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A companion paper described the partial-interaction localised properties that require the development of pseudo

properties. If the quantification through experimental testing of these pseudo properties could be removed by the

use of mechanics-based models, which is the subject of this paper, then this would: (a) substantially reduce the cost

of developing new reinforced concrete products by reducing the amount of testing; (b) increase the accuracy of

designing existing and novel reinforced concrete members and structures, bearing in mind that experimentally

derived pseudo properties are only applicable within the range of the testing from which they were derived; and (c)

reduce the cost and increase the accuracy of developing reinforced concrete design rules. This paper deals with the

development of pseudo properties and behaviours directly through mechanics, as opposed to experimental testing,

and their incorporation into member global simulations. It also addresses the need for a fundamental shift to

displacement-based analyses as opposed to strain-based analyses.

Notation
Ac cross-sectional area of concrete

Ar cross-sectional area of reinforcement

b width of section

c concrete cover to centre of reinforcement

d depth of section

dcr-p primary crack height

dNA depth to neutral axis

d�/dx slip strain

Ec concrete modulus

Er reinforcement modulus

EI flexural rigidity

EIpi-p partial interaction cracked flexural rigidity

(EI)c cracked flexural rigidity

(EI)u uncracked flexural rigidity

F force

fc concrete compressive strength

ft concrete tensile strength

jd lever arm between the resultant of the flexural tensile

and compressive force

ke bond stiffness ¼ �/�
L length of cylinder or prism

Ldef half segment length

M moment

Ma/Va shear span

Nc component of Pc normal to sliding plane

P axial force in reinforcement at a crack; applied load

Pc axial force in concrete element

S shear force along sliding plane

Scr primary crack spacing

Tc component of Pc along sliding plane

V shear force

Vsl shear sliding capacity of a section without stirrups

w crack width; widening across sliding plane

Æ wedge angle

�CDC angle of the critical diagonal crack

˜ reinforcement slip relative to crack face; half crack

width

˜d lateral slip

˜L longitudinal slip

˜P change in P owing to shear sliding

˜ss slip owing to shear sliding

˜w maximum ˜L of wedge

˜�n change in �n due to shear sliding

� slip along sliding plane

�max slip when � tends to zero

� strain

�a axial strain

�asc strain in ascending branch

�branch total strain in concrete

�cc material strain in concrete

�des strain in descending branch

�mat material strain

�r axial strain in reinforcement

(�r)eff effective strain allowing for tension stiffening

Ł Euler–Bernoulli rotation
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� stress

�a axial stress

�n stress normal to sliding plane

�r stress in reinforcement

�s stress at start of softening

� shear stress

� curvature

1. Introduction
Simulating what actually occurs in practice is important because

if the local mechanisms, as described in the companion paper

(Oehlers et al., 2014), that control the global behaviour of

reinforced concrete (RC) members are directly simulated through

the use of mechanics models, there is, in theory, no limit to the

use of the model. In contrast, if the local mechanisms are

accommodated through the use of pseudo properties that are

determined through experimental testing, then the model should

be limited to within the range of tests from which the pseudo

properties were derived, which can be very restrictive. It will be

shown in this paper that empirically derived pseudo material

properties are difficult to quantify, leading to large scatters which

themselves lead to unduly conservative designs. Furthermore it

will be shown that large scatters also exist when the real local

mechanism, such as the reinforcement bond-slip, is not included

in the model. These scatters can be reduced by extensive testing,

but there is a limit to the reduction of the scatter when the correct

mechanism is not included. To satisfy safety requirements for

design, large scatters in the model require large partial safety

factors to be used, which can make the design very conservative

and uneconomical. However, the partial safety factors cannot be

too large to be totally uneconomical, which means that some

designs are unconservative, especially for those whose behaviour

was not well understood under the given actions.

The challenge of modelling localised deformations also exists in

the finite-element analysis of RC members. There are two common

approaches for modelling concrete cracking: the discrete crack

model and the smeared crack model as a pseudo property. The

former simulates a crack as a geometrical identity so discontinu-

ities arising from cracking, which are seen and measured in

practice, are physically modelled. In this method, the cracks are

commonly defined along element boundaries (Yang et al., 2009),

but this inevitably introduces mesh bias. Although attempts have

been made to solve this problem by developing automatic

re-meshing algorithms (Yang and Chen, 2005), overcoming com-

putational difficulties associated with topology changes due to

re-meshing is still a challenge in RC members with multiple

complex crack patterns.

The smeared crack model treats cracked concrete as a continuum

and simulates the deterioration process of cracked concrete using

a constitutive relationship and hence smears cracks over the

continuum. Hence this is a pseudo property with its consequential

limitations and difficulties, particularly if determined experimen-

tally. Without due consideration to the strain localisation phenom-

enon due to cracking, the results are mesh dependent, so that they

are not of general value, because the energy consumed during

crack propagation approaches zero when the element size

approaches zero. Various ‘localisation limiters’ have been pro-

posed to overcome this mesh non-objectivity problem (Bažant

and Planas, 1998; Chen et al., 2012). However, it needs to be

emphasised that the purpose of this paper is not a discussion of

finite-element methods but rather a discussion of the need for a

fundamental shift to displacement-based analyses, be it through

the implementation of the moment/rotation (M/Ł) approach

presented in this paper or through finite-element analyses, to help

accurately simulate the generic RC member behaviour.

Having explained and defined partial interaction (PI) material

properties and mechanisms in the companion paper (Oehlers et

al., 2014), to help simplify the incredible complexity of RC

member behaviour, this paper will

j place the displacement-based approach in perspective with

regard to current strain-based modelling techniques,

particularly with respect to the economics of development

j outline the displacement-based moment/rotation (M/Ł)

segmental analysis which incorporates the PI mechanisms

controlled by the PI material properties

j show how the displacement-based (M/Ł) approach is used to

analyse not only flexural members but also members that fail

in shear

j show how difficult it is to quantify pseudo properties through

experimental testing

j explain how mechanics-based solutions can lead to more

accurate and widely applicable design procedures and

consequently lead to reduced costs.

2. Modelling
Listed below are three major tasks in the development of an RC

member. This includes: (a) the quantification of the material

properties through experimental testing; (b) the quantification of

the member behaviour at all limit states which can be done

through experimental testing or modelling or a combination of

both; and (c) the development of simple design rules from the

quantified behaviours which usually includes the testing of large-

scale members for safety considerations

j task A: quantification of the material properties

j task B: quantification of the RC member behaviours

j task C: development of design rules.

A model that simulates through mechanics alone the physical

behaviour that the RC member exhibits can be used in conjunc-

tion with material properties that are determined experimentally

to predict the member behaviour: that is, it can be used for task B.

The results from task B can then be used to develop design rules:

that is, task C. Let us refer to this type of model as a sophisticated

model that can directly simulate the physical behaviours of RC

members through mechanics; and in which the magnitudes of the
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physical behaviours depend on the material and geometric proper-

ties input into the model. Hence no component of the mechanics

of a sophisticated model depends on experimental testing. Hence

a model that simulates the physical behaviour purely through

mechanics will save testing for task B and development will only

require a relatively small amount of material testing for task A

and some validation testing at large scale for task C.

Current procedures are often a mishmash of approaches. A

commonly used approach is to use strain-based numerical model-

ling to quantify the behaviour: that is, task B. However, the

strain-based approach itself requires pseudo material properties

which are frequently determined from experimental testing,

which means that most of the testing in task B is in the derivation

of the pseudo material properties. In addition, as these pseudo

material properties have been derived by tests they can only be

used within the bounds of the testing regime from which they

were developed. For example, if the strain-based model is needed

to predict the behaviour of members that have the same material

properties but different geometric properties, for example they

are larger or have different loading configurations, then further

testing is required for task B for quantifying the pseudo material

properties to allow for the different geometries. Furthermore, it

will be shown that trying to quantify pseudo material properties

purely through testing is very difficult, which invariably leads to

very uneconomical approaches in the development of design rules

which is detrimental to development.

Another way of viewing the problem is that the emphasis in current

modelling is to use a strain-based model and then refine the

material properties and pseudo material properties to achieve a

close fit with the global behaviour of the member such as the load

displacement. There is generally no requirement to ensure that the

model simulates the local physical behaviour that can be seen or

measured in practice such as the crack spacings or widths or

concentrations in rotation. Hence the emphasis is on simulating the

global behaviour at the expense of the local behaviour. It is

suggested that this approach leads to a large amount of testing and

consequently increased cost with little gain. An alternative

approach would be to place the emphasis in modelling on

simulating, through mechanics and consequently the displacement-

based approach, the physical local behaviour that can be seen or

measured in practice as this would lead to a large reduction in the

cost of development.

3. Euler–Bernoulli moment rotation analysis
The PI mechanisms that occur within an RC member as described

in the companion paper (Oehlers et al., 2014) are now incorpo-

rated into a member analysis for both flexure and shear that is

based directly on the Euler–Bernoulli fundamental theorem of

plane sections remaining plane.

3.1 Flexure

To determine the effect of the PI mechanisms on the behaviour of a

member with the cross-section in Figure 1(b), it is necessary to

consider a small segment of the member of length 2Ldef as in Figure

1(a) (Haskett et al., 2009a, 2009b; Oehlers et al., 2011; Visintin et

al., 2012). The segment is subjected to a constant moment as shown.

The straight ends of the segment A–A are rotated by Ł to the line

B–B such that the Euler–Bernoulli theorem of plane sections

remaining plane is adhered to. It is worth emphasising that the direct

application of plane sections remaining plane – that is, the rotation

Ł in Figure 1(a) – is a displacement-based approach as opposed to a

strain-based approach. By symmetry, the right-hand side of the

segment over the length Ldef behaves in an identical fashion to that

of the left-hand side, so let us consider the analysis of the left-hand

side as shown in Figure 2.

In Figure 2(a), the distance between the lines A–A and B–B is

the longitudinal deformation within the segment of length Ldef :

There is a linear variation in deformation based on the above

assumption. Dividing this deformation by Ldef gives a linear

variation in strain as in Figure 2(b), which is the corollary of the

Euler–Bernoulli theorem. Prior to concrete softening through the

formation of a wedge and prior to flexural cracking, the deforma-

tions are strain based so that the stresses in Figure 2(c) can be

derived from the material constitutive relationship. From the

stress distribution, the forces in Figure 2(d) can be derived. For a

given applied moment M and axial load P, it is a question of

finding the rotation Ł and the depth of neutral axis dNA that

achieves equilibrium. This analysis is exactly the same as the

generally used moment/curvature (M/�) analysis which starts with

the Euler–Bernoulli corollary of a linear strain profile: that is, it

starts with the strain profile in Figure 2(b).

In the strain-based M/� approach and prior to flexural cracking,

the analysis assumes full interaction: that is, there is no slip

between the reinforcements and concrete so that there is no

discontinuity in the strain profile. The M/� approach can allow

for cracking as shown in Figures 2(b) and 2(c) but in this case

the cracked concrete is totally ignored so that in the tension

region the analysis deals with no interaction: that is, the interface

bond has no strength. Hence the uncracked analysis is a full-

interaction analysis, whereas the cracked analysis is both a full

interaction and a no-interaction analysis which is an anomaly and

an approximation in mechanics terms.

To allow for the mechanics of tension-stiffening, the partial inter-

Ldef Ldef

A B

θ
M

P

B A
Δ

(a)

α
B A

M
θ

P

A B

(b)

Figure 1. Euler–Bernoulli deformation of segment
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(a)
Ldef

Dtp

BA

M
θ

P

Flexural
crack

B Δ
A

Lpr

26°
Wedge

dNA

εr

(b) D Ltp def/

εcc

� θ/� Ldef

σr

(c) (d)
Fcw

Frt

Fcc

Fct

Frb

Figure 2. Euler–Bernoulli flexural analysis: (a) D, (b) �, (c) �, (d) F

Initial
crack

w 2� Δ A

A

E Ac c

E Ar r

A–A
(b)

Crack
face

(a)

x

Δ

P

( , )τ δx x

Concrete

Reinforcement

δx

δ1

δ

τmax

τx

τ

Δ

Scr

Full interaction
d /d 0δ δx � �

(c)

(d)

(e)

Figure 3. Bond-slip mechanism: (a) prism, (b) section,

(c) equilibrium, (d) slip distribution, (e) shear-stress distribution
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action analysis in Figure 3, which has already been described in the

companion paper by Oehlers et al. (2014), can be used to determine

the crack spacing Scr as shown in Figure 3(d). Using this length Scr

as the length of the segment 2Ldef in Figure 1, the analysis in

Figure 4(b), also described in the companion paper (Oehlers et al.,

2014), gives the relationship between the force in the reinforcement

P and the slip at the crack face ˜; this can then be used in Figure

2(a) to derive the force in the reinforcement Frb in Figure 2(d)

when the half crack width is ˜. Hence the strain in the reinforce-

ment �r in Figure 2(b) and the stress in the reinforcement �r in

Figure 2(c) is no longer dependent on the Euler–Bernoulli

corollary of a linear strain profile but on the Euler–Bernoulli

theorem of plane sections and in which the analysis allows for the

bond slip: that is, partial interaction.

To allow for the mechanics of concrete softening, the partial-

interaction analysis in Figure 5, which has already been described

in the companion paper (Oehlers et al., 2014), can be used to

determine the relationship between the axial stress �a and the

contraction of a specific length L allowing for the PI mechanics

of interface softening that is slip. This can be used in Figure 2(a)

to find the stresses in Figure 2(c). It can be seen in Figure 2(b)

that the strains in the concrete material �cc are less than the

effective linear variation in strains in the concrete as the

difference is due to the mechanics of softening. Hence PI in

concrete in compression is allowed for as well as that in the

tension region as described previously.

The results of the analyses from Figure 2 can be plotted as a moment/

rotation (M/Ł) response in Figure 6(a) for a segment of length Ldef

that allows for PI, that is interface slip in both the compression and

tension regions. The rotation Ł can be divided by Ldef to give the

variation in curvature (�) in Figure 6(b). This is the actual or

measurable curvature in the member above the cracked region and

below the softening region in Figure 2. However, elsewhere it is an

effective curvature: that is, it cannot be actually measured, but gives

in mechanics terms the exact overall deformation.

From the effective or pseudo M/� variation in Figure 6(b) can be

derived the variation in the effective or pseudo flexural rigidities

(EI) in Figure 6(c) which once again in mechanics terms are exact.

These pseudo properties derived from mechanics can be used to

replace effective flexural rigidities determined experimentally and

commonly used not only at the serviceability limit state to

determine deflections (Visintin et al., 2013a) but also at the

ultimate limit state, with the help of empirically derived hinge

lengths, to quantify rotations and moment redistribution (Haskett

et al., 2010a, 2010b). It may be worth noting that it is a very simple

procedure to include the time-dependent effects of creep, shrinkage

and relaxation in the analysis in Figure 2 (Visintin et al., 2013b).

3.2 Flexure/shear

The analysis in Figure 2 can also be applied to segments subjected

to shear and consequently inclined planes as in Figure 7(a) (Lucas

et al., 2011; Shave et al., 2007; Zhang, 2013). This segment

exhibits the three partial-interaction sliding mechanisms already

described (Oehlers et al., 2014). The Euler–Bernoulli principle of

plane sections remaining plane is applied to the left side of the

segment and because the length of the segment varies with depth it

produces a non-linear effective strain profile as in Figure 7(b).

Initial
crack

Primary cracks

w 2� Δ
P

Δ

Scr Scr Scr

Scr

(a)

P

Δ

P

Δ

Δ

Δ

(b)

δ(c)

τ(d)

Scr /2 Scr /2

δ 0�

Figure 4. Tension-stiffening mechanism: (a) prism; (b) primary

cracks, (c) slip, (d) bond

ΔL
Δd

d σa

L

( )σn x

τx
α

δx

wx

Sliding plane

Pc α

NcTc
σa ( )Pc

Figure 5. Concrete softening mechanism
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Hence the corollary of the Euler–Bernoulli theorem, that of a linear

strain profile, is no longer applicable. The analysis in Figure 3 can

be used to derive the crack spacing Scr in Figure 7(a). A diagonal

shear crack can emanate from any of these flexural cracks.

The tension stiffening analysis in Figure 4 can be used for each

segment between cracks in Figure 7 to derive the total deforma-

tion and consequently the force in the tension reinforcement Frb;

this depends on, among other things, the PI bond-slip property

(Oehlers et al., 2014). The concrete softening analysis in Figure 5

can be used to quantify the compressive stresses in the region

where a wedge forms in Figure 7(a), using the PI shear-friction

properties (Oehlers et al., 2014). And finally, the PI shear-sliding

mechanism in Figure 8, already described in the companion paper

(Oehlers et al., 2014), in conjunction with the flexural forces

across the sliding plane in Figure 7(a) can be used to quantify the

shear capacity. Importantly, it can be seen that the shear capacity

depends on the flexural forces that confine the sliding plane and,

hence, shear behaviour depends directly on the flexural forces.

4. Variation in pseudo material properties
It has been shown above how the PI mechanisms that are induced

by the PI material properties can be incorporated into a member

behaviour through the use of a displacement-based segmental

approach – that is, through the direct use of the Euler–Bernoulli

theorem of plane sections remaining plane. An alternative and

commonly used approach is to start with the corollary of the

Euler–Bernoulli theorem, which is a linear strain profile, a strain-

based approach as illustrated in Figure 2(b). In this case, all the

behaviours associated with the PI mechanisms due to the PI

material properties, as described in the previous section, have to be

represented in a strain-based form: that is, as a pseudo material

property. Unlike material properties which are fixed for a specific

M

θ

(a)

M

( )El 1

( )El u

(b)

� θ( / )Ldef

M

( )El 1 ( )El u
( )El

( )El c

(c)

Figure 6. Results from PI analysis of an RC segment: (a) rotation,

(b) curvature, (c) flexural rigidity

(b)

ε

V
M
P

Wedge

Compression softening mechanism

LcsΔwΔss

Shear sliding
mechanism

Fcw Frt

Fcc

S θ
Fct

Frb

Δ 2Δ 2Δ w 2� Δ
Scr

Lts

Tension-stiffening region
(a)

(B) Concrete softening
(wedge sliding)

Figure 7. PI mechanisms in RC members subjected to shear:

(a) segment, (b) strain

Sliding plane δ

τ σn

τ

w 2� Δ
Δ

(a)

Δσn

ΔP
(b)

δ

Δ

x

(c)

d /d 0;
0;
0

δ δ
δ
ε

x � �
�
�r

Figure 8. Shear-sliding mechanism: (a) shear sliding,

(b) equilibrium, (c) slip distribution
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material, pseudo properties not only depend on the material proper-

ties but also on the geometry, and restraints and loading applied to

the member and, hence, vary widely as will be illustrated.

4.1 Pseudo �/� tension stiffening

The tension stiffening mechanism has already been illustrated in

Figure 4(b). In its simplest form, it is the relationship between

the stress in the reinforcement at a crack face �r – that is, P/Ar, –

and the effective strain (�r)eff – that is, 2˜/Scr: This latter term is

the effective (average) strain in the partial-interaction region,

owing to both the concrete cracking and the concrete encasing

the reinforcement, which leads to a non-uniform strain distribu-

tion in the reinforcement. These pseudo material properties (�r/

(�r)eff ) can be used in the moment/curvature (M/�) strain-based

approach in Figure 2(b). Hence it is a question of quantifying the

effective strain (�r)eff for use in a strain-based approach.

It can be seen from Figures 3 and 4 that the tension stiffening

behaviour and consequently the effective strain due to tension

stiffening (�r)eff depends on: the moduli of the concrete Ec and

reinforcement Er in Figure 3(b); the bond-slip property �/�
(Oehlers et al., 2014); the cross-sectional area of the reinforce-

ment Ar and concrete Ac in Figure 3(b); the crack spacing which

depends on whether there are primary cracks of spacing Scr in

Figures 3 and 4 or secondary cracks of spacing Scr/2; the boundary

conditions such as d�/dx ¼ � ¼ 0 in Figure 8(c) and � ¼ 0 in

Figure 4(c); and, of course, on the stress in the reinforcement at

the cracked section P/Ar in Figures 3 and 4. This complexity or

difficulty is further illustrated from closed-form solutions.

Take for example the simplest of bond-slip properties, that of the

idealised linear descending bond-slip (Oehlers et al., 2014). For

this simplest of bond-slip properties and only when primary

cracks are present, the effective strain is given by

(�r)eff ¼
�max 1� 1

cos(ºScr=2)

� �
� � rtan(ºScr=2)

Erº

Scr=21:

in which the primary crack spacing is given by

Scr ¼
arcsin

� r

Erº�max

� �

º2:

and where º is a function of both the bond-slip properties and

geometric properties (Muhamad et al., 2012, 2013). It can be

seen that the pseudo strain (�r)eff owing to tension stiffening

depends not only on the material properties but also on geome-

tries and boundary conditions; this makes it very difficult to

extract from experimental testing a pseudo tension stiffening

strain for a strain-based approach such as in Figure 2(b).

4.2 Pseudo �/� concrete compressive softening

An element in a compression test as in Figure 9, as explained in

the companion paper (Oehlers et al., 2014), contracts owing to

material contraction and due to sliding as shown in Figure 9 and

further illustrated in Figure 5. The sliding component ˜L in

Figure 5 can be determined from the shear friction material

properties (Oehlers et al., 2014), which depend not only on the

concrete compressive strength but also on the aggregate interlock

properties such as aggregate size, shape and strength, and the

mortar properties relative to the aggregate properties which, for

example, determine whether the sliding plane goes around the

aggregate or through the aggregate.

A cylinder of concrete fails through the formation of a single set

of sliding planes as illustrated in Figure 9. If the height of the

cylinder L is increased, a single set of sliding planes still exists.

Consequently, the component due to sliding ˜L in Figure 5

remains the same and the only increase in contraction is due to

material contraction over the increased length. With this in mind,

it can be shown (Chen et al., 2013) that the effective or pseudo

strain can be extracted for a specimen of length L2 from a test

cylinder of length L1 using the following expression and without

the need for the direct use of shear friction properties

[(�n)branch]L2
¼ [(�n)branch]L1�(�n)mat

� � L1

L2

þ (�n)mat3:

where n is the stress level and the subscript ‘branch’ refers to the

ascending or descending branches in Figure 10 (Oehlers et al.,

2014). For example, if the pseudo stress–strain relationship

L

Platen

Element

Sliding
plane

Strain
gauge

Figure 9. Concrete compression test
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O–A–C–D was obtained from a cylinder of length L1, then from

Equation 3, a cylinder with a greater length L2 would have the

pseudo stress–strain relationship shown in Figure 10 which in

turn could be used in the displacement-based analysis in Figure 1

where 2Ldef is L2:

Equation 3 clearly shows that that pseudo compressive stress–strain

relationship is size dependent: that is, it depends on L1/L2: Hence it

can only be applied in a strain-based M/� approach as in Figure 2(b)

for a specific size of segment as in Figure 1, which is often referred

to as a hinge. It can be seen that the pseudo compressive stress–

strain relationship depends not only on the compressive strength

but also on the shear-friction properties and also is size dependent,

which makes the commonly used research approach of finding a

size-independent stress–strain relationship difficult to achieve.

4.3 Pseudo shear sliding

The shear sliding mechanism in Figure 8 controls the shear

behaviour and capacity of RC members and, consequently,

experimental tests (Oehlers et al., 2014) are frequently conducted

to quantify this property. This pseudo shear sliding property

depends on all the variables associated with tension stiffening and

with compression softening as described above. In addition, the

pseudo shear sliding material property depends on the additional

variable of the boundary condition of the reinforcement as in

Figure 8(c) where: if the reinforcement is long, it is the full-

interaction boundary condition d�/dx ¼ � ¼ 0; for anchored bars

it is � ¼ 0; and for short bars it is �r ¼ 0. Hence quantifying the

shear sliding pseudo properties experimentally is not an easy

task. Simulating the physical behaviour of RC members subjected

to shear as in Figure 7 allows closed-form solutions to be derived

for the shear capacity (Zhang, 2013).

5. Closed-form models
Running a numerical model is considerably less expensive than

experimental testing so that numerical models that simulate the

local physical behaviours can be used in wide-ranging parametric

studies to develop design rules. A more advanced approach is to

develop closed-form solutions from the displacement-based

model, which not only gives a deep understanding of the

mechanism and the parameters that affect the mechanism but

also can be used to form the fundamental foundation for the

design model.

5.1 Closed-form flexural rigidities

Closed-form solutions for the flexural rigidity at serviceability

can be derived from the segmental analysis in Figures 1 and 2

(Visintin et al., 2013a). For the specific case of a segment with

only primary cracks and in which the bond-slip stiffness ke ¼ �/�
is constant, the sectional effective or pseudo flexural rigidity is

given by

EIpi-p ¼

Ecb tanh (1)(�d3 þ 3d2dcr-p � 3dd2
cr-p þ d3

cr-p)

þ6ArEr(ddcr-p � dcr-pc� dcþ c2)

6 tanh (1)4:

where Ec and Er are the concrete and reinforcement moduli, Ar is

the area of the reinforcement with cover c, d is the depth, b is the

width and dcr-p is the primary crack height given by

dcr-p¼

dbEc tanh(1)þArEr 3

� [2dbEcArEr tanh(1)þA2
r E2

r �2bEcArErctanh(1)]1=2

bEc tanh(1)5:

Empirical research can be divided into experimental testing

required to define the model and experimental testing required to

quantify the parameters within the model. Hence the closed-form

solution of Equations 4 and 5 eliminate the need to define the

model through experimental tests so that the empirical researcher

can now concentrate on quantifying the parameters within the

model. For example, researchers could focus their research on

finding simple models for dcr-p in Equation 5 by using Equation 5

to perform parametric studies. It is interesting to note that the

effective stiffness of Equation 4 does not depend on the bond-slip

stiffness ke, even though this was included in the derivation. This

sounds incorrect but the model shows that the increase in flexural

rigidity associated with increasing the bond stiffness is offset by

the formation of more cracks. Hence empirical researchers need

not bother with varying the bond properties in their tests if they

are only concerned with flexural rigidities. This is an example of

how closed-form solutions can simplify the problem, but it also

emphasises the difficulty of finding pseudo flexural rigidities from

experimental testing.
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5.2 Closed-form shear capacity

The analysis illustrated in Figure 7 can be used to derive the

following closed-form solution for the shear capacity at a section

without stirrups (Zhang et al., 2013)

V sl ¼
bdNAA

1� C

M a=V a �
Scr

2
� d

tan (�CDC)

jd

2
64

3
75

6:

where b is the width of the section, d the effective depth, jd the

lever arm between the resultant of the flexural tensile and

compressive force, dNA the depth of the compression zone, Scr the

flexural crack spacing, the ratio between the moment and the

shear force at the section is Ma/Va, �CDC the angle of the critical

diagonal crack, and the coefficients A and C quantify the material

shear stress capacity. Hence the model has been quantified

through mechanics so that the empirical researchers can concen-

trate their efforts in quantifying the parameters such as �CDC, jd

and dNA: It is interesting to note that the shear capacity in

Equation 6 depends to a large extent on the shear span Ma/Va and

it is this sort of dependency which is difficult to identify

empirically.

6. Conclusion
The purpose of a large amount of the testing in the develop-

ment of RC products and their associated design rules is to

provide pseudo properties for the use of strain-based analysis

techniques. It has been shown that this approach is very

expensive and restrictive. An alternative approach is to use a

displacement-based approach such as the M/Ł approach as this

can eliminate the need, through mechanics, of pseudo material

properties and, hence, reduce the cost of development of

products and design rules. It is suggested that this approach, in

which the emphasis is on simulating through mechanics the

local physical behaviour of RC members that can be seen or

measured in practice, will reduce the amount of testing to

develop new products or design rules and, furthermore, allow

structural engineers to design members outside the range of

experimental tests.
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