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Chapter 4

r > 0



α β

∂u

∂t
+ u

∂u

∂x
= − ∂2

∂x2

[

r −
(

1 +
∂2

∂x2

)2
]

u+ α
∂3u

∂x3
+ β

∂5u

∂x5
,

α β

x #→ x+V t u #→ u+V V

u 〈u〉 =
1

l

∫ l

0
udx

x #→ −x u #→ −u

x #→ −x u #→ −u

α #→ −α β #→ −β β ≥ 0 α ≥ 0



β ≥ 0

u ≡ 0 eikx+λt

λ = k2
[

r −
(

1− k2
)2
]

+ ik3
(

k2β − α
)

= λr + iλi.

c = −λi

k
= k2(α− k2β),

v = −∂λi

∂k
= k2(3α− 5βk2).

λ

r > 0 k = 1

k = 0

r = ε2r2 (ε ( 1).

r2

r2

α β

ū(x, t) = f(z) z = x − c̄t c̄



c̄
df

dz
+ (1− r)

d2f

dz2
+ 2

d4f

dz4
+

d6f

dz6
+ α

d3f

dz3
+ β

d5f

dz5
− f

df

dz
= 0.

c̄ f f

c̄
df

dz
0 l = 2π

k z

∫ l

0

[

c̄

(

df

dz

)2

+ (1− r)
df

dz

d2f

dz2
+ 2

df

dz

d4f

dz4
+

df

dz

d6f

dz6
+ α

df

dz

d3f

dz3
+ β

df

dz

d5f

dz5

]

dz

−
∫ l

0
f

(

df

dz

)2

dz = 0.

∫ l

0

df

dz

d2f

dz2
dz =

1

2

[

(

df

dz

)2
]l

0

= 0.

f f ′(0) = f ′(l)

∫ l

0

df

dz

d4f

dz4
dz =

[

df

dz

d3f

dz3

]l

0

−
∫ l

0

d2f

dz2
d3f

dz3
dz

= −
∫ l

0

d2f

dz2
d3f

dz3
dz

= −
[

(

d2f

dz2

)2
]l

0

+

∫ l

0

d2f

dz2
d3f

dz3
dz

=

∫ l

0

d2f

dz2
d3f

dz3
dz

= −
∫ l

0

df

dz

d4f

dz4
dz.

∫ l

0

df

dz

d4f

dz4
dz = 0

∫ l

0

df

dz

d6f

dz6
dz = 0

∫ l

0
α
df

dz

d3f

dz3
dz = −

∫ l

0
α

(

d2f

dz2

)2 ∫ l

0
β
df

dz

d5f

dz5
dz =

∫ l

0
β

(

d3f

dz3

)2

dz

∫ l

0

[

c̄

(

df

dz

)2

− α

(

d2f

dz2

)2

+ β

(

d3f

dz3

)2

− f

(

df

dz

)2
]

dz = 0.

f(z) c̄

c̄ =

∫ l
0

[

α(d
2f

dz2
)2 − β(d

3f
dz3

)2 + f( dfdz )
2
]

dz
∫ l
0(

df
dz )

2dz
.

ū

f(z)

ū = f(z) =

N/2
∑

−N/2+1

ūne
inkz.



Lf +N (f) = 0,

Lf = c̄
df

dz
+ (1− r)

d2f

dz2
+ 2

d4f

dz4
+

d6f

dz6
+ α

d3f

dz3
+ β

d5f

dz5
,

N (f) = −f
df

dz
= −1

2

d

dz
(f2)

Lf(z) =
N/2
∑

−N/2+1

L(nk)ūneinkz,

L(nk) = ic̄nk + n2k2
[

r − (1− n2k2)2
]

− iαn3k3 + iβn5k5.

ūn v̄n

N (f) =

N/2
∑

−N/2+1

v̄ne
inkz.

L(nk)ūn + v̄n = 0 n = −N/2 + 1, · · · , N/2,

c̄

f(z) 1ū1 = 0

ūn

ũ(x, t)

∂

∂t
(ū+ ũ) = − ∂2

∂x2

[

r −
(

1 +
∂2

∂x2

)2
]

(ū+ ũ) + α
∂3

∂x3
(ū+ ũ) + β

∂5

∂x5
(ū+ ũ)− ū

∂ū

∂x

−ū
∂ũ

∂x
− ũ

∂ū

∂x
− ũ

∂ũ

∂x
.

ū

∂ũ

∂t
= − ∂2

∂x2

[

r −
(

1 +
∂2

∂x2

)2
]

ũ+ α
∂3ũ

∂x3
+ β

∂5ũ

∂x5
− ū

∂ũ

∂x
− ũ

∂ū

∂x
− ũ

∂ũ

∂x
.

ũ∂ũ
∂x ũ ũ

eσtU(x) ũ 2π/k x ũ

ũ = eσt+ipz

N/2
∑

−N/2+1

vne
inkz,



−k/2 ≤ p ≤
k/2 p

ũ ū eσt+ipz

N/2
∑

−N/2+1

(σ − ic̄Kn)vne
inkz =

N/2
∑

−N/2+1

L(nk + p)vne
inkz −

N/2
∑

−N/2+1

ūne
inkz

N/2
∑

−N/2+1

iKmvmeimkz

−
N/2
∑

−N/2+1

vne
inkz

N/2
∑

−N/2+1

imkūmeimkz,

L(nk + p) = K2
n[r − (1−K2

n)
2]− iαK3

n + iβK5
n Kn = p+ nk

N/2
∑

−N/2+1

(σ − ic̄Kn)vne
inkz =

N/2
∑

−N/2+1

L(nk + p)vne
inkz −

N/2
∑

−N/2+1

einkz
∑

m

iKmvmūn−m

−
N/2
∑

−N/2+1

einkz
∑

m

imkvn−mūm.

m n max(−N/2+

1, n−N/2) ≤ m ≤ min(N/2, n+N/2−1) einkz −N/2+1 ≤
n ≤ N/2

(σ − ic̄Kn)vn = L(nk + p)vn −
∑

m

iKmvmūn−m −
∑

m

imkvn−mūm.

σvn =
∑

m

anmvm.

p

[−k/2, k/2]

(k, r) α

β r k
√

1−√
r

√

1 +
√
r

r 0.9

r ≥ 0.9

r < 0



r = 0.9

r = 0.9

k p

k

k p

−k/2 ≤ p ≤ k/2

k p r p

N = 16

N = 16 α = 40 β = 5 r = 0.9 k = 1

β = 0

α (α, u, x) #→ (−α,−u,−x) β = 0

α ≥ 0 α α = 1/2 (k, r)

r > 0.0078

α α = 2

r > 0.22

α α = 5

r < 0.0002



|ū1| = 1.6121× 101

|ū2| = 2.5517× 100

|ū3| = 2.0076× 10−1

|ū4| = 4.0102× 10−3

|ū5| = 1.5213× 10−4

|ū6| = 3.5265× 10−6

|ū7| = 6.1425× 10−8

α = 40

β = 5 r = 0.9 k = 1

r α α

α

α = 0 β

β ≥ 0 β = 2

r r ≈ 0.065

r > 0.065 β β = 10

r ≈ 0.09 r ≈ 0.6

0.9 β

β = 20

β

α = 2 β = 0 β = 3/4 β = 2 β = 0

β = 2 β = 0

r > 0.22

β = 3/4 β = 2

β = 0 r < 0.0029
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u

u = εu1 + ε2u2 + ε3u3 + ε4u4 + · · · ,

r = ε2r2 X = εx T = ε2t τ = εt T

λr k = 1 T r

X

τ O(1)

X

ε O(ε) u1 = A(X,T, τ)ei(x−ct) + c.c A
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r

β α
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∂A

∂τ
+ (3α− 5β)

∂A

∂X
= 0.

A = A(T, ξ) ξ = X−vτ

v = 3α − 5β

u2 = − iA2

36(1 + i(α− 5β)/6)
e2i(x−ct) + c.c+ f(X,T, τ).

f

O(ε3)



∂A

∂T
=

[

r2 −
1− i(α− 5β)/6

36 + (α− 5β)2
|A|2

]

A+ [4 + i(3α− 10β)]
∂2A

∂ξ2
− ifA,

∂f

∂τ
= −∂|A|2

∂ξ
.

A = A(T, ξ) f = f(T, ξ)

−v ∂f
∂ξ = −∂|A|2

∂ξ vf = |A|2 + K(T ) K(T )

u 〈u〉 = 0 〈f〉 = 0

f = −〈|A|2〉+|A|2
v

∂A

∂T
=

[

r2 −
1− i(α− 5β)/6

36 + (α− 5β)2
|A|2 + i

〈|A|2〉 − |A|2
v

]

A+ [4 + i(3α− 10β)]
∂2A

∂ξ2
.

A = a0e
iqξ

a0 = 6
(

r2 − 4q2
)1/2 (

1 + 1
36(α− 5β)2

)1/2
.

f = −〈|A|2〉+|A|2
v v

v

α β

Â =
√

a1
r2
A T̂ = r2T ξ̂ =

√
r2
2 ξ

a1 =
1

36+(5β−α)2

(〈|A|2〉 − |A|2)A

∂A

∂T
= A+ id(〈|A|2〉 − |A|2)A+ (1 + ia)

∂2A

∂ξ2
− (1 + ib)|A|2A,

a =
3α− 10β

4
,

b =
5β − α

6
,

d =
36 + (5β − α)2

v
.



A = Qei(ωT+qξ) Q2 =

1 − q2 ω = q2(b − a) − b

A = [1 + n(T, ξ)]Qei(ωT+qξ) n

∂n

∂T
= (1 + ia)

(

∂2n

∂ξ2
+ 2iq

∂n

∂ξ

)

− (1 + ib)Q2(n∗ + n) + idQ2 (〈n+ n∗〉 − (n∗ + n)) .

n(T, ξ) = R(T )eiLξ +S∗(T )e−iLξ eiLξ

e−iLξ

∂R

∂T
= −(1 + ia)L(LR+ 2qR)− (1 + ib)Q2(R+ S)− idQ2(R+ S),

∂S

∂T
= −(1− ia)L(LS − 2qS)− (1− ib)Q2(R+ S) + idQ2(R+ S).

R = R̄eλT S = S̄eλT

R S

λ

L

λ = −2iq(a− b− d)L+ L2Q−2
(

−1− a(b+ d) + q2
[

3 + 2(b+ d)2 + a(b+ d)
])

+O(L3).

q2
(

3 + 2(b+ d)2 + a(b+ d)
)

> 1 + a(b+ d),

1 + a(b+ d) < 3 + 2(b+ d)2 + a(b+ d),

1+a(b+d) > 0 3+2(b+d)2+a(b+d) > 0

0 ≤ q2 < q2c ≡ 1 + a(b+ d)

3 + 2(b+ d)2 + a(b+ d)
< 1.

1 + a(b+ d) < 0 0 ≤ q2 < 1

a = b = d = 0 A

q2 < 1/3



1 + a(b+ d) (α, β)

“s”

“u”

1 + a(b + d) (α, β)

β α

1 + a(b+ d) = 0

1+ a(b+ d) “s” “u” 1+ a(b+ d)

“s”

“u”

x u α β

l = 64π

q = 2nπ
l n α = 10

β = 2.6 q = 0.875

q = 0.3125

α = 8.4 β = 2.6 q = 0.625



α = 10 β = 2.6 q = 0.875 α = 10 β = 2.6 q = 0.3125

α = 8.4 β = 2.6 q = 0.625

A ξ T α β

α β r → 0

α = 5

β = 0 r

α β

α = 40 β = 6 r



α β “ ∗ ”
α = 0 β = 0

“u”

α β α β

r

α β v α β

α β = 0

α = β = 0

α β

α, β = O(ε3/4)

α, β = O(ε3/4)

α β

O(1) α β

X = ε3/4x T = ε3/2t τ = ε3/4t α = ε3/4α̂

β = ε3/4β̂ α β



τ ĉ = α̂ − β̂ α β

X T

u = ε[a0 + ε1/2a(X,T )]eiM + c.c.+ ε7/4f(X,T ) + · · · ,

M = (1 + εq)x + ε1/4ψ(X,T ) − ĉτ − ε1/4v̂qT v̂ = 3α̂ − 5β̂ a0 = 6
√

r2 − 4q2

r2 > 4q2 a(X,T )

f(X,T ) a f

(1 + εq)x

−ĉτ

c = ε3/4ĉ −ε1/4v̂qT v = ε3/4v̂

ε1/4ψ(X,T )

u

O(ε1/4)

∂ψ

∂T
= 4

∂2ψ

∂X2
− f − v̂

∂ψ

∂X
,

∂f

∂T
=

∂2f

∂X2
− 2a0

∂a

∂X
,

∂a

∂T
= 4

∂2a

∂X2
− 4a0

(

∂ψ

∂X

)2

− 8a0q
∂ψ

∂X
− v̂

∂a

∂X
.

α β v̂
∂ψ

∂X

v̂
∂a

∂X
v̂ f 0

(

∂

∂T
− 4

∂2

∂X2
+ v̂

∂

∂X

)

ψ = −f,

(

∂

∂T
− ∂2

∂X2

)

f = −2a0
∂a

∂X
,

(

∂

∂T
− 4

∂2

∂X2
+ v̂

∂

∂X

)

a = −4a0

(

∂ψ

∂X

)2

− 8a0q
∂ψ

∂X
,



(

∂

∂T
− 4

∂2

∂X2
+ v̂

∂

∂X

)2(
∂

∂T
− ∂2

∂X2

)

ψ = −16a20

(

∂ψ

∂X
+ q

)

∂2ψ

∂X2
.

ψ = ψ̄eiLX+σT

σ3+9σ2L2+24σL4+16L6−16a20qL
2− v̂2σL2− v̂2L4+iv̂(2σ2L+10σL3+8L5) = 0.

L

L L σ3 ∼ 16a20qL
2 L

σ = σ2/3L
2/3 σ3

2/3 = 16a20q L

L σ3 + 9σ2L2 + 24σL4 + 16L6 ≈ 0

σ = {−4L2,−4L2,−L2} L

a20q .= 0

L

σ = iΩ

Ω3 − 24ΩL4 + v̂2ΩL2 + 2v̂LΩ2 − 8v̂L5 = 0,

Ω2 − 16

9
L4 +

16

9
a20q +

v̂2

9
L2 +

10

9
v̂LΩ = 0.

Ω

16a60q
3−2500L12+2100L8a20q+384L4a40q

2−200v̂2L10−4v̂4L8−44v̂2L6a20q+ v̂2L2a40q
2 = 0.

L v̂

L v̂ q

q

0 < q <
√
r2
2 0 < L < (a20q)

1/4

−
√
r2
2 < q < 0

0 < L < (− 2
25a

2
0q)

1/4

r2 a20 = 36(r2−4q2) q′ = q√
r2

L′ = L

r
3/8
2

v′ = v̂

r
3/8
2



− 50v′2L′10 − v′4L′8 + 18900L′8q′ − 75600L′8q′3 + 124416L′4q′2 − 995328L′4q′4

+ 1990656L′4q′6 − 625L′12 − 396v′2L′6q′ + 1584v′2L′6q′3 + 324v′2L′2q′2

− 2592v′2L′2q′4 + 5184v′2L′2q′6 + 186624q′3 − 2239488q′5 + 8957952q′7

− 11943936q′9 = 0.

v′ = 0 v′ = 5 0 < q <
√
r2
2

v′ .= 0 σ = ±iΩ

v′ = 0 −
√
r2
2 < q < 0 v′ .= 0 v′

a20q q a20

q a20

α, β = O(ε)

|q| ( 1 |a20| ( 1

k = 1



v′ = 5

k = 1

q → 0 1 + εq

k 1 k = 1 + ε2q

α β α = εα̂ β = εβ̂

ĉ = α̂ − β̂ r = ε2r2 v̂ = 3α̂ − 5β̂ X = εx T = ε2t τ = εt

u = ε[6
√
r2 + ε2a(X,T )]eiM + c.c.+ ε3f(X,T ) + · · · ,

M = (1 + ε2q)x+ εψ(X,T ) − ĉτ + ε(−v̂q + r2
6 (α̂ − 5β̂))T α̂

β̂

O(ε4) O(ε5)



∂ψ

∂T
= 4

∂2ψ

∂X2
− f − v̂

∂ψ

∂X
,

∂f

∂T
=

∂2f

∂X2
− 12r

1/2
2

∂a

∂X
,

∂a

∂T
= 4

∂2a

∂X2
− 24r

1/2
2

(

∂ψ

∂X

)2

− v̂
∂a

∂X
− 6r

1/2
2

∂f

∂X
− 2r2a

+6r
1/2
2

(

−8q +
22

3
r2 + 12

∂2

∂X2
+ (10β̂ − 3α̂)

∂

∂X

)

∂ψ

∂X
.

α̂ β̂

v̂ 10β̂ − 3α̂

(

∂

∂T
− 4

∂2

∂X2
+ v̂

∂

∂X
+ 2r2

)(

∂

∂T
− 4

∂2

∂X2
+ v̂

∂

∂X

)(

∂

∂T
− ∂2

∂X2

)

ψ =

− 576r2
∂ψ

∂X

∂2ψ

∂X2
+ 72r2

(

22

3
r2 − 8q + 8

∂2

∂X2
+

∂

∂T
+ 5β̂

∂

∂X

)

∂2ψ

∂X2
.

eiLX+σT

σ3 + 9σ2L2 + 24σL4 + 16L6 + 528r22L
2 − 576r2qL

2 + 82r2σL
2 − 568r2L

4 + 2r2σ
2 − v̂2σL2

− L4v̂2 + i(2r2v̂σL+ 360r2β̂L
3 + 8v̂L5 + 10v̂σL3 + 2v̂σ2L+ 2r2v̂L

3) = 0.

L

L

σ = σ1L + σ2L
2 + · · · L2

L3

r2σ
2
1 − 288r2q + 264r22 + ir2v̂σ1 = 0,

σ3
1 + 82r2σ1 + 4r2σ1σ2 + 2ir2v̂σ2 + 2iv̂σ2

1 − v̂2σ1 + 2ir2v̂ + 360ir2β̂ = 0.

σ1 =
1

2

(

−iv̂ ±
√

−v̂2 + 1152q − 1056r2

)

,

σ2 = ±
−72
r2

iv̂q + 171
2 iv̂ − 180iβ̂

√

−v̂2 + 1152q − 1056r2
+

91

2
− 72

r2
q.

q ≥ 11
12r2 q < 11

12r2

σ1 σ2

q ≤ 91
144r2

σ1

q ≥ 11
12r2+

v̂2

1152
v̂2

1152



q′ = q

r2
L′ = L√

r2

q < 11
12r2 +

v̂2

1152 σ1 σ2

σ2 = ±
−72
r2

v̂q + 171
2 v̂ − 180β̂

√

v̂2 − 1152q + 1056r2
+

91

2
− 72

r2
q,

L

σ = iΩ

Ω3 − 82r2ΩL
2 − 24ΩL4 − 2r2v̂L

3 + 2v̂Ω2L+ v̂2ΩL2 − 8v̂L5 − 360r2β̂L
3 = 0,

9L2Ω2 + 2r2Ω
2 − 16L6 − 528r22L

2 + 576r2qL
2 + 568r2L

4 + L4v̂2 + 10v̂ΩL3 + 2r2v̂LΩ = 0.

(−439200L10r2 − 8109542L8r22 − 21513415L6r32 + 45409950L4r42 − 18616052r52L
2

− 9303840r52q + 13022208q2r42 − 437400r42L
2β̂2 + 50922720r42L

2q − 604800L8qr2

− 13058496L6qr22 − 54473544L4r32q + 20000L12 − 3981312q2r22L
4 − 33965568q2r32L

2

+ 2186184r62 − 32400r52β̂
2 − 1968300L4β̂2r32 − 2952450r22L

6β̂2 − 5971968r32q
3)

+ 45(9L2 + 2r2)r2β̂(342r
3
2 + 1259r22L

2 − 288qr22 − 864qr2L
2 + 1004L4r2 + 240L6)v̂

+ (19088L8r2 − 41094r42L
2 − 11229r32L

4 + 53280L4r22q + 12672L6qr2 + 60408r32L
2q

+ 5760r42q + 1600L10 − 10368r22L
2q2 − 5240r52 + 43850L6r22)v̂

2

− 45r2β̂L
2(r2 + 4L2)2v̂3 + 2L2(5r2 + L2)(r2 + 4L2)2v̂4 = 0.



r2 q′ = q
r2

L′ = L√
r2

α′ = α̂√
r2

β′ = β̂√
r2

v′ = v̂√
r2

(−439200L′10 − 8109542L′8 − 21513415L′6 + 45409950L′4 − 18616052L′2

− 9303840q′ + 13022208q′2 − 437400L′2β′2 + 50922720L′2q′ − 604800L′8q′

− 13058496L′6q′ − 54473544L′4q′ + 20000L′12 − 3981312q′2L′4 − 33965568q′2L′2

+ 2186184− 32400β′2 − 1968300L′4β′2 − 2952450L′6β′2 − 5971968q′3)

+ 45(9L′2 + 2)β′(342 + 1259L′2 − 288q′ − 864q′L′2 + 1004L′4 + 240L′6)v′

+ (19088L′8 − 41094L′2 − 11229L′4 + 53280L′4q′ + 12672L′6q′ + 60408L′2q′ + 5760q′

+ 1600L′10 − 10368L′2q′2 − 5240 + 43850L′6)v′2

− 45β′L′2(1 + 4L′2)2v′3 + 2L′2(5 + L′2)(1 + 4L′2)2v′4 = 0.

L′

β′ = 0

(q′, L′) α′

α′

α′ v′ L′ = 0

q′ q′+ = 11
12 + v′2

1152 v′

q′ 91
144 ± 5v′

18
√
82

+O(v′2)

( 91
144 , 0)

α′

q′ q′− ∼ 91
144 +

5|v′|
18

√
82

α′ q′− q′+

α′ q′− = q′+ L′ = 0 α′

σ2 ≈ ±(−72q′+ 171
2 )+ 91

2 −72q′ q′−
131
144 q′+

L′ = 0

α′ L′

α′ β′ = 0

α′

α′
c ≈ 5.7 α′

5.7

α′
c ≈ 5.7 α = α′√r r < (α/α′

c)
2

α = 1/2 β = 0 r < 0.0077



r ≈ 0.0078

α′ = 0

β′

β′

q′ q′

β′ q′ β′
c ≈ 5.0607

β′ > 5.0607

α̂ = 1 β̂ = 0 α = εα̂

β = εβ̂ L

r2 r = ε2r2

q ≥ 11
12r2 +

v̂2

1152 q < 11
12r2 +

v̂2

1152 σ1

σ2 q ≤ 0

σ2 r2 ≥ 144
91 q

σ2

q = 11
12r2+

v̂2

1152

q = 0 q = 91
144r2 σ2 = 0

q = 0

σ

r2 σ2

q σ2 q

r2 r2 = 0.01

σ2

0.0087 ≤ q ≤ 0.0158

r2

11
12

91
144

r2 r2 q = O(r2)

(q, r2) σ1 q > 11
12r2 σ2



α′
= 1 α′

= 2 α′
= 3

α′
= 4 α′

= 5 α′
= 5.7

α′
= 6 α′

= 7

β′ = 0

α′

σ2 =
91
2 − 72

r2
q+O(r

−1/2
2 ) r2 L

91

144
r2 < q <

11

12
r2.

α β O(ε)

k = 1 r2



β′
= 0.2 β′

= 0.476 β′
= 0.6

β′
= 1 β′

= 2 β′
= 4.5

β′
= 5 β′

= 5.0607 β′
= 6

α′ = 0 β′

α β ε2



σ2 = 0 q = 11

12
r2+

v̂2

1152
q = 91

144
r2

r2

σ2 = 0 q r2 = 0.01

σ2 = 0

q σ2



k+m(ε) k−m(ε) r2 = 1

k±m = k0 + εk1 + ε2k2 + ε3k3 + · · ·
k2

[

ε2 − (1− k2)2
]

= 0 k±m = 1 ± 1
2ε − 1

8ε
2 ± 1

16ε
3 + · · ·

k = k±m ∓ ε2κ

u = ε3/2[ă0 + a(X,T )]eiM + c.c+ ε2f(X,T ) + · · · ,

M = kx + ψ − ĉτ ∓ 1
2 v̂T ă0

2 = 144κ

∂ψ

∂T
= 4

∂2ψ

∂X2
− f ± 4

ă0

∂a

∂X
− v̂

∂ψ

∂X
,

∂f

∂T
=

∂2f

∂X2
− 2ă0

∂a

∂X
,

∂a

∂T
= 4

∂2a

∂X2
∓ 4ă0

∂ψ

∂X
− v̂

∂a

∂X
.

(

∂

∂T
− ∂2

∂X2

)

[

(

∂

∂T
− 4

∂2

∂X2
+ v̂

∂

∂X

)2

+ 16
∂2

∂X2

]

ψ = ∓8ă0
2 ∂

2ψ

∂X2
.

ψ = ψ̄eiLX+σT

(σ + 4L2 + iv̂L+ 4L)(σ + 4L2 + iv̂L− 4L)(σ + L2)∓ 8ă0
2L2 = 0.

ă0 → 0

−L2 + O(ă0
2) 4L(∓1 − L) − iv̂L + O(ă0

2)

ă0 v̂ L σ3 ∼ ±8ă0
2L2

L σ = σ2/3L
2/3 σ3

2/3 = ±8ă0
2

L



α = εα̂ β = εβ̂ ĉ = α̂ − β̂ v̂ = 3α̂ − 5β̂ X = εx T = ε2t

O(ε1/2)

u = ε3/2A(X,T )ei(x−ĉt) + c.c.+ ε2f(X,T )− ε3
i

36
A2e2i(x−ĉt) + c.c.+ · · · .

O(ε7/4)

O(ε4)

∂A

∂T
= r2A+ 4

∂2A

∂X2
− ifA− v̂

∂A

∂X
,

∂f

∂T
=

∂2f

∂X2
− ∂|A|2

∂X
.

T̄ = r2T X̄ = −r
1/2
2 X f̄ = −f/r2 Ā = r

−3/4
2 A∗ v̄ = r

−1/2
2 v̂

r2 v̄ −v̂

v̄ v̄

∂A

∂T
= A+ 4

∂2A

∂X2
− ifA+ v

∂A

∂X
,

∂f

∂T
=

∂2f

∂X2
− ∂|A|2

∂X
.

v

l = 150 v

A = 0 f = −10 sin (2π(X − l/2)/l)
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Chapter 5

∂w

∂t
+ u

∂w

∂x
=

[

r −
(

1 +
∂2

∂x2

)2
]

w − sw2 − w3,

∂u

∂t
+ u

∂u

∂x
= σ

∂2u

∂x2
+ bw

∂w

∂x
.

x ∈ [0, l]

x #→ x + V t u #→ u + V w #→ w V

x #→ −x u #→ −u w #→ w

s → −s w → −w s ≥ 0

b .= 0

b .= 0 b = 0 u = 0

σ

u
d

dt

∫ l

0
udx = 0

〈u〉 =
1

l

∫ l

0
udx =



u w

r

w u

u w

w

u

u ≡ 0 w ≡ 0 eikx+λt



λ1 λ2

r = 0.01 σ = 0.1

λ1 = r − (1− k2)2,

λ2 = −σk2,

w u

λ1 λ2 r = 0.01 σ = 0.1

kc = 1

r > 0 λ1

k = 0 λ2

rc = 0

r

r = ε2r2 ε ( 1

w = εw1 + ε2w2 + ε3w3 + · · · ,

u = εu1 + ε2u2 + ε3u3 + · · · .



O(ε)

∂w1

∂t
+

(

1 +
∂2

∂x2

)2

w1 = 0,

∂u1
∂t

− σ
∂2u1
∂x2

= 0.

w1 A(T )ei(1+εq)x+ c.c A(T )

T = ε2t λ1 ε2

u1 T u1 = u1(T )

〈u〉 = ε〈u1〉+O(ε2) = εu1 +O(ε2) 〈u〉 = 0 u1 = 0

∂w2

∂t
+

(

1 +
∂2

∂x2

)2

w2 + sA2e2i(1+εq)x + c.c.+ 2s|A|2 = 0,

∂u2
∂t

− σ
∂2u2
∂x2

− ibA2e2i(1+εq)x + c.c. = 0.

w2 = −sA2

9
e2i(1+εq)x + c.c.− 2s|A|2,

u2 =
ibA2

4σ
e2i(1+εq)x + c.c.

w2 e±2i(1+εq)x |A|2

u2 e±2i(1+εq)x 〈u〉 = 0

w u

O(ε3)

∂A

∂T
= (r2 − 4q2)A+

(

−3 +
38s2

9
− b

4σ

)

A|A|2.

|A|2 = a20

a20 =
r2 − 4q2

D
,

D = 3− 38s2

9
+

b

4σ
=

108σ − 152s2σ + 9b

36σ
.

|s|

s2 s2 > 27/38

A|A|2

b/σ



9b/σ = 4(38s2 − 27) D > 0

−3 +
38s2

9
− b

4σ
< 0

D > 0 (b/σ, s) D > 0

9b/σ > 4(38s2 − 27) s >
√

27/38 ≈ 0.8429 b

σ > 0

D > 0

a20 =
r2 − 4q2

D
> 0

−
√
r2
2

< q <

√
r2
2

A(X,T ) ε3/2

ε2 r = ε2r2

T = ε2t λ1 X = εx



O(ε1/2)

w = ε3/2Aeix + c.c.+ ε3(−sA2

9
e2ix + c.c.− 2s|A|2) + · · · ,

u = ε2f + ε3
ibA2

4σ
e2ix + c.c.+ · · · .

A f w u

O(ε7/2)

O(ε4)

∂A

∂T
= r2A+ 4

∂2A

∂X2
− ifA,

∂f

∂T
= σ

∂2f

∂X2
+ b

∂|A|2
∂X

.

f

r2 b T̂ = r2T X̂ = r
1/2
2 X f̂ = f/r2 Â = A

√

|b|r−3/2
2

∂A

∂T
= A+ 4

∂2A

∂X2
− ifA,

∂f

∂T
= σ

∂2f

∂X2
+

b

|b|
∂|A|2
∂X

.

b

b < 0

∂A

∂T
= A+ 4

∂2A

∂X2
− ifA,

∂f

∂T
= σ

∂2f

∂X2
− ∂|A|2

∂X
.

Â = A∗ f̂ = −f

∂Â

∂T
= Â+ 4

∂2Â

∂X2
− if̂ Â,

∂f̂

∂T
= σ

∂2f̂

∂X2
+

∂|Â|2
∂X

.

b



∂A

∂T
= A+ 4

∂2A

∂X2
− ifA,

∂f

∂T
= σ

∂2f

∂X2
− ∂|A|2

∂X
.

σ

X̃ = σ−1/2X Ã = σ−1/4A

∂Ã

∂T
= Ã+

4

σ

∂2Ã

∂X̃2
− ifÃ,

∂f

∂T
=

∂2f

∂X̃2
− ∂|Ã|2

∂X̃
.
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n

4/σ
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