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SUMMARY
Cell size control emerges from a regulated balance between the rates of cell growth and division. In bacteria,
simple quantitative laws connect cellular growth rate to ribosome abundance. However, it remains poorly un-
derstood how translation regulates bacterial cell size and shape under growth perturbations. Here, we
develop a whole-cell model for growth dynamics of rod-shaped bacteria that links ribosomal abundance
with cell geometry, division control, and the extracellular environment. Our study reveals that cell size main-
tenance under nutrient perturbations requires a balanced trade-off between ribosomes and division protein
synthesis. Deviations from this trade-off relationship are predicted under translation inhibition, leading to
distinctmodes of cell morphological changes, in agreement with single-cell experimental data on Escherichia
coli. Furthermore, by calibrating ourmodel with experimental data, we predict how combinations of nutrient-,
translational-, and shape perturbations can be chosen to optimize bacterial growth fitness and antibiotic
resistance.
INTRODUCTION

Cell size maintenance is essential for regulating cell physiology,

function, and fitness (Young, 2006). Maintaining a characteristic

cell size necessitates an intricate balance between cell growth

and division rates. How this balance is achieved in different

growth conditions remains an outstanding question. It has

been known for over six decades that bacteria modulate their

size in response to changes in nutrient conditions. Quantifying

the cell size and growth rates of Salmonella enterica grown in

different nutrient media, Schaechter et al. (1958) discovered

the nutrient growth law—bacterial cell size increases exponen-

tially with the population growth rate. High-throughput single-

cell studies in recent years have confirmed this result for evolu-

tionary divergent Escherichia coli and Bacillus subtilis (Sauls

et al., 2019; Si et al., 2017; Taheri-Araghi et al., 2015; Vadia

and Levin, 2015), suggesting common strategies for bacterial

cell size control. However, single-cell data show deviations

from the nutrient growth law in experiments altering cellular pro-

teomics (Basan et al., 2015b; Si et al., 2017), leaving open the

connection between cell size, growth rate, and protein synthesis.

At the single-cell level, cell size homeostasis is achieved via

the addermechanism, whereby cells add a constant volume be-

tween consecutive division events, irrespective of the cell size at

birth (Amir, 2014; Banerjee et al., 2017; Taheri-Araghi et al., 2015;

Wallden et al., 2016). As a result of this strategy, cells deviating
Cel
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from the average homeostatic size quickly converge to the

average size within a few generations (Campos et al., 2014; De-

foret et al., 2015; Jun and Taheri-Araghi, 2015; Sauls et al., 2016;

Taheri-Araghi et al., 2015). This strategy for cell size homeostasis

is followed by a wide range of bacterial species including E. coli,

B. subtilis, C. crescentus, and Pseudomonas aeruginosa (Cam-

pos et al., 2014; Deforet et al., 2015; Jun and Taheri-Araghi,

2015; Osella et al., 2014; Taheri-Araghi et al., 2015), but it does

not reveal a molecular-level understanding of the mechanism

for cell size control (Jun et al., 2018).

Two distinct types of regulatory models have been proposed

in recent years for the control of bacterial cell size. The first is

the replication-initiation-centric model: cell size control is set

by the time period of chromosome replication and the subse-

quent cell division (C+D period; Donachie, 1968; Ho and Amir,

2015; Wallden et al., 2016). The second is the division-centric

model: cell size is regulated by the accumulation of a threshold

amount of cell envelope precursors (Harris and Theriot, 2016)

or division proteins (e.g., FtsZ; Ojkic et al., 2019; Si et al.,

2019). In replication-initiation-centric models, cell size at division

is determined by the C+D period, but it remains poorly under-

stood howC+D periods aremodulated by growth rate perturba-

tions targeting nutrient quality, translation or protein expression.

Recent studies have challenged the replication-initiation-centric

models for cell size control (Micali et al., 2018a, 2018b; Grilli

et al., 2018; Si et al., 2019), suggesting concurrence of
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replication initiation and division processes (Micali et al., 2018a).

In particular, experiments have demonstrated that replication

initiation and cell division are independently controlled in E. coli

andB. subtilis (Si et al., 2019), and data support amodel in which

cell division is triggered by the accumulation of a threshold

amount of division proteins (Deforet et al., 2015; Ghusinga

et al., 2016). However, it remains unknown how the synthesis

of division proteins is altered by nutrients or translational pertur-

bations to regulate cell size.

A key component in understanding cell size regulation is the

interdependence between growth rate and the macromolecular

composition of the cell. The nutritional content of the growth me-

dium sets the specific growth rate (Schaechter et al., 1958; Scott

et al., 2014), which in turn regulates the macromolecular compo-

sition of cells (Kaczanowska and Rydén-Aulin, 2007; Klumpp

et al., 2013). For exponentially growing E. coli cells, RNA and

ribosome abundance increase linearly with the growth rate (Maa-

løe, 1979; Yin, 2004; Ecker and Schaechter, 1963; Zaslaver et al.,

2009; Basan et al., 2015b; Harvey, 1973). This implies an upregu-

lation in translation leading to increased protein production for

growth (Basan et al., 2015b; Kjeldgaard et al., 1958; Schaechter,

2006) and cell size inflation.While this model is in agreement with

experimental observations for cell size increasingwith increasing

nutrient concentrations, it fails to explain cell size changes under

translation inhibition (Basan et al., 2015b; Si et al., 2017). In

particular, it remains unclear whether translation inhibition would

lead to an increase in cell size such that there is a positive corre-

lation between cell size and ribosome abundance, or a decrease

in cell size with growth-rate reduction. Both these behaviors are

observed in experiments (Si et al., 2017). To explain how trans-

lation and nutrient quality regulate cell morphologies, we

develop awhole-cell, coarse-grained theory that links ribosomes

with cell geometry, division control, and the extracellular

environment.

Our theoretical framework combines a mechanistic model of

cell shape and division with an extended ribosomal-resource-

allocation model, allowing us to quantitatively predict cell size

changes under nutrient shifts and translational perturbations.

We use ribosome abundance as the one of the key regulatory

variables, as approximately 85% of cellular RNA encodes for

rRNA that is folded in ribosomes (Bremer and Dennis, 1996;

Scott et al., 2010). We also assume that all the nutrients trans-

ported from the extracellular medium into the cell are used in

the production of ribosomes and other proteins. This is because

over 80% of cell’s energy budget for biomass is spent on rRNA

and protein synthesis (Stouthamer and Bettenhaussen, 1973).

Using this framework, we uncover a model for balanced alloca-

tion of ribosomal resources toward cell growth and division. We

find that a balanced trade-off between the rates of cell growth

and division proteins synthesis sets bacterial size under nutrient

shifts. As a result, in rich media, cells produce division proteins

more slowly than they elongate cells, leading to larger cell sizes.

We then extend our framework to predict cell morphologies

under translation inhibition across different nutrient media. Our

model predicts three different types of cell morphological

response unifying past experimental observations (Basan

et al., 2015b; Scott et al., 2010; Si et al., 2017). First, cells

deprived of nutrients allocate more ribosomes toward growth,
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which results in an increase in volume. Second, cells grown in

nutrient-rich media favor resource allocation toward division,

and thus a decrease in volume is observed under translation in-

hibition. Under optimal growth conditions, cells preserve the bal-

ance between growth and division protein synthesis, such that

cell size is invariant under translational perturbations. We show

that cell size changes are intimately coupled to the regulation

of cell surface-to-volume ratio that controls nutrient and anti-

biotic influx rates. We therefore investigate the relationship

among cell shape, nutrient quality, and bacterial growth rate un-

der translational perturbations. We predict that round cells are

most resistant to translation-inhibitory antibiotics, and that

drug resistance increases with increasing nutrient quality.

Thus, induced filamentation could have a negative impact on

bacterial growth fitness (Miller et al., 2004), whereas cell round-

ing could promote bacterial resistance to ribosome-targeting

antibiotics.
RESULTS

Cell Size Control Emerges from Nutrient-Dependent
Trade-Off between Rates of Cellular Growth and
Division Protein Synthesis
To understand how bacterial cell size changes with the nutrient-

specific growth rate, we develop a model for the allocation of ri-

bosomal resources toward cell growth and division protein syn-

thesis. During each cell cycle, cells elongate exponentially in vol-

ume (V) at a rate k. At steady state, k depends linearly on the

ribosomal mass fraction r (zRNA/protein ratio), such that

dV

dt
= kðrÞVðtÞ ; (1)

where kðrÞ= ktðr�rminÞ (Scott et al., 2010). Here, kt can be inter-

preted as the translational capacity of the cell, which correlates

with the speed of translational elongation (Ruusala et al.,

1984), and rmin is the minimum RNA/protein ratio needed for

growth (Figure 1C, inset). The value for rmin is obtained from

the intercept of k as a function of r from experimental data (Scott

et al., 2010; Si et al., 2017).

We combine this model for growth with a model for the control

of cell division (Figure 1A). The division proteins, X, are synthe-

sized at a rate proportional to the cell volume and degraded at

a rate m:

dX

dt
= kpðrÞVðtÞ � mXðtÞ ; (2)

where kpðrÞ is the rate of synthesis of division proteins that is

assumed to be a function of the ribosome mass fraction r. Cell

division is triggered when a threshold copy number of division

proteins, X0, is accumulated at the mid-plane of the cell (Fig-

ure 1B). While various proteins could be potential candidates

for division initiation (Adams and Errington, 2009; Bi and Lutken-

haus, 1991; Flåtten et al., 2015; Robert, 2015), a recent study

identifies FtsZ as the key initiator protein that assembles a

ring-like structure in the mid-cell region to trigger septation (Si

et al., 2019). We therefore suggest that X represents FtsZ copy
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Figure 1. Cell Size Control under Nutrient Perturbations

(A) Schematic of the threshold initiation model. Once a threshold amount of division proteins, X, is accumulated, cell division is triggered. Division proteins are

synthesized at a rate kp per unit volume.

(B) Dynamics of cell volume and normalized fraction of division proteins show that the average added volume between consecutive division events is constant,

consistent with the phenomenological adder model.

(C) Fitted model for average cell volume as a function of ribosome mass fraction. Solid line: full model fit with X protein degradation; dashed line: approximate

model with no X degradation (m= 0). Inset: fitted linear relationship k= ktðr�rminÞ (Scott et al., 2010).
(D) Model prediction for the relationship between the average cell volume and growth rate compared against an exponential fit as predicted by the nutrient growth

law (Schaechter et al., 1958).

(E) Schematic representation of the proteome allocation model, showing ribosomal trade-off between cell growth and division protein synthesis for cells growing

in poor and rich nutrient media.

(F) Negative correlation between the rate of division protein synthesis and growth rate, as predicted by the model. Experimental data are obtained from Si et al.

(2017) and Taheri-Araghi et al. (2015). In the experimental data, kp is estimated from the ratio k=CVD. See Table 1 for a complete list of parameter values. See also

Figures S1 and S2.
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number and assume that its turnover rate in the ring-bound state

is much faster than its rate of synthesis (Söderström et al., 2018).

As a result, all the newly synthesized FtsZs in the cytoplasm

are assumed to be recruited in the ring. We note that the degra-

dation of X is consistent with reports of active degradation of

FtsZ by ClpXP (Männik et al., 2018; Sekar et al., 2018; Si et al.,

2019).

Solving Equations 1 and 2, we obtain: X0 = ðVd �
Vb2

�m=kÞkp=ðk +mÞ, where Vb and Vd are the cell volumes at birth

and division, respectively. In the limit k[m, we get X0 = DVkp= k,
where DV =Vd � Vb is the added volume per generation. As X0,

kp and k are constant for a given growth medium, and cells

add a constant volumeDV in each growth generation, consistent

with the phenomenological adder model. Conversely, in the limit

k � m, VdzX0m=kp is consistent with data that E. coli deviates

from an adder in slow-growing media (Wallden et al., 2016; Si

et al., 2019). Furthermore, for symmetrically dividing bacterium,

the average newborn cell volume, CVbD, asymptotes to DV .

Therefore, average cell volume CVD in a given growth medium is

given by
Cell Reports 32, 108183, September 22, 2020 3
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CVD =
k+m

kpð2� 2�m=kÞ ; (3)

where kp = kp= 2X0ln2ð Þ is the normalized rate of division protein

synthesis. Thus, cell volume can be modulated by perturbations

in translation, as both k and kp are functions of the ribosomal

mass fraction. A key proposition of our model is that there is a

trade-off between ribosomes allocated for synthesizing growth

and division proteins such that

kp = k0p
�
r�max � r

�
; (4)

where we interpret k0p as the rate of production of FtsZ per ribo-

somes, and r�max is the ribosome mass fraction when growth rate

is maximum. We note that the parameter k0p can be perturbed by

translation, whereas r�max is regulated by both translational and

nutrient capacities of the cell, as derived in the following section

(see STAR Methods for further details). By combining the ex-

pressions for growth rate and division protein synthesis rate,

we find

CVD =
ktðr � rminÞ+m

k0p
�
r�max � r

�ð2� 2�m=kðrÞÞ ; (5)

such that average cell size increases with increasing ribosome

abundance. We fit the expression in Equation 5 to experimental

data (Si et al., 2017) to determine the parameters k0p, m, and r�max

(Figure 1C, solid line). Importantly, we find that m= 0:24 h�1, al-

lowing us to approximate the average volume as the ratio of

growth rate to the rate of division protein synthesis: CVDz
k=kp = ðktðr�rminÞ =k0pðr�max �rÞÞ (Figure 1C, dashed line). Thus

kp can be indirectly measured from k=CVD data across different

growth conditions. Direct measurement of kp would necessitate

measuring the rate of change in FtsZ fluorescence intensity per

unit cell volume during cell division cycles.

We can then express the average cell volume as a function of

nutrient-specific growth rate, recapitulating the nutrient growth

law of Schaechter et al. (1958) that cell size increases monoton-

ically with increasing growth rate:

CVD =
k

k0p
�
r�max � rmin

�� k0p

kt
k

: (6)

With no further fitting, we directly compare the prediction in

Equation 6 with experimental data for E. coli cell volume under

nutrient perturbations (Figure 1D). The result in Equation 6 devi-

ates from the phenomenological model of exponential depen-

dence between cell size and growth rate, and predicts a

maximum growth rate, kmax = ktðr�max � rminÞz3:1 h�1, when all

ribosomal resources are allocated toward growth. Our model

captures the departure from an exponential relationship be-

tween cell size and growth rate for k< 0:7 h�1, as recently re-

ported by Zheng et al., 2020 (Figure S1A). We find that a linear

relationship between cell size and growth rate does not accu-

rately capture the cell size data for the range of growth rates

studied in this work.
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Mechanistic Origin of Ribosomal Trade-Off between
Growth and Division
To understand the mechanistic origin of the ribosomal trade-

off between growth and division protein synthesis (Equation

4), we develop a model for allocation of ribosomal resources,

extending the framework of Scott et al. (2010). The total pro-

tein content of the cell can be decomposed into four classes

(Figure 1E): ribosome-affiliated proteins (R, mass fraction fR);

housekeeping proteins not affected by translation (Q, mass

fraction fQ); division proteins (X, mass fraction fX ); and the

rest are non-ribosomal proteins that constitute the P-sector

(P, mass fraction fP). The mass fractions are constrained by

the equation fR +fX +fP = 1� fQ =fmax
R = constant. For

different combinations of the nutritional and translation capac-

ities of the cell, efficient resource allocation requires that the

abundance of P- and R-class proteins be adjusted so that

the rate of nutrient influx by P matches the rate of protein syn-

thesis achievable by R: knfP = ktðfR � fmin
R Þ, where kn is the

nutritional capacity of the cell. This results in the following

relation between the mass fractions of ribosomes and division

proteins:

fR � fmin
R

fmax
R � fR � fX

=
kn

kt
; (7)

predicting a negative correlation between fX and fR under

nutrient or translational perturbations (Figure S1C). Using a dy-

namic proteome sector model (STAR Methods), we can derive

that the rate of production of division proteins, kp, is proportional

to fX during steady-state growth. Using r =fR=r, where r is a

constant conversion factor, we derive the negative correlation

between kp and r, as assumed in Equation 4,

kpfkt
�
fmax
R �fmin

R

��knfmax
R + ktf

min
R

rðkn + ktÞ � r

�
; (8)

where we identify k0pfktðfmax
R �fmin

R Þ and

r�max = ðknfmax
R + ktf

min
R Þ=rðkn + ktÞ (see details in STARMethods).

Thus the trade-off between ribosomes and division protein syn-

thesis naturally emerges in the extended proteome allocation

model. Growth rate k decreases with increased allocation of re-

sources toward division proteins fX (Figures 1E, 1F, and S1D):

k =
knkt

kn + kt

�
fmax
R �fmin

R �fX

�
=r : (9)

With all the model parameters inferred from experimental data

(STAR Methods; Table 1), we can plot the dependency of kp on

k (Figure 1F), showing the negative correlation between the

rate of division protein synthesis and the rate of volumetric

growth, and directly predict the dependency of cell volume on

growth rate (Figure S1B). Cells growing in nutrient-poor medium

allocate a smaller fraction of ribosomes toward growth, resulting

in smaller size on average. However, cells growing in nutrient-

rich medium inflate their size by allocating a larger fraction of ri-

bosomes toward growth (Figure 1E).



Table 1. List of Parameters Used in Models of Growth Perturbations

Parameter Value

Growth

Medium

Expression/

Method Used Figure Number

rmin 0.1 all k= ktðr � rminÞ Figures 1, 2, 3, and 4

ktðh�1Þ 5.6 all Equation 5 Figures 1, 2, 3, and 4

k0pðh�1 mm�3Þ 2.1 all

r�max 0.7 all

mðh�1Þ 0.24 all Figure 1

rmax � rX 0.76 Tryptic Soy Broth (TSB) k= knðrmax � rX � rÞ Figures 2, 3, and 4

0.92 synthetic rich

0.76 glucose + 12

amino acid (aa)

0.54 casamino acid

0.58 glucose + 6 aa

0.74 glucose

0.64 glycerol

0.29 sorbitol

0.23 mannose

knðh�1Þ 9.1 TSB kp =
k0p
kn
k+ k0pdr Figures 2, 3, and 4

8.9 synthetic rich

3.4 glucose + 12 aa

3.5 casamino acid

3.4 glucose + 6 aa

2.2 glucose

1.1 glycerol

1.6 sorbitol

1.4 mannose

dr 0.37 TSB kp = k0pðrmax � rX + dr � rÞ Figures 2, 3, and 4

0.13 synthetic rich

�0.18 glucose + 12 aa

0.08 casamino acid

�0.04 glucose + 6 aa

0.07 glucose

�0.1 glycerol

�0.4 sorbitol

�0.43 mannose

kmðh�1Þ 2.6 all kn = kt
k

km�k
Figure 2

krðh�1Þ 0.6 all calibrated Figures 3 and 4

k0ðh�1Þ 3 all calibrated Figures 3 and 4
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Translation Inhibition Breaks Balanced Allocation of
Ribosomal Resources
In a given nutrient medium, k=kp is maintained at a constant

value, indicating a balance between growth and division protein

synthesis. If k=kp remains invariant under translation inhibition,

we expect cell size to remain unchanged, as previously sug-

gested by Basan et al. (2015b). However, experimental data (Si

et al., 2017) show that cell size could either increase, decrease,

or remain unchanged when E. coli cells are subjected to varying

concentrations of chloramphenicol—a ribosome-targeting anti-

biotic. We therefore hypothesize that translation inhibition

breaks balanced allocation of ribosomal resources toward
growth and division proteins, by differentially reducing the rates

k and kp.

Under translation inhibition, bacteria produce more ribo-

somes to compensate for the inactive ribosomes that are

bound by antibiotics (Scott et al., 2010). By measuring bacte-

rial growth rates (k) and ribosome mass fractions (r) for

increasing concentrations of chloramphenicol, Scott et al.

(2010) found that k linearly decreases with r. In the presence

of a division protein sector, the relationship between k and r

is given by

k = knðrmax � rX � rÞ ; (10)
Cell Reports 32, 108183, September 22, 2020 5
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Figure 2. Cell Size Control under Translation Inhibition

(A) Model prediction for the dependence of division protein synthesis rate, kp, on growth rate, k, under translation inhibition for three different values of dr.

Decreasing kn corresponds to decreasing the nutrient quality of the growth medium.

(B) Model predictions for cell volume versus growth rate under translation inhibition, capturing three distinct trends in cell size changes depending on the value of

dr.

(C) Model fit to experimental data for kp as a function of k in three different nutrient conditions under translation inhibition. Inset: dependence of nutritional capacity

kn on growth rate. Solid line is a fit of the form kn = ktk=ðkm � kÞ, with the fitting parameter km = 2:6 h�1.

(D) Dependence of dr on nutrient-specific growth rate. Solid line shows the theoretical prediction for the dependence of dr on nutrient-specific growth rate, dr = �
km
kt
+ ððrmax � rmin =kmÞÞk.

(E) Cell volume as a function of growth rate under translation inhibition.

(F) Three distinct morphological response to chloramphenicol, depending on the quality of nutrients. Volume and growth rates are normalized by their initial values

before chloramphenicol is applied. In nutrient-rich media, cells allocate more ribosomes to division (dark blue line), thus increasing the surface-to-volume ratio to

promote nutrient influx; whereas, in nutrient-poor media, they allocate more ribosomes toward growth, inflating the cell size (yellow line) and, in turn, decreasing

the surface-to volume ratio to reduce the antibiotic influx. See Table 1 for a complete list of parameter values.
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where kn is the nutritional capacity that depends on nutrient qual-

ity, rmax =fmax
R =r is themaximum ribosome fraction that cells can

produce under translation inhibition, and rX =fX=r is the RNA/

protein ratio devoted to synthesizing X proteins. By combining

Equation 10 with Equation 4, we obtain

kp = k0pðk = kn + drÞ (11)

where dr = r�max � rmax + rX can be interpreted as the excess ribo-

somal mass fraction allocated to division protein synthesis un-

der translation inhibition. By combining Equations 4, 7, and 10

we obtain a theoretical expression for the excess ribosomal

mass fraction as a function of the growth rate:

dr = knDr=ðkn + ktÞ� kðkn + ktÞ=ðknktÞ, where Dr = rmax � rmin.
6 Cell Reports 32, 108183, September 22, 2020
Since kn increases with k (Figure 2C, inset), we predict that dr

increases monotonically with nutrient-specific growth rate (Fig-

ure 2D, solid line).

Unlike nutrient perturbations, we find that kp and k are posi-

tively correlated under translation inhibition (Figure 2A), such

that they both decrease with increasing antibiotic concentration.

Equation 11 can be combined with Equation 3 to determine how

cell volume changes as a function of growth rate under transla-

tion inhibition:

CVD =
k
.
k0p

k=kn + dr
: (12)

Interestingly, the above expression predicts three distinct

behaviors (Figure 2B):



8<
:

dr > 0/r�max + rX > rmax : excess ribosomes allocated to division; cell volume decreases;

dr = 0/r�max + rX = rmax : ribosomes equally shared between growth and division; cell volume is unchanged;

dr < 0/r�max + rX < rmax : more ribosomes allocated to growth; cell volume increases:
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Wedetermine the parameters dr and kn for each growthmedium,

by fitting Equation 11 to the experimental data for kp versus cell

growth rate k under chloramphenicol perturbations (Si et al.,

2017; Figure 2C). We find that dr < 0 in poor media and dr > 0

in rich growth media, whereas drz0 for cells growing with me-

dium growth rates (Figure 2D). These data are consistent with

our theoretical result that dr increases linearly with the nutrient-

specific growth rate (Figure 2D, solid line).We interpret the above

result as cells allocating excess ribosomes for growth in poor

media, whereas, in rich media, cells tend to allocate more ribo-

somal resources for division protein synthesis. With no further

adjustable parameters, our theory predicts the cell volume

curves for each growth condition, which are in excellent quanti-

tative agreement with the trend in the experimental data

(Figure 2E).
Cells Actively Regulate Shapes to Adapt to Translational
Perturbations
Under translation inhibition, decrease in cell volume in richmedia

is indicative of a higher surface-to-volume ratio that may in-

crease the influx of nutrients and antibiotics. Conversely, in

poor media, increase in cell volume may be indicative of a lower

surface-to-volume ratio that in turn would reduce antibiotic and

nutrient influx (Figure 2F). Therefore, surface-to-volume ratio of

a cell may play a crucial role in controlling cellular adaptive

response to growth perturbations, by modulating the relative

rates of nutrient and antibiotic influx. To test the role of sur-

face-to-volume ratio on bacterial growth, we construct a model

coupling cell growth and geometry to nutrient and antibiotic

transport.

Nutrient Dynamics

The dynamics of nutrient concentration inside the cell, ½n�, is
given by

d½n�
dt

= Jn � k½n� � kr ra (13)

where Jn = ½next�PinA=V is the nutrient influx, ½next� is the nutrient

concentration in the extracellular medium, Pin is the cell enve-

lope permeability, and kr is the rate at which ribosomes are pro-

duced from the nutrients. The model for nutrient transport

across the cell membrane is consistent with the one proposed

in Pandey and Jain (2016) if we assume that the number of

metabolic proteins (transporters) scales with the surface area

of the cell. The interplay between nutrients and ribosome syn-

thesis is schematically represented in Figure 3A. The intracel-

lular concentration of nutrients determines the specific growth

rate as: kspecific = k0½n�=ð½n� + n�Þ (Monod, 1949), where k0 is the
maximum growth rate characteristic of the medium, and n�

is the value of ½n� when kspecific=k0 = 0:5. When the nutrients

inside the cell reach saturation, i.e., d½n�=dt = 0, we have

k= kspecific.

Antibiotic Dynamics

The action of ribosome-targeting antibiotics is illustrated using

the diagram in Figure 3A, which consists of two key components:

the flux of antibiotics Ja entering the cell, and the binding of an-

tibiotics to the active pool of ribosomes, ra. The dynamics are

described by the following set of equations, extending themodel

of Elf et al. (2006) and Greulich et al. (2015):

8<
:

dain=dt = � kain + fðra; rb; ainÞ+ Jaðaex; ain;A;VÞ;
dra=dt = � kra + fðra; rb; ainÞ+ s;
drb=dt = � krb � fðra; rb; ainÞ;

(14)

where aex is the extracellular antibiotic concentration, ain is the

intracellular concentration of the antibiotic, ra is the concentra-

tion of the active pool of ribosomes in the cell, rb is concentration

of the pool of ribosomes bound by the antibiotics, and s is the

rate of synthesis of ribosomes. Unlike previous models (Elf

et al., 2006; Greulich et al., 2015), here we account for the depen-

dence of Ja on cell shape as

Jaðaex; ain;A;VÞ = ðPinaex �PoutainÞA
V
; (15)

where Pin and Pout are the cell envelope permeabilities in the in-

ward and outward directions, respectively. The ribosome-anti-

biotic interactions are defined by fðra; rb; ainÞ= � konainðra �
rminÞ+ koffrb, where kon is the rate of binding of antibiotics to ribo-

somes, and koff is the rate of unbinding. These rate constants for

chloramphenicol are known from Elf et al. (2006) and Greulich

et al. (2015). Furthermore, cells produce more ribosomes to

compensate for the inactive ribosomes bound by antibiotics

(Scott et al., 2010). This is captured by the source term

s= k½rmax � kDrð1 =kspecific � 1 =ktDrÞ�, where Dr = rmax � rmin.

Cell-Shape Dynamics

Having described the dynamics of cell volume (Equation 1), divi-

sion control (Equation 2), and nutrient and antibiotic transport

(Equations 13 and 14), we need to additionally account for cell-

surface-area synthesis to predict cell-shape changes. We as-

sume that rate of synthesis cell surface area is proportional to

cell volume (Harris and Theriot, 2016):

dA

dt
= bVðtÞ ; (16)

where b is the rate of surface area production, which depends on

cell shape, growth rate, and the rate of division protein synthesis.
Cell Reports 32, 108183, September 22, 2020 7
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Figure 3. Cell-Shape Control under Translational Inhibition

(A) Schematic illustrating nutrient and antibiotic transport across the cell surface and antibiotic interactions inside the cell.

(B) Model predictions for the surface area synthesis rate (b) as a function of the growth rate (k) for varying nutrient conditions, and its inhibition under chlor-

amphenicol perturbations. b is calculated using b= kA=V .

(C) Single-cell simulations of growth in response to a step pulse of chloramphenicol applied at t = 0 h in the extracellular medium. Top to bottom: dynamics of

intracellular antibiotic concentration, growth rate, cell volume, surface-to-volume ratio, normalized nutrient, and antibiotic flux. Both nutrient and antibiotic fluxes

are higher in rich media due to the increase in surface-to-volume ratio.

(D) Model growth inhibition curves fitted to experimental data (Si et al., 2017), to deduce the ratio of inward to outward cell-surface permeability. Data are

represented as mean ± SEM.

(E) Pin=Pout increases with decreasing growth rate (quality of nutrients). We fit an exponential function (solid line) to the data for Pin=Pout at different nutrient

conditions.

(F–H) Simulation results for the dependence of kp (F), average cell volume V (G), and average cell surface-to-volume ratio A=V (H) on chloramphenicol con-

centration, plotted against experimental data (Si et al., 2017) at three different nutrient conditions. Data are represented asmean ± SEM. See Tables 1 and 2 for a

complete list of parameter values.

Article
ll

OPEN ACCESS
Solving Equations 1 and 16, one obtains A=V = b=k, at steady

state (Harris and Theriot, 2016). In recent work (Ojkic et al.,

2019), we found that E. coli cells obey the relation: A= nV2=3, un-

der nutrient and translational perturbations, where n is a geomet-

ric factor related to the cell aspect ratio h as
8 Cell Reports 32, 108183, September 22, 2020
n= hpððhp=4Þ � ðp=12ÞÞ�2=3. Therefore, surface area production

rate varies non-monotonically with growth rate as

b= nkðk=kpÞ�1=3 (Figure 3B).

Taken together, our model accounts for the key functions of ri-

bosomes in controlling cell growth rate (k), rate of production of



Table 2. List of Parameters Used in Antibiotic Simulations

Parameter Value Growth Medium Expression/Method Used Figure Number

½next�= n� 0.2 TSB fitting k= k0½n�=ð½n� +n�Þ when d½n�
dt =0 Figures 3 and 4

0.08 synthetic rich

0.03 glucose + 12 aa

0.05 casamino acid

0.018 glucose + 6 aa

0.008 glucose

0.002 glycerol

Poutðh�1 mm�1Þ 20 all 15� 30 h�1 (Greulich et al., 2015) Figures 3 and 4

Pin= Pout 0.45 TSB fitting growth inhibition curves Figures 3 and 4

0.80 synthetic rich

0.88 glucose + 12 aa

0.80 casamino acid

0.85 glucose + 6 aa

1.6 glucose

2.1 glycerol

10 sorbitol

15 mannose

konðmM�1 h�1Þ 10 all 1:08� 13 mM�1 h�1 (Greulich et al., 2015) Figures 3 and 4

kDðmMÞ 2.5 all 0:5� 5 mM (Greulich et al., 2015) Figures 3 and 4

koffðh�1Þ=
kDkon

25 all calculated Figures 3 and 4
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division proteins (kp), and the rate of surface area synthesis (b).

Under translation inhibition, both k and kp decreases as shown

in Figures 2A and 2C. Surface area production rate is also

impacted by translation inhibition, as shown in Figure 3B, albeit

in a different manner from the growth rate. Differential reduction

of k and b under translation inhibition is indicative of changes in

steady-state cell surface-to-volume ratio (fb=k). To test this

quantitatively, we simulated the coupled equations (STAR

Methods) for single-cell growth (Equations 1, 2, and 16), nutrient

(Equation 13), and ribosome-antibiotic dynamics (Equation 14)

under stresses induced by ribosome-targeting antibiotics (Fig-

ure 3C). In response to a step pulse of antibiotic in a nutrient-

rich medium at t = 0 h, the concentration of antibiotic inside the

cell and the influx increases rapidly. This, in turn, reduced the

cell elongation rate as a result of antibiotic binding to ribosomes,

and leads to longer interdivision times, a decreased (increased)

average birth volume, and a concomitant increase (decrease)

in surface-to-volume ratio for cells growing in rich (poor) nutrient

media. These results confirm our hypotheses that in nutrient

poor media, cells reduce their surface-to-volume ratio to inhibit

antibiotic influx, while in nutrient rich media, cells increase their

surface-to-volume ratio to import more nutrients.

While all the model parameters can be calibrated from avail-

able experimental data (Tables 1 and 2; STARMethods), the rela-

tive magnitude of the permeabilities, Pin=Pout, remains undeter-

mined. To this end, we fit our model to the experimental

growth-inhibition curves (Si et al., 2017) in different nutrient con-

ditions (Figure 3D), treating Pin=Pout as a fitting parameter. Inter-

estingly, we find that Pin=Pout is nutrient dependent and de-
creases with increasing specific growth rate (Figure 3E). As a

result, Jn=Ja is an increasing function of growth rate, such that

nutrient influx dominates over antibiotic influx in nutrient-richme-

dia. Incorporating nutrient-dependent regulation of membrane

permeability, our model predictions capture the experimental

data for the decrease in division protein synthesis rate under

chloramphenicol inhibition (Figure 3F) and the changes in cell

volume (Figure 3G). Consistent with our hypothesis and experi-

mental data, we find that cell surface-to-volume increases in

nutrient-rich media (‘‘synthetic rich’’ in experiments; Figure 3H).

Conversely, in nutrient-poor medium (glycerol in experiments),

cell surface-to-volume ratio reduces with increasing drug

dosage, suggesting that cells are countering the influx of antibi-

otics if sufficient nutrients are not available.

Nutrient-dependent regulation membrane permeability to

antibiotics (Figure 3E) can be a result of different metabolic

pathways. It has been observed that E. coli cells have different

metabolic pathways for nutrients depending on the growth con-

ditions (de Groot et al., 2020). Furthermore, if the cells are sub-

jected to a nutrient downshift, the proteome reallocates such

that a larger fraction of proteins is allocated to the sector

responsible for carbon catabolism, which in turn reduces the

available proteome fraction for other sectors (Basan et al.,

2015a; Mori et al., 2016). The transition from one metabolic

mechanism to another can be justified using a proteome alloca-

tion model as suggested by Basan et al. (2015a) and Mori et al.

(2016), or by increasing the glucose uptake rates. The drop in

cell envelope permeability that we observe around k= 0:6 h�1

(Figure 3E) matches the maximum growth rate that E. coli cells
Cell Reports 32, 108183, September 22, 2020 9



Figure 4. Cell Shape and Nutrient Quality Control Bacterial Resistance to Ribosome-Targeting Antibiotics

(A) Growth inhibition curves for three different values of cell aspect ratio in a nutrient-rich medium. Dashed line corresponds to IC50 on the x axis (i.e., the

concentration of antibiotic when the growth rate reduces by half).

(B) Heatmap of IC50, a metric for drug resistance, showing the effects of changing aspect ratio and nutrient quality. Red asterisk: maximally resistant; blue

asterisk: least resistant.

(C) Heatmap of drug-dose sensitivity (n), showing the effects of changing cellular aspect ratio and nutrient quality of the growth medium.

(D) Correlation between drug resistance and dose sensitivity under changes in nutrient quality (kspecific). Inset: correlation between drug resistance and dose

sensitivity under changes in aspect ratio.

(E) Schematic illustrating fitness value for cell shapes and morphological changes that accompany bacterial response to translation inhibition in nutrient-rich and

nutrient-poor growth media.

(F) Schematic representation of the feedback pathways that connect ribosomal translation to bacterial cell shape, growth, nutrient and antibiotic transport. See

Tables 1 and 2 for a complete list of parameter values.

Article
ll

OPEN ACCESS
can achieve while staying below the critical limit on energy

dissipation (Niebel et al., 2019).

Cell Surface Area Production Promotes Bacterial
Growth Inhibition by Ribosome-Targeting Antibiotics
Our theory predicts that bacterial growth response to transla-

tion-inhibitory antibiotics is governed by nutrient-dependent

cell-shape changes (Figures 2 and 3). To systematically study

how bacterial growth inhibition depends on cell shape and

nutrient quality, we simultaneously perturbed cell shape and ri-

bosomal translation in varying growth media using our computa-

tional model. These simulations can be realized experimentally

by simultaneously applying two antibiotics—one that changes

cell shapes (e.g., by targeting the cell wall), and one that affects

the translational machinery by inhibiting ribosomal activity. The

resultant effect can be suppressive, antagonistic, or synergistic

depending on what the combined effect of the two drugs is

with respect to the individual effect of each (Bollenbach et al.,

2009; Brochado et al., 2018).
10 Cell Reports 32, 108183, September 22, 2020
In simulations, we simultaneously applied a surface areamod-

ifier and chloramphenicol to a cell growing at steady state. To

achieve rounder cells, the modifier is a surface area synthesis

inhibitor that decreases the surface production rate b, by

decreasing the cell’s geometric factor n (=A=V2=3), which in

turn reduces cellular aspect ratio. By contrast, long filamentous

cells are obtained when a surface area promoter is added

(increasing n), leading to cells with higher aspect ratios.

We investigated the response of growth rate to increasing

chloramphenicol concentrations for cells with varying aspect ra-

tios—ranging from h= 1 for coccoidal cells to h= 10 for filamen-

tous cells (Figure 4A). The response of k to the concentration of

the applied antibiotic can be characterized by a Hill function of

the form (Chevereau et al., 2015; Figure 4A)

kðaexÞ = kspecific

1+
�

aex
IC50

�n ; (17)
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where IC50 is the half-inhibitory concentration of the antibiotic,

and the Hill coefficient n quantifies the dose sensitivity of the

growth rate to relative changes in drug concentration. We take

IC50 as a measure of drug resistance (Chevereau et al., 2015).

For a range of aspect ratios and nutrient conditions, we fitted

the growth inhibition curves to the Hill function in Equation 17,

and obtained the values for IC50 (Figure 4B) and the dose sensi-

tivity n (Figure 4C). Our model predicts that IC50 (resistance) in-

creases with decreasing aspect ratio in nutrient-rich medium,

while being less sensitive to changes in cell aspect ratio in

nutrient-poor medium (Figure 4B). Dose sensitivity to changes

in drug concentration increases with decreasing aspect ratio

and increasing nutrient quality (Figure 4C), such that dose sensi-

tivity is positively correlated with drug resistance (Figure 4D).

These results indicate that cellular response to translation-inhib-

itory antibiotics is sensitive to both the nutrient quality as well as

cell shape. We find that round coccoidal cells are the most drug

resistant, while filamentous cells are the least resistant (Fig-

ure 4E). Furthermore, depending on nutrient quality, cellular

morphological response to translation-inhibitory drugs is

different. While cells increase their surface-to-volume ratio to

import more nutrients in nutrient-poor medium, cells prefer to

reduce their surface-to-volume ratio in nutrient-rich medium to

inhibit antibiotic influx (Figures 2 and 3). These findings predict

that bacterial growth inhibition can be maximized by simulta-

neously inhibiting ribosomal translation and promoting surface

area production in nutrient-poor media.

DISCUSSION

We develop a whole-cell coarse-grained model for bacterial

growth dynamics that connects intracellular control of transla-

tion with cell shape, division control, and extracellular environ-

ment. This provides a promising theoretical framework that

quantitatively captures available experimental data for bacte-

rial cell size and shape dynamics under nutrient and transla-

tional perturbations. Our study reveals that during nutrient

shifts, the ribosomal resources are optimally allocated to main-

tain a balanced trade-off between the rates of cell growth and

division protein (FtsZ) synthesis. In nutrient-rich media, more ri-

bosomes are used for growth than division protein synthesis,

leading to cell size inflation with increasing nutrient quality.

Conversely in nutrient-poor media, cells allocate more ribo-

somal resources for division protein synthesis than growth,

leading to a reduction in average cell size. This principle under-

lies the molecular basis for the celebrated nutrient growth law

(Schaechter et al., 1958; Si et al., 2017), and can be interpreted

as an optimization principle for cellular economy. Based on this

principle, the resources allocated to a particular proteomic

sector are inversely proportional to the efficiency of that sector

(Pandey and Jain, 2016). In nutrient-rich media, cells invest

more ribosomal resources to growth to compensate for a lower

translational capacity. The latter can arise from an increased

dilution rate of ribosomes under fast growth conditions,

lowering the efficiency of protein synthesis. In nutrient-poor

media, cells have a lower nutritional capacity that they compen-

sate by allocating more resources to metabolism and division

protein synthesis.
To explain the mechanistic origin of the ribosomal trade-off

between growth and division protein synthesis, we propose a

proteome allocation theory, extending the sector model intro-

duced by Scott et al. (2010). In particular, we introduce a division

protein sector X in the proteome, and derive a constitutive rela-

tion that the mass fraction of X, fX , is a linearly decreasing func-

tion of the mass fraction of ribosomes, fR. Existing experimental

data support our model, and also falsify other possible models

with X in the R-sector or the Q-sector. In particular, if X is the

R- orQ-sector, wewould expect cell size to always decrease un-

der translation inhibition, a result that is inconsistent with exper-

imental data (Basan et al., 2015b; Si et al., 2017). A recent study

by Bertaux et al. (2020) also incorporated a division protein

sector in a proteomemodel. In contrast to our theory, the authors

assumed a phenomenological form for the dependence of fX on

fP and fR: fXffa
Pf

b
R, where the exponents a and b are deduced

by fitting experimental data. The findings of Bertaux et al. (2020)

are consistent with our results for cell size control under nutrient

perturbations.

Our model for division control is chromosome agnostic and is

thus inadequate for capturing the single-cell correlation pat-

terns related to DNA replication initiation and segregation pe-

riods (Micali et al., 2018a; Grilli et al., 2018). However, we

find that the rate of production of division proteins, kp, is pro-

portional ðC+DÞ�1 (Figures S2A and S2B), where C is the dura-

tion from initiation to termination of one round of DNA replica-

tion, and D is the time period from replication termination to cell

division. This relationship between adder protein synthesis and

chromosome dynamics emerges from combining the principle

of balanced biosynthesis kpfk (Si et al., 2019) with the relation

C+Dfk�1 (Helmstetter, 1996). The proportionality

kpfðC+DÞ�1 also emerges from the recent model suggested

by Zheng et al. (2020) that cell size is linearly proportional to

kðC +DÞ. Using VfkðC +DÞ in conjunction with our theory

Vfk=kp also reveals kpfðC+DÞ�1, consistent with experi-

mental data (Si et al., 2019). However, we note that a linear

relationship between cell size and kðC +DÞ does not accurately

describe all available experimental data (Basan et al., 2015b; Si

et al., 2017; Zhu et al., 2017) for cell size versus growth rate

(Figure S2C).

Comparing our theory to experimental data, we uncover

several feedback pathways among cell shape, growth rate, pro-

tein synthesis, and extracellular transport that were previously

unknown (Figure 4F). In particular, we predict that under transla-

tion inhibition, cells break the balanced trade-off between ribo-

somes and division protein synthesis, leading to cell size infla-

tion, reduction, or size invariance, in a nutrient-dependent

manner. The model proposed by Bertaux et al. (2020) predicts

that cell size always increases under translation inhibition, unless

the cells followed a sizer-like law for cell size homeostasis. Our

model predictions are in quantitative agreement with experi-

mental data on E. coli cells subjected to chloramphenicol pertur-

bations across various nutrient conditions (Si et al., 2017). If cells

are grown in nutrient-rich media, the excess ribosomes pro-

duced under translation inhibition are allocated toward division,

leading to smaller cell sizes and higher surface-to-volume ratios.

This is in agreement with chloramphenicol-treated E. coli cells

grown in synthetic rich medium. Conversely, in nutrient-poor
Cell Reports 32, 108183, September 22, 2020 11
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media cells allocate excess ribosomes toward growth, leading to

cell size inflation and lower surface-to-volume ratios, in agree-

ment with E. coli cell data in glycerol medium.

Our results suggest that changes in cell shape, in response to

translation-inhibitory antibiotics, may confer certain fitness ad-

vantages under stress. In nutrient-rich media, it is more favor-

able for cells to reduce their surface-to-volume to minimize

antibiotic influx. Whereas in nutrient-poor media, cells adapt

to import more nutrients by increasing their surface-to-volume

ratios. To quantitatively test the role of cell shape and nutrient

quality on bacterial growth inhibition under antibiotic stress,

we simulated bacterial growth under simultaneous perturbation

of surface area production and translation inhibition in varying

nutrient media. From growth-inhibition curves we measured

bacterial response to antibiotics by quantifying resistance

(half-inhibitory concentration of the drug) and dose sensitivity

to increasing concentration of the drug. Our study reveals

that that round-shaped cells are fitter and more drug resistant

than higher-aspect-ratio filamentous cells, and that dose sensi-

tivity increases with increasing nutrient quality. These results

can be tested experimentally by measuring bacterial growth

rates in response to simultaneous application of cell-wall tar-

geting and ribosome-targeting antibiotics, in different nutrient

concentrations. Interestingly, we predict that bacterial

growth-inhibition can be maximized by simultaneously inhibit-

ing ribosomal translation and promoting surface area produc-

tion in nutrient-poor media.
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EXPERIMENTAL MODEL AND SUBJECT DETAILS

Single-cell size, shape and growth data for Escherichia coli are obtained from Taheri-Araghi et al. (2015) and population-averaged

data are analyzed from Si et al. (2017). In Figures 1, 2, and 3 we analyze data for E. coli strain NCM3722. Figure S2C uses cell volume

data for NCM3722 strain (Si et al., 2017; Basan et al., 2015b; Zhu et al., 2017), MG1655 strain (Si et al., 2017), AMB1655 strain (Zheng

et al., 2020) and RNR titration strain FL-2 (Zhu et al., 2017).

METHOD DETAILS

Cell growth simulations
To investigate the dynamic response of cell shape and growth to applied antibiotic and nutrient shifts, we simulated single-cell growth

over multiple generations. We first initiated cells at random stages in their cell cycle, and upon division followed the daughter cells

over a number of generations until steady-state is reached. During each cell generation i, we evolved the following seven coupled

differential equations for cell volume Vi, division protein abundance Xi, surface area Ai, nutrient concentration inside the cell ½ni�, anti-
biotic concentration inside the cell aiin, active ribosomes ria, and inactive or antibiotic-bound ribosomes, rib.

dVi

dt
= k

�
ria
�
ViðtÞ; (18)
dXi

dt
= kp

�
ria
�
ViðtÞ � mXiðtÞ; (19)
dAi

dt
= b

�
ria
�
ViðtÞ; (20)
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d½ni�
dt

= Jnð½ni�;Ai;ViÞ � k
�
ria
�½ni� � kr r

i
a; (21)
daiin
dt

= � k
�
ria
�
aiin + f

�
aiin; r

i
a; r

i
b

�
+ Ja

�
aiin; ½ni�;Ai;Vi

�
; (22)
dria
dt

= � k
�
ria
�
ria + f

�
aiin; r

i
a; r

i
b

�
+ s

�
ria; ½ni�

�
; (23)
drib
dt

= � k
�
ria
�
rib � f

�
aiin; r

i
a; r

i
b

�
: (24)

In the above equations, we have (dropping 0i0 for simplicity):

kðraÞ = ktðra � rminÞ:
kpðraÞ = k0p
�
r�max � ra

�
:

bðraÞ = n½kðraÞ�2=3½kpðraÞ�1=3:
JnðA;V ; ½n�Þ= ½next�Pinð½n�ÞA=V, where ½next� is the extracellular nutrient concentration, and Pinð½n�Þ is the nutrient-dependent inward

permeability (Figure 3E)

fðain; ra; rbÞ = � konainðra � rminÞ+ koffrb:
Jaðain; ½n�;A;VÞ = ðPinð½n�Þaex �PoutainÞA=V :
sðra; n½ �Þ= kðraÞ
�
rmax � kðraÞðrmax � rminÞ

�
kspecific n½ �ð Þ�1 � 1

.
kt rmax � rminð Þ

��
:

kspecificð½n�Þ = k0½n�
�ð½n� + n�Þ:

For each cell cycle i, Equations 18 to 24 are evolved for t%ti, where ti is the interdivision time for the ith generation. Division is trig-

gered when Xi =X0, with X0 a constant. Upon division, we set: Vi + 1ð0Þ=DRViðtiÞ, Xi + 1ð0Þ= 0, Ai + 1ð0Þ=DRAiðtiÞ, ½ni + 1�ð0Þ= ½ni�ðtiÞ,
ai + i
in ð0Þ= aiinðtiÞ, ri + 1

a ð0Þ= riaðtiÞ, ri + 1
b ð0Þ= ribðtiÞ, where DR is a Gaussian random variable with mean 0.5 and standard deviation

0.05. We initialize the nutrient concentration inside the cell (½ni�) close to zero, and calibrate the extracellular nutrient concentration

½next� to reach the growth rate of the medium we choose to simulate. Over time ½ni� reaches the steady-state value n�kspecific= ðk0 �
kspecificÞ, such that k= kspecific. We run simulations for additional 5h after the nutrient concentration reaches steady-state, to record the

average values of cell volume, area, and ribosome concentration. Antibiotic perturbation is applied after 10h from the start of the sim-

ulations and continued for another 20h, when we compute the average values for the various cellular variables.

Proteome sector model
The total mass of division proteins, MX , increases at a rate proportional to the amount of actively translating ribosomes, Nactive

R ,

dMX

dt
= afXktN

active
R ; (25)

whereNactive
R =NR �Nmin

R ,NR is the total number of ribosomes, Nmin
R is the number of ribosomes not participating in protein synthesis,

kt is the rate of translation per ribosome, fX is the fraction of ribosomes devoted to synthesizing X, and a is the concentration of amino

acids. Similarly, dMR=dt = afRktN
active
R , dMP=dt = afPktN

active
R , and dMQ=dt = afQktN

active
R , whereMR,MP andMQ are masses of R, P and
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Q sector proteins, fP, fR, and fQ = 1� fR � fX � fP are the mass fractions of ribosomes devoted to synthesizing each of these sectors.

Therefore, the total dry mass of the cell,M=MP +MX +MR +MQ, increases at a rate proportional to the number of active ribosomes,

dM

dt
= aktN

active
R : (26)

If mR is the mass of individual ribosomes, we get,

dMX

dt
= afXkt

�
MR �Mmin

R

�	
mR : (27)

The instantaneous mass fraction of X, fXðtÞ=MXðtÞ=MðtÞ, then satisfies:

dfX

dt
+ kfX =

fXkt
mR

a
�
fR �fmin

R

�
; (28)

where fR is the mass of fraction of ribosomes. At steady-state fX = fX , using the relation: k= ktaðfR � fmin
R Þ=mR. We can rewrite the

above equation in terms of the concentration of X, cX =fXrc=mx, where rc is the mass density of the cell, and mx is the mass of an

individual X molecule. This gives us,

dcX

dt
+ kcX =

fXktmx

mRrc
a
�
fR �fmin

R

�
: (29)

Using X = cXV, where X is total amount of division proteins in the cell, we derive dynamics of division protein accumulation,

dX

dt
=
fXktmx

mRrc
a
�
fR �fmin

R

�
V : (30)

The above equation allows us to identify the division protein production rate as,

kp =
fXktmx

mRrc
a
�
fR �fmin

R

�
: (31)

The steady-state concentration of amino acids is determined by the balance between the rate of nutrient influx by transporters and

the rate of translation by active ribosomes (Scott et al., 2014),

da

dt
= knfP � akt

�
fR �fmin

R

�
; (32)

where fP is the mass fraction of P-sector metabolic proteins, and kt = ktar=mR. At steady-state, we have aðfR � fmin
R Þ= knfP=kt. Us-

ing fX =fmax
R � fR � fP, we obtain

fR =
1

kn + kt

�
fmax
R kn + ktf

min
R �fXkn

�
; (33)

where kn = kn=a. Therefore, kpffXfP =fXðfmax
R � fR � fXÞzfXðfmax

R � ðfmax
R kn + ktf

min
R Þ =ðkn + ktÞÞ, assuming that fX occupies a

small fraction of the proteome. We thus get: kpzfXðmx =rcrÞknktðfmax
R � fmin

R Þ=ðkt + knÞ. In terms of ribosome mass fraction, the

rate of production of division proteins is then given by:

kp =
mxkt

rcr

�
fmax
R �fmin

R

��knfmax
R + ktf

min
R

ðkn + ktÞ �fR

�
: (34)
QUANTIFICATION AND STATISTICAL ANALYSIS

Parameter determination
We extracted the parameters kt and rmin by fitting the equation k= ktðr�rminÞ to the data for growth rate versus RNA/protein ratio (Si

et al., 2017; Table 1). Using our theoretical model, we obtained the expression for cell volume V as a function of r (Equation 5), which

we fitted to experimental data (Si et al., 2017), in order to to extract the parameters k0p, r
�
max and m (Table 1). For cells under Chloram-

phenicol stress, the nutrient-dependent parameters kn and dr were obtained by fitting Equations 10 and 11 to the experimental data-

set for each nutrient condition (Table 1). From experimental data (Si et al., 2017), we estimated the division protein production rate as

kp = k=CVD. To determine the permeability of the cell envelope to nutrient and antibiotic transport, we fitted the growth inhibition

curves resulting from our simulations to the growth inhibition curves from the data in Si et al. (2017), using a method of least-squares.

We find that Pin=Pout is a function of nutrient quality, and used that as an input to our model simulations. Tables 1 and 2 list a complete

set of parameter values used in our model simulations. Note that there are free parameters in the model, which include: X0, n
� and k0.

We do not use X0 directly, as the parameter is absorbed in kp by renormalizing the number of division proteins by X0 i.e., Xðt = 0Þ= 0
e3 Cell Reports 32, 108183, September 22, 2020
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and Xðt = tÞ=X0 = 1. We determine the nutrient specific growth rate by treating ½next�=n� as a fitting parameter. To this end, we arbi-

trarily pick the values for n� and k0 and let the nutrients inside the cell to reach steady-state, d½n�=dt = 0. The steady-state value for ½n�
depends on ½next� and determines the nutrient-specific growth rate k= kspecific = k0½n�=ðn� + ½n�Þ. For each growth medium, we tune the

value of ½next�=n� such that it results in the value of k equal to the growth rate reported in experiments.
Cell Reports 32, 108183, September 22, 2020 e4
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