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Abstract

For functions from the Sobolev space H*(2), % < s < %, definitions of non-unique generalised

and unique canonical co-normal derivative are considered, which are related to possible exten-
sions of a partial differential operator and its right hand side from the domain ), where they are
prescribed, to the domain boundary, where they are not. Revision of the boundary value prob-
lem settings, which makes them insensitive to the co-normal derivative inherent non-uniqueness
are given. Some new facts about trace operator estimates, Sobolev spaces characterisations, and
solution regularity of PDEs with non-smooth coefficients are also presented.
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1 Introduction

While considering a second order partial differential equation for a function from the Sobolev space
H*(Q), 3 < s < 3, with a right-hand side from H*2((), the strong co-normal derivative of u
defined on the boundary in the trace sense, does not generally exist. Instead, a generalised co-normal
derivative operator can be defined by the first Green identity. However this definition is related to an
extension of the PDE operator and its right hand side from the domain €2, where they are prescribed,
to the domain boundary, where they are not. Since the extensions are non-unique, the generalised
co-normal derivative appears to be a non-unique and non-linear unless a linear relation between the
PDE solution and the extension of its right hand side is enforced. This leads to a revision of the
boundary value problem settings, which makes them insensitive to the co-normal derivative inherent
non-uniqueness. For functions u from a subspace of H*((2), % <s< %, which can be mapped by the
PDE operator into the space H L), t> —%, one can define a canonical co-normal derivative, which
is unique, linear in v and coincides with the co-normal derivative in the trace sense if the latter does
exist.

These notions were developed, to some extent, in [14, 15] for a PDE with an infinitely smooth
coefficient on a domain with an infinitely smooth boundary, and a right hand side from H S72(Q),
1 < s < 3, or extendable to H'(2), t > —1/2. In [16] the analysis was generalised to the co-normal
derivative operators for some scalar PDE with a Hélder coefficient and right hand side from H*~2(Q),
% <s < %, on a bounded Lipschitz domain €.

In this paper, we extend the previous results on the co-normal derivatives to strongly elliptic
second order PDE systems on bounded or unbounded Lipschitz domains with infinitely smooth or
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Holder-Lipschitz coefficients, with complete proofs. To obtain these results, some new facts about
trace operator estimates, Sobolev spaces characterisations, and solution regularity of PDEs with
non-smooth coefficients are also proved in the paper.

The paper is arranged as follows. Section 2 provides a number of auxiliary facts on Sobolev
spaces, traces and extensions, some of which might be new for Lipschitz domains. Particularly,
we proved Lemma 2.1 on two-side estimates and unboundedness of the trace operator, Lemma 2.2
on boundedness of extension operators from boundary to the domain for a wider range of spaces,
Theorem 2.4 on characterisation of the Sobolev space H§(2) = H*(Q2) on the (larger than usual)
interval % < s < %, Theorem 2.5 on characterisation of the space HéQ, t > —%, Theorem 2.6 on
equivalence of H§(€2) and H*(2) for s < 3, Lemma 2.7 and Theorem 2.8 on extension of H*(Q) to
H3(Q) for s <3, s# 31—k

The results of Section 2 are applied in Section 3 to introduce and analyse the generalised and
canonical co-normal derivative operators on bounded and unbounded Lipschitz domains, associated
with strongly elliptic systems of second order PDEs with infinitely smooth coefficients and right
hand side from H*2(1Q), % <5< % The weak settings of Dirichlet, Neumann and mixed problems
(revised versions for the latter two) are considered and it is shown that they are well posed in spite of
the inherent non-uniqueness of the generalised co-normal derivatives. It is proved that the canonical
co-normal derivative coincides with the classical (strong) one for the cases when they both do exist.

In Section 4 we extend the well know result about the local regularity of elliptic PDE solution
to the case of relaxed smoothness of the PDE coefficients. This is used then in Section 5, where all
results of Section 3 are generalised to non-smooth coefficients.

2 Sobolev spaces, trace operators and extensions

Suppose 2 = QF is a bounded or unbounded open domain of R", which boundary 9 is a simply
connected, closed, Lipschitz (n —1)—dimensional set. Let 2 denote the closure of  and 2~ = R™"\Q
its complement. In what follows D(Q2) = Cg;,,,,(©2) denotes the space of Schwartz test functions, and
D*(€2) denotes the space of Schwartz distributions; H*(R") = Hs5(R™), H*(0Q2) = H5(0S?) are the
Sobolev (Bessel potential) spaces, where s € R is an arbitrary real number (see, e.g., [12]).

We denote by H*(Q) the closure of D(Q) in H*(R™), which can be characterised as H*(Q) = {g :
g € H5(R™), supp g C Q}, see e.g. [13, Theorem 3.29]. The space H*({2) consists of restrictions on {2
of distributions from H*(R™), H*(Q) := {g|, : g € H*(R™)}, and H{(Q) is closure of D(2) in H*(Q).
We recall that H*(€2) coincide with the Sobolev—Slobodetski spaces W3 (2) for any non-negative s.
We denote Hj} () :={g: ¢g € H*(Q2) Vo € D(Q)}.

Note that distributions from H*®(2) and H(€2) are defined only in €, while distributions from
H*(Q) are defined in R™ and particularly on the boundary 8. For s > 0, we can identify H*(Q)
with the set of functions from H*(2), whose extensions by zero outside €2 belong to H*(R™), cf. [13,
Theorem 3.33], i.e., identify functions u € H*(€) with their restrictions, u|q. However generally we
will distinguish distributions u € H *(Q) and their restrictions u|q, especially for s < —%.

We denote by HJ the subspace of H*(R") (and of H*(Q)), which elements are supported on
0Q, ie., HS = {g: g € H*(R™), supp g C 99Q}. To simplify notations for vector-valued functions,
u:Q— C™ we will often write u € H*(Q2) instead of u € H*(Q)™ = H*(Q; C™), etc.

As usual (see e.g. [12, 13]), for two elements from dual complex Sobolev spaces the dual product
(-;-)a associated with the inner product (-,-)r,(q) is defined as

(u, v)pn = /n[flu](f)[fv](ﬁ)df =1 (Fu, Fv)p,rn) = (U, V) Ly (Rn),
we HYRM, ve H(R"), (2.1)
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(w,v) = (u,V)rn = (T, ) ,0) if u € H*(R"), ve H*(Q), v=V]|q with V € H*(R"), (2.2)
(w,v) = (U,v)rn = (U, v),(q) if u€ H(R"), v € H*(Q), u=Ulg with U € H*(R") (2.3)

for s € R, where g is the complex conjugate of g, while F and F~! are the distributional Fourier
transform operator and its inverse, respectively, that for integrable functions take form

9(8) = [Fgl (&) r=/ e MM g(a)dz,  g(x) = [F1g)(2) 22/ e G(€)de.

n n

For vector-valued elements v € H*(R™)™, v € H*(R™)™, s € R, definition (2.1) should be under-
stood as

(o) i= [ a(e) o€ = [ al€)T6(€)d¢ = (@0)1aqhe) = (0o

Rn

where 40 =140 = > pe Uk is the scalar product of two vectors.

Let J° be the Bessel potential operator defined as

(T°9)(z) = F L L1+ 1€P7)*2a()}-

The inner product in H*(Q2), s € R, is defined as follows,

() = (T Ty = [ (1+ €0

= <ﬂ, j25v>]Rn . u,v € H¥(R™), (2.4)

(W)@ = (I —P)U,(I~PWV)gupny, u=Ulg, v=Vla, UV eHR").

Here P : H*(R") — H*(R™\{) is the orthogonal projector, see e.g. [13, p. 77).

To introduce generalised co-normal derivatives in Section 3, we will need several facts about traces
and extensions in Sobolev spaces on Lipschitz domain. First of all, it is well known [6, Lemma 3.7],
that the trace operators v : H*(R") — H‘g*%(@Q) and yF : H3(QF) — H‘S*%(aﬂ) are continuous for
% <s< % on any Lipschitz domain €. Let v* : Héfs(aQ) — H7*(R™) denote the operator adjoined
to the trace operator,

(Y, w) = (v,yw) Y w e H(R").

Now we can prove a statement about the trace operator unboundedness (cf. [12, Chapter 1, Theorem
9.5] for domains with infinitely smooth boundary) that follows from two-side estimates for the trace
operator and its adjoined.

LEMMA 2.1. Let 2 be a Lipschitz domain and % <s<1. Then

* 1_s
VNN 3 gy < 0l < OVl g To € HE(00)  (25)
and thus
/ o * 1"
OV < I gy oy = I Doy ey < €V (2.6

where Cg 1= ffooo(l +n?)"%dn, C" and C" are positive constants independent of s and v. The norm
of the trace operator v : H*(R"™) — Hs_%(('?Q) tends to infinity as s \ % since Cs — 0o, while the
operator 7y : H%(R") — Lo (00) is unbounded.
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Proof. Let first consider the lemma for the half-space, @ = R} = {z € R" : x, > 0}, where

r={a,z,}, 2 € R"" L. Forve H %_S(Rnfl), the distributional Fourier transform gives

fwﬂg{’y*v} = fz/_,g{v(x’)} = ’f)(f/).

Then for s > % we have,

* 275 = 1 2\—Ss| 4 /2d
I olBraqeny = [ (1+1ER) 1006 P

= /12 2\—s A eIV 2 g6l 2
_/Rnl [/R(H!&I + 16al?) 6| [0S = Cullol? s sy (2T)

)

where the substitution &, = (1 + |§’|2)%n was used, cf. [5, Chap. 2, Proposition 4.6]. Thus

* S 1
H’YHHS(Rn)—)Hs_%(RT"*l) = ||’7 ‘|H%_S(Rn71)—>H75(Rn) - CS — OO as s \ 5

On the other hand, by (2.7) the norm ”’Y*UHH%( is not finite for any non-zero v. This means

R™)
the operator v* : HO(R"1) — Hfé(]R”) and thus the operator v : H%(IR”) — HOY(R™ 1) is not
bounded, which completes the lemma for Q@ = R} with ¢’ = C" = 1.

For a general Lipschitz domain €, let {w; }3]:1 C R" be a finite cover of 9 and {¢;(z) € D(wj)}jzl
be a partition of unity subordinate to it, ijl ¢j(z) =1 for any z € 0. For any j there exists a
half-space domain ; such that w; () Q; = w; () and Q; can be transformed by a rigid translation
to a Lipschitz hypograph Qj ={2eR"!: 2, > ¢j(2")}, where (; are some uniformly Lipschitz
functions, and x; : R™ — R™ is the Lipschitz-smooth invertible function such that R"} > x — r;(x) €
Q;, D;(2') is the Jacobian of the corresponding boundary mapping R"™! 3 2/ — r;(2') € 99, and
D; € Loo(R™1). For v € Ly(02), w € D(R™), we have,

J

(70, W) = (v, ywhon = / v(@w(@)do(@) = | ¢(@)(a)w(a)do(z) =

o0 = Jo

J
;/]Rn1[(¢jv)o/ﬁj](x)[wo/ij](gg)]_)j(x)dm _
J

J

Y (Di(¢50) 0 k5, q0[w o wjmn—1 = Y _(16[D;(50) © Kyl w o k),

Jj=1 J=1

where 79, g are the trace operator on R’ and its adjoined, respectively. Taking into account density
of D(R™) in H*(R") and Ly(99) in Hz*(9), we have,

B 0, W)Rn . W o K,
I ollgon = sup LCUWRL Z<70[Dj<¢jv>onj1,x> (2.8)
Rn

wers(®r) 0llms®n) weHs(R") | = 1wl s (rr

for any v € H%_S(ﬁﬁ).
It is well known (see e.g. [13, Theorem 3.23 and p. 98]) that

J
1
2 — (s 1|12 -
190y = S NDS0) Bl sy 5 <5
J:
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C'wl s ey < w0 Kjllgsrny < C" | wllarsrnys 5 =1, J, 0< <1, (2.10)
where C’, C" are some positive constants independent of s. By (2.7) and (2.9),

I51D3(850) © msllla—ny = VD3 (050) 0 Kl g sy < VO3 gy
Then (2.8) and (2.10) imply

* ~ g
7 ol ey < CTIVCLll gy Yo € HET5(00),

which is the right inequality in (2.5).
On the other hand, we have for v € Lo(0Q2), w € D(R"),

(G770, W = (0,71 (050)) o = /8 o)y (@)ul@)do(z) =
/ o(a) s (x)w(x)do (x) = / [(6505) o 55)(a")w o 1)(2") Dy (a')da’ =
O0Nw; Rn—1

(Dj[(¢5v5) o Kj],v0[w o Kjl)rn—1 = (Yo{D;l(d5v5) 0 Kj]}, w0 Kj)Rrn.
By (2.10) this implies,

<76‘{Dj[(¢jv) O’fﬂ}’yww>m a

o7 vl g—srny = sup
! (") wHHs(}Rn)

weHs(R™)

* w O KRj ||wo/{4||HsRn
<’>’0{Dj[(¢jv) o #l}, HwOHjHHJS(R")> o
Rn

sup
weHs(R™)

<76‘{Dj[(¢jv) ° K4}, W>Rn

Ky HHS(]R”)

||l &7 (r)

c’ sup

= ' {D;1(050) 0 il -+ (), (2:11)
weHs(R™)

that is by (2.7) and (2.9),

Z\|¢ﬂ vll7-s Rn)_CQZH’m{D (650) 0 K} 13—« rmy =

7=1
) e 2 — 2
¢ CSjZ_;HDJ[((ﬁJU)O”J]HHzS(]Rn 1y = CSHU”Héfs(ag- (2.12)
Since
Cillv ol -srny = 657"Vl -5 (&) (2.13)

for ¢; € D(R™), (2.12) gives the left inequality in (2.5).

Obviously, (2.5) implies (2.6) for v* and thus for .

As was shown in the first paragraph of the proof, the functional v;{D;[(¢;v)ok;]} is not bounded
on H%(IR") for any non-zero v, then (2.11), (2.13) imply that the operator v* : HY(9Q) — H_%(IR")
and thus the operator ~ : H%(Rn) — H%(09) is not bounded. O

LEMMA 2.2. For a Lipschitz domain  there exists a linear bounded extension operator ~y_qp :
1
H*2(09Q) — H*(R"), 3 l<gs< 3, which is right inverse to the trace operator vy, i.e., yy_19 = g for

any g € Hsfé((?Q). Moreover, lv=1]l < C, where C is independent of s.

H* % (0Q)—Hs(R")
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Proof. For Lipschitz domains and % < s < 1, the boundedness of the extension operator is well
known, see e.g. [13, Theorem 3.37].
To prove it for the whole range % <s < § let us consider the classical single layer potential

Vap with a density ¢ = V&l ge H 5_3(8(2), solvmg the Laplace equation in Q" with the Dirichlet
boundary data g, where VA is the direct value of the operator VA on the boundary. The operators
Vit 5_7(39) — Hs_f(aﬁ) and Vj : (89) — Hj (R") are continuous for 3 < s < 2 as
stated in [11, 10, 9, 19, 6]. Thus it sufﬁce to take v_1 = XvAvgl, where x € D(R") is a cut-off
function such that x = 1 in Q. The estimate [|[v_1] . 1 < C, where C' is independent

H*™ 2 (0Q)—Hs(R™)
of s, then follows. 0

Note that for s = % the trace operator v is understood in the non-tangential sense, and continuity
of the operator v was not needed in the proof.
To characterise the space Hg(Q) = H*(Q2) for 1 < s < 3, we will need the following statement.

LEMMA 2.3. If Q is a Lipschitz domain and uw € H*(2), 0 < s < %, then
/ dist(, 09) (@) 2dz < CllulZe(ey. (2.14)
Q

Proof. Note first that the lemma claim holds true for u € D(Q), see [13, Lemma 3.32]. To prove it
for u € H*(R2), let first the domain 2 be such that

dist(z,0Q) < Cp < 00 (2.15)

for all x € Q, which holds true particularly for bounded domains. Let {¢x} € D(Q) be a sequence
converging to u in H*(Q). If we denote w(z) = dist(z,dQ)~2, then w(x) > Cy* > 0. Since
(2.14) holds for functions from D(Q), the sequence {¢x} € D(Q) is fundamental in the weighted
space L2(Q,w), which is complete, implying that ¢, € D(Q) converges in this space to a function
v’ € L*(Q,w). Since both L?(Q,w) and H*(2) are continuously imbedded in the non-weighted space
L?(€2), the sequence {¢} converges in L?(£2) implying the limiting functions u and u’ belong to this
space and thus coincide.

If the condition (2.15) is not satisfied, let x(x) € D(R™) be a cut-off function such that 0 <
x(x) <1 for all z, x(x) = 1 near 02, while w(z) < 1 for x € supp (1 — x). Then (2.15) is satisfied
in Q)supp x(z) and

/Q w(@)u(z) Pz = /Q (1 - x(@))w(@)|u(z) Pz + /Q x(@)w() [u(z) Pdz <
2, ) + /Q w(@)|VX@ @) < g + ClVX@UE @ < Calullsq-

due to the previous paragraph. O

Lemma 2.3 allows now extending the following statement known for % < s <1, see [13, Theorem
3.40(ii)], to a wider range of s.

THEOREM 2.4. If Q is a Lipschitz domain and 5 < s < 3, then H§(2) = H3(Q) = {u € H¥(Q) :
ytu = 0}.
Proof. The first equality, H§(Q2) = fIS(Q), is well known for % < s < %, see e.g. the last part of

Theorem 3.33 in [13]. The second equality for < s <1 is stated in [13, Theorem 3.40(ii)].

Let 1 < s < % If u € H*(S2), then evidently yTu = 0 since D is dense in H*(Q) and the trace
operator v+ is bounded in H*(R™). To prove the second equality of the theorem, it remains, due
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to the first part of Theorem 3.33 in [13], to prove that for any v € H*(Q2) such that y*u = 0, its
extension, 1, by zero outside 2, belongs to H*(R"). We remark first of all that 4 € H'(R"™) due to
the previous paragraph and then make estimates similar to those in the proof of [13, Theorem 3.33],

Va(z 2
ey ~ Vil gy + | /n' y‘mggr de dy

e Vala) - Vu(y)l
—||uHW1(Q + /Q S e o dy

/ / |Vu — dx dy+// \Vu | — dx dy
r\Q Jo |T — y|2 Ri\@ |z — y[2E-DHn

— lulfis e +2 /ﬂ w1 (@) V(@) ? da,

where

dy
s = _ €,
w 1(:1:) /IR”\Q |.CU _ y|2(s—1)+n z

and W5 () is the Sobolev-Slobodetski space. Introducing spherical coordinates with x as an origin,
we obtain, w,_1(z) < C dist(z, Q) 26~ for € Q. Then, taking into account that Vu € H5~(Q)
and [|Vul| gs-1(q) < [[ul|gs(0), we have by Lemma 2.3,

107 (rmy < lllfig oy + 2Cullfps () < Csllullfys o)

O
Let us now give a characterisation of the space HgQ.
THEOREM 2.5. Let Q2 be a Lipschitz domain in R™.
(i) If t > —3, then Hb, = {0}.
(ii) If—% <t< —%, then g € Hy, if and only if g =~v*v, i.e.,
(9, W)rn = (v,/W)aa ¥V W € H'(R"), (2.16)
with v =v*,9 € Ht+%(6Q), i.e
w,whaa = (g, 7-1whre ¥ w € H72(0Q), (2.17)

where v is independent of the choice of the non-unique operators y_1, v*;, and the estimate ||v||

Cllgll gt (rny holds with C' independent of t.

<
H* 5 (00) =

Proof. We will follow an idea in the proof of Lemma 3.39 in [13] (see also [5, Proposition 4.8]),

extending it from a half-space to a Lipschitz domain (2.
Let QT = Q and Q™ = R™"\Q. For any ¢ € D(R"), let us define

v @) ifzeQF
¢ (x>_{o it & OF.

Let t > —1. Then ¢* € H1(Q%) (see e.g. [13, Theorems 3.33, 3.40] for —1 5 <t <0, for greater ¢
it then follows by embedding), ||¢ — ¢+ — ¢~ || g—+rn) = 0, and there exist sequences {¢7} € D(OF)
converging to ¢ in I;T*t(Qi) as k — oo. Hence (g, ¢) = limg_, (g, qﬁk + ¢ ) = 0 for any g € Hf,,
t > —3, proving (i) for such ¢.
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Let us prove (ii). For g € Hh,, —2 <t < —3, let v € H”%(GQ) be defined by (2.17), where
existence and continuity of v_q1 : H —t=3 (0Q) — H7Y(Q) is proved in Lemma 2.2. Observe that

oswhonl < gl 11— oo V1=t o0 a1+

so [|v]| 9|zt (rry < Cllgllze(rny, where C' is independent of ¢

t+3 < ||7—1|| —t—1 —t(mn
H' 2 (09) H™ "2 (0Q)—H~t(R")
due to Lemma 2.2 if y_; is chosen as in that lemma. We also have that

(g, W)rr — (v,9W)aq = (g, p)r» Y W € H Y(R"),

where

p=W —y_1yW € H Y R").
Then we have yp = 0, which due to Theorem 2.4 implies p* € H —H(QF), where jT are extensions
of pla+ by zero outside QF and p = p+ + p~. Thus there exist sequences {pki} € D(QF) converging
to p* in H'(QF), implying (g, p)r» = 0 since g € H},, and thus ansatz (2.16). To prove that v
is uniquely determined by ¢ , i.e., independent of «_1, let us consider v and v” corresponding to
different operators 7’ ; and 7”;. Then by (2.16),

W =" waa =09 -7"g,wea = (9,7 w—"w)grn

1
= (W, v(qw =" w))ea =0 Y we H'2(09).

_1 _1
It remains to deal with the case t = —% in (i). Let g € Hy. Since Hy3 C H}, for —% <t< —%,
i 3 _1
then g = 7 for some v € H'*3(99) ¥t € (3, ~4), andllgllg, = 7"y, = CVET ol s
owing to Lemma 2.1. Since C_; — o0 ast / —%, this means HUHH%“(BQ) —0ast / —% implying
v=0. O

THEOREM 2.6. Let Q be a Lipschitz domain in R" and s < 5. Then D(Q) is dense in H(12),
i.e., H5(Q) = H{(Q).

Proof. The proof for 0 < s < % is available in [13, Theorem 3.40(i)]. To prove the statement for any
s < 3 we remark that if w € H*(Q)* = H*(Q) satisfies (w, ¢) = 0 for all ¢ € D(Q), then w € H,
and Theorem 2.5 implies w = 0. Hence, D(Q?) is dense in H*(Q), i.e., H*() = H{(2). O

The following two statements give conditions when distributions from H*(£2) can be extended
to distributions from H?®(€2) and when the extension can be written in terms of a linear bounded
operator.

LEMMA 2.7. Let Q be a Lipschitz domain, s < %, s # % — k for any integer k > 0. Then for any
g € H*(Q) there exists g € H*(Q2) such that g = glq and ||§H1~{s(g) < Cllgll s (), where C > 0 does
not depend on g.

Proof. Any distribution g € H*(2) is a bounded linear functional on H~(Q). On the other hand,
H=*(Q) = H,*(Q) C H*() for s < 0 by [13, Theorem 3.33]. The latter holds true also for 0 < s < %
since then H—*(Q) = [H*(Q)]* = [H3(Q)]* = [H*(Q)]* = H™*(Q) by e.g. [13, Theorems 3.33 and
3.40]. Thus by the Hahn-Banach theorem g can be extended to a functional g € [H*(Q)]* = H*(2)
such that |9l 7. ) = N9l t-=@1» = I9lim - < Clgllz-: oy = Cllgllzs ) O

THEOREM 2.8. Let Q) be a Lipschitz domain and —% <s < %, s # —%. There exists a bounded

linear extension operator E5 : H*(Q) — H*(Y), such that E*glo = g, ¥ g € H*(Q).
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Proof. If 0 < s < 3, then H3(Q) = H5(Q), see e.g. [13, Theorems 3.33 and 3.40], which implies E*
can be taken as the identity (imbedding) operator.

Let —1 < s < 0. Since H*(Q) = H*(Q), we have H*(Q) = [H*(Q)]* = [H*(Q)]* = H*(Q)
due to the previous paragraph. The asterisk denotes the dual space. This implies ES can be taken
as the identity (imbedding) operator also in this case.

Let now —3 < s < —3. For s in this range, the trace operator yv© : H*(Q) — H_s_%((?(l)
is bounded due to [6, Lemma 3.6] (see also [13, Theorem 3.38]), and there exists a bounded right
inverse to the trace operator vy_q : H_S_%(aﬂ) — H75(Q), see Lemma 2.2. Then due to Theorem
24, (I —~-17") is a bounded projector from H%(Q) to H, *(Q) = H~*(). Thus any functional
v € H*() can be continuously mapped into the functional & € H*(£2) such that du = v(I —y_171)u
for any u € H—5(Q). Since tu = vu for any u € H™*(2), we have, E* = (I —~v_1y")* : H*(Q) —
H*(Q) is a bounded extension operator. O

Note that for —3 < s < 3 Theorem 2.5 implies that the extension operator E*: H5(Q) — H%(Q)
is unique, and we will call it canonical extension operator. For —% <5< —%, on the other hand,
the operator v_q : H_s_%((?(l) — H7%(Q) in the proof of Theorem 2.8 is not unique, implying

non-uniqueness of £ : H5(Q) — H5(1).

3 Partial differential operator extensions and co-normal derivatives
for infinitely smooth coefficients

Let us consider in 2 a system of m complex linear differential equations of the second order with
respect to m unknown functions {u;}/*; = v : Q@ — C™, which for sufficiently smooth « has the
following strong form,

n

Lu(x) := — Z Oila;j(x) Oju(z)] + Z bj(z) Oju(z) + c(z)u(z) = f(z), x€Q, (3.1)

ij=1 j=1

where f : Q@ — C™, 0; := 0/0z; (j = 1,2,...,n), a(z) = {aij(x)};»fj:l = {{af}(m)}km,lzl}ﬁjzl,
b(x) = {{bfl(m)}mﬂ};‘;l and c(x) = {ckl(x)}Zfl:l, ie., aij, bj,c: Q@ — C™*™ for fixed indices 4, j. If
m = 1, then (3.1) is a scalar equation. In this section we assume that a,b,c € C*°(Q); the case of
non-smooth coefficients will be addressed in Sections 4, 5.

The operator L is (uniformly) strongly elliptic in an open domain  if there exists a bounded

m x m matrix-valued function 6(z) such that

n

Re{¢"0(x) Y aij(2)€:;¢} = CIEPICP (3.2)

i.j=1

for all z € Q, £ € R™ and ¢ € C™, where C is a positive constant, see e.g. [8, Definition 3.6.1] and
references therein. We say that the operator L is uniformly strongly elliptic in a closed domain
if its is uniformly strongly elliptic in an open domain €’ > Q. We will need the strong ellipticity in
relation with the solution regularity, starting from Theorem 3.10.

3.1 Partial differential operator extensions and generalised co-normal derivative

For u € H*(), f € H*"%(Q), s € R, equation (3.1) is understood in the distribution sense as

(Lu,v)q = (f,v)q Yv e D(Q), (3.3)
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where v : 0 — C™ and

(Lu,v)q := E(u,v) Yv € D(Q), (3.4)
E(u,v) = Eqlu,v) == Z (ai05u, Ojv) g + Z (bjoju,v)g + (cu,v)q . (3.5)
ij=1 j=1

Bilinear form (3.5) is well defined for any v € D({2) and moreover, the bilinear functional & :
{H*(), H*~*(Q)} — Cis bounded for any s € R. Since the set D() is dense in H*~*(€), expression
(3.4) defines then a bounded linear operator L : H*(Q)) — H*72(Q) = [H?>75(Q)]*, s € R,

(Lu,v)q := E(u,v) Vv € H>5(Q). (3.6)
Note that by (2.3) one can rewrite (3.6) also as

(Lu,v) 0 = ®(u,v) Yo € HZ5(Q),

where ®(u,v) = E(u,v) is the sesquilinear form.
Let % <s< % In addition to the operator L defined by (3.6), let us consider also the aggregate
partial differential operator L : H*(Q) — H*~2(Q) = [H?>~*(Q)]*, defined as,

(Lu,v)q = E(u,v) Yo € H*5(Q). (3.7)
The aggregate operator is evidently bounded since dv € H'™*(Q) = H'™*(Q), v € H**(Q) C
H'*(Q) = H'=*(Q) ¢ H*(Q), cf. the arguments in the proof of Theorem 2.8. For any u € H*(Q),
the functional Lu belongs to H*~2(£2) and is an extension of the functional Lu € H* 2() from the
domain of definition H25(€) € H2~5(12) to the domain of definition H2~#(12).
The distribution Lu is not the only possible extension of the functional Lu, and any functional
of the form
Lu+g, g€ H? (3.8)

gives another extension. On the other hand, any extension of the domain of definition of the functional
Lu from H?75(Q) to H?>~*(2) has evidently form (3.8). The existence of such extensions is provided
by Lemma 2.7.

For u € H*(Q), s > 3, the strong (classical) co-normal derivative operator

n

Tiu(e):= Y ay(x)y* [ju(@)vi(x), (3.9)

4,j=1

is well defined on 0f2 in the sense of traces. Here v(x) is the outward (to £2) unit normal vector at
the point z € 09.

We can extend the definition of the generalised co-normal derivative, given in [13, Lemma 4.3]
for s = 1, to a range of Sobolev spaces as follows.

DEFINITION 3.1. Let Q be a Lipschitz domain, % <s< %, u € H%(Q), and Lu = f\Q in Q for
some f € H*"2(Q). Let us define the generalised co-normal derivative T (f,u) € H“)’*%(aﬂ) as

<T+(f~7u) ) w>8ﬂ = S(Uﬂflw) - <f’ ’}/71’UJ>Q = <Lu - fv "}/71’UJ>Q Vwe H%_S(aﬁ)? (310)

where y_q : H%_S(GQ) — H?7%(Q) is a bounded right inverse to the trace operator.

The notation T (f, 1) corresponds to the notation T (f, u) in [16].

10
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LEMMA 3.2. Under hypotheses of Definition 3.1, the generalised co-normal derivative T+(f, u) is
independent of the operator ~v_1, the estimate

1T+ (f,w)l Cullull s () + Call fll goay (3.11)

|HS_§(6Q)

takes place, and the first Green identity holds in the following form,

<T+(f,u), 7+v>aﬂ = E(u,v) — (F,v)a = (Lu — f,v)a Vv e HZ5(Q). (3.12)

Proof. For s =1 the lemma proof is available in [13, Lemma 4.3], which idea is extended here to the
whole range % <s< %

By Lemma 2.2, a bounded operator y_; : H%_S(QQ) — H?7%(Q) does exist. Then estimate (3.11)
follows from (3.10).

To prove independence of the co-normal derivative T ( f ,u) of y_1, let us consider two co-normal
derivatives generated by two different operators ' ; and +”;. Then their difference is

(T (F,u) = T (Fu), whon = (Lu = f,oljw =7/ jw)a ¥ w e H2™(00).
By definition, Lu — f € H§52, which by Theorem 2.5 means there exists wg € H 5_%(89) such that
. ; 3_
(Lu — f,7 qw —+"w)q = (wo, v 7w — v Jw)eq = (wo, w — w)pq =0 YV w e H2°(09).

To prove (3.12), consider the function vg = v —y_17v. Since yF vy = 0, we have vy € H25(Q)
by Theorem 2.4, thus there exists a sequence {¢;} € D(Q) converging to vy in H*>"*(Q). Hence, the
equality (Lu)|q = flo € H*2(Q2) implies,

E(u,vo) = lim E(u,¢;) = lim (flo, ¢5)e = lim (f,6;)0 = (f,v)a -

Then taking into account definition (3.10), we have,

g(u’ U) - g(u’ UO) + g(“’a 7—17+U> - <f~a UO>Q + <T+(f~7 ’LL) ’ 7+v>8§2 + <f~7 7—17+v>ﬂ

—(f TH(f +
<f7U>Q+< (fau)7’7 U>8Q
as required. O

Because of the involvement of f , the generalised co-normal derivative T ( 1, u) is generally non-
linear in u. It becomes linear if a linear relation is imposed between u and f (including behaviour
of the latter on the boundary 02), thus fixing an extension of fl,, into H*2(Q). For example, flo
can be extended as f := Lu, which generally does not coincide with f Then obviously, T ( f, u) =
T +(Lu u) = 0, meaning that the co-normal derivatives associated with any other possible extension
f appears to be aggregated in f as

(Fovd = (oo + (T7(F,u), 7o) (3.13)

oN
due to (3.12). This justifies the term aggregate for the extension f, and thus for the operator Lu.
, 3 < s < 3, any distribution ¢ € HS_%@Q) may
be nominated as a co-normal derivative of u, by an appropriate extension f of the distribution
Lu € H*2(Q) into H*2(2). This extension is again given by the second Green formula (3.12)
re-written as follows (cf. [2, Section 2.2, item 4] for s = 1),

In fact, for a given function u € H*(2)

(f,v)q = E(u,v) — (6,7 0) g0 = (Lu —yTt,v)q Yo e H*5(Q). (3.14)

11
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Here the operator v** : H* 2(9Q) — H*"2(Q) is adjoined to the trace operator, (Y™t v)q =
(t,yTv) g for all t € HS_%((?Q) and v € H>*(Q). Evidently, the distribution f defined by (3.14)
belongs to H*~2(Q) and is an extension of the distribution Lu into H*~2(Q) since v*v = 0 for
ve HX5(Q).

For u € CY(Q) C H'(f2), one can take t equal to the strong co-normal derivative, T.fu € Lo (99),
and relation (3.14) can be considered as the classical extension of f = Lu € H=*(Q) to f, € H1(Q),
which is evidently linear.

3.2 Boundary value problems

Consider the BVP weak settings for PDE (3.1) on Lipschitz domain for £ < s < 3.
The Dirichlet problem: for f € HS72(Q), ¢o € HS_%(GQ), find v € H*(2) such that

(Lu,v)g = (f,v)q Yve H>5(Q), (3.15)
yfu = ¢y on ON. (3.16)

The Neumann problem: for f € H5~2(Q), find u € H(Q) such that
(Lu,v)o = (f,v)a Yo e H*75(Q). (3.17)

Here Lu and Lu are defined by (3.4) and (3.7), respectively.

To set the mixed problem, let 9p2 and INQ = 9N\IpQ be nonempty, open sub-manifolds of
9Q, and H(Q,0pQ) = {w € H*(Q) : vTw = 0 on 9pQ}. We introduce the mized aggregate operator
Lopa : H*(Q) — [HE*(Q,0pN)]*, defined as

(Lopau,v)q = E(u,v) Vv e HY *(Q,0p0).

The mixed operator EaDQ is bounded by the same argument as the aggregate operator L. For any
u € H*(R), the distribution Ly, qu belongs to [Hz (€2, dpQ)]* and is an extension of the functional
Lu € H*"2(Q) from the domain of definition H2 5(2) = H35(Q) € HZ%(Q,0pQ) to the domain
of definition HZ *(Q,dpQ), and a restriction of the functional Lu € H*2(Q) from the domain of
definition H275(Q) D> Hy (2, 9pQ) to the domain of definition Hy *(Q,dpQ).

For v € HZ*(Q,0pQ), the trace yTv belongs to ﬁsfé(aNQ). If Lu = f|, in Q for some
f € H"2(Q), then the first Green identity (3.12) gives,

<L3Dgu, vyg = E(u,v) = (fm,v>g,

(Fons e = (f, 0)q + <T+(f, w), ’y+v>a , ¥veHT(Q.0p0), (3.18)
N
where, evidently, f,, € [Hg_S(Q, OpQ)]*. This leads to the following weak setting.
The mized (Dirichlet-Neumann) problem: for fn,, € [H *(Q,0pQ)]*, w0 € H#%((‘?DQ), find
u € H*(Q) such that

(LaDQu,U>Q = <fm,’l)>Q V’UGHg_S(Q,apﬁ), (3.19)
ytu = o on dpAl. (3.20)

The Neumann and the mixed problems are formulated in terms of the aggregate right hand sides
f and fo, respectively, prescribed on their own, i.e., without necessary splitting them into the right
hand side inside the domain €2 and the part related with the prescribed co-normal derivative. If a
right hand side extension f and an associated non-zero generalised co-normal derivative T *( 1, u)
are prescribed instead, then f and f,, can be expressed through them by relations (3.13), (3.18).

12
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Thus the co-normal derivative does not enter, in fact, the weak settings of the Dirichlet, Neumann
or mixed problem, and the non-uniqueness of T (f,u) for a given function u € H*(Q), P <s<3,
does not influence the BVP weak settings, (cf. [2, Section 2.2, item 4] for s = 1). On the other hand,
for a given u € H*(Q) the aggregate right hand sides f and f,, are uniquely determined by (3.17),
(3.19), as are, of course, f and ¢g by (3.15), (3.16)/(3.20).

Note that one can take v = w to make the settings (3.15)-(3.16), (3.17) and (3.19)-(3.20) look
closer to the usual variational formulations, cf. e.g. [12].

3.3 Canonical co-normal derivative

As we have seen above, for an arbitrary u € H*(Q), 3+ < s < 3, the co-normal derivative 7" ( fou) is
not generally uniquely determined by u. An exception is T+(f/u, u) = 0 but such co-normal derivative
evidently differs from the strong co-normal derivative 7. u, given by (3.9) for sufficiently smooth w.
Another one way of making generalised co-normal derivative unique in v € H'(Q) was presented in
8, Lemma 5.1.1] and is in fact associated with an extension of Lu € H~(Q) to f € H~1(Q), such
that f is orthogonal in H—*(R") to Ha_é C H Y(R"). However it appears (see Lemma A.1), that
even for infinitely smooth functions f such extension f does not generally belong to Lo(R™), which
implies that the so-defined co-normal derivative 7u from [8, Lemma 5.1.1] does also not generally
lead to the strong co-normal derivative.

Nevertheless, it is still possible to point out some subspaces of H*(Q), % <s< %, where a unique
definition of the co-normal derivative by w is possible and leads to the strong co-normal derivative
for sufficiently smooth u. We define below one such sufficiently wide subspace.

DEFINITION 3.3. Let s € R and L, : H*(Q) — D*(Q) be a linear operator. For t > —1%, we
introduce a space H*'(Q; Ly) := {g : g € H*(Q), Ligla = fg|Q, fg € HY(Q)} equipped with the
graphic norm, HgH%s,t(Q;L*) = ”gH}%[s(Q) + Hng%t(Q)'

The distribution f, € HY(Q), t > —3, in the above definition is an extension of the distribution
L.glo € H'(Q2), and the extension is unique (if it does exist), since otherwise the difference between
any two extensions belongs to Hj, but Hp, = {0} for ¢t > —% due to the Theorem 2.5. The
uniqueness implies that the norm |[|g||gs.¢(q;r,) is well defined. Note that another subspace of such
kind, where L,g|q belongs to L,(§) instead of H*(Q), was presented in [7, p. 59].

If 51 < s9 and t; < to, then we have the embedding, H*22(Q; L,) C H5V'1(Q; L,).

REMARK 3.4. Ifs€ R, -2 <t < i, and L, : H(Q) — H'(Q) is a linear continuous operator,
then HS'(Q; L) = H*(Q) by Theorem 2.8.

LEMMA 3.5. Let s € R. If a linear operator L, : H*(Q2) — D*(Q) is continuous, then the space
H*'(Q; L,) is complete for any t > —1.

Proof. Let {gi} be a Cauchy sequence in H>*(Q; L,). Then there exists a Cauchy sequence {f;}
in H'() such that fk@ = L.gilq. Since H*(Q) and H'(Q) are complete, there exist elements
go € H*(2) and fy € Ht(Q) such that [|gx — gOHHS(Q) — 0, |Ifx — fOHf[f(Q) — 0 as k — oo. On
the other hand, continuity of L, implies that [(L.(gx — go), ¢)| — 0 for any ¢ € D(2). Taking into
account that L.gx|lq = fklg, we obtain

[(fo— Lugo, &) < [(fo— fi &) + |{fx — Lsgo, 8)]
< fo = Fell eyl ol -t (@) + {Le(9k = 90); #)| = 0,k — 00 Vo € D(Q),
i.e., Ligola = fola € HY(Q), which implies go € H**(; L,). O

13
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We will further use the space H*!(Q; L,) for the case when the operator L, is the operator L
from (3.4) or the operator L* formally adjoined to it (see Section 3.4).

DEFINITION 3.6. Let s € R, t > —%. The operator L° mapping functions u € H**(Q; L) to
the extension of the distribution Lu € H'(Q2) to H'(Q)) will be called the canonical extension of the

operator L.

27
H*Y(Q; L), i.e., the linear operator L° : HS*(Q%; L) — H() is continuous. Moreover, if —1<t<g,
then by Theorem 2.8 and uniqueness of the extension of H'(Q) to H'(Q), we have the representation
LY :=E'L.

REMARK 3.7. If s € R, t > —1, then ||L0u\|ﬁt(9) < |lullgsit(o;ry by definition of the space

As in in [16, Definition 3| for scalar PDE, let us define the canonical co-normal derivative operator.
This extends [7, Theorem 1.5.3.10] and [6, Lemma 3.2] where co-normal derivative operators acting
on functions from H;’O(Q; A) and H9(Q; L), respectively, were defined.

DEFINITION 3.8. Foru € Hs’f%(Q; L), 3 <s <3, we define the canonical co-normal derivative
as TTu = TH(LOu,u) € HS_%@Q), i.e.,

(T"u, w>8Q = E(u, y_w) — (Lou,y_jw)q = (Lu — Lou,y_jw)q Y w € H%_s(aﬂ), (3.21)

where y_q : HS_%(OQ) — H*(Q) is a bounded right inverse to the trace operator.

Lemma 3.2 for the generalised co-normal derivative and Definition 3.3 imply the following state-
ment.
LEMMA 3.9. Under hypotheses of Definition 5’.8,1the canonical cg)o—normal derivative T u is inde-
pendent of the operator y_1, the operator T : H>~2(Q; L) — H®2(0R) is continuous, and the first
Green identity holds in the following form,

(T, ytv) = (T%(L,u), ’y+v>aﬂ = E(u,v) — (Lo, v)q

= (Lu — L'u,v)q Y ve H>3(Q).

o0

Thus unlike the generalised co-normal derivative, the canonical co-normal derivative is uniquely
defined by the function v and the operator L only, uniquely fixing an extension of the latter on the
boundary. )

Definitions 3.1 and 3.8 imply that the generalised co-normal derivative of u € H*~2(Q; L),
3 < s < 3, for any other extension f € H*2(Q) of the distribution Lulg € H_%(Q) can be
expressed as

<T+(f, u), w> —(THu, w) 4+ (L% — fiyw)q YV we H2*(09). (3.22)

Pr) a9

Note that the distributions Lu — f, Lu— L% and L°— f belong to H;S;S since L, Lu, f belong
to H25(Q), while LOulg = Lulg = flg = Lulq € H"2(Q).

To give conditions when the canonical co-normal derivative T7u coincides with the strong co-
normal derivative T u, if the latter does exist in the trace sense, we prove in Lemma 3.11 below that
D(Q) is dense in H*!(Q; L). The proof is based on the following local regularity theorem well known
for the case of infinitely smooth coefficients, see e.g. [18, 1, 12]; its counterpart for the case of Holder
coefficients, Theorem 4.5, is proved in Section 4.

14
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THEOREM 3.10. Let Q be an open set in R", s1 € R, function w € H) ()™, m > 1, satisfy
strongly elliptic system (3.1) in Q with f € H;2 ()™, s3 > s1 — 2, and infinitely smooth coefficients.
Then u € Hf;c+2(ﬂ)m.
LEMMA 3.11. If s € R, —% <t < % and the operator L is strongly elliptic on Q, then D() is
dense in H®'(Q; L).
Proof. We modify appropriately the proof from [7, Lemma 1.5.3.9] given for another space of such
kind.

For every continuous linear functional [ on H*!(Q; L) there exist distributions heH —%(92) and
g € H7Y(Q) such that )

l(u) = (h,u)o + (g, Lu)o.

To prove the lemma claim, it suffice to show that any [, which vanishes on D(Q2), will vanish on

any u € H*'(Q; L). Indeed, if I(¢) = 0 for any ¢ € D(Q), then

(h, $)a + (9, L) = 0. (3.23)
Let us consider the case —1 < ¢ < 1 first and extend g outside Q to § € H(Q) (cf. the proof of
Lemma 2.8). If t < s — 2, then evidently g € H>~%(Q). If t > s — 2, then equation (3.23) gives

for any ¢ € D(Q') on some domain ' D Q, where the operator L is still strongly elliptic. This means
L*g = —h in Q' in the sense of distributions, where L* is the operator formally adjoint to L, see

(3.29). Then Theorem 3.10 implies § € H.*(€') and consequently § € H23(9).

In the case t = —%, one can extend g € H%(Q) outside by zero to § € f[éfe(Q), 0 < ¢, and
prove as in the previous paragraph that g € H 2=5(Q).

If -2 <t<dorft=—-24 s< 3] let us denote ¢ := max{—t,2 — s} and {gx} € D(Q) be a
sequence converging, as k — 0o, to § in H4(Q) and thus in H~*(Q) and in H27*(). Then for any

u € H*Y(Q; L), we have,
{(u) = lim {{(~L*gr,u)q + (gr, L'u)a} = Jim {(=L"gx, u)a + (g, Lu)a} = 0 (3.25)

since L*g, € H™*() and L*gy — L*§ in H—*(Q). Thus [ is identically zero.
On the other hand, if t = —%, 5> %, let {gr} € D(Q2) be a sequence converging, as k — 00, to g
1 ~
in Hj (Q) = H? (), cf. Theorem 2.6, and thus to g in H2~*(£2). Employing then the same reasoning
about (3.25), as in the preceding paragraph, we complete the proof. m

LEMMA 3.12. Letu € HS’_%(Q;L), 3 <s< 3, and {u;} € D(Q) be a sequence such that

llug — UHHS”%(Q;L) —0 ask— oo. (3.26)

Then | T up — T ul] — 0 as k — oc.

w3 (00)
Proof. By Lemma 3.11 the sequence satisfying (3.26) does always exist. Using the definition of T u
and the classical first Green identity for uy, we have for any w € H 378 (09),

(TTu,w) = E(u,y-1w) — (Lo, v qw)o = E(u — ug, y-1w) + & (ug, y-1w) — (Lu, y-1w)q

=E(u — ug, y-1w) +/ w Ty dU + (Lo, v_1w)q — (Lou,v_1w)q
[2}9]

= 8<u - uk:’y—lw) + <Tc+uk7 w>8Q - <L0(u - uk)77—1w>9 - <Tc+uk7w>3Q ’

as k — oo due to (3.26). Since T u is uniquely determined by w, this implies existence of the limit
of the right hand side and its independence of the sequence {uy}. O

15
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The following statement gives the equivalence of the classical co-normal derivative (in the trace
sense) and the canonical co-normal derivative, for functions from H*(Q2), s > %

COROLLARY 3.13. Ifu € H*(Q), s > 3, then TTu =T, u.

Proof. 1fu € H%(Q), s > 3, then u € H>"2(Q; L) C HY"2(Q; L) by Remark 3.4. Let {u} € D(Q)
be a sequence such that ||uy — ul|gs) — 0 and thus [lug — u||H1,7%(Q'L) — 0 as k — oco. Then

1T = Thull g gy < 1T 0 = T unll, + 1T (ure — )| (3.27)

Q) -5 (09) H509)

where the first norm in the right hand side vanishes as k — oo by Lemma 3.12, while for the second
norm we have,

1T (up — w)| a-doo = | Z aijy [0 (up — w)]n| £, (0Q) < max|al [Juy —ullgs(@) — 0, &k — oo.
3,j=1

O

Let us prove now that the classical and canonical co-normal derivatives coincide also in another
case, when the both do exist. First note, that C*(Q) ¢ H'(2) for bounded domain © and C*(Q) C
H'(Y) for any bounded subdomain Q' of unbounded domain €2 .

COROLLARY 3.14. Let u € CYQ)NH, (Q L) for some t € (—3,3) and 9Q € C'. Then
THu =T u.

Proof. Evidently THu,T*u € H2(0Q). Let the subdomain € be such that ¢ C Q and its
boundary 9 is equidistant from 0, namely, 0 ={y—en(y) : y € 0N}, where e > 0 is
sufficiently small. Let also Qe := Q\ ¢ be the layer between 9Q and 9. For any v € D(Q) we
have,

(T u - TFu, v odon = (T u, v Hodon — (T uy o) anr] — (T 0,7 0)an — (T, v ohagy ). (3:28)

The first square bracket in the right hand side tends to zero as ¢ — 0 due to continuity of Vu and
v and to the chosen form of 99, — dQ. The membership u € H,.'(Q; L) implies u € H'*2() by
Theorem 3.10. Then T.fu = T u on 9. by Corollary 3.13 and for the second bracket in (3.28) we
have,

[<T+u,’)/+’l)>(‘)g - <Tc+u77+v>892] = <T+u>’7+v>8ﬂg = Eq, (u,v) — <LOU,U>Q€
< O [llull g oo 1ol ) + 1Lull g0l -]
< Co [llull g vl o) + 1 Lull gry loll gy ] =0 € —0

since L0u = Lu € H'(Q) = H'(Q) for —1 <t < 3 and the Lebesgue measure of () tends to zero.
O

REMARK 3.15. Note that the operator L : H*(Q) — H* 2(Q) defined by (3.7), is not generally
defined for s = 1+ . Thus the generalised co-normal derivative T*(f,u) € H‘“%(E)Q) and the

canonical co-normal derivative T u € HS_%@Q) expressed through L by (3.10) and (3.21), respec-
tively, are not well defined for s =1+ = 1 either. On the other hand for s > g, evidently, the operator
L : H5(Q) — H™2(Q) is bounded for any o € (3,3), zmplymg that T+(f,u) € H‘F%(ﬁﬁ) is well
defined if u € H3(Q), f € H*2(Q), while Ttu € H°~ (OQ) is well defined if u € HS’_%(Q;L).
Moreover TTu = THu € HS_%(aﬁ) for 3 < s < 3 (on Lipschitz boundary 0Q) if u € H*(Q), as
follows from Corollary 3.183.
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3.4 Formally adjoined PDE and the second Green identity

The PDE system formally adjoined to (3.1) is given in the strong form as

n

Lro(x) :=— Y difaji(z) 0jv(x)] = > 9;[b) (x)v(z)] + &' (z)v(z) = f(z), z€Q. (3.29)

ij=1 j=1
Similar to the operator L, for any v € H>7%(f2), s € R, the weak form of the operator L* is
(L*v,u)q := E*(v,u) Yu € H5(Q), (3.30)

where
E*(v,u) = E(u,v) = ®(u,v) (3.31)

is the bilinear form and so defined operator L* : H25(Q) — H () = [H*(Q)]* is bounded for any
s € R.
For 3 < s < 3 let us consider also the aggregate operator L* : H>=%(Q) — H=5(Q) = [H5(Q)]*,
defined as, i}
(L*v,u)q := & (v,u) Yu e H*(Q), (3.32)

which is evidently bounded. For any v € H>~%(Q), the distribution L*v belongs to H~#(Q) and is
an extension of the functional L*v € H~*(Q) from the domain of definition H*(2) to the domain of
definition H*(2).

Relations (3.32), (3.31) and (3.7) lead to the aggregate second Green identity,

. -~ 1 3
(Lu,v)q = (u, L*v)q, u€ H(Q), ve H* %), 53 <s<35 (3.33)
For a sufficiently smooth function v, let
T o(z) =) aji(z) v [0ju(@)vi(e) + D b (@) o(x)v; (3.34)
ij=1 i=1

be the strong (classical) modified co-normal derivative (it corresponds to B,v in [13]), associated
with the operator L*. 3 o
If v € H>75(Q), % <8< %, and L*v = f,|, in Q for some f, € H*(2), we define the generalised

modified co-normal derivative f*(f*,v) € H%_S((?Q), associated with the operator L*, similar to
Definition 3.1, as

<f+(f*,v), w>aQ = E (v, y_1w) — (fu, 71w Y w € HS*%((?Q).

As in Lemma 3.2, this leads to the following first Green identity for the function v,
<T+(f*,v) , u+>89 = & (v,u) — (fo,ude Y u e HY (), (3.35)

which by (3.31) implies

<u+,iﬁ+(ﬁ,v)>m = E(u,0) — (u, f)a ¥ ue H Q). (3.36)

If, in addition, Lu = f|,, in Q, where f € ﬁS*Z(Q), then combining (3.36) and the first Green identity
(3.12) for u, we arrive at the following generalised second Green identity,

(Fo) = f)o = (uh TH(fuw)  —(TH ), 0F) . (3.37)

1219 o0
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Taking in mind (3.35), (3.32) and (3.12), (3.7), this, of course, leads to the aggregate second Green
identity (3.33).
If % <s< % and v € Hz_s’_%(Q;L*), then similar to Definitions 3.6 and 3.8 we can introduce

the canonical extension L*0 of the operator L*, and the canonical modified co-normal derivative
THo :=THL,v) € H’_S(BQ). In this case the second Green identity (3.37) takes form

(f, o) — <UT%>Q - <u+,’TTv>m - <T+(f, u),F>m (3.38)

for u € H*(Q), Lu = f|, in ©, where f € H*"2(). This form was a starting point in formulation
and analysis of the extended boundary-domain integral equations in [14].

If, moreover, u € H =3 (€; L), we obtain from (3.38) the second Green identity for the canonical
extensions and canonical co-normal derivatives,

<L0u,17>9 - <u7m> = <u+,ﬁ> — <T+u, vj> . (3.39)
Q o0

o0

Particularly, if u,v € H%(Q; L), then (3.39) takes the familiar form, cf. [6, Lemma 3.4],

/Q[v(x)Lu(ac) —u(x)L*v(z) |de = <u+,f7+v>m - <T+u, vj>m .

4 Local solution regularity for strongly elliptic system with Holder-
Lipschitz coefficients

In this section, after introducing some Holder-Lipschitz type spaces for coefficients and giving state-

ments on boundedness of the considered PDEs with such coefficients, we extend the well know result

about the local regularity of elliptic PDE solution, Theorem 3.10, to the case of relaxed smooth-

ness of the PDE coefficients. This will be used then to prove a counterparts of Lemma 3.11 and

Corollary 3.14 in Section 5, where all results of Section 3 are generalised to non-smooth coefficients.
For an open set Q let W4 (2), 1 > 0, be the Sobolev-Slobodetskii space with the norm

lollwe @ = D 10°9lLae) < o0
0<|al<p
for integer p, and
9%g(x) — 9%g(y)

‘x — y‘lﬁ_[ﬂ}

lgllwe ey = 9l o + 9w @) < 00 lolway == >

la|=p Loo(2%xQ)

for non-integer . Evidently W2 () = Lo(Q2), while (possibly after adjusting functions on zero
measure sets) Wi () is the usual Holder space CO#(Q) for 0 < p < 1, Wk (Q) = Cldn=l1(Q) for
non-integer p > 1, and W4 (Q) is the Lipschitz space C*#~11(Q) for integer u > 1, where [u] is the
integer part of u.

Let us denote by Ry (s) the set of all non-negative numbers if s is integer and of all positive
numbers otherwise.

DEFINITION 4.1. For an open set Q and u > 0 let CH(Q) be the set of restrictions on Q of
all functions from W& (R™), equz’pped with the norm ||UHC—W(§) = infy|o— |[Vlwe mr)-  Evidently
vllwe @) < 1vllen@), CO(Q) = Loo(), CH(Q) C Wh() for pu > 0.

The set C"(Q) is deﬁned as C*(Q) for integer non-negative y and as Upsp Cv(Q) for non-integer
nonnegative . Evidently g € C’“( ) if and only if g € CH€(Q) for some e € Ry (p).
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THEOREM 4.2. Let Q be an open set, s € R, g1 € C*(Q), u— |s| € Ry(s). Then gigs € H*(Q)
for every g € H*(Q), and

191921l 22 2) < Cllgrllgn ey l92]l 2 @

Proof. Note that the theorem is close to the statement given in [7, Theorem 1.4.1.1] without proof.
Let first = R"™. The case s = 0 is evident. For s > 0 the estimate is obtained from [20, Theorem
2(b)] with parameters s; = p, so = s, p1 = 00, ¢1 = p2 = g2 = p = q = 2 there (see also [7, Theorem
1.4.4.2]). A simpler proof for all s € R is available in [3, Theorems 11-13].
When Q # R", let G2 € H*(R) and G1 € W, (R) are such that go = Gola, [|G2llgs@mn) =
921l (), 91 = Gila, [|G1llwe rny < 2/l91llgn(q)- Then

H9192||HS(Q) < HG1G2||HS(]R”) < CHGIHWO"O(]R”)HG2||H5(IR") < 20”91ch Q H92”H5(Q)
(©2)
O

Note that the condition on ¢g; in Theorem 4.2 is equivalent to the membership ¢; € C s |(Q)

Let u € H*(Q), s € R, a,b € CY*(Q), ¢ € C(Q2), where p, = 0if s > 1 and po = |s — 1
otherwise, p. = 0 if s > 0 and p. = |s| otherwise. Then equation (3.1) in the distributional sense
has the same form (3.3)-(3.5), where the bilinear form &(u,v), given by (3.5), is well defined for
v € D(NQ).

DEFINITION 4.3. We will say that the coefficients of equation (3.1) belong to the class CL(9),
{a,b,c} € C5(Q), ifa € CYI(@Q), b e C"(@Q), wy(o) = max(0,|o — 3| - 1), ¢ € C4 @),
o) = max(0, o] 1)
For an open set Q, as usual, {a,b,c} € CT,, () means that {a,b,c} € CL(X') for any & C Q.

By Theorem 4.2 we immediately have the following statement.

THEOREM 4.4. Ifs € R and {a,b,c} € C5(Q), then bilinear form (3.5), € : {H*(R), H25(Q)} —
C is bounded and expressions (3.6), (3.30) define bounded linear operators L : H(2) — H*72(Q),
L*: H*>5(Q) — H=%(Q).

The local regularity of solution to PDEs (3.1) and (3.29) for the case of infinitely smooth coeffi-
cients, Theorem 3.10, is well known (see e.g. [18, 1, 12]). The case a,b,c € C*1(Q), s1 =1, s9 = k
with integer k¥ > 0 can be found in [13, Theorem 4.16], and the case a € C%'(Q), b = 0, ¢ = const,
sg € (—3/2,—1/2) in [17, Theorem 4], extended in [4] to general elliptic systems with all coefficients
from C%(Q). For arbitrary Hélder coefficients the corresponding result formulated below seems to
be new.

THEOREM 4.5. Let Q be an open set in R", s1 € R, m > 1, w € H ()™, f € HZ(Q)™,
s9 > 81— 2. If u satisfies

(a) strongly elliptic system (3.1), Lu = f, in Q with {a,b,c} € Cillocl(Q) ﬂCj_Ql—gcl(Q) or

(b) strongly elliptic system (3.29), L*u = f, in Q with {a,b,c} € CL 51 (Q)NC271(),

+loc +loc
then u € H2P(Q)™

loc

Note that the theorem hypothesis s > s1 — 2 implies that either s; # 1 or s # —1 and thus
a € CI (Q) for some p > 0 and particularly, a € C(£2) (maybe after adjusting a on a zero measure
set, that we will assume to be done). To prove the theorem, we need first to prove Lemma 4.6 and
Corollary 4.7 below.
LEMMA 4.6. Let s,t € R, w € H*(R™)™, g € WL=R")™, 0 = |s — 52| + IMT_:[] + 1 and
e € Ry(0). Then J'(gw) — gJ'w € H7HLYR™™ and

17 (gw) — 9T wllgrs=t+1(mnym < Cltlllgllyware gy 1wl s @@eym- (4.1)
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Proof. The proof below is given for m = 1, generalisation to the vector case, m > 1, is evident.

K(¢) := FIT (gw) = 9T w](€) = (L + [€[)7(g » @)(€) = (§+ FIT w])(€) =
/Rn[(lJr\&!Q)t/Q—(1+\5—77!2)”2@(77)@(5—77)61?7—/}Rn[(n-@rn-(f—n)]f(é,é—n)ﬁ(n)@(é—n)dn

= /nVAg(n)‘ <€@(§>77) - vw(§2n)> F(&€—n)dn

21 47

Here (L4 [E2)172 — (1 + |¢ — 22
_ +[£ 1+|§—n
USH P oje—p

and we took into account that ]5\2 |E—n2=n- f—i— n-(&—n).
Using the inequality |c1 — c2| < |Bl|e1 — 02|(cf + 0571)7 for any ¢1,c2 > 0, B € R, and denoting

p(&) = (1 +|€]*)Y/2, we have,

B O+ =) _ O P HE D)
I76.¢ )‘_H p(&) +p(§—n) <l p(§—mn) ’

for any t € R, and the left inequality implies also

€F(& € —n)l < [tllp" (&) +p7HE—n))-

Then
KO < g [ O+ e - m) IFatmate - mlar
+47tJ PO+ E =] E - )Ny () - Vw(E —n)ldn
-0/ [p OIFgn)aE - )l + [Famp' (€ - myivte - n)| dy
+4er [ @50 -7 €~ )Tl — ml + 136 - [ — ) Fante — )] dn

= 1@ 0T 1)@ + (190 % 00 ©)]

\ | 1o = oo
= [PV 7 V) HE) + (Vg + 02V 16
Taking into account Theorem 4.2, we obtain,
Hjt(g ) — gjthHs—H'l(R” = p* "MKy
S— t+1’vg*( t— 1@)

2 La(R™)

(p~'Vw)| + p*~ Vg  (p 2V w)|

LQ(R”)

t J—
- ‘27‘r [V g)w| grsrey + (V) (T w) || rs=r1 (mny
HI(Vg) - (T V)lis gy + (V) - (T 2V0) | rorr )]

< C1ll {9y te15es gy Nlarsrry + gl yppesaier g Tolle iy

+”9||W(\;\+1+51(Rn) [w|l s (mmy + ||9\|W£—t+1\+1+sz(Rn) HwHHs(]R")} :
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for any €1 € R4(s), e2 € Ry (s —t). That is,
1T (9) — 9wl ae-xqmny < 200 gl 10 gy + 19l e85 g 0oy (42)

On the other hand, let us denote v = J'w € H* !(R") and remark that by inequality (4.2),
where t is replaced with —t and s with s — ¢, we have,
1T (gw) — 9T w|| go-e1 @y = | T (90 = T~ (go)] || gs-r+1(mmy = 19T "0 = T (g0) || g1 (amy
< 2C1[t|Nglly 1s-et+rtea gy F 191yt srrrer gy 0l 252y

< 201 tl(lg -1+ 5e2 gy + N9 e g0l )

Inequality (4.1) follows if we remark that

=1 =1
2

| + 1 = min{max(|s| + 1,|s — ¢t + 1| + 1), max(|]s — ¢t| + 1,|s + 1| + 1)}.

o=|s—

Let us denote by Lg the principal part of the operator L from (3.1), i.e

Lou(x Z Oilai;(x (x)].

4,j=1

Taking in mind that the Bessel potential operator J commutate with differentiation, Lemma 4.6
implies the following statement.

COROLLARY 4.7. Let s,t € R, u € H*(R™)™, a € WLE(R")™, 0 = |s — B + !'”T‘l! +1,
e € Ry(0). Then JY(Lou) — LoJ'u € H¥ "L (R™)™ and

1T (Lou) = LoT “ull gs—t-1gmym < 20|t [lallyygre gnym [ull s mmym-
Now we are in a position to return to Theorem 4.5.

PROOF OF THEOREM 4.5. We give only a proof for part (a) of the theorem, organised in
several steps. The proof for part (b) is similar.

Step (i) As usual, c.f. [12, Chapter 2, Theorem 3.1 |, let us first consider the case a = const,
b=0,c=0and Q = R". Suppose a function U satisfies the distributional form of equation (3.1),
i.e., (3.3)-(3.4). Then the strong ellipticity condition (3.2) implies,

ColéPIU(€)2 < Re{UT(€) 0 Z aij&i&U(6)} = (2m) Re{UT(€) 0£(€)} < (2m) [0 ()] 16] 1£(©),
t,j=1
where Cy > 0. Therefore also

CYA+IEPPIU Q)1 < If P +2C3U @)%,

implying
CEIU sz qmny < 20 F s mny + 20T NU I35 ) (4.3)

for any s € R.
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Step (ii) Let now the coefficients {a,b,c} € C3 Cl(Q) ﬂCflJorcl(Q) are not generally constant, ) is
not generally R", and u € H;'.(Q). Let B, = B, , C ' € § denote an open ball of radius p centred
at a pomt y € Q. Let a, b, ¢ and u be extended outside Q' to {a’,V/,c'} € CI ' (R™) N C2H (R
and v’ € H*'(R"), and we will further drop primes for brevity.

Let n € D(B,) be a cut-off function such that n(z) = 1 in B,. Then U(z) := n(x)u(r) is
compactly supported in B, and satisfies equation

Lo,U =nf+ Lyu—LyU in R". (4.4)

Here Lo, is the principal part of the operator with the coefficient matrix a(y), i.e. constant in z,

Lyu = —Z (0in) a”au—za (05m)a;jul an@u neu, (4.5)
z]l i,7=1 Jj=1

LU = —Z@aaU
,j=1

where a™ (z) = a(z) — a(y).
If s9 4+ 1 < 81 < s9+ 2, then by Theorem 4.2,

| ulrss ey < Ca [|(V0)aVull s ey + | (Vn)aull g s gy + 110Vl s ey + el sraqany |
< CC3 [Vl -1 g 0Vl g3 gy + 1910 g 00 ey +

17711y 1521+22 (g 10V 2| 122 () + Hn”wlgzl-‘-fz(Rn)HC’U’HHW(]R”)} < Cs(p)llull =1 gy, (4.6)

Cg(p) = CCy |:HV77HWO‘21_1|+51(RTL)Hauwiil_l“"‘fl(Rn) + HVUHW£2+1|+E2(Rn)HGHW£2+1|+E2(RTL)
Iy v g B0 g s g el g (Rn)] , (4.7)

where by Definition 4.3,

py = min{ls|:s2 <5 <s1— 1} = max{u(s1 — 1), pp(s2 + 1)},
pe = min{s|:s2 <5 <s1} = max{pc(s1 — 1), pe(s2 + 1)},

and by the theorem hypothesis there exist £1 € R (s1), €2 € R (s2), €) € Ry (1)), €2 € Ry (1) such
that the norms of the coefficients a, b, ¢ are bounded in (4.7).

a(z), z € B,
a”(zp/lz]), = ¢ B,
lag lwe @ny = llag low@wny = lla” llcrs,), 0 < p < 1. Thus, since suppU C B, we have by Theorem
4.2,

Since a~ € C(B,) let us define ag (z) = { Then it is easy to see that

||L6U‘|H§(R”) < C4||a_VU||H32+1(Rn) = C4||(16VU||H32+1(]R71) <

CCillag s vess2 g IVU i gy < 20Cla” [ giarvensags, CallU | peasaqny - (48)

(R™)

for any €3 € R4 (s2) such that |[so + 1| +e2/2 < 1.
Applying estimate (4.3) to equation (4.4) and taking into account estimates (4.6) and (4.8), we
then have for so +1 <s1 <sa+2, 0<|[sa+ 1] +e2/2 <1,

C6(P)HUH3182+2(1RTL) < 4C$(P)”f”%[sz(3p) + 205(0)”“”%151(3,,)7 (4.9)
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Co(p) = CF = 8C*CLCE|la™ Iz 114ear2(5,)» C7(p) = Clinllgisalrea(s,)» C5(p) = C3(p) + C7CF(p).

Further in this step we prove the theorem under the following conditions (see also Fig. 1),

|se + 1] < 1, so+1<s1 <sy+2. (4.10)
S2
0 1/ G /

S
(iv)
(i)
$,>8,-1 -1
S,58,-2

-2

(iif)

Figure 1: Zones of parameters s1, so with corresponding proof step numbers.

Let first s = —1, and consider estimate (4.9) with sy + 1 = g9 = 0. Then for any sufficiently
small p > 0, the norm [a™ || cisyt11+22/2(5,) = la”[lc(,) Pecomes small enough for Cg(p) in (4.9) to
be positive since a~ (y) = 0.

Let now 0 < |s3 + 1| < 1. Due to the theorem hypothesis there exists e € (0,1 — |s2 + 1]) such
that a~ € Cls2+1+e2(B ). This implies that C3 and thus Cs are bounded and we have estimate

la™ llisatti+eara(p,y < HafHC(B,,)+(2P)€2/2\a|c\sz+1\+ag(1§p)v

ormiiiens, = sup DOl
s e
Cls2 =) (Bp) x,z’eBp |3’) _ $/||82+1|+62

Thus again for any sufficiently small p > 0, the norm [|a™ || 515y +1/+2, /2(p,) becomes small enough for
Cs(p) in (4.9) to be positive.

This means U € H*>"?(R") implying u € H*2**(B, /). Since the point y is arbitrary, we thus
proved the theorem under conditions (4.10).

Step (iii) Let us prove the theorem under conditions
lse + 1| > 1, so+1<s1 <89+ 2. (4.11)
First of all, for arbitrary n € D(Q2) the function w, = nu € H*' (R") satisfies equation
Louy = fy,  fo=nf+ Lyu,

where L, is given by (4.5) and L,u € H*?(R") by estimate (4.6). This implies f,, € H%?(R")
Let t = —1 — s3 and v := J "u,. Then v € H¥**/(R") and satisfies equation

J'Lo(v) = fo, (4.12)

where f, = f, — [LoJ'v — J*Lov].
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If s9 < —2, we can employ Corollary 4.7 for v with s =1+t =51 —1—5sg and thuso =1 — s
due to conditions (4.11), and the theorem hypothesis imply [LoJ'v — J'Lov] € H*~}(R™). Then
taking in mind the second condition (4.11) again, we obtain f, € H*2(R").

If so > 0, then similarly the hypothesis of Corollary 4.7 are satisfied for v with s = 0 and thus
o = 1+ sy, which implies [LoJ'v — J'Lov] € H*2(R") and f, € H%2(R").

Thus in both these cases (4.12) gives Lo(v) = J ' f, € H~}(R"™) implying v € H. (R") by Step
(ii). On the other hand we have,

Up = NUp = jtj_tnun = Jt{ﬁj_tun + [j_t(nun) - nj_tun]} = jt(m)) + Jt[J_t(Wn) - le_tun],

which by Lemma 4.6 and the second condition (4.11) means u, € H®?(R")|JH* T (R") =
H*>*t2(R"). This gives u € H;2(Q), which implies the theorem claim under conditions (4.11).

loc
Step (iv) Now we prove the theorem for
s1— 1< s9. (4.13)

Since f € H:2(Q), we have by (4.13) also f € H1 (1), i.e., we arrive at the situation covered

by Steps (ii) l(;;nd (iii) with so = s1 — 1, which imlglcies u € Hf;cﬂ(Q). If s1 < s9, we iterate this
procedure, obtaining at the end u € Hf(}jk(ﬁ), where k = so — 51 + 1 if s9 — 51 is integer and k is the
integer part of s3 — s + 2 otherwise. Recalling that f € H;2 (), we can apply Steps (ii) and (iii)
again, which proves the theorem under condition (4.13). O

loc

5 PDE extensions and co-normal derivatives for Holder-Lipschitz
coeflicients

In this section we give further comments on validity of the statements of Section 3 when the PDE
coefficients are not infinitely smooth.

Due to Theorem 4.2 and the same argument as for the infinitely smooth coefficients, we have the
following statement.

THEOREM 5.1. If; < s < 2 and {a,b,c} € C571(QY), then expressions (3.7), (3.32) define bounded
linear operators L : H5(Q) — H*2(Q), L* : H>5(Q) — H~%(Q), and the aggregate second Green
identity (3.33) holds true.

For u € H*(Q), s > 2, and a € C({2), the strong co-normal derivative T, u given by (3.9) is well
defined on 0f2 in the sense of traces.

Let u € H*(Q), 3 < s < 3 and {a,b,c} € C5 (). Then we can still use Definition 3.1 of the
generalised co-normal derivative T ( 1 u), Lemma 3.2 holds true and the weak settings of the BVPs
and conclusions about them made in Su?section 3.2 remain valid.

One can observe that the space H% 2 ({; L) and thus the canonical extension LY are well defined
by Definitions 3.3 and 3.6, respectively, when the operator L is well defined, which is particularly the
case when § < s < 2, {a,b,c} € C57 (). Under these conditions the canonical co-normal derivative
operator is also well defined by Definition 3.8 and Lemma 3.9 along with relation (3.22) hold true.

To consider the cases when the canonical co-normal derivative T coincides with the strong co-
normal derivative T."u, we will need higher smoothness of the coefficients than needed for continuity
of the PDEs in Theorem 5.1. First of all, we remark by Theorem 4.2 and Definition 4.3 that if
{a,b,c} € CT1(Q), t > —1, then D(Q) C H**(Q; L) (and moreover, D(Q) C H*'+¢(Q; L) for some
e € Ry (t)) for any s € R. The following counterpart of Lemma 3.11 holds.
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LEMMA 5.2. If s € R, —1 <t < {ab,ct € CTHQNCT(Q) and the operator L is strongly
elliptic on Q, then D(Q) is dense in H>'(; L).

Proof. The proof coincides with the proof of Lemma 3.11. One should only remark that the hypothesis
on the coefficients in Lemma 5.2 imply that since ¢ € D(Q), then ¢ € H*!(Q; L) in (3.23) and
Theorem 4.5(b) is applicable to conclude that (3.24) implies § € H2 *(Q). O

loc
Let us prove an analog of Lemma 3.12 for non-smooth coefficients.

LEMMA 5.3. Let 5 < s< 3, {a,b,c} € C37L(Q )nc @), ue H*"3(Q L), and {uy,} € D(Q) be a

sequence such that ||uy — ul| — 0 as k — oo. Then ||TFup — T ul| — 0 as k — oo.

HS 3 (L) 73 (09)

Proof Using the definition of the canonical co-normal derivative by (3.21), we have for any w €

H:=*(09),

(Tu,w), = E(u,7-1w) = (Lu,y1w)a = E(u — up, -1w) + E(up, -1w) — (Lu, y-1w)o.

o0

By the lemma hypothesis on the coefficients, there exists € € (0,s — 1) such that > o1 aijOjuy €
H%*'G(Q) Then there exist sequences {Wp}22,,{Uqi}o2; € D(Q) such that

n
Jimn 9w = Wyl ooy =0, Jim S adjun = Ul g =

and we have

n n

E(up, y-1w) = Y (bj0jup, y-1w)g — {cup, y-1w) = > {aydjup, diy-1w)g
Jj=1 t,5=1

=1 (Ugir OWpyg = 1 U,iviW,, dI' — O Ui )W, dS2
pqlglooz q pqlinooZ{/ qiViVVp /Q( qi)Wp }
= Z {/ al-jajukl/iw dF — <8i(aij8juk),7_1w>9}

i,7=1
n

= (T up, w) o, + (Lo, y_1w)q — Z (bjOjug, v—1w)q — (cug, y—1w) .
j=1

Thus we obtain,
<T+u,w>(m = E(u— up, yor1w) + (T up, w) o, + (Lo, y_1w)q — (LOu, y_1w)q
= 8(“’ - Uk,’}/,IIU) + <Tc+uk‘>w>ag - <LO(U - uk‘)v’}/flw>Q - <T(j—uk7 w>aQ

by the convergence of uj to u as k — oo. Since TV u is uniquely determined by w, this implies
existence of the limit of the right hand side and its independence of the sequence {uy}. O

1
Note that the class C51(Q )ﬂC2( ) in Lemma 5.3 coincides with C2(Q) if 1 < s < 2. Now we
can prove the counterpart of Corollary 3.13.

1 __
COROLLARY 5.4. If {a,b,c} € C2(Q) and u € H*(Q), s > 3, then TTu =T u.

—+ ol

1 _
Proof. The proof coincides with the proof of Corollary 3.13 if we remark that C{ (Q) (" C2(Q) = C2(Q)
and the first norm in the right hand side of (3.27) vanishes as k — oo by Lemma 5.3. O
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Let us prove now the counterpart of Corollary 3.14 for non-smooth coefficients.

1 __
COROLLARY 5.5. Let {a,b,c} € C2(Q) and u € CH Q) HS (L) for somet € (—3,1) and
oN € Ct. Then THu =T} u.

Proof. The corollary hypothesis and Definition 4.3 imply that there exists t' € (—%,t) such that
{a,b,c} € Ci“( ) and u € CL(Q) N H}- ¢ (©; L). The proof then coincides with the proof of Corol-

loc
lary 3.14 if one replaces there t with ¢’ and references to Theorem 3.10 and Corollary 3.13 by references
to their counterparts, Theorem 4.5 and Corollary 5.4, respectively. O

For a sufficiently smooth function v, the strong (classical) modified co-normal derivative T o
given by (3.34) is well defined if a,b € C(£2). One can readily check that the results of Section 3.4 on
the modified co-normal derivatives and different forms of the second Green identity hold true under
condition {a,b,c} € C51(Q).

A APPENDIX

LEMMA A.1. There exist a distribution w € Ha_é and a function f € Lay(R™), f =0 on Q~, such
thdt (w, f)Hfl(]Rn) # 0

Proof. Under the definition (2.4) of the inner product in H*(R"),
(W, ) -1 (gey = (@, T 2w (A1)
By Theorem 2.5, for any distribution w € H, 8_5% there exists a distribution v € H~1/2(99Q) such that

(@, T2 flre = (v,7T > f)oa, (A.2)

where 7 is the trace operator.
Denoting ® = J2f € H?(R"), we have, J2® = f in R", and taking in mind the explicit
representation for the operator J2, the latter equation can be rewritten as

1
2 —_ —_——_— p— 1 n
Je=— 5AP+e=f iR (A.3)
and its solution as
T2 fly) =d(y) =Pf := /QF(:c,y)f(x)da:, y € R".

Here P is the Newton volume potential and F'(x, y) is the well known fundamental solution of equation
(A.3). For example, for n = 3,

e~ 2mlz—y|
F(z,y) = CW . (A.4)
Then (A.1), (A.2) give,
(UJ f) —“1(Rn) — <v77j72f>3§2 = <2}7’Y,Pf>39' (A5)

If we assume (w, f)g-1(gn) = 0 for any w € Hgé, then (A.5) implies P f = 0, which is not the case
for arbitrary f € L2(Q2) and particularly for f =1 in Q due to (A.4). O
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