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A correspondence of modular forms and applications to
values of L-series.
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Abstract. A new interpretation of the Rogers-Zudilin approach to the Boyd conjectures
is established. This is based on a correspondence of modular forms which is of independent
interest. We use the reinterpretation for two applications to values of L-series and values of
their derivatives.
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1 Introduction

In [7], Zudilin outlines a method he developed with M. Rogers on which their proof of Boyd’s
conjectures is based. Here we reinterpret that method in terms of a correspondence of modular
forms which is of independent interest. We use this reinterpretation to deduce some relations
among values of L-functions and some relations involving values of the first derivative of an
L-function.

The correspondence associates to a pair of functions Fj, F» and s € C a new function
O (F, Fy) which, when F; and F, are connected to modular forms, satisfies properties related
to modularity for special values of s (see Proposition 2.1). In the case where F} and F, are
Eisenstein series, ®,(F, F») is again an Eisenstein series for certain s and we make use of this
fact in the two applications of our method described below.

Our main theorem, Theorem 3.2, connects the Mellin transform of the product F;F; with
the Mellin transform of functions associated to F; and F, via our correspondence. This is
achieved using a simple “duality” relation (Lemma 3.1), which reformulates a key integra-
tion by substitution in Rogers-Zudilin’s method. The content of the main theorem can be
summarized as:

Theorem 1.1. Let Fy and F5 be functions on the upper half-plane given by

Fi(z) = Z ay(my)by (ng)e*™™ ™= and  Fy(z) = Z ag(may)by(ng) e m2n2%

mi,n1>1 ma,na>1

where we assume that the Fourier coefficients grow at most polynomially. For 7 = 1,2 we set

fj(Z): Z bj(nj)e27rimjnjz and gj(z)z Z aj(mj)e%imjnjz.

mj,anI mj,n]-ZI
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Then we have the following relation between Mellin transforms

M(F - B[Wr)(s) = M(@sr1(f1: f2) - (Pst1(g2, 91)[Wn))(s)  for all s € C,

where ®4(f, g) is a certain function associated to f and g as described in Section 2.

We discuss two applications of this reinterpretation: Firstly we establish a relation among
critical values of L-functions of products of Eisenstein series:

Theorem 1.2. Let x1,x2 and 11,y be pairs of non-trivial primitive Dirichlet characters
modulo My, My and Ny, Ny, respectively. Let k > 1, 1 > 2 such that (x1-x2)(—1) = (=1)! and
(1 - o) (—=1) = (=1)k. For a positive integer r we set

E;Cﬁhlﬁz,r(z) —9 Z wl (m)wz(n)nk71€2ninmrz

m,n>1

with an analogous definition for EX*"**". Then for an integer j € {1,...,k+1— 1} such that
(1 60)(~1) = (~1) we have

A(Elxhxz . E;?%ZhMle,j) —C. A(E]Xl’% . E;Zi,;ﬁ;le1szl)

where C' is an explicit algebraic number given in section /.

This is extended to a more general class of characters in the second author’s PhD thesis
(in preparation). Since the space of modular forms of weight & > 4 is generated by products
of such Eisenstein series when the level is prime [6], this result implies relations among critical
values of L-functions for more general classes of modular forms than is at first apparent. A
further extension of the main theorem of [6] to modular forms of squarefree level is implied
by work in preparation by M. Dickson and the second author. Besides the independent
interest of relations among critical values of different L-functions, possible applications we are
currently exploring include vanishing and algebraicity results for values of L-functions, and
the formulation of a general result of this nature specifically for cusp forms.

A second application exhibits a relation between derivatives of L-function of weight 2
modular forms at 1 and values of L-functions of weight 1 modular forms at 1. The precise
statement will be given in Theorem 5.2 but its content can be sketched in the following form.

Theorem 1.3. If E is in a certain subspace of the weight 2 Eisenstein space on I'y(N), then
N(E,1)=A(E,1) +C

for an explicitly determined constant C and an explicit element E in the weight 1 Eisenstein
space.

We stress that since L-functions of Eisenstein series can be expressed in terms of Dirichlet
L-functions, such relations, once identified, can be verified directly. However, the proof gives
a method to determine, for each given series F, a linear combination of weight 1 Eisenstein
series whose L-function at 1 satisfies an explicit relation with L'(E,1). This method is based
on a combination of our reformulation of Rogers-Zudilin’s method and Goldfeld’s expression
for derivatives of L-functions.



Furthermore the existence of an explicit, and fairly general relation between derivatives of
L-functions and non-critical values of L-functions in the case of Eisenstein series, raises the
question of whether analogous relations might exist in the case of cusp forms. In that case,
such relations should not be possible to deduce by direct methods.

Acknowledgements. We are grateful to Kathrin Bringmann for drawing our attention
to [7] and many interesting discussions and to Don Zagier for many valuable comments on an
early form of the note.

2 A correspondence of modular forms

We begin by fixing notation will be used in the sequel. For a holomorphic function g which is
exponentially decaying at 0 and oo we denote the Mellin transform of g by

Ma(s) = /Ooog(zt)t %

If g is any function defined on the upper half plane ), k € Z and (%) € SLy(R) then we
define the slash operator by

az+b

(9l (2)(=) = (2 + D) *g (o).

When we omit the index k£ we mean the weight 0 slash operator. The Fricke involution

Wy = <\/ON _‘/ON_1> acts on modular forms of level N and weight k via the |, operator. If h

is a cusp form for I'y(N) then we define the completed L-function of h as:

A(g, s) =T(s) (2—\/5) L(g,s) = N*>M(g)(s). (1)

Let fi(2) = > g a(my)e™™ % and fo(z) = Y 0~ _ B(mg2)e*™™2* be functions on $. By
applying the Mobius inversion formula we can re-write f; and fs as double sums:

S
fl(Z) = Z a(m1)€2mm1n1z and f2 Z b 27Tim2n2z
m1,m120 ma,n2>0

where a(n) := 3" a(r)u(n/r) and b(n) := >, B(r)u(n/r). We then define a new function
D,(f1, f2) on $ by the Fourier expansion

P, (f1, f2)(= ZZ (m/d)b(d)d" ' e*™™* = Z a(m)b(n)n!~1e2mimn,

m=1 d|m m,n>1

This construction leads to a correspondence on spaces of Eisenstein series (see section 4 for
definitions): Let ¢ and ¢ be non-trivial primitive Dirichlet characters mod N; and N, re-
spectively. Assume that ¢ is odd and that the positive integer [ satisfies ¢(—1) = (—1)!. If
fi= E}p’l, fo= Efs’l and k is such that k — [ is even then the function ®.(f1, fo) = 2E;f+¢l) 1

is an Eisenstein series of weight k& + [ — 1. This fact will be used in the proof of Theorem 1.2.
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An analogous construction can be carried out when f; and fy are cusp forms of weight 1,
level N and Dirichlet characters v; and vy, respectively. Although we do not expect ®;(f1, fo)
to be a modular form, Proposition 2.1 shows that if ¢ is even then all its twisted L-series
satisfy the functional equations of a weight ¢ cusp form of level N? and character v,v,.

Specifically, for each prime r { N, consider a primitive character i of conductor r such
that ¥(—1) = (—=1)* (u = 0 or 1). For convenience 9 can also stand for the trivial character
1 mod 1. For Re(s) > 0 consider

w m\ 41 b(m)(m) a(l)(l)
L(®:(f1, f2), ¥ Z Z&(g> d'b(d) | = ZW Zl—s :
m>1 djm m>1 1>1
For the cusp forms f; and f; we define their L-series twisted by ¢ in the standard way, e.g.

L(f1,4:5) Z‘” > a(m) =<Z%>-L<w,s>

m>1 mln m>1

and similarly for fo. From the definition of L(®.(f1, f2),1;s) we immediately deduce that

Co LU Yss) Lif2 s —t+ 1)
L(®4(f1, f2),;8) = L) Lios i1

Note that if f; and fy are Hecke eigenforms this equality implies that L(®4(f1, f2),; s) has
an Euler product representation. If we now define the completion of L(®4(f1, f2),;s) as

(2)

L(s)(N7)?

Mfi, f2),¥38) = =5

L(®4(f1, f2), ¥5 5)

then we have

Proposition 2.1. Let f; and fs be cusp forms of weight 1, level N and Dirichlet characters
vy and vy, respectively. Let ¢ be a primitive character of prime conductor r + N. Then for
even t > 1 the completed L-series A(Py(f1, f2),1;s) satisfies the functional equation

A(@o(f1, fo), ¥ 8) = (=1)Por(r)ua(r) o (N*)T () M@ (foh Wi, filh W), &3t = s),

where

Z 'l/) 27ri%

nmodr

15 the Gauss sum of 1.

Proof. We first express A(®,(f1, f2),1; s) in terms of the completed L-series,

L(s)(rVN)*

A(f,ab;s) = —an

r>8/2 S+U)L(¢,s),

L(fss) and A(,s) = (Z) 7 (=

™



where u = 0 or 1 is determined by ¢(—1) = (—1)*. We then have

A@i(fr, fo) s s) = (3)
(ﬂ) T peot D((s =t 41+ w)/AT((s +w)/2) Alfr, v 5) Alfa,this — £+ 1)
T I(s—t+1) A(;s)  Al;s—t—+1)

We recall the functional equations for the L-functions which appear in the expression above:

A(fj ¢:s) = ivj(r)¢(N)T(¢)2A(fj|1WN,E; 1—-s), (j=1,2) and

AW s) = i "7 (E)A(G: 1 — s),
By using these functional equations we can rewrite the right-hand side of (3) to obtain

A ®@i(f1, fo) b5 8) = € M@y (fo i Wi, fiiWN), ¥t — ),

D((s—t+1+u)/2)T((s +u)/2)T(1 - s)

T((—s+1+u)/2)T((—s +t+u)/2)[(s —t + 1) (D (r)earye (N7 (0)

The final version of the functional equation now follows from the identity

C((s—t+1+u)/2)T((s+u)/2)T(1—2s) _ ot-2s

F((=s+1+u)/2)T((—s+t+u)/2)[(s—t+1)

(_1)t/2+u+1

which is valid for even t and can be shown using standard properties of the Gamma function,
including the reflection and duplication formulas. ]

Remark. It follows immediately from (2) that L(®(f, f2), s) has infinitely many poles
(assuming the Grand Simplicity Hypothesis [5]) and therefore ®;(f;, f2) can not be a modular
form. However, the extension of the converse theorem of [1] to general levels implies that
®,(f1, f2) is a modular integral.

3 A reinterpretation of the method of Rogers-Zudilin

The method of [7] relies crucially on a simple change of variables in an integral of the product
of two series which leads to a product of two different functions. This part of the method can
be expressed as the following simple ”duality relation” involving the functions rather than
their Fourier expansions. For a function h on $) and x € 7Z, we set h®) for the function defined
by h®(2) := h(zz).

Lemma 3.1. Let f,g : $H — C be holomorphic functions with exponential decay at infinity
and at most polynomial growth at 0. For each m, n € N and s € C we have

M- (g™ Wx))(s) = (n/m)*M(F™ - (g™ Wy)(s).



Proof. From the growth conditions at infinity and 0 it follows that the product f - g|Wy has
exponential decay at both infinity and 0 and thus the Mellin transforms on both sides are well
defined. By the change of variables t — (n/m)t we see that M(f™ . g |Wy)(s) equals

/fmzt (m)tsdt (n/m)* / f(nit)g (ﬁ;)tsit

With the above lemma we obtain the following

Theorem 3.2. Let Fy, F5 : $ — C be given by the Fourier expansions

Fl(Z) = Z al(ml)bl(nl)e%ﬂmlruz and FQ(Z) _ Z a2(7,n2)bQ(n2)€2ﬂ'imgngz7

mi,n;>1 ma,ng>1

where we assume, additionally, that the coefficients a;(n) and bj(n) grow at most polynomially
m n. If we define the functions

> bl ™ and gi(z) = Y aj(my)e*™™ (= 1,2)
mj,n;>1 mj,n;>1

then we have the following relation between Mellin transforms

M(Fy - B[Wy)(s) = M(@ssr(f1s f2) - (Post1(g2, 91)[Wn))(s)  for all s € C.

Proof. Set hj(z) := >, 5 bj(n;)e mini% for j = 1,2. The growth conditions on b;(n) imply
that hq, hy have exponentlal decay at infinity and at most polynomial growth at 0. Hence
Lemma 3.1 implies

m m mo\° [ , m Sdt
MR W (s) = (i)/{) hy (mait) - ha (V;)t7
m™Tmin dt

ni,no>1

The growth condition of b; justifies the interchange of integration and summation, so, upon
the further change of variables ¢t — (ny/mg)t we deduce that

m m Tmym dt
M(hg 1) hé 2)|WN)(S) _ / Z bl nl b2 n2 712 _2mmy 26_27mln215ts7
ni,na>1
27rm m dt
= my / Qo1 (f1, f2)(it)e T 7
0

The desired conclusion now follows from the fact that

Fi-BWy(z) = Y an(my)ag(mao)h™ (2) - (h5"™|Wy)(2).

mi1,ma>1



4 An application to products of Eisenstein series

We recall the weight k& Eisenstein series E}f’¢ assigned to primitive Dirichlet characters 1 mod
N; and ¢ mod N, which satisfy ¢¢(—1) = (—1)*. Its Fourier expansion at infinity is given by

Y42 = aps+2 Y d(m)a(nnt~l e,

m,n>1

where the constant term is given by

(6L —k,¢) if k> 1 and
WO S()VL(0,6) + 8(B)L(0, ) it k = 1.

For t € R we also consider the function E{"%" given by E}*'(2) = E}%(tz).

In Section 4.8 of [2] it is shown that, for k = 1 and ¢ € N, each E"*" is a weight 1 modular
form for T'g(tN1Ns2) and character 1¢. Furthermore, for a fixed N € N, these Eisenstein
series give a basis of the Eisenstein subspace & (I'1(IV)). To be precise, if A is the set of
({¢, ¢},t) such that ¢ and ¢ are primitive Dirichlet characters modulo N; and Nj such that
(p)(—1) = —1 and t is a positive integer such that tNyNo|N then the set

{EP2 ({4, ¢},t) € A}

is a basis of &(I'1(N)). For convenience we will often write EV for E""" and a, for ay,,
where 1 is the trivial character modulo 1 and we also consider the subspace

E(T1(N)) = ({BIM (0,1,1) € A},

The analogous statement for k = 2 (Th. 4.6.2 of [2]) involves the set B of (1, ¢,t) such that
Y and ¢ are primitive Dirichlet characters modulo Ny and Ny with (¢¢)(—1) =1, and ¢ is a
positive integer such that 1 < tN;No|N. In this case the set

{E3% (0,6,1) € BYU{Ey™ — tEy 5t N}
forms a basis of £(I'1(N)). We also consider the smaller subspace

EYTUN)) = {BY™ (¢, ¢,1) € B; ¢, odd}).

In the sequel we will often use the following identity

k—1
2 .
Elzﬁ’¢|kWtN1N2 = (_1>k7—(¢1)7(¢2) <%) tk/QEI?d]’t? (5)
which is valid for any ¢ > 0 (see e.g. Th. 12.1 of [4] for a version with ¢t = 1).

We can now use Theorem 3.2 to prove Theorem 1.2. Recall that ¢; and x; (1 = 1,2)
are non-trivial primitive characters modulo N; and M; such that (x1 - x2)(—1) = (=1)! and
(11 - hy)(—1) = (=1)*. We will regard both Eisenstein series EX'"** and E}/"** as modular
forms of level M N where M = M;Ms; and N = N1 N,. It follows immediately from (5) that

k-1
N2 2

(b rra) (1) T AEAER B ) = AEE - (B o). ),
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and if we use the definition of the completed L-function we see that the right-hand side is
(VMNY i b M(EX - (B2 W) (j — k).
We are now in a position to apply Theorem 3.2 with Fourier expansions given by

ai(my) = X2(m1)ml1_17 bi(n1) = x1(n1), az(me) = Y1(ma), ba(ng) = 7/’2(”2)”]5_17 s=7j—k,

and we conclude that M(EX"* . (EYY?|Wyn))(j — k) can be expressed as

AM(®; 1 (fr, f2) - (Prja (g2, 90)Warw)) (G — k) = M(EXY2 - (ERE [Warw)) (G — k)
= (VMN)FIF N (B (B |k W) (1)

Finally, after another application of (5), we obtain the conclusion of Theorem 1.2:

A(Elx1,X2 _E;Z_)zﬂzl,Mvﬁ —C- A(ijmbz 'Elfi’z&_lelNal)a (6)

where
I—j 1—j—1 I—j  1—j+1

C= (_i)l_jT(X2)7(¢2)_1M12 M, * N TN2 :

5 Application to derivatives of L-functions

Let v and ¢ be odd, primitive Dirichlet characters modulo N; and N, respectively. Using the
notation of the last section we set

N
EY = BV ay = ayq, and f° = % (E;ﬁ - a¢) : ((Ef’ - a¢) \1WN) , N = NiN,.

The goal of this section is to evaluate a particular linear combination of the special values
M(f¥?)(2) in two different ways thereby obtaining a relation between values and derivatives
of certain L-functions. We first observe that for a fixed positive integer r we can write

M) = M (B = ag) - (B2~ a0) W) ()

Since we now have a weight 0 action in the right-hand side we can use Theorem 3.2 with
s =1,a1(n) = 1,b1(n) = ¢(n), az(n) = 6:(n), ba(n) = ¢(n),

where 6,(n) = 1 if r|n and 0 otherwise. This implies that M(f¥?)(2) equals

SM®s(f1, 1) Bofg2, )W) (1) = 5- M (E;Wut)- > nilez”f?’?“><1>.

ni,ng>1

From the following well-known expression for the logarithm of the Dedekind eta function

1 —2mrmn —27mrm 27T
ST log(1 — e X%y = —1 ( i/ (Nu))eziva )
> e ¥ > log(1 — e™3%) = —log (n(ri/(Nu))ezs

m,n>1 m>1




we deduce that

! / " BP9 (iu) log (n(m'/(Nu))ezf%> du. (7)

M@ =g [

The integral above is well defined since E;p o decays exponentially at both oo and 0. The
decay at infinity is immediate since v is not trivial and the decay at 0 follows from (5). By
using (5) to rewrite f2¥ it follows from (7) that

7

M(FP9)(2) = B /OOO(E;Z}’¢|2(1 + Wy))(iu) log (n(ri/(Nu))eﬁ%> du

7 2nru

=5 | B W) tog (i) 5 ) du (5)

where
FY® i 904 [ R (0)2
1

It is clear from (8) that we can find a linear combination of F¥**’s such that the exponentials
inside the logarithm on the right-hand side are eliminated:

MUNL+ N2)(FP 4+ F§2) — (1 NY(FS? + FE)(2) =
— 5 | B+ W) ) lox(V (iu)du, ()

where
(n(2)n(Nz))Nthe
(U(le)ﬁ(sz))HN.

We will now proceed to evaluate the two sides of (9) separately.

V(z) =

5.1 The right-hand side of (9)

We first recall the principle behind Goldfeld’s expression for derivatives of L-functions:

Proposition 5.1. Let f and g be holomorphic functions on $ such that for some N € N:
(i) flo:Wx = f

(i1) g|xWn = Lg, for some non-zero constant k € R. Then

/0 " f(2)dz =0 and 2 / " fliy) log(gliy))dy = k / " fliy) log(y)dy.

Proof. Condition (i) is equivalent to f(Wnz)d(Wyz) = f(2)dz. Therefore [ f(z)dz =
N0 £ (2)dz = fo(i f(z)dz and hence [ f(z)dz = 0. Similarly, we see that

Wnoo

/0 " F(2) log(g(2))dz = / () log(g(2))dz = / £(2) log(g(W2))d=

Winoo
0 0 e’}
— [ G oslae)dz + ik [ flan)los)dy+ ¢ [ fz)a:
00 0o 0
for some ¢ € C. This equality, together with fooo f(2)dz = 0, implies the conclusion. ]
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Since Proposition 5.1 holds for f = E"?|5(14+Wy) and g = V with k = Ny + Ny —1— N,
we deduce that

/ f(iu) log(V (iu)) / f(iu) log(u (./\/lf)( ). (10)

By using Proposition 5.1 together with (1) we can express the the right-hand side of (10) as

(Nl_l)(l_NZ) g ni K
Wi N(ES?2(14+ Wy), 1).

If h is a modular form of weight 2 and level NV it is easy to see from the functional equation of
A(h, s) that A'(h|2(1+ Wy), 1) = 2A(h, 1). It follows that the right-hand side of (9) equals

i(Ny —1)(Ny —
2v/N
5.2 The left-hand side of (9)

To compute the left-hand side of (9) we first express M(f¥?)(s) in terms of completed L-
functions by applying the Riemann trick:

mie = [ et en [T g (e (12

1)A’(E§’7¢’, 1). (11)

We can rewrite f¥(it) as a linear combination of cuspidal functions as follows

Clqﬂ

VN
e = (B ) - a) 2

— (B W) - BE) 12Wa ) (i) + asby)
— ay((EPT W) (it) = bs)), (13)

where by is the constant term of the Fourier expansion of Ef) "|Wy. Here we have used the
fact that BV - (ES" |\ Wy) = — ((Ef’hWN) : Ef”“> |oWx and we have a similar expression for
f¥?|,Wy. By substituting (13) and the analogue for f¥*|,Wy into (12) and using the integral

representation of the completed L-series of a, not necessarily cuspidal, modular form (e.g. Th.
7.3. of [4]), we deduce that

N1=s)/2
M(f19)(s) = (ACCEY W) - BE7 2= ) + agih(BY 5 = 1) + i (P71 = s) ) =
N2 5Nz o A(EY (BT
y ( — () NoA(EPNEPT 2 — 5) 4 agihM(EY, s — 1) + agih(EP 1 — s)). (14)

For the last equality we again used (5) and we have an analogous expression for M(f?%)(s).
We will now compute the value of the linear combination

M((Ny+ No)(FY" 4+ Fy?) = (L+ N)(E + Fag”))(s) (15)

10



at s = 2 by considering each of the three summands of (14) and the analogue for f&¥.
First we treat the contributions from L-functions associated to products of Eisenstein
series. In M(F® + F%)(s) they are

N(1=9)/2
4

7(¥)V/Ns [A(—E}Z”NZEf”l + BPM P - PN g gPN RSN 9 )
By using the trivial fact

A(f.5) = a®A(f, 9), (16)
combined with (EP™ EVYNe = pONEPN and (ESEPN) M = BN EPN e obtain

N(l—s)/2
4

(VN [MEINV B 2 - ) (N2 = 1)+ APV B 2 - )1 - N5 ) (1)

Both A(EY™ME® 2 — s) and A(EP™MEY! 2 — 5) have a simple pole at s = 2 with residue
—agag. Therefore (17) is equal to 7(¢)ajzaglog(N1/Na)/44/Ny at s = 2. It is easy to verify
that the contribution of products of Eisenstein series in M (F ;\”,f)—i—F ;@j’)@) is exactly the same
as that in M(FY? + F*)(2) and hence the products of Eisenstein series contribute

T(Qﬂ)adja(ﬁ(Nl—i‘NQ—l—N) lo (&)
1N, S\,
to M((Ny + No)(FY? + Fiy®) — (L+ N)(FR? + F”))(s).

Secondly, to compute the contribution of the terms coming from Ef’ " and E}Z " we apply
(16) to A(E?", 1 —s) and A(E"",1 — ). Thus their contribution to M(F%¥)(s) is

(1—5)/2 _
N (0 A L~ 8) + agiy | e (BT (OAET 1~ 5)).
4 Ny

which implies that the contribution of these terms to (15) at s = 2 is 0. We are now left with

M((Ny+ No)(F0 + Fg®) = (14 N)(FR? + F”)(2) =
(Ny + Ny —1—N) i

Ny
T(Y)agaglog | — | + —=A 5w’¢,1] 18
P [rasaston (1) + e 0| as)
where £%% is given by £%¢ := L(¢,0)EY + %T(@/J)T(gb)L(gB,O)Ef We note that the last

term of (18) is well-defined because the residues of A(Ef_) ,s) and A(EY,s) at 1 cancel when
we take the linear combination giving £¥¢. Equations (11) and (18) together give

N
iv/Nar()agas log (F) — A(E¥#,1) = 2N (B, 1), (19)
2

In the following theorem we extend the identity (19) to the spaces spanned by the Eisenstein
series that occur in it. We denote by j the map from E(I'1(N)) to & (I'1(NV)) ® E(I'1(N))
induced by EY? — (EV, E?).

11



Theorem 5.2. Let o : EL(T'1(N)) — C and B : j(EL(T1(N))) — C be given by
a(E) =2AN(FE,1) and

BUEY. D) = =M 1)+ iv/Far(Wagaglos 1)
2

where Y and ¢ are odd, primitive Dirichlet characters modulo Ny and Ny with Ni|N and No|N
and 3 is extended linearly. Then

a=Loj.
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