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Correspondence

Sampled-Data Filtering with Error Covariance Assignment  specified steady-state estimation error covariance, and thus, the desired
error variance constraints could be achieved. With the ECA theory, we
Zidong Wang, Biao Huang, and Peijun Huo are able to parameterize all filters/estimators in terms of the perfor-
mance criterion of the state estimation error covariance that is physi-

Abstractin this correspondence, we consider the sampled-data cally meaningful in practice and to deal with the system noise or output
filtering problem by proposing a new p’)erformance criterion in terms of  NO!S€ directly. Subsequently, [9], [10], [12], and [13], extended the

the estimation error covariance. An innovation approach to sampled-data ECA theory to the parameter uncertain systems by assigning a pre-
filtering is presented. First, the definition of the estimation covariance for ~ scribed upper bound to the steady-state error variance. The purpose of
a sampled-data system is given, then the sampled-data filtering problem is thjs correspondence is to generalize the ECA theory to sampled-data
reduced to the Kalman filter design problem for a fictitious discrete-time gy temg j e design discrete-time Kalman filters for a continuous-time
system, and finally, an effective method is developed to design discrete-time ’ ’ . . .

Kalman filters in such a way that the resulting sampled-data estimation SyStém such that the sampled-data estimation covariance can be as-
covariance achieves a prescribed value. We derive both the existencesSigned to a prespecified value. We develop here an equivalent present-
conditions and the explicit expression of the desired filters and provide state dependent discrete-time model (see, e.g., [2], [6], and [7]) to ob-
an illustrative numerical example to demonstrate the directness and (ain the desired sampled-data filters. Note that the dual problem for
flexibility of the present design method. sampled-data feedback controller design was initially studied in [1]

Index Terms—Continuous-time systems, discrete-time systems, Kalman with state covariance assignment and was further investigated for a
filtering, sampled-date filtering, intersample behavior. class of uncertain systems in [11].

In this correspondence, we consider the sampled-data filtering
problem by proposing a new performance criterion in terms of the
estimation error covariance. An innovation approach to sampled-data

Owing to the advances in digital computers, discrete-time filteringitering is presented. First, the definition of the estimation covariance
of continuous-time systems has been developed and used in numefgp$, sampled-data system is given, then the sampled-data filtering
applications, and thus, optimal sampled-data filter design problem hggblem is reduced to the Kalman filter design problem for a fictitious
well been studied; see, e.g., [2] and references therein. The aimg@fcrete-time system, and finally, an effective method is developed to
the optimal sampled-data filtering problem is, for continuous-time sygesign discrete-time Kalman filters in such a way that the resulting
tems with continuous-time measurements, to design discrete-time fll@l’r‘nmed_data estimation covariance achieves a prescribed value.
that, with A/D averaged measurements and D/A zero-order-hold esffe derive both the existence conditions and the explicit expression
mates,minimizesthe least squares estimation criterion. The optimajf the desired filters and provide an illustrative numerical example
sampled-data filtering approach, however, is not suitable for the cagedemonstrate the directness and flexibility of the present design
when the performance objectives are expresgeticitlyinterms ofthe  method. The results obtained in the this note are counterparts of the
steady-state estimation error variance, that is, the estimation error VEI.A theory for purely continuous- and discrete-time systems [14].
ance is not necessarily minimal but should meet certain upper boundrhroughout this correspondence, supersdrigenotes matrix trans-
constraints. This case is quite common in practical filtering problemsese, parentheség around an independent variable indicate an analog
such as tracking of maneuvering target and recognition of flight patfighction of continuous time or the Laplace transform of such a func-
from multlple sources [5] Traditional Optlmal fllterlng theories Coulqion‘ whereas square bracké{bindicate a discrete sequence or the
minimize a selected weighted scalar sum of the error variances of thgansform of a sequenc&{-} means the expection operator of the
state estimation in order to indirectly achieve the steady-state error vajigument.
ance constraints, but minimizing a scalar sum does not ensure that the
multiple variance requirements will be satisfied. Il. DEFINITIONS AND PROBLEM FORMULATION

Recently, a novel filtering method, namely, error covariance assign- ) o o ) ) )
ment (ECA) theory (see, e.g., [14] and [15]) was developed to providecons'der the following linear time-invariant continuous stochastic
an alternative and more straightforward methodology for designifyStem
filter gains that satisfy the error covariance constraints. This method-
ology could provide a closed-form solution fdirectly assigning the

|. INTRODUCTION

#(t) = Aw(t) + w(t) )

with continuous-time measurements
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(DTEM) for the continuous-time system. It should be pointed out thathere
the direct sampling of measurements containing white components is

not allowed because the equivalent discrete-time measurement noise walk] = [ (k] } wak] = {wr[k]}
would have an unbounded covariance. Therefore, we employ an aver- ' L £al] v [K]
aging-type A/D device (A, 0O 0
ging-typ A= | 0}. B = {_I} )
1 kT ) 7 _I
y[k] := = y(t) dt, (k— 17 <t <kt H:=[G K], M:=
T (k—1)7 CT 0
D:= o J = 00 10
wherer > 0 is the sampling period, and then obtain a present-state- I ol o I (10)

dependent DTEM for (1), (2) as follows (see, e.g., [7]):
andw[k] is a zero mean white noise sequence with covaridtice>
x[k + 1] = Arx[k] + w-[K] 3) 0. _ ) )
y[k] = Cr k] + vr [K] ) A§sumptlon 1:The white noise sequences andv. have no cor-
relation withz, i.e.,

where x[k " "
E { |: 2l :| [w? [ka]quady} [112]]} =0, VYVki,k: €N.

1 - calk1]
A, :IEAT, C,:==C / 6A<£7?) d£

T 0 Noting that the state,[%] in (8) represents the state behavior at sam-
pling instants of (1) and (7), we now define the sample-time estimation
covariance as follows.

wli = [ Ol ) ae
9]

ol = 1 / o((k = 1)7 + €) de Definition 1: The covarianceX; of (8) given by
T Jo
" o T e— ir e .”T .
1 / / A w((k=1)7 + 1) dy dé Ka= klil»lelo Elwalklea K]}
T Jo Je ) x[k] T T Xar Xus
= lim B |:5d[k]:| [#"[k] <i[K] == {ng Xdz} (11)

andw-[k] andv-[k] are zero mean white noise sequences with

is said to be the sample-time estimation covariance.
Remark 1: Note that the sample-time estimation covariance is a

welK] roy o
E [w] K] ol [K] T .
covariance in discrete-time sense and does not take account of the

v K]

Wo W i signal at the whole of the intersample but at the sampling instant. Typi-
= [WL Wy } = Wa ®) cally, sampled-data systems have been analyzed and designed through
their discrete-time behavior, i.e., their behavior at the sampling in-
where stants. While a few performance criteria such as stability or deadbeat

response can be judged based only on the discrete-time behavior, many
others such as disturbance and noise attenuation, and transient proper-
ties (overshoot, settling time, etc.), require a closer look at the inter-
sample behavior [1]. Moreover, in the event of filtering for an inher-

Wy = / AtwerE g
Q

Warim 1V 4 = [ POWE' () de
i i 0

Wy i= — . / SA(T_E)‘/VFT(Q 3
T Jo

K3
F(¢):=C / A1)y,
0

ently time-continuous system in terms of a discrete-time “equivalent,”
the question of sampling is not trivial [8] since the very small sampling
period that is naturally required may result in computational difficul-
ties. In the case when it is necessary to preserve the disturbance atten-
uation and transient properties of the original continuous-time systems
and reduce the computational complexity, the signal is sometimes not

suitable to be sampled at the Nyquist rate, and therefore, there should
The discrete Kalman filter used to reconstruct the statgof (1) is of  come more interest in the behavior during the intersample periods. It
the form is worth mentioning that in recent years, much attention has been paid
to the intersample behavior of continuous-time signals rather than the
behavior at sampling instant; see, e.g., [4] and references therein for
more details.

Remark 2: Assume that there exists sample-time estimation covari-
anceX, for the system (8). Then, under Assumption 1, it is easy to
see thatX 4 is the unique positive definite solution of the discrete Lya-
punov equation

ik + 1] = Gilk] + Ky[k] ©)

whereG and K are filter gains to be designed.
By definingz4[k] := «[k] — #[k], we obtain from (3), (4), and (6)
that

calk + 1] = Geqlk] + (A — G — KC:)a[k]
+ w-[k] — Kv[k] () X,:=(As+ BHM)X (Ay+ BHM)T
+(D+ BHJ)Wa(D+ BH.J)". (12)
and subsequently obtain the augmented system of (3) and (7) as fol-
lows: Defines. () := x(t) — &(t), wherei(t) = £[k]. kr < t < (k +
1)7. We are now able to provide the definition of the sampled-data
xqlk + 1] = (A + BHM )z4[k] + (D + BHJ)wq[k] (8) estimation covariance as follows.
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Definition 2: The sampled-data estimation covariaftes defined Theorem 1: Suppose that the sampled-data estimation covariance

as X, > 0 exists; thenX, is given by the following expression:
X.:= lim = /(HUT E{a ()2l (1)} dt X = % / [Co(w)XaC (u) + We(u)] du (14)
k—oo T Jpr 0
= {;é ;Sj . xs(t) = [i((i))} (13) whereX, is the sample-time estimation covariance, and
et 0
Remark 3: The sampled-data estimation covariance takes account Celu) = LM .y I}
of intersample behavior and is thus a more exact performance criterion Wi(u) Wi(u)
for sampled-data estimation than the sample-time estimation covari- Wi(u) := {W ’ Wl }
ance. Next, we need to show that the definition of sampled-data es- i 1) Wilu)
timation covariance is compatible with the covariances of augmented Wi (u) := / A WBATE de¢ (15)
systems for purely continuous- and discrete-time estimation. For purely 0
continuous estimation [i.e., the system to be estimated and the filter are
both continuous, and hence(t) andz.(t) are both continuous sig- forall0 < w < 7.
na|s], Definition 2 leads to Proof: Forkr S t < (]f + 1)1— and0 S u < T,We have
1 T T x.(t) = {I(t) } = { ol & U)A }
X, = ;}En - / E{x (t)z, (t)} dt 2s(t) (k7 + u) — 2[K]
) - kr » _ et 0] [ «[k]
= Jin, Ble s 0} = [ Zr 2] )

I " u—
. N i + {I} / M= (kr + €) de.
and for purely discrete estimation [i.e., the system to be estimated and 0

the filter are both discrete, and hene¢¢) and=.(t) are both discrete

signals], Definition 2 turns out to be Observing thatv andx4 are uncorrelated, we have
1 ptnT . E{xs(kT+ u)mf(kr +u)}
Xs = I,IHI; ; /l”_ E{J?s(t)iL’ﬁ, (t)} dt _ CS(U)E{ld[k]Lz[l-]}C;T(u) + 'LUS(U)

= lim E{x [k K]}
ke—oo and therefore

We are now in a position to state the main objective of this note as X. = lim 1 / E{a, (k7 + u)xST(kr +u)} du
0

follows: For the continuous-time system (1) and (2), find all the dis- k—oo T
crete-time Kalman filters being of the structure (6) such that the sam- 1T (OO XA W i
pled-data estimation covariance achieves a prespecified ¥alue 0. =7 /0 (G (W) XaCy (u) + Wi (u)} du.

We refer to this problem as the sampled-data estimation covariance as-

signment (SDECA) problem, which is actually the generalization gfjs proves the theorem.

the problem studied in ECA theory [14], [15]. _ To make the problem SDECA more tractable, we give the following
Remark 4: We briefly discuss the principle on how to prespecify thgjefinition.

sampled-data estimation covariante > 0. Note that the 11-block  pefinition 3: Consider the discrete Kalman filter (6) with parame-

of X, in (13) (X51 > 0) represents the steady-state state covarianggsc andi. A prespecified\, > 0 is said to beassignablef there

of system (1), which can be calculated in advance sific@Hurwitz.  eyists a set of matricell = [ K] such that the sampled-data estima-

The 22-block ofX’, in (13) (X:2 > 0) is the steady-state estimationtjon covariance achieve. .

error covariance and is just the item of interest in this note as stated;; fo|lows from Theorem 1 thaf', (u) andTV, (u) do not depend on

in Section 1.X.» can be prescribed according to the practical perfog; and . Hence, the following theorem offers the conditions for the
mance requirements, and its diagonal elements (i.e., the steady-sig{@apility of the problem SDECA (or the assignability of a prespeci-
estimation error variance) should not be less than the minimal valuggy x, > 0).

obtained from the optimal sampled-data filtering theory. The main aim thegrem 2: Consider the sampled-data system defined in (1)—(6).
of this correspondence is actually to design sampled-data filters SWBrespecifiedXS > 0 is assignable if and only if there exist a unique

that the resulting steady-state error covariance is successfully assigﬁggtive definite matrixt; > 0 and a set of matrice§ = [G' K]
to a prespecified valu&,, > 0. The 12-block ofX. in (13) (X3, that, respectively, meet (14) and (12).

which makesY, positive definite) is free, and this freedom offers the  proof. We only need to show the uniqueness\af meeting (4),

possibility to consider other desired performance objectives. and the rest follows from Theorem 1 and Remark 2 immediately.

Suppose that both';; > 0andX.: > 0 satisfy (14), that is

I1l. SoLuTION TO PROBLEM SDECA

1T T
. . . X, == () X g1 CF (u) + W (u)] du
The following theorem reveals the relationship between the sam- T /0 [Colw) Xar G () + W (w)] du
pled-data estimation covariande and the sample-time estimation co- 1 [T B}
varianceX ;. Xe=7 /0 [Co(w)Xa2CF (u) + We(w)] du
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and then we have Remark 5: Note thatB is of full column rank, and hence, the last
Lo B term on the right-hand side of (20) is equal to zero. Consequently, the
- / Co(u) (X1 — Xa2)CL () du = 0. filter parametersy and I can be obtained by

0
The definition (15) ofC, () indicates that”,(«) # 0, and hence, =[G K] N N
Xu1 = Xuz. The proof of Theorem 2 is completed. =B [L,Vy — (AaXyM" + DW, I ) (T T,
Theorem 2 means that the proposed problem SDECA can be divided
into the following two sequential problems. Remark 6: It is clear that if the set of desired filters is not empty,

« Problem 1:For a specified sampled-data estimation covariandgMUst be very large. We may utilize the freedom (such as the choice
X, > 0, find a positive definite matrix(, > 0 satisfying (14). of the orthogonal matri¥’;) contained in the filter design to improve

« Problem 2:For the positive definite matrix, > 0 determined other system properties. An interesting problem for future research is
in Problem 1, find a set of matricd% = [G K] satisfying (12). how to exploit the freedom to achieve the specified robust and/or reli-

able constraints on the filtering process.

Remark 7: It is worth pointing out the differences between the
SDECA problem addressed in this correspondence and the optimal
sampled-data Kalman filtering problem. The goal of the latter problem
is to design anoptimal filter that minimizes the estimation error
variance, and therefore, the resulting optimal filter is usually unique;

. A4 0 ) - it seems that there is not much freedom to be used to achieve other
4 |: :| , =7 <Xs - / W (u) du)
0

We first consider Problem 1. Note that (14) can be rearranged as
" Au ATy A
/ e Xqe du=@Q (16)
0

where

A 0 Q: performances, such as robustness andfthe(disturbance attenuation
rejection) requirement. Note that the “reverse problem” of identifying
Since (16) has a similar form with [1, (3.18)], we can calcul@teby a continuous-time system from measurements was studied in [3]. On

using the algorithm proposed in [1]. the other hand, since the specified variance (the diagonal element
Next, the following theorem solves Problem 2. of the specified error covariance) constraints may not be minimal
Theorem 3: Assume thafl/ X, M" + JW,J” > 0. There exists but should meet engineering requirements, the addressed SDECA
a solutionH that solves (12) if and only iK; > 0 satisfies problem in this correspondence is actually a multiobjective design
. . . o task that often yields nonunique solutions. After assigning to the
Ry:=Xy— AsX4A; = DWyD" + (A X M" + DW,JT") system a specified error covariance, there remainshfreedom that
A(MX M+ TW I (Aa X MT + DWW can be used to attempt threctly achieve other desired performance
>0 17) requirements, but the traditional optimal sampled-data Kalman
- filtering methods maybe lack such an advantage in the case that the
rank[Ra] < n +m (18) filtering performance objectives are expressaglicitly in terms of
(I - BBY)(Xy— AgX4A) — DW,D") the steady-state estimation error variance. This implies that the study
-(I-BBT)=0 (19) onthe addressed SDECA problem would be suitable to the case when

the error variance constraints are not necessary to be minimal, and the
where Bt denotes the Moore-Penrose inverse of maRixFurther- design freedom is highly desirable for achieving further performance
more, if conditions (17)—(19) are satisfied, &l solving (12) can be requirements. In this sense, the results of this paper may complement
parametrized by those of standard optimal sampled-data Kalman filtering.

H=B"[L.Vy - (AaXoMT IV. |LLUSTRATIVE EXAMPLE
+DWoJ' )(rgl)l L'+ (I -BB")Z (20) Consider the following system:
whereZ is an arbitrary matrix with appropriate dimensidn; andT";

_ ! n % &(t) = —1.73292(¢ (t),
are, respectively, any matrix factors Bf, and M X, M* 4+ JW, ", &) 2(t) +w(t)

i, Ry = Laly, La € R*">") W =2;y(t) = 0.82(t) + v(t), V =0.64.
MX M"Y+ Jw gt =1, T% SettingT = 0.4, we have the following DTEM:
andV; is given by alk + 1] = 0.5x[k] + w[k],  y[k] = 1.15422[k] + v-[K]
R IV A O B with
Vai=Va {0 o }Ld{z
¢ — {Wdl de} B { 0.4328 —0.8325}
whereVy; andVy. come from the following singular value decom- ¢ Wiy Wa —-0.8325 1.8970 |~
ositions of matrice$] — BBT)L, and(I — BBT)(A, X M7* i )
%Wd 7T * Y ( J(AaXa + The Kalman filter to be designedi$k +1] = G2[k]+ Ky[k], and our
' 4 purpose is to determine the paramet@@nd X’ such that the following
(I - BBNYL,=UnSa Vi specified sampled-data estimation covariance:
(I - BB (AaXaM" + DW I )T =UnSai Vi o _ [0:5769 0.2030
T 10.2930  0.4449

andU, is an arbitrary orthogonal matrix with proper dimension.
Proof: After a standard algebraic manipulation of (12), the proag assigned to the augmented system
of this theorem is completely analogous to the proof of the main results
of [5] and is thus omitted. xqlk + 1] = (Aq + BHM)24[k] + (D 4+ BHJ)wq[k]
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wherex4[k] andw,[k] are defined in (9), and

0.5 0 0
Ad = {0.5 0}’ b= {1}

o[l -1
H =[G K], M‘{o.s 0}

10 0 0
D‘L 0}" J‘L) 1]
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of intersample behavior. The sampled-data estimation covariance
assignment problem has been formulated and solved through two
steps. The first step converts the sampled-data estimation covariance
to the sample time estimation covariance, and the second step is to
assign the sample time estimation covariance determined in the first
step to a discrete-time system. The existence conditions of the desired
filters and the set of these filters have been derived. Finally, we point
out that the main subject of future investigation is to utilize the design
freedom to meet further performance requirements such as robustness
and/or reliability subjected to measurement uncertainties.

We can obtain from Theorem 1 that

X, = 1 / [CS('u,)XdCST(u) 4+ Ws(u)] du
0

T

where
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o—1.7320u 0
Cs(u) = |:671.7329u _1 1:|

v [ W)
XT@(U/) - |:I/V1 (u) Wi (u):|
I/Vl(:u) _ 0'5771(1 _ 3658 ). [1]

. . . . 2

By exploiting the computational algorithm proposed in [1], we have 2

Y, = 0.5771 0.1834 [3]
47101834 0.2256 ]

. . . 4
Itis easy to verify thaf{; > 0 meets all the conditions of Theorem 2, 4l
and thus X, > 0 is assignable. Next, it follows from Theorem 3 that

[5]
R — [ 0.36032 —0.03335 5
47| -0.03335  0.00855 [6]
I = [ 0.60026 0 [7
47 1-0.03335 0.07591 -
o [062618 0.20920] . [1 0
1 o0 150543 " T o 1 [9]
v — [ 0.74612 —0.66581
27 [ -0.66581  0.74612 | [10]

Finally, by selecting the orthogonal “matriXX’; asU; = 1 and
U, = —1, respectively, we obtain two desired filters achieving the [11]
expected performance as follows:
[12]
Z[k + 1] =0.700 722 [k] — 0.425 04y[k]
#[k 4+ 1] =0.862 152 [k] — 0.372 23y[k]. [13]

[14]
V. CONCLUSIONS
In this correspondence, we have considered the sampled-d ]
estimation problem for continuous-time systems. The definition o
sampled-data estimation covariance is proposed by taking account

discussions and to Prof. D. Pratzel-Wolters of University of Kaiser-
slautern for helpful suggestions.
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