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Abstract

A list-colouring of a graph is an assignment of a colour to each vertex v from its
own list L(v) of colours. Instead of colouring vertices we may want to colour other
elements of a graph such as edges, faces, or any combination of vertices, edges and
faces. In this thesis we will study several of these different types of list-colouring,
each for the class of a near-outerplanar graphs. Since a graph is outerplanar if it
is both K4-minor-free and K s-minor-free, then by a near-outerplanar graph we

mean a graph that is either K-minor-free or K 3-minor-free.

Chapter 1 gives an introduction to the area of graph colourings, and includes a
review of several results and conjectures in this area. In particular, four important
and interesting conjectures in graph theory are the List-Edge-Colouring Conjecture
(LECC), the List-Total-Colouring Conjecture (LTCC), the Entire Colouring Con-
jecture (ECC), and the List-Square-Colouring Conjecture (LSCC), each of which
will be discussed in Chapter 1. In Chapter 2 we include a proof of the LECC
and LTCC for all near-outerplanar graphs. In Chapter 3 we will study the list-
colouring of a near-outerplanar graph in which vertices and faces, edges and faces,
or vertices, edges and face are to be coloured. The results for the case when all
elements are to be coloured will prove the ECC for all near-outerplanar graphs. In
Chapter 4 we will study the list-colouring of the square of a K,-minor-free graph,
and in Chapter 5 we will study the list-colouring of the square of a K5 s-minor-free
graph. In Chapter 5 we include a proof of the LSCC for all K s-minor-free graphs

with maximum degree at least six.
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Chapter 1

Background information

1.1 Introduction

In this chapter we will give a brief history of the area of graph colourings, in
particular list-colourings', and we will give an overview of the work contained in
this thesis. This will include a review of some important results and conjectures in
this area, since it is these results and conjectures that give the motivation for the
work in this thesis. We will use standard terminology throughout, as can be found
in the references [8, 21, 40]. However, the perhaps less well-known definitions are

also included in Section 1.3 of this chapter.

1.2 Historical background

The roots of graph colouring problems can be traced back to a letter written to
William Hamilton by De Morgan in 1852. The contents of this letter raised the
question as to whether every map could be coloured with at most four colours so

that no two countries with a border in common are given the same colour. This

1See Section 1.3 for definitions of graph theoretical terms.
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problem is equivalent to colouring the vertices of a planar graph with at most four
colours so that no two adjacent vertices are given the same colour. This problem,
known as the Four Colour Theorem, was proved in 1977 by Appel, Haken and
Koch [2, 3].

A year earlier, in 1976, Vizing [32] introduced the concept of a list-colouring?, in
which each vertex must be given a colour from its own list of colours so that no
two adjacent vertices are given the same colour. If all lists are identical then this
is equivalent to the ordinary colouring problem. Independently, in 1980, Erdos,
Rubin and Taylor [11] also introduced the idea of list-colourings, and they gave
examples to show that there are graphs that require more colours in each list for

a list-colouring than for an ordinary colouring.

Since ordinary colourings and list-colourings were now known not to be equal,
every question asked about ordinary colourings could also be asked about list-
colourings. This led researchers to investigate the list-colouring analogue of the
Four Colour Theorem. In 1993, Voigt [33] gave an example of a planar graph
that requires more than four colours in the list of each vertex for a list-colouring.
Further such examples were given by Gutner [13] and by Mirzakhani [26], both in
1996. However, it was proved by Thomassen [31] in 1994 that if each vertex of a
planar graph is given a list of five colours, then each vertex can be given a colour

from its list so that no two adjacent vertices are given the same colour.

An interesting problem is to investigate for which classes of graphs the number
of colours needed in the list of each vertex for a list-colouring from all possible
lists is the same as the number of colours needed for an ordinary colouring. Much
work has been done on problems of this type, which will be reviewed in detail in
Section 1.3.2. One source of information on the more recent developments in the

area of graph colouring problems is [18].

2A more formal explanation of the ideas in this section is given in Section 1.3.



Background information 3

1.3 Explanation of graph theoretical terms

In this section we will give formal definitions of the terminology used throughout
this thesis. A simple graph, or just graph, contains no loops or multiple edges,
whereas a multigraph contains multiple edges and a pseudograph contains both

loops and multiple edges. All of the work in this thesis is for simple graphs.

As usual, for a graph G = (V| E), let dg(v), A(G), 6(G), |V(G)| denote the degree
of a vertex v in G, the maximum degree of G, the minimum degree of G, and the
number of vertices of G respectively. Also, let K, denote the complete graph on
n vertices, and let K, , denote the complete bipartite graph on m + n vertices. If

dg(v) = k for every vertex v in G, then G is k-regular.

1.3.1 Basic definitions

Two vertices u, v are adjacent if there exists an edge e = uv joining v and v, and
the vertices u, v are incident with the edge e. Similarly, two edges are adjacent
if they meet at a vertex. A graph is planar if it can be embedded in the plane
so that no two edges intersect except at a vertex. Such an embedding is called a
plane graph, in which two faces are adjacent if they meet at an edge, and a face
is incident with the vertices and edges in its boundary. Note that a face may be

adjacent to itself if there is a cut-edge whose removal disconnects the graph.

The square G? of a graph G has the same vertex set as G, but vertices are adjacent

in G2 if and only if they are at distance at most 2 apart in G.

Given two graphs G and H we form the join G + H by adding an edge from each
vertex of G to each vertex of H. The union GU H is the graph whose components
are the components of G and H. A graph is k-connected if the removal of fewer

than k vertices does not disconnect the graph. A block is a 2-connected graph
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with at least two vertices. If a graph is 1-connected and is not 2-connected, then
it contains at least two blocks and every two blocks have at most one vertex
in common whose removal will disconnect the graph. Such a vertex is called a

cut-vertex. A block that contains only one cut-vertex is called an end-block.

Two graphs G and H are isomorphic, which is denoted G' = H, if there exists a
one-to-one correspondence between the vertices of G and those of H such that two
vertices are adjacent in GG if and only if the corresponding vertices are adjacent in
H. A graph H is homeomorphic from G if either H = G or H can be obtained
from G by adding vertices of degree 2 subdividing the edges of G. If V(H) C V(G)
and E(H) C E(G), then H is a subgraph of G, which is denoted H C G. If H
contains all edges uv € FE(G) for all u,v € V(H), then H is an induced subgraph
of G.

To contract an edge e = uv of a graph G, delete the edge e, identify the end-vertices
u, v, and remove any multiple edges created by this operation. The resulting graph
is denoted by G /e. Any graph H formed by contracting one or more edges of G is
a contraction of G. A subcontraction or minor is a subgraph of a contraction or,
equivalently, a contraction of a subgraph. If a graph G has no minor isomorphic

to H, then G is H-minor-free.

A graph G is outerplanar if it can be embedded in the plane so that all its vertices
lie on the boundary of the outer face of G. Such an embedding is called an
outerplane graph. It is well known [7] that a graph is outerplanar if and only if it
is both K4-minor-free and Ky s-minor-free. We will call a graph near-outerplanar

if it is K -minor-free or K5 s-minor-free.
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1.3.2 Colourings, list-colourings and the colouring number

A wvertex colouring, or just colouring, is an assignment of a colour to each vertex
of a graph G. A colouring of G is proper if no two adjacent vertices are given
the same colour. If G' has a proper colouring using at most k colours, then G is
k-colourable. The smallest integer k such that G is k-colourable is the chromatic

number x(G) of G.

A list-colouring of a graph G is an assignment of a colour to each vertex v in GG
from its own (unordered) list L(v) of colours. We will refer to a list-colouring as
simply a colouring if it is clear from the context that we mean a list-colouring. A
list-colouring of G is proper if no two adjacent vertices of GG are given the same
colour. If |L(v)| > k for every vertex v in G, then G is k-choosable if G has a
proper colouring from all possible lists L(v). The smallest integer k such that G

is k-choosable is the list-chromatic number or choosability ch(G) of G.

As mentioned in Section 1.2, it is known [11] that in general the chromatic number
of a graph G is not equal to the choosability of G. An easy example of this is K3 3,
which is obviously 2-colourable. If the three vertices in each partite set are given
the lists {1, 2}, {1, 3}, {2, 3}, then no proper colouring exists from these lists. This
shows that K33 is not 2-choosable. It is also known that although every planar

graph is 4-colourable [2, 3], not every planar graph is 4-choosable [33].

A graph G is k-degenerate, where k > 0, if every induced subgraph of G has min-
imum degree at most k. It follows that G' can be reduced to K; by the successive
removal of vertices whose degree is at most k, i.e., the vertices can be ordered in
such a way that every vertex is preceded by at most k of its neighbours. The small-
est integer k such that G is k-degenerate is the degeneracy of GG, which is denoted
degeneracy(G). The colouring number of a graph G, which is denoted col(G), is

the least k£ for which the vertices can be ordered so that every vertex is preceded



Background information 6

by fewer than k of its neighbours. It follows that col(G) = degeneracy(G) + 1.

Rather than colouring vertices, we may want to colour other elements, such as
edges, faces, or any combination of vertices, edges and faces. In this thesis we will
study several of these different types of list-colouring, each for the class of near-
outerplanar graphs. Each of these types of colouring together with the associated
chromatic numbers and list-chromatic numbers will be reviewed in Section 1.4. For
example, yf(G) is the edge-face chromatic number, where the subscript denotes
the elements that are to be coloured. In a proper colouring of more than one type
of element, no two adjacent or incident elements can be given the same colour. By
an abuse of terminology we will call two elements neighbours if they are adjacent

or incident, since no two such elements can be given the same colour.

1.4 Review of different types of colourings and

associated conjectures

In this section we will review the different types of list-colouring that are to be
considered in this thesis. We will also discuss four important conjectures in graph

theory that relate to these different types of colourings.

1.4.1 Edge colourings and the LECC

The edge chromatic number x, and the edge choosability ch, are commonly denoted
by x" and ch’ respectively. It was proposed independently by Vizing, by Gupta, and
by Albertson and Collins, that the edge choosability is equal to the edge chromatic
number. This was previously known as the List Colouring Conjecture [1, 8], and

is now known as the List-Edge-Colouring Conjecture (LECC) [17, 21, 40].
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Consecture 1: The LECC. For every multigraph G, ch’'(G) = x'(G).

Although the LECC has not been proved in general, several results have been
proved about the LECC for special classes of graphs. In 1995, Galvin [12] proved
the LECC for complete bipartite multigraphs, which had previously been conjec-
tured by Dinitz in 1978. In 1996, Ellingham and Goddyn [10] proved the LECC
for all d-regular d-edge colourable planar multigraphs. It was proved in 1997 by
Borodin, Kostochka and Woodall [5] that the LECC holds for all planar graphs

with maximum degree A > 12.

In 1980, Erdés, Rubin and Taylor [11] proved the LECC for all graphs with maxi-
mum degree A = 2. More recently, in 2001, Wang and Lih [37] proved the LECC
for all outerplanar graphs with maximum degree A > 3. This result had already
been proved in 1999 by Juvan, Mohar and Thomas [20] since they proved the
LECC for all K4-minor-free graphs with maximum degree A > 3, and all outer-
planar graphs are K -minor-free. This completed the proof of the LECC for all

K4-minor-free graphs.

In 2006, Hetherington and Woodall [14] proved the LECC for all K3 3-minor-free
graphs. In fact, they replaced the class of Kjs-minor-free graphs by the slightly
larger class of (K, + (K; U Kj))-minor-free graphs. The graph Ko + (K; U K3)
can be obtained from K>3 by adding an edge joining two vertices of degree 2, or,
alternatively, from K, by adding a vertex of degree 2 subdividing an edge. In
Chapter 2 we include a proof of the LECC for all (K, + (K; U K5))-minor-free
graphs with maximum degree A > 3. This will complete the proof of the LECC

for all near-outerplanar graphs.
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1.4.2 Total colourings and the LTCC

The total chromatic number x.. and the total choosability ch,, are commonly de-
noted by x” and ch” respectively. It was proposed independently by Borodin,
Kostochka and Woodall [5], by Juvan, Mohar and Strekovski [19], and by Hilton
and Johnson [17] that for every multigraph the total choosability is equal to the
total chromatic number. This is known as the List-Total-Colouring Conjecture

(LTCC).

Consecture 2: The LTCC. For every multigraph G, ch”(G) = X" (G).

Far less is known about the LTCC than the LECC. It was proved in 1997 by
Borodin, Kostochka and Woodall [5] that the LTCC holds for all planar graphs
with maximum degree A > 12. A year later, in 1998, Juvan, Mohar and Skrekovski
[19] proved the LTCC for all graphs with maximum degree A = 2. In 2001, Wang
and Lih [37] proved the LTCC for all outerplanar graphs with maximum degree
A > 4. More recently, in 2006, Woodall [41] proved the LTCC for all K4-minor-
free graphs with maximum degree A = 3. Also in 2006, Hetherington and Woodall
[14] proved the LTCC for all K -minor-free graphs with maximum degree A > 4.

This completes the proof of the LTCC for all Ky-minor-free graphs.

In the same paper, Hetherington and Woodall [14] proved the LTCC for all
K, 3-minor-free graphs also. In fact, again they replaced the class of K5 3-minor-
free graphs by the slightly larger class of (K5 + (K; U K3))-minor-free graphs. In
Chapter 2 we include a proof of the LTCC for all K-minor-free graphs with max-
imum degree A > 4 and a proof of the LTCC for all (K, + (K; U K3))-minor-free
graphs with maximum degree A > 3. This will complete the proof of the LTCC

for all near-outerplanar graphs.
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1.4.3 Coupled colourings

The coupled chromatic number and the coupled choosability are denoted by x.¢
and chy; respectively. In 1965, Ringel [28] conjectured that x.(G) < 6 for all
plane graphs G. This was proved by Borodin [4] in 1984. In 1996, Wang and
Liu [36] proved that if G is an outerplane graph, then xy¢(G) < 5. In Chapter 3
we will prove that if G is a plane embedding of a K,-minor-free graph or a plane
embedding of a (Ky + (K} U Ks))-minor-free graph, then ch,¢(G) < 5. This will

prove that chy¢(G) < 5 for all near-outerplane graphs G.

1.4.4 Edge-face colourings

The edge-face chromatic number and the edge-face choosability are denoted by et
and ches respectively. In 1975, Melnikov [25] conjectured that y.¢(G) < A + 3 for
all plane graphs G with maximum degree A. In 1997, two independent proofs of
Melnikov’s conjecture were published, one by Sanders and Zhao [29], the other
by Waller [34]. In the paper by Sanders and Zhao it was conjectured also that
Xef(G) < A+2 for all plane graphs G with maximum degree A, with the exception

that xetf(G) = A+ 3 if A =2 and G has a component that is an odd cycle.

In 1995, Wang [35] proved that y.f(G) < A + 1 for all outerplane graphs G
with maximum degree A > 5. In Chapter 3 we will prove that if G is a plane
embedding of a K-minor-free graph or a plane embedding of a (K, + (K; U K3))-
minor-free graph, both with maximum degree A, then che(G) < A+ 2 if A > 3,
chet(G) < A+ 1if A > 5, and xof(G) < A+1=5if A =4. We will also give
conditions for the different values of che(G) if A < 2. Since xof(G) < che(G),
these results will prove the conjecture of Sanders and Zhao for all near-outerplane

graphs.
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In view of the work in Chapter 3 we propose the following conjecture.

Consecture 3. If G is a near-outerplane graph with mazimum degree A = 4,

then chet(G) < A+1=5.

1.4.5 Entire colourings and the ECC

The entire chromatic number and the entire choosability are denoted by Y. er and
chyer respectively. In 1972, Kronk and Mitchem [22] proposed the following con-

jecture, which is known as the Entire Colouring Conjecture (ECC).

Consecture 4: The ECC. For every plane graph G with mazimum degree A,
Xvef<G) S A —+ 4.

The ECC was proved for all plane graphs with maximum degree A < 3 by Kronk
and Mitchem [23] in 1973. More recently, in 2000, Sanders and Zhao [30] proved
that the ECC holds for all plane graphs with maximum degree A > 6. The ECC
is still an open problem if A = 4 or 5. It was proved in 1992 by Wang and
Zhang [38] that if G is an outerplane graph with maximum degree A > 5, then
Xvet(G) < A+ 2. In 2005, Wu and Wu [42] proved that xvef(G) < max{8, A + 2}
for all plane embeddings of a K, -minor-free graph G with maximum degree A.
In Chapter 3 we will prove that if G is a plane embedding of a K,-minor-free
graph or a plane embedding of a (Ky + (K; U K3))-minor-free graph, both with
maximum degree A, then chyf(G) < max{7,A + 2} if A > 3. We will also give
conditions for the different values of chyef(G) if A < 2. Since Xyef(G) < chyer(G),
this improves the result of Wu and Wu and, as a special case, this proves the ECC

for all near-outerplane graphs G.

In view of the work in Chapter 3 we propose the following conjecture.
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ConsecTtURE 5. If G is a near-outerplane graph with mazximum degree A = 3,
then chyet(G) < A + 3 = 6, with the exception that chyt(G) =7 if G has Ky as a

component.

1.4.6 The LSCC

In 2001, Kostochka and Woodall [21] proposed the following conjecture, known
as the List-Square-Colouring Conjecture (LSCC), which implies the truth of the
LTCC since the LTCC is a special case of the LSCC for bipartite graphs in which

every vertex in one partite set has degree 2.

Consecture 6: The LSCC. For every graph G, ch(G?) = x(G?).

If G has maximum degree A = 0 or 1, then it is obvious that the LSCC holds. In
2000, Prowse and Woodall [27] proved that ch(G) = x(G) if G is the power of a
cycle. This implies the truth of the LSCC for all graphs G with maximum degree

A = 2. In fact, for A = 2, the situation is as follows:

3 if the length of every cycle in G is divisible by 3;
ch(G®) = x(G*) =4 5 if G has Cs as a component;

4  otherwise.

In Chapters 4 and 5 we will study, respectively, the square of a K -minor-free graph
and the square of a Ky 3s-minor-free graph, both with maximum degree A > 3.
More specifically, in Chapter 4, although we cannot prove that ch(G?) = x(G?) if
G is a K -minor-free graph with maximum degree A > 3, we can prove the same

sharp upper bound for ch(G?) as for y(G?).



Background information 12

In 2003, Lih, Wang and Zhu [24] proved for a K ;-minor-free graph G with maxi-
mum degree A that

A+3 if A=2or 3;

L%Aj—i—l if A >4;

and
A+2 if A=2or3;

BA]+1 if A >4,

degeneracy(G?) <

It follows from the work of Lih, Wang and Zhu that ch(G?) < A+ 3 if G is a
K4-minor-free graph with maximum degree A = 2 or 3. In Chapter 4 we will
prove that if G is a Kj-minor-free graph with maximum degree A > 4, then
ch(G?) < [2A] + 1. Furthermore, we will prove that G? is [2A]-degenerate and
as an immediate corollary that col(G?) < [2A] + 1. We will show that all these

results are sharp.

In Chapter 5 we will prove that if G is a K3 s-minor-free graph with maximum
degree A, then A +1 < x(G?) < ch(G?*) < A+2if A > 3 and ch(G?) = x(G?) =
A+1if A > 6. We will also show that all these results are sharp. This will prove

the LSCC for all K5 3-minor-free graphs with maximum degree A > 6.

1.5 Summary of the new results

In this section we will give a summary of the new results that are proved in this

thesis.

Chapter 2

In Chapter 2 we will prove that the LECC and LTCC hold for all near-outerplanar

graphs. The situation is summarised in the following theorem.
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Tueorem 1.5.1. [14|The LECC and LTCC hold for all near-outerplanar graphs.
In fact, if G is a near-outerplanar graph with mazimum degree A, then ch/'(G) =

X'(G) = A and ch"(G) = X"(G) = A+ 1, apart from the following exceptions:

(1) if A =1 then ch"(G) = x"(G) = A+2=3;

(17) if A =2 and G has a component that is an odd cycle, then ch’'(G) = X' (G) =
A+1=23;

(1ii) if A =2 and G has a component that is a cycle whose length is not divisible

by three, then ch”(G) = X"(G) = A +2 = 4;

() if A =3 and G has Ky as a component, then ch”(G) = x"(G) = A+ 2 =5.

Chapter 3

In Chapter 3 we will extend the ideas explored in Chapter 2 to prove the following

theorem.

TueoreMm 1.5.2. Let G be a plane embedding of a near-outerplanar graph with

maximum degree . Then

(i) chye(G) <5

(i7) chet(G) < A+24if A =3 or4;
(4ii) chet(G) < A+ 1 4if A > 5;
(i) Xet(G) SA+1=5if A =4

(v) chyet(G) < max{7, A+ 2} if A > 3.

Furthermore,
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(vi) if A =0, then chy(G) = 2, chet(G) = 1 and chyet(G) = 2;
(vii) if A =1, then chy(G) = 3, chef(G) = 2 and chyef(G) = 4;
(viit) if A =2, then

5 if G contains an odd cycle;
chyt(G) = chet(G) = ¢ 4 if G contains an even cycle but no odd cycle;
3 if G s cycle-free.
and
6 if G has a component that is a cycle whose length
1s not divisible by 3;
chyet(G) = 5 if G has a component that is a cycle and the length

of every such cycle is divisible by 3;

4 if G 1s cycle-free.

In fact, in Chapters 2 and 3 we will replace the class of Ky s-minor-free graphs by

the slightly larger class of (Ky + (K U K5))-minor-free graphs.

Chapter 4

In Chapter 4 we will study the square of a K -minor-free graph. We will prove

the following theorem: the corollary is immediate.

Tueorem 1.5.3. [15] Let G be a K -minor-free graph with mazimum degree

A > 4. Then G? is 2

3A]-degenerate and ch(G?) < [3A] +1.

Cororrary 1.5.4. Let G be a Ky-minor-free graph with mazximum degree A > 4.

Then col(G?) < [2A] + 1.
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Chapter 5

In Chapter 5 we will prove that the LSCC holds for all K5 s-minor-free graphs G
with maximum degree A > 6. We will also give bounds for ch(G?) if A € {3,4,5}.

The situation is summarised in the following theorem.

TueoreM 1.5.5. [16] Let G be a Ky 3-minor-free graph with mazimum degree A.
Then the LSCC holds if A > 6. In fact,

(1) A+1<x(G?) <ch(G?) <A+2ifA>3;

(i) A+1=x(G?) = ch(G?) if A > 6.



Chapter 2

Edge and total choosability of

near-outerplanar graphs

2.1 Introduction

The List-Edge-Colouring Conjecture (LECC) and the List-Total-Colouring Con-
jecture (LTCC)! state that ch’(G) = x/(G) and ch”(G) = x”(G) for every multi-
graph G respectively. However, all results in this thesis are for simple graphs

rather than for multigraphs.

In 1980, Erdés, Rubin and Taylor [11] proved that an even cycle is 2-choosable
(or, equivalently, edge-2-choosable). This proves the LECC for all graphs G' with
maximum degree A = 2; that is, that ch'(G) = x'(G) = 2 = A, with the exception
that ch’(G) = x'(G) =3 = A + 1 if G has a component that is an odd cycle. For
K4-minor-free graphs it was proved in 1999 by Juvan, Mohar and Thomas [20]
that ch’(G) = x'(G) = A if A > 3. This completed the proof of the LECC for all

K4-minor-free graphs.

'For further details on the LECC and LTCC, see pages 7 and 8 respectively.
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For total choosability, Juvan, Mohar and Skrekovski [19] proved in 1998 for all
graphs G with maximum degree A = 2 that ch”(G) = x"(G) = 3 = A+ 1, with
the exception that ch”(G) = x"(G) = 4 = A + 2 if G has a component that is
a cycle whose length is not divisible by three. In 2006, Woodall [41] proved for
K-minor-free graphs that ch”(G) = x"(G) =4 = A+ 1if A = 3. To complete
the proof of the LTCC for all K4-minor-free graphs, it remains to prove that
ch’(G) = X"(G) if A > 4.

In this chapter we will prove the LECC and LTCC for all near-outerplanar? graphs.
In fact, we will replace the class of K5 3-minor-free graphs by the slightly larger
class of (Ky + (K; U Kj))-minor-free graphs. The graph K, + (K; U K5) can
be obtained from Kj3 by adding an edge joining two vertices of degree 2, or,

alternatively, from K, by adding a vertex of degree 2 subdividing an edge.

In Section 2.2 we will prove for Ky-minor-free graphs that ch”(G) = x"(G) =
A+ 1if A > 4. This will complete the proof of the LTCC for all K4-minor-free
graphs. The method of proof is based on an incomplete proof by Zhou, Matsuo
and Nishizeki [43], which in turn is based on the proof by Juvan, Mohar and
Thomas [20] for edge-choosability of K -minor-free graphs. However, it has now
been brought to our attention that [44] contains a complete proof by Zhou, Matsuo

and Nishizeki.

In Section 2.3, using the results in Section 2.2 and other known results, we will
prove for (K, + (K; U Ks))-minor-free graphs that both ch/(G) = x/(G) = A and
ch”(G) = x"(G) = A+ 1if A > 3, with the exception that ch”(G) = x"(G) =5
if A = 3 and G has K, as a component. This will complete the proof of the
LECC and LTCC for all (K, + (K; U K,))-minor-free graphs, and hence for all

near-outerplanar graphs.

2K ,-minor-free or K. 2,3-minor-free.
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We will make use of the following theorem and the following lemma. Theorem
2.1.1 is a slight extension of a theorem of Dirac [9], and both parts of Lemma
2.1.2 follow from the result [10] that a d-regular edge-d-colourable planar graph is

edge-d-choosable, but both parts are also easy exercises to prove directly.

TueoreM 2.1.1. [39] A Ky-minor-free graph with |V(G)| > 4 has at least two

nonadjacent vertices with degree at most 2.

Levma 2.1.2. (7) ch'(Cy) = X/ (Cy) = 2. (i) ch/(Ky) = X' (Ky) = 3.

2.2 Edge and total choosability of K,-minor-free

graphs

In this section we will prove that ch”(G) = x"(G) = A + 1 for all Ky-minor-free
graphs G with maximum degree A > 4. This will complete the proof of the
LECC and LTCC for all K4-minor-free graphs. The situation is summarised in

the following theorem.

Tueorem 2.2.1. [14] The LECC and LTCC hold for all K4-minor-free graphs.
In fact, if G is a Ky-minor-free graph with maximum degree A, then ch'(G) =
X'(G) = A and ch”(G) = X" (G) = A + 1, apart from the following exceptions:

(1) if A=1 then ch"(G) = x"(G) = A+2=3;

(17) if A =2 and G has a component that is an odd cycle, then ch’'(G) = X' (G) =
A+1=3;

(1ii) if A =2 and G has a component that is a cycle whose length is not divisible

by three, then ch”(G) = X"(G) = A +2 =4.
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Proof. If A =0 or 1 then the results are obvious, and if A = 2 the results are well
known [11, 19]. Juvan, Mohar and Thomas [20] proved that ch'(G) = x'(G) = A
if A > 3, and Woodall [41] proved that ch”(G) = x"(G) = A+1=4if A =3.

It remains to prove that ch”(G) = x"(G) = A+ 1if A > 4. Since ch”’(G) >
X"(G) > A+ 1, it suffices to prove that ch”(G) < A 4+ 1. Fix the value of A >4
and suppose, if possible, that GG is a K -minor-free graph with the smallest number
of vertices and maximum degree at most A such that ch”(G) > A + 1. Assume
that every vertex v and every edge e of G is given a list L(v) or L(e) of A + 1
colours such that G has no proper total colouring from these lists. We will prove

various statements about G. Clearly G is connected.

Cram 2.2.1. G does not contain a verter of degree 1.

Proof. Suppose that u is a vertex of degree 1 in GG that is adjacent to v. Let
H = G —u. By hypothesis H has a proper total colouring from its lists. The edge
uv has at most A coloured neighbours® and so uv can be given a colour from its
list. Since u now has two coloured neighbours u can be coloured from its list of

A + 1 > 5 colours. This contradiction proves Claim 2.2.1. O

Cram 2.2.2. G does not contain two adjacent vertices of degree 2.

Proof. Suppose that zuvy is a path (or a cycle if 2 = y) where both u and v have
degree 2 in GG. Let H = G —u. By hypothesis H has a proper total colouring from
its lists. Since each of the remaining elements ux, u, uv has, respectively, at most
A, 2, 2 coloured neighbours and a list of A 4+ 1 > 5 colours, it follows that these

elements can be coloured in this order. This contradiction proves Claim 2.2.2. O

3Recall that by neighbours we mean elements that are adjacent to or incident with each other.
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Cram 2.2.3. G does not contain a 4-cycle xuyvx where both u and v have degree

2 in G.

Proof. Suppose that G does contain a 4-cycle xuyvx where both v and v have
degree 2 in G. Let H = G — {u,v}. By hypothesis H has a proper total colouring
from its lists. Since each edge of the 4-cycle zuyvx has at least two usable colours
in its list, it follows from Lemma 2.1.2(¢) that these edges can be coloured. We

can now colour v and v since each has four coloured neighbours and a list of at

least five colours. This contradiction proves Claim 2.2.3. O
w v w
z U Y x U )
(a) ()
Figure 2.1

Cram 2.2.4. G does not contain the configuration in Figure 2.1(a) where only x

and y are incident with edges not shown.

Proof. Suppose that G does contain the configuration in Figure 2.1(a) where only
x and y are incident with edges not shown. Let H = G — w. By hypothesis H
has a proper total colouring from its lists. Since each of the remaining elements
wy, uw, w has, respectively, at most A, 3, 2 coloured neighbours and a list of
A + 1 > 5 colours, it follows that these elements can be coloured in this order.

This contradiction proves Claim 2.2.4. O
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Cram 2.2.5. G does not contain the configuration in Figure 2.1(b) where only x

and y are incident with edges not shown.

Proof. Suppose that G does contain the configuration in Figure 2.1(b) where only
x and y are incident with edges not shown. Let H = G — {u, v, w}. By hypothesis
H has a proper total colouring from its lists. For each uncoloured element z, let
L'(z) denote the list of usable colours for z; that is, L'(z) denotes L(z) minus any
colours already used on neighbours of z in G. Note that v and w can be coloured
at the end since each has four neighbours and a list of at least five colours. So

each of the remaining elements
VT, UT, UY, WY, U, UW, UV (2.1)

has a list of at least 2, 2, 2, 2, 3, 5, 5 usable colours respectively. If we try to
colour the remaining elements in the order (2.1) then it is only with wv that we

may fail.

If L'(uy) N L'(uv) = (), then we will not fail with wv, and so we may assume
that L'(uy) N L'(uv) # 0. Similarly, by symmetry, we may assume that there is
a colour @ € L'(ux) N L'(uw). If possible, give vo and uy the same colour. The
remaining elements can now be coloured in the order (2.1). So we may assume
that L'(vx) N L'(uy) = 0. If possible, give vax and u the same colour. The
remaining elements can now be coloured in the order (2.1) since the colour on u
is not in L'(uy). So we may assume that L'(va) N L'(u) = 0. If possible, give uz a
colour that is not in L'(vx). The remaining elements can now be coloured in the
order (2.1) with the exception that va is coloured last. So we may assume that
L'(ux) C L'(vx), which implies that « € L'(vz) and that L'(uz) N L'(uy) = 0.
So we can give vz and ww the colour a, and then colour in order wy, uy (since

a ¢ L'(uy)), uzx (since the colour on uy is not in L/(ux)), u (since a ¢ L'(u)), and
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finally wv. In every case the colouring can be completed, which is the required

contradiction. O

If A(G) > 3, then let Gy be the graph whose vertices are the vertices of G that
have degree at least 3 in G, where two vertices are adjacent in G, if and only
if they are connected in G by an edge or by a path whose interior vertices have

degree 2.
Cramv 2.2.6. Gy is not Ky-minor-free.

Proof. Claims 2.2.1 and 2.2.2 imply that G; exists and does not contain a vertex
of degree 0. Furthermore, if G; contains a vertex of degree 1, then it follows that
G contains a 4-cycle ruyvz say, where both u and v have degree 2 in G. However,

Claim 2.2.3 shows that this is impossible. So G; has no vertex of degree 1.

If G, contains a vertex of degree 2, then by Claims 2.2.2 and 2.2.3 it follows that
any vertex of degree 2 in G occurs in G as vertex u in Figure 2.1(a) or 2.1(b).
However, Claims 2.2.4 and 2.2.5 show that this is impossible. So §(G;) > 3, which

by Theorem 2.1.1 implies that GG; is not K -minor-free. O

Since (G is a minor of G, Claim 2.2.6 implies that G is not K -minor-free. This

contradiction completes the proof of Theorem 2.2.1. O

2.3 Edge and total choosability of (K;+(K;UK>))-
minor-free graphs
In this section we will use Theorem 2.2.1 to prove that the LECC and LTCC hold

for all (K, + (K, U K3))-minor-free graphs. We will also need the following two

lemmas.
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Lemma 2.3.1. Let G be a (Ko + (K1 U Ky))-minor-free graph. Then each block of

G is either Ky-minor-free or else isomorphic to Kjy.

Proof. Suppose that B is a block of G that has a K, minor. Since A(K,) = 3, it
follows that B has a subgraph B’ that is homeomorphic to K. If an edge of K} is
subdivided, or if a path is added joining two vertices of Ky, then a Ky + (K; U Ky)

minor is formed. So B’ = K, and B = Kj. O

LemMma 2.3.2. ch”(K,) = X" (K,) = 5.

Proof. Since there are ten elements to colour (four vertices and six edges) and since
no more than two elements can have the same colour, it follows that ch”(K,) >
X"(K4) > 5. It remains to prove that ch”(Ky) < 5. Suppose that every vertex
and every edge has a list of five colours. First colour a vertex and then its three
incident edges. The remaining elements form a K3 where each element has at least
three usable colours in its list. Since ch”(K3) = 3 by Theorem 2.2.1, it follows
that the remaining elements can be coloured. (This argument is taken from the

proof of Theorem 3.1 in [19].) O

TueoreM 2.3.3. [14] The LECC and LTCC hold for all (K;+ (K, U K3))-minor-
free graphs. In fact, if G is a (K, + (K1 U K3))-minor-free graph with mazimum
degree A, then ch'(G) = X'(G) = A and ch"(G) = X" (G) = A+ 1, apart from the

following exceptions:

(i) if A =1 then ch"(G) = X"(G) = A +2=3;

(i1) if A =2 and G has a component that is an odd cycle, then ch'(G) = X'(G) =
A+4+1=3;
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(731) if A =2 and G has a component that is a cycle whose length is not divisible

by three, then ch”(G) = x"(G) = A+ 2 = 4;

() if A =3 and G has K4 as a component, then ch”(G) = x"(G) = A+2 =5.

Proof. If A < 2, then GG is K -minor-free and the results follow from Theorem 2.2.1.
If A = 3, then by Lemma 2.3.1 and the value of A, every component of G is either
K4-minor-free or else isomorphic to K. If G is K -minor-free then the results
follow from Theorem 2.2.1. So we may assume that G has K, as a component,
but since ch’(K4) = x'(K4) = 3 by Lemma 2.1.2, and ch”(K,) = x"(K4) = 5 by

Lemma 2.3.2, again the results follow. So we may assume that A > 4.

Since ch’(G) > X'(G) > A and ch”(G) > x"(G) > A + 1, it suffices to prove that
ch’(G) < A and ch”(G) < A+1. Suppose, if possible, that G is a (Ko +(K;UKS))-
minor-free graph with the smallest number of vertices and maximum degree at

most A such that ch’(G) > A or ch”(G) > A+ 1. Clearly G is connected.

If G is 2-connected, then by Lemma 2.3.1, G is K ;-minor-free since A is too large
for G to be isomorphic to K4, and the results follow from Theorem 2.2.1. So
we may assume that G is not 2-connected and that G has an end-block B with

cut-vertex zj.
Cramm 2.3.1. B 2% K.

Proof. Suppose that B = K,. Let H = G — (B — z). Suppose that ch’(G) > A
and that every edge of G is given a list of A colours so that G has no proper
edge-colouring from these lists. By hypothesis H has a proper edge-colouring
from its lists. Since each edge of B has at least three usable colours in its list,
and since ch’(Ky) = 3 by Lemma 2.1.2, the remaining edges can be coloured. This

contradiction shows that ch’'(G) < A.
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So suppose that ch”(G) > A+1 and that every vertex and every edge of G is given
a list of A+ 1 colours so that G' has no proper total colouring from these lists. By
hypothesis H has a proper total colouring from its lists. We can now colour the
three edges incident with zy since each edge has at most A —2 coloured neighbours
and a list of A+ 1 colours. The remaining elements form a K3 where each element
has at least three usable colours in its list. Since ch”(K3) = 3 by Theorem 2.2.1,
it follows that the remaining elements can be coloured. This contradiction shows

that ch”(G) < A+ 1. This completes the proof of Claim 2.3.1. O

By Claim 2.3.1 and Lemma 2.3.1, it follows that B is K -minor-free. By the proof
of Claim 2.2.1, B 2 K, so B is 2-connected and dg(z) > 3.

(Note that for the edge-colouring case of Theorem 2.2.1, Claims 2.2.1-2.2.5 were
proved in [20], in which G is a K -minor-free graph with the smallest number of
vertices and maximum degree A > 3 such that ch’/(G) > A. The proofs of these
claims for the edge-colouring case are slightly simpler versions than those given in

Theorem 2.2.1.)

If B contains a vertex with degree at least 3 in GG, then let B; be the graph whose
vertices are the vertices of B that have degree at least 3 in GG, where two vertices
are adjacent in B if and only if they are connected in G' by an edge or by a path

whose interior vertices have degree 2.

Cram 2.3.2. By is not Ky-minor-free.

Proof. Since dg(zp) > 3 and by the proof of Claim 2.2.2, B; exists and does not
contain a vertex of degree 0. Furthermore, if By contains a vertex of degree 1, then
it follows that B contains a 4-cycle zuyvx say, where both v and v have degree 2
in G. However, the proof of Claim 2.2.3 shows that this is impossible. So B; has

no vertex of degree 1.
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If By contains a vertex of degree 2 that is different from zy, then by the proofs of
Claims 2.2.2 and 2.2.3 it follows that any vertex of degree 2 in By occurs in B as
vertex u in Figure 2.1(a) or 2.1(b), where only x and y are incident with edges not
shown. (Note that w, and v if present, both have degree 2 in G and are therefore
different from zy.) However, the proofs of Claims 2.2.4 and 2.2.5 show that this is
impossible. So the only possible vertex of degree 2 in By is zy, which by Theorem

2.1.1 implies that B; is not K4 -minor-free. O

Since Bj is a minor of B, Claim 2.3.2 implies that B is not K4-minor-free. This

contradiction completes the proof of Theorem 2.2.1. O



Chapter 3

Coupled, edge-face and entire

choosability of near-outerplane graphs

3.1 Introduction

In this chapter we will study the coupled, edge-face and entire choosability of

near-outerplane graphs.

In 1984, Borodin [4] proved Ringel’s conjecture [28], which states that if G is a
plane graph, then xy¢(G) < 6. It was proved in 1996 by Wang and Liu [36] that
if G is an outerplane graph, then x,¢(G) < 5. In this chapter we will prove for all

near-outerplane' graphs G that ch¢(G) < 5.

For an edge-face colouring of a plane graph G with maximum degree A, it was
conjectured by Melnikov [25] in 1975 that xf(G) < A + 3. In 1997, Sanders
and Zhao [29] proved Melnikov’s conjecture. Moreover, they conjectured that
Xet(G) < A+ 2 for all plane graphs with maximum degree A, with the exception
that xf(G) = A+ 3 if A =2 and G has a component that is an odd cycle. In

'A plane embedding of a graph that is K4-minor-free or K 3-minor-free.
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1995, Wang [35] proved for all outerplane graphs that y.f(G) < A+ 1if A > 5.
In this chapter we will prove for near-outerplane graphs that che(G) < A + 2 if
A >3, chg(G) < A+1if A >5 and xo(G) < A+1=5if A = 4. Using
known results, we will also prove that if A < 2, then che(G) < A + 2, with the
exception that che(G) = A + 3 if G has a component that is an odd cycle. This
will complete a proof of the conjecture of Sanders and Zhao for all near-outerplane

graphs.

The Entire Colouring Conjecture (ECC)? [22] states that if G is a plane graph with
maximum degree A, then Yyef(G) < A+ 4. It was proved by Kronk and Mitchem
[23] in 1973 that the ECC holds for all plane graphs with maximum degree A < 3.
In 2000, Sanders and Zhao [30] proved that the ECC holds for all plane graphs
with maximum degree A > 6. The ECC is still an open problem if A = 4 or 5.
For an outerplane graph G it was proved in 1992 by Wang and Zhang [38] that
Xvet(G) < A+ 2 if A > 5. Recently, in 2005, Wu and Wu [42] proved that if G is
a plane embedding of a Kj-minor-free graph, then yyof(G) < max{8, A + 2}. In
this chapter we will prove that chys(G) < max{7, A + 2} for all near-outerplane
graphs. Since xyet(G) < chyet(G), this will improve the result of Wu and Wu, and

will contain as a special case a proof of the ECC for all near-outerplane graphs.

In fact, as in Chapter 2, we will replace the class of K 3-minor-free graphs in each
case by the slightly larger class of (K5 + (K U Ky))-minor-free graphs. Recall that
the graph K, + (K; U K5) can be obtained from K3 by adding an edge joining
two vertices of degree 2, or, alternatively, from K, by adding a vertex of degree
2 subdividing an edge. Using known results, we will also give conditions for the
different values of chyt, cher and chyer when A < 2. The situation is summarised

in the following theorem.

2See page 4 for further details.
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Tueorem 3.1.1. Let G be a plane embedding of a near-outerplanar graph with

maximum degree A. Then

(1) chy(G) <55

(44) chet(G) < A+24f A =3 or4;
(711) chee(G) < A+14if A > 5;
(iv) Xet(G) < A+1=5if A =4;

(v) chyet(G) < max{7,A+2} if A > 3.

Furthermore,

(vi) if A =0, then chy(G) = 2, chet(G) = 1 and chyet(G) = 2;
(vii) if A =1, then chy(G) = 3, chet(G) = 2 and chyet(G) = 4;
(viit) if A =2, then

5 if G contains an odd cycle;
chyt(G) = chet(G) = ¢ 4 if G contains an even cycle but no odd cycle;
3 if G s cycle-free.
and
6 if G has a component that is a cycle whose length
s not divisible by 3;
chyet(G) = 5 if G has a component that is a cycle and the length

of every such cycle is divisible by 3;

4 if G 1s cycle-free.
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Figure 3.1

All parts of Theorem 3.1.1 are sharp, except possibly part (i7) when A = 4 for
which no example is known that attains the upper bound. For part (i) the upper
bound is attained by K3, and for part (i¢) when A = 3 the upper bound is attained
by any graph with K3 as a block. For parts (iii) and (iv) the upper bound is
attained by K a. For part (v), if A > 5 then the upper bound is A + 2, which is
attained by K a; otherwise the upper bound is 7, which is attained by any graph
with K4 as a block since chy;(K4) = 7, and by both embeddings of K5 + K3, one
of which is shown in Figure 3.1. It is proved in Appendix A that chy.(K4) = 7,
and it is proved in Appendix B that chy(K5 + K3) = 7. Furthermore, the sharp

results for choosability are also sharp for ordinary colourings.

It follows from the examples given that if A > 2, then all but part (i7) when A =4
and part (v) when A = 3 are also sharp for plane embeddings of the smaller class
of K -minor-free graphs. Furthermore, all but part (iz) when A = 4 are also sharp
for plane embeddings of the smaller classes of both Kjs-minor-free graphs and
(K3 + (K, U K5))-minor-free graphs. It follows that part (i), part (i4) when A = 3,

parts (i7i) and (iv), and part (v) when A > 5 are also sharp for outerplane graphs.

So some unsolved problems are:

1. to determine a sharp upper bound for che(G) when A = 4 and G is a

near-outerplane graph;

2. to determine a sharp upper bound for chye¢(G) when A = 3 and G is a plane

emdebbing of a K -minor-free graph.
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For these two problems, in view of the work contained in this chapter, we propose

the following conjectures.

ConsecTtURE 7. If G is a near-outerplane graph with mazximum degree A = 4,

then che(G) < A+1=5.

Consecture 8. If G is a near-outerplane graph with mazximum degree A = 3,
then chyet(G) < A+ 3 = 6, with the exception that chyet(G) =7 if G has Ky as a

component.

The rest of this chapter is devoted to a proof of Theorem 3.1.1. We will make use
of the following two theorems, the following definition, and the following lemma.
Theorem 3.1.2 is a slight extension of a theorem of Dirac [9]. Theorem 3.1.3
summarises the known results for edge and total choosability of K,-minor-free
graphs, as proved in Chapter 2. In particular we will make use of the well-known
result [11, 32] that ch(C,) = ch’(Cy) = 2, which is included in Theorem 3.1.3 since

choosability and edge-choosability are equivalent when A = 2.

Tueorem 3.1.2. [39] A Ky-minor-free graph G with |V (G)| > 4 has at least two

nonadjacent vertices with degree at most 2.

Tueorem 3.1.3. [14] If G is a Ky-minor-free graph with mazximum degree A,
then ch'(G) = X'(G) = A and ch"(G) = X"(G) = A+ 1, apart from the following

exceptions:

(1) if A=1 then ch"(G) = x"(G) =3=A+2;

(i1) if A =2 and G has a component that is an odd cycle, then ch'(G) = X'(G) =
3=A+1,
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(731) if A =2 and G has a component that is a cycle whose length is not divisible

by three, then ch”(G) = x"(G) =4 =A + 2.

Let the bounding cycle of a 2-connected block B of a plane graph G be the cycle
of B that has the largest area inside it; that is, in a plane embedding of B the

bounding cycle forms the boundary of the outer face of B.

Lemma 3.1.4. Every component C' of a plane graph with |V (C)| > 3 is either
2-connected or has an end-block B such that no interior face of B has a block of

C embedded in it.

Proof. 1t is clear that C' is either 2-connected or has an end-block B. If B = Kj,
then B has no interior face, and so we may assume that every end-block B is
2-connected. Select B so that the area inside the bounding cycle of B is as small
as possible. Then no interior face of B can have another block of C' embedded
in it since otherwise B must contain another end-block of C', and this end-block

necessarily has a smaller area inside its bounding cycle than B. O

3.2 The start of the proof of Theorem 3.1.1

If A =0 or 1, then the results are obvious. If A = 2, then let fy, be the exterior
face, let I} be set of faces of G that are adjacent to fy, and, recursively, let Fjiq
be the set of faces that are adjacent to F), (1 < k < n — 1) and that are not in
F; for some j < k. We can first colour f, and then, in order, each of the sets
of faces Fi, Fy, ..., F), since no face is adjacent to more than one coloured face at
the time of its colouring. It remains to colour the vertices and/or edges. Since
choosability and edge-choosability are equivalent when A = 2, the problem is

reduced to edge-choosability and total choosability of paths and cycles, and these
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results are given in Theorem 3.1.3. If GG is cycle-free, then GG has only one face,
and so chyf(G) = chet(G) = ch’(G) 4+ 1 and chyet(G) = ch”(G) + 1. If G contains
a cycle, then every vertex and every edge of each cycle is incident with exactly
two faces, and so chy(G) = ches(G) = ch’(G) 4+ 2 and chyet(G) = ch”(G) + 2. This

completes the proof of parts (vi)—(viiz) of Theorem 3.1.1.

It remains to prove parts (i)—(v) of Theorem 3.1.1 if A > 3. We will first prove
parts (i)—(v) for plane embeddings of K4-minor-free graphs as restated in Theorem
3.3.1. We will then use Theorem 3.3.1 to prove parts (i)—(v) for plane embeddings
of (Ky + (K; U K3))-minor-free graphs as restated in Theorem 3.7.1. This will

complete the proof of Theorem 3.1.1.

3.3 Results for plane embeddings of K,-minor-

free graphs

We will now start the proof of parts (i)—(v) of Theorem 3.1.1 for plane embeddings

of K4-minor-free graphs. These are restated in the following theorem.

Tueorem 3.3.1. Let G be a plane embedding of a K -minor-free graph with max-

imum degree A. Then

(1) chye(G) < 5;

(i) ch(G) <A +2 if A =3 or 4
(i4i) chet(Q) < A+ 1if A > 5;
(iv) xet(G) S A+1=5if A=

(v) chyet(G) < max{7, A+ 2} if A > 3.
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The proofs of the results in Theorem 3.3.1 have been split into various sections for
clarity. In Section 3.4 we will prove part (i), which is restated in Theorem 3.4.1.
In Section 3.5 we will first prove part (ii), which is included in Theorem 3.5.1,
and we will then prove parts (i7i) and (iv), which are restated in Theorem 3.5.2.
In Section 3.6 we will first prove part (v) if A = 3, which is restated in Theorem
3.6.1, and we will then prove part (v) if A > 4, which is restated in Theorem 3.6.2.

We will need the following definitions and the following lemma.

Let C' be a component of a plane embedding of a Kj-minor-free graph G such
that no interior face of C' has another component of G embedded in it. If C' is
2-connected, then let B = C' and let zp be any vertex of maximum degree in C
otherwise, by Lemma 3.1.4, let B be an end-block of C' with cut-vertex zy such

that no interior face of B has a block of C' embedded in it.

If B contains a vertex with degree at least 3 in GG, then let B; be the graph whose
vertices are the vertices of B that have degree at least 3 in G, where two vertices
are adjacent in B if and only if they are connected in G by an edge or by a path

whose interior vertices have degree 2.

If u,z € V(B), then let P,, be the set of paths in B of length 1 or 2 between u
and x that contain no interior vertex of degree at least 3; that is, if wvr € P,,

then dg(v) = 2. Also, let p,, be the number of paths in P,,.

LemMma 3.3.2. Suppose that B does not contain a vertex of degree 1 or two ad-
jacent vertices of degree 2 in G. Then the graph Bi exists and does not contain a
vertex of degree 0. Suppose that By does not contain a vertex of degree 1. Then
By contains a vertexr w of degree 2 that is adjacent in By to x and y say, where
Puz + Duy = da(u) > 3, and where py, > 2. Moreover, no two paths in P,, bound
a region that has a path not in P,, embedded in it, and if pu, > 2, then no two

paths in P, bound a region that has a path not in P,, embedded in it also.
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Figure 3.2

Proof. If B does not contain a vertex of degree 1, then B 2 K5, and if B does
not contain two adjacent vertices of degree 2, then B is not a cycle. So B has
at least two vertices with degree at least 3, and so it follows that B; exists and
does not contain a vertex of degree 0. Since Bj is a minor of B, it follows that By
is K4-minor-free. Since, by the hypothesis of the lemma, B; does not contain a
vertex of degree 1, it follows that By = K3, or, by Theorem 3.1.2, B; has at least

two nonadjacent vertices with degree exactly 2.

Let w be a vertex of degree 2 in B; that is adjacent in B; to 2’ and y'. Then, by
the definition of B; and since B does not contain two adjacent vertices of degree
2 in G, it follows that pyu, Puy > 1 and pyy + puy = de(w) > 3. Furthermore,

since dg(w) > 3, we may assume without loss of generality that p,, > 2.

By interchanging ' and 3’ if necessary, we may assume that if no two paths in
P,y bound a region that has a path not in P,,, embedded in it, then no two paths
in P, bound a region that has a path not in P, embedded in it also, and so
the proof would be complete. So we may assume that there is a region R bounded
by two paths in P,, that has a path w...y not in P,, embedded in it. Since

Pwz’ + Puwy = da(w) it follows that every such path in R must contain 2, and so
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the bounding cycle of B consists of two paths in P,,. Let S be the subgraph of
B obtained by deleting w and all its neighbours of degree 2 in B. An example is
shown in Figure 3.2, where R = wuv;y'vow, where the dashed edges may or may

not be present, and if B is an end-block, then y' = z.

Since w is adjacent in B; to 3/, and since B; = K3 or has at least two nonadja-
cent vertices with degree exactly 2, then there is a vertex u # ¢y’ in S such that
dp,(u) = 2, and where possibly u = z’. Let u be adjacent in B; to x and y. Then,
by what we have proved about w, the result follows since every region bounded by
paths in P,, or P,, is inside the bounding cycle of B. This completes the proof

of Lemma 3.3.2. O

3.4 Coupled choosability of plane embeddings of

K ;-minor-free graphs

In this section we will prove part (i) of Theorem 3.3.1, which is restated in the

following theorem.

Tueorem 3.4.1. Let G be a plane embedding of a Ky-minor-free graph. Then
Chvf(G> S 5.

Proof. Suppose, if possible, that GG is a plane embedding of a K -minor-free graph
with the smallest number of vertices such that chy(G) > 5. Assume that every
vertex v and every face f of G is given a list L(v) or L(f) of five colours such
that G has no proper coupled colouring from these lists. Clearly GG has neither a
trivial component nor a K5 component; so every component C' of G has at least

three vertices. Let C and B be as defined at the start of Section 3.3.
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Cram 3.4.1. G does not contain a vertex of degree 1.

Proof. Suppose that u is a vertex of degree 1 in G. Let H = G—u. By hypothesis H
has a proper coupled colouring from its lists. Since u has two coloured neighbours?
and a list of five colours, it follows that u can be coloured from its list. This

contradiction proves Claim 3.4.1. O

Cram 3.4.2. B does not contain a triangle xuyx, where ruyx bounds a face in

G and where u has degree 2 in G.

Proof. Suppose that B does contain a triangle zuyx, where zuyx bounds a face
in G and where u has degree 2 in G. Let f be a face in G bounded by xuyx. Let
H = G — u where the face in H in which u was embedded is given the same list
as the face in G that has zuy as part of its boundary and is different from f. By
hypothesis H has a proper coupled colouring from its lists. We can now colour
f and then u since each has at most four coloured neighbours at the time of its

colouring. This contradiction proves Claim 3.4.2. O

Cram 3.4.3. B does not contain two adjacent vertices of degree 2 in G.

Proof. Suppose that zuvy is a path in B where both u and v have degree 2 in G.
By Claim 3.4.2, it follows that  # y. Let H = G/uv. By hypothesis H has a
proper coupled colouring from its lists. After applying a colouring of H to G, it
remains to colour u and v, which is possible since both v and v have three coloured

neighbours and a list of five colours. This contradiction proves Claim 3.4.3. O

Cram 3.4.4. B does not contain a 4-cycle xuyve, where xuyve bounds a face in

G and where both u and v have degree 2 in G.

3Recall that by neighbours we mean elements that are adjacent to or incident with each other.
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Proof. Suppose that B does contain a 4-cycle zuyvx, where xuyve bounds a face
in G and where both v and v have degree 2 in GG. Let f be a face in G bounded
by xuyvx. Let H = G — u where the face in H in which v was embedded is
given the same list as the face in G that has zuy as part of its boundary and is
different from f. By hypothesis H has a proper coupled colouring from its lists.
First uncolour v. We can now colour in order f, u, v since each has at most four
coloured neighbours at the time of its colouring. This contradiction completes the

proof of Claim 3.4.4. O

Claim 3.4.1 implies that B 22 K5 and Claim 3.4.3 implies that B is not a cycle; so
B has at least two vertices with degree at least 3 and dg(z9) > 3. Let By be the

graph as defined at the start of Section 3.3.

Cram 3.4.5. By is not Ky-minor-free.

Proof. Since B has at least two vertices with degree at least 3, it follows that B
exists and has no vertex of degree 0. Suppose that = is a vertex of degree 1 in
B;. Then x is adjacent in B; to zy. By the definition of B; and by Claim 3.4.3, it
follows that dg(x) > 3, so that p,,, > 3, and that every path in B between x and
29 is in P,,,. So, by the definition of B, it follows that B contains a face that is
bounded by a triangle zvzpz or a 4-cycle xvyzguax, where dg(v;) = 2 (i = 1,2).
However, Claims 3.4.2 and 3.4.4 show that this is impossible. So B; has no vertex

of degree 1.

In view of Claims 3.4.1 and 3.4.3, it follows from Lemma 3.3.2 that B; contains a
vertex u of degree 2 that is adjacent in By to x and y say, such that there are two
paths in P,, that bound a face in B that is a triangle uv,yu or a 4-cycle uv,yvqu,
where dg(v;)) = 2 (1 = 1,2). However, Claims 3.4.2 and 3.4.4 show that this is

impossible. This contradiction completes the proof of Claim 3.4.5. O
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Since Bj is a minor of G, Claim 3.4.5 implies that G is not K -minor-free. This

contradiction completes the proof of Theorem 3.4.1. O

3.5 Edge-face choosability and edge-face colou-
rability of plane embeddings of K ;-minor-

free graphs

In this section we will first prove part (i) of Theorem 3.3.1, which is included in
Theorem 3.5.1. We will then prove parts (i) and (iv) of Theorem 3.3.1, which are
restated in Theorem 3.5.2. For each uncoloured element z in G, let L'(z) denote
the list of usable colours for z; that is, L'(z) denotes L(z) minus any colours

already used on neighbours of z in G.

Tueorem 3.5.1. Let G be a plane embedding of a K,-minor-free graph with max-
imum degree A. Then che(G) < A+ 2 if A > 3.

Proof. Fix the value of A > 3 and suppose, if possible, that G is a plane embedding
of a Ky-minor-free graph with maximum degree at most A such that che(G) >
A+ 2. Assume that every edge e and every face f of G is given a list L(e) or L(f)

of A + 2 colours such that G has no proper edge-face colouring from these lists.

From the well-known result [31] that a planar graph is 5-choosable, it follows that
the faces of G can be coloured from their lists since A > 3. Since every edge is
incident with at most two faces, it follows that every edge has at least A usable
colours in its list. Since ch’/(G) = A by Theorem 3.1.3, it follows that these edges

can be coloured. O
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Note that by Theorem 3.1.1(vi)—(viii) and Theorem 3.5.1, if G is a plane embed-
ding of a K4-minor-free graph with maximum degree A, then x.f(G) < chet(G) < 5
if A <3 and chg(G) <6if A =4.

TueorEM 3.5.2. Let G be a plane embedding of a Ky-minor-free graph with max-

imum degree A > 4. Then

(i) chee(G) < A+1if A>5;

(i) Xet(G) SA+1=5if A=4.

Proof. Fix the value of A > 4 and suppose, if possible, that G is a plane embedding
of a K4-minor-free graph with the smallest number of vertices and maximum
degree at most A such that GG is a counterexample to either part. Assume that
every edge e and every face f of G is given a list L(e) or L(f) of A 4+ 1 colours
such that G has no proper edge-face colouring from these lists, and assume that
these lists are all identical if A = 4. Clearly G' has neither a trivial component
nor a Ky component; so every component C' of G has at least three vertices. Let

C and B be as defined at the start of Section 3.3.

Cram 3.5.1. G does not contain a vertex of degree 1.

Proof. Suppose that u is a vertex of degree 1 in GG that is adjacent to v. Let
H = G — u. By hypothesis H has a proper edge-face colouring from its lists. The
edge uv has at most A coloured neighbours, and so uv can be given a colour from

its list. This contradiction proves Claim 3.5.1. O
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Cram 3.5.2. B does not contain two adjacent vertices of degree 2 in G.

Proof. Suppose that zuvy is a path in B (or a cycle if z = y) where both u and
v have degree 2 in G. If z # y, let H = G/uv. By hypothesis H has a proper
edge-face colouring from its lists. After applying a colouring of H to G, the edge
uv has four coloured neighbours, and so uv can be coloured from its list. If x = v,
then B = Kj. Let f be the interior face of B. Let H = G — u where the face
in H in which v is embedded is given the same list as the exterior face of B. By
hypothesis H has a proper edge-face colouring from its lists. The edge ux has at
most A coloured neighbours and both uv and f have two coloured neighbours, so

we can colour in order ux, uv, f since each has at least one usable colour in its

list at the time of its colouring. This contradiction proves Claim 3.5.2. O
u u u U
x Y x Y x* "y x é Y
w
(a) (b) (¢) (d)
Figure 3.3

Cramv 3.5.3. If B contains the configuration in Figure 3.3(a), where zuyvz is an
interior face, where x is not adjacent to y, and where only x and y are incident

with edges in G not shown, then dg(x) = da(y) = A and A = 5.

Proof. Suppose that B contains the configuration in Figure 3.3(a), where zuyvz is
an interior face, where x is not adjacent to y, and where only x and y are incident

with edges in G not shown. Let f be the interior face zuyvz. Since, by Claim
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3.5.2, both z and y have degree at least 3 in GG, and if C' is not 2-connected then
B is an end-block by definition, it follows that f is adjacent to two different faces.
Let fi be the other face with zuy in its boundary and let f; be the other face
with zvy in its boundary. Let H = G — {u,v} + zy and embed xy where xuy was
embedded in G. Let xy in H have the same list as ux in G. Also, let the faces
in H that have xy in their boundary have the same lists as f; and f5 in G. By

hypothesis H has a proper edge-face colouring from these lists.

(7): Suppose first that A > 6. Since each edge of the 4-cycle zuyvz has at least
two usable colours in its list, it follows from Theorem 3.1.3 that these edges can
be coloured. We can now colour f since it has only six coloured neighbours.

So we may assume that A = 5 and, contrary to what we want to prove, that

dg(x) < A—1=4and dg(y) <A =5.

Now each of vy, uy, v, ux, f has at most 4, 4, 3, 3, 2 coloured neighbours in G

respectively. So each of the remaining elements
vy, uy, v, ux, f (3.1)

has a list of at least 2, 2, 3, 3, 4 usable colours* respectively. If we try to colour

the elements in the order (3.1) then it is only with f that we may fail.

If possible, give vx and uy the same colour. The remaining elements can now be
coloured in the order (3.1). So we may assume that L'(vx) N L'(uy) = 0 so that
|L'(vx) U L'(uy)| > 5. Now either |L'(f)| > 5, or else vx or uy can be given a
colour that is not in L'(f). In each case the remaining elements can be coloured

in the order (3.1).

(17): Let the colours in every list be the integers 1,2,...,5. When applying a
colouring of H to G we may assume that f; is coloured 1, f; is coloured 2, and two

opposite edges of the 4-cycle, say ux and vy, are coloured 3 since we may assume

4Recall that L'(z) denotes the list of usable colours for z in G.
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that 3 was on zy in H. Next, if possible, give uy the colour 2. We can now colour
vz and then f since each has at most four differently coloured neighbours at the
time of its colouring. So we may assume that uy cannot be coloured 2, which
implies that an edge incident with y has the colour 2. Similarly, vz cannot be
coloured 1. By symmetry we may assume that ux cannot be recoloured 2 and vy
cannot be recoloured 1. This implies that there are exactly two edges not shown
that are incident with z, one coloured 1 and the other coloured 2. The same
applies to y. So we can colour vx and uwy with 4, and f with 5. In every case the

colouring can be completed, which is the required contradiction. O

Cram 3.5.4. B does not contain the configuration in Figure 3.3(b) or 3.3(c),
where in each case the interior faces are as shown, and where only x and y may

be incident with edges in G not shown.

Proof. Suppose that B does contain the configuration in Figure 3.3(b) or 3.3(c),
where in each case the interior faces are as shown, and where only x and y may
be incident with edges in G not shown. Let f be the face zuyzr or ruyvzr as
appropriate and let f’ be the face xvyxr. Let f; be the other face with xuy in
its boundary and let f; be the other face with zvy or zy in its boundary as
appropriate. (It is possible that f; = fy, but it is only in (i) where it is necessary
to consider this separately.) Let H = G — {u,v}. Let the faces in H that have xy
in their boundary have the same lists as f; and fy; in G. By hypothesis H has a

proper edge-face colouring from these lists.

(7): Since each edge of the 4-cycle zuyvx has at least two usable colours in its
list, it follows from Theorem 3.1.3 that these edges can be coloured. We can now
colour f and then f’ since each has at most five coloured neighbours at the time

of its colouring.
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(7i): Let the colours in every list be the integers 1,2,...,5. If fi # f5, then each of
x and y has degree A = 4 in B and is incident with an edge that is not shown, say
e1 and ey respectively. When applying a colouring of H to G we may assume that
f1, f2, xy, ey are coloured 1, 2, 3, 4 respectively, and that e, is coloured either 4 or
5. In G, recolour zy with 1, and colour f, vz, uy, ur with 2, 3, 3, 5 respectively.

Next, give f’ the same colour as e, and give vy whichever of 4 and 5 is not on e,.

If fi = fo, then, by the definition of B, we may assume that dg(y) = 3. If
dg(z) = 4, then let e; be the edge incident with x that is not shown. When
applying a colouring of H to G we may assume that f; and zy are coloured 1 and
3 respectively, and ey, if it exists, is coloured 4. In G, colour f, f’, uy, uz, vy
with 2, 4, 4, 5, 5 respectively. If B is as in Figure 3.3(b) or 3.3(c), then vz can be
coloured either 2 or 1 respectively. In every case the colouring can be completed,

which is the required contradiction. O

Cram 3.5.5. B does not contain the configuration in Figure 3.3(d), where xuyvx
and xvywx are faces in G, where x is not adjacent to y, and where only x and y

are incident with edges in G not shown.

Proof. Suppose that B does contain the configuration in Figure 3.3(d), where
ruyvr and rvywz are faces in G, where x is not adjacent to y, and where only
x and y are incident with edges in G not shown. Let f be the face xuyvx and
let f' be the face xvywz. Let f; be the other face with zuy in its boundary
and let fy be the other face with zwy in its boundary. Since, by Claim 3.5.3,
dg(x) = dg(y) = A = 5, and by the definition of B, it follows that f; and f, are
distinet. Let H = G — {u,v,w} + zy and embed zy where zuy was embedded in
G. Let xy in H have the same list as ux in GG. Also, let the faces in H that have
xy in their boundary have the same lists as f; and f; in G. By hypothesis H has

a proper edge-face colouring from these lists.
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Now each of wy, wzx, ux, uy, vy, vx, f, f' has at most 3, 3, 3, 3, 2, 2, 1, 1 coloured

neighbours in G respectively. So each of the remaining elements
wy, wr, ux, uy, vy, ve, f, f (3.2)

has a list of at least 3, 3, 3, 3, 4, 4, 5, 5 usable colours respectively. If we try to

colour the elements in the order (3.2) then it is only with f’ that we may fail.

If possible, colour both vz and vy so that va is given a colour that is not in L'( f').
Next, since each edge of the 4-cycle zuywx has at least two usable colours in its
list, it follows from Theorem 3.1.3 that these edges can be coloured. We can now
colour f and then f’ since each has at least one usable colour in its list at the time
of its colouring. So we may assume that L'(vz) C L'(f’). If possible, give vz and
wy the same colour. The remaining elements can now be coloured in the order
(3.2). So we may assume that L'(vz) N L'(wy) = 0 so that |L'(vx) U L' (wy)| > 7.
Now either |L/(f")| > 7, or else wy can be given a colour that is not in L'(f’) since
L'(vx) C L'(f'). In each case the remaining elements can be coloured in the order

(3.2). This contradiction proves Claim 3.5.5. O

8
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Cram 3.5.6. B does not contain the configuration in Figure 3.4(a), where uwyu

is a face in G, and where only x and y are incident with edges in G not shown.

Proof. Suppose that B does contain the configuration in Figure 3.4(a), where
uwyu is a face in G, and where only x and y are incident with edges in G not
shown. Let f be the face uwyu, let f; be the face with zuwy in its boundary and
let fy be the face with zuy in its boundary. Since B is a block it follows that f;
and fy are distinct. Let H = G — w and let the faces in H that have xuy in their
boundary have the same lists as f; and f; in G. By hypothesis H has a proper

edge-face colouring from these lists.

(7): Each of the remaining elements wy, uw, f has a list of at least 1, 3, 3 usable

colours respectively; so these elements can be coloured in this order.

(77): Let the colours in every list be the integers 1,2,...,5. Suppose first that x
is adjacent to y in G. Then, by Claim 3.5.4 and by the definition of B, it follows
that dg(z) > 3. When applying a colouring of H to G we may assume that fi,

fa, ux, uy are coloured 1, 2, 4, 5 respectively.

If dg(y) = 3, then xy is incident with both f; and f, and we may assume that xy
is coloured 3. We can now colour wy, uw, f with 2, 3, 4 respectively. So we may

assume that dg(y) = 4.

Now xy is incident with either f; or f; and there is one further edge incident with
y that is not shown, say e. If xy is incident with f;, then xy is coloured either 2
or 3. If e is not coloured 4, then we can colour uw, f, wy with 2, 3, 4 respectively.
If e is coloured 4, then we can give uw the same colour as xy, give wy whichever

of 2 and 3 is not on zy, and colour f with 4.

If zy is incident with fy, then zy is coloured either 1 or 3. If e is not coloured 4,

then we can colour uww, f, wy with 2, 3, 4 respectively. If e is coloured 4, then we
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can colour uww, f, wy with 3, 4, 2 respectively.

So we may assume that z is not adjacent to y in G. Let H; = H — u + xy and
embed xy where zuy was embedded in H. By hypothesis H; has a proper edge-face
colouring. In G, give both ux and wy the colour on zy in H;. We can now colour
in order uy, f, uw since each has at most four differently coloured neighbours at
the time of its colouring. In every case the colouring can be completed, which is

the required contradiction. a

Cramm 3.5.7. B does not contain the configuration in Figure 3.4(b) or 3.4(c),
where in each case xvuxr and wwyu are faces in G, and where only x and y are

incident with edges in G not shown.

Proof. Suppose that B does contain the configuration in Figure 3.4(b) or 3.4(c),
where in each case rvur and wwyu are faces in GG, and where only z and y are
incident with edges in GG not shown. Let f be the face xvux and let f’ be the
face uwyu. If G contains the configuration in Figure 3.4(b), let f; be the face
with zvuwy in its boundary and let f5 be the face with xuy in its boundary. If
G contains the configuration in Figure 3.4(c), let f; be the face with zvuy in its
boundary and let fy be the face with zuwy in its boundary. Let H = G — {v, w}.
Since, by Claim 3.5.6, both  and y have degree at least 4 in GG, and since B is
a block, it follows that f; and f; are distinct. Let the faces in H that have zuy
in their boundary have the same lists as f; and f, in G. By hypothesis H has a

proper edge-face colouring from these lists.

(7): Now each of vz, wy has at most A coloured neighbours in G, and each of
wv, uw, f, f' has at most 3 coloured neighbours in G. So each of the remaining
elements

v, wy, uv, uw, f, f (3.3)
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has a list of at least 1, 1, 3, 3, 3, 3 usable colours respectively. It follows that these

elements can be coloured in the order (3.3).

(77): Let the colours in every list be the integers 1,2,...,5. In G, uncolour ux
and uy. Suppose first that f; is not adjacent to fy. Let Hy = G — {u,v,w}. Let
fi12 be the face in H; formed from f; and f; in G. By hypothesis H; has a proper
edge-face colouring. When applying a colouring of H; to G we give both f; and
f2 the colour on fi5 in H;. Note that since each of f and f’ has three uncoloured
neighbours and four usable colours in its list, it follows that both f and f’ can be

coloured at the end. So each of the remaining elements
VI, UL, UY, WY, UW, UV (3.4)

has a list of exactly 2, 2, 2, 2, 4, 4 usable colours respectively. Furthermore,
since f; and fy have the same colour, it follows that L'(uw) = L'(w), L'(vx) =
L'(ux) C L'(uw) and L'(uy) = L'(wy) C L'(uw). If we try to colour the elements
in the order (3.4) it is only with wv that we may fail. If possible, give v and uy
the same colour. The remaining elements can now be coloured in the order (3.4).
So we may assume that |L'(vx) N L'(uy)| = 0. So the remaining elements can be
coloured in the order (3.4) where uww is given the same colour as vz, and wv is
given the same colour as wy. So we may assume that f; is adjacent to f5 so that

f1 and fo must be given different colours.

Suppose that xy € E(B). Since, by Claim 3.5.6, both x and y have degree at least
4 in G, and since A = 4, it follows that dg(z) = dg(y) = 4. Furthermore, since
B is a block, it follows that f; is not adjacent to f5, which is a contradiction. So
we may assume that zy ¢ E(B) and that x and y are connected by a path P of

length at least 2 that is not shown.

Suppose that P = xzy. Then we may assume without loss of generality that xz

separates f1 from fs; so there are no other paths from z to y that are not shown
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that are edge-disjoint from P. Since B is a block, and since dg(x) = dg(y) = 4,
we may assume that dg(z) = 3 or 4 and that yz does not separate f; from fs.
Let p be adjacent to z, where p # u,v,2. Then z is a cut-vertex and px is a
cut-edge since xz separates f; from f5. Furthermore, since x is a cut-vertex, and
since in the statement of the claim zvux is a face in G, then by the definition of

B it follows that xvux is not the bounding cycle of B.

Suppose that dg(z) = 4. There are four cases to consider as shown in Figures
3.5(a)-3.5(d). Let the face with gyzs in its boundary be f3, which is distinct from
f1 and f5 since yz does not separate f; from fo. Let Hy = (G —{u,v,w})/xz. Let
fi12 be the face in H; formed from f; and f5 in G, and let 7 be the vertex formed
from x and z in GG. Note that j has degree A = 4. By hypothesis H; has a proper

edge-face colouring in which we may assume that fis, jp, jy, jr are coloured 1, 2,
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4, 5 respectively. Also, js is coloured either 1 or 3, f3 is coloured either 2, 3 or 5,
and qy is coloured either 2, 3 or 5. After uncolouring yz and f;5, this colouring of

H; can be extended to a colouring o of G as follows.

fal ol flf lve|uw |ue | uw | uy | wy | zz | yz
11314151325 3 4 2 4 |1
11314123215 31415 4|1
1 (5134|524 5) 1 213 |4
1151214153 |4 ) 1 3 |3 1| 4
112134512 |4] 3 1 5 | 3 | 4
112134524 3 ) 2 3| 4
Table 3.1

Case 1: o(sz) =3, o(f;) =2 and o(qy) = 3 or 5.

The remaining elements can be coloured as in line 1 of Table 3.1, with the excep-
tions that in Figure 3.5(b) put o(uw) = 1, in Figure 3.5(¢c) put o(f2) = o(vx) =1
and o(f1) = 3, and in Figure 3.5(d) put o(f2) = o(vz) = o(vw) = 1 and o(f;) = 3.

Case 2: 0(sz) =3, o(f3) =5 and o(qy) = 2 or 3.
The remaining elements can be coloured as in line 2 of Table 3.1, with the same

exceptions as in Case 1.

Case 3: o(sz) =1, o(f3) =2 and o(qy) = 3 or 5.

The remaining elements can be coloured as in line 3 of Table 3.1, with the excep-
tions that in Figure 3.5(b) put o(uw) = 1 and o(uy) = 3 or 5, whichever is not on
qy, in Figure 3.5(c) put o(f2) = o(vx) = 1 and o(f;) = 5, and in Figure 3.5(d)
put o(fs) = o(vz) = o(uw) =1, o(f1) =5 and o(uy) = 3 or 5, whichever is not

on qy.

Case 4: o0(sz) =1, o(f;) =3 and o(qy) =2 or 5.

The remaining elements can be coloured as in line 4 of Table 3.1, with the excep-
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tions that in Figure 3.5(b) put o(uw) = 1 and o(uy) = 2 or 5, whichever is not on
qy, in Figure 3.5(c) put o(fs) = o(vx) = 1 and o(f;) = 5, and in Figure 3.5(d)
put o(fs) = o(vz) = o(uw) = 1, o(f1) = 5, and o(uy) = 2 or 5, whichever is not

on qy.

Case 5: o(sz) =1, o(f3) =5 and o(qy) = 2.

The remaining elements can be coloured as in line 5 of Table 3.1, with the ex-
ceptions that in Figure 3.5(b) put o(uw) = 1 and o(uy) = 3, in Figure 3.5(c)
put o(fe) = o(vz) = 1, o(f;) = 2 and o(uww) = 5, and in Figure 3.5(d) put
o(fz) =o(vz) =o(uw) =1, o(f1) =2, o(uy) = 3 and o(uv) = 5.

Case 6: o(sz) =1, o(f3) =5 and o(qy) = 3.

The remaining elements can be coloured as in line 6 of Table 3.1, with the excep-
tions that in Figure 3.5(b) put o(wy) = 1, in Figure 3.5(c) put o(f2) = o(uv) =1
and o(f1) = 2, and in Figure 3.5(d) put o(f2) = o(uv) = o(wy) = Land o(f1) = 2.

If dg(z) = 3, then we may assume that the three vertices adjacent to z in G are z,
y and s. Since in this case js and f1o must have different colours in H;, it follows
that in G, o(sz) = 3 and we can colour the elements that are common with the

case when dg(2z) = 4 as in Cases 1 and 2.

So we may assume that P is of length at least 3. Let z; and 25 be the vertices of P
that are adjacent to  and y in G respectively. Also, let p and ¢ be adjacent to z
and y in G respectively, as in the previous case. Let H; = H/{uz,uy}, which will
not contain any loops or parallel edges since P is not of length 1 or 2 respectively.
Let j be the vertex in H; formed from x and y in G. Note that j has degree A = 4.
By hypothesis H; has a proper edge-face colouring in which we may assume that
P, j21, Jq, jze are coloured 1, 2, 3, 4 respectively. When applying this colouring
of H; to a colouring ¢ of G we may assume that f; is coloured either 2, 4, or 5 and

f2 is coloured either 1, 3, or 5. Recall that f; and f, must have different colours.
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flLf v |uw | ur | vw | uy | wy
3135 114|521
313 | 4 1 5 4 2 1
1113 ] 5| 4 3 2 5}
11113 ]2 ] 4 3 5) 2
3145|114 3 5 2
213|513 4 ) 2
3144|115 3 2 )
Table 3.2

If G contains Figure 3.4(b), then every possible pair of colours for f; and f, are
dealt with in Cases 7 and 8.

Case T: fs is coloured either 1 or 5.

If f is coloured either 2 or 4, then the remaining elements can be coloured as in line
1 of Table 3.2. If f; is coloured 5, and hence f5 is coloured 1 since o(f1) # o(f2),

then the remaining elements can be coloured as in line 2 of Table 3.2.

Case 8: f5 is coloured 3.
If fi is coloured either 2 or 4, then the remaining elements can be coloured as in
line 3 of Table 3.2. If f; is coloured 5, then the remaining elements can be coloured

as in line 4 of Table 3.2.

If G contains Figure 3.4(c), then, by symmetry, every possible pair of colours for
f1 and f5 are dealt with in Cases 9-11.
Case 9: fi is coloured 2 and f5 is coloured 1.

The remaining elements can be coloured as in line 5 of Table 3.2.

Case 10: f; is coloured 4 and f5 is coloured 1.

The remaining elements can be coloured as in line 6 of Table 3.2.
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Case 11: f; is coloured 5 and f5 is coloured 1.

The remaining elements can be coloured as in line 7 of Table 3.2.
In every case we have obtained a contradiction, which proves Claim 3.5.7. O

Claim 3.5.1 implies that B 22 K5 and Claim 3.5.2 implies that B is not a cycle; so
B has at least two vertices with degree at least three and dg(zo) > 3. Let By be

the graph as defined at the start of Section 3.3.

Cram 3.5.8. By is not Ky-minor-free.

Proof. Since B has at least two vertices with degree at least 3, it follows that B
exists and has no vertex of degree 0. Suppose that x is a vertex of degree 1 in
B;. Then zx is adjacent in B; to zy5. By the definition of B; and by Claim 3.5.2,
it follows that p,,, > 3, and that every path between x and z, is in F,.,. So, by
the definition of B, it follows that x must occur in B as vertex x in one of the
configurations in Figures 3.3(b)-3.3(d), where the faces are as shown and where
only x and y may be incident with edges in G not shown. However, Claims 3.5.4

and 3.5.5 show that this is impossible. So B; has no vertex of degree 1.

In view of Claims 3.5.1 and 3.5.2, it follows from Lemma 3.3.2 that B; contains
a vertex u of degree 2 that is adjacent in B; to x and y say, where p,,; + puy =
de(u) > 3, where p,, > 2, and where no two paths in P,, bound a region that has
a path not in P,, embedded in it, and no two paths in P,, bound a region that

has a path not in P,, embedded in it also.

By Claims 3.5.4 and 3.5.5, it follows that p,, = 2 and p,, < 2, and so dg(u) < 4.
By Claim 3.5.3, it follows that «w must occur in B as vertex u in Figure 3.4(a),
3.4(b), or 3.4(c), where the faces are as shown and where only x and y are incident

with edges in G not shown. (Note that w, and v if present, have degree 2 in G
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and are therefore different from z;.) However, Claims 3.5.6 and 3.5.7 show that

this is impossible. This contradiction completes the proof of Claim 3.5.8. O

Since Bj is a minor of GG, Claim 3.5.8 implies that G is not Kj-minor-free. This

contradiction completes the proof of Theorem 3.5.2. O

3.6 Entire choosability of plane embeddings of

K, ,-minor-free graphs

In this section we will first prove part (v) of Theorem 3.3.1 if A = 3, which is
restated in Theorem 3.6.1. We will then prove part (v) of Theorem 3.3.1 if A > 4,
which is restated in Theorem 3.6.2. As in Section 3.5, for each uncoloured element
zin G, let L'(z) denote the list of usable colours for z; that is, L'(z) denotes L(z)

minus any colours already used on neighbours of z in G.

TueoreEM 3.6.1. Let G be a plane embedding of a K,-minor-free graph with max-
imum degree 3. Then chyt(G) < 7.

Proof. Suppose, if possible, that GG is a plane embedding of a K -minor-free graph
with maximum degree 3 such that chyt(G) > 7. Assume that every vertex v,
every edge e and every face f of G is given a list L(v), L(e) or L(f) of 7 colours

such that G has no proper entire colouring from these lists.

Since chy(G) < 5 by Theorem 3.4.1, it follows that the vertices and faces of G
can be coloured from their lists. Since every edge is incident with two vertices
and at most two faces, every edge has at least 3 usable colours in its list. Since

ch’(G) = 3 by Theorem 3.1.3, it follows that these edges can be coloured. O

Note that by Theorem 3.1.1(vi)—(viii) and Theorem 3.6.1, if G is a plane embed-

ding of a K -minor-free graph with maximum degree A < 3, then chy(G) < 7.
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TueEOREM 3.6.2. Let G be a plane embedding of a K4-minor-free graph with mazx-

imum degree A > 4. Then

(i) chet(G) <A+2 if A>5;

(i1) chyet(G) <7 if A= 4.

Proof. Fix the value of A > 4 and suppose, if possible, that G is a plane embedding
of a K4-minor-free graph with the smallest number of vertices and maximum
degree at most A such that G is a counterexample to either part. Assume that
every vertex v, every edge e and every face f of G is given a list L(v), L(e) or
L(f) of A+ 2 or 7 colours as appropriate. Assume also that G has no proper
entire colouring from these lists. Clearly GG has neither a trivial component nor a
K5 component; so every component C' of G has at least three vertices. Let C' and

B be as defined at the start of Section 3.3.

Cram 3.6.1. G does not contain a vertex of degree 1.

Proof. Suppose that u is a vertex of degree 1 in G that is adjacent to v. Let
H = G — u. By hypothesis H has a proper entire colouring from its lists. The
edge uv has at most A + 1 coloured neighbours, and so uv can be given a colour
from its list. Since u now has three coloured neighbours u can be coloured from

its list. This contradiction proves Claim 3.6.1. O

Cram 3.6.2. B does not contain two adjacent vertices of degree 2 in G.

Proof. Suppose that zuvy is a path in B (or a cycle if z = y) where both u and
v have degree 2 in G. If z # y, let H = G/uv. By hypothesis H has a proper

entire colouring from its lists. After applying a colouring of H to G, the remaining
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elements uv, u, v can be coloured in any order since each has at least one usable
colour in its list at the time of its colouring. If z =y, then B = K3. Let f be the
interior face of B. Let H = G — {u,v} where the face in H in which u and v were
embedded is given the same list as the exterior face of B. By hypothesis H has a

proper entire colouring from its lists.

Now each of ux, vz, u, v, f, uv has at most A, A, 2, 2, 2, 1 coloured neighbours

in G respectively. So each of the remaining elements
ux,ve, u,v, f,uv (3.5)

has a list of at least 2, 2, 5, 5, 5, 6 usable colours respectively. It follows that the
remaining elements can be coloured in the order (3.5). This contradiction proves

Claim 3.6.2. O

Figure 3.6

Cram 3.6.3. If B contains the configuration in Figure 3.6(a), where zuyvz is an
interior face, where x is not adjacent to y, and where only x and y are incident

with edges in G not shown, then dg(x) = da(y) = A and A =5 or 6.

Proof. Suppose that B contains the configuration in Figure 3.6(a), where zuyvz is
an interior face, where x is not adjacent to y, and where only x and y are incident

with edges in G not shown. Let f be the interior face zuyvz. Since, by Claim



Coupled, edge-face and entire choosability of near-outerplane graphs 57

3.6.2, both z and y have degree at least 3 in GG, and if C' is not 2-connected then
B is an end-block by definition, it follows that f is adjacent to two different faces.
Let fi be the other face with zuy in its boundary and let f; be the other face
with zvy in its boundary. Let H = G — {u,v} + zy and embed xy where xuy was
embedded in G. Let xy in H have the same list as ux in G. Also, let the faces
in H that have xy in their boundary have the same lists as f; and f5 in G. By
hypothesis H has a proper entire colouring from these lists. Note that v and v can
be coloured at the end since each has six neighbours and a list of at least seven

colours.

(7): Suppose first that A > 7. Since each edge of the 4-cycle zuyvx has at least
two usable colours in its list, it follows from Theorem 3.1.3 that these edges can
be coloured. We can now colour f since it has only eight coloured neighbours, and
then colour v and v. So we may assume that A = 5 or 6, and contrary to what

we want to prove, that dg(z) < A — 1 and that dg(y) < A.

Now each of uy, vy, f, ux, vr has at most A, A, 4, A —1, A — 1 coloured

neighbours in G respectively. So each of the remaining elements
uy, vy, f,ux, vr (3.6)

has a list of at least 2, 2, 3, 3, 3 usable colours® respectively. If we try to colour

the elements in the order (3.6) then it is only with vz that we may fail.

If possible, give uz and vy the same colour. The remaining elements can now be
coloured in the order (3.6). So we may assume that L'(uz) N L'(vy) = 0 so that
|L'(uz) U L'(vy)| > 5. Now either |L'(vz)| > 5, or else uz or vy can be given a
colour that is not in L'(vx). In each case the remaining elements can be coloured
in the order (3.6), using a colour that is not in L'(vx) on a neighbour of vz at the

first opportunity.

SRecall that L'(z) denotes the list of usable colours for z in G.
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(73): Colour f, which is obviously possible. Next, since each edge of the 4-cycle
ruyvx has at least two usable colours in its list, it follows from Theorem 3.1.3 that
these edges can be coloured. In every case the colouring can be completed, which

is the required contradiction. O

Cram 3.6.4. If B contains the configuration in Figure 3.6(b) or 3.6(c), where in
each case the faces are as shown and where only x and y are incident with edges

in G not shown, then dg(z) = dg(y) = A and A = 5.

Proof. Suppose that B contains the configuration in Figure 3.6(b) or 3.6(c), where
in each case the faces are as shown and where only x and y are incident with edges
in G not shown. Let f be the face ruyxr or xuyvr as appropriate. Let f’ be the
face zvyx. Let the other face with zuy in its boundary be f; and let the other face
with zvy or zy in its boundary be f, as appropriate. (It is possible that f; = f5
but the proof given here is still valid in this case.) Let H = G — {u,v}. Let the
faces in H that have zy in their boundary have the same lists as f; and f, in G.
By hypothesis H has a proper entire colouring from these lists. Note that u and
v can be coloured at the end since each has six neighbours and a list of at least

seven colours.

(7): Suppose first that A > 6. Since each edge of the 4-cycle zuyvx has at least
two usable colours in its list, it follows from Theorem 3.1.3 that these edges can be
coloured. We can now colour f and then f’ since each has at most seven coloured
neighbours at the time of its colouring. So we may assume that A = 5, and

contrary to what we want to prove, that dg(z) < A — 1 and that dg(y) < A.

If B contains the configuration in Figure 3.6(b) or 3.6(c), then each of uy, vy, f,
uzx, vr, f" has in Figure 3.6(b) at most 5, 5, 4, 4, 4, 4 coloured neighbours in G

respectively, or in Figure 3.6(c) at most 5, 4, 3, 4, 3, 4 coloured neighbours in G
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respectively. So each of the remaining elements

uy7vy7f7 ux? 'U:L‘, f/ (3'7)

has in Figure 3.6(b) a list of at least 2, 2, 3, 3, 3, 3 usable colours respectively, or
in Figure 3.6(c) a list of at least 2, 3, 4, 3, 4, 3 usable colours respectively. If we
try to colour the elements in the order (3.7) then it is only with f’ that we may
fail.

If B contains the configuration in Figure 3.6(b), then, if possible, give vy and f
the same colour. The remaining elements can now be coloured in the order (3.7).
So we may assume that L'(vy)NL'(f) = 0 so that |L'(vy) UL'(f)| > 5. Now either
|L'(f)| > 5, or else vy or f can be given a colour that is not in L'(f’). In each

case the remaining elements can be coloured in the order (3.7).

If B contains the configuration in Figure 3.6(c), then either |L'(f’)| > 4, or else f
can be given a colour that is not in L'(f’). In each case the remaining elements

can be coloured in the order (3.7).

(71): Colour f and f” which is obviously possible. Next, since each edge of the
4-cycle xuyvx has at least two usable colours in its list, it follows from Theo-
rem 3.1.3 that these edges can be coloured. In every case the colouring can be

completed, which is the required contradiction. O

Cram 3.6.5. B does not contain the configuration in Figure 3.7(a), where uwyu

is a face in G, and where only x and y are incident with edges in G not shown.

Proof. Suppose that B does contain the configuration in Figure 3.7(a), where
uwyu is a face in G, and where only = and y are incident with edges in G' not
shown. Let f be the face uwyu, let f; be the face with zuwy in its boundary and

let fy be the face with zuy in its boundary. Since B is a block it follows that f;
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and fy are distinct. Let H = G — w and let the faces in H that have xuy in their
boundary have the same lists as f; and f5 in G. By hypothesis H has a proper

entire colouring from these lists.

Now each of wy, f, uw, w has at most A + 1, 5, 4, 3 coloured neighbours in G
respectively, and so each has a list of at least 1, 2, 3, 4 usable colours respectively;
so these elements can be coloured in this order. This contradiction completes the

proof of Claim 3.6.5. O

Cram 3.6.6. B does not contain the configuration in Figure 3.7(b) or Figure
3.7(c), where in each case rvux and uvwyu are faces in G, and where only x and

y are incident with edges in G not shown.

Proof. Suppose that B does contain the configuration in Figure 3.7(b) or Figure
3.7(c), where in each case zvuzr and vwyu are faces in G, and where only = and
y are incident with edges in GG not shown. Let f be the face xvux and let f’ be
the face uwyu. If G contains the configuration in Figure 3.7(b), let f; be the face

with zvuwy in its boundary and let fs be the face with xuy in its boundary. If
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G contains the configuration in Figure 3.7(c), let f; be the face with zvuy in its
boundary and let f; be the face with zuwy in its boundary. Let H = G — {v, w}.
Since, by Claim 3.6.5, both  and y have degree at least 4 in G, and since B is
a block, it follows that f; and fy; are distinct. Let the faces in H that have zuy
in their boundary have the same lists as f; and f; in G. By hypothesis H has a
proper entire colouring from these lists. Note that v and w can be coloured at the

end since each has six neighbours and a list of at least seven colours.

First uncolour ux, v and uy. Now each of wy, uy, uzr, vx, u, f, uv, uw, f’ has at
most A, A A, A, 4,3, 1, 1, 3 coloured neighbours in GG respectively. So each of

the remaining elements
wy, uy, uT, VT, U, f, uv, vw, f’ (3.8)

has a list of at least 2, 2, 2, 2, 3, 4, 6, 6, 4 usable colours respectively. If we try to

colour the elements in the order (3.8) then it is only with f’ that we may fail.

If possible, give uxr and wy the same colour. The remaining elements can now
be coloured in the order (3.8) with the exception that uw is coloured last. So
we may assume that L'(ux) N L'(wy) = 0. If possible, give v and wy the same
colour. Since the colour on w is not in L'(uz) the remaining elements can now be
coloured in the order (3.8). So we may assume that L'(u) N L'(wy) = 0 so that
|L'(u) U L'(wy)| > 5. Now either |L'(f")] > 5, or else u or wy can be given a
colour that is not in L'(f'). If |[L'(f")| > 5, or if wy is given a colour that is not
in L'(f"), then the remaining elements can be coloured in the order (3.8). So we
may assume that u is given a colour « that is not in L'(f’). If a ¢ L'(uy), then
the remaining elements can be coloured in the order (3.8) with the exception that
both ux and uy are coloured before wy in that order. If o € L' (uy), then give uy
the colour a and uncolour u. The remaining elements can now be coloured in the

order (3.8). This contradiction proves Claim 3.6.6. O
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Figure 3.8

Cram 3.6.7. If B contains the configuration in Figure 3.8, where xuyvzr and
xvywz are faces in G, where x is not adjacent to y, and where only x and y are

incident with edges in G not shown, then dg(x) = dg(y) = A and A =5.

Proof. Suppose that B contains the configuration in Figure 3.8, where ruyvz and
xvywz are faces in GG, where x is not adjacent to y, and where only x and y are
incident with edges in G not shown. Let f be the face zuyvx and let f’ be the
face xvywzx. Let the other face with xuy in its boundary be f; and let the other
face with zwy in its boundary be f,. Since, by Claim 3.6.3, dg(z) = da(y) = A
and A = 6, and by the definition of B, it follows that f; and f5 are distinct. Let
H =G —{u,v,w} + zy and embed xy where zuy was embedded in G. Let xy in
H have the same list as uz in G. Also, let the faces in H that have xy in their
boundary have the same lists as f; and f; in G. By hypothesis H has a proper
entire colouring from these lists. Note that u, v, w can be coloured at the end

since each has six neighbours and a list of eight colours.

Now each of wy, wx, ux, uy, vy, ve, f, f' has at most 5, 5, 5, 5, 4, 4, 3, 3 coloured

neighbours in G respectively. So each of the remaining elements
wy7 wx7ux7 uy? Uy? Ux? f7 fl (3.9>

has a list of at least 3, 3, 3, 3, 4, 4, 5, 5 usable colours respectively. If we try to

colour the elements in the order (3.9) then it is only with f’ that we may fail.
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If possible, colour both vz and vy so that vz is given a colour that is not in L'( f’).
Next, since each edge of the 4-cycle zuywax has at least two usable colours in its
list, it follows from Theorem 3.1.3 that these edges can be coloured. We can now
colour f and then f’ since each has at least one usable colour in its list at the time
of its colouring. So we may assume that L'(vz) C L'(f’). If possible, give vz and
wy the same colour. The remaining elements can now be coloured in the order
(3.9). So we may assume that L'(va) N L'(wy) = 0 so that |L'(vz) U L' (wy)| > 7.
Now either |L'(f’)| > 7, or else wy can be given a colour that is not in L'(f”) since

L'(vx) C L'(f'). In each case the remaining elements can be coloured in the order

(3.9). This contradiction proves Claim 3.6.7. O
u
u u
x Y x Y x Y
(a) (b) ()
Figure 3.9

Cram 3.6.8. B does not contain the configuration in Figure 3.9(a), where xuyvz,
xvyr and xywx are faces in G, and where only x and y are incident with edges in

G not shown.

Proof. Suppose that B does contain the configuration in Figure 3.9(a), where
ruyvx, rvyr and rywx are faces in G, and where only x and y are incident with
edges in GG not shown. Let f be the face zuyvx, let f’ be the face zvyxr and let

f"” be the face xywx. Also, let f; be the other face with zuy in its boundary
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and let fy be the other face with xwy in its boundary. Since, by Claim 3.6.4,
dg(xz) = da(y) = A = 5, and by the definition of B, it follows that f; and fo
are distinct. Let H = G — {u,v,w} and let the faces in H that have zy in their
boundary have the same lists as f; and f; in G. By hypothesis H has a proper
entire colouring from these lists. Note that u, v, w can be coloured at the end

since each has six neighbours and a list of seven colours. First uncolour xy.

Now each of vy, vx, f’ has 2 coloured neighbours in G, each of wy, wz, f”, ux, uy,
f has 3 coloured neighbours in GG, and zy has 4 coloured neighbours in GG. So each
of the remaining elements z has a list L'(z) of usable colours, where |L'(2)| > 5 if
z € {vy,vx, f'}, | L (2)| > 4 if 2z € {wy,wz, f’,ux,uy, [}, and |L'(xzy)| > 3. Now
either |L'(f)| > 5, or else vy can be given a colour that is not in L’(f). In each

case colour vy. At this point, each of the remaining elements
'Iy7 wy? waj? f//7 ux? /U‘IJ uy? f7 f/ (3'10)

has a list L” of at least 2, 3, 4, 4, 4, 4, 3, 4, 4 usable colours respectively.

If possible, give f” and vz the same colour. The remaining elements can now be
coloured in the order (3.10) with the exception that if we fail at uy, then since
|L(uy)| = 7 and at the time of its colouring uy has seven coloured neighbours in G,
we can uncolour vy and give uy the colour that was on vy. We can now recolour
vy since it has six coloured neighbours in GG and a list of seven colours. Finally,
we can give colours to f and then f’. So we may assume that L”(f")NL" (vx) = ()
so that |L”(f") U L"(vz)| > 8. Now either |L"(f’)| > 8, or else f” or vz can be
given a colour that is not in L”(f”). In each case the remaining elements can be
coloured in the order (3.10), although, as above, it may be necessary to give uy
the colour that is on vy and to recolour vy. This contradiction completes the proof

of Claim 3.6.8. O
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Cram 3.6.9. B does not contain the configuration in Figure 3.9(b), where xuyvz,
roywx and xwyx are faces in G, and where only x and y are incident with edges

i G not shown.

Proof. Suppose that B does contain the configuration in Figure 3.9(b), where
ruyve, rvywr and rwyz are faces in G, and where only x and y are incident with
edges in G not shown. Let f be the face xuyvz, let f’ be the face xvywzr and
let f” be the face zwyz. Also, let f; be the other face with xuy in its boundary
and let fy be the other face with xy in its boundary. Since, by Claim 3.6.4,
dg(z) = dg(y) = A = 5, and by the definition of B, it follows that f; and fo
are distinct. Let H = G — {u,v,w} and let the faces in H that have xy in their
boundary have the same lists as f; and f; in G. By hypothesis H has a proper
entire colouring from these lists. Note that u, v, w can be coloured at the end

since each has six neighbours and a list of seven colours. First uncolour zy.

Now each of wy, wx, vy, vx, f' has 2 coloured neighbours in G, each of uy, ux, f,
f" has 3 coloured neighbours in G, and xy has 5 coloured neighbours in G. So each
of the remaining elements z has a list L'(z) of usable colours, where |L'(z)| > 5 if
z € {wy, wzx,vy, vz, f'}, |L'(2)| > 4 if z € {uy,uz, f, f"}, and |L'(xy)| > 2. Now
either |L/(f")| > 5, or else wy can be given a colour that is not in L'(f”). In each

case colour wy, and then colour zy. At this point, each of the remaining elements
uy’ ux? f7 Uy? ,U:L‘7 wm? f/’ f” (3'11)

has a list L” of at least 2, 3, 4, 3, 4, 3, 4, 3 usable colours respectively.

If possible, give f and wx the same colour. The remaining elements can now be
coloured in the order (3.11). So we may assume that L”(f) N L"(wz) = () so that
|L"(f) U L"(wx)| > 7. Now either |L"(f’)| > 7, or else f or wx can be given a

colour that is not in L”(f’). In each case the remaining elements can be coloured
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in the order (3.11) with the exception that if wx is given a colour that is not in
L"(f") and we fail at vz, then since |L(vz)| = 7 and at the time of its colouring v
has seven coloured neighbours in G, we can uncolour wz and give vz the colour
that was on wx. We can now recolour wz since it has six coloured neighbours in
G and a list of seven colours. Finally, we can give colours to f’ and then f”. This

contradiction proves Claim 3.6.9. O

Cram 3.6.10. B does not contain the configuration in Figure 3.9(c), where
ruyve, zvywx and rwytr are faces in G, where x is not adjacent to y, and where

only x and y are incident with edges in G not shown.

Proof. Suppose that B does contain the configuration in Figure 3.9(c), where
ruyve, roywr and rwytx are faces in G, where x is not adjacent to y, and where
only z and y are incident with edges in GG not shown. Let f be the face zuyvz, let
/' be the face rvywx and let f” be the face zwytx. Also, let f; be the other face
with zuy in its boundary and let f; be the other face with xty in its boundary.
Since, by Claim 3.6.3, dg(z) = dg(y) = A = 5, and by the definition of B, it
follows that f; and fo are distinct. Let H = G — {u, v, w,t} + xy and embed xy
where xuy was embedded in G. Let zy in H have the same list as uz in G. Also,
let the faces in H that have xy in their boundary have the same lists as f; and f,
in G. By hypothesis H has a proper entire colouring from these lists. Note that
u, v, w and t can be coloured at the end since each has six neighbours and a list

of seven colours.

Now each of wy, wzx, vz, vy, f has 2 coloured neighbours in GG, and each of ty, tz,
ux, uy, f, f” has 3 coloured neighbours in G. So each of the remaining elements
z has a list L'(2) of usable colours, where |L'(2)| > 5 if z € {wy, wx, vz, vy, f'},
and |L'(z)| > 4 if z € {ty, tx,ux,uy, f, f'}. Now either |L'(f)| > 5, or else vy can

be given a colour that is not in L'(f). Similarly, either |L'(f”)| > 5, or else wzx
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can be given a colour that is not in L'(f”). In each case colour both vy and wz.

At this point, each of the remaining elements

ty? tm? wy7 um? Ux? uz/? f/7 f? f,/ (3'12)
has a list L” of at least 3, 3, 3, 3, 3, 3, 3, 4, 4 usable colours respectively.

If possible, give uy and vx the same colour. At this point, let L”'(z) be the list of
usable colours for each remaining element z, where |L” (wy)| > 2, |L" (tx)| > 2,
and [L"(f")| > 4. If [L"(wy)| = 2 and |L"(tx)| = 2, then it follows that the
colour on wx was in both L'(wy) and L'(tz). So it is possible to give both wy
and tx the colour on wx and to recolour wz. The remaining elements can now
be coloured in the order (3.12). So we may assume that at least one of L"(wy)
and L"”(tx) has at least three colours. If possible, give wy and ¢tz the same colour.
The remaining elements can now be coloured in the order (3.12). So we may
assume that L (wy) N L"(tx) = 0 so that |L"(wy) U L (tx)| > 5. Now either
|IL”(f")] > 5, or else wy or tx can be given a colour that is not in L”(f”). In
each case the remaining elements can be coloured in the order (3.12). So we may
assume that this is not possible so that L”(uy) N L”(vx) = 0, and, by symmetry,
that L"(wy) N L"(tx) = 0.

Since |L"(uy) U L"(vzx)| > 6, either |L"(f)| > 6, or else uy or vx can be given a
colour that is not in L”(f). If |[L”(f)| > 6, or uy can be given a colour that is not in
L"(f), then colour uy. At this point, let L"”(z) be the list of usable colours for each
remaining element z. Now |L" (wy) U L"(tx)| > 5, so either |L"'(f")| > 5, or else
wy or tx can be given a colour that is not in L"”(f”). In each case the remaining
elements can be coloured in the order (3.12). So we may assume that va can be
given a colour that is not in L”(f). Again, at this point, |L"” (wy)UL" (tx)| > 5, so
either |L"'(f")| > 5, or else wy or tx can be given a colour that is not in L (f").

In each case colour both wy and tx. The remaining elements can now be coloured
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in the order (3.12) with the exception that if we fail at uy, then since |L(uy)| =7
and at the time of its colouring uy has seven coloured neighbours in G, we can
uncolour vy and give uy the colour that was on vy. We can now recolour vy since
it has six coloured neighbours in G and a list of seven colours. Finally, we can

give colours to f', f, f” in that order. This contradiction proves Claim 3.6.10. O

Figure 3.10
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Cram 3.6.11. B does not contain one of the configurations in Figures 3.10(a)—-
3.10(d), where the faces are as shown and where only x and y are incident with

edges in G not shown.

Proof. Suppose that B does contain one of the configurations in Figures 3.10(a)—
3.10(d), where the faces are as shown and where only = and y are incident with
edges in G not shown. Let f be the face uryu or urysu as appropriate. Let f
be the face utyu or utysu as appropriate and let f” be the face xvuwz or xvux
as appropriate. Also, let f; be the face with zvu in its boundary that is different
from f” and let f; be the face with uty in its boundary that is different from f’.
Since B is a block it follows that both x and y are incident with edges not shown
and that f; and fy are distinct. Let H = G — r and let the faces in H that have
xvu and uty in their boundary have the same lists as f; and f in G respectively.
By hypothesis H has a proper entire colouring from these lists. First uncolour all
elements of the configuration being considered except for =, y, f; and fs. Note
that where present, each of v, w, r, s, t can be coloured at the end since each has

six neighbours and a list of seven colours.

vr | wr [ux |uww |ww | ffluru | su|uy | tulry | sy |ty | f|[f
@] 5|5 101331 30114 4 2
(b) | 5 5) 1 3141 31114 4 | 2| 2
(c)| b ) 1 1 3121110 11413 4]2)|2
d) | 5 5 | 1 313[1]0 1043 ]4|2]2
@] 2| 2 6|16 |4]4]6 141613 355
(b) | 2 2|6 4 13| 6 4 16 |3 319515
(c) | 2 2 6 6 | 456 |7 6 |3 4|3 5|5
(d) | 2 2 | 6 4014l6 |7 6|3|4|3]|5]5

Table 3.3
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For each of the configurations in Figures 3.10(a)-3.10(d) the maximum number of
coloured neighbours of the remaining elements is given in the first half of Table 3.3,
and the minimum number of usable colours in the list of each remaining element

is given in the second half of Table 3.3.

Now either |L'(f")] > 6, or else tu can be given a colour that is not in L'(f’). In

each case colour tu.

If B contains the configuration in Figure 3.10(a) or 3.10(c), then we can colour in
order uvw, wx, vx, f”, u, uv since each has at least one usable colour in its list at

the time of its colouring.

If B contains the configuration in Figure 3.10(b) or 3.10(d), then either |L'(f")| >
5, or else uv can be given a colour that is not in L'(f”). In each case colour in
order ux, vx, u, uwv, f” so that, where possible, at least one of these is given a

colour that is not in L'(f").

At this point, if B contains the configuration in Figure 3.10(a) or 3.10(b), then

each of the remaining elements

ru, uy, 1y, ty, f, f’ (3.13)
has a list L” of at least 2, 0, 3, 2, 4, 4 usable colours respectively.

Since dg(y) = A =5 by Claim 3.6.4, it follows that uy has seven coloured neigh-
bours. If |L”(uy)| = 0, then since |L(uy)| = 7, it follows that the colour on tu is
in L(uy) and is not used on any other neighbours of uy. So we can give uy the
colour on tu and uncolour tu. At this point, since each edge of the 4-cycle urytu
has at least two usable colours in its list, it follows from Theorem 3.1.3 that these
edges can be coloured. We can now colour f and then f’ since each has at least

one usable colour in its list at the time of its colouring.
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So we may assume that |L”(uy)| > 1, and so we can colour uy. At this point, let
L"(2) be the list of usable colours for each remaining element z. If |L"(ty)| > 2,
then the remaining elements can be coloured in the order (3.13). So we may
assume that |L"”(ty)| = 1. Since ty has six coloured neighbours and |L(ty)| = 7,
it follows that the colour on tu is in L(ty) and is not used on any other neighbour
of ty. So if the colour on tu is in L"”(ry), then give this colour to ry; otherwise
give this colour to ty and recolour tu. In each csse the remaining elements can be

coloured in the order (3.13).

So we may assume that B contains the configuration in Figure 3.10(c) or 3.10(d).

Now each of the remaining elements

Ty, T, su, sy, ty, f, f’ (3.14)
has a list L” of at least 3, 2, 3, 4, 2, 4, 4 usable colours respectively.

If possible, give f and ty the same colour. The remaining elements can now be
coloured in the order (3.14) with the exception that ru is coloured first. So we

may assume that L”(f) N L"(ty) = 0 so that |L"(f) U L"(ty)| > 6.

Now either |L”(f")| > 6, or else f or ty can be given a colour that is not in L”(f).
If |L”(f")| > 6, or ty can be given a colour that is not in L'(f’), then colour ty.
At this point, let L"(z) be the list of usable colours for each remaining element z.
If possible, give ru and sy the same colour. The remaining elements can now be
coloured in the order (3.14). So we may assume that L (ru) N L" (sy) = 0 so that
|L" (ru) U L"(sy)| > 5. Now either |L”(f)| > 5, or else ru or sy can be given a
colour that is not in L"’(f). In each case the remaining elements can be coloured

in the order (3.14).

So we may assume that L”(ty) C L"(f'). If |[L"(ty)NL"(ry)| > 1, then we can give
f" and ry the same colour. The remaining elements can now be coloured in the

order (3.14) with the exception that ty is coloured first. So we may assume that
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L"(ty) N L"(ry) = 0. We can now give f a colour that is not in L”(f’) so that the
remaining elements can be coloured in the order (3.14) with the exception that
ru is coloured first. In every case the colouring can be completed, which is the

required contradiction. O

Cram 3.6.12. B does not contain one of the configurations in Figures 3.10(e)—
3.10(g), where the faces are as shown and where only x and y are incident with

edges in G not shown.

Proof. Suppose that B does contain one of the configurations in Figures 3.10(e)—
3.10(g), where the faces are as shown and where only = and y are incident with
edges in G not shown. Let f be the face urysu, let f’ be the face usyu. Let f”
be the face zvuwz or xvux as appropriate. Also, let f; be the face with ury in its
boundary that is different from f and let f; be the face with uy in its boundary
that is different from f’. Since B is a block it follows that both z and y are
incident with edges not shown and that f; and f; are distinct. Let H = G —r and
let the faces in H that have usy and uy in their boundary have the same lists as
f1 and f5 in G respectively. By hypothesis H has a proper entire colouring from
these lists. First uncolour all elements of the given configurations except for x, ¥,
f1 and f5. Note that where present, each of v, w, r, s, can be coloured at the end

since each has six neighbours and a list of seven colours.

ve |wr | ux |wo |uw | f u|ru|su|luy | ry|syl|f| [

(e) | b ) 1 1 313|104 43122

(f)and (g) | 5 5 |1 31411104 4]3]2]|2
(e)] 2| 2 6 | 6 | 446 | 7|33 |4|5]|5

(f) and (g) | 2 2 16 4 1316 | 7|3 |3 |4|5]5

Table 3.4
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For each of the configurations in Figures 3.10(e)-3.10(g) the maximum number of
coloured neighbours of the remaining elements is given in the first half of Table 3.4,
and the minimum number of usable colours in the list of each remaining element

is given in the second half of Table 3.4.

If B contains the configuration in Figure 3.10(e), then either |L'(f")| > 7, or else
su can be given a colour that is not in L'(f’). In each case colour su, u, uy. At

this point each of the elements
vr,wr, f7uv, uw (3.15)

has a list L” of at least 2, 2, 3, 3, 3 usable colours respectively. If we try to colour

these elements in the order (3.15) then it is only with ww that we may fail.

If possible, give uv and wz the same colour. The remaining elements can now be
coloured in the order (3.15). So we may assume that L”(uv) N L"(wx) = () so that
|L" (uv) U L"(wzx)| > 5. Now either |L”(uw)| > 5, or else uv or wz can be given a
colour that is not in L”(uw). In each case the remaining elements can be coloured
in the order (3.15), using a colour that is not in L”(uw) on a neighbour of uw at

the first opportunity.

If B contains the configuration in Figure 3.10(f) or 3.10(g), then first we will
colour the elements

ux, vr, u, uv, uy, ", su. (3.16)

Now either |L'(f")] > 7, or else su can be given a colour that is not in L'(f’). If
|L’(f")| > 7, then colour uy; otherwise, at the first opportunity, colour exactly one
of uy, u, su using a colour that is not in L'(f"). At this point, let L"(z) be the
list of usable colours for each remaining element z. Now either |L”(f")| > 5, or
else uv can be given a colour « that is not in L”(f”). In all cases the remaining

elements in (3.16) can be coloured in order, using a colour that is not in L”(f”) at
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the first opportunity, and with the exception that if it were su that was given a
colour that is not in L'(f’), and hence not in L'(uy) or L'(u), then uy is coloured

immediately after vx with a colour that is different from a.

At this point, if the configuration is in Figure 3.10(e), 3.10(f) or 3.10(g), then

each of the remaining elements

ru,ry, sy, f, f’ (3.17)

has a list L of at least 1, 2, 2, 3, 3 usable colours respectively. If we try to colour

the elements in the order (3.17) then it is only with f that we may fail.

Let 3 be the colour given to su. Suppose that § ¢ L(sy) or that 3 is used on
another neighbour of sy so that |L”(sy)| > 3. The remaining elements can now
be coloured in the order (3.17) with the exception that sy is coloured immediately
after f. So we may assume that 3 € L(sy) and that 3 is not used on any other
neighbour of sy. Suppose that 3 ¢ L(ru) or that (3 is used on another neighbour
of ru so that |L”(ru)| > 2. If possible, give ru and sy the same colour. The
remaining elements can now be coloured in the order (3.17). So we may assume
that L"” (ru) N L" (sy) = 0 so that |L"” (ru) U L" (sy)| > 4. Now either |L”(f)| > 4,
or else ru or sy can be given a colour that is not in L'(f). In each case the
remaining elements can be coloured in the order (3.17) with the exception that ry
is coloured first. So we may assume that 5 € L(ru) and that [ is not used on any
other neighbour of ru. So we can give ru and sy the colour 3 and recolour su.
The remaining elements can now be coloured in the order (3.17). In every case

the colouring can be completed, which is the required contradiction. a

Claim 3.6.1 implies that B 22 K, and Claim 3.6.2 implies that B is not a cycle; so
B has at least two vertices with degree at least three and dg(z9) > 3. Let B; be

the graph as defined at the start of Section 3.3.
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Cram 3.6.13. B; is not K4-minor-free.

Proof. Since B has at least two vertices with degree at least 3, it follows that B;
exists and has no vertex of degree 0. Suppose that = is a vertex of degree 1 in
B;y. Then z is adjacent in B; to z5. By the definition of By and by Claim 3.6.2,
it follows that p,,, > 3, and that every path between x and zj is in P,.,. So, by
the definition of B, it follows that  must occur in B as vertex z in Figure 3.6(b),
3.6(c) or 3.8, where the faces are as shown and where only x and y may be incident
with edges in GG not shown. Since, by Claims 3.6.4 and 3.6.7, both x and z; must
have degree A = 5 in G, it follows that p,., = 5. So B must contain one of the
configurations in Figure 3.9, where the faces are as shown and where only x and y
are incident with edges in G not shown. However, Claims 3.6.8-3.6.10 show that

this is impossible. So B; has no vertex of degree 1.

In view of Claims 3.6.1 and 3.6.2, it follows from Lemma 3.3.2 that B; contains
a vertex u of degree 2 that is adjacent in By to x and y say, where p,; + Duy =
de(u) > 3, where p,, > 2, and where no two paths in P,, bound a region that has
a path not in P,, embedded in it, and no two paths in P,, bound a region that

has a path not in P,, embedded in it also.

By Claims 3.6.8-3.6.10, it follows that p,, < 3. First suppose that p,, = 3. Then,
by Claims 3.6.4 and 3.6.7, it follows that dg(u) = A = 5 and that u must occur
in B as vertex u in one of the configurations in Figure 3.10, where the faces are as
shown and where only z and y are incident with edges in G not shown. However,
Claims 3.6.11 and 3.6.12 show that this is impossible. So we may assume that
Puy = 2 and p,, < 2, and so dg(u) < 4. By Claim 3.6.3, it follows that v must
occur in B as vertex u in Figure 3.7(a), 3.7(b), or 3.7(c), where the faces are as
shown and where only = and y are incident with edges in G not shown. (Note

that w, and v if present, have degree 2 in G and are therefore different from z.)
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However, Claims 3.6.5 and 3.6.6 show that this is impossible. This contradiction

completes the proof of Claim 3.6.13. O

Since B; is a minor of G, Claim 3.6.13 implies that G is not K -minor-free. This

contradiction completes the proof of Theorem 3.6.2. O

3.7 Results for plane embeddings of (K, + (K; U

K5))-minor-free graphs

We will now use Theorem 3.3.1 to prove parts (i)—(v) of Theorem 3.1.1 for plane
embeddings of (K, + (K; U Ks))-minor-free graphs. These are restated in the

following theorem.

TureoreM 3.7.1. Let G be a (Ky + (K1 U Ky))-minor-free graph with mazimum
degree A. Then

(1) chy(G) < 5;
(i1) chet(G) < A+2if A =3 or4;
(791) chet(G) < A+1if A>5;
(iv) Xet(G) S A+1=5if A=4
(v) chyet(G) < max{7, A+ 2} if A > 3.
The proofs of the results in Theorem 3.7.1 have been split into various sections. In
Section 3.8 we will prove part (i), which is restated in Theorem 3.8.1. In Section

3.9 we will first prove part (ii), which is included in Theorem 3.9.1, and we will

then prove parts (i7i) and (iv), which are restated in Theorem 3.9.2. In Section
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3.10 we will first prove part (v) if A = 3, which is restated in Theorem 3.10.1, and
we will then prove part (v) if A > 4, which is restated in Theorem 3.10.2. We
will make use of Theorem 3.7.2, which is included in Theorem 2.3.3 in Chapter 2.
We will also need the following definitions and the following lemmas. Recall that

L'(z) denotes the list of usable colours for each uncoloured element z.

TueoreM 3.7.2. [14] Let G be a (Ky+ (K UK>))-minor-free graph with maximum
degree 3. Then ch'(G) = x'(G) = 3.

Let C be a component of a plane embedding of a (K, + (K; U K3))-minor-free
graph G such that no interior face of C' has another component of G embedded in
it. If C'is 2-connected, then let B = C' and let zg be any vertex of maximum degree
in C'; otherwise, by Lemma 3.1.4, let B be an end-block of C' with cut-vertex z,

such that no interior face of B has a block of C' embedded in it.

If B contains a vertex with degree at least 3 in GG, then let B; be the graph whose
vertices are the vertices of B that have degree at least 3 in GG, where two vertices
are adjacent in B if and only if they are connected in G' by an edge or by a path

whose interior vertices have degree 2.

Lemma 3.7.3. Let G be a (Ko + (K1 U Ky))-minor-free graph. Then each block of

G s either Ky-minor-free or else isomorphic to K.

Proof. Suppose that B is a block of G that has a K, minor. Since A(K,) = 3, it
follows that B has a subgraph B’ that is homeomorphic to K. If an edge of K} is
subdivided, or if a path is added joining two vertices of Ky, then a Ky + (K; U K5)

minor is formed. So B’ = K, and B = Kj. O
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a
S
f3
20 b
Figure 3.11

Lemma 3.7.4. Let G be a plane embedding of Ky, as shown in Figure 3.11. If both
f and zy are precoloured, and each of the elements a, b, ¢, f1, fa, f3 has a list of
at least 3, 3, 4, 3, 4, 3 usable colours respectively, then any given colouring of f

and zy can be extended to the remaining vertices and faces of G.

Proof. Each of the remaining elements

aab7c7f3af17f2 (318)

has a list of at least 3, 3, 4, 3, 3, 4 usable colours respectively. Note that these
elements are equivalent to a 4-cycle abfsfia where ¢ and f5 are the interior and

exterior faces.

If possible, give b and f; the same colour. At this point, each of the remaining

elements

a, f3, ¢, f2 (3.19)

has a list L” of at least 2, 2, 3, 3 usable colours respectively. If possible, give a
and f3 the same colour. The remaining elements can now be coloured in the order
(3.19). So we may assume that L”(a) N L"(f3) = 0 so that |L"(a) U L"(f3)| > 4.
Now either |L"(f2)| > 4, or else a or f3 can be given a colour that is not in L”(f5).
In each case the remaining elements can be coloured in the order (3.19). So we
may assume that this is not possible so that L'(b) N L'(f1) = 0, and, by symmetry,
that L'(a) N L'(f3) = 0.
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If L'(f1) = L'(fs3), then either |L'(f1)| > 4, or else fs can be given a colour that
is not in L'(f1). In each case colour fy. Since L'(a) N L'(f;) = 0 the remaining
elements can now be coloured in the order (3.18). So we may assume that L'(f;) #

L'(f3), and similarly that L'(f;) # L'(a), L'(b) # L'(a), and L'(b) # L'(f3).

So give colours to ¢ and f;. The remaining elements are equivalent to a 4-cycle.
Since L'(a) N L'(f3) = 0 and L'(b) N L'(f1) = 0, it follows that any colour given to
either ¢ or fy is in at most two of L'(a), L'(b), L'(f1), L'(f;). If each remaining
element has a list of at least two usable colours, then the result follows from
Theorem 3.1.3. So we may assume that at least one remaining element has only
one usable colour in its list. This means that each of the colours on ¢ and f; was

in the list of usable colours of one remaining element.

Suppose that exactly one remaining element, say fi, has only one usable colour in
its list. Then each of a, b, f3 has at least 2, 3, 2 usable colours in its list respectively,
and so the remaining elements can be coloured in the order fi, a, f3, b. So we may
assume that there are two remaining elements each of which has only one usable
colour in its list. Since these elements are adjacent, then, by symmetry, we may
assume that these elements are f; and f3. Since L'(f1) # L'(f3), and since each
of a and b has at least three usable colours in its list, it follows that the remaining
elements can be coloured in the order fi, f3, a, b. In every case the colouring can

be completed. This completes the proof of Lemma 3.7.4. O

LevmMma 3.7.5. Let G be a plane embedding of K4, as shown in Figure 3.11. If both
f and zy are precoloured, and each of the elements azy, bz, czo, fi, f3, f2, a, b,
¢, ab, ac, bc has a list of at least 3, 3, 4, 5, 5, 6, 5, 5, 6, 6, 7, 7 usable colours
respectively, then any given colouring of f and zy can be extended to the remaining

elements of GG.
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Proof. First colour in order azy, bzy, czo, fi, f3, which is obviously possible. Now

each of the remaining elements
a,b,c, fo,ab, ac, bc (3.20)
has a list of at least 3, 3, 3, 4, 4, 4, 4 usable colours respectively.

If possible, give a and bc the same colour. At this point, each of the remaining
elements

b,c, fa,ab, ac (3.21)

has a list L” of at least 2, 2, 3, 3, 3 usable colours respectively. If possible, give b
and ac the same colour. The remaining elements can now be coloured in the order
(3.21). So we may assume that L”(b) N L"(ac) = 0 so that |L"(b) U L"(ac)| > 5.
Now either |L”(ab)| > 5, or else b or ac can be given a colour that is not in
L"(ab). In each case the remaining elements can be coloured in the order (3.21),
using a colour that is not in L”(ab) on either b, fy or ac at the first opportunity,
where if ac is required to have a colour that is not in L”(ab), then b and ¢ are
coloured so that this colour is not given to c. So we may assume that this is not
possible so that L'(a) N L'(be) = 0, and, by symmetry, that L'(b) N L'(ac) = () and
L'(e)n L'(ab) = 0.

If possible, give fs a colour so that each of the remaining elements has a list of at
least three usable colours. Since ch”(K3) = 3, by Theorem 3.1.3, it follows that
the remaining elements can be coloured from their lists. So we may assume that
after colouring fo, at least one of a, b, ¢ has only two usable colours in its list.
Suppose that each of a, b, ¢ has only two usable colours in its list. Then since
|L'(f2)| > 4 we can change the colour on f; so that at least one of a, b, ¢ has three

usable colours in its list.

Suppose first that f, is given a colour that is in only one of L'(a), L'(b), L'(c).

By symmetry we may assume that this colour is in L'(a), and hence not in L/(bc).
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At this point, let L”(z) be the list of usable colours for each remaining element z,
where |L"(2)| > 3 if z € {b, ¢, ab, ac}, |[L"(a)| = 2, and |L"(bc)| > 4. So both b and
ac can be given a colour that is not in L”(a). Note that the remaining elements are
equivalent to a 4-cycle. At this point, let L"'(z) be the list of usable colours for each
remaining element z, where |L"”(a)| = 2, |L"'(bc)| > 2, and |L"(c) U L (ab)| > 4
since L'(¢) N L'(ab) = 0. If each of ¢ and ab has at least two usable colours in
its list, then it follows from Theorem 3.1.3 that the remaining elements can be
coloured. So we may assume that one of ¢ and ab has only one usable colour in
its list, and so the other has at least three usable colours in its list. So, starting
with whichever has only one usable colour in its list, the remaining elements can

be coloured in the order ¢, a, be, ab or ab, a, be, c.

So we may assume that fo is given a colour that is in exactly two of L'(a), L'(b),
L'(¢). By symmetry we may assume that this colour is in L'(a) and L'(b), and
hence not in L'(be) or L'(ac). At this point, let L”(z) be the list of usable colours
for each remaining element z, where |L"(z)| > 3 if z € {c,ab}, |L"(z)| > 4 if
z € {ac,bc}, and |L"(a)| = |L"(b)| = 2. If possible, give b a colour that is in L”(a)
and hence not in L”(bc). The remaining elements can now be coloured in the order
(3.20). So we may assume that L”(a) N L"(b) = 0. If possible, give ¢ a colour that
is in L”(a), and hence not in L”(bc) or L”(b). The remaining elements can now
be coloured in the order (3.20). So we may assume that L”(a) N L"(c) = 0, and,
by symmetry, that L”(b) N L"(¢) = (). So the remaining elements can be coloured
in the order (3.20) with the exception that ¢ is coloured last. In every case the

colouring can be completed. This completes the proof of Lemma 3.7.5. O
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3.8 Coupled choosability of plane embeddings of

(K3 + (K1 U K5))-minor-free graphs

In this section we will prove part (i) of Theorem 3.7.1, which is restated in the

following theorem.

TuroreM 3.8.1. Let G be a plane embedding of a (Ko + (K U Ky))-minor-free
graph. Then chy(G) < 5.

Proof. Suppose, if possible, that G is a plane embedding of a (K, + (K; U K>))-
minor-free graph with the smallest number of vertices such that chy(G) > 5.
Assume that every vertex v and every face f of G is given a list L(v) or L(f) of
five colours such that G has no proper coupled colouring from these lists. Clearly
G has neither a trivial component nor a K5 component; so every component C' of

G has at least three vertices. Let C' and B be as defined at the start of Section 3.7.
Cram 3.8.1. B2 K,.

Proof. Suppose that B = K, and let the elements of B be labelled as in Figure
3.11. Then, by hypothesis, G — (B — z) has a proper coupled colouring from its
lists in which both f and z; are coloured. So each of the remaining elements a,
b, ¢, f1, fo, f3 has a list of at least 3, 3, 4, 3, 4, 3 usable colours respectively,
and so it follows from Lemma 3.7.4 that G can be coloured from its lists. This

contradiction proves Claim 3.8.1. O

By Lemma 3.7.3 and Claim 3.8.1, it follows that B is K4-minor-free. Claim 3.4.1
implies that B 2 K5 and Claim 3.4.3 implies that B is not a cycle; so B has at
least two vertices with degree at least 3 and dg(z9) > 3. Let B; be the graph

as defined at the start of Section 3.7. By Claim 3.4.5 B; is not Kj-minor-free.
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However, since By is a minor of B this implies that B is not K -minor-free. This

contradiction completes the proof of Theorem 3.8.1. O

3.9 Edge-face choosability and edge-face colou-
rability of plane embeddings of (K, + (K; U

K5))-minor-free graphs

In this section we will first prove part (i) of Theorem 3.7.1, which is included in
Theorem 3.9.1. We will then prove parts (i7i) and (iv) of Theorem 3.7.1, which

are restated in Theorem 3.9.2.

Turorem 3.9.1. Let G be a plane embedding of a (Ky + (K; U Ky))-minor-free
graph with mazimum degree A. Then che(G) < A+ 2 if A > 3.

Proof. Fix the value of A > 3 and suppose, if possible, that G is a plane embedding
of a (K3 + (K; U K3))-minor-free graph with maximum degree at most A such
that che(G) > A + 2. Assume that every edge e and every face f of G is given a
list L(e) or L(f) of A + 2 colours such that G has no proper edge-face colouring

from these lists.

From the well-known result [31] that a planar graph is 5-choosable, it follows that
the faces of G' can be coloured from their lists since A > 3. Since every edge is
incident with at most two faces, it follows that every edge has at least A usable
colours in its list. Since ch’(G) = A by Theorem 3.7.2, it follows that these edges

can be coloured. O
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Note that by Theorem 3.1.1(vi)—(viii) and Theorem 3.9.1, if G is a plane em-
bedding of a (K, + (K; U Ks))-minor-free graph with maximum degree A, then
Xef(G) < chet(G) < 5if A < 3 and chet(G) <6 if A =4,

TureoreM 3.9.2. Let G be a plane embedding of a (Ky + (K, U Ky))-minor-free

graph with mazimum degree A > 4. Then

(i) chet(G) < A+14f A > 5

(i) Xet(G) S A+1=5if A=4.

Proof. Fix the value of A > 4 and suppose, if possible, that G is a plane embedding
of a (Ky + (K; U Ks))-minor-free graph with the smallest number of vertices and
maximum degree at most A such that G is a counterexample to either part.
Assume that every edge e and every face f of G is given a list L(e) or L(f) of
A + 1 colours such that G has no proper edge-face colouring from these lists, and
assume that these lists are all identical if A = 4. Clearly G has neither a trivial
component nor a Ky component; so every component C' of G has at least three

vertices. Let C and B be as defined at the start of Section 3.7.

Cramm 3.9.1. B 22 K.

Proof. Suppose that B = K, and let the elements of B be labelled as in Figure 3.11.

(¢): By hypothesis G — (B — z) has a proper edge-face colouring from its lists in
which f is coloured. Since dg(z9) < A, there are at most A — 3 coloured edges of

G — (B — zp) incident with zg. So each of the remaining elements
ac, aanbZOaCZO7flaf27f3abc7 ab (322)

has a list of at least 6, 3, 3, 4, 5, 5, 5, 6, 5 usable colours respectively. If we try to

colour the remaining elements in the order (3.22) then it is only with ab that we
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may fail. Now either |L'(ab)| > 6, or else ac can be given a colour that is not in

L'(ab). In each case the remaining elements can be coloured in the order (3.22).

(7i): By hypothesis G — (B — zy) has a proper edge-face colouring in which f
is coloured, and in which the edge of G — (B — zj) incident with zy is given a
colour different from f. Since G has five colours there are a further three different
colours available for each of the edges azy, bzy and czy. It follows that the five
colours can be given to the remaining elements in the following pairs: {ac, f},
{azo,bc}, {czo, fa}, {b20, f1}, {ab, f3}. This contradiction completes the proof of
Claim 3.9.1. O

By Lemma 3.7.3 and Claim 3.9.1, it follows that B is K4-minor-free. Claim 3.5.1
implies that B 2 K, and Claim 3.5.2 implies that B is not a cycle; so B has at
least two vertices with degree at least 3 and dg(z9) > 3. Let B; be the graph
as defined at the start of Section 3.7. By Claim 3.5.8 B; is not K4 -minor-free.
However, since B; is a minor of B this implies that B is not Kj-minor-free. This

contradiction completes the proof of Theorem 3.9.2. O

3.10 Entire choosability of plane embeddings of
(K3 + (K1 U K3))-minor-free graphs
In this section we will first prove part (v) of Theorem 3.7.1 if A = 3, which is

restated in Theorem 3.10.1. We will then prove part (v) of Theorem 3.7.1if A > 4,

which is restated in Theorem 3.10.2.

Tueorem 3.10.1. Let G be a plane embedding of a (Ky + (K; U Ky))-minor-free

graph with mazimum degree 3. Then chyt(G) < 7.
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Proof. Suppose, if possible, that G is a plane embedding of a (K, + (K; U K3))-
minor-free graph with maximum degree 3 such that chy(G) > 7. Assume that
every vertex v, every edge e and every face f of G is given a list L(v), L(e) or

L(f) of 7 colours such that G has no proper entire colouring from these lists.

Since chy(G) < 5 by Theorem 3.8.1, it follows that the vertices and faces of G
can be coloured from their lists. Since every edge is incident with two vertices
and at most two faces, every edge has at least 3 usable colours in its list. Since

ch’(G) = 3 by Theorem 3.7.2, it follows that these edges can be coloured. O

Note that by Theorem 3.1.1(vi)—(viii) and Theorem 3.10.1, if G is a plane embed-
ding of a (K, + (K U K;))-minor-free graph with maximum degree A < 3, then
Chvef(G) S 7.

Turorem 3.10.2. Let G be a plane embedding of a (Ky + (K1 U Ky))-minor-free

graph with mazimum degree A > 4. Then

(i) chyt(G) < A+2if A > 5;

(i) chyet(G) <7 if A = 4.

Proof. Fix the value of A > 4 and suppose, if possible, that G is a plane embedding
of a (K3 + (K; U K3))-minor-free graph with the smallest number of vertices and
maximum degree at most A such that G is a counterexample to either part.
Assume that every vertex v, every edge e and every face f of G is given a list
L(v), L(e) or L(f) of A+ 2 or 7 colours as appropriate. Assume also that G
has no proper entire colouring from these lists. Clearly G has neither a trivial
component nor a Ky component; so every component C' of G has at least three

vertices. Let C and B be as defined at the start of Section 3.7.
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Cram 3.10.1. B % K.

Proof. Suppose that B = K, and let the elements of B be labelled as in Figure
3.11. Then, by hypothesis, G — (B — z) has a proper entire colouring from its lists
in which both f and z; are coloured. Since dg(z9) < A, there are at most A — 3
coloured edges of G — (B — zp) incident with zy. So each of the remaining elements
azy, bzo, czo, f1, f3, f2, a, b, ¢, ab, ac, be, ab has a list of at least 3, 3, 4, 5, 5, 6, 5,
5, 6, 6, 7, 7 usable colours respectively, and so it follows from Lemma 3.7.5 that

G can be coloured from its lists. This completes the proof of Claim 3.10.1. a

By Lemma 3.7.3 and Claim 3.10.1, it follows that B is K -minor-free. Claim 3.6.1
implies that B 2 K5 and Claim 3.6.2 implies that B is not a cycle; so B has at
least two vertices with degree at least 3 and dg(z9) > 3. Let B; be the graph
as defined at the start of Section 3.7. By Claim 3.6.13 B; is not Kj4-minor-free.
However, since By is a minor of B this implies that B is not K -minor-free. This

contradiction completes the proof of Theorem 3.10.2. O

Since we have now proved Theorem 3.3.1 and Theorem 3.7.1 this completes the

proof of Theorem 3.1.1.



Chapter 4

List-colouring the square of a

K-minor-free graph

4.1 Introduction

The List-Square-Colouring Conjecture (LSCC), which was proposed in 2001 by
Kostochka and Woodall [21], states that ch(G?) = x(G?) for every graph G. The

LSCC! is known to be true for all graphs G with maximum degree A =0, 1 or 2.

If G is a Ky-minor-free graph with maximum degree A > 3, then although we
cannot prove that ch(G?) = x(G?), we can prove the same sharp upper bound for
ch(G?) as for x(G?). In 2003, Lih, Wang and Zhu [24] proved the results in the
following theorem. They also gave examples to show that these results are sharp,

but in (4.1) for even A > 4 their examples are wrong,.

Tueorem 4.1.1. [24] Let G be a K4-minor-free graph with mazimum degree A.

Then
A+3 if A =2 or3;

S3A]+1 if A >4

X(G?) <

1See page 11 for further details.
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and

) A+2 if A =2 or3;
degeneracy(G7) < (4.1)
3A]+1 if A>4.

In this chapter we will prove that the upper bounds for y(G?) are sharp for ch(G?)
also, and we will prove a stronger form of (4.1) with [2A] in place of [3A] + 1.
By using the examples of Lih, Wang and Zhu, we will show that these results are

sharp for all A. The situation is summarised in the following theorem.

Recall that a graph G is k-degenerate, where k > 0, if every induced subgraph of
G has minimum degree at most k, and that degeneracy(G) is the smallest integer
k for which G is k-degenerate.? Recall also that the colouring number col(G) is
the least k for which the vertices can be ordered so that every vertex is preceded

by fewer than k of its neighbours; so col(G) = degeneracy(G) + 1.

Tueorem 4.1.2. [15] Let G be a K4-minor-free graph with mazimum degree A.

Then
A+3 if A =2 or3;

SA]+1 if A>4;

ch(G?) <

and

A+2 if A=2 or3;
degeneracy(G?) < (4.2)
[BA] if A >4

Cororrary 4.1.3. Let G be a Kyq-minor-free graph with mazimum degree A.

Then
A+3 if A =2 or3;

COI(G2) <
[BAT+1 fA>4

Proof. Since col(G) = degeneracy(G) + 1 the results follow immediately from
Theorem 4.1.2. O

2See page 5 for further details.
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Figure 4.1

We will now show that Theorem 4.1.2 and Corollary 4.1.3 are sharp. By definition,
any examples that are sharp for degeneracy(G?) are also sharp for col(G?). If
A = 2, then let G = Cjs so that degeneracy(G?) = 4 = A + 2 and ch(G?) =
5=A+3. If A =3, then let G be the graph formed from a 4-cycle zuyvz by
adding a path of length 3 between x and y, as shown in Figure 4.1(a), so that
degeneracy(G?) = 5 = A + 2 and ch(G?) = 6 = A + 3. It remains to show that

the results for A > 4 are sharp.

If A is even, let A = 2k, where & > 2. Let G, be the graph formed from a
path xuy by adding k paths of length 2 between x and y, and by adding k& — 1
paths of length 2 between both = and u, and u and y. Now G? = K31, and so
degeneracy(G?) = 6(G?) = 3k = [2A] and ch(G?) = 3k + 1 = |3A] + 1. Figure
4.1(b) shows G, when A = 4.

If Ais odd, let A = 2k + 1, where k > 2. Let GG, be the graph formed from a
path zuy by adding k + 1 paths of length 2 between z and y, and by adding k — 1

paths of length 2 between both z and u, and u and y. Now G? = K35, and so
ch(G2) =3k +2 = [$A] + 1. Figure 4.1(c) shows G, when A = 5.

It remains to show that (4.2) is sharp for odd A. Let Ggy1 be the graph formed
from two nonadjacent edges ux and vy by adding k 4 1 paths of length 2 between

both v and v, and x and y, and by adding k£ — 1 paths of length 2 between both x
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and u, and v and y. Now degeneracy(G?) = 0(G3,,) = 3k + 2 = [2A], which is
the degree in G? of every vertex of degree 2 in Gopy1. Figure 4.1(d) shows Gapiq
when A = 5. These examples show that Theorem 4.1.2 and Corollary 4.1.3 are
sharp for all A.

The rest of this chapter is devoted to a proof of Theorem 4.1.2. We will make use

of the following theorem of Dirac [9].

Tueorem 4.1.4. [9] Every K -minor-free graph has at least one vertex with degree

at most 2.

4.2 Proof of Theorem 4.1.2

If G is a K -minor-free graph with maximum degree A = 2 or 3, then since
Lih, Wang and Zhu [24] proved that degeneracy(G?) = A + 2, it follows that
ch(G?) < A + 3. It remains to prove the results for A > 4, which we restate in

the following theorem.

Tueorem 4.2.1. [15] Let G be a Ky -minor-free graph with mazimum degree

A > 4. Then G? is [2

3A-degenerate and ch(G?) < [3A] +1.

Proof. Fix the value of A > 4 and suppose, if possible, that G4 and Gy are
K4-minor-free graphs with the smallest number of vertices and maximum degree

at most A such that G3 is not [3A7-degenerate and ch(G?) > |3A] + 1. Then

§(GH) > [3A1+1> [2A|+1>A+3. (4.3)

Assume that every vertex v of Gy is given a list L(v) of [2A]+1 > A+ 3 colours
such that G? has no proper colouring from these lists. Let G denote Gq or Gj.

Clearly G is connected.
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Cram 4.2.1. G does not contain a vertex of degree 1.

Proof. Suppose that u is a vertex of degree 1 in GG that is adjacent in G to v. Now
dg2(u) < A, which by (4.3) is a contradiction if G = Gg4; so we may assume that
G = Gs. Let H = G —u. By hypothesis H?> = G? — u has a proper colouring from
its lists. Now u can be given a colour from its list since it has only A neighbours
in G? and a list of at least A + 3 colours. These contradictions complete the proof

of Claim 4.2.1. O
Cram 4.2.2. G does not contain two adjacent vertices of degree 2.

Proof. Suppose that zuvy is a path in G (or a cycle if # = y) where both v and v
have degree 2 in G. Now dg2(u), dg2(v) < A+ 2, which by (4.3) is a contradiction
if G = Gq; so we may assume that G = Gs. Let H = G — {u,v}. By hypothesis
H? = G* — {u,v} has a proper colouring from its lists. Now each of v and v can

be given a colour from its list since each has only A + 2 neighbours in G? and a

list of at least A 4 3 colours. These contradictions prove Claim 4.2.2. O

We will now consider an arbitrary vertex of degree 2 in GG. Let w be such a vertex
that is adjacent in G to v and x. Let M,, be the set of vertices of degree 2 in G
that are adjacent in G to both uw and z (so that w € M,,), and let m,, be the
number of such vertices. Also, let m!  be the number of vertices of degree at least
3 in G that are adjacent in G to both v and z. Let H = G —w if uz € F(G), and
let H=G —w+uz if ur ¢ F(G); so G* —w C H.

By (4.3), and since a colouring of H? can be extended to G? if dg=(w) < [2A],
we may assume that

de2(w) > [3A]+1> A +3. (4.4)

However,

dez(w) < dg(u) +dg(x) — myz + 1 —ml, — 264, (4.5)
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where ¢,, = 1 if v and z are adjacent in G, and 0 otherwise. We will use this

terminology throughout the rest of this chapter.

If A(G) > 3, then let G be the graph whose vertices are the vertices of G that
have degree at least 3 in GG, where two vertices are adjacent in G, if and only
if they are connected in G by an edge or by a path whose interior vertices have

degree 2.

Cram 4.2.3. G exists and does not contain a vertex of degree 0 or 1. Moreover,

G contains at least one vertex of degree 2.

Proof. Claims 4.2.1 and 4.2.2 imply that (G; exists and does not contain a vertex
of degree 0. Suppose that u is a vertex of degree 1 in (G; that is adjacent in G to
x. By the definition of G; and by Claim 4.2.2, there is a vertex w of degree 2 in
G such that w € M,,. However, dg2(w) < A + 1, which contradicts (4.4). So G
does not contain a vertex of degree 1. Since (7 is a minor of G, it follows that G
is K{4-minor-free. By Theorem 4.1.4, G; has a vertex of degree 2. This completes

the proof of Claim 4.2.3. O

(k—1) (k+1)

(k+1) (k)

Figure 4.2

Cram 4.2.4. A is odd, say A = 2k + 1, where k > 2 since A > 4. Furthermore,
every vertex of degree 2 in G occurs in G as vertex u in Figure 4.2, where x is

not adjacent to y, and where only x and y are adjacent in G to vertices not shown.

Also, de(u) = da(z) = da(y) = A, and de2(w) = [3A] for every w € My, U My,
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Proof. (G has a vertex of degree 2 by Claim 4.2.3. Let u be such a vertex that is

adjacent in GG; to x and y. By the definition of G; and by Claim 4.2.2,

de(u) = Muyg + Muyy + Euz + Euys (4.6)

where m,, and m,, are not both 0. If m,, # 0, then there exists a vertex w € M,,

such that (4.5) gives
dez (W) < Myg + My + g + Euy + da(@) — My + 1 —mi, — 264,

<A+ 14+ myy — €yg + Euy- (4.7)

Now if my,, = 0, then (4.7) gives dg2(w) < A+ 2, which contradicts (4.4), and so,
by symmetry, m,, and m,, are both non-zero. Let w € M,, and v’ € M,,. Then

by analogy with (4.7)

dez(W') <A+ 1+ Mmyy + Euz — Euy. (4.8)

From (4.7) and (4.8) it follows that

min{degz(w), dgz(w')} <A+ 1+ (Muy + May)
<A+ 14 3(da(u) — ey — Euy) (4.9)

<3A+1
If €., and e, are both 1, then min{dg:(w),dg2(w')} < A, which contradicts
(4.4). If £, and €, are both 0, then
de2(u) =dg(u) +2 < A+ 2,

which by (4.3) is a contradiction if G = Gq; so we may assume that G = G and
without loss of generality that dgz(w) < dgz(w’). Let H = G — w. By hypothesis

H? = G? — w has a proper colouring from its lists. To extend a colouring of H? to
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G? first uncolour u, then colour w, and then recolour u. This contradiction shows

that one of ¢,, and ¢,, equals 1, and the other equals 0.

Consequently, (4.9) implies that min{dg2(w), dg2(w')} < 2A+1. If A'is even this
contradicts (4.4); so we may assume that A is odd, say A = 2k + 1, where k > 2
since A > 4. So, for (4.4) to hold, min{dgz(w),de2(w')} = [2A] +1 = [2A],
which implies that dg(u) = A, and so equality holds in (4.9). So equality holds
also in (4.7) and (4.8), and so dg2(w) = de2(w') = [2A] +1 = 3k + 2 and
da(z) = dg(y) = A. This implies that m;,, = m,, = 0, and so z is not adjacent
to y. Furthermore, we may assume without loss of generality that ,, = 1 and
ey = 0, and so my, =k — 1 and m,, = k+ 1 by (4.7) and (4.8). This completes
the proof of Claim 4.2.4. O

Since dgz(w) = [2A], which contradicts (4.3) if G = Gq, this completes the proof

that Gq is [2A]-degenerate. So from now on we will assume that G = Gy and

that every vertex of G is given a list of L%AJ + 1 = 3k + 2 colours. For each

uncoloured vertex v in G2, let L'(v) denote the list of usable colours for v; that is,

L'(v) denotes L(v) minus any colours already used on neighbours of v in G?.

w w
u - L ks U<E>$<(k)
/ / k+1)
w v s (E+1) w (k—1)
k+1
k1) (k+1)
(k+1) (k)
v Y v Y
w// w//

Figure 4.3
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Cram 4.2.5. G does not contain two adjacent vertices of degree 2.

Proof. Suppose that zuvy is a path in Gy where both u and v have degree 2 in Gy.
By Claim 4.2.4, it follows that v and v occur in G as in Figure 4.3(a) or 4.3(b),
where in each case only x and y are adjacent in G to vertices not shown. Note
that x # y since in Figure 4.3(a), by Claim 4.2.4,  and v must not be adjacent,
and in Figure 4.3(b) the maximum degree of G would be exceeded. Note also
that = and y may be adjacent in G, which would reduce by one the number of
neighbours in G of both x and y that are not shown, but this does not affect the
following argument. Let w € M,,, w’' € M,, and w" € M,,. Let H = G —w'. By
hypothesis H? = G? — w' has a proper colouring from its lists. First uncolour all
vertices in M, U M,, U M,,,. Note that since each uncoloured vertex has degree
3k+2= [%AJ + 1 in G?, if we try to recolour the vertices in M, U M,, U M,,, it

is only with the last vertex to be coloured that we may fail.

In Figure 4.3(a), both w and w” have k + 3 coloured neighbours and w’ has four
coloured neighbours, and so |L/(w)| > 2k — 1, |L'(w”)| > 2k — 1 and |L'(w")| >
3k — 2. Now either |L'(w')| > 4k — 2 > 3k — 2, or else we can colour w and w” so
that they either have the same colour or one of them has a colour that is not in
L'(w'), since if L'(w) N L'(w") = 0, then |L'(w) U L'(w”")| > 4k — 2. In each case

the remaining vertices can be coloured with w’ being coloured last.

So we may assume that v and v occur as in Figure 4.3(b). First uncolour u. Since
u has two coloured neighbours, it follows that |L'(u)| > 3k. Furthermore, w” has
k + 2 coloured neighbours, and so |L'(w")| > 2k. Now either |L'(w")| > 3k, or
else u can be given a colour that is not in L'(w”). In each case colour u. The
remaining vertices can now be coloured with w” being coloured last. In every case

the colouring can be completed, which is the required contradiction. O
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If A(G1) > 3, then let G5 be the graph whose vertices are the vertices of GGy that
have degree at least 3 in (G, where two vertices are adjacent in G4 if and only
if they are connected in (G; by an edge or by a path whose interior vertices have

degree 2.

Cram 4.2.6. G exists and does not contain a verter of degree 0 or 1.

Proof. Claims 4.2.3 and 4.2.5 imply that G5 exists and does not contain a vertex
of degree 0. Suppose that x is a vertex of degree 1 in GGy that is adjacent in G,
to y. By the definition of GGy and by Claim 4.2.5, there are at least two vertices
of degree 2 in (; that are adjacent in GG; to both z and y. Let u and v be two
such vertices. Then in G, by Claim 4.2.4, u contributes k to the degree of x or y
and k + 1 to the other, as does v. Since A = 2k + 1, it follows that x and y have

degree 2 in GGy, which contradicts Claim 4.2.5. This contradiction completes the

proof of Claim 4.2.6. O
u
: 0 y
Figure 4.4

Cram 4.2.7. Gy does not contain a verter of degree 2.

Proof. Suppose that v is a vertex of degree 2 in G5 that is adjacent in Gs to x
and y. By the definition of G5 and by Claim 4.2.5, there is at least one vertex of
degree 2 in GGy that is adjacent in G; to either v and z, or v and y. In fact, there
is exactly one such vertex, say u, since otherwise the maximum degree would be

exceeded in (¢, and so we may assume without loss of generality that v occurs
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Figure 4.5

in Gy as in Figure 4.4. So, by Claim 4.2.4, v occurs in G as in Figure 4.5(a) or
4.5(b), where in each case only x and y are adjacent in G to vertices not shown,
and where m,, > 1 by Claim 4.2.2 and since z is not adjacent to v in G. Note
that x and y may be adjacent in G, which would reduce by one the number of
neighbours in G of both x and y that are not shown, but this does not affect the
following argument. Note also that x has at least one neighbour in G not shown
(or is adjacent to y) since otherwise u and z are adjacent vertices of degree 2 in
G, which contradicts Claim 4.2.5. So 1 < m,, < k — 1 in Figure 4.5(b), and the
same is true in Figure 4.5(a) since dg(v) = 2k + 1 and v is adjacent to y in G;.

Furthermore, in Figure 4.5(b), this implies that m,, > 1. Note also that

ey = kE—myy — ey in Figure 4.5(a), (4.10)
k+1—my, — ey in Figure 4.5(b).

Let w € My,, w' € M,, and w" € M,,. Also, in Figure 4.5(b), let w" € M,,,.
Let H = G — w'. By hypothesis H?> = G? — w' has a proper colouring from its
lists. Note that dg2(w’) = 3k + 2 = |L(w')|, and so after applying a colouring of
H? to G? we may assume that each of the colours on the neighbours of w’ in G?
are different and are in L(w') since otherwise w’ could be given a colour from its
list. In what follows we will recolour some of the neighbours of w’ in G? so that

either two of them have the same colour, or one of them has a colour that is not
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in L'(w'"). We will then colour w'.

In Figure 4.5(a), first uncolour all vertices in {u,v,w”} U M,, U M,,. Now

()], |[L(w)] = Bk+2) = (k+1=my)— (M —1) =1,
IL'(w')] = (Bk+42)— (Mmyy —1) —myy —epy — 1,
IL'(w™)] > Bk+2)—(k+1—myy) — (Myy — 1) — iy — 1 — &4y,
IL'(v)] > (Bk42) — (Mye — 1) — My — 2 — €4y (A — My — £4y),

and so, by (4.10), it follows that |L'(u)| > 2k + 1, [L/(w)| > 2k + 1, |L'(w')| =
2k + 2, |[L'(w")| > k4+1+my, > k+2and |L'(v)] > k—my, +1 > 2. Since
|L'(w)| + |L'(v)| > |L'(w")|, we can now colour w and v so that they either have
the same colour, or one of them has a colour that is not in L'(w’). In each case,
since k > 2, we can now colour u and w”. Next, we can colour all the remaining
vertices z € M,, U M,, ending with w’, since dg2(z) = 3k + 2 and w’ has at least

one usable colour in its list at the time of its colouring.

So we may assume that v occurs as in Figure 4.5(b). First uncolour all vertices in

{u, ", w"} U My, UM,,. Now

|L'(u)] > (Bk+2 Mz — 1

L (w)| > (3k+2

k — myy

L") > (3k+2) — (e — 1

) ( )= ( )= ( )
) ( )= ( )= ( )
IL'(w)] = (Bk+2) = (my —1) = (myy, —1) — 1 — ey,
) ( )= ( )= ( )
) ( )= ( )= ( )

|[L'(w™)] > (Bk+2 k— My,

and so, by (4.10), it follows that |L'(u)| > 2k+1, |L'(w)| > 2k+1, |L'(w")| = 2k+2,
|IL'(w")| > k41— my, + ey > 2 and |L'(w")] > k+1+m,, >k+2. Since
|L'(w)|+ |L (w")| > |L'(w")|, we can now colour w and w” so that they either have
the same colour, or one of them has a colour that is not in L'(w’). In each case,

"

since k > 2, we can now colour u and w". Next, we can colour all the remaining
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vertices z € My, U M, ending with w’, since dg2(2) = 3k + 2 and w’ has at least
one usable colour in its list at the time of its colouring. In every case the colouring

can be completed, which is the required contradiction. O

So, by Claim 4.2.6 and Claim 4.2.7, G5 has minimum degree at least 3, which by
Theorem 4.1.4 implies that G is not K -minor-free. Since (G5 is a minor of G
this implies that GG is not K -minor-free. This contradiction completes the proof

of Theorem 4.2.1. O



Chapter 5

List-colouring the square of a

K9 3-minor-free graph

5.1 Introduction

As mentioned at the start of Chapter 4, the List-Square-Colouring Conjecture
(LSCCQC) [21] states that ch(G?) = x(G?) for every graph G. The LSCC! is known
to be true for all graphs G with maximum degree A = 0, 1 or 2. Furthermore, it

is obvious that ch(G?) > x(G?) > x(Kf,) = A+ 1.

Recall that a graph is outerplanar if and only if it is both K -minor-free and
K5 g-minor-free [7]. In Chapter 4 we considered the square of a Kj-minor-free
graph. In this chapter we will consider the square of a Kjs3-minor-free graph.
In fact, we will prove that the LSCC holds for all Kjs-minor-free graphs with
maximum degree A > 6. We will also prove a sharp upper bound for K s-minor-
free graphs with maximum degree A € {3,4,5}. The situation is summarised
in the following theorem, which is the same as for the slightly smaller class of

outerplanar graphs.

1See page 11 for further details.
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TueoreMm 5.1.1. [16] Let G be a Ky 3-minor-free graph with mazimum degree A.
Then the LSCC holds if A > 6. In fact,

(1) A+1<x(G?) <ch(G?) <A+2ifA>3;

(i1) A+1=x(G?) = ch(G?) if A > 6.

(a) (b)

Figure 5.1

We will now show that Theorem 5.1.1 is sharp. Since A+ 1 < x(G?) < ch(G?), it
remains to show that the upper bound of A + 2 is sharp if A € {3,4,5}. In fact,
the upper bound is sharp even for x(G?) and even for the slightly smaller class of
outerplanar graphs. If A = 3 or 4, then let G be the graph in Figure 5.1(a) or 5.1(b)
respectively. Since G? & Ka . it follows that ch(G?) = A + 2. Tt is not difficult
to see that these are the smallest extremal examples if A = 3 or 4. If A =5, then
let G be the graph in Figure 5.1(c), and suppose that x(G?) = A+1 = 6. Let the
six colours be the integers 1,2,...,6. Starting with z and continuing clockwise,
colour the neighbours of x in G with 1,2,...,5. Now x must be coloured 6 and u
must be coloured 5. This gives a contradiction since each of v, w, y must now be
coloured 1 or 2 and these three vertices are adjacent to each other in G?. From
this last step it is not difficult to see that x(G?) = A + 2. This example is one
of two smallest known extremal examples if A = 5, both of which have order 10.

These examples show that Theorem 5.1.1 is sharp for all A.
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Figure 5.2

If A =3 or 4, then there is, in fact, an infinite family of minimal (under subgraph-
inclusion) extremal examples that require A 4+ 2 colours. One member of each
family is shown in Figure 5.2. Suppose that only A+1 colours are available. Then
every vertex labelled v must have the same colour, which gives a contradiction on

the bottom edge.

The rest of this chapter is devoted to a proof of Theorem 5.1.1. We will make use

of the following lemma.

Lemma 5.1.2. Let G be a Ky 3-minor-free graph. Then each block of G is either

Ky-minor-free (and hence outerplanar) or else isomorphic to Ky.

Proof. Suppose that B is a block of G that has a K, minor. Since A(K,) = 3, it
follows that B has a subgraph B’ that is homeomorphic to Kj. If an edge of K,
is subdivided, or if a path is added joining two vertices of Ky, then a K33 minor

is formed. So B’ = K, and B = Kj. O

5.2 The start of the proof of Theorem 5.1.1

Since A + 1 < x(G?) < ch(G?), it remains to prove that ch(G?) < A+2if A >3

and that ch(G?) < A+ 1if A > 6. Fix the value of A > 3 and suppose, if
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possible, that G is a K3 s-minor-free graph with the smallest number of vertices
and maximum degree at most A such that ch(G?) > A+2 or A+1 as appropriate.
Assume that every vertex v of G is given a list L(v) of A+ 2 or A + 1 colours, as
appropriate, such that G? has no proper colouring from these lists. Clearly G is
connected and is not K,. If GG is 2-connected, then let B = G and let zy be any

vertex of GG; otherwise, let B be an end-block of G with cut-vertex z.

Cram 5.2.1. Not every vertex in B — zg is adjacent to zg.

Proof. Suppose that every vertex in B — z; is adjacent to z5. Let u be a vertex in
B — 2y and let H = G — u. By hypothesis H?> = G? — u has a proper colouring
from its lists. Since dg2(u) = dg(z0) < A, it follows that u can be given a colour

from its list. This contradiction proves Claim 5.2.1. O

Cram 5.2.2. G does not contain three vertices u, v, w of degree 2 such that

w,vw € E(G).

Proof. Suppose that G does contain three vertices u, v, w of degree 2 such that
w,vw € E(G). Let H = G — v + vw. By hypothesis G* — v C H? has a proper
colouring from it lists. Since dg2(v) = 4, it follows that v can be given a colour

from its list. This contradiction proves Claim 5.2.2. O

Cram 5.2.3. B consists of a cycle C' with at least one chord.

Proof. By Lemma 5.1.2, each block of G is either K -minor-free (and hence out-
erplanar) or else isomorphic to K. By Claim 5.2.1, B 2 K,, K3 or K4, and so
B is a 2-connected outerplanar graph that consists of a cycle C' with chords. By

Claim 5.2.2, C' has at least one chord. This completes the proof of Claim 5.2.3. O
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Let B be embedded in the plane so that C' bounds the exterior face. Let a cap be
a region R of the plane that is bounded by a chord zy and a segment C” of C' such
that if 29 € R, then zy = x or y. (This is a slight modification of the definition
of a cap given in [6].) We will call z and y the end-vertices of R. By an abuse of
terminology we will refer to an edge of C' as a 0-cap. For ¢ > 1, an i-cap is a cap
that properly contains an (7 — 1)-cap and is minimal with this property. Since B
is outerplanar and consists of a cycle C' with at least one chord, it follows that B

contains a 1-cap.

The proof now splits into two sections. In Section 5.3 we will prove that ch(G?) <
A+2if A > 3. In Section 5.4 we will prove that ch(G?) < A+1if A > 6, although
we will postpone the proofs of Claims 5.4.7-5.4.22 until the end of Section 5.4 since

these proofs are long and involved.

5.3 Proof that ch(G?) < A+2if A >3

In this section we will assume that every vertex v of G is given a list L(v) of
A + 2 colours such that G? has no proper colouring from these lists. For each
uncoloured vertex v in G2, let L'(v) denote the list of usable colours for v; that is,

L'(v) denotes L(v) minus any colours already used on neighbours of v in G.

Cram 5.3.1. Every 1-cap in B is a triangle xuy where dg(u) = 2, dg(x) > 4
and dg(y) > 4.

Proof. By definition, a 1-cap is a region bounded by a chord zy and a segment
C" of C such that dg(u) = 2 for every u in C' — {z,y}. By Claim 5.2.2, C" is of
length at most 3. Suppose that either C' = xujusy, or C' = xuyy and at least one

of , y has degree at most 3 in G. Let H = G — u,. By hypothesis H? = G? — u;



List-colouring the square of a K, g-minor-free graph 106

has a proper colouring from its lists. Since dg2(u;) < dg(z)+1 < A+1, it follows
that u; can be given a colour from its list. This contradiction completes the proof

of Claim 5.3.1. O

Figure 5.3

Cram 5.3.2. B does not contain a 2-cap.

Proof. Suppose that B does contain a 2-cap. Let R be a 2-cap in B that is
bounded by a chord zy and a segment C” of C'. Since R properly contains a 1-cap
and is minimal with this property, it follows that there is at least one chord inside
R and that every such chord bounds a 1-cap. Working around C” from z to vy,
let x1y; be the first chord inside R, where, without loss of generality, y; is not an
end-vertex of R and x; lies on the segment of C’ between z and 1, where possibly
xr1 = z. By Claim 5.3.1, dg(v) > 4 for every vertex v on a chord inside R; so there
is another chord that is incident with ¥, say y1y2, and by the choice of xyy; it
follows that z; = x. If y, = y, then R looks like the configuration in Figure 5.3(a);
otherwise there is a chord y,y3, and if y3 = y, then R looks like the configuration
in Figure 5.3(b). It is not difficult to see that every other R in this sequence will
contain the configuration in Figure 5.3(c), where the dashed edge may or may not

be present.

Suppose first that R is as in Figure 5.3(a). Let H = G — u;. By hypothesis H? =
G* — uy has a proper colouring from its lists. Since dg2(u;) = dg(z) +1 < A+1,

it follows that u; can be given a colour from its list.
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So suppose that R is as in Figure 5.3(b). Let H = G — {uy,us,us,y1,y2}. By
hypothesis H? = G? — {uy, uz, u3, y1, Y2} has a proper colouring from its lists. Now
each of uy, us, 41, ¥» has at most A — 1 coloured neighbours in G2, and uy has 2

coloured neighbours in G?. So each of the remaining vertices

U1, Y1, Yo, Uz, Uz (5.1)

has a list of at least 3, 3, 3, 3, 4 usable colours® respectively. If we try to colour

the remaining vertices in the order (5.1) then it is only with us that we may fail.

If possible, give u; and uz the same colour. The remaining vertices can now be
coloured in the order (5.1). So we may assume that L'(u;) N L'(ug) = 0 so that
|L'(uy) U L'(u3)| > 6. Now either |L'(ug)| > 6, or else u; or uz can be given a
colour that is not in L'(uy). In each case the remaining vertices can be coloured

in the order (5.1), using a colour that is not in L'(us) at the first opportunity.

So suppose that R contains the configuration in Figure 5.3(c), where the dashed
edge may or may not be present. Let H = G — {uy,us, us, us, y1,%2,y3}. By
hypothesis H? = G? — {uy,us, uz, us, Y1, y2,y3} has a proper colouring from its
lists. Now each of uy, ug, 1, y3 has at most A — 1 coloured neighbours in G?, each
of 1y, uz has 1 coloured neighbour in G?, and %, has 2 coloured neighbours in G?.

So each of the remaining vertices

U1, Y3, Y1, Y2, Ug, U3, U2 (5-2>

has a list of at least 3, 3, 3, 4, 3, 5, 5 usable colours respectively. If we try to
colour the remaining vertices in the order (5.2) then it is only with us that we

may fail.

If possible, give u; and y3 the same colour. The remaining vertices can now be

coloured in the order (5.2). So we may assume that L'(u;) N L'(y3) = 0 so that

2Recall that L'(v) denotes the list of usable colours for v in G2.
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|L'(uy) U L'(y3)] > 6. Now either |L'(ug)| > 6, or else u; or ys can be given a
colour that is not in L'(uy). In each case the remaining vertices can be coloured
in the order (5.1), using a colour that is not in L'(us) at the first opportunity. In

every case the colouring can be completed, which is the required contradiction. O
Cram 5.3.3. B does not contain a 1-cap.

Proof. Suppose that B does contain a 1-cap. By Claim 5.3.2, every chord in B
bounds a 1-cap. Working clockwise around C' from zj, let zy be the first chord in
B that bounds a 1-cap, where, without loss of generality, y # zo. If x = 2, then
2oy bounds two 1-caps, and so dg(y) = 3, which contradicts Claim 5.3.1. So we
may assume that = # zg. Since dg(z) > 4 by Claim 5.3.1, it follows that there is
another chord xy;, where y; is on the segment of C' between y and zy by the choice
of xy. However, xy; bounds a cap that is not a 1-cap since it properly contains

the chord xy. This contradiction completes the proof of Claim 5.3.3. O

Since Claim 5.3.3 contradicts Claim 5.2.3, this completes the proof that ch(G?) <
A+2if A > 3.

5.4 Proof that ch(G?) < A+1if A >6

In this section we will assume that every vertex v of G is given a list L(v) of

A +1 > 7 colours such that G? has no proper colouring from these lists.
Cram 5.4.1. Ewvery vertex of degree 2 in G has degree at least A + 1 in G?.

Proof. Suppose that u is a vertex of degree 2 in G whose neighbours in GG are x
and y such that dg2(u) < A. Let H=G—uifzy € E(G) and let H = G—u+xy

if vy ¢ E(G). By hypothesis G — u C H? has a proper colouring from its lists.
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Since dg2(u) < A, it follows that uw can be given a colour from its list. This

contradiction proves Claim 5.4.1. O
u (51 (%)
A x@ y
x Y A A
(a) (b)
Figure 5.4

Cram 5.4.2. Every l-cap in B looks like the configuration in Figure 5.4(a) or
5.4(b), where dg(z) + da(y) > A+ 3 in Figure 5.4(a), and dg(x) = da(y) = A in
Figure 5.4(b).

Proof. By the definition of a 1-cap and by Claim 5.2.2, it follows that every 1-cap
in B looks like the configuration in Figure 5.4(a) or 5.4(b). By Claim 5.4.1, it

follows that in Figure 5.4(a)
A+1<dg(u) <dg(z) +daly) — 2,
and in Figure 5.4(b)

dgz(u1) < dg(z) +1,
dGz (QLQ) < dg(y) + 1.

A+1<

This completes the proof of Claim 5.4.2. O
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(51 n (31 n Ug (251 n Y2 Ug
Uz

Y Y Y Y x Y

A >A-1 A A A A

Figure 5.5

Cram 5.4.3. Every 2-cap in B looks like the configuration in Figure 5.5(a), 5.5(b)

or 5.5(c), where the degree of both x and y are restricted as specified.

Proof. Let R be a 2-cap in B that is bounded by a chord zy and a segment C” of
C'. Since R properly contains a 1-cap and is minimal with this property, it follows
that there is at least one chord inside R and that every such chord bounds a 1-cap.
So dg(v) < 4 for every vertex v in C" — {x,y} since otherwise there would be a
chord inside R that bounds a cap that is not a 1-cap. By the degree restrictions in
Claim 5.4.2, it follows that every 1-cap in R looks like the configuration in Figure
5.4(a). Moreover, since A +3 > 9 > 4 + 4, every l-cap in R has z or y as an

end-vertex.

If R contains only one l-cap, then R is as in Figure 5.5(a) (or its reflection),
where the degree restrictions follow from Claim 5.4.1 since dg2(uy) = dg(z) + 1
and dgz2(u2) = dg(y) + 2. Note that if uy were not present, just an edge y;y, then
dg2(u1) = dg(x) < A, and if the edge usy were subdivided then dg2(ug) =5 < A,

which contradicts Claim 5.4.1 in each case.

If R contains two 1-caps, then R is as in Figure 5.5(b) or 5.5(c), where the degree
restrictions follow from Claim 5.4.1 since dg2(u1) = dg(z) + 1 and dg2(ug) =
dg(y)+1 in each case. Note that if the edge y;y> in Figure 5.5(¢) were subdivided
by a vertex v, then dg2(v) = 6 < A, which contradicts Claim 5.4.1. This completes

the proof of Claim 5.4.3. O
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Figure 5.6
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Cram 5.4.4. Every 3-cap in B looks like the configuration in Figure 5.6(a), where
dg(x) = dg(y) =A =06.

Proof. Let R be a 3-cap in B that is bounded by a chord xy and a segment C’
of C. Since R properly contains a 2-cap and is minimal with this property, it
follows that there is at least one chord inside R that bounds a 2-cap, and that
every chord inside R bounds a 1-cap or a 2-cap. Let v be an end-vertex of a 2-cap
Ry in R, where v # z,y. Then it follows from Claim 5.4.3 that dg,(v) < 3, and
so dg(v) < 6 < A since otherwise there would be a chord inside R that bounds
a cap that is not a l-cap or a 2-cap. Furthermore, dg(v) = A — 1 or A by the
degree restrictions in Figure 5.5. If dg(v) = A — 1, then dg,(v) = 2 and since
A — 1 > 5, it follows that v is the end-vertex of another cap R, that does not
contain R; such that dg,(v) > 3. However, this implies that Ry is a 2-cap, and
that dg(v) = A by the degree restrictions in Figure 5.5. This contradiction shows
that dg(v) # A — 1. So dg(v) = A = 6 for each end-vertex v of a 2-cap R; in R,
where v # x,y. Furthermore, dg, (v) = 3 and so v is the end-vertex another 2-cap
Ry in R, where dg,(v) = 3. Working around C” from z to y, let z1y; be the first
chord inside R that bounds a 2-cap R;, where, without loss of generality, v is
not an end-vertex of R and x; lies on the segment of C’ between x and y;, where
possibly z; = x. In fact, by the choice of x1y; it follows that x; = x, and there is
a path zy; ... y,y in R each edge of which bounds a 2-cap, where dg(y;) = A =6

for all 4.

If n =1, then R contains exactly two 2-caps. Since dg(y;) = A = 6, it follows
that R is one of the configurations in Figures 5.6(a)-5.6(f) (or their reflections).
However, Claims 5.4.7-5.4.11 show that R is as in Figure 5.6(a), where both x

and y have degree A = 6.
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If n = 2, then R contains exactly three 2-caps. Let Ry, Ry, R3 be the 2-caps
bounded by zy1, Y192, Y2y respectively. Since dg(y1) = dg(y2) = A = 6 and since,
by Claims 5.4.9 and 5.4.11, R does not contain the configurations in Figures 5.6(c),
5.6(¢) and 5.6(f), where in each case the dashed edge is not present, it follows
that Ry is a 2-cap of the type in Figure 5.5(b). Moreover, any 2-cap in R that does
not have = or y as an end-vertex is of the type in Figure 5.5(b). So R is one of
the configurations in Figures 5.6(¢g)—5.6(7) (or their reflections). However, Claims

5.4.12 and 5.4.13 show that this is impossible.

If n > 3, then R contains at least four 2-caps. Since any 2-cap in R that does
not have x or y as an end-vertex is of the type in Figure 5.5(b), and since R does
not contain the configurations in Figures 5.6(¢) and 5.6(i), where in each case the
dashed edge is not present, it follows that R contains exactly four 2-caps and that
R is as in Figure 5.6(j). However, Claim 5.4.14 shows that this is impossible. This

completes the proof of Claim 5.4.4. O

Cram 5.4.5. B does not contain a 4-cap. So every cap in B looks like one of the
configurations in Figures 5.4, 5.5 and 5.6(a), and so every end-vertex v of a cap

R has dr(v) < 3.

Proof. Suppose that B does contain a 4-cap. Let R be a 4-cap in B that is
bounded by a chord zy and a segment C” of C'. Since R properly contains a 3-cap
and is minimal with this property, it follows that there is at least one chord inside
R that bounds a 3-cap, and that every chord inside R bounds a 1-cap, a 2-cap or

a 3-cap.

Let v be an end-vertex of a 2-cap or a 3-cap R; in R, where v # x,y. As in the
proof of Claim 5.4.4, by the degree restrictions for v, it follows that dg(v) = A =6
and dg, (v) = 3, and so there is a path zy; ...y,y in R each edge of which bounds

a 2-cap or a 3-cap, where dg(y;) = A = 6 for all 1.
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If n = 1, then since dg(y;) = A = 6 and at least one of zy; and y;y bounds a
3-cap, it follows that R is one of the configurations in Figures 5.7(a)-5.7(d) (or

their reflections). However, Claims 5.4.15-5.4.18 show that this is impossible.

If n = 2, then let Ry, Ry, R3 be the caps in R bounded by xy1, y1y2, Y2y respec-
tively. Since dg(y1) = dg(y2) = A = 6 and since, by Claims 5.4.9, 5.4.11 and
5.4.17, R does not contain the configurations in Figures 5.6(c), 5.6(e), 5.6(f) and
5.7(c), where in each case the dashed edge is not present, it follows that Ry looks
like the configuration in Figure 5.5(b) or 5.6(a). Moreover, any 2-cap in R that
does not have x or y as an end-vertex is of the type in Figure 5.5(b). So R is one of
the configurations in Figures 5.8(a)-5.8(7) (or their reflections). However, Claims

5.4.19-5.4.20 show that this is impossible.

If n > 3, then let Ry, Ry, R3, R4y be the caps in R bounded by xyi, y1vy2, y2ys,
ysy; respectively, where possibly y; = y. Since each of Ry and R looks like
the configuration in Figure 5.5(b) or 5.6(a), and since R does not contain the
configurations in Figures 5.6(¢), 5.7(c), 5.8(b), 5.8(¢), 5.8(¢9)—5.8(7), where in each
case the dashed edge is not present, it follows that y; = y, and that R is as in
Figure 5.7(e) or 5.7(f) (or their reflections). However, Claims 5.4.21 and 5.4.22
show that this is impossible. In every case we have obtained a contradiction, which

proves Claim 5.4.5. O

Cram 5.4.6. B does not contain a chord.

Proof. Suppose that B does contain a chord. Then working clockwise around C
from zg, let zy be the first chord in B that bounds a cap R;, where, without loss
of generality, y # 2y, and if = is incident with more than one chord then choose
xy so that dg, () is as large as possible. If x = zy, then zyy bounds two caps Ry

and Ry. Since dg,(y) < 3 (i = 1,2) by Claim 5.4.5, it follows that dg(y) < 5 < A.
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In order to satisfy the degree restrictions in Figures 5.4, 5.5 and 5.6(a), it follows
that dg(y) = 3 and that each of Ry and R, is a 1-cap of the type in Figure 5.4(a).
However, every vertex of B is adjacent to 2y, which contradicts Claim 5.2.1. So

we may assume that x # z.

Since dg, (x) < 3, then by the choice of xy it follows that dg(x) < 4. So in order to
satisfy the degree restrictions in Figures 5.4, 5.5 and 5.6(a), it follows that R; is a
1-cap of the type in Figure 5.4(a). Since dg(z) = 3, then by Claim 5.4.2 it follows
that dg(y) = A. So y is incident with another chord, say yy;, that bounds a cap
Rs. By the choice of zy, it follows that y; lies on the segment of C' between zy and
y that does not contain z. Since dg(y) = A > 6, we may assume that dg,(y) > 4,
which contradicts Claim 5.4.5. This contradiction completes the proof of Claim

5.4.6. O

Since Claim 5.4.6 contradicts Claim 5.2.3, this completes the proof that ch(G?) <

A+ 1if A > 6. This completes the proof of Theorem 5.1.1.

5.4.1 Proof of Claims 5.4.7-5.4.22

In this section we will consider many different caps R in B. By definition, if zg € R,
then zy = x or y. We will prove various statements about R. In the proof of each
claim let S be the set of labelled vertices in R, as shown in the corresponding
figure. Let H = G — (S'\ {z,y}). By hypothesis H? = G* — (S \ {x,y}) has a
proper colouring from its lists. In each of Claims 5.4.8-5.4.22 we will extend a
proper colouring of H? to a proper colouring of G2, which will prove that B does
not contain R if R looks like one of the configurations in Figures 5.6(b)-5.8, where
in each case the dashed edge may or may not be present. Recall that L’(v) denotes

the list of usable colours for each uncoloured vertex v in GZ2.
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Cram 5.4.7. If R looks like the configuration in Figure 5.6(a), then dg(x) =
da(y) = A.

Proof. Suppose that R is as in Figure 5.6(a) such that dg(z) < A — 1 and
da(y) < A. Let H =G — {a,b,c,d,e}. By hypothesis H*> = G? — {a,b,c,d, e}
has a proper colouring from its lists. Now each of b, ¢ has at most 3 coloured
neighbours in G2, each of d, e has at most 4 coloured neighbours in G?, and a has

at most A — 1 coloured neighbours in G?. So each of the remaining vertices
¢,a,bed (5.3)

has a list of at least 4, 2, 4, 3, 3 usable colours respectively. Now either |L'(d)| > 4,
or else ¢ can be given a colour that is not in L'(d). In each case the remaining
vertices can be coloured in the order (5.3). This contradiction completes the proof

of Claim 5.4.7. O

Cram 5.4.8. R does not contain the configuration in Figure 5.6(b).

Proof. Suppose that R does contain the configuration in Figure 5.6(b). Then after

applying a colouring of H? to G2, each of the remaining vertices
e,d,a,b,c (5.4)

has a list of at least 2, 2, 3, 3, 4 usable colours respectively. If we try to colour

the remaining vertices in the order (5.4) then it is only with ¢ that we may fail.

If possible, give a and e the same colour. The remaining vertices can now be
coloured in the order (5.4). So we may assume that L'(a) N L'(e) = () so that
|L'(a)UL'(e)] > 5. Now either |L'(c)| > 5, or else a or e can be given a colour that
is not in L'(c). In each case the remaining vertices can be coloured in the order
(5.4), using a colour that is not in L’(c) at the first opportunity. This contradiction

proves Claim 5.4.8. O
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Cram 5.4.9. R does not contain the configuration in Figure 5.6(c), where the

dashed edge may or may not be present.

Proof. Suppose that R does contain the configuration in Figure 5.6(c), where the
dashed edge may or may not be present. Then after applying a colouring of H>

to G2, each of the remaining vertices
d7 67 C7 a7b (5-5)

has a list of at least 2, 2, 3, 2, 3 usable colours respectively. If we try to colour

the remaining vertices in the order (5.5) then it is only with b that we may fail.

If possible, give a and d the same colour. The remaining vertices can now be
coloured in the order (5.5). So we may assume that L'(a) N L'(d) = () so that
|L'(a) U L'(d)] > 4. Now either |L'(b)| > 4, or else a or d can be given a colour
that is not in L/(b). In each case the remaining vertices can be coloured in the
order (5.4), using a colour that is not in L'(b) on either d, ¢ or a at the first

opportunity. This contradiction proves Claim 5.4.9. O

Cram 5.4.10. R does not contain the configuration in Figure 5.6(d).

Proof. Suppose that R does contain the configuration in Figure 5.6(d). Then after

applying a colouring of H? to G2, each of the remaining vertices
a,b,e, f,d,c (5.6)

has a list of at least 2, 2, 2, 2, 4, 4 usable colours respectively. If we try to colour

the remaining vertices in the order (5.6) then it is only with ¢ that we may fail.

If L'(e) N L'(c) = 0, then the vertices can be coloured in the order (5.6). So we
may assume that L'(e) € L'(c). If possible, give a and e the same colour. The

remaining vertices can now be coloured in the order (5.6). So we may assume
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that L'(a) N L'(e) = 0. If possible, give b a colour that is not in L'(a). The
remaining vertices can now be coloured in the order (5.6) with the exception that
a is coloured last. So we may assume that L'(b) C L'(a) and, by symmetry, that
L'(e) € L'(f). So after colouring a and b, we can give ¢ and f the same colour
since L'(e) C L'(¢) and L'(e) € L'(f). We can now colour e since L'(b) C L'(a)
and L'(a)NL'(e) = 0, and finally d. In every case the colouring can be completed,

which is the required contradiction. O

Cram 5.4.11. R does not contain the configuration in Figure 5.6(e) or 5.6(f),

where in each case the dashed edge may or may not be present.

Proof. Suppose that R does contain the configuration in Figure 5.6(e) or 5.6(f),
where in each case the dashed edge may or may not be present. Then after
applying a colouring of H? to G2, each of the remaining vertices d, e, ¢, a, b has
a list of at least 2, 2, 3, 2, 3 usable colours respectively. The remaining vertices
can be coloured as in the proof of Claim 5.4.9. This contradiction completes the

proof of Claim 5.4.11. O

Cram 5.4.12. R does not contain the configuration in Figure 5.6(g) or 5.6(h).

Proof. Suppose that R does contain the configuration in Figure 5.6(g) or 5.6(h).
Then after applying a colouring of H? to G?, in Figure 5.6(g) each of the remaining
vertices

h7d7a7f7k7j’i7g7€’b7c (5'7)

has a list of at least 2, 2, 2, 5, 2, 6, 6, 6, 6, 6, 6 usable colours respectively, and in

Figure 5.6(h) each of the remaining vertices

h7d7a’7.j7f7k7i7g7€7b7c (5'8>
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has a list of at least 3, 2, 2, 3, 5, 3, 6, 6, 6, 6, 6 usable colours respectively. If
we try to colour the remaining vertices in the order (5.7) or (5.8), as appropriate,

then it is only with ¢ that we may fail.

1. If h can be given a colour that is not in L’(c), then we will not fail with c.

So we may assume that L'(h) C L'(c).

2. If possible, give a and h the same colour. The remaining vertices can now
be coloured in the order (5.7) or (5.8), as appropriate. So we may assume

that L'(a) N L'(h) = 0.

3. If possible, give a and f the same colour, which is not in L/(h). The remaining
vertices can now be coloured in the order (5.7) or (5.8), as appropriate,
with the exception that d is coloured before h in each case, and in Figure
5.6(h), j is also coloured before h, but after d. So we may assume that

L'(a)NL'(f) =0 so that [L'(a) UL'(f)| > 7.

4. Now either |L'(c)| > 7, or else a or f can be given a colour that is not in L'(c).
In each case the remaining vertices can be coloured in the order (5.7) or (5.8),
as appropriate, using a colour that is not in L'(¢) at the first opportunity,
with the exceptions that in Figure 5.6(h), h is coloured immediately after j,
and if f is required to have a colour that is not in L’(c), then this colour is

not given to j.

In every case the colouring can be completed, which is the required contradiction.

This completes the proof of Claim 5.4.12. O
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Cram 5.4.13. R does not contain the configuration in Figure 5.6(i), where the

dashed edge may or may not be present.

Proof. Suppose that R does contain the configuration in Figure 5.6(i), where the
dashed edge may or may not be present. Then after applying a colouring of H?>
to G2, each of the remaining vertices z has a list L'(2) of usable colours, where
|L/(2)| > 2if 2z € {d, h}, |[L'(2)| > 3 if 2z € {a,b,4,k}, |L'(2)] > 6if z € {c,e,g,i},

and |L'(f)| > 5. If we try to colour the remaining vertices in the order
h,d,b,j, f,k,i,9,e,¢a (5.9)

or

d7h7b7.j7f7a7k7i7g767c (5'10)

then it is only with the last vertex to be coloured that we may fail.

1. If possible, give d a colour that is not in L'(a). The remaining vertices can

now be coloured in the order (5.9). So we may assume that L'(d) C L'(a).

2. If possible, give b a colour that is not in L/'(a), and hence not in L/'(d). The
remaining vertices can now be coloured in the order (5.9). So we may assume

that L'(b) C L'(a).

3. If possible, give a and h the same colour. The remaining vertices can now
be coloured in the order (5.10). So we may assume that L'(a) N L'(h) = 0,
and so L'(b) N L'(h) = 0 and L'(d) N L'(h) = 0.

4. If possible, give a and f the same colour. The remaining vertices can now be
coloured in the order (5.10) with the exception that h is coloured immediately
after 7, which is possible since the colours on b, d, f are not in L'(h). So we

may assume that L'(a) N L'(f) = 0 so that |L'(a) U L'(f)] > 8.
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5. Now either |L'(¢)| > 8, or else a or f can be given a colour that is not
in L'(c). In each case the remaining vertices can be coloured in the order
(5.10), using a colour that is not in L'(c) at the first opportunity, with the
exceptions that h is coloured immediately after j, and if f is required to

have a colour that is not in L’(c), then this colour is not given to j.

In every case the colouring can be completed, which is the required contradiction.

This completes the proof of Claim 5.4.13. O

Cram 5.4.14. R does not contain the configuration in Figure 5.6(j).

Proof. Suppose that R does contain the configuration in Figure 5.6(j). Then
after applying a colouring of H? to G2, each of the remaining vertices z has a
list L'(z) of usable colours, where |L'(2)| > 2 if z € {a,d,l,0}, |L'(z)] > 6 if
z € {b,c,e, f, 4, k,m,n}, |L'(z)] > 7if z € {g,i}, and |L'(h)| > 5. If we try to

colour the remaining vertices in the order
d7a7l707h7n7m7j7k7i7f7g7e7b7c (511)

then it is only with ¢ that we may fail.

1. If |L'(¢)| > 7, then we will not fail with ¢, and so we may assume that

/()| = 6.

2. If possible, give a or d a colour that is not in L'(c). In each case the remaining
vertices can now be coloured in the order (5.11). So we may assume that

L'(a) C L'(c) and L'(d) C L'(c).

3. If possible, give h a colour that is not in L'(c), and hence not in L'(d). We
can now colour in order [, o, d, a, and then the remaining vertices can be

coloured in the order (5.11). So we may assume that L'(h) C L'(c).
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4. Since |L'(a)| + |L'(h)| > 7 and since |L'(¢)| = 6, L'(a) C L'(¢) and L'(h) C
L'(c), it follows that |L'(a) N L'(k)| > 1. So we can give a and h the same
colour. If the remaining vertices cannot now be coloured in the order (5.11),
even with [ coloured first, then |L'(d)| = |L/(l)] = 2 and L'(d) = L'(l), and
so L'(l) C L'(c).

5. If possible, colour a and f so that either f is given a colour that is not in
L'(¢), and hence not in L'(l), or a and f are given the same colour and this
colour in not in L'(l). We can now colour in order d, [, o, h. At this point,

each of the remaining vertices
k’j7n7m7i7g7€7b7c (5'12)

has a list L” of at least 4, 2, 3, 3, 3, 3, 3, 3 usable colours respectively. If we
try to colour the remaining vertices in the order (5.12) then it is only with

m that we may fail.

(a) If |L"(m)| > 4, then we will not fail with m, and so we may assume

that |L"(m)| = 3.

(b) Since |L”(k)| > 4 we can give k a colour that is not in L”(m). The
remaining vertices can now be coloured in the order (5.12). So we may
assume that L'(f) = L'(¢), and so L'(a), L'(d), L'(I) C L'(f), and also
L'(a) C L'(1).

6. If possible, give a, e and [ the same colour. The remaining vertices can now
be coloured in the order (5.11). So we may assume that L'(a) N L'(e) = () so

that |L'(a) U L'(e)| > 8.

7. Since L'(a) C L'(¢) and |L'(c)| = 6, it follows that there are at least two
colours o, 3 € L'(e) that are not in L'(c), and hence not in L'(f). So we can

give e the colour a. The remaining vertices can now be coloured in the order
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(5.11) with the exception that if we fail at g, then since |L(g)| = 7 and ¢ has
seven coloured neighbours in G?, we can uncolour e and give g the colour a.
We can now recolour e with 3 since the coloured neighbours of e in G? are
d, f, g, h, each of which is given a colour that is in L’(c). Finally, we can

give colours to b and then c.

In every case the colouring can be completed, which is the required contradiction.

This completes the proof of Claim 5.4.14. O

Cram 5.4.15. R does not contain the configuration in Figure 5.7(a).

Proof. Suppose that R does contain the configuration in Figure 5.7(a). Then after

applying a colouring of H? to G2, each of the remaining vertices
a/7d7i7h7g7e7f7b7c (5'13)

has a list of at least 2, 2, 3, 3, 4, 5, 5, 5, 5 usable colours respectively. If we try
to colour the remaining vertices in the order (5.13) then it is only with ¢ that we

may fail.

If possible, give a or d a colour that is not in L'(¢). In each case the remaining
vertices can now be coloured in the order (5.13). So we may assume that L'(a) C
L'(¢) and L'(d) C L'(¢). If possible, give d a colour that is not in L'(h), and then

colour a. At this point, each of the remaining vertices
C?g7i7h7f7b7e (5'14)

has a list L” of at least 3, 3, 2, 3, 4, 3, 4 usable colours respectively. If possible,
give ¢ and g the same colour. The remaining vertices can now be coloured in the
order (5.14). So we may assume that L”(¢)NL"(g) = ) so that |[L”(¢)UL"(g)| > 6.

Now either |L”(e)| > 6, or else ¢ or g can be given a colour that is not in L”(e). In
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each case the remaining vertices can be coloured in the order (5.14). So we may

assume that L'(d) C L'(h).

Since |L'(g)| > 4 and |L/(h)| > 3, we can assume without loss of generality that g
can be given a colour that is not in L'(h), and hence not in L'(d). At this point,

each of the remaining vertices
a,e,d,i,h, f,b,c (5.15)

has a list L” of at least 2, 4, 2, 2, 3, 4, 5, 5 usable colours respectively. If possible,
give a and e the same colour. The remaining vertices can now be coloured in the
order (5.15). So we may assume that L”(a)NL"(e) = 0 so that |L"(a)UL"(e)| > 6.
Now either |L"(c)| > 6, or else e can be given a colour that is not in L’(¢). In each
case the remaining vertices can be coloured in the order (5.15). This contradiction

proves Claim 5.4.15. o

Cram 5.4.16. R does not contain the configuration in Figure 5.7(b).

Proof. Suppose that R does contain the configuration in Figure 5.7(b). Then after

applying a colouring of H? to G2, each of the remaining vertices
d7a7i7j7h7g76’f7b7c (5’16)

has a list of at least 2, 2, 2, 2, 4, 4, 5, 5, 5, 5 usable colours respectively. If we try
to colour the remaining vertices in the order (5.16) then it is only with ¢ that we

may fail. If |L'(c)| > 6, then we will not fail with ¢, and so we may assume that

[ (c)] = 5.

If possible, give a a colour that is not in L'(¢). The remaining vertices can now be
coloured in the order (5.16). So we may assume that L'(a) C L'(c). If possible,
give d and j the same colour, and then colour a and 7. Next, we may assume

without loss of generality that e can be given a colour that is not in L'(¢), since
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at this point each of ¢, e has at least 3, 4 usable colours in its list respectively.
The remaining vertices can now be coloured in the order (5.16) with the exception

that g is coloured first. So we may assume that L'(d) N L'(j) = 0.

If L'(i) # L'(j), then give i a colour that is not in L'(j), and then colour d and a.
Next, we may assume without loss of generality that e can be given a colour that
is not in L'(c), since at this point each of ¢, e has at least 3, 4 usable colours in its
list respectively. The remaining vertices can now be coloured in the order (5.16)
with the exception that g and h are coloured before j in that order. So we may

assume that L'(i) = L'(j).

So we may colour in order a, d, e so that either a and e are given the same colour,
or else e is given a colour that in not in L'(¢), which is possible since L'(a) C L'(c)
and |L'(a)| +|L'(e)| > 7. The remaining vertices can now be coloured in the order
(5.16) with the exception that if we fail at g, then since |L(g)| = 7 and at the time
of its colouring ¢ has seven coloured neighbours in G2, and since L'(d) N L'(j) = 0,
we can swap the colours on ¢ and j so that both g and j now have the colour
that was on 7. In every case the colouring can be completed, which is the required

contradiction. O

Cram 5.4.17. R does not contain the configuration in Figure 5.7(c), where the

dashed edge may or may not be present.

Proof. Suppose that R does contain the configuration in Figure 5.7(c), where
the dashed edge may or may not be present. Then after applying a colouring
of H? to G?, each of the remaining vertices z has a list L'(z) of usable colours,
where |L'(z)| > 2 if z € {j, k}, |L'(2)| > 3 if z € {b,¢,g,h,i}, and |L'(z)| > 4 if
z € {e, f}. So we may assume without loss of generality that e can be given a

colour that is not in L'(¢). At this point, each of the remaining vertices

j’k7i7g7h7f’b7c (5'17)
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has a list L” of at least 2, 2, 3, 2, 3, 3, 2, 2 usable colours respectively.

If possible, give g and j the same colour. The remaining vertices can now be
coloured in the order (5.17). So we may assume that L”(g) N L"(j) = () so that
|L"(g) U L"(j)] > 4. Now either |L”(h)| > 4, or else g or j can be given a colour
that is not in L”(h). In each case the remaining vertices can be coloured in the
order (5.17), using a colour that is not in L”(h) on either j, i or g at the first

opportunity. This contradiction proves Claim 5.4.17. a

Cram 5.4.18. R does not contain the configuration in Figure 5.7(d).

Proof. Suppose that R does contain the configuration in Figure 5.7(d). Then after
applying a colouring of H? to G?, each of the remaining vertices z has a list L'(2)
of usable colours, where |L/(z)| > 2if z € {a,d, k,n}, |L'(z)| > 4if z € {g,h}, and
|L'(2)| > 5if z € {b,c,e, f,1,5,l,m}. If we try to colour the remaining vertices in
the order

a7d7k7n7j7h7g77:7m7l7€7f7b76 (5'18)

then it is only with [ and/or ¢ that we may fail. If possible, colour both a and d
so that one of them is given a colour that is not in L’(c), and then colour k and
n. Next, we may assume without loss of generality that j can be given a colour
that is not in L'(l), since at this point each of j, [ has at least 4, 3 usable colours

in its list respectively. The remaining vertices can now be coloured in the order

(5.18). So we may assume that L'(a) C L'(c) and L'(d) C L'(c).

Since L'(a) € L'(c) and |L'(a)| + |L'(e)| > 7, and since we may assume without

loss of generality that |L'(c)| = 5, it follows that we have three cases to consider:
(i) L'(e) has at least two colours that are not in L'(c);

(73) L'(e) has one colour that is not in L'(¢) and |L'(a) N L'(e)| = 1;
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(ii) L'(a) C L'(e).

Case (i) and (i1): If possible, give a and e the same colour; otherwise colour a and
e so that e is given a colour that is not in L'(c¢). The remaining vertices can now
be coloured in the order (5.18), where, as above, j is given a colour that is not
in L'(1), and with the exception that if we fail at g, then since |L(g)| = 7 and at
the time of its colouring g has seven coloured neighbours in G?, we can uncolour
e and give g the colour that was on e. We can now recolour e with a colour that

is not in L'(c), and then continue in the order (5.18).

Case (ii1): Give a and e the same colour. If this colour is not in L'(g), or if k
can be given the same colour as a and e, then the remaining vertices can now be
coloured in the order (5.18), where, as above, j is given a colour that is not in

L'(l). So we may assume that L'(a) C L'(g) and L'(a) N L'(k) = 0.

If |[L'(a) N L'(d)| <1, then give a and e the same colour, say «, so that, if possible,
a € L'(d). The remaining vertices can now be coloured in the order (5.18), where,
as above, j is given a colour that is not in L'(l), and with the exception that if
we fail at g, then since |L(g)] = 7 and at the time of its colouring g has seven
coloured neighbours in G?, we can uncolour a and e and give g the colour oe. We
can now recolour both a and e with another colour that is in L'(a), and then

continue in the order (5.18). So we may assume without loss of generality that

IL'(a)| = |L'(d)] = 2 and L'(a) = L'(d).

If |L'(a) M L'(h)| > 1, then give a, e, and h the same colour, and then colour d.

At this point, each of the remaining vertices
n’k’g’i7m7l7j7f7bﬂc (5'19)

has a list L” of at least 2, 2, 2, 4, 5, 5, 4, 3, 3, 3 usable colours respectively. If

possible, give k a colour that is not in L’(j). The remaining vertices can now be
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coloured in the order (5.19). So we may assume that L'(k) C L'(j). So we may
assume without loss of generality that [ can be given a colour that is not in L'(j),
and hence not in L/(k). The remaining vertices can now be coloured in the order

(5.19). So we may assume that L'(a) N L'(h) = 0.

So we can give a and e the same colour. The remaining vertices can now be
coloured in the order (5.18), where, as above, j is given a colour that is not in
L'(l), and with the exception that h is coloured immediately after g, which is

possible since L'(d) N L'(h) = (. In every case the colouring can be completed,

which is the required contradiction. O
a|blcldle|flglh|i|j|lk|l|m|n|o|p|lqg|r]|s
(@)|2]6|/6[2|6[5|6[3[6[3/3|6|6]6|6
(b)[313[6[2]6][5]6|2|6|3|/3[6|6]6]6
(¢)|2]6|6[2|6|5|6[2][6]|6]|2 TIT|TT
(d)|2]6]6|2[{6|5[6|3|6]3]|3 TITITT
(e)|3]3[6[2/6[5[6|3]6]3]|3 TITITT
(f)12]6]6|2|6[5[6[3[6[3[3[6]6[6|[6|7|7[7]|7
(9)13]3]6[2[{6|5[6/2|6[3|3|6|6|[6|6|7|7|7|7
Table 5.1

Cram 5.4.19. R does not contain one of the configurations in Figures 5.8(a)—
5.8(g) (or their reflections), where in each case the dashed edge may or may not

be present.

Proof. Suppose that R does contain one of the configurations in Figures 5.8(a)—
5.8(g) (or their reflections), where in each case the dashed edge may or may not

be present. Then after applying a colouring of H? to G?, each of the remaining
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vertices z has a list L'(z) of usable colours and |L/(2)| > n, where n is the number

shown in the appropriate line of Table 5.1.

Due to the similarities between Figures 5.8(a)-5.8(¢g) and Figures 5.6(¢)-5.6(i),

we can extend the arguments used in Claims 5.4.12 and 5.4.13.

If R is as in Figure 5.8(a) or 5.8(b), then the remaining vertices can be coloured as
in the proof of Claim 5.4.12 for Figure 5.6(h), or Claim 5.4.13 respectively, with
the exception in each case that immediately after colouring k, we may assume
without loss of generality that m can be given a colour that is not in L'(n), since
at this point each of m, n has at least 4, 3 usable colours in its list respectively.

We can now colour in order i, o, [, n, and then continue as before.

If R is as in Figure 5.8(c), 5.8(d), 5.8(e), 5.8(f) or 5.8(g), then the remaining
vertices can be coloured as in the proof of Claim 5.4.12 for Figure 5.6(g), Claim
5.4.12 for Figure 5.6(h), Claim 5.4.13, or as above for Figure 5.8(a) or 5.8(b)
respectively, with the exception in each case that immediately after colouring g,
we may assume without loss of generality that ¢ can be given a colour that is not
in L'(r), since at this point each of ¢, r has at least 4, 3 usable colours in its list
respectively. We can now colour in order p, s, r, and then continue as before. In

every case the colouring can be completed, which is the required contradiction. O

Cram 5.4.20. R does not contain the configuration in Figure 5.8(h) or 5.8(i),

where in each case the dashed edge may or may not be present.

Proof. Suppose that R does contain the configuration in Figure 5.8(h) or 5.8(7),
where in each case the dashed edge may or may not be present. Then after
applying a colouring of H? to G?, each of the remaining vertices z has a list L'(2)
of usable colours, where |L'(2)| > 2 if z € {d,h}, |L'(z)] > 3 if z € {a,b, j, k},
|L'(2)| > 6if z € {c,e,g,i,l,m,n,o0,t,u,v,w}, and L'(f) > 5, and in Figure 5.8(i),
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|L'(z)] > 7if z € {p,q,r,s}. The methods of the previous arguments fail since a

is not adjacent to d in G2.

If R is as in Figure 5.8(h), then we can colour the remaining vertices as follows.

1. If possible, give d a colour that is not in L'(a). Now colour in order h, b, j,
k, f. Next, we may assume without loss of generality that m can be given a
colour that is not in L'(n), since at this point each of m, n has at least 4, 3
usable colours in its list respectively. Now colour i, o, [, n, g, e, c. Now we
may assume without loss of generality that u can be given a colour that is
not in L'(v), since at this point each of u, v has at least 4, 3 usable colours
in its list respectively. The remaining vertices can now be coloured in the

order a, t, w, v. So we may assume that L'(d) C L'(a).

2. If possible, give b a colour that is not in L'(a), and hence not in L'(d). After
colouring first h and then d, the remaining vertices can now be coloured as

in step 1. So we may assume that L'(b) C L'(a).

3. Suppose that there is a colour a € L'(a) that is not in at least one of L'(t),
L'(u), L'(v) or L'(w) so that we can give « to d (or b if a ¢ L'(d)). The

remaining vertices can now be coloured in the order
d (or b),h,b (or d),a,j, k, f,m,0,i,l,n,g,e,c, (u,v,w,t), (5.20)

where, as in step 1, m can be given a colour that is not in L'(n). Also, u, v,
w, t are in any order with the exception that the last vertex must not have

« in its list. So we may assume that L'(a) C L'(z), where z € {u,v,w,t}.

4. If possible, colour t and u so that at least one of them is given a colour that
is not in L'(v) (or L'(w)). The remaining vertices can be now coloured in

the order (5.20), where m can be given a colour that is not in L'(n), and
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where v (or w) is coloured last. So we may assume without loss of generality

that L'(t) = L'(u) = L'(v) = L' (w).

5. If possible, give a and h the same colour. Since L'(a) C L'(w) the same
colour can be given to w also. Now colour d and b. The remaining vertices
can now be coloured in the order (5.20), where m can be given a colour
that is not in L'(n), and where t is coloured last. So we may assume that
L'(h) N L'(a) = 0.

L'(h).

So b and d are definitely given colours that are not in

6. If possible, give b a colour that is not in L'(¢). The remaining vertices can

now be coloured in the order
d7a/7h?j?k?f7m707i7l7n797e7v707t7w7u (5'21)

where, as before, m is given a colour that is not in L/'(n) and where v receives

the same colour as a. So we may assume that L'(b) C L'(c).

7. If possible, give h a colour that is not in L'(¢). Now colour in order d, b, a.
The remaining vertices can now be coloured in the order (5.21), as in step

6. So we may assume that L'(h) C L'(c).

8. If possible, give a, f and w the same colour. Now colour in order d, b, j, h.
The remaining vertices can now be coloured in the order (5.20), as in step

5. So we may assume that L'(a) N L'(f) = 0.

9. Since |L'(a)UL'(f)] > 8 and L'(a) C L'(c) and since we may assume without
loss of generality that |L'(c)| = 6, it follows that there are at least two colours
in L'(f) that are not in L'(c). So first colour in order d, b, a, h, j, k. We
can now give f a colour that is not in L’(c) since there are at least two such
colours. The remaining vertices can now be coloured in the order (5.21), as

in step 6.
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If R is as in Figure 5.8(7), then the remaining vertices can be coloured as above,
with the exception that immediately after colouring g, we may assume without
loss of generality that ¢ can be given a colour that is not in L'(r), since at this
point each of ¢,  has at least 4, 3 usable colours in its list respectively. We can
now colour in order p, s, r, and then continue as before. In every case the colouring

can be completed, which is the required contradiction. O
Cram 5.4.21. R does not contain the configuration in Figure 5.7(e).

Proof. Suppose that R does contain the configuration in Figure 5.7(e). Then
after applying a colouring of H? to G?, each of the remaining vertices z has a
list L'(z) of usable colours, where |L'(2)| > 2 if z € {a,d,l,0}, |L'(2)] > 6 if
zedb,ce f,j,k,m,n}, |L'(2)| > 7if z € {g,i,p,q,7, s}, and |L'(h)| > 5.

Due to the similarities between Figure 5.7(e) and Figure 5.6(j), the remaining
vertices can be coloured as in the proof of Claim 5.4.14 on page 123, with the
exception that immediately after colouring k, we may assume without loss of
generality that ¢ can be given a colour that is not in L’(r), since at this point each
of ¢, r has at least 4, 3 usable colours in its list respectively. We can now colour
in order 7, p, s, r, and then continue as before. In every case the colouring can be

completed, which is the required contradiction. O
Cram 5.4.22. R does not contain the configuration in Figure 5.7(f).

Proof. Suppose that R does contain the configuration in Figure 5.7(f). Then
after applying a colouring of H? to G2, each of the remaining vertices z has a
list L'(z) of usable colours, where |L'(z)| > 2 if z € {a,d,l,0}, |L'(z)] > 6 if
zeAdb,ce, f,j,k,m,n}, |L'(z)| >7ifz € {g,i,p,q,7,5,t,u,v,w}, and |L'(h)| > 5.

Due to the similarities between Figure 5.7(e) and Figure 5.6(f), we can extend the

argument used in Claim 5.4.21, which in turn is based on the proof of Claim 5.4.14.
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1. The first five steps are as in the proof of Claim 5.4.21 with the exception
that immediately after colouring g, we may assume without loss of generality
that u can be given a colour that is not in L'(v), since at this point each
of u, v has at least 4, 3 usable colours in its list respectively. We can now
colour in order ¢, w, v, and then continue as before. So we may assume that
()] = 6, L'a) € L(e), L'(d) € L(e), L'(R) € L'(c), L'(f) = L'(c) and
L'(d)=L'(l) = L'(a).

2. Suppose that there is a colour ae € L'(f) that is not in at least one of L'(u),
L'(v), L'(w), L'(t) so that we can give « to d (or f if « ¢ L'(d)). The

remaining vertices can now be coloured in the order
d’ a’ l’ 07 f7 h7 n?j’ m7 k’ q7 i?p? S’ /r’ g’ b7 C7 6’ (u’ U7w7t) (5'22>

where, as before, ¢ can be given a colour that is not in L'(r). Also, u, v, w,
t are in any order with the exception that the last vertex must not have «

in its list. So we may assume that L'(f) C L'(z), where z € {u,v,w,t}.

3. If possible, give a, e and [ the same colour. Since L'(a) C L'(f), it follows
that the same colour can be given to v also. The remaining vertices can now
be coloured in the order (5.22), where g can be given a colour that is not in
L'(r), and where t is coloured last. So we may assume that L'(a) N L'(e) = ()

so that |L/'(a) U L'(e)| > 8.

4. Since |L'(¢)| = 6 and since L'(a) C L'(c), it follows that there are at least
two colours in L/(e) that are not in L'(¢), and hence not in L'(f). Since we
may assume without loss of generality that |L'(f)| = 6 and |L'(t)| = 7, and
since L'(f) C L'(t), it follows that at least one of the colours in L'(e) that is
not in L'(c) is not in L'(t) also. After giving this colour to e the remaining
vertices can now be coloured in the order (5.22), where ¢ is given a colour

that is not in L'(r), and where ¢ is coloured last.
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In every case the colouring can be completed, which is the required contradiction.

This completes the proof of Claim 5.4.22. O



Appendix A

In this appendix we will prove that chyef(K4) = Xvet(K4) = 7. We will make use
of Lemma 5.4.1, which follows from the result of Ellingham and Goddyn [10] that
a d-regular edge-d-colourable planar graph is edge-d-choosable, and it is also an

easy exercise to prove directly.

Lemma 5.4.1. ch/(Ky) = X/'(K4) = 3.

Lemma 5.4.2. chyer(Ky) = xvet(Ky) = 7.

Proof. Since there are fourteen elements to colour (four vertices, six edges and four
faces) and since no more than two elements can have the same colour, it follows
that chyer(Ky) > x(Ky) > 7. It remains to prove that chyr(K;) < 7. Suppose
that every element has a list of seven colours. First colour the four vertices and
four faces, which is possible since at the time of its colouring each has at most
six coloured neighbours. Now since each edge is incident with two vertices and
two faces, it follows that each edge has at least 3 usable colours in it list. Since
ch’/(K4) = 3, by Lemma 5.4.1, it follows that the edges can be coloured. This

completes the proof of Lemma 5.4.2. O



Appendix B

In this appendix we will prove that chyes(Ks + K3) = Xver(K2 + K3) = 7, using a

case by case argument.

Figure 5.9

Lemma 5.4.3. chy(Ko + K3) = Yyer( Ko + K3) = 7.

Proof. Let K3+ K3 be embedded as in Figure 5.9. (A similar argument works for
the other embedding.) Let the vertices be labelled as in Figure 5.9 and let f, f,
1", f" be the faces ruyvz, rvywzr, rwyr, ruyx respectively. Since yyer( Ko+ K3) <

chyet( Ko + K3) < 7 by Theorem 3.1.1, it remains to prove that xyer(Ko + K3) > 7.

Suppose that Yyet(K> + K3) < 6 so that K, + K3 has a proper entire colouring
from the colours 1,2,...,6. In this colouring we may assume that ", x, y, xy,

f" are coloured 1, 2, 3, 4, 5 respectively. This implies that wx is coloured either
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1, 3 or 6, and wy is coloured either 1, 2 or 6. By symmetry there are four cases

to consider, each of which admits a contradiction.

Case 1: wx is coloured 1 and wy is coloured 2. Now [’ is coloured either 4 or 6.
Suppose that f’is coloured 4. Now both f and uy are coloured either 5 or 6, which
implies that vy is coloured 1 and uz is coloured 3. This implies that both v and
v are coloured either 5 or 6, which is impossible since f is also coloured either 5
or 6 and is incident with both v and vx. So we may assume that f’ is coloured
6. Now vz is coloured either 3 or 5. If vz is coloured 5, then vy is coloured 1.
This means that both v and f must be coloured 4, which is impossible. So vz is
coloured 3, which implies that both uz and uy are coloured either 5 or 6. This

means that both v and f must be coloured 4, which is impossible.

Case 2: wx is coloured 1 and wy is coloured 6. This means that both w and f’

must be coloured 4, which is impossible.

Case 3: wx is coloured 3 and wy is coloured 2. Now both ux and uy are coloured
either 5 or 6. This means that both u and f must be coloured 4, which is impos-

sible.

Case 4: wx is coloured 3 and wy is coloured 6. Now f’ is coloured either 1 or 4.
Suppose that [’ is coloured 1. Now both uz and vz are coloured either 5 or 6,
which implies that f is coloured 4. This implies that u is coloured either 5 or 6.
So uy is coloured 2, which implies that vy is coloured 5. This means that both
v and vx must be coloured 6, which is impossible. So we may assume that f’ is
coloured 4. Now both uz and f are coloured either 5 or 6, which implies that uy
is coloured 2 and vz is coloured 1. This implies that vy is coloured 5. This means

that both v and f must be coloured 6, which is impossible.

In every case we have obtained a contradiction, which proves Lemma 5.4.3. O
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