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Quaternionic Hyperbolic Function Theory

Sirkka-Liisa Eriksson and Heikki Orelma

Abstract We are studying hyperbolic function theory in the skew-field of quater-
nions. This theory is connected to k-hyperbolic harmonic functions that are har-
monic with respect to the hyperbolic Riemannian metric

ds? — dx3 +dx? +dx3 +dx3
' x5

in the upper half space RY = {(x,x1,x2,x3) € R* : x3 > 0}. In the case k = 2,
the metric is the hyperbolic metric of the Poincaré upper half-space. Hempfling
and Leutwiler started to study this case and noticed that the quaternionic power
function x™ (m € Z), is a conjugate gradient of a 2-hyperbolic harmonic function.
They researched polynomial solutions. We find fundamental k-hyperbolic harmonic
functions depending only on the hyperbolic distance and x3. Using these functions
we are able to verify a Cauchy type integral formula. Earlier these results have been
verified for quaternionic functions depending only on reduced variables (xq,x1,x2).
Our functions are depending on four variables.

1 Introduction

We study hyperbolic function theory in the skew- field of quaternions, denoted by H.
This theory was initiated by Thomas Hempfling and Heinz Leutwiler in [15]. They
studied quaternion valued twice continuous differentiable functions f (x) defined in
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the full space R* satisfying the following modified Cauchy-Riemann system

dfo dfi dfr If
(G o e ) 2

dfo dfi .
I %0 orall i ,2,3,
af; _df; ..
o, = forall i,j=1,2,3.

In [17] Leutwiler noticed that the power function x”, where m € Z, calculated us-
ing quaternions, is a conjugate gradient of a hyperbolic harmonic function & which
satisfies the equation

oh
Mh=x3Ah—2x3— =0
aX3

where as usual

B *°h  d*h  9*h  9*h

B ox3  ox?  Jdx5 dx3

The operator A; is the hyperbolic Laplace-Beltrami operator with respect to the
Poincaré hyperbolic metric

Ah

B dx} +dx3 +dx3 +dx3

ds? 5
3

These functions are called conjugate gradients of real hyperbolic harmonic func-
tions.

Leutwiler and the first author in [7] studied the total Clifford algebra valued func-
tions, called hypermonogenic functions. Their Cauchy-type formula was proved in
[6] and the key ideas are the relations between k and —k-hypermonogenic functions,
introduced in [3]. An introduction to the theory is given in [18] and in more recent
paper [8].

In this paper, we verify the Cauchy type theorems for quaternionic valued fuc-
tions called k-hyperregular. Our Cauchy type theorems are not directly following
from the theory of quaternionic valued hypermonogenic functions, which are de-
pending only on three variables. Our functions are depending on four variables and
k is an arbitrary real coefficient. However, it is possible to deduce some results from
the theory of paravector valued k-hypermonogenic funcions (see [9]) which domain
of the definition is an open subset of R* and the values are in the Clifford algebra
¢ o 3. These methods are rather complicated in case of quaternions and we prefer
the direct methods.
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2 Preliminaries

The space of quaternions H is four dimensional associative division algebra over
reals with an identity 1 and generated by the elements 1, eq, e, and e3 satisfying the
relations

ez —ejen

and
eiej+eje; = =201,

where §;; is the usual Kronecker delta. The elements o1 and ¢ may be identified.
We denote the coefficients of the components of a quaternion x with respect to
the base {1,e9,e1,e2} by xo,x1,x2 and x3, that is

X =Xx0+x1€1 +x2¢2 +x3€3

where xo,x1, x> and x3 are real numbers. The spaces R* and H may be identified as
vector spaces.
We denote the upper half space by

Hy ={x|x€R,i=0,1,2,3 and x3 > 0}
and the lower half space by
H_ ={x|x€Ri=0,1,2,3and x3 < 0}.

The hyperbolic distance dj(x,a) between the points x and a in H; may be computed
from the formula dj, (x,a) = arcosh A(x,a), where

(xo— a0)2 + (x1 — a1)2 + (xp — 02)2 +x§ +a§

Alx,a) =
(x,a) GTo
_x—alP+x—a|?
4)C3a3
2 2
_x=all® =t
2x3a3 2x3a3

putting a* = ag +aje| + arzer — azes and the distance

lx—all = \/(xo —ag)+ (x1 —a1)* + (2 — @)’ + (x3 —a3)?

is the usual Euclidean distance (see the proof for example in [18]). Similarly, we
may compute the hyperbolic distance between the points x and a in H_. Notice that
if both x and a belong to H; or in H_ then

dy (x,a) =dj, (x",a").
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We recall the following simple calculation rules

llx —al|* = 2x3a3 (A(x,a) — 1), (1)
lx—a*|* = 2x3a3 (A (x,a) + 1), @)
lk—al® _Axa) -1 _ [ d(xa)
x—a*|? ~ Alx,a)+1 = tanh 2 ' )

We remind that hyperbolic balls are also Euclidean balls with a shifted center
given by the next result.

Proposition 1. The hyperbolic ball By, (a, ry,) with the hyperbolic center a in H. and
the radius ry, is the same as the Euclidean ball with the Euclidean center

cq (rp) = ap+aie; +azer +azcoshryes

and the Euclidean radius r, = as sinh ry,. Conversely, if b= (bg,b1,ba,b3) is a point
in Hy and r, < bs then the Euclidean ball B, (b,r,) is the same as the hyperbolic
ball with the hyperbolic radius

rp, = artanh <;§>

b
a= (b07b17b273) .
coshry,

Corollary 1. The hyperbolic metric in H. (resp. in H_ ) is equivalent with the Eu-
clidean metric in H.y (resp. in H_), that is they generate the same topology.

and the hyperbolic center

We may extend the hyperbolic topology to the whole space. Indeed, if U C H and
the set U N{x € H | x3 = 0} is non-empty then we call the set U open if it is open
with respect to usual Euclidean topology. The inner product (x,y) in H is defined by

3
<x7y> = in)’i
i=0

similarly as in the Euclidean space R*.
The elements
X =Xxp+x1€1 +x202

are called reduced quaternions if xo,x1and x, are real numbers. The set of reduced
quaternions is identified with R>.
We recall that the prime involution in H is the mapping x — x’ defined by

x = X0 —X1€1 — X202 +Xx3€3.

Similarly, the reversion in H is the mapping x — x* defined by
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X" =xp+x1e1 +x200 — x303.

The conjugation in H is the mapping x — X defined by X = (/)" = (x*)’, that is
X =X —X1€] — X267 — X3€3.

These involutions satisfy the following product rules

(xy) =¥y,
()" = y"x"
and
W=yx

for all x,y € H.
The prime involution may be characterized also as

Xe3 = egx/

for all quaternions x.
The real part of a quaternion x is defined by

Re x = x
and the vector part by

Vec x = x1e1 +x2e2 + x3€3.

We recall the product rule
xy=—(xy)+xxy

if Re x = Re y = 0, where X is the usual cross product in R3.
We define the mappings S : H — R3 and 7 : H — R by
Sa=ap+aie +aze

and
Ta= a3

for a = ag+aye; + arey + azez € H. Using the reversion, we compute the formulas
1 *

Sazi(a—i—a), )

(a—a*)es. ®)

We recall the identities
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ab+ba =2aRe b+ 2bRe a—2(a,b) (6)

and |
3 (abc+cba) = (b,c)a—[a,b,c] 7

valid for all quaternions a,b and c . The term [a,b,c]| is called a triple product and
is defined by
[a,b,c] = {a,c)b—(a,b)c.

If a,b and c are quaternions with Re a = Re b = Re ¢ =0, then (cf. [14])

[a,b,c] =ax (bxc).

3 Hyperregular functions

We use the following hyperbolic modifications H,ﬁ and H; of the Cauchy-Riemann
operators

HU ) =D () + k2, B () =D (9 -2,
HIf ()= Dof () +42, By () =D (012,

where the parameter k € R and the generalized Cauchy-Riemann operators are de-
fined by

3 9 3 9
le:ZeiTi> le Zel fa
i=0

L df of o
Drf: ;T.X'iei’ rf Z axl

We also abbreviate D; f by Df and H,ﬁ by Hy.

Definition 1. Let 2 C H be open. A function f : Q — H is called k-hyperregular,
if f € ¢! (Q)and
Hyf (x) = H{f (x) =

for any x € Q\{x; = 0}.

We may simply compute the components of the operators H,ﬁ and Hj, as follows.

Lemma 1. Let Q C H be open. If a function [ : Q — H is differentiable then the
coordinate functions of Hli and H, are given by
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I dfo _9dfi _9fH _ 9fs [ _ (gl
(Hif)o =m0 — 50 — 5 — 5 Tk, (H{f)o = (Hif)o
1 afi af af: af: _ 9f; 9f af: 913
(Hif), =50+ 50—52+52,  (Hf), =52+58+52 52,
i _ 9fi af af 9f3 _ 9dfi af; afi | 9f
(ka) 9x(2) 19)((2) + Txi - Tx? (H/:f) ax(z) + TX(Z) - Tx; + Bx?
! _ df; af 9f 9f: _ 9fi af: 9fi af:
(ka) - 8x2 3)’(3) B Bx; + 3x?’ (H/:f) - ax(q) + 8X(3) + ax; o Tx?’

where () j denotes the real coefficient of the element e; for each j=0,1,2,3.
We obtain immediately the following result.

Proposition 2. Let Q2 C H be open and a function f : Q — H continuously differ-
entiable. A function f is k—hyperregular in Q if and only if

gh_dh_oh_ ol Lk fs =0, ifx; £0,
‘3—@ "f' forall i=1,2,3,

% af’ foralll]—l 2,3.

Our operators are connected to the hyperbolic metric via the hyperbolic Laplace
operator as follows.

Proposition 3. Let f: Q — H be twice continuously differentiable. Then

k d k d d
HIH,f Af——%+£3+ (aQ‘aﬁ)

k(2 ok, k(98 oy,
aX3 8x1 aX3 8x2 2
:Hkaf

and

HH f=Af - ﬁﬁﬂ‘fm +— <afzafl)

X3 0x3 x% ox;  dx
k(R _0n), k(9% _an),

dx3  dxi ox3 Ox 2
:H;H,: f.

Proof. We just compute

Df3 kf363
DyHLf = DDy f — k=2 x
X3
If3 9f3 9f3
oo tagertyg 6’2+ tes g
:Af—kax" o) a + fszes
X3 x3

and
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A7) = ([Df).— 2o N 9 df
(ka>3 a (le)3 n aX3 + aXQ (9X] % aX()

Hence we obtain

Hkaf =Af— *g"‘

k of kfs ot X <af1 8fz)
8x2 8x1

@_% ark(22),
ox3 dxi : dx3  dxy >
Similarly, we compute
Hrf D.D.f—k rf3 k]::233
3
a a 8
X3 x%
and
(HL), = (D), = 2o 9, 9fr , Ofs
k)3 "3 (9)63 BXQ 8x1 (9)60'

Hence we have

H/H,f =A 912 o)1
i =Af = X3 0x3 x% dx;  dxo

(5f1_9f3)e Lk (%_51”3)6
8X3 aX1 2

ox3 Jdx
Moreover, we easily deduce that ﬁiH,ﬁ f= H,ﬁﬁi fand HH] f = H'H,f.

k 9f+kf3€3+ <3f2 af])

We immediately obtain two corollaries.
Corollary 2. If f : Q — H is twice continuously differentiable and k # 0 then

k af+kf3€3

2

HH f=HHf=A
Wi f Hi f=Af— 5o 2

zfandonlytfaf‘ = ax forall i,j=1,2,3.
Corollary 3. If f : Q — R is real vakued and twice continuously differentiable then
71 e
SH{H,f = H{Hf = Af,

where the operator

is the Laplace-Beltrami operator (see [19]) with respect to the Riemannian metric
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dx} +dx3 +dx3 +dx3
T .
X3

2 _
dsk =

®)

Differentiating the first equation of Proposition 2 with respect to x; and applying
the rest of the equations of Proposition 2 we obtain the following result.

Proposition 4. Ler Q C H be open and a function f : Q — H twice continuously
differentiable. If f is k-hyperregular then

—1 = -~
SHH, f = SH{Hf = A f + 35k fre3 = 0.
The previous results motivate the following definition.

Definition 2. Let 2 C H be open. A twice continuously differentiable function f :
Q — His called k-hyperbolic, if

Af—fg—f+kf3ze3 ~0.
X3 0X3 X3

There exists a characterization of k-hyperregular functions in terms of k—hyperbolic
functions.

Theorem 1. Let Q C H be open. A twice continuously differentiable hyperbolic
harmonic function f : Q — H is k-hyperregular if and only if the functions f and
xf + fx are k-hyperbolic and H,ﬁf =H;f.

Proof. In order to abbreviate notations, we denote g = xf + fx. Using the standard
formulas A (xf) =xAf+2D,f and A (fx) = (Af)x+ 2D, f we obtain by virtue of
Proposition 4, that
d — —
x%Ag — kx3 % +kgses :x%xH,iHif—Fx% (H,ﬁHif) X+ 2x§H,€f—|— 2x§Hk’f
3
—dkxs f3 —kxz (e3f+ fes) + 2k (xo f3 +x3fo) e3+
- 2kf3 (xoe3 —X3)
= eH[H, f + 23 (H[HLS ) x
+2x3H, f + 2x3H] f.

If f is k-hyperregular then

J
A +kfze3 =0

1
GHH, f = 3Af —kx; 7

and H,ﬁ f = Hf = 0 which implies that g is k—hyperbolic. Conversely, if g and f
are k-hyperbolic and H! f = H f then

Hlf+H[f=0.
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Hence f is k-hyperregular.

Real valued k-hyperbolic functions are especially important, since they produce
k-hyperregular functions.

Theorem 2. Let Q2 be an open subset of H. If h is real valued k-hyperbolic on Q then
the function f = Dh is k-hyperregular on Q. Conversely, if f is k-hyperregular on
Q, there exists locally a real valued k-hyperbolic function h satisfying f = Dh.

Proof. Let h be real k- hyperbolic on © and denote f = Dh. Applying Proposition
3 we obtain

_ k oh _
Hf =HHh=Ah— — " =0=HH;h = H[f.
X3 (9)63

Hence f is k-hyperregular. The converse statement is verified similarly as in [7].
We use the following transformation property proved in [5].

Lemma 2. Let Q be an open set contained in H, or in H_. A function f: Q —

2%
R is k-hyperbolic harmonic if and only if the function g (x) = x;* f (x) satisfies the
equation

AzSg—i—% (9— (k+1)2) Sg=0. )

4 Cauchy type integral formulas

We first recall the quaternionic version of the Stokes theorem verified for example
in [14] as follows. If  is an open subset of H, K a 3-chain satisfying K C £ and
f,g € €' (R,H), then

[ svrdo = [ (Dgf+gDif)dm (10)
oK K

where v = vy + Vie; + Vaep + V3es is the outer normal, do the surface element and
dm is the usual Lebesgue volume element in R* identified with H as a vector space.

The T-part and S-part play a strong role in our operator H;. We have therefore
two versions of the Stokes theorem. The first version deals with T-part and the
second one with S-part.

Theorem 3. Let Q be an open subset of H\ {x3 =0} and K a 3-chain satisfying
KCQ.Iff,g €€ (Q,H), then

k
/a gvfdo = /K ((Hikg) f+gH f + o ((gs)Sf—ng3)> dm

and therefore
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T(/()ngfdc> :/KT((Hikg)f+gH,ff)dm

where V = Vo + Vie1 + Vaer + V3es is the outer normal, do the surface element and
dm is the usual Lebesgue volume element in R*.

Proof. Since D, g = Hingrk)‘% and D;f = H,if — k% we deduce using (10) that
/ (gdof) = / ((H’ g) f+eHif+ X ((83)f—8f3)> dm
Jok K ok T x
k
= /K ((Hrkg)f+gHI£f+x3 ((83)Sf—5gf3)> dm,

completing the proof.
We may also prove

Theorem 4. Let Q be an open subset of H*\ {x3 = 0} and K a 3-chain satisfying
KCQ.Iff,gc€" (Q,H), then

[ rvedo = [ (008 et (@57 - 5er) ) am
dK K X3

and therefore

([ rveas) = [ 1 (054 ) an

where V = Vo + Vie| + Vaear + V3es is the outer normal, do the surface element and
dm is the usual Lebesgue volume element in R*.

Proof. Since D;g = Hikg + ki—; and D, f = H; f — kf% we deduce using (10) that

/ak(gvf)dc:/l( ((H’f)g+fH’_kg+)Z(fg3 —f3g)> dm
_ /K ((H’f)f+gH’kg+£((gs)Sfng3)> dm,

completing the proof.
Combining previous results we conclude the result

Theorem 5. Let Q be an open subset of R*\ {x3 = 0} and K a 3-chain satisfying
KCQ.Iff.ge %" (Q,H), then

[ Tlevs+ve)do = | T(Higf +gHif +Hifs+ fH! g) dm,
oK K

where V = Vo + Vie| + Vaea + V3es is the outer normal, do the surface element and
dm is the usual Lebesgue volume element in R*.
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Theorem 6. Let Q be an open subset of R*\ {x3 = 0} and K a 3-chain satisfying
KCQ.Iff,gc€" (Q,H), then

do dm
[ stevrrve) 7 = [ s(Hief +etif+ Hife+ fhig) 7.
oK X3 K X3

where V = Vo + Vie1 + Vaer + V3es is the outer normal, do the surface element and
dm is the usual Lebesgue volume element in R*.
Proof. Applying (10), we deduce
" do gesf\ dm
evrg = [ (Dar+amr 1220 ) S
JOK 3 K X3 X3
Since Hyg = D, g+ % and H,ﬁf =Dig+ %, we infer
do g3f+gfs+gesf ) dm
/ gy = / <H;§gf+gH;ff— (S T8B T8N ) T
K X3 K x3 x5

Using the formula ges f = ge3Sf — gf3, we obtain

do , 1, .8 +gesSf\ dm
| evs %= /. <Hkgf+ngf e ) 7

o g3 f3e3 +Sge3Sf\ dm
Z/ (Hkgf'i‘ngif_k —-
K X3 P

If we compute the coordinates of Sge3Sf, we have

d d
gvf—G:/ (H,:gf+gH,£fkg0f0+g1fl+g2f2+g3f3e3>m
k" T xs Uk

X3 x1§

i dm.
A3

_/ 812 gfit (82f0 — 80f2) e1 + (801 — g1f0) e2
K

If we interchange the roles of f and g, we infer

do gofot+gifi+gifitesfs \dm
[ rves = [ (re e &)
ok’ Xk X3 P
/ kflgz — 281 + (f280 — fog2) e1 + (fog1 —flgo)ezd
- k1 m
K o

Hence
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' d
/a (gvf+rfve) — —/ Hkgf+ngf+kag+fHkg) x’,?

3

gofo+g1fi+gifi+gfzdm

—2k€3 —_—
K

X3 x§

and therefore

r r dm
[ Stevs+5ve) ST = [ 5 (Hier+ahly+ i g+ sHlg)
X3

3

The hyperbolic Laplace operator of functions depending on A is computed in [5]
as follows.

Lemma 3. Let x and y be poins in the upper half space. If f is twice continuously
differentiable depending only on A = A (x,y), then

32
Ahf(x)z(xz—l)axéﬂxaﬁ

We recall the definition of the associated Legendre function of the second kind

o (A)=C(A*—1)

%l veuet g V+u+2 u+v+1 2v+3 1
2 ’ 2 Ty a2

where
VAL (v+p+1)
VR (v4+3)

and the hypergeometric function is defined by

= (a),, (b), x™
Z()m()mi

2Fi (a,byc;x) =
= (¢),, m!

converging in the usual sense at least for x satisfying |x| < 1. Associated Legendre
functions satisfies the differential equation (see [20])

(A2 = 1) (1) + 244/ (1) — (v(v+1)—1f‘12) (1) =0. (11)

We are looking for solutions of the equation
Anf () +vf(A) =

in the form "
fA)=A*-1)"gA).

We just compute that
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(A2 =1)g"(A)+ (da+4)Ag' (A) + <4a2+6a+y+ W) g(A)=0.

In order to compute the solutions using Legendre functions, we compare this equa-
tion with (11) and first we set 4o +4 = 2 and therefore o0 = —%. Then we have the
equation

1
and again comparing with (11), we obtain equations

V(V+1):2—y7

2 _ (n—1)°
T

Hence g =+l andv = 7Vg_24y_1. Setting —y = } ((k—l— 1)? —9), we obtain

L Ekr1-1
=

_1
Consequently, we found a solution (A2 —1)" 2 QI‘HIH (1). Note that Ql\kH\—l 1)
ettt et

is well defined since A > 1 and % > —1.

Denote v = % Applying [20, S.2.9-4.] and the definition of Q) (1), we
obtain

1 v+l [F(A+cosa) Vsin?' M ada
Oy (A) =— VHI

We recall that the volume measure of the Riemannian metric ds; defined in (8)
is
dmy = y5 %k dm
where dm is the usual Lebesgue measure. Its surface element is defined by doj;) =

_3k
y3 >do. The outer normal in dBj, (x,Ry,) is denoted by n. and the outer normal

k
derivative is defined by % =3 aa: .

We prove that the function

k=2 k—
2

k=2 k=2
%32 y3® Oy (coshdy (x,y))
w3 sinhdj, (x,y)

Fk(x7y) -
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is the fundamental k-hyperbolic harmonic function at the point x (symmetrically y),
that is —AFy = &y in the distributional sense with respect to the volume measure of
the Riemannian metric ds; and @3 = 272 is the Euclidean surface area of the unit
ball in H. We also remind that the fundamental k-harmonic function is unique up to
the k-hyperbolic harmonic function.

We first verify the following crucial result.

Lemma 4. Let x be a point in the upper half space and denote v = % The
function

v+1

g (dy (x,y)) = T |, (coshdh( y)+cosar) ado
v v 1,2V+3. 1
\fF(v—i-Z)l zFl(j 2 m)
2v+1p(v+%)

is positive and continuous for any y € H and

8k (0)=1.
Proof. Applying properties of hypergeometric functions (see for example [2]) and
the Gamma function, we infer that
o (; v42r1’2v2+3, ) 3 FF(V\:g F(lz) _ v+t
(F)r(z2)  Val(v+2)

Hence g, (0) = 1.

Next we prove that Fj (x,y) is integrable in the hyperbolic ball By, (a,R;,) with
respect to the Riemannian volume measure dm.

Lemma 5. The function Fy (x,y) is integrable in the hyperbolic ball By, (x,Ry,)with
respect to the volume measure dmy, in the hyperbolic ball By, (x,Ry,) and

31<+4 3k+2|

/ Fi (dp (v, x))dmy (y) <27 Me "2 x;%sinh? Ry,
Bh(xﬁRh)

where M = max, g5 5 (g (v,x)) = 1.

Proof. Using Proposition 1 we infer that the hyperbolic ball By, (x,R;,) is an Euch-
lidean ball with the Euchlidean center ¢, (R;) = xo + x1€1 + x2e2 + xp cosh R, and
the Euchlidean radius R, = x3sinhR;,. Hence we deduce

gk(dh (x,y)) _ gk(dh(x,y))
x%sinhzdh (v,x) Ny —cx(Rn)|?

and in By, (x,Ry,)
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16
=2x3 el

2x3e ®h = x5 (coshR;, — sinhR;) < y3 < x3 (coshRy, +sinhRy,)
)) is a continuous function, it attains its maxi-

for all y € By, (x,Ry,). Since g (dj, (x,y
x,Ry). Since

mum in the closure of the ball By, (x,
dm(y)

)
X3 “sinh™“dj, (y,x)dm (y :/ _
/Bh(th) 3 0.} dm () Be(cx(Ry) x3sinhRy) ||y — x (Rp) |12

X3 sinth
:/ r/ dasdr
0 9By (cx(r),1)

33 sinh®R;,
N 2

we conclude

EETEUITee ! .
2 Me 2 x5 ksinh Ry,.

| Rdm() <
By, (x,Ry)

We also need the result
Lemma 6. Ler Q C H be open and By, (x,R,) C Q. Let u be a continuous real

valued function in §2. Then

lim
Ry—0J 0By (x,R)) onk
Proof. Applying Proposition 1 we obtain that the outer normal at y € dBy, (x,Ry,)

()’0 —X0,Y1 —X1,y2 —X2,Y3 — X3 costh)

x3sinh Ry,

ne = (nO;n’l 7”27”3) -
In order to abbreviate the notations, we denote briefly r;, = dj, (y, x). We compute the

outer normal derivative by
IFi(xy)  5OR(xy) b
ok 3 on, 32 (ne, grad Fy (x,y))

yk 1)6 smh rh a”h
-3 3
"oy

k—2 k2
2 R ().
Since rj, = arcos A (y,x) we deduce

dr,  darccosA (y,x)  yi—x;—x3(coshr, —1)03
dyi dy; B yax3sinhry,

and therefore the identity
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3 8rh_l

nj=— =
i=0 l dyi y3
holds. Hence we compute further
k-2 5%
I (x,y) 3 x32 dgi(rn) k=2 ;5

= F;
ank (1)351111’12 " 37’}, + 2603 y3 ns k(‘xay)

k2 52
R (rp)coshry,

o sinh’ ry,

Since By, (x,R;) = B(cx (Ry) ,x3sinRy,) for ¢, (Ry) = xo +x1€1 +xpe2 + xp coshRy,
we infer that

k=4

x5° / ~ k2 98k
sinhR —— (Ry)do,y = 0.
9B, (x,Ry) "3 ary (R) ®)

R;—0 @3x3 sinh” Ry,

Similarly, we compute that

k%ﬁ
(k—2)x;

k-2
9 3 sinhd Ry —x3coshR R\ dGm — 0.
Ry—0 2(1)3)@ sinh3 R, /th<X7Rh>}’3 (3 3 n) &k (Rp) )

Finally, manipulating the last integral, we obtain

R hR k2
lim — 8¢ Re) coshRy [
R,—0  assinh® Ry, JoB,(x,Rp)

M

.X32 COSthgk (Rh) / —kia
rp—0 a}3x% sinh? Ry, 9By (x,Rp) Y

completing the proof.

Theorem 7. Let Q C H be open and By, (a,p) a hyperbolic ball with a center a

and the hyperbolic radius p satisfying By (a,p) C Q. If u is a twice continuously
differentiable functions in Q and x € By, (a,p) then

= (R0 58 ) 28 ) do )

— [ Al B ) dm (),
Bh(avp)

3k k
_ 2k _ 2 Ju _ 20
where dmy = y3"dx, do) =y, * do and the outer normal Tnuk =y; Tr?e

Proof. Denote By, (a,p) = B and pick a hyperbolic ball such that By (x,R) C B.
Denote R = B\B), (x,R;,). Since Fy is k-hyperbolic harmonic in R, we may apply the
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Green’s formula

av du
/R(uAkv— vAu) dmy = /BR (”ank _v8nk) doy

of the Laplace-Beltrami operator

_dp_ k9
Ak—X3 <A P ax3

with respect to the Riemannian metric ds,% (see [1]) and obtain

| ‘ du  IF(yx)
/RFk(y,x)Akudxk:/aB (Fk(yax)ank_uank dO'(k)
_ du B oF;, (y,x)
/aB,,(x,Rh)(F ) 5 —u—g )40

2k+2 k=2

Since % andy; 2 x;37 g (dy(x,y)) are bounded we obtain

du M
Fi. (y,x) = |do| < / do = MsinhR
|Fic (v,) 8nk‘ (k) ) SinhZR 3B, (xRy) h

./th (X,Rh)

and therefore

du
li F.(y,x) = |do =0.
A o, (x"Rh)\ k(0,%) 5 ldog (v)

Moreover, since Fy (x,y) is integrable and u is bounded on B we infer

/ Aru(y) F (y,x) dmy, = lim Fy (y,x) Agu dmy,.
By(a,p) R

n—0 Ry
Then applying the previous result we conclude the result.

Using the standard methods, we deduce that

0 ()=~ [ 49 () Filyx)dm

for all ¢ € 6;° (H ). Hence we have reached our main result.

.. _ Jk+1]=1
Theorem 8. Let x and y be poins in the upper half space and denote v = =———.

The fundamental k-hyperbolic harmonic function is
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Fk(x7y) =

2vH sl (v+3) (l (x,y)* — 1)
Corollary 4. Let x and y be points in the upper half-space H.. Then
Fe(x,y) =25 P (x).

The previous result follows also from the correspondence principle of Weinstein
(see [21)).

Lemma 7. If we denote

k 0
k() =ar-+ 5t

then
K (f) =x5"K 4, (x;"*‘f) :

A kind of fundamental k-hyperbolic harmonic function has also been computed
by GowriSankaram and Singman in [13] using more technical deductions. In order
to compare the results, we first verify the following lemma.

Lemma 8. Let A > 1 and v > —1. Then

T

/ (A —cosa)™"'sin? & da = 21 Q0()

0

and therefore
_1 T
(A*=1)20L(A)=—(v+1)27V! / (A —cosar) "V 2sin?" M o dat
Jo
T —yv—
= —2(v+1)x§+2y§/+2/0 (llx = y[I? +2x3y3 (1 — cos @) *sin?*l a da.

Proof. Appying [20, S.2.9-4.] and using complex numbers in computations, we ob-
tain

. . T
Q(\’,(),) = e'(VH)”Q(&(—l) — e’("‘Ll)”Z*(V“)/ (=7 +cos a)—vfl sin?"*! o do
0

T
:2*<V+l)/ (A —cosar) "V sin?Y ! o da
0
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Recalling the known formula

0} ()= (22 -1)* 2-0h(A)

we obtain the first equality. The second one follows from it when we substitute
A= lx—=y[>+2x3y3

2x3y3
Theorem 9. Let x and y be poins in the upper half space and denote v = W
The fundamental k-hyperbolic harmonic function is
(v+ l)x;%zy¥ JF (A —cosa) ™V 2sin*" M o dat
o3F (x,y) = V+I
k=2 k=2 T RV}
—2(va )yt Ry +V”/ (Jle—y[2 + 2x3y3 (1 —cos @) " sin™"!
0
k=2 _jeq
T B 2.
_kjo (Hx Y||7+2x3y3(1 Z}:sa)) sin o doz,7 ifk<—1,
= k4 gy
(k+2)x’§“y§“fo”(HX*}’HZJerZf(lfcosa)) 2 sin o« da, ifk>—1.

We may compute the following special cases.

1. Let k =0. Then

1 1 1
() = S <A—1 _x+1)

1 ( 1 1 )
o3 \ [x=yll*>  [lx—y*|?
1

T
Foo(x,y)=——— coshdp, (x,y) —cosa sinado
2(60) = 5 |, (coshd () —cosa)

2. Let k= —2. Then

1 1 1
T 2033y} (Al _/1+1>
B 1
C oy (A2 1)

I ( 1 1 )
2a3x3y3 \ lx—=y[?  [x—y*?
B 4

@3] — y||2[]x = y* |

3. Let k=2, then

ado
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T
20;'F (x,) :/ (coshdy, (x,y) — cos o) sin® ada
0
-1 2.2 1"
= [—2 (coshd, (x,y) —cos )™ “sin a} o
T
+ / (coshd, (x,y) — cos ) % sin et cos aud o
0
/4
=— [(coshdh (x,y) —cosa) ' cos a} .

T

f/ (coshdy, (x,y) —cos o) ' sinadax
0

RN

CA-1 0 A+l
22

Comparing this function with the kernel function computed in [12], we obtain

1 _s2)? 1
—/ wds: —/HHH (s73—2s7] +S) ds

— (log(A+1)—log(A —1))

[la—x]]

mear S =l
x—a la—xl| 1 [la—x|?
=0 200 — - .
2a—aP | 2x—a P

Applying the properties (1) and (2), we infer that

ds = —
2 U T 2 2

1 (1=82)? A log(A+1) log(A—1)
4 / lla—] +

[x—=a*]]

In order to compute the kernel function for k-hyperregular functions, we need the
following lemma (see [12]).

Lemma9. [fa € Rf’ﬁl and ¢, (dy (x,a)) = apg+aje; +azer+azcosh dy, (x,a) es then

D2 (x,a) = 4 Cax(j;;(x’a)) .

Theorem 10. Denote ry, = dy, (x,y), t = 552, v = |k+é|71 and define as earlier

k+1|+1 (7 v .
gr (d (x,y)) = |2v7+|2/0 (coshd, (x,y) +cosa) Vsin?* ! ada.

The k-hyperregular kernel is the function
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2x3 sinh? ry, 2sinh*ry, X3y3
wi (x,y) p (x,)

=x37 y3° p(x,y)ve(x,y)

where

x—Py .
wi (x,y) = —tesge (rp) +sinhryg (rp) — (t +2) gk (1) coshry,

and
(x—cy (ra) !

Xy)=——"—"""
P = ey () P

is 2-hyperregular with respect to x.

Proof. The function Fy (x,y) is k-hyperbolic and therefore the function i, = D" Fy, (x, y)

is k-hyperregular outside y and y*. Denoting ¢ = % and A (x,y) = coshr,, we com-

pute as follows

By (x,y tesg (rn) sinhryg’ () —2g (r) coshry | —x
2 BE T Ty y3sinh?r, 2y3sinh?r, D
X370y, 3)3 h 3 h

Applying [12] we obtain

Exrh - 7X7 Cy: (rh)
x3y3sinhry,
and . |
x3D " ry, _ x—cy(ry) _ (x—cy(rn))”
yisinh®r,  [lx—cy () [[* [lx—cy(m) |12
Since
x—cy(rp) ()c—cy(rh)f1 _ 1
x3y3 lx—cy(m) 1> xyslle—cy () |12
1

X3 y% sinh? I '

Hence we obtain !
(x—cy(rm))”

hk (xvy) _
Wik (X,y) 2X3||X—Cy (rh) H27

yt3+3xg

where

x—Py

wi (x,y) = —tesgy () +sinhr,gp () — (¢ +2) gx () coshry,.
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Using the similar deductions as in [4] we may prove the formula for S and T-
parts.

Theorem 11. Let 2 and be an open subsets of H. (or H _). Assume that K is an
open subset of Q and K C Q is a compact set with the smooth boundary whose
outer unit normal field is denoted by v. If f is k—hyperregular in Q and a € K ,
then

7@ == [ SO Gavs )+ 0) v )
1 — do 1 — do
=3 [ St vOI 0] T2=5 [ St (V015 0) F-
Proof. Leta € K. Denote R = K\By, (a,r;) and
d
A= [ S (ua)vs )+ 0) Vi () 7
oK N
Then we obtain
d
0= [ S (@) vf 0)+ £ ) Vi () 7
IR V3
d
—A- S (i (@) V) £ ) + £ 5) v ) i () 7
th(”Jh) y3
By virtue of Proposition 1, we deduce that
_ Y —¢Ca (rn)
YO = e T
Hence we obtain
k;4
— lim— % do.
A= h,;n 205][a—cq (r) |2 th(Mh)S(Wk va) f () +f ) ve(v.a)) y?
=-2f(a)

The last formula follows from (7) and the definition of the triple product.

Similarly we may verify the result for the 7-part. The main difference is that we
use the surface measure do, not y3do.

Theorem 12. Let Q2 be an open subsets of Hy (or H _). Assume that K is an open
subset of Q and K C  is a compact set with the smooth boundary whose outer unit
normal field at y is denoted by v. If f is k—hyperregular in Q and a € K ,
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Tr@=-% [ (v 0)£0)+£0)vO)h s (a)do
— % (/a1<T [l’lfk (y,a),W,f(y)] dG_/)KT}Lk (v,a) <v(y),f(y)>dc> .

5 Conclusion

Our main results produce integral formulas for the 7'- and S-parts of k-hyperregular
functions. An interesting problem is to research integral operators produced by these
formulas. However, these results requires much computations and therefore they are
left to the consequent publications.
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this job.
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