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Feedback stabilization of a 3D fluid-structure model
with a boundary control*

Moctar Ndiaye!?, Denis Matignon? and Jean-Pierre Raymond*

Abstract— We study a system coupling the incompressible
Navier-Stokes equations in a 3D parallelepiped type domain
with a damped plate equation. The plate is located in a part of
the upper boundary of the fluid domain. The fluid domain
depends on the deformation of the plate, and therefore it
depends on time.

We are interested in the stabilization, with a prescribed
decay rate, of such a system in a neighborhood of a stationary
solution, by a Dirichlet control acting at the boundary of the
fluid domain.

For that, we first study the stabilizability of the correspond-
ing linearized system and we determine a finite-dimensional
feedback control able to stabilize the linearized model.

A crucial step in the analysis consists in showing that
this linearized system can be rewritten thanks to an analytic
semigroup, the infinitesimal generator of which has a compact
resolvent.

A fixed-point argument is finally used to prove the local sta-
bilization of the original nonlinear system. The main difficulties
come from the coupling between the fluid and plate equations,
and the fact that the fluid domain varies with time, giving rise
to geometric nonlinearities.

The results of the paper may be adapted to other more
complex geometrical configurations for the same type of system.
Ongoing research concerns the numerics of the control problem.

Keywords: stabilization, boundary control, fluid-structure
model, Navier-Stokes equations, plate equation

I. INTRODUCTION

In this paper we are interested in a system coupling a
three dimensional fluid flow with the evolution of a structure
localized at the boundary of the geometrical domain occupied
by the fluid.

The fluid flow is described by the Navier-Stokes equations
while the displacement of the structure satisfies a damped
plate equation.

Stabilizing such systems in a neighborhood of an unstable
stationary solution is a challenging problem. Depending
on the applications we want to deal with, it is interesting
to look for a stabilizing control acting either only in the
structure equation or only in the fluid equation. The case of
a control acting in the structure equation has been recently
considered in [5]. Here we would like to study the local
stabilization of such systems by a boundary control acting
only in the fluid equation. For simplicity we do not stabilize
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this coupled system around an unstable stationary solution,
but we consider the simpler problem consisting of stabilizing
the system around zero, with any prescribed exponential
decay rate. The stabilization problem around an unstable
stationary solution leads to some additional difficulties. It
will be studied in a forthcoming paper. The proceduce we
follow in the paper is a classical method, already used in [5],
consisting in looking for a feedback control stabilizing a
linearized system, that we next apply to the nonlinear system.

We have to emphasize, that in the considered model, the
domain occupied by the fluid depends on the displacement
of the plate. Therefore the main nonlinearity in this model
comes from the fact that the equations of the fluid are
written in Eulerian variables (therefore in the deformed
configuration), while the equation of the structure is written
in Lagrangian variables (i.e. in the reference configuration).

Thus before linearizing, we have to rewrite this coupled
system in the reference configuration. This is performed by
using a change of variables. There are mainly two ways
to do that. One way consists in writing the Navier-Stokes
equations in Lagrangian variables, in that case the change of
variables is associated with the flow of the fluid. The other
way consists in using a change of variables associated with
the displacement of the structure. The best choice usually
corresponds to the change of variables associated with the
most regular unknows. In our case the displacement of
the structure will be very regular. That is why it is more
convenient to use a change of variables associated to the
displacement of the plate.

Let us now precisely describe the equations of this coupled
system, with the help of figures 1 and 2. The reference
configuration of the fluid is

Q= (0,a) x (0,b) x (0,1),

with @ > 0 and b > 0.
The plate is located on T'y = wg x {1} with ws = (0,a) x
(0,0).
For simplicity we choose Dirichlet boundary conditions
on three sides of the parallelepiped 2
Lgqe = {0} x (0,b) x (0,1),
I'. = (0,a) x (0,b) x {0},
Lgr={a} x (0,b) x (0,1),

left wall
control region

right wall

and periodic boundary conditions on the two sides

Iy = (0,a) x {0} x (0,1),



and
I'%, = (0,a) x {b} x (0,1).

[

Fig. 2. Configuration at time t

More complex boundary conditions, including mixed
boundary conditions, will be considered in a forthcoming
paper.

We denote by u and p the fluid velocity and the fluid
pressure, and by 7 the displacement of the plate. Therefore
the fluid domain at time ¢ is

{(@1, 29, 23) | (w1, 22) € ws

and 0 < z3 < 14 n(t,z1,22)},

Qyy =

while the configuration of the plate at time ¢ is

{(z1, 22, 23) | (z1,22) € ws

and z3 = 1+ n(t, z1,22)}.

Lpey =

We also use the notation

@OO = U {t} X Qn(t)a igc =

t€(0,00)
Q> =(0,00) x Q, ¥ =(0,00) x T,
Y3 =1(0,00) x Tgp, ¥ =(0,00) x I'c,

U {t} X Pn(t)v

t€(0,00)

c

E;?r = (0700) X Fd,r’v X, = (0700) X I_‘s,l,m

s, l,r
Lser = ({0} x(0,0) x {1}) U ({a} x (0,b) x {1}).
The displacement 7 satisfies the equation
M — BAN — yAne + oA’

=V1+[VnlPo(u,p)r,,,n(t) - es on T,

@:OOHEOO

[e'S)
s l,r> on s,l,r

ey
n=0onX

n(0) =n? on L'y, n:(0) =79 on L',

where
o(u,p) = v(Vu+ (Vu)") - pI,
e; = (1,0,0), e = (0,1,0), es = (0,0, 1),
n(t) = ——2— (-7, — Nz,€ + €e3) is the unit normal

1+ Va2
to Fn(t) exterior to Qn(t), v is the fluid viscocity; o > 0 is

a mechanical constant; and S > 0 accounts for a wave-like
component given by SAn.

The damping term —yArm;, where v > 0, makes the semi-
group associated to the equation of the structure analytic,
which is essential to obtain the main result of this paper.
Indeed, the semigroup corresponding to the plate equation is
analytic if and only if v > 0 (see [3]).

The fluid flow is governed by the Navier-Stokes equations

u, —dive(u,p) + (u-V)u=0in Q,

diva =0 in @OO,

u = neg on X°, u =0 on X, @)
u=0o0n%7, u=0onX7,

u(0) = u’ in Q0.

Let us notice that system (1) and (2) are coupled through
the equations (1); and (2)s. The equation u = ne;
corresponds to the equality of the fluid velocity and the
displacement velocity of the structure, while the term in the
right-hand side of (1); represents the force exerted by the

fluid on the structure.
Due to the incompressibility condition, we have

/ divu:/ u-fl(t):/nt:O.
Q) T r

s

Therefore, we choose the displacement 1 with zero mean
value.
Our goal is to use a boundary control located in I', of the

form
N,

ulp, = > gi(t)wi(z1,72),
i=1
able to stabilize with exponential decay rate —w < 0 the
corresponding controlled system, provided that u®, 79, 19
are small enough in an appropriate space.

The control variable is the vector g = (g1, -+, gn,). The
family (w;)1<i<n, is choosen so that some extended system
satisfies a stabilizability condition (see section II-C).

To achieve this goal we are going to follow a classical
approach, consisting in the following steps:

o First we rewrite system (1)-(2) in the reference con-
figuration, and we linearize it around (0,0, 0). Since
the time derivative of the control appears in the state
equation, we introduce an extended system.

o We study the stabilizability of the linearized extended
system and we define a feedback law able to stabilize
1t.

e We prove that the closed loop system, obtained by
applying the linear feedbaack law to the nonlinear
system, is locally exponentially stable.



In order to rewrite system (1)-(2) in the fixed domain, we
use the change of variables

Qn(t) — Q

(z1,m2,73) +— (Ilyfl?z,z):(xhﬂfzym)-
We denote by (u,p) the image of (u,p) by this change

of variables; we also denote 0° the image of u’. Thus the
system satisfied by (1, p,n) is

Fyla,p,n] in Q>,

;1) i Q%
N
0 =r1megon X, 0= Zgiwi on X°,
i=1
u=0 on 2;?[ @] EZ?T,IA].(O) = ﬁO in Q, (3)

N — BAN — yMAn, + aM A%

—divo(a,p) =

diva = G[u

= vsp + s Fs[@, n] on 357,

on
—0,21 —0on n
77 7an on s,4,r
n(0) = 1Y, n,(0) =7 on .

o The nonlinear terms Fy, G and F; in the right-hand
sides are defined by

Ff[ a,p, 7] = =iy + 2020, + vn(Osy 0, + Upya,)

— 175 Wz — 202 (10, Vg, 2 + Ty Uay2)

V2. — (14 n)An — [Vl

—(a-V)a

—N01 0y, — 20y,

+2(Ny W1 + Ny U2) Wz + [202, Dz — NP2, €1 @

+[2N2,D2 — NP, ]€2,

Gla,n] == —n(i1 2, +2,2,)
+2(Ne, 01,2 + Ney 2,2 ),

2= [Vn|?
I+n

FS[ﬁ777] =V

+V(77301ﬁ3,£v1 + 77332113@2) -

Uz ~ UNao ~
U3 =+ 1_:,; Uy,z + 1_:,2, U2,z

2”75’&3,:/:~

o The operator M, is the orthogonal projection from
L%(T) onto

L§ 4(Ts) = {k € L% (T) such that / k=0,

FS

defined by
1
s Iy

The operator v, € ﬁ(H;&(Q),H;;_%(Q), with o > 1,

is defined by
1
r,) =plr, — m . plr.

Ysp = My(p

The main theorem of the paper is a local stabilization
result for initial data in the space

Hee = {(v, m, m2) € HY(Q) x HY(D) x H(T,)
such that v=1mesonI';, v=0on Ty, UL ULy,

0
77127722%2001111',@,7-,/ 7712/ 77220}-
n e T,

Let us also introduce the functional spaces

HZ' Q™) = L2(0,00; HZ(Q)) N H(0, 003 L2,(9)),
H*(52°) = L2(0, 00; H4(T)) N H?(0,00; L3 (T')),
HH (%) = L2(0,00; HA(T',)) N HY(0, 00; L4 (T ),

'H;L#(Q) ={pe H;#(Q) such that / p=0}.
Q

Theorem 1. Let w > 0 be given. There exists v > 0 such
that for all (0°,n9,n3) € H. satisfying

@, m)|lg, <7,

there exists a control (g;)i=1,... n. € H(0,00; RN¢) in
feedback form, such that system (3) admits a unique solution

A A 2,1 %) . 4,2 e’}
(u,.p,ﬁ) € H# (Q ) X L2(07007H;1$(Q)) X H# (Es )
satisfying

[[(a— u57n)\\Hi(Q)xH;(rs) < Cre™,
with Cy > 0.
II. STABILIZABILITY OF THE LINEARIZED
SYSTEM

e Let (0,p,m) be a solution of system (3). The lin-
earization around (0,0,0,0) of the system satisfied by

(ewtﬁ, 6‘”]3, ewtn’ ewtnt) iS
—divo(v,p) —wv =0, divv =0 in Q°,

N,
vV =1pegon L,V = Zgiwi on ¥°,
i=1
v=0on X3 UXy, , v(0)=v"inQ,
M, — W1 — 12 = 0 on Ego, (5)
N2t — wn — BAN — yMAny 4+ oM A%
= sp on L2°,
om
nlzo,a—HZOOn S?&r?

m(0) =17, 72(0) = 13 on T,.
We are going to rewrite system (5) as a controlled evolution
equation. First, we have to eliminate the pressure from the
equations. The space Li(Q) admits the orthogonal decom-
position

LL(Q) =V, 4(Q) & VHL(Q),

with

Vo 4(Q) ={y e LL(Q) |divy =0, y - n =0 on 04},



where 8#9 =T,y Fd’g U Fd,r ul..

We denote by P the orthogonal projector in Li(Q) onto
V%#(Q). If we apply projector P to the Stokes equations
of system (5), we obtain an equation satisfied by Pv. For
that, we first introduce the unbounded operator (Ag, D(Ay))
on V9 ,(Q) by

D(Ag) = HE(2) N Hj 4 (2) NV} . (Q),

and
Ao =vPA.

We also introduce D € L(VY(T), VL (Q)), the Dirichlet
operator associated to Ay and which is defined by Dh = w
where (w, ¢) is the solution of the equation

—divo(w,q) =0 in Q,
divw =01in Q, w = h on 0.

The spaces VY,(T') and V() are defined by
V5%(Q) = {y € L3(9Q) such that divy = 0},
Vo) = {y € L%(T') such that /Fy ‘n=0}.

We set

Dgno := D(naesxr,) and D .h := D(hxr,).

The projection Pv of v satisfies the equation

d N,

dt

i=1

e In order to deal with the plate equation we have to express
the pressure p in terms of v, n; and g. For that, we introduce
the Neumann operator /N defined by Nh = ¢, where ¢ is the
solution of the equation

. dq
quOmQ,a—n:hona#Q.

We set
Ngng := N(nzesxr,) and N.h := N(hxr,).

The pressure p is defined by

N,
p= N(VAv'n)+sz7727Nsn27tfZ(giytfwgi)Nc(wi'n).

i=1

For the structure, we define the unbounded operator
(Aa,p, D (Aa,p)) on Li(FS) by

D(Aa,p) = Hy(Ds) N H§ 4 (Ts) N LG 4 (Ts),

and
Aaﬁ = ﬁA - OéMSA2.

—Pv = (Ag+wI) Pv+(=A9)PDyna+Y _ gi(—Ag) PDow;.

A. First Abstract Reformulation of the Control Problem
We equip the Hilbert space H = V) ,(Q) x {Hj ,(Ts)N
L3 4(Ts)} x L§ 4 (Ts) with the inner product
(Vs m2), (W, &1, &2))m = (v, Wz (o)
+((=Aa,8)m, 51)Li(rs) + (Ksn2, 52)L;(F5)7

with K := (1 +v,N,)~ L
We define the unbounded operator (A, D(A)) on H by

D(A) = {(Pv,m,n2) € {HL(Q) N VL(Q)} x D(Aa,p)
X{Hg,#(Q) N Lg,#(rs)}‘PV = PDn2 on Iy,
Pv=0on Fd,é ul'.u Fd,r},

and
Ay 0 (~Ay)PD,
A= 0 0 I
KsN(vA() -n) KsAup yK A

Proposition 2. The quadruplet (v,p,m1,m2) € Hil (Qxo) X
L2(0, 00; Hy () x H;’Q(Zgo) x H;il(fo) is a solution of
system (5) if and only if

d Pv
a | m
n2
Pv
=A+wl)| m | +Beg+Bag,
T2
(Pv m 12)(0) = (PVO 7]? 778); (6)
N,
(I—P)v=(~P)Dz+ > gi(I—P)Dew;,
i=1

p = NWVAV-n)+wNgns — Ngnay

N. N.
+wzgiNc(Wi ‘n) — Zgi,th(Wi “n),
i=1 i=1

where
N
> gi(—Ag) PDew;
i=1
B. g = 0 ’
N,
w ZgistYchwz
i=1
and
0
0

Big: = Ne
*Zgi,th’Ych(wi : Il)
i=1



B. The Extended System

We can see that the time derivative of g appears in
system (6). In order to have an evolution equation in the
form of a controlled system, we write an extended system
by considering g as a new state variable and by introducing
f := g;—Ag as a new control variable, where A is a diagonal
matrix satisfying conditions (C1) and (C2) in section II-C .
Thus the first equation of system (6) may be rewritten as

Pv Pv

i i :Ae n +Be f7

dt | m2 M2 (7
g g

(Pv m m2 g)(0)=(Pv° n) 7 0),

where (A, D(A.)) is an unbounded operator on H, = H x
RNe defined by

A+WI BC +BdA
A = ,
0 A
and
D(Ae) = {(an17n27g) € {H;%/:(Q) QV%{:(Q)} X D(Aa,ﬁ)
x{HG ,(Q)NL§ 4(To)} x RNe|v =0 on g UTyq,,
N,

v=PDsmyonTsand v = ZgiPDWi on I }.
i=1

We have
0
0
N,
Bef— _Z fiKs'Ych(Wi 'n)
i=1
f

Now that we have written the problem of control in the
classical form (7), we will focus on its stabilization by
feedback. We have the following result.

Theorem 3. Let w > 0 be given. Then for all (v°,n?,1n9) €
H,. there exists a control £ € L*(0,00;RN¢) defined in
feedback form, such that the solution (Pv,n1,1m2,8) to (7)
obeys:

|(Pv,n1,m2,8) HHi(Q)xH;(rs)xHi(rs)xRM

< Co [|(PvO, 1), m8) gy, »

with C2 > 0.

To prove this theorem, we need the stabilizability of the
pair (A, B.) established in the next section.
C. Stabilizability of the Pair (A, B.)

We will show how to contruct the family (w;)1<;<n, and
the diagonal matrix A in order to obtain the stabilizability
of the pair (A, B.). The criterion that will be used here is
that of Hautus, namely

Ker(\ — A*) N Ker(B*) = {0}, @)

for all A € C such that Re(\) > 0.
The adjoint (A%, D(AY)) of (A., D(A.)) in H, is

<A*+w[ 0)
Az: 9
J A

where (A*, D(A*)) is the adjoint of (A, D(A)) in H. The
operator 7 belonging to £(D(A*),RY¢) and B; the adjoint
of B, in H, are defined by

A%
Jl m =—</ U(V,P)H‘Wz) ;
r. 1<i<N,

12
and
v

B* m

e = (gi - / (Nsn2)n : Wz) )
2 r. 1<i<N,
g

for all (v,n1,m2) in D(A*) and g € RMe. If X belongs to
spec(A%), we have

v v
(A +wlh) | m | =X m |,
12 72
and
v
JIl m + Ag = \g.
2

We choose A = diag(Aq,---,Ax,) in such a way that the
following condition is satisfied:

spec(A* 4+ wl) Nspec(A) = {0}. (C1)

Thanks to (Cl), if A belongs to Ker(A — A7) and if
(v,m1,1m2,8) is an eigenfunction then we have

« either A belongs to spec(.A*) and

v

g=W-M)"'T m |,
2
« or X belongs to spec(A) and (v,n1,72) = (0,0,0).
We can easily check (8) in the latter case. Indeed, if
(v,m,n2,8) belongs to Ker(AI — A%) N Ker(B%) and if
A belongs to spec(A), then we have (v,n1,72) = (0,0,0)
and

B: n = (gi —/ (Nsn2)n - wl) =0,
2 T, 1<i<N,

which gives g = 0 because Ngns is equal to zero.

To finish, we have to verify criterion (8) for A belonging
to spec(A*) such that Re(\) > —w.

We begin by proving that the unbounded operator
(A, D(A)) has a compact resolvent. Thus the spectrum of
A consists of isolated eigenvalues of finite multiplicity.

Next, we prove that (A, D(A)) is the generator of an
analytic semigroup on H. Thus the number of eigenvalues



of A with real part equal or greater than —w is finite. More
precisely, we have

< ReAy, 41 < —w < ReAy, <--- < Re Ay,

where ();); are the eigenvalues of (A*, D(A*)), repeated
according to their multiplicity.

We are going to see that, for a suitable choice of the
family (w;)1<i<n,, the stabilizability criterion for (A, B.)
is verified. For that, we choose A satisfying the following
additional condition:

For all 1 <i < N,_,, we have

(/\z — AO(N;’I]QJ)II =+ a(vi,p,;)n # 0 on FC, (CZ)

where (v;,m1,4,72,,8:) is a non zero eigenfunction of A}.
We choose the family (w;)1<;<n, as the union of

(()\Z — Ai)(Nsng)i)l’l —+ U(Vi,pi)l’l)i if )\i S R,

(Re[(Ai — Ai)(Nsmz,i)n + o (vi, pi)n]),
and
(Sm[(Ai — A)(Nom2i)n + o (v, pi)n]); if A; ¢ R.
Now let us verify (8) for A belonging to spec(A*) such
that Re(\) > —w. Let ip belong to {1,---,N,} and
(v,m1,72,g) belong to
Ker(A\j, I — A%) NKer(B7).
Then, we have
Aigv —divo(v,p) =0, divv =01in Q,
v=megonl,,v=0onTy,UTl'.Uly,,

)\iog_Ag = - (/ U(va)n'wi>
r 1<i< N,

c

Any 412 =0 on X%°,

Aig2 + BAT — YM,Any — aM, A%y, ®)
= 7ysp On E;’O,
0
m=0,22 =0onT,,,,

on

(gi - / (Nsm2)n - wl-) =0.
Ie 1<i< N,

c

Since A;, does not belong to spec(A), equation (9)3 can be
solved and we obtain

g=—0ul =07 ([ atvomow) a0
e 1<i<N,.
Thus, the last equation of system (9) becomes
(/ [(Aig — Ai)(Ngm2)n + o(v,p)n] - Wi) =0.
. 1<i<N,

Thanks to the definition of the family (w;)i<i<n,, the
vector ((Aj, — Ai)(Nsm2)n +o(v,p)n), ;. belongs to
Vect(wy, -+ ,wy,). Thus we have o

/F ) (Xig

=0.

- Ai)(NsT]2>n + O‘(V,p)ﬂf

Therefore, thanks to (C2), we have v = 0, 71 = 0 and
1o = 0. Finally, we use equation (10) to obtain g = 0. Thus
the stabilizability of the pair (A, Be) is proved.

ITII. STABILIZATION OF THE NONLINEAR
SYSTEM

The last part of the work consists in the following steps:

o Derive estimates for the nonlinear terms Fy, G and Fj
in (4).

o Study the nonhomogeneous version of the linearized
system (5), with right-hand sides f, g, h playing the
roles of the nonlinear terms in place of FY, G, Fj
respectively.

« Use a fixed point method to prove the local stabilization
of the closed loop nonlinear system.

IV. CONCLUSION AND PERSPECTIVES

The stabilization of a coupled 3D fluid-structure system
has been studied thanks to a finite-dimensional boundary
control for the fluid. For a suitable choice of the finite di-
mensional control space, we state the existence of a feedback
control able to locally stabilize around 0 the solution of the
full nonlinear system with a prescribed exponential decay
rate.

The study of the stabilization of an unstable equilibrium
can be performed with the same strategy, but with more
involved technicalities. This will be the subject of a future

paper.

Moreover, numerical experiments for the boundary control
of such coupled systems are part of an ongoing research
project.
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