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Improving students’ understanding of algebra and multiplicative reasoning: Did 

the ICCAMS intervention work? 
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In this paper we report on the intervention phase of an ESRC-funded 

project, Increasing Competence and Confidence in Algebra and 

Multiplicative Structures (ICCAMS). The intervention was designed to 

enable teachers to use formative assessment in mathematics classrooms by 

evaluating what students already knew, then adapting their teaching to 

students’ learning needs. A key feature was the use of models and 

representations, such as the Cartesian graph, both to help students better 

understand mathematical ideas and to help teachers appreciate students’ 

difficulties. Twenty-two teachers and their Year 8 classes from 11 schools 

took part in the intervention during 2010/11. Pre! and post-tests in 

algebra, decimals and ratio were administered to the students of these 

classes, and compared to a control group of students matched from the 

ICCAMS national longitudinal survey (using propensity score matching). 

The students in the intervention group made greater progress than the 

matched control.  

Keywords: Algebra, Multiplicative reasoning, Formative assessment 

Introduction 

Increasing Competence and Confidence in Algebra and Multiplicative Structures 

(ICCAMS) was a 4½ year project funded by the Economic and Social Research 

Council in the UK.
1
 Phase 1 consisted of a survey of 11-14 years olds’ understandings 

of algebra and multiplicative reasoning, and their attitudes to mathematics (Hodgen et 

al, 2010). This survey involved both cross-sectional and longitudinal samples. Phase 2 

was a collaborative research study with a group of teachers that aimed to improve 

students’ attainment and attitudes in these two areas (Brown, Hodgen and 

Ku !chemann, 2012). In this paper, we report on Phase 3 of the study in which the 

intervention developed in Phase 2 was implemented with a wider group of teachers 

and students. This paper provides on overview of the intervention and results targeted 

at the BCME audience. A full consideration of the results will be the subject of a 

longer paper. 

ICCAMS was funded as part of a wider initiative aimed at increasing 

participation in STEM subjects in the later years of secondary school and university. 

Our research team at King’s College London, having considered the existing research 

on participation in mathematics (e.g. Matthews and Pepper, 2007; Brown, Brown and 

Bibby, 2008), felt that the main obstacles to participation lay in negative student 

attitudes; most students did not want to carry on with their mathematical studies 

because they believed they were not ‘good at mathematics’, and ‘did not understand 

it’. They also found it ‘boring’ and ‘unrelated to real life’.  

Two mathematical areas which are a key part of the age 11-14 curriculum but 

which seemed to cause particular problems to students were algebra and 

multiplicative thinking (ratio and the multiplicative use of rational numbers). Algebra, 

although not perceived as useful by most students and adults, is particularly important 
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in relation to further study in mathematics and in subjects that draw heavily on 

mathematical modelling. Multiplicative thinking is central not only in mathematics 

but in the application of mathematics in employment and everyday life, especially 

using percentages and proportions.  

Hence, ICCAMS aimed at increasing student participation through improving 

their understanding of these topics, and, through this, their confidence in their ability 

to do mathematics. Additionally it also aimed at demonstrating the importance and 

power of mathematics and its real-life applications. 

The ICCAMS approach 

Research suggests formative assessment is an effective approach to increasing 

attainment and engagement (e.g. Black and Wiliam, 1998). Yet, despite widespread 

take-up of formative assessment nationally and internationally, there is evidence that 

teachers have considerable difficulties implementing these ideas (e.g. Smith and 

Gorard, 2005). This may be because formative assessment has been described vaguely 

and is thus difficult to implement (Bennett, 2011). It may also be because formative 

assessment has largely been described generically rather than in subject-specific terms 

(Watson, 2006). Teachers’ ability to use formative assessment in mathematics is 

limited by their knowledge about key ideas, and the likely progression of student 

learning in them. Thus if teachers focus on teaching mathematical procedures they 

may find it difficult to see what is causing problems for students in mastering and 

applying these, and may thus have difficulty responding to the students’ difficulties 

(Hodgen, 2007; Watson, 2006). 

In order to address these issues and provide a ‘better’ and more didactic 

description of formative assessment, the ICCAMS team drew on the extensive 

research literature about developing thinking in multiplicative reasoning (e.g. Confrey 

et al., 2009; Harel and Confrey, 1994) and algebra (e.g. Mason et al., 2005; Watson, 

2009). In addition, we developed a set of design principles for which there is research 

evidence to indicate they are effective in raising attainment (Brown, Hodgen and 

Ku !chemann, 2012). These included connectionist teaching (e.g. Askew et al., 1997; 

Swan, 2006), collaborative work (e.g. Slavin et al., 2009; Hattie, 2009) and the use of 

multiple representations (e.g. Streefland, 1993; Gravemeijer, 1999; Swan, 2008). In 

particular, multiple representations, such as the Cartesian graph and the double 

number line (see, e.g. Ku !chemann, Hodgen and Brown, 2011), are used both to help 

students better understand and connect mathematical ideas and to help teachers 

appreciate students’ difficulties.  

The ICCAMS teaching materials 

The final set of teaching materials consisted of 20 whole class assessment ‘starter’ 

activities and 40 lessons.
1
 Each assessment starter was designed to inform a pair of 

linked lessons. For example, the first algebra starter and lesson-pair address the 

concept of variable and the notion that letters, and expressions involving letters, can 

represent a range of values simultaneously. The starter, Which is larger, 3n or n+3?, 

is intended to be used some time before the lessons to allow the teacher time to 

consider the students’ approaches prior to teaching. In each of the two lessons, two 

linear expressions are compared by considering different representations, first, in the 

context of a boat hire problem, and, second, by returning to the ‘pure’ context of 3n 

and n+3. In both lessons, students are asked to construct Cartesian graphs of the two 

expressions and then compare these to tabular, word and symbolic representations of 
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the expressions. Lesson notes provide a description of the lesson together with 

background materials. The first two pages of the Boat Hire lesson are attached as 

Appendix 1.  

Methods 

The intervention 

The main Phase 3 intervention took place over the academic year 2010/11. Twenty-

two Year 8 classes from 11 schools in Hampshire and London took part. Although 

schools and teachers volunteered to take part in the intervention, the sample of 

schools included a range of high and low attaining schools. The participating classes 

were not specially chosen and were the Year 8 classes allocated to the participating 

teachers. Teachers were asked to use the ICCAMS materials as an alternative to their 

ordinary teaching of algebra and multiplicative reasoning. Most teachers taught 

around half of the materials. Teachers also attended six whole day professional 

development sessions during the academic year led by Hodgen, Ku !chemann and 

Brown. 

The tests 

Tests in algebra, decimals and ratio were administered to the intervention students as 

a pre-test in October 2010 and again as a post-test in July 2011.
2
 The tests were first 

used in the Concepts in Secondary Mathematics and Science (CSMS) study in the 

1970s (Hart et al., 1981). The tests were designed to assess students’ conceptual 

understanding. The algebra test, for example, is designed to assess students 

understanding of variables.  

The intervention focused on the topics more broadly both to ensure the topics 

covered related to the algebra and multiplicative reasoning topics within the 

curriculum more generally and to avoid ‘teaching to the test’. So, for example, 

although a key focus within the algebra strand of the intervention was on the use of 

the Cartesian graph to develop understanding, the Cartesian graph does not feature on 

the algebra test or either of the other tests. Hence, the tests can be considered to assess 

the impact of the intervention on students’ understanding more broadly.  

The sample: Identifying a matched control group 

Just over 600 students took part in the Phase 3 intervention. Not all of these students 

took both the pre- and post-test in all of the tests, although most students took pre- 

and post-tests in at least one of the tests.
3
 The same tests were used in the Phase 1 

longitudinal survey. This survey was administered in July 2008, 2009, 2010 and 2011 

to a total of 912 students from six schools (including non-intervention classes from 

the Phase 2 schools). This survey had a dual purpose: it acted as a comparison for the 

intervention, and was also used to track students’ progression across Key Stage 3. As 

a result, there was no matched control or comparison group in the design. In order to 

deal with this problem, we used propensity score matching (PSM) to construct 

matched comparison groups, based on pre-test score and age at pre-test.  

PSM is a statistical method first developed by Rosenbaum and Rubin (1983) 

for estimating causal effects in studies without random allocation. It enables a 

comparison to be made between treatment and ‘control’ groups that is based on 

subsets of both that are well matched on a number of observed characteristics. Under 
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many conditions PSM can achieve comparison groups that have almost identical 

distributions on a number of variables simultaneously. This can potentially reduce the 

problems of trying to interpret differences in outcome measures between two groups 

that were initially quite different. For this analysis, PSM was set up using logistic 

regression to predict group membership (intervention/comparison) using pre-test 

score and age at pre-test as predictor variables. The sample sizes compared in the 

PSM analysis are shown in Table 1. 

 
Algebra Number Ratio 

282 292 306 

 

Table 1: Sample sizes for propensity score matching 

Results 

In this paper we report, first, overall changes in mean score and age, and, second, 

rates of score gain per year. Other methods, including the use of regression analysis, 

were also used, but are not reported here. These gave similar results to those reported 

here, and are discussed more fully in Coe and Hodgen (2012). 

Table 2 and Figure 1 show a comparison of the mean pre- and post-tests scores 

by mean age for both groups (intervention / comparison) in each of the tests (Algebra, 

Decimals, Ratio)
4
. 

Figure 1: Mean pre- and post scores by mean age for intervention students (Blue) and comparison 

group (Red) based on propensity score matching for all three tests.  

 

Test Group N Pre-test 

score 

SD Post-

test 

score 

SD Pre-

test 

Age 

SD Post-

test 

Age 

SD 

  
         

Algebra 
Intervention 282 23.39 11.42 27.29 12.74 12.62 0.31 13.96 0.30 

Comparison 282 22.86 12.02 26.10 12.70 12.63 0.37 13.97 0.59 

   
        

Number 
Intervention 292 45.40 14.07 47.88 14.11 12.62 0.30 13.37 0.29 

Comparison 292 45.49 14.47 47.15 15.71 12.61 0.39 13.98 0.58 

           
Ratio 

Intervention 311 16.98 8.87 19.52 10.34 12.66 0.35 13.37 0.30 

Comparison 311 17.52 10.07 19.72 10.77 12.64 0.44 14.01 0.62 

                      

 

Table 2: Mean pre- and post- scores and ages for intervention students and comparison group based on 

propensity score matching for all three tests.
6
 

 

For the comparisons using propensity score matching, the initial pre-test 

scores of intervention and comparison groups are, not surprisingly, a good deal better 
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matched. At the time of pre-test, in all but one of the comparisons, the intervention 

group test mean is actually just below the mean for the comparison group. By the end 

of the intervention, in all cases the intervention group mean is above that of the 

comparison group, despite the fact that the average time between tests is over six 

months shorter for the former.
5
 

Mean growth rates, which were obtained by dividing the mean change in test 

scores by the mean time interval, are shown in Table 3.  

 
 Pooled SD of raw 

test scores 

Rate of growth of mean 

scores (marks per year) 

Standardised rate of growth 

 Intervention Comparison Intervention Comparison 

Algebra 12.37 5.29 2.43 0.43 0.20 

Number 15.10 3.29 1.22 0.22 0.08 

Ratio 10.43 3.57 1.60 0.34 0.15 

Weighted mean   4.03 1.74 0.33 0.14 

 
Table 3: Growth rates for both interventions and matched comparison groups with pooled (weighted) 

mean for the main Phase 3 intervention highlighted. The standardised growth rates are calculated by 

dividing the growth rate (marks per year) by the pooled standard deviation. 

 

It can be seen from these figures that the main Phase 3 intervention groups 

increased their test scores by an average rate of 4.0 marks per year, compared with a 

rate of 1.7 marks per year for the comparison groups. These increases correspond to 

standardised growth rates of 0.33 and 0.14, respectively. Overall, therefore, pupils in 

the intervention groups have shown roughly twice the rate of increase in test scores of 

those in the comparison groups. In other words, students in the intervention groups 

have made the equivalent of about two years’ normal progress in one year. 

Discussion and implications 

These results indicate a substantial effect for the ICCAMS intervention equivalent to a 

doubling of the annual rate of learning. This effect is of a similar order to that found 

for formative assessment (Wiliam et al., 2004). However, a major criticism of that 

original study was that formative assessment was described largely generically and, 

thus, is difficult for teachers to implement in mathematics education. The ICCAMS 

intervention fills this gap by providing support and guidance to enable such 

implementation. Hence, this study provides further weight to the evidence on 

formative assessment, although we note that the ICCAMS intervention drew on the 

mathematics education literature more broadly in its implementation of formative 

assessment. 

It is important to express a number of caveats to these findings. First, the 

design did not include a matched control or comparison group and, hence, it is likely 

that there may be important unobserved differences between students in the 

intervention and the matched groups. In addition, tests for the intervention classes 

were administered twice in the same year (at the start and end of the year) whereas for 

most of the comparison group the tests were all taken at the end (June/July) of the 

academic year. Hence, the comparison group may suffer a disadvantage due to the 

summer break. We note, however, that, in a previous study of progression in primary 

school, the rate of learning during the summer appeared to be on a par with that for 

the rest of the year for Key Stage 2 students (Brown et al., 2008). Second, the teachers 

involved in the interventions were self-selected volunteers. Third, the intervention, 
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and in particular the professional development for teachers, was undertaken by the 

design team. 

Hence, whilst these results provide sufficiently strong evidence to justify 

further evaluation of the ICCAMS intervention, any interpretations of these 

differences as causal effects of the interventions must be cautious. The results are best 

interpreted as indicating the need for a further evaluation involving randomised 

allocation of students and teachers to intervention and control groups.  

Endnotes 

1. We are grateful to the ESRC for funding this study (Ref: RES-179-34-0001). 

2. The full title of the Decimals test is Number 2 (Decimals and Place Value). The 

Ratio test is titled Test R to avoid indicating the items involve ratio. 

3. The numbers of Phase 3 intervention students with both pre- and post-tests are 363 

(Algebra), 401 (Decimals) and 399 (Ratio). Pre-tests for one Phase 3 school, 

involving two classes and approximately 60 students, were not carried out due to time 

constraints within the school. 

4. The maximum scores on the tests are 51 (Algebra), 73 (Decimals) and 24 (Ratio). 

See Hart et al. (1981) for further information. Note that the year on year gain is 

relatively small (Hodgen et al., 2010). 

5. In all cases, the difference in the growth rates of the two groups is statistically 

significant (Coe and Hodgen, 2012). 

6. The comparison group students tend to be older as a result of the test 

administration. This is a discussed as a potential limitation later in the paper. 
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Appendix 1: The first two pages of the teaching notes for Lesson 1A, The Boat 

Hire Problem.  

 

 

 


