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Abstract — In this paper the hybridisation of the 2D
time-domain boundary element method (BEM) with
the unstructured transmission line method (UTLM)
will be introduced, which enables accurate mod-
eling of radiating boundary conditions and plane
wave excitations of uniform and non-uniform tar-
gets modelled by geometrically accurate unstruc-
tured meshes. The method is demonstrated by com-
paring numerical results against analytical results.

1 INTRODUCTION

The simulation of transient electromagnetic fields
propagating through non-uniform penetrable ob-
jects positioned in free space has many important
applications in physics, engineering and biomedical
sciences. Modelling these transmission problems is
challenging because of the presence of media char-
acterized by complex and non-uniform material pa-
rameters and a large radiation environment.

Modelling these challenging processes requires
the combination of volumetric and surface based
numerical techniques. Among the time domain
volumetric methods, the unstructured transmission
line modelling (UTLM) technique is an appealing
option. It is unconditionally stable, it allows for
the description of a wide variety of materials and
can be applied to general triangular unstructured
grids [1]. The disadvantage of the UTLM method
is the necessity to introduce approximate absorbing
boundary conditions.

Among the surface oriented time domain tech-
niques, the marching-on-in-time discretization of
time domain boundary integral equations is appeal-
ing. The boundary element method (BEM) can
model transient scattering from piecewise uniform
objects and allows for the accurate and dispersion
free description of outwardly radiating fields [2].

In this contribution, a boundary element un-
structured TLM hybridisation (BEUT) is intro-
duced that combines the advantages of both tech-
niques to enable the modelling of scattering by com-
plex materials and complex geometries whilst main-
taining accurate free space boundary conditions.

In the past some early attempts have been un-
dertaken to hybridize structured TLM and BEM
methods [3–8]. However, these solvers cannot deal
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with unstructured grids and do not incorporate the
recent advancements in the BEM that increase the
stability and accuracy of the method. In addition,
some of these techniques are conceptually complex
and require the introduction of transitional padding
layers or the use of discrete Green’s functions.
After introducing the BEUT method and dis-

cussing its implementation, its efficiency and accu-
racy will be demonstrated by numerical examples.

2 THEORY

In this section the BEM and UTLM will be briefly
revisited after which their hybridization is dis-
cussed.

2.1 BEM

The time domain representation formulas in opera-
tor form for the 2D transverse magnetic (TM) case
can be written as [9]
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where η =
√

µ/ǫ is the characteristic impedance
and c =

√
µǫ is the wave propagation speed in-

side the medium. The tangential components of
the electric and magnetic fields are denoted as ez
and n̂×hxy respectively, and superscript i denotes
the incident field. The operators in eq. 1 are de-
fined as

Du (ρ′, t) =

∫

Γ

∂g (P, t)

∂n′
∗u(ρ′, t) dρ′

D′u (ρ′, t) =

∫

Γ

∂g (P, t)

∂n
∗u(ρ′, t) dρ′

Su (ρ′, t) =

∫

Γ

g(P, t)∗ ∂

∂t
u(ρ′, t) dρ′

Nu (ρ′, t) = −
∫

t

∫

Γ

∂2g (P, t)

∂n ∂n′
∗u (ρ′, t) dn′ dt

where g is the 2D time domain Green’s function, ∗
denotes temporal convolution and P = |ρ−ρ

′|. To
reduce the order of the singularity contained by the



hypersingular integrals in N , we apply the Green’s
identity to produce the combination of a singular
contribution and a hypersingular contribution [10].
The formulation is discretized by expanding the

fields as linear combinations of spatial/temporal
basis functions, and then evaluating the equation at
equidistant times (a.k.a collocation-in-time). The
Lagrange interpolator [11] of the first order is used
for the temporal basis functions, and the spatial
signature of the electric and magnetic traces is de-
scribed by rectangular pulses and linear hat func-
tions, respectively.

2.2 Unstructured TLM

As derived by [1], the electric and magnetic fields
on the faces of a triangle can be mapped onto the
voltages and currents in an equivalent electrical cir-
cuit that has the same low frequency behaviour. As
explained in [1], the Dirichlet-to-Neumann map for
a small triangular region can be approximated in
first order by a network of transmission lines with
transmission time synchronised to the discretiza-
tion timestep. The response of such a system to a
pulse of width ∆t can easily be computed analyti-
cally and provides the basis for UTLM.
Figure 1 shows a typical UTLM triangle. Each

triangle is connected to its neighbour through ports
via transmission lines, known as link lines, char-
acterized by their length, propagation speed and
impedance Zlink. In addition, stubs characterized
by an admittance Ystub are placed on each link line
in order to accurately model the low frequency re-
sponse of the medium. To ensure synchronisation
of the transmission line network with the discretiza-
tion timestep meshes must be Delaunay.
In order to match the inductive and capacitive re-

sponse of the circuit to that of free space the trans-
mission line parameters need to be chosen as

Ylinki
=

li∆t

2µ∆i

Ystubi =
ǫli∆i

∆t
− li∆t

2µ∆i

The link length and edge length associated with
port i is given by ∆i and li respectively. µ and
ǫ respectively denote the permeability and permit-
tivity of the medium associated with the triangle.
To ensure that Ystubi > 0, thus minimising disper-
sion error, the following constraint exists on the
timestep,

∆t < △imin

√

2µǫ (2)

The unknowns that are tracked in each triangle
are the amplitudes of the left and right travelling
waves (w.r.t some chosen orientation of the lines)

Figure 1: UTLM triangle.

on each link and stub line. These are updated at ev-
ery timestep by considering local transmission line
reflection and transmission problems as detailed in
the next sections.

2.2.1 Scattering from the triangle centre

The scatter process refers to the computation of the
reflected signals given the incoming signals at the
triangle centre from all 3 ports.

To obtain the reflected voltage, we use the fact
that the total voltage anywhere on a transmission
line is the sum of the incident and reflected volt-
ages. Since there is an open circuit at the end of a
stub line, the incoming voltage simply gets reflected
back.

V
r

link(n, k) = V0(n, k)− V
i

link(n, k) (3)

V
r

stub(n, k) = V
i

stub(n, k) (4)

where superscript i and r denote the incoming and
reflected voltages respectively, the overbar indicates
a vector made up of values at all 3 ports, and
V0(n, k) is the total voltage in the centre of triangle
n at timestep k.

Figure 2: Thevénin equivalent circuit diagram of a

UTLM triangle in the scatter process.

The total voltage at the centre of a triangle can
be found using nodal analysis on the Thevénin



equivalent circuit (fig. 2)

V0(n, k) =
2
∑

V
i

link(n, k)Y link(n)
∑

Y link(n)
(5)

2.2.2 Connection between triangles

In the connect process the signals transmitted from
one element to its neighbours are computed given
the incoming signals at the inter-element edges. In
structured TLM this step is trivial since pulses con-
tinue to travel unchanged to the neighbouring tri-
angles. Due to the position of the stub lines in
UTLM however the connect step is slightly more
intricate.
Using nodal analysis and the fact that the total

voltage is the sum of the incoming and reflected
voltages, one can find the edge voltage between tri-
angles m and n

V
t
(n, k) =

2
∑

q=m,n

(

V
r

link(q, k)Y link(q) + V
r

stub(q, k)Y stub(q)
)

∑

q=m,n

(

Y link(q) + Y stub(q)
)

The incident link and stub voltages for the next
timestep is the difference between V t and reflected
values, which is then used in the scatter process in
the next timestep, and thus the cycle repeats.

2.2.3 Connection at the boundaries

At the edges in the simulation domain boundary
imbued with a local absorbing boundary condition
the connect process is modified (fig. 3). The total
voltage and current at the edge of the boundary
triangle becomes

V t
b (n, k) =

Itb(n, k)

Ylinki
(n) + Ystubi(n)+Yb

Itb(n, k) = 2V r
link(n, k)Ylink(n)

+ 2Vstub(n, k)Ystub(n)

(6)

For an approximate open boundary condition
(accurate only for DC signals), the boundary

Figure 3: Thevénin equivalent circuit diagram of the

boundary edge of a UTLM triangle.

impedance is set to be equal to the characteristic
impedance

Zbi =
V

I
=

η

li
(7)

2.3 BEUT

At the boundary of a UTLM model, we can use a
generalisation of the equivalent circuit (fig. 3) by
replacing the local boundary impedance with the
BEM interaction matrix that couples all interface
edges.
The closed circuit current and open circuit volt-

age at the boundary is

Iclosed = 2V r
linkYlink + 2V r

stubYstub

Vopen =
Iclosed
YTLM

(8)

where the total admittance YTLM = Ylink + Ystub.
This local circuit analysis allows to replace, for

interfacing purposes, the combination of link line
and stub with a single transmission line. The rep-
resentation theorem for voltages and currents on
this equivalent interface line reads
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where the matrices YTLM and ZTLM are diagonal.
The tangential fields at the boundary are related to
the TLM unknowns by

ez ↔ Vb n̂× hxylb ↔ Ib (10)

where lb is the boundary edge length.
Adding the representation formulas for the ex-

terior domain (eq. 1) and the equivalent interface
transmission line (eq. 9), taking into account the
equivalences (eq. 10), results in the following con-
volution equation for the interface circuit unknowns
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where the first term is the exterior incident field
contribution and the second term takes into ac-
count transmission line signals incident on the in-
terface.
The BEUT method requires the following steps

to be taken for every timestep:
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Figure 4: Results comparing traditional UTLM with

the BEUT method when modelling free space.

1. Run the UTLM scatter process, then find
Vopen and Iclosed using equation 8.

2. Solve the coupling equation 11 to obtain the
boundary values.

3. Run the UTLM connect process using the up-
dated boundary values.

The algorithm must adhere to the same timestep
constraint proposed by UTLM in equation 2, which
is likely to be small. This means that care must be
taken when computing the BEM integrals near the
singularities of the 2D Greens function. In some
cases, the time step can be controlled by applying
element merging techniques as described in [1].

3 RESULTS

As an initial verification, a 2D cylinder with a ra-
dius of 1m with the same characteristics as the
background medium was meshed and excited with
a point source in the interior of the cylinder, first
using the traditional TLM matched impedance
boundary conditions, and then repeated using the
BEUT method. The propagation of the wave
should be independent of the position of the source.
Three different points in the cylinder were excited
at distances 0m, 0.35m, and 0.7m from the origin
and the electric field into the plane was observed
at the same point. Using the matched impedance
boundary condition at the boundaries gives con-
flicting results that are polluted by spurious reflec-
tions originating from the artificial simulation do-
main boundary. Using the BEUT method in con-
trast gives results that are not dependant on the
exact location of the source and are not affected by
spurious reflection, within reasonable discretization
tolerance (fig. 4).

4 CONCLUSION

This paper has presented and demonstrated the
boundary element unstructured transmission-line
(BEUT) method, which is the hybridisation of the
2D time-domain boundary element method with
the unstructured transmission line method.
The novel method has the ability to model com-

plex materials with a plane wave source using an
unconditionally stable technique in a domain that
can be terminated with accurate radiating bound-
ary conditions.
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