximum 
height ℎ*WK. The pile-up volume seems to be also representative of the pile-up, but the missing 
part in the middle of the imprint and the determination of the initial plan makes difficult a precise 
measurement of the pile-up volume. In order to overcome this difficulty we defined 4 different 
strategies for measuring the volume of pile-up which are summarized in Figure 5. For the total-
total volume \]], all the volume is measured and the non-measured part into the imprint is 
neglected. The total-partial volume \]H is measured between the maximum height and 80% of 
the maximum height. The beginning of the measurement of the partial-total volume \H] is the 
abscissa of the maximum height and the partial-partial volume \HH is calculated between the 
abscissa of the maximum height and 80% of the maximum height. 
 

 

 

Figure 5: The different strategies for measuring the volume of the pile-up. 
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3.1. Sensitivity study 

In order to determine which of the pile-up parameters it is efficient to add to solve the 
identification problem, we performed a numerical sensitivity study according to a 2� design of 
experience (DoE). The factors of the DoE are the maximum indentation depth, the yield stress 
��.
 and the hardening parameter !. Their values are respectively _0.1, 0.2`mm _30, 100`MPa and _3,20`. 

The responses are ℎ*WK, \]], \]H, \H] and \HH, Figure 6 shows the result of the DoE. It can 
be noticed that the maximum height ℎ*WK is quite sensitive to the material parameters whereas 
the volumes are very sensitive to the indentation depth but less to the hardening parameter and 
the yield stress. Indentation test indeed introduces plastic strain which occurs with a constant 
volume. Thus, the volume of pile-up is mainly driven by the indentation depth and is linked to 
the volume of the tip penetrating into the material. The use of pile-up volume as an extra 
information to resolve our inverse problem is then not relevant. The better way seems to use the 
maximum height of pile-up.  

   
 

Figure 6: Results of the 2� DoE.  

3.2. Identification with maximum pile-up height 

An identification has been achieved using the maximum pile-up height. The experimental 
measure of ℎ*WK has been used and the difference vector has been defined as: 

 =><? = @A1><?, . . . , AC><?, … , A�><?, D1><?, … , DC><?, … , D�><?, a1><?, … , aC><?, … , a�><?E ( 8 ) 
where AC><? = FG HI4J>K?LHIMNOHIMNO , DC><? = F* HPQN4J I>K?LHPQNMNO IHPQNMNO I  and aC><? = Fc dPQN4J I>K?LdPQNMNO IdPQNMNO I . The 

values of FG, F* and Fc are respectively 1, 1 and 2. The cost function X(<) is also defined as the 
Euclidean norm of =(<). 

• Results and discussion: 
The final value of the cost function is 0.39 which is higher than the one without taking into account ℎ*WK into the cost function. The identified ��.
 and ! parameters of the Ramberg-Osgood are 
respectively 42 and 4.3 and the mean relative difference between the experimental tensile curve 
and the identified Ramberg-Osgood law is 6.3%. This difference is twice the difference of the 
identification without taking the pile-up maximum height into account. 

The difference between the experimental and simulated ℎ*WK is 7.82 × 10Lf which is really 
low. On the other hand, the difference between the experimental and simulated curve is much 
higher than the one without taking pile-up into account and the shape of the indentation curve are 
also more different.  
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4. Conclusion 

In this paper, a methodology to identify elastic-plastic constitutive law of metallic materials using 
inverse method with spherical indentation and FEM is proposed. Three materials have been tested 
and the results seems to be in good agreement with the reference tensile tests. Furthermore, 
topography measurement of the surrounding of the imprint were performed and we investigated 
which information about pile-up the most relevant information is the most relevant to use in the 
identification procedure in order to get more accurate results. It appears that the parameter which 
is the most sensitive to the material parameters is the maximum height of pile-up whereas the 
information about pile-up volume are mainly linked to the indentation depth. The maximum 
height of pile-up has been introduced into the identification procedure and used to identify the 
mechanical properties of aluminium. However the results of the identification shows that the 
identified behaviour is further from the tensile tests when taking into account the pile-up 
maximum height. The comprehension of this phenomenon is still under investigation. 
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