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We demonstrate the capability of ab-initio time-dependent R-matrix theory to obtain accurate
harmonic generation spectra of noble-gas atoms at Near-IR wavelengths between 1200 and 1800 nm
and peak intensities up to 1.8 × 1014 W/cm2. To accommodate the excursion length of the ejected
electron, we use an angular-momentum expansion up to Lmax = 279. The harmonic spectra show
evidence of atomic structure through the presence of a Cooper minimum in harmonic generation
for Kr, and of multielectron interaction through the giant resonance for Xe. The theoretical spectra
agree well with those obtained experimentally.

PACS numbers: 32.80.Rm, 31.15.A-, 42.65.Ky

I. INTRODUCTION

Advances in laser technology have provided researchers
with new techniques to explore and exploit laser-matter
interactions. Many experiments utilize the fundamental
attosecond process– high harmonic generation (HHG)–
either as the source of high energy [1] and ultrashort [2]
light pulses or, more directly, as a window to attosecond
dynamics [3] or detailed molecular structure [4]. These
detailed spectroscopic techniques have shown that on ul-
trafast time-scales both multiple ionization pathways [5]
and multiple-electron interference [6] are of fundamental
importance in determining the dynamics.

The main influence of atomic structure on HHG can
be understood through the so-called three-step model, in
which a bound electron is first liberated by tunneling ion-
ization, then driven by the laser field, before recolliding
with its parent ion with the emission of a high-energy
photon, all within a single cycle of the driving field [7].
The recollision step can be regarded as inverse photoion-
ization, and therefore provides information on the basic
structure of the atom, while the time-energy mapping of
the recolliding electron gives a window to the attosecond-
scale dynamics of the system. The highest energy of the
recolliding electron– and thus, the extent of the spectrum
of emitted radiation– is proportional to the square of the
driving wavelength. Hence, in recent years, HHG stimu-
lated by Near-IR (NIR) radiation (wavelengths between
1200 and 1800 nm) has gained interest. Although the to-
tal harmonic yield is significantly reduced at these higher
photon energies [8, 9], the decrease in single-atom effi-
ciency can be compensated in the macroscopic medium
by ensuring good phase-matching [1].

From a measurement point-of-view, the advantage
of using long-wavelength radiation is that the broad-
bandwidth of the resulting HHG spectrum leads to finer
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time-resolution. Furthermore, higher laser intensities can
be reached before the atom undergoes significant multi-
photon ionization. As experiment continues to demon-
strate the importance of multielectron effects in ultrafast
processes such as HHG, it is increasingly important that
there is a corresponding advance in theory, such that ex-
perimental data can be accurately interpreted and inter-
esting dynamics can be elucidated.

To the best of our knowledge, only the time-dependent
configuration-interaction singles (TDCIS) approach has
been successfully applied to HHG in the NIR regime for
explicitly multielectron atoms [10, 11]. In the present
report, we demonstrate the capability of the R-matrix
including time-dependence (RMT) approach to describe
the harmonic response of general multielectron atoms in
the NIR regime from first principles. The approach has
two defining capabilities. Firstly, the code is optimized
to run on massively parallel (> 1000 cores) machines,
thus making the extension to challenging physical sys-
tems more amenable. Secondly, the RMT approach can
be applied to general atomic systems, including open
shell atoms and ions, and can describe atomic structure
induced by electron-electron repulsion in detail.

Previously, we have applied time-dependent R-matrix
(TDRM) theory to investigate HHG at a wavelength
of 390 nm [12–14]. These studies demonstrated that
the details of the atomic structure can play a signifi-
cant role in HHG. The NIR radiation regime is substan-
tially more challenging to theory than the UV regime.
For a wavelength of 1800 nm, an electron can absorb
many more photons from the field, leading to a substan-
tial increase in the angular momentum expansion. At
an intensity of 1.8 × 1014W/cm2 at 1800 nm the excur-
sion length of a recolliding electron can extend beyond
200 a0, so high-quality wavefunctions are required over
extensive spatial regions. The implementation of time-
dependent R-matrix theory in the TDRM codes slows
down significantly for these large expansions, making
this approach unfeasible. The RMT implementation per-
forms much better for large angular-momentum expan-
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sions [15]. Hence, this approach is more suitable for the
investigation of the atomic response to long-wavelength
light fields.
To investigate the suitability of the RMT approach for

calculations in the NIR regime, we apply the approach to
HHG in Kr and Xe. These systems have been the subject
of experimental investigation with the Cooper minimum
in Kr studied [16] as well as the effect of the giant res-
onance in Xe [6]. The giant resonance has already been
investigated using the TDCIS method [11], but no com-
parison with experimental data was made.

II. TIME-DEPENDENT R-MATRIX THEORY

The RMT approach is the most recent implementation
of time-dependent R-matrix theory [15]. This approach
adopts the standard R-matrix technique of separating the
physical system into two regions: an inner region, close
to the nucleus, and an outer region. In the inner region,
all electrons interact strongly with each other and the
full Hamiltonian needs to be taken into account. In the
outer region, a single ejected electron is well separated
from the other electrons, and exchange effects involving
this ejected electron can be neglected.
A standard R-matrix basis is used to describe the wave-

function in the inner region [17]. An N -electron atom is
described as a direct product of (N − 1)-electron states
of the residual ion and a complete set of single-electron
functions representing the ejected electron. Additional
N -electron correlation functions can be added to the ba-
sis set to improve the accuracy of the wavefunction. This
is at variance with competitive methods such as TDCIS,
in which the wavefunction is expressed only in terms of
the Hartree-Fock ground state and singly excited con-
figurations. At the non-relativistic Hartree-Fock level,
the RMT and TDCIS methods describe the physics in
the same manner, allowing for direct comparison of the
methods. The TDCIS method has the capability to ac-
count for the relativistic splittings of residual ion states,
giving access to spin-orbit dynamics in ultrafast processes
[11]. On the other hand, the RMT approach can include
the influence of double- and higher excitations in both
the residual ion states, and the full system under inves-
tigation. The two methods can therefore explore the in-
fluence of a different set of interactions on the electron
dynamics. Through the inclusion of correlation orbitals,
the RMT approach has the capability to obtain an ac-
curate description of the dynamics of open-shell systems
as well as closed-shell systems [12, 13, 18, 19]. The ca-
pability to account for correlation in both the initial and
residual ionic system is critical for this accuracy.
In the outer region, the wavefunction is described

in terms of residual-ion states coupled with a finite-
difference representation for the radial wavefunction of
the ejected electron [15, 20]. The key distinction of RMT
theory is the link between the inner and outer regions.
Standard R-matrix approaches connect different regions

through the so-called R-matrix [17, 21]. In the RMT ap-
proach, the outer-region is connected to the inner region
through the wavefunction itself. The outer-region grid
is extended into the inner region; the inner-region wave-
function is evaluated on this grid and made available to
the outer region. This suffices to propagate the outer-
region wavefunction. The inner region is connected to
the outer region in a traditional R-matrix fashion by de-
termining a spatial derivative of the outer-region wave-
function at the inner-region boundary. This derivative
provides the boundary information needed to update the
inner-region wavefunction.
The harmonic spectrum is determined by evaluating

the time-dependent expectation value of either the dipole
moment or the dipole velocity [22]. In the present ap-
proach, the dipole acceleration is not suitable as we in-
vestigate Kr and Xe, for which the inner orbitals must
be kept frozen. The harmonic spectra obtained through
either the dipole moment or the dipole velocity show the
same spectrum up to well into the cut-off regime. They
differ by about 20% in overall magnitude. The main rea-
son for this is the limited ionic basis used in the calcula-
tions.
The use of highly scalable finite-difference techniques

enables efficient parallelisation of the codes beyond 1000
cores. This is key in the description of electron motion
in long wavelength driving pulses, as wavepackets can be
driven very far from the nucleus, necessitating a mas-
sively expanded outer region. For the investigation of
HHG, however, it should be noted that details of the
outgoing wavepacket are not as important when the elec-
tron is too far from the nucleus to return, especially when
HHG is determined using the dipole velocity operator.
The noble-gas atoms, Kr and Xe, are described in R-

matrix theory as a direct product of residual-ion states
(Kr+ and Xe+) coupled with a complete set of outer-
electron functions. In the present calculations, the
residual-ion states are described using Hartree-Fock or-
bitals for the ground-state of Kr+ and Xe+, respec-
tively. We use these orbitals to generate 4s24p5 and 4s4p6

residual-ion states for Kr+, and 4d−1, 5s−1 and 5p−1 ini-
tial states for Xe+. To investigate the influence of the
various shells on HHG in Xe, we have carried out addi-
tional calculations in which the 4d−1 residual-ion state is
included or excluded. We have also performed calcula-
tions including the 4p−1 state and find that its inclusion
does not affect the HHG spectra.

III. CALCULATION PARAMETERS

The description of Kr and Xe includes all available
channels up to a maximum total angular momentum
Lmax = 180 for Kr and 279 for Xe. The spectra were
tested for convergence with respect to angular momen-
tum. The time-step in the wave function propagation for
this calculation is normally set to 0.24 as. Additional cal-
culations were carried out at a shorter time-step of 0.12
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FIG. 1: (Color Online) Calculated harmonic spectra of Kr at
a wavelength of 1800 nm for different peak laser intensities.

as, with no significant change in the spectra. The pulse
profile is given by a four-cycle sin2 turn-on followed by
two cycles at peak pulse intensity and a four-cycle sin2

turn-off (4-2-4). To investigate the harmonic spectrum
for short pulses, additional spectra were obtained for a
pulse with a two-cycle sin2 turn-on followed immediately
by a two-cycle sin2 turn-off (2-0-2).

The R-matrix inner region has a radius of 20 a0. The
continuum functions are described using a set of 60 B-
splines of order k = 9, for each available angular mo-
mentum of the outgoing electron. In the outer region we
set the outer boundary to about 5000 a0 to reduce un-
physical reflections of the wave function from this bound-
ary. Re-scattered electrons can have an energy of 10 Up,
with Up the ponderomotive potential [23]. This energy
is about 550 eV in the present calculations. Hence, large
box sizes are required. The calculations were performed
on ARCHER, the UK’s supercomputing facility, and typ-
ically employed around 1500 cores for 8 hours.

IV. RESULTS

The main outcomes of the calculations are the time-
dependent expectation values of the dipole operator and
the dipole velocity operator. These time-dependent ex-
pectation values are Fourier transformed and squared to
obtain the harmonic spectrum. Figure 1 shows the har-
monic spectrum obtained for Kr irradiated by a 4-2-4
laser pulse, with a total duration of 60 fs, at a wave-
length of 1800 nm as a function of peak intensity. The
spectra show the standard form of odd harmonics of the
fundamental photon energy with a well-defined plateau
region and a cut-off energy of 70 eV at 0.5 × 1014 W/cm2

increasing to 188 eV at 1.8 × 1014 W/cm2. This is in line
with the cut-off formula: Ec = 1.3Ip + 3.17Up, where Ip
is the ionization potential and Up the ponderomotive po-
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FIG. 2: (Color online) Calculated harmonic spectrum of Kr
at a peak intensity of 1.8× 1014 W/cm2 for different laser
wavelengths.

tential [24].
At the highest peak intensity of 1.8×1014 W/cm2, Fig.

1 shows a clear influence of atomic structure on the har-
monic spectrum through a minimum in the harmonic
yield at a photon energy of around 85 eV. This minimum
is also visible at a peak intensity of 1.2×1014 W/cm2,
but at 0.5×1014 W/cm2, the harmonic plateau does not
extend sufficiently far. This is a so-called Cooper mini-
mum, in which the radial dipole matrix element between
the 4p orbital in Kr and the continuum d orbital vanishes.
The photorecombination step in the three-step model is
the reverse process of photoionization, and it will thus be
affected similarly: when the radial matrix element van-
ishes, photorecombination is not allowed. This minimum
has been observed in photoionization spectra and occurs
at a photon energy around 84 eV [25], in line with the
present observations.
Figure 2 shows the dependence of the harmonic cut-off

on laser wavelength for Kr. We observe a cut-off energy
of 115 eV at 1300 nm, 140 eV at 1500 nm and 188 eV at
1800 nm, in line with the cut-off formula [24]. The po-
sition of the minimum in the harmonic yields is largely
independent of driving wavelength. At the shortest wave-
length, the spectrum barely extends to the energy of the
Cooper minimum. Unambiguous observation of the min-
imum is only possible at the longer wavelengths.
Figure 3 shows a comparison with the experimental

HHG spectrum [16]. Although the theoretical spectrum
extends up to 190 eV, the experimental spectrum was
presented only for photon energies up to 150 eV. Figure
3 shows excellent agreement between the two spectra,
demonstrating that RMT theory has the capability to
predict harmonic spectra in the NIR regime. We note,
however, that while RMT calculates single-atom HHG
spectra, the experimental spectra include propagation
effects, which may indicate a preference for either the
so-called short or long trajectories [26].
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Figure 3 suggests the minimum appears between 90-
100 eV in experiment, whereas the calculated minimum
appears closer to 85 eV. However, the position of the the-
oretical minimum is difficult to assign unambiguously, as
there is variation in intensity between neighbouring har-
monics. Furthermore, the presented experimental data is
an averaged spectrum, and the different rates of increase
around the minimum may have shifted the experimen-
tally observed minimum to higher energy.

The comparison between experiment and theory is
more difficult for harmonic photons with an energy
greater than 150 eV. One of the reasons for this diffi-
culty is the experimental pulse length. In Fig. 4, we
compare the harmonic spectrum obtained for our cur-
rent 4-2-4 pulse with a pulse consisting of a 2-cycle sin2

turn-on, followed by a 2-cycle sin2 turn-off. For both
profiles, the carrier-envelope phase is set to 0◦ The full-
width at half-maximum of the 2-0-2 pulse is about 8.7
fs, which is comparable with the 10 fs pulse used in the
experiment. This reduction in pulse length has a signif-
icant effect on the harmonic spectrum. Classical calcu-
lations show that only one electron trajectory leads to
recollisions with energies greater than 140 eV. This leads
to a broad spectrum as peaks separated by twice the
fundamental photon energy require interference between
multiple trajectories.

We have investigated the influence of the multielectron
interaction on HHG in Xe for a 4-cycle, 1.9× 10 W/cm2,
1800 nm pulse. The photoionization spectrum of Xe is
dominated by the so-called giant resonance, in which a
4d electron is excited into a short-lived quasi-bound reso-
nance of f character [27]. However, this resonance cannot
be thought of as a single-electron effect: partial photoion-
ization spectra demonstrate evidence of the resonance in
the photoemission of the 5s and the 5p electron, as well
as photoemission of the 4d electron.

The most likely electron to be removed from the Xe
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FIG. 3: (Color Online) HHG spectrum for Kr calculated us-
ing RMT (dotted, red line), smoothed spectrum (solid, red
line) and the experimental spectrum (dashed, blue line, [6])
at a wavelength of 1800 nm and a peak intensity of 1.8 ×

1014 W/cm2. Although the theoretical spectrum extends to
190 eV, the experimental spectrum was only reported for pho-
ton energies up to 150 eV. The experimental data has been
renormalised for comparison with the theoretical spectrum.
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FIG. 4: (Color Online) The HHG spectrum of Kr at a wave-
length of 1800 nm and a peak intensity of 1.8 × 1014 W/cm2

for a 10-cycle pulse with a 4-2-4 profile (a) and a 4-cycle pulse
with a 2-0-2 profile (b).

atom in the ionization step of the recollision model is the
outermost 5p electron, particularly at long wavelengths.
The observation of the giant resonance is then a clear
indication of electron-electron interactions: a 4d electron
interacts with the recolliding electron to be promoted
into the 5p hole. This allows the recolliding electron to
recombine into the 4d shell– for which the photorecombi-
nation matrix elements are particularly large relative to
the 5p matrix elements– leading to a broad resonance in
the HHG yield. To demonstrate this latter point, calcula-
tions have been carried out which either allow or disallow
emission of one of the 4d electrons.

Figure 5 shows the calculated harmonic spectrum for
Xe irradiated by 1800 nm laser light with a peak in-
tensity of 1.9×1014 W/cm2. The figure compares the
harmonic spectrum obtained both by including and ne-
glecting the influence of the 4d electron. In line with

40 60 80 100 120 140
Photon Energy (eV)

RMT − no 4d

10−5

RMT − 4d
Experiment

10

10

−4

−6

10−3

In
te

ns
ity

 (
ar

b.
un

its
)

FIG. 5: (Color online) The harmonic spectrum for Xe irra-
diated by an 11 fs, 1800 nm laser pulse with a peak inten-
sity of 1.9 × 1014 W/cm2 as obtained in experiment (dashed,
black line, [6]) and using the present approach, either includ-
ing emission of a 4d electron (solid, red line) or excluding
this emission (dotted, blue line). The thick lines indicate the
smoothed theoretical results. The experimental data has been
renormalised for comparison with the theoretical spectra.
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TDCIS calculations [10], opening the 4d shell increases
the harmonic yield by about an order of magnitude in
the neighbourhood of the giant resonance at around 115
eV. The calculated spectrum shows good agreement with
experiment [6] up to a photon energy of about 100 eV,
when the experimental harmonic yield drops off faster
than the theoretical ones. Thus the theoretical resonance
appears to be broader than the experimental resonance
which is centered on 100 eV. Again, these differences
may be due to macroscopic propagation effects. How-
ever, the description of the resonance might also be im-
proved by including more electron-correlation effects, to
describe changes in the 4d and 5p orbitals during HHG.
Although it is, in principle, possible to include addi-
tional orbitals to account for these changes, their inclu-
sion would significantly increase the number of residual-
ion states to account for, rendering the calculations un-
feasible at present.

V. CONCLUSIONS

In conclusion, we have demonstrated the feasibility to
investigate HHG in general atomic systems in the NIR
regime from first principles with full inclusion of electron-
electron repulsion. Specifically, we have applied the RMT
codes to investigate HHG in Kr and Xe at wavelengths up
to 1800 nm. Experimental spectra show a significant in-
fluence of atomic structure, which is well reproduced in

the theoretical calculations. The present investigations
only concern noble-gas atoms, as these are the systems
of main experimental interest. However, the RMT ap-
proach has already been applied to photoionization of
atomic systems with open outer shells, such as Ne+ and
C [18, 19]. The approach should therefore be capable of
obtaining HHG spectra for general atomic systems in the
NIR regime.

HHG is only one of the many aspects of laser-matter
interactions that has been investigated experimentally.
For example, experiment has also investigated ejected-
electron momentum distributions for atoms and ions ir-
radiated by short 1800 nm fields. The theoretical de-
scription of these distributions is significantly more sen-
sitive to the number of total angular momenta included
in the calculations. It will therefore be interesting to ex-
plore whether other aspects of laser-matter interactions
at 1800 nm can also be investigated accurately using the
RMT approach.
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